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Abstract

In this thesis we study various extensions of classical modal semantics to changing rela-

tional structures. Extensions of classical modal languages are considered in order to reason

about these structures. The thesis is divided in two parts each dedicated to a particular

kind of change: change happening along a linear order, to which we refer, metonymically,

as ‘time’; and change caused by transitions while being dependent on the path previously

covered (reactivity).

In the first part we solve some open problems regarding the (non-)finite axiomatisabil-

ity of product logics where one of the components is linear. In particular, we give the first

examples of recursively enumerable (even decidable) two-dimensional products of finitely

axiomatisable modal logics that are not finitely axiomatisable. We show that any axiomatisa-

tion of some bimodal logics that are determined by classes ofproduct frames with a linearly

ordered component must be infinite in two senses: it should contain infinitely many proposi-

tional variables, and formulas of arbitrarily large modal nesting-depth. We also present some

further results regarding the problem of finding an explicitaxiomatisation for the considered

logics.

In the second part we consider the concept of reactivity introduced by Dov Gabbay in

his first approach to reactive modal semantics [29] using higher order arrowed structures

representing the dependence of the state of a connection upon each transition. We start by

generalising this semantics to reactive Kripke frames, in order to provide representation-

free tools for analysing all possible changes. Then we use classical modal techniques to

axiomatise some classes of reactive frames, and to obtain decidability/complexity results.

We also show that the ‘higher order arrows’ formalism is powerful enough to generate all

the relational reactive behaviours. Finally, a logic is introduced to reason directly about

these structures, and its completeness is proved.
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1
Introduction

The study of modal logic started with Aristotle’s analysis of necessary and possible truths.

However, even though modal logic has been around since the Greeks, its most popular period

blossomed with Kripke’s introduction of its relational semantics in the late 1950’s [54, 55].

For a detailed account of its evolution see [39]. Since then,modal languages have estab-

lished themselves as the simplest languages in which relational structures can be described,

constrained and reasoned about. Furthermore, relational structures play a fundamental mod-

elling role in various disciplines, from economics to philosophy, from knowledge represen-

tation to law, and probably most obviously in theoretical computer science, for example

when labelled transition systems are used to model program execution. These two facts

fuelled a boom in the number of studied modal systems and the continuous increase of its

application range.

One can say that the relational semantics of modal logic already encompasses change. In

fact, one can consider (or access to) different worlds, and the propositional truths, given by

the propositional variables valuation, may change. Also the accessible worlds may change

with these transitions. Yet, the truths at a given world are ‘still’. In a Kripke model both

propositional truths and the accessible worlds are fixed foreach world. In this thesis we take

it a step further and let these vary. In many situations it makes sense to consider semantics

such that when certain operators are evaluated, the model, where the formula is being eval-

uated, changes. Therefore, the interpretation of a formulain the scope of a modal operator

is given by a general condition of the type:

M, x ⊧ ◇ϕ if M′, x′ ⊧ ϕ

wherex′ is a point in a new modelM′. Indeed there are various examples of such approaches,

9



e.g.:

• in dynamic epistemic logics with agent’s public announcements [74];

• in sabotage logics edges can be deleted [73];

• in memory logics one may keep the information that a certain world was visited,

adding it to the memory of the model [5];

• in Hyper-modalities the meaning of the modal operators depends on where in the

formula they occur [27];

• in product logics one may think that while moving along one direction the valuation

of the remaining hyper-plan is changing, for example modelling valuation change in

time if that direction is a time flow [23];

• in reactive Kripke semantics the accessibility relation depends on the path crossed

[29, 31].

In this thesis we concentrate on the two kinds of change captured by last two approaches.

One happens along a linear order, to which we call, metonymically, ‘time’. That is, the

propositional variables’ truth value depends not only on the world we are in, but also on

which ‘moment’ we are. Whereas the other depends on where we have been before, that

is, neither relation nor propositional variables values change with the clock ticking but they

react when and because we move. Moreover, the changes are sensitive to the way we got

to the current world. We call the latter reactivity. We do notclaim that the classical Kripke

frames cannot cope with these types of change, the matter is more about how to incorporate

these meta-level notions into the models and which languageto consider in order to reason

about them.

The thesis is divided in two parts, each dedicated to one of the considered varieties of

change. These two parts are of a quite different nature. While in the first part we consider

open problems in the long studied subject of products of modal logics, in the second, we

take a more logical engineering approach by embracing the development of a recent field

of research. In the next two sections we give an overview of the ideas present in the thesis

together with some modelling examples, and close the chapter with a section giving the

detailed thesis outline.

10



1.1 Change in (linear) ‘time’

In the first part we consider the problem of axiomatizing 2-products of unimodal logics

where one of the components is linearly ordered. Here we introduce briefly these structures

and give a hint about the interest of such structures from thepoint of view of the applications.

Thinking multidimensionally - Products Modal logics are used to reason about different

entities like time, knowledge, beliefs, actions, space, etc. When one wants to reason about

these in an integrated manner one needs to consider multimodal logics interpreted over ap-

propriate structures. Some of the most common among these are products of Kripke frames,

since they capture the interaction between the component needed in many situations. The

product construction shows up in various disguises, and it is related to many other logical

formalisms, such as algebras of relations in algebraic logic, finite variable fragments of clas-

sical, intuitionistic and modal predicate logics, temporal-epistemic logics, dynamic topolog-

ical logics, modal and temporal description logic, see e.g.[1, 6, 7, 17, 18, 19, 23, 52, 66].

Ever since their introduction [70, 71, 25], products of modal logics — propositional multi-

modal logics determined by classes of product frames — have been extensively studied, see

[23, 58] for comprehensive expositions and further references. The first part of this thesis

targets some open problems in this area.

Adding a dimension A way of adding a dimension to a modal logicL is to extend the

language ofL with the chosen language to describe the new dimension, let us sayT, and

obtain a logicT(L), where the models forT(L) are sequences of snapshots ofL-models

changing along the new dimension. In Figure 1.1 we see such anexample where the new

dimension is a commonly used time flow:(ω,<). In the simplest case, when frames are

allowed to change without restriction the resulting logic is called the fusion ofL and T

[21, 53, 20]. Many possibilities and restrictions have beenstudied; check [52] for a survey

on the result of this process with various values ofL as spatial logics (from metric and

topological spaces) and choices ofT.

Products with linear orders We concentrate on the case where these snapshots are Kripke

models based on the same Kripke frame, and only their valuations are changing along a new

linearly ordered dimension. In this caseT(L)-models are Kripke models over products of

11



Figure 1.1: A structure changing along a time flow,(ω,<).

frames, where one of the component frames is a linear order (the ‘time’1), see Figure 1.2.

Moreover, we considerL andT to be unimodal logics over these components.

Figure 1.2: Product with(ω,<).

Our results In Section 3.2 we consider the problem of finding finite axiomatisations for

products of two finitely axiomatisable modal logics and showthe first examples of re-

1We use this term as a shorthand to designate the linear order component, and even though our our results

apply to the usual linear flows of time, there are other non-linear models of time, having multiple (usually

only towards the future) time lines [64], that are not considered. See [76] or [47] for an overview on temporal

logics.
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cursively enumerable (even decidable) two-dimensional products of finitely axiomatisable

modal logics that are not finitely axiomatisable. In particular, we show that any axioma-

tisation of some bimodal logics that are determined by classes of product frames with a

linearly ordered component must be infinite in two senses: itshould contain infinitely many

propositional variables, and formulas of arbitrarily large modal nesting-depth. Examples

of such bimodal logics are given byL × K , whereL is any of the logics of the most com-

mon models of the flow of timeLog{(ω,<)}, Log{(Q,<)} = Log{(R,<)}, Log{(ω,≤)},

S4.3= Log{(Q,≤)} = Log{(R,≤)}, as well as the logic of all linear orders,K4.3. Finally,

in Section 3.3 we present some results regarding the problemof finding an explicit axioma-

tisation of the considered logics.

Let us finalise with a modelling example.

Example 1.1.1.Let W be a set of cities. The fact that there is a flight from a city to another

can be represented by a binary relationR⊆ W×W (usuallyRshould be symmetric). Clearly,

(ω,<) can represent the successions of days (hours, or any unit of time) following a certain

moment. Furthermore propositional symbols can be associated to predicates about various

properties that depend both on the city and on the moment in question, e.g. temperature,

pressure, sunshine, rain, U.V. degree, etc. If we consider that the flight connections are

fixed, the product of(ω,<) and(W,R) is the right structure to model the evolution of such

predicates together with the flight accessibility information. Let us exemplify what we can

express in the associated bimodal logic. We have a modal operator associated with the time

flow, ◇0, and another,◇1, associated with the flight accessibility relation. So◇0ϕ stands

for ϕ is true somewhere in the future and◇1ϕ stands forϕ is true in some city reachable

by flights in the considered airline. Furthermore let us givethe following interpretation to

some proposition symbols:s is true if it is sunny;t≤15 if the temperature is inferior or equal

to 15○ celsius;r if it is raining; c if it is cloudy. See Table 1.1 for some possible statements

regarding the situation in hand.

From the results proven in this thesis follows that the logicLog{(ω,<)}×T is not finitely

axiomatisable. That is the logic determined by all frames resulting of the product of frames

for Log{(ω,<)} by symmetric frames (modelling general symmetric flights routes). But, it

is left open if we consider only flights that form more specificform if that is the case. For

example if we consider only flights configurations forming anequivalence relation (stranger

things have happened!), the obtained logic isLog{(ω,<)} × S5, to which our results do

13



Modal language Natural language

◇0 ◻0 s There is a moment after which it will be always sunny (in the

city we are).

◇0 ◻1 s There is a moment in which it will be sunny everywhere one can

reach by flight.

