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We consider integral equation formulations of contact problems of Kirchhoff (thin)
plates, discontinuously supported along arcs or segments.

In the classical PDE formulation (biharmonic equation), the plate deflection is
assumed as the primary unknown. The boundary conditions along the supported
edge are imposed in terms of the plate deflection and its derivatives, and the reaction
forces and couples (or moments) are subsequently computed from the deflection field.

To derive an equivalent integral equation representation, a preventative selec-
tion of suitable types of (equivalent) reaction forces and couples is needed, and the
plate deflection is formulated as integral transformations (based upon suitable Green
functions) of the unknown reaction forces. Each reaction component, through the
associated integral transform having a specific kernel, defines a corresponding plate
deflection component. In particular the shear force and the twisting moment have
different integral transform kernels: the second one is the derivative of the first one.
Therefore, to consider a reaction composed only by a shear force, or by a twisting
moment, or by the sum of the two, in general is not irrelevant.

If the contact reactions are correctly chosen, then the integral representation of the
plate deflection satisfies the biharmonic equation as well as all the contact problem
boundary conditions, except that expressing the requirement that the plate deformed
shape matches with the support profile. This compatibility condition is then reduced
to an integral equation whose solution, if it exists, defines the unknown reaction (see
[2], [3]).

Therefore the key question is the existence, uniqueness and endpoint behavior of
the solution of this equation. Whenever the solution is uniquely defined in a proper
space, hence determined, the plate deflection can be computed everywhere by means
of its integral representation.

To describe the type of difficulties one may encounter when dealing with these
problems, as an example we will consider the simple case of an infinite plate resting
on a central segment. If the reaction is assumed to be described by a distributed
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shear force q(y), the final integral equation has the form

(1) fp

∫ 1

−1

[(x− y)2 ln |x− y|+ α(x− y) + β]q(y)dy = f(x) − 1 < x < 1

where fp means: finite-part value, f(x) is a (smooth) known function, and α and β
are constants to be properly determined.

If the reaction is assumed to be described by a distributed twisting moment m(y),
then we have

(2) fp

∫ 1

−1

[(x− y)(2 ln |x− y|+ 1) + α]m(y)dy = f(x) − 1 < x < 1

where α is a constant to be determined.
The representation of the (weakly singular) solution of the equation

(3)

∫ 1

−1

[2 ln |x− y|+ 3]g(y)dy = f(x), −1 < x < 1

which can be easily obtained from [1], is the starting point for the study of equations
(1) and (2); these will be examined in spaces of functions having endpoint hypersin-
gularities.

After having established a relationship between the integral operators defining
the above equations, we will discuss the existence and uniqueness of solutions for (1)
and (2) and examine their hypersingular endpoint behavior.

The numerical solution of these equations, in particular the first two, will also be
briefly discussed.
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