◇1 ◻0 c There is a reachable city where it will be cloudy forever.

◇1◇0 (s∧ r) There is a reachable city where one will find at a certain pointsun

and rain at a certain point (good for rainbows).

(◻1 ◻0 s∧ ◻0s) If it is sunny forever here and everywhere we can reach then there will be

→◇0 ◻0 ¬t≤15 a moment in time from which onwards the temperature will be superior to 15

Table 1.1: Possible statements in the considered modal semantics.

not apply. Interestingly, in this case if we have an extra operator corresponding to the next

moment then we know that the resulting logic is finitely axiomatisable, see section’s 3.4 last

item.

1.2 Change by (re)action: reactivity

In computer science the word reactivity has been used to denote systems that react to their

environment and are not meant to terminate, as coined by Pnueli and Harel in [42]. In this

thesis the word has a different meaning, reactive systems are history-dependent relational

structures, where the accessibility relation is determined not only by the point where one

is, but also by the previous transitions. This concept was introduced by Dov Gabbay in

2004, see [28] and the extended version [29]. In the second part of this thesis we consider

the concept of reactivity by presenting some structures that embody it and some logics to

reason about them. Let us start by explaining how the conceptof reactivity was born and

outlining its short life-story.

New kind of arrows. In [28], Dov Gabbay introduced the idea of enriching graph-based

structures with arrows of a new type, calling it the double arrows. Double arrows, instead of

connecting points, connect arrows with arrows or other double arrows, see Figure 1.3. The

idea is that this new kind of arrows can represent the dependence of the state of the targeted

14



Figure 1.3: An enriched graph.

arrow (or double arrow) upon the crossing of the arrow in its origin. In this first presentation

the double arrows would simply change the targeted arrow state. Let us see how it works by

playing with the example in Figure 1.3. We represent the factthat an arrow is off by drawing

its body as a dotted line. Let us see the effect that crossing some of its edges has. As shown

Figure 1.4: The effect of crossing edges.

in Figure 1.4, when we cross the edges(a,b) (left) or (b,c) (right), the arrows that are in

15



the scope of the double arrows coming out of them, become off or on if they are on or off

respectively (that is, their state changes). This process is cumulative, after crossing(a,b)

we can also cross(b,c) and the effects are determined by the new state of double arrows, see

Figure 1.5. These ideas were presented using suggestive motivational cases, for example in

Figure 1.5: The effect of crossing edges.

Figure 1.6 we see how these new arrows can represent a classical inheritance networks case.

Figure 1.6: A classical inheritance networks example. We can represent simple exceptions:

birds do fly, but although penguins are birds they do not fly. And we can also represent

higher order exceptions (exceptions to exceptions): even though the son of Tweety is a

special penguin (so also a penguin) he does fly.

The general idea that a relational structure may vary when one moves through it and the

enriched kind of frames that came along with it fuelled publications in many areas. Indeed,

there are applications of the reactive ideas in such diverseareas as modal logic, preferential

non-monotonic logic, inheritance systems, context-free grammars, automata theory, deontic

logic and contrary to duty, argumentation and other networks, see papers [8, 32, 16, 30, 33,
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24, 34, 22, 62]. For example when one adds these kind of doublearrows to the structure

of an automata, one allows it to modify its transition relation while reading a sentence, that

is, one makes it reactive. This alternative paradigm competes with non-determinism in the

task of obtaining automata with minimal number of states accepting a language. Indeed, the

following theorem (Proposition 6.1, [16]) is proven:

If A is deterministic automaton withkn states, it has an equivalent reactive au-

tomatonR(A) with kn states.

Another interesting application of this kind of enriched graphs (though not using the dy-

namical counterpart) can be found in [62], where Dung’s abstract argumentation theory is

extended incorporating the meta-level argumentation-based reasoning, about possibly con-

flicting preferences between arguments.

Reactive logics: making Kripke reactive In [29] we can also find a semantics based on

Kripke frames enriched with these double arrows, where the basic relation changes along

the interpretation of a formula by the action of the double arrows. Subsequently it is proven

that this semantics strictly generalises the Kripke semantics, in fact, we may have classes of

these frames originating logics that are not closed under substitution.

In Chapter 4 we introduce a more abstract notion of reactive Kripke frames. Whereas

in [29] the changes in the accessible relation are the ones produced by the action of the

double arrows, in the abstract notion of reactive Kripke frames these changes are given. In

reality, in the usual semantics of modal logic the only important information to the value of

a modal formula is the set of successors at each moment, i.e the local accessibility relation.

Therefore the notion of reactive Kripke frame boils down to aset of admissible sequences of

points, that is, the set of admissible paths. One can picturethe initial accessibility relation by

considering the paths of size two, and its evolution is encoded in the one step prolongment

relation on the bigger paths. The semantics presented in [29] is generalised over these ab-

stract structures, allowing the valuation to vary along thepaths, and the language is enriched

with an extra operator relating paths that have the same endpoint. This is similar to what it

is done in the branching-time logic with quantification overbranches in [79].

Let us look to a concrete case and see some examples of what canbe expressed in the

considered language.
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Example 1.2.1.Let us consider the situation of a traveller with a budget. The set of his

possible moves depends on whether he has enough money to do them (to pay tolls, oil,

train or flight tickets), furthermore his actual moves also determine his future possibilities.

So the paths of the correspondent reactive frame are the sequences of cities he can visit

with a certain budget. The formulas are interpreted over these paths. Let◇R stand for the

dynamics operator, that is, corresponding to the accessibility relation, and◇P to the relation

identifying the paths with the same endpoint. So,◇Rϕ means that after the current path we

can access to a city such that the resulting path satisfiesϕ. ◇Rϕ means that there is a path

to the current city satisfyingϕ. Let us consider that the propositional symbolspb and pw

correspond to the predicate of being able to buy bread and wine respectively, andm be true

if there is still some money left. See Table 1.2 for examples of what can be said.

Modal language Natural language

¬m→ ◻R� If the traveller has no money left then he cannot move

◇P(◻Rpb ∧◇R⊺) There is a path to the current city, after which the travelleris not blocked

and he has enough money to buy bread every city he can access to

(pw ∧ ◻Rpw) If the traveller can buy wine now, and at any immediate next stop, then

→ ◻Ppb he would always be able to buy bread in the current city regardless of

how he got there

Table 1.2: Possible statements in the considered modal semantics.

The truth values of the sentences in Table 1.2 depend on the particular valuation we

pick, but as we shall see, with this language we can capture interesting structural aspects

of these frames. One obvious place to start is to consider thefamiliar relational notions

of reflexivity, symmetry and transitivity. In this dynamical context, these properties have

various possible generalizations. Symmetry may mean just that we can retrace our steps,

that is, we can always return to a world where we have been, butit may mean something

stronger, it may mean that when we get back we can access the same worlds as before. It

may mean something less strong as well, it may mean that if we go froma to b then there is

a path tob such that we can reacha from b. For instance in the case of the traveller above, it

could make sense to say it is strongly reflexive, that is, if hestays in one city (supposing the

staying cost is not supported by the travelling budget) thenhe can still reach the same worlds
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he could when he got there. In this chapter we study logics forclasses of reactive frames

satisfying this kind of properties, obtaining completeness and decidability results where we

can.

Switch graphs While the notion of reactive frame contains exactly the necessary infor-

mation to generalise the usual Kripke semantics to the reactive case, it ignores the state of

the global accessibility relation. In order to model this global dependence we consider the

concept of reactive graphs (Chapter 5). Intuitively a reactive graph consists in a graph that

may change its configuration when a certain edge is crossed.

As in the case of reactive frames, we define a reactive graph tobe a set of admissible

sequences of edges. Clearly, from such a set one can extract the evolution of the whole

relational structure while transversing the graph edges. For any admissible sequenceλ, the

relational state of the reactive graph afterλ is given by

Rλ = {(w,w′) ∶ λ(w,w′) is an admissible sequence of edges}.

At this point a natural question arises: can all these relational behaviours be encoded

by double arrows? In order to answer this question we introduce the concept of a switch

graph. A switch graph is a graph enriched with two kinds of double arrows, the connecting

and the disconnecting switches. As their names suggest, when the origin of a connect-

ing/disconnecting switch is crossed its target is connected/disconnected.

Given a setW, a switch is either an edges ∈ W2 (switch of level 0, neither connecting or

disconnecting) or a triples= (a, s′,∗) (of leveln > 0), where

• a ∈ W2 in the edge that triggers its action,

• s′ is the targeted switch (of leveln− 1)

• ∗ ∈ {●, ○} says if it is a connecting (black circle) or disconnecting (white circle) switch.

The type of the switches of level 0 isǫ (the empty sequence) and ofs= (a, s′,∗) isσ∗where

σ is the type ofs′. We use the following notation to refer to switches in an easier fashion:

• (ab, ǫ) = (a,b),

• (v1v2, . . . ,v2n+1v2n+2,a,∗1 . . .∗n+1) = ((v1,v2), (v3v4, . . . ,v2n+1v2n+2,∗1 . . .∗n),∗n+1).

19



In graphical representations we use white headed arrows to represent the disconnecting

switches and black headed arrow to represent the connectingones. Let us see an exam-

ple of a situation where the dynamical restrictions are easily represented by these structures.

Example 1.2.2.Switches can easily grasp the fact that certain resources are finite, that is,

one can use them a finite number of times. Depending on the meaning of the accessibility

relation (e.g. crossing a bridge, driving a road, taking a pill from a tablet, printing pages, ask

a person for a cigarette, etc) the switch configuration presented in Figure 1.2.2 represents the

fact that a particular action can be taken exactlyk > 1 number of times. The set of switches

is given by{(a,b), (ab, . . . ,ab, ○●k−1)}. For k = 0 we would have(a,b) and(ab,ab, ○) on,

and would not need more switches.

Figure 1.7: The edge(a,b) can be crossed exactlyk > 1 times.

The main result of this section answers to the above question, we prove that any reactive

graph can be generated by a switch graph. We also provide an example where switches are

used to represent the dynamical restrictions required for the solution of the mutual exclusion

problem.

Switch reactive hybrid logic We close this part by introducing an interpretation of a hy-

brid modal language over Kripke frames generated by switch graphs dynamics. Usually

nominals are valid in exactly one point in each model. In the reactive setting they are valid

in exactly one point for each of the components representingdifferent reactive moments,

with different relational states.
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• Instead of having an operator relating the different relational states of a point, we use

nominals to identify them.

• Also, using the fact that double arrows are relations (of different arities) over the

carrier, we consider the correspondent modal operators. Toeach type of switches we

consider the associated 2n+ 2 relation

Rσ = {(w1,w2, . . . ,w2n+1w2n+2) ∶ (w1w2, . . . ,w2n+1w2n+1, σ) is on.}

for ∣σ∣ = n, and its correspondent modal operator 2n+ 1-ary modal operator◇σ.

• Moreover the use of the hybrid operator @ allows us to have a global view over the

switch configuration at each moment.

• To the fragment of the language introduced above, that allows us to talk about the

switches state in each moment, we add the modal operatorz relating the different

states of the switch graph, being the real dynamics operator(corresponding to◇R in

the reactive Kripke frames).

The task of this chapter is to give an axiomatisation of the switches evolution by capturing

the interaction between these components.

Let us look at some examples of what we may express in this language.

Example 1.2.3.Let us consider a non-local version of Example 1.2.1. Instead of consid-

ering a single traveller, that can be only at one place at a time, let us consider the same

problem but with a truck company (or group of travellers) with a common budget. Clearly

each move affects all the subsequent possible moves. We know from the result proven in

Chapter 5 that any such reactive dynamics can be expressed byswitches. If we consider a

switch graph generating this dynamics and the language described above we may express

the local interdependencies explicitly, e.g.

@a ∧y○(b,c,d)

means that the fact that a truck ina goes tob implies that no truck inc can go tod. That is

@az (b→@c¬z d).
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In the case of Example 1.2.2 dealing with bounded resources,where we allow only

certain kinds of switches:

@a(yǫb∧y○(b,a,b))

means that(a,b) can be crossed exactly once, @az (b→@a¬z b),

@a(yǫb∧ ¬y○ (b,a,b) ∧ ¬y○● (b,a,b,a,b) ∧y○●●(b,a,b,a,b,a,b))

means that(a,b) can be crossed exactly three times, @az(b→@az(b→@a¬zb)), and

so on.

We do not claim that this is the most appropriate language to reason about all cases of

reactivity. For instance, in Examples 1.2.1 and 1.2.3 we canenvisage a language that could

explicitly reason about the cost of each move and the remaining budget after it. And in the

case of Example 1.2.2, where only some shapes of switches areallowed, the language could

be simplified. Still, the fact is that all reactive systems can be generated by switches and this

language seems adequate to express the local dynamic dependencies on each move, imposed

by the switches. We hope that it represents a kind of skeletonfor the various possibilities. In

the conclusion of Chapter 6 we discuss possible extensions of this language with operators

of the kind we find inCTL andCTL∗. The main result of this chapter is the proof of the

usual hybrid completeness result in this dynamic context. An important fact to retain is that

in each moment the whole future relational dynamics is codedin the switches, so it may

be that some properties (that depend only on the worlds - corresponding to pure formulas,

having no propositional symbol that is not a nominal) can be derived by reasoning locally,

using only the information contained in switches configuration.

1.3 Thesis Outline

The detailed structure of the thesis is as follows:

Chapter 2 The background notions and the main used results are presented.

Chapter 3 We consider the problem of axiomatising products of modal logics where the

frames for one component are linear orders, covering the usual time-flow models.
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We start by presenting the definitions and results of general2-products of modal logics

in Section 3.1. It is known that if the classes of frames for the product component logics

are definable by recursive sets of first-order sentences, then their product is a recursively

enumerable bimodal logic [25]. It was also known, as is shownin [23, Theorem .5.15],

that no product logic of the formK4.3 × L is product-matching, wheneverL is any Kripke

complete modal logic containingK4 and having the two-element reflexive chain among its

frames. Being open if these logics have finite axiomatisations.

In Section 3.2 answers very generally to this question. We prove that for many of these

logics there is no finite axiomatisation, and that this non finiteness comes in two forms. Let

L be any bimodal logic:

• If L containsK4.3 × K and the product of(ω,≤) and an (irreflexive or reflexive)ω-

fan is a frame forL, thenL is not axiomatisable using finitely many propositional

variables (Theorem 3.2.1).

• If K4.3 × K ⊆ L ⊆ Log{(ω,≤)} × K then every axiomatisation ofL must contain

formulas of arbitrarily large vertical depth (Theorem 3.2.3).

These results give negative answers to questions in [25], and to Questions 5.18 and 5.19

in [23].

In Section 3.3 we present some preliminary results towards finding an explicit axiomati-

sation for such (recursively enumerable) logics. We also prove thatK4.3×S5 is not product

matching (Theorem 3.3.13). This chapter is joint work with Agi Kurucz.

Chapter 4 In Section 4.1 we extend the semantics over reactive Kripke structures intro-

duced in [29] in two ways (Definition 4.1.2): we define a more general changing Kripke

structure, called reactive Kripke frame, that allows us to consider all possible relational

changes, not being limited by specific representations; andwe add an extra operator ranging

through all the reactive states of a point. In order to use classical tools in the study of the

resulting logics we translate these structures into more familiar ones. We define a corre-

spondence between reactive frames and a certain sub-class of bimodal frames for(K ,S5)

(calledcs-frames and shattered frames respectively, Definition 4.1.7), such that there is a

bijection between their models that preserves truthness (Remark 4.1.9 and Theorem 4.1.10),

concluding that they define the same logic (Corollary 4.1.11).
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In Section 4.2 we establish various completeness results using variations of the so-called

‘blow up method’ (also used in [40, 56]): general completeness (Theorem 4.2.4); for gen-

eralisations of reflexivity (Theorems 4.2.8 and 4.2.10); for generalisations of transitivity

(Theorems 4.2.9 and 4.2.11); the static and quasi-static (Theorems 4.2.12 and 4.2.13); strong

reflexivity plus strong symmetry (Theorem 4.2.15).

In Section 4.3 we establish some decidability results usingvariations of the filtration

technique getting an upper bound for the general system, thegeneralised reflexivities and

strong reflexivity ofco-NEXPTIME(Corollary 4.3.2) and for the static and quasi-static of

co-2NEXPTIME(Corollary 4.3.5).

For a more complete description of these results see Table 4.1. Part of this chapter is

joint work with Dov Gabbay and has been published in [31].

Chapter 5 We start by introducing the concept of a reactive graph (Definition 5.1.1), cor-

responding to the abstract notion of a(n accessibility) relation that depends on the previously

crossed edges. We pick the idea introduced in [29], of locally representing the dependency

between crossing an edge and the (global) state of the relation by adding higher order ar-

rows expressing it, and prove that such structures, the switch graphs (Definition 5.1.3), can

express all the relational behaviours, that is, all reactive graphs are generated by switch

graphs (Theorem 5.1.8). This result allows us to see the switches formalism as a possible

representative of the paradigm of reactivity. They are expressive enough to cover all reactive

relational dynamics and we believe they provide a useful tool for modelling real situations,

by gathering in an homogeneous structure the various (meta-)levels of reactivity.

In Section 5.2 we define the dynamics ofk elements over a reactive graph (or over

a switch graph, that is in the reactive graph generated by it)(Definition 5.2.1), and give

an example of the use of these structures in modelling the problem of mutual exclusion

(Example 5.2.2).

Chapter 6 In Section 6.1 we introduce a hybrid logic to reason about theswitch dynamics

introduced in Chapter 5. We adapt hybrid semantics to this dynamical context (Definition

6.1.2). We use the power of names to identify worlds in different reactive moments and

@ to have a global view on the current configuration of the switches (read here as usual

relations over the set of worlds thus having the classical modal correspondents). In Section

6.2 we introduce an axiomatic system (Figure 6.3) that describes the interaction between
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these elements. We then prove the corresponding completeness theorem, with the usual

immediate completeness for additional pure axioms (Theorem 6.2.2), confirming that the

switch behaviour was captured.

We close each chapter with a section where we discuss the obtained results and present

a list of open questions.
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2
Preliminaries

We assume the reader is familiar with the basics of propositional, predicate and modal logics

([15, 11]), computability and complexity ([63]) notions. Let us here summarise the neces-

sary notions and notation for the thesis.

2.1 Modal Logic

Here we introduce some of the fundamental concepts of modal logic that we use throughout

the thesis. The presented definitions and results1 can be found in every textbook presentation

of the subject of modal logic, we used [38, 15, 11] as references and rely on them also

regarding what we do not include here.

2.1.1 Syntax

Languages

Definition 2.1.1. Modal similarity type is a pairτ = (O, ρ) whereO is a non-empty set,

andρ is a functionO → ω. The elements ofO are called modal operators; we use◇’s

(‘diamonds’ with different subscripts or/and drawing inside) to denote elements ofO. The

functionρ assigns to each operator a finite arity.

Theset of modal formulas2 Lτ(Π) (or Lτ for short) is built up using a modal similarity

1We do not give the original references but we say where one canfind the results in [11].
2We have chosen a general notation to present these concepts,using polyadic modal operators, because

they are crucial in part II. We realise this is not the usual choice but in an introduction but, exactly because of

that, we feel it may be useful to make the reader used to the general case from the start.
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type τ = (O, ρ) and a denumerable set of propositional letters (or variables) Π using the

following rule:

ϕ ∶∶= p ∣ ¬ϕ ∣ ϕ1 ∧ ϕ2 ∣ ◇(ϕ1, . . . , ϕρ(◇)) .

The other connectives:⊺, �, ∨, →,↔ are introduced by the usual abbreviations. And dual

operators of non-nullary operators are defined as◻(ϕ1, . . . , ϕρ(◇)) = ¬◇ (¬ϕ1, . . . ,¬ϕρ(◇)).

Modal nesting-depth

Definition 2.1.2. Given a formulaϕ ∈ Lτ and a◇ ∈ O we define the◇-modal nesting-depth

(or modal depth) ofϕ, md◇ inductively as follows:

md◇(p) = 0,

md◇(¬ϕ) = md◇(ϕ),

md◇(ϕ1 ∧ ϕ2) = max{md◇(ϕ1),md◇(ϕ2)},

md◇(◇(ϕ1, . . . , ϕρ(◇))) = 1+max{md◇(ϕ1), . . . ,md◇(ϕρ(◇)),

md◇(◇′(ϕ1, . . . , ϕρ(◇)) = max{md◇(ϕ1), . . . ,md◇(ϕρ(◇)), if ◇ ≠ ◇′.

We can also refer to the modal depth of a formula without identifying a specific operator in

the subscript,md(ϕ) is defined as above by removing the last line.

Formulas and sets of formulas

Definition 2.1.3. A substitutionis a mapσ ∶ Π → Lτ and it induces a map(.)σ ∶ Lτ → Lτ

(the process of uniform substitution), which is recursively defined as follows:

pσ =σ(p),

(¬ϕ)σ =¬ϕσ,

(ϕ1 ∧ ϕ2)σ =ϕσ1 ∧ ϕ
σ
2 ,

◇(ϕ1, . . . , ϕρ(◇))σ =◇ (ϕσ1 , . . . , ϕ
σ
ρ(◇)).

Axiomatisations

We consider the question of axiomatisability in relation tologics (sets of formulas) that

are defined syntactically in different ways, so we leave here just a general definition. An
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axiomatisation system is a set of base axiomsΣ and a set of closure rules (rules of the form:

if a ∈ A thenR(a) ⊆ A). We say that a set of formulasΣ′ (in a particular axiomatisation

system) axiomatises a logicL if L is the smallest set of formulas containingΣ∪Σ′ and closed

under the closure rules. All logics we consider are normal modal logics in the following

sense:

Definition 2.1.4. We call modal logic to any set of formulasL ⊆ Lτ that contains all propo-

sitional tautologies and is closed under modus ponens (thatis ϕ,ϕ→ ϕ′ ∈ L thenϕ′ ∈ L). We

say thatL ⊆ Lτ is uniform it it is closed under uniform substitution and that it isnormal if

for all ◇ ∈ O andϕ,ψ,ϕ1, . . . , ϕρ(◇) we have:

⊢ ◻(ϕ1, . . . , ϕ → ψ, . . . , ϕρ(◇))→ (◻(ϕ1, . . . , ϕ, . . . , ϕρ(◇))→ ◻(ϕ1, . . . , ψ, . . . , ϕρ(◇))),

whereϕ → ψ, in the antecedent, andϕ andψ, in the consequent, occur in thei-th position

for 1 ≤ i ≤ ρ(◇). And if it is closed for the rule of necessity (or generalisation):

⊢ ϕ implies ⊢ ◻(�, . . . ,�, ϕ,�, . . . ,�),

where occurs in thei-th position for 1≤ i ≤ ρ(◇).

In Part I the axiomatic system considered is formed by the rules of modus ponens, gen-

eralisation plus the rule of uniform substitution. But in Part II not all logics are closed under

uniform substitution. Furthermore in Chapter 6 we use some non-orthodox rules including

side conditions.

Definition 2.1.5. Let L ∪ L′ ∪ {ϕ} ⊆ Lτ andX ⊆ Π, we then define:

• (L,L′) is the closure by the rules of modus ponens and necessity of the set

{ψ ∶ ψ is a propositional instance ofϕ ∈ L ∪ L′ }.

• L⊕ ϕ = (L,{ϕ}).

• L +X ϕ is the closure by the rules of modus ponens and necessity of the set

L ∪ {ψ ∶ ψ is the result of substituting the variables ofϕ by variables inX}.
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Logics: Consistency and maximal consistent setsIn order to define consistency we use

the general notion of axiomatisation for propositional-based logics.

Definition 2.1.6. A logic L ⊆ Lτ is a set of formulas that contains all propositional tautolo-

gies and is closed under modus ponens (that isϕ,ϕ→ ϕ′ ∈ L thenϕ′ ∈ L). Every element of a

logic ϕ ∈ L is calledtheorem, written⊢L ϕ. GivenΓ∪ {ϕ} ⊆ Lτ we say thatϕ is L-deducible

from Γ if there existϕ1, . . . , ϕn ∈ Γ such that

⊢L ϕ1→ (ϕ2→ (. . . → (ϕn→ ϕ) . . .)).

A setΓ ⊆ Lτ is L-consistentif Γ/⊢L�, and it is aL-maximal consistentset (L-MCS) if it is

L-consistent and for allϕ ∈ Lτ then eitherϕ ∈ Γ or ¬ϕ ∈ Γ.

Lemma 2.1.7(Lindenbaum’s lemma: Lemma 4.17, [11]). Every L-consistent set of formu-

las is contained in a L-maximal consistent set.

2.1.2 Semantics

A relational structureis a tupleF whose first component is a non-empty setW called the

universe (or domain) ofF, and whose remaining components are relations onW. The ele-

ments ofW can be named: points, states, nodes, worlds, times, instants, etc. When a relation

is binary we say it is an accessibility relation.

Frames and models

Definition 2.1.8. A frame for the similarity typeτ = (O, ρ) (τ-frame) is a tupleF consisting

of the following ingredients:

• a non-empty setW,

• for each◇ ∈ O anρ(◇) + 1-ary relationR◇, we say◇ is the modal correspondent of

R◇.

A τ-model is a pairM = (F,V) whereF is aτ-frame andV is a valuation, that is a function

from Π → 2W, M is also called a model overF. The notion of a formulaϕ being satisfied

(or true) at a statew in a modelM (M,w ⊧ ϕ) is defined inductively:

• M,w ⊧ p iff w ∈ V(p) for p ∈ Π,
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• M,w ⊧ ¬ϕ iffM,w /⊧ ϕ,

• M,w ⊧ ϕ1 ∧ ϕ2 iffM,w ⊧ ϕ1 andM,w ⊧ ϕ2,

• M,w ⊧ ◇(ϕ1, . . . , ϕρ(◇)) iff there arev1, . . . ,vρ(◇) ∈ W with (w,v1, . . . ,vρ(◇)) ∈ R◇

and for eachi,M,vi ⊧ ϕi.

Definition 2.1.9. We say a formulaϕ is satisfiable in a model if it is true at some point in

that model. A formula is satisfiable in a frame if it is satisfiable in a model over that frame.

We say a formulaϕ is valid at a statew in a frameF,F,w ⊧ ϕ if ϕ is true atw in every model

based onF; ϕ is valid inF, F ⊧ ϕ, if it is valid at every state inF. The notion of validity is

easily extended to sets of formulas,Γ, ⊧ Γ. Given a class of frames,F, the logic ofF is the

set of all formulas that are valid in all frames inF:

Log{F} = {ϕ ∶ F ⊧ ϕ}.

It is easy to see that the logic of a class of frames is normal.

Frame and model constructions

Definition 2.1.10. Given two framesF = (W,R◇)◇∈O andF′ = (W′,R′◇)◇∈O, we say thatF′

is asubframeof F if W′ ⊆ W and for all◇ ∈ O we haveR′◇ = R◇ ∩W′ρ(◇). Furthermore, we

say thatF′ is a generated subframeof F (M) if it is a subframe and the following closure

condition is fulfilled for all◇ ∈ O:

if u ∈ W′ and(u,v1, . . . , ϕρ(◇)) ∈ R◇ thenv1, . . . , ϕρ(◇) ∈ W′.

Let W′ ⊆ W, thesubframe generated by W′ is the smallest generated subframe ofF whose

domain containsW′. A rooted or point-generatedframe is a frame that is generated by

a singleton set, the element of which is called theroot of the frame. All these concepts

are extended to modelsM = (F,V) andM′ = (F′,V′), if we further have that forp ∈ Π,

V′ = V(p) ∩W′.

Definition 2.1.11(p-Morphism). Given two framesF = (W,R◇)◇∈O andF′ = (W′,R′◇)◇∈O,

by a p-morphism(or bounded morphism) we intend a functionf ∶ W → W′ satisfying the

following properties:
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• if (v0, . . . ,vρ(◇)) ∈ R◇ then( f (v0), . . . , f (vρ(◇))) ∈ R′◇, for each◇ ∈ O (forward or

homomorphism condition),

• if ( f (v0),v′1, . . . ,v
′
ρ(◇)

) ∈ R′◇ then there existv1, . . . ,vρ(◇) ∈ W such that(v0, . . . ,vρ(◇))

∈ R◇, for each◇ ∈ O (backward condition).

To extend this concept to modelsM = (F,V) andM′ = (F′,V′) we require that ifw ∈ V(p)

then f (w) ∈ V′(p).

Standard translation

Definition 2.1.12(Standard Translation). For a similarity typeτ and a set of propositional

lettersΠ, let L1
τ(Π) be the first-order language which has unary predicatesP0,P1,P2 . . .

corresponding to the proposition lettersp0, p1, p2, ⋅ ⋅ ⋅ ∈ Π, and(n+1)-ary symbolR◇ for each

(n-ary) modal operator◇ in our similarity type. LetL2
τ(Π) be the second-order language

extendingL1
τ(Π) where thePi are the second-order variables. We callS T the standard

translationfrom modal language to first-order logic:

S Tx(p) = Px,

S Tx(¬ϕ) = ¬S Tx(ϕ),

S Tx(ϕ ∧ ϕ′) = S Tx(ϕ) ∧S Tx(ϕ′),

S Tx(◇(ϕ1, . . . , ϕρ(◇))) = ∃y1 . . . yρ(◇) ((x,y1, . . . ,yρ(◇)) ∈ R◇∧

S Ty1(ϕ1) ∧ . . . ∧S Tyρ(◇)(ϕρ(◇))),

wherey1 . . . yρ(◇) are fresh variables (that is, variables that have not been used so far in the

translation).

Proposition 2.1.13(Local and global correspondence: Propositions 2.47 and 3.12, [11]).

Given a modelM = (F,V) andϕ ∈ Lτ, then:

• M,w ⊧ ϕ iffM,w ⊧ S Tx(ϕ)[w] (local model),

• M ⊧ ϕ iffM ⊧ ∀x S Tx(ϕ) (global model),

• F,w ⊧ ϕ iff F,w ⊧ ∀P1 . . .Pn S Tx(ϕ)[w](local frame),

• F ⊧ ϕ iff F ⊧ ∀P1 . . .Pn∀x S Tx(ϕ) (global frame),
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where Pi bind the second-order variables Pi corresponding to the proposition letters pi

occurring inϕ.

Definition 2.1.14(Modal definability). We say a formulaϕ defines(or characterises) a class

of framesF if for all framesF, F ∈ F iff F ⊧ ϕ. Similarly if Γ is a set of formulas we say

thatΓ definesF if F ∈ F iff F ⊧ Γ. We say a class of frames is(modally) definableif there is

a set of modal formulas that defines it. We say a formuladefines a propertyif it satisfies the

class of frames that satisfies that property.

2.1.3 Some standard modal logics

Schema is a collection of formulas that share the same syntactic form, it can be given by all

the uniform substitutions of a certain formula, it is usefulto present specific uniform normal

logics. the set of formulas is usually represented by the schemata formula that give origin

to it. For example to represent the minimal (unary unimodal)normal logic we just need the

schemata

K ∶ ◻(ϕ → ψ)→ (◻ϕ → ◻ψ).

It as become customary to use the notationKΣ1 . . .Σn to refer to the smallest normal logic

containing the schemataΣ1, . . . ,Σn.

Set theoretically this logic is defined as

⋂{Γ ∶ Γ is normal andΣ1 ∪ . . . ∪ Σn ⊆ Γ}

Historical names for some well-known schemata are:

T ∶ ◻ϕ→ ϕ

B ∶ ϕ→ ◻◇ ϕ

4 ∶ ◻ϕ→ ◻◻ ϕ

5 ∶ ◇ϕ→ ◻◇ ϕ

D ∶ ◻ϕ→◇ϕ

L ∶ ◻(ϕ ∧ ◻ϕ→ ψ) ∨ ◻(ψ ∧ ◻ψ → ϕ)
W ∶ ◻(◻ϕ→ ϕ)→ ◻ϕ

Z ∶ ◻(◻ϕ→ ϕ)→ (◇◻ ϕ→ ◻ϕ)
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X ∶ ◻ ◻ ϕ→ ◻ϕ

Dum ∶ ◻(◻(ϕ → ◻ϕ)→ ϕ)→ (◇◻ ϕ→ ϕ)
grz ∶ ◻(◻(ϕ → ◻ϕ)→ ϕ)→ ϕ

Some of these schemata define (first-order) properties of binary relations:

T Reflexive ∀x (xRx)
B Symmetric ∀x,y (xRy→ yRx)
4 Transitive ∀x,y,z (xRyRz→ xRz)
5 Euclidean ∀x,y,z (xRy∧ xRz→ yRz)
D Serial ∀x∃y (xRy)
L Weakly connected ∀x,y,z (xRy∧ xRz→ (yRz∨ y = z∨ zRy))
X Weakly dense ∀x,y (xRy→ ∃z (xRzRy))

Names of some well-known logics are

S4 = KT4

S5 = KT4B

Gl = KW

K4.3 = K4L

S4.3 = KT4L

Grz = Kgrz

The logics of the linear orders (routed transitive weakly connected frames) most used to

model the flow of time are the following

K4DLZ = Log{(ω,<)}
K4DLX = Log{(Q,<)} = Log{(R,<)}

KT4LDum = Log{(ω,≤)}
S4.3 = Log{(Q,≤)} = Log{(R,≤)}
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2.1.4 Some general results

Invariance under p-morphisms

Proposition 2.1.15(Proposition 2.14 and Theorem 3.14, [11]). Modal satisfaction is invari-

ant under p-morphisms. That is, if f∶M→M′ is a p-morphism, then:

M,w ⊧ ϕ iffM′, f (w) ⊧ ϕ.

As a simple consequence we have that if f∶ F→ F′ is a surjective p-morphism then:

F ⊧ ϕ thenF′ ⊧ ϕ,

that is,Log{F} ⊆ Log{F′}.

Finite model property

Definition 2.1.16. We say that the logic of a certain class of models has thefinite model

property (f.m.p) if every formulaϕ ∈ Lτ satisfiable in some model in that class is also

satisfiable in a finite model of that class.

Finite models via filtrations

Definition 2.1.17. A set of formulasΓ ⊆ Lτ is closed under subformulasif for all formulas

ϕ,ϕ′, ϕ0, . . . , ϕn: ¬ϕ ∈ Γ thenϕ ∈ Γ; ϕ ∧ ϕ′ ∈ Γ thenϕ,ϕ′ ∈ Γ; ◇(ϕ0, . . . , ϕn) ∈ Γ then

ϕ0, . . . , ϕn ∈ Γ.

Given aτ-modelM = (W,R◇,V)◇∈O and a setΓ ⊆ Lτ closed under subformulas, let

MΓ = (WΓ,R′◇,V′)◇∈O such that:

WΓ = {∣w∣ ∶ w ∈ W},
If (v0,v1, . . . , ϕρ(◇)) ∈ R◇ then(∣v0∣, ∣v1∣, . . . , ∣ϕρ(◇)∣) ∈ R′◇,

where

Γv = {ϕ ∶ ϕ ∈ Γ & M,v ⊧ ϕ},
v ∼Γ w iff Γv = Γw,

∣w∣ = {t ∶ w ∼Γ t},
V′(p) = {∣w∣ ∶M,w ⊧ p}.

We say thatMΓ is afiltration ofM throughΓ.

34



Proposition 2.1.18(Proposition 2.38, [11]). Let Γ ⊆ Lτ be finite and closed under subfor-

mulas, then for allM,MΓ contains at most2∣Γ∣ worlds.

Theorem 2.1.19(Filtration theorem: Theorem 2.39, [11]). Let MΓ be a filtration ofM

throughΓ ⊆ Lτ closed under subformulas. Then for allϕ ∈ Γ and w∈M we have that

M,w ⊧ ϕ iffMΓ, ∣w∣ ⊧ ϕ.

Soundness and completeness

Definition 2.1.20. Given a class of frames (or models)F and a logicL, we sayL is sound

with respect toF if L ⊆ LF, andcompleteif the converse holds.

Canonical models

Definition 2.1.21 (Canonical model). Given a normal modal logicL ⊆ Lτ we define the

canonical modelML = (WL,RL
◇,V

L)◇∈O for L where

WΓ = {Γ ∶ Γ is aL − MCS},
(w,u1, . . . ,uρ(◇))RΓ◇ iff for all formulasϕ1 ∈ u1, . . . , ϕρ(◇) ∈ uρ(◇)◇ (ϕ1, . . . , ϕρ(◇)) ∈ w,

VΓ(p) = {w ∈ WΓ ∶ p ∈ w}.

FL = (WL,RL
◇)◇∈O is called thecanonical framefor L.

Lemma 2.1.22(Truth lemma: Lemma 4.21, [11]). For any normal modal logicΓ and for-

mulaϕ,

ML,w ⊧ ϕ iff ϕ ∈ w.

Theorem 2.1.23(Canonical model theorem: Theorem 4.22, [11]). Any normal logic is

complete in relation to its canonical model.

Definition 2.1.24 (Canonicity). A formula ϕ is canonicalif, for any normal modal logic

L, ϕ ∈ L implies thatϕ is valid on the canonical frame forL. Let ϕ be a formula andP a

property. If the canonical frame for any normal logicL containingϕ has the propertyP, and

ϕ is valid on any class of frames with propertyP, thenϕ is canonical forP.
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Sahlqvist formulas and theorem

Definition 2.1.25(Sahlqvist formulas).

• A formula ispositive(resp.negative) if every occurrence of a variable is in the scope

of an even (resp. odd) number of negations.

• Boxed atomis a formula◻1 . . . ◻n p where◻1 . . .◻n is a (possibly empty) string of

unary boxes andp ∈ Π.

• A Sahqvist antecedentis a formula constructed from propositional constants, boxed

atoms and negative formulas by applying∧, ∨, and diamonds of arbitrary arities. A

Sahlqvist implicationis a formula of the formϕ→ ψ, whereϕ is a Sahlqvist antecedent

andψ is a positive formula.

• A Sahlqvist formulais a formula constructed from Sahlqvist implications by freely

applying unary boxes and conjunctions, and applying polyadic boxes and disjunctions

to formulas sharing no common variables. The Sahlqvist formula is monadic if no

polyadic modalities occur in it.

Theorem 2.1.26(Sahlqvist theorem: Theorem 3.54 and Theorem 4.42, [11]). Every Sahlqvist

formula defines a first-order formula and it is canonical in relation to the first-order formula

property it defines.

Definition 2.1.27(Simply generalised monadic Sahlqvist formulas).

• A box formulais a formula

ϕ = ◻1,1 . . . ◻1,n1 (ϕ1 → (◻2,1 . . . ◻2,n2 ϕ2→ . . . ◻k,1 . . . ◻k,nk p) . . .)

whereϕi ’s are positive formulas andp ∈ Π is called theheadof ϕ.

• An occurrence of a variable in a box formulaϕ is essentialin ϕ if it is a head ofϕ,

otherwise it isinessentialin ϕ. A variable in a box formulaϕ is essential inϕ if it has

at least one essential occurrence in it, otherwise it isinessentialin ϕ.
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• A set of box formulas is saidindependentif no head of a formula from the set occurs

as an inessential variable in any headed box from the set.

• Simply generalised monadic Sahlqvist formulasare defined by replacing in the defini-

tion of classical modal Sahlqvist formulas boxed atoms by box-formulas, and further

requiring that the set of all these box-formulas occurring in the construction of the

formula, is independent.

Theorem 2.1.28(Simply generalised Sahlqvist theorem, [41]). Every simply generalised

Sahlqvist formula defines a first-order formula and it is canonical in relation to the first-

order formula property it defines.

2.1.5 Hybrid logic

The basic hybrid logic is simply a multimodal language, whose atomic symbols are sub-

divided in two sorts. Beside the propositional variables, we have also the set of nominals,

NOM. Furthermore for each nominali we have the operator @i. Given a similarity typeτ,

the basic hybrid language,Hτ(@), is given by:

ϕ ∶∶= i ∣ p ∣ ¬ϕ ∣ ϕ1 ∧ ϕ2 ∣◇(ϕ1, . . . , ϕρ(◇)) ,

wherei ∈ NOM and everything else is as before. The novelties in the semantics are that

the valuation of each nominal is a singleton, and that the operator @i changes the valuation

world to the world satisfyingi. Indeed @iϕ is true in any world ifφ is true at the world

satisfyingi. These logics are quite simple (the satisfability problem is not more complex

than the one for modal logic) but their expressivity is impressively stronger. It can express

many properties not definable in the basic modal language, e.g. irreflexivity, asymmetry,

antisymmetry, intransitivity, universality, trichotomy, at mostn states, etc. For more details

see: [11, Section 7.3].

2.2 Notation

Our notation is mostly standard but here we introduce the most used in this thesis.

ω denotes both set of naturals and the first uncountable ordinal number.

Given a sequence over a setA, θ = a1 . . .an, ∣θ∣ = n is thelengthof θ.
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The empty sequence is denoted byǫ and∣ǫ∣ = 0.

Forn < ω, let An denote the set of all sequences of lengthn overA, and let:

• A∗ = ⋃n<ω An and

• W+ = W∗ − {ǫ}.

For anyθ,σ ∈ A∗, we denote theirconcatenationsimply byθσ (with θǫ = ǫθ = θ).

Forn < ω, θ ∈ A∗, let θn =

n­
θ . . . θ (with θ0 = ǫ).

A prefixof a sequenceθ = a1 . . .an is any sequence of the forma1 . . .ak for 0 ≤ k ≤ n.

We use consider & to be interchangeable with the word ‘and’. Moreover, we con-

sider it has priority over the word ‘or’ (like∧ over ∨ or × over +). So when we write

A & B or C & D & E, we mean(A & B) or (C & D & E). By ‘iff’ we mean ‘if and only

if’.
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Part I

‘Time’-Dependent Systems
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3
Products with Linear Orders

In this chapter we tackle the problem of axiomatising product logics where one of the com-

ponents is linear, standing for time. Our results cover the common choices for the models of

a linear flow of time:(ω,<), (Q,<) and(R,<), as well as their reflexive counterparts(ω,≤)
(Q,≤) and(R,≤). In the first section we introduce the main concepts around 2-products of

modal logics and list some general results in the area. In thesecond section we solve some

open problems regarding the (non)-finite axiomatisabilityof product logics where one of

the components is linear. In particular, we give the first examples of recursively enumerable

(even decidable) two-dimensional products of finitely axiomatisable modal logics that are

not finitely axiomatisable. We show that any axiomatisationof some bimodal logics that

are determined by classes of product frames with a linearly ordered component must be in-

finite in two senses: it should contain infinitely many propositional variables, and formulas

of arbitrarily large modal nesting-depth. In the last section we present some further results

regarding the problem of finding an explicit axiomatisationfor the considered logics.

3.1 Products of modal logics

We start by recalling the concept of product logics in its two-dimensional version (following

[23, Chapter 5]).

Definition 3.1.1. Given two Kripke complete unimodal logicsL0 andL1, theproduct logic

L1 × L2 is defined as

L0 × L1 = Log{F0 ×F1 ∶ Fi is a frame forLi , for i < 2}.

40



where the productF0 ×F1 of framesF0 = (W0,R0) andF1 = (W1,R1) is the 2-frame

F0 ×F1 = (W0 ×W1,R0,R1),

whereW0 ×W1 is the Cartesian product ofW0 andW1 and, for allu,u′ ∈ W0, v,v′ ∈ W1,

(u,v)R0(u′,v′) iff uR0u′ andv = v′,

(u,v)R1(u′,v′) iff vR1v′ andu = u′.

2-frames of this form will be calledproduct framesthroughout.

Product logics are defined in a semantical way: they are logics determined by classes of

product frames. Thus, a good start to understand their behaviour is to find properties that

hold in every product frame. The most obvious ones are given by the three diagrams in

Figure 3.1 the meaning of which can be described by the following first-order sentences:

• left commutativity: ∀xyz(xR1yR0z→ ∃w(xR0wR1z)),

• right commutativity: ∀xwz(xR0wR1z→ ∃y(xR1yR0z)),

• Church-Rosser property: ∀xwy(xR0w∧ xR1y→ ∃z(yR0z∧wR1z)).

Figure 3.1: Left and right commutativity and Church-Rosserproperties.

These properties can also be expressed by modal formulas. One can easily check that a

2-frame is left commutative iff it validates the formula

coml = ◻1 ◻0 p← ◻0 ◻1 p,

it is right commutative iff it validates

coml = ◻0 ◻1 p← ◻1 ◻0 p,
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and it is Church-Rosser iff it validates

chr = ◇0 ◻1 p→ ◻1 ◇0 p.

The left and right commutativity axioms can be combined intoa single commutativity

axiom

com= coml ∧ comr .

But these axioms are not enough to characterise product frames. See in Figure 3.2 an

example of a commutative and Church-Rosser 2-frame that is not isomorphic to the product

of any frames.

Figure 3.2: Commutative and Church-Rosser but not product frame.

The first syntactic approach toL0 × L1 is given by:

Definition 3.1.2. Given two Kripke complete unimodal logicsL0 andL1 thecommutatoris

[L0,L1] = (L0,L1)⊕ com⊕ chr.

It is easy to prove that we indeed have the following inclusion:

[L0,L1] ⊆ L0 × L1. (3.1)

When the converse also holds, that is, when we have:

L0 × L1 = [L0,L1],

we say thatL0 × L1 is product-matching.

It turns out that many pairs of standard modal logics are indeed product-matching; how-

ever, there are many counterexamples as well. In the following sections we consider the

problem of finding an axiomatisation for logics of this kind,in the particular case whereL0

is a unimodal logic for linear orders.

Let us first summarise the known general results related to this problem:
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(1) If both unimodal logicsL0 andL1 are such that their classes of Kripke frames are de-

finable by recursive sets of first-order sentences, then their productL0 × L1 is a recur-

sively enumerable bimodal logic [25]. E.g.L0,L1 ∈ {K ,K4,S4,S5,K4.3,Log{(ω,<
)},Log{(Q,<)} = Log{(R,<)},Log{(Q,≤)} = Log{(R,≤)}}.

(2) If bothL0 andL1 are finitely axiomatisable by modal formulas having universal Horn

first-order correspondents, thenL0 × L1 is finitely axiomatisable [25]. In fact, these

product logics areproduct-matching. For example, if eachLi is eitherK (the logic of

all frames), orK4 (the logic of all transitive frames), orS4 (the logic of all reflexive

and transitive frames), orS5 (the logic of all equivalence frames), thenL0 × L1 is

product-matching.

(3) The result in 2 cannot be generalised to products of logics axiomatised by formulas

having universal (but not necessarily Horn) first-order components. Such an example

is the finitely axiomatisable modal logicK4.3, determined by frames(W,R), whereR

is transitive andweakly connected:

∀x,y,z ∈ W(xRy∧ xRz→ (y = z∨ yRz∨ zRy)).

(Rooted transitive and weakly connected relations arelinear orders.) As is shown

in [23, Theorem .5.15], no product logic of the formK4.3 × L is product-matching,

wheneverL is any Kripke complete modal logic containingK4 and having the two-

element reflexive chain among its frames. So, say,K4.3 × K4 is an example of a re-

cursively enumerable but not product-matching product of two finitely axiomatisable

logics. However, it was left open whether any of these product logics were finitely

axiomatisable.

(4) 2-product logics where at least one component logic is determined by a class of frames

of finite bounded depth (e.g.S5), are usually decidable. Actually, product logics are

often decidable when, in order to check satisfiability of a formula ϕ, it is enough

to consider only those product frames where the depth of one of the components is

bounded by some finite number which can be effectively computed fromϕ. This result

covers multi-modalK andS5as well as products with tense extensions of multi-modal

K or temporal logics of metric spaces [25, 35, 23, 67, 51].

43



(5) Products of two ‘linear transitive’ logics are undecidable whenever the depth of frames

for both component logics cannot be bounded by any fixedn < ω: examples are

products ofK4.3, S4.3or Log{(ω,<)}, [61, 68, 72].

(6) Products of more than two modal logics1 are usually undecidable. In fact, no logic

betweenK ×K ×K andS5×S5×S5 is decidable [45].

(7) Finally, note that the product construction may result in quite complex bimodal logics.

There are several examples of non-recursively enumerable,evenΠ1
1-complete, prod-

ucts of finitely axiomatisable logics, e.g.L0 × L1 whereL0 ∈ {K4,K4.3,S4,GL ,Grz,

Log{(ω,<)},Log{(ω,≤)}} andL0 ∈ {Log{(ω,<)},Log{(ω,≤)}}, [36, 68, 72]..

Notation. We are interested in product logics with a ‘linear’ first component, that is, where

frames forL0 are frames forK4.3. To emphasise this fact, the transitive and weakly con-

nected relations in the 2-frames we deal with are always denoted by≤a, for some subscripta.

This does not necessarily mean that≤a is reflexive. However, we use the following notation:

u <a v iff u ≤a v andv /≤a u.

3.2 Non-finite axiomatisability

Throughout, anirreflexiveω-fan is a unimodal Kripke frame isomorphic toHω = (ω+1,R),
whereR = {(ω, i) ∶ i < ω}. Similarly, a reflexiveω-fan is any frame isomorphic toH+ω =

(ω + 1,R+), whereR+ = R∪ {(i, i) ∶ i ≤ ω}.

Theorem 3.2.1.Let L be any bimodal logic such that

• L containsK4.3 ×K, and

• the product of(ω,≤) and an (irreflexive or reflexive)ω-fan is a frame for L.

Then L is not axiomatisable using finitely many propositional variables.

1Not defined but easy to figure out from the 2-product definition: n-product logics are the logics for the

n-product frames where each component is a frame for the logicin the correspondent component.
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Well-known examples of unimodal logics having anω-fan among their frames areK ,

K4, S4, Gödel-Löb logicGL (the logic of irreflexive and transitive frames without infinite

ascending chains), and Grzegorczyk logicGrz (the logic of reflexive and transitive frames

without infinite ascending chains of distinct points). So wehave the following:

Corollary 3.2.2. Let L0 be the logic of the most common models of the flow of time

Log{(ω,<)}, Log{(Q,<)} = Log{(R,<)}, Log{(ω,≤)}, S4.3 = Log{(Q,≤)} = Log{(R,≤)},

or the logic of all linear orders,K4.3, and L1 be any of the logicsK, K4, S4, GL, Grz. Then

L0 × L1 is not axiomatisable using finitely many propositional variables.

Note that bothK4.3 × K andK4.3 × K4 are known to be recursively enumerable [25],

K4.3×K is even decidable [23, 77]. (The same holds for reflexive versions.)

Our next result shows that some of these possible axiomatisations should also have a dif-

ferent kind of infinity. We define thevertical depth vd(ϕ) of a bimodal formulaϕ inductively

by taking

vd(p) = 0,

vd(ψ1 ∧ ψ2) = max(vd(ψ1),vd(ψ2)),
vd(¬ψ) = vd(ψ),
vd(◇0ψ) = vd(ψ),
vd(◇1ψ) = vd(ψ) + 1.

Theorem 3.2.3.Let L be a bimodal logic such that

K4.3 ×K ⊆ L ⊆ Log{(ω,≤)} ×K.

Then every axiomatisation of L must contain formulas of arbitrarily large vertical depth.

3.2.1 Infinitely many propositional variables are needed

In this section we prove Theorem 3.2.1. So letL be any bimodal logic containingK4.3×K

such that the product of(ω,≤) and anω-fan is a frame forL. In order to show thatL is not

axiomatisable using finitely many propositional variables, we plan to proceed as follows.

Given m < ω, we call a Kripke modelM = (F, ϑ) m-generatedif there are at mostm

different propositional variablesp such thatϑ(p) ≠ ∅. For every 0< k < ω, we will define a

2-frameFk such that:
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(a) Fk is not a frame forK4.3×K .

(b) If k > 24m+ 1 thenM ⊧ L, for everym-generated modelM based onFk.

This will prove Theorem 3.2.1 because of the following. Suppose thatΣ axiomatisesL and

Σ containsm propositional variables, for somem< ω. Let k > 24m+ 1 and take a 2-frameFk

satisfying(b). LetM be an arbitrary model based onFk. LetMm be another model overFk

that is the same asM on propositional variables occurring inΣ, and∅ otherwise. ThenMm

is clearlym-generated andMm ⊧ Σ iff M ⊧ Σ. So by(b), we haveMm ⊧ L. As Σ ⊆ L, we

obtainMm ⊧ Σ, and soM ⊧ Σ. This holds for any modelM overFk, soFk is a frame forΣ.

Therefore,Log{Fk} is a bimodal logic containingΣ, and so we have thatFk is a frame for

L. As K4.3×K ⊆ L, this implies thatFk is a frame forK4.3×K , contradicting(a).

We fix some 0< k < ω, and begin with the definition ofFk = (W,≤h,Rv), for the case

when(ω,≤) ×Hω is a frame forL:

W = {y} ∪ {xi ,ui ,vi ,wi ,zi ∶ i < k},

≤h is the reflexive and transitive closure of

{(ui ,vi), (vi ,wi), (wi ,zi) ∶ i < k} ∪ {(xi , xj), (xi ,y), (y, xi) ∶ i, j < k},

Rv = {(xi ,u j), (xi ,zj) ∶ i, j < k} ∪ {(xi ,vj) ∶ i, j < k, i ≠ j} ∪
{(y,ui), (y,wi), (y,zi) ∶ i < k},

see Figure 3.3. Note that in Figure 3.3 (as well as in further figures) the reflexive, transitive

and weakly connected≤h is depicted by ‘horizontal’ arrows and its clusters by ‘horizontal’

ellipses, andRv by kind of ‘vertical’ arrows.

If L is such that(ω,≤) ×Hω is not a frame forL, but(ω,≤) ×H+ω is, then we should add

the pairs{(w,w) ∶ w ∈ W} to Rv. From now on, we discuss in detail the vertically irreflexive

case only. The very similar proof of the reflexive case is leftto the reader.

First, we prove(a). Let us begin with showing a general property of p-morphic images

of weakly connected frames.

Claim 1. Let f be a p-morphism from some weakly connected frameG0 = (W0,≤0) onto a

frameG1 = (W1,≤1). For all a,b ∈ W0, x ∈ W1, if a ≤0 b and f(a) ≤1 x <1 f (b) then there

exists c∈ W0 such that a≤0 c <0 b and f(c) = x. Moreover, if f(a) <1 x <1 f (b) then c can

be chosen such that a<0 c <0 b.
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Figure 3.3: The frameFk.

Proof. Take somea,b ∈ W0, x ∈ W1 such thata ≤0 b and f (a) ≤1 x <1 f (b). By the

backward condition onf , there existsc ∈ W0 such thata ≤0 c and f (c) = x. Moreover, as

f is a homomorphism, iff (a) <1 x thena <0 c. As ≤0 is weakly connected, we have either

c = b, or b ≤0 c, or c ≤0 b. But f (c) <1 f (b), so the first two cases cannot hold. Therefore,

c <0 b follows. �

As being transitive and weakly connected is first-order definable, the class of all frames

for K4.3 is closed under ultraproducts. AsK4.3 is a modal logic, its class of frames is also

closed under point-generated subframes. So, by [59, Theorem .2.10], we obtain:

Claim 2. For every finite rooted2-frameF, F is a frame forK4.3 × K iff F is a p-morphic

image of a product frame forK4.3 ×K.

Therefore, in order to prove(a) it is enough to show the following:

Lemma 3.2.4.Fk is not a p-morphic image of a product frame forK4.3 ×K.

Proof. Suppose that there is a p-morphismf from a product frameH = (U,≤0,R1) with

transitive and weakly connected≤0 ontoFk = (W,≤h,Rv). Take somei0 < k. As xi0 ≤h yRvwi0,

there area0,b,c0 ∈ U such thata0 ≤0 bR1c0, f (a0) = xi0, f (b) = y, and f (c0) = wi0. As H

is a product frame, there existsd0 ∈ U such thata0R1d0 ≤0 c0. As f is a p-morphism, we

must have thatf (d0) = ui0. As ui0 <h vi0 <h wi0, by Claim 1, there existse1
0 ∈ U such that

d0 <0 e1
0 <0 c0 and f (e1

0) = vi0. AsH is a product frame, there existsa1 ∈ U such thata1R1e1
0.

As f is a p-morphism, we must have thatf (a1) = xi1, for somei1 < k, i1 ≠ i0.
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Next, asyRvwi1, there existsc1 ∈ U such thatbR1c1 and f (c1) = wi1. As H is a product

frame, there existsd1 ∈ U such thata1R1d1 ≤0 c1. As f is a p-morphism, we must have that

f (d1) = ui1. As ui1 <h vi1 <h wi1, by Claim 1, there existse2
1 ∈ U such thatd1 <0 e2

1 <0 c1 and

f (e2
1) = vi1. AsH is a product frame, there existe2

0,a2 ∈ U such thate1
0 <0 e2

0 <0 c0, a2R1e2
0,

anda2R1e2
1. As f is a p-morphism, we must have thatf (e2

0) = vi0, and sof (a2) = xi2, for

somei2 < k, i2 ∉ {i0, i1} (see Figure 3.4).

- - -

- - -
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ui1 vi1 wi1

Figure 3.4: Building a p-morphism from a product frame toFk: the first steps.

And so on, using thatyRvwi j for all j < k − 1, after k − 1 steps we end up having

ak−1,ek−1
0 , . . . , ek−1

k−2 ∈ U and pairwise distincti0, . . . , ik−1 < k such thatf (ak−1) = xik−1, ak−1R1

ek−1
j , and f (ek−1

j ) = vi j , for all j < k − 1. Now, asyRvwik−1, there existsck−1 ∈ U such

that bR1ck−1 and f (ck−1) = wik−1. As H is a product frame, there existsdk−1 ∈ U such

that ak−1R1dk−1 ≤0 ck−1. As f is a p-morphism, we must have thatf (dk−1) = uik−1. As

uik−1 <h vik−1 <h wik−1, by Claim 1, there existsek−1 ∈ U such thatdk−1 <0 ek−1 <0 ck−1,

and f (ek−1) = vik−1. As H is a product frame, there existe0, . . . ,ek−2,ak ∈ U such that

ek−1
j <0 ej <0 cj for all j < k − 1, andakR1ej for all j < k. As f is a p-morphism, we

must have thatf (ej) = vi j , for all j < k. But there is nox ∈ Wk such thatxRvvj for all j < k,

so we cannot find a proper value forf (ak), a contradiction (see Figure 3.5). �

Remark 3.2.5. Instead of proving that the existence of a p-morphism from a product frame

for K4.3×K ontoFk leads to a contradiction, we could have proved Lemma 3.2.4 byplaying

a two-player ‘p-morphism game.’ Versions of such games are widely used in connection

with axiomatisation problems in algebraic logic and many-dimensional modal logics, see

e.g. [43, 57]. In this game, two players∃ and∀ are building step-by-step homomorphisms

from larger and larger product frames forK4.3×K to a finite or countably infinite 2-frame
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Figure 3.5: Building a p-morphism from a product frame toFk: the contradiction.

F. At each step,∀ can choose a ‘defect’ showing that the actual homomorphism is not a

p-morphism: an instance of points failing the backward condition. If ∃ can reply with a

larger homomorphism ‘fixing’ the chosen defect, then the game goes on, otherwise∀ wins

the game. If∃ can always go on infinitely long, no matter what∀’s choices are, then we

say that∃ has a winning strategy in theω-step game overF. It is not hard to prove, using

Claim 1, that∃ has such a winning strategy iff F is a p-morphic image of a product frame

for K4.3 × K . Figures 3.4 and 3.5 can be read as descriptions of a particular play of this

game overFk, won by∀: the black dots show the choices of∀, and the empty circles are the

points in possible replies of∃, until she fails to continue.

Let us now turn to the proof of(b). We define a new frameGk = (V,⪯h,Sv) by adding

some points and arrows toFk:

V = W∪ {x,u,u′,v,w,z},

⪯h is the reflexive and transitive closure of

≤h ∪{(x,y), (y, x), (u,v), (u′ ,v), (v,w), (w,z)},

Sv = Rv ∪ {(x,u), (x,u′), (x,v), (x,z), (y,u), (y,u′), (y,w), (y,z)}∪
{(x,ui), (x,vi), (x,zi), (xi ,u), (xi ,u′), (xi ,v), (xi ,z) ∶ i < k},
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see Figure 3.6.

x x0 xk−1 y

ui vi wi zi

6 �
1

- - -u
v w z

? R q	 ? j� 	 R) 	 ?*

u′
◂◂
▸◂

k-many

Figure 3.6: Thenewpoints and arrows of frameGk.

Lemma 3.2.6.Gk is a p-morphic image of(ω,≤) ×Hω.

Proof. Let Fω be the irreflexiveω-fan with r as its root andω × (k+ 2) as its set of leaves.

We define a functionf from (ω,≤) ×Fω toGk. To begin with, for alln < ω, we let

f (n, r) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

xi , if n = 3(ℓ ⋅ k+ i), ℓ < ω, i < k,

x, if n = 3ℓ + 1, ℓ < ω,

y, if n = 3ℓ + 2, ℓ < ω.
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Then, for alln,m< ω, i < k+ 2, we definef (n, (m, i)) by taking

ui , if i < k, m≥ 2, n < 3m− 3,

ui , if i < k, m= ℓ ⋅ k+ i + 1 for someℓ < ω, n = 3m− 3,

vi , if i < k, m≥ 1,m≠ ℓ ⋅ k+ i + 1 for anyℓ < ω, n = 3m− 3,

vi , if i < k, m≥ 1, n = 3m− 2,

wi , if i < k, m≥ 1, n = 3m− 1,

zi , if i < k, n ≥ 3m,

u, if i = k, m≥ 2, n < 3m− 3,

u′, if i = k+ 1, m≥ 2, n < 3m− 3,

v, if i = k or k+ 1, m≥ 1, n = 3m− 3 or 3m− 2,

w, if i = k or k+ 1, m≥ 1, n = 3m− 1,

z, if i = k or k+ 1, n ≥ 3m.

It is tedious but straightforward to check thatf is an onto p-morphism. Here is part of the

trickiest case only. Take somen < ω such thatn = 3(ℓ ⋅ k + i) for someℓ < ω, i < k. Then

f (n, r) = xi. Now take somej < k, j ≠ i. We claim that

{ f (n, (m, j)) ∶ m< ω} = {u j ,vj ,zj}. (3.2)

Indeed, on the one hand, we have⊆, asn is divisible by 3. For⊇: First, for anym> n+3
3 , we

have f (n, (m, j)) = u j. Second, for anym ≤ n
3, we havef (n, (m, j)) = zj. Finally, observe

that n+3
3 = ℓ ⋅ k+ i + 1 ≠ ℓ′ ⋅ k+ j + 1 for anyℓ′ < ω, asi, j < k andi ≠ j. So if m = n+3

3 , then

f (n, (m, j)) = vj, completing the proof of (3.2).

This last observation also shows thatf (n, (m, i)) ≠ vi for anym< ω, proving that

{ f (n, (m, i)) ∶ m< ω} = {ui,zi},

as required. The remaining cases are similar, but simpler. �

Lemma 3.2.7.LetF be a2-frame, and suppose that f∶ Fk → F is an onto p-morphism such

that f(xi) = f (xj), f(vi) = f (vj), f(wi) = f (wj), and f(zi) = f (zj), for some i, j < k, i ≠ j,

k > 2. ThenF is a p-morphic image of(ω,≤) ×Hω.

Proof. Let n0, . . . ,nk−3 be an enumeration of{ℓ < k ∶ ℓ ≠ i, j}. We define a functiong from
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Gk−2 toF as follows:

g(aℓ) = f (anℓ), for a ∈ {x,u,v,w,z}, ℓ < k− 2

g(y) = f (y),
g(x) = f (xi) = f (xj),
g(u) = f (ui),
g(u′) = f (u j),
g(v) = f (vi) = f (vj),
g(w) = f (wi) = f (wj),
g(z) = f (zi) = f (zj).

It is straightforward to check thatg is an onto p-morphism, so the statement follows from

Lemma 3.2.6. �

Lemma 3.2.8.Let L be a bimodal logic such that(ω,≤)×Hω is a frame for L. If k> 24m+1

thenM ⊧ L for every m-generated modelM overFk.

Proof. Fix somek,m with k > 24m+ 1. LetM = (Fk, ϑ) be a model such thatϑ(p j) = ∅ for

every propositional variablep j with j ≥ m.

We call two points inFk ≡-equivalentiff no bimodal formula can distinguish them inM,

that is, for alla,b ∈ W, we let

a ≡ b ⇐⇒ ∀ formulaϕ (M,a ⊧ ϕ ↔ M,b ⊧ ϕ). (3.3)

For everya ∈ W, let [a] denote the≡-class ofa, and letA = {[a] ∶ a ∈ W}. We define a

2-frameAM = (A,S0,S1) by taking, fora,b ∈ W,

[a]S0[b] ⇐⇒ ∃a′ ∈ [a], b′ ∈ [b], a′ ≤h b′,

[a]S1[b] ⇐⇒ ∃a′ ∈ [a], b′ ∈ [b], a′Rvb′.

We claim that the function

f (a) = [a], a ∈ W

is a p-morphism fromFk ontoAM. This is a straightforward consequence of duality theory

and the finiteness ofFk, but we give a short direct proof here. First,f is a homomorphism

by the definition ofSi. For the backward condition, observe that sinceFk is finite, there are

finitely many formulasϕ0, . . . , ϕn−1 such that

a ≡ b ⇐⇒ ∀ j < n (M,a ⊧ ϕ j ↔ M,b⊧ ϕ j) (3.4)
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(the sets{w ∈ W ∶ M,w ⊧ ϕ j} are the atoms of the algebra ofM-definable subsets ofW).

Now take somea,b ∈ W such that[a]S0[b], and leta′ ∈ [a]. (The case when[a]S1[b] is

similar.) Then there area′′ ∈ [a], b′′ ∈ [b] with a′′ ≤h b′′. Let ϕ be the ‘atomic type’ ofb′′,

that is,

ϕ = ⋀
j<n,M,b′′⊧ϕ j

ϕ j ∧ ⋀
j<n,M,b′′ /⊧ϕ j

¬ϕ j.

ThenM,b′′ ⊧ ϕ. ThereforeM,a′′ ⊧ ◇0ϕ, and soM,a′ ⊧ ◇0ϕ. So there is someb′ such that

a′ ≤h b′ andM,b′ ⊧ ϕ. Now b′ ≡ b′′ follows by (3.4).

We define an equivalence relation∼m on the set{0,1, . . . ,k−1} by taking, for alli, j < k,

i ∼m j ⇐⇒ ∀ℓ <m((xi ∈ ϑ(pℓ)↔ xj ∈ ϑ(pℓ)) ∧ (vi ∈ ϑ(pℓ)↔ vj ∈ ϑ(pℓ))∧

(wi ∈ ϑ(pℓ)↔ wj ∈ ϑ(pℓ)) ∧ (zi ∈ ϑ(pℓ)↔ zj ∈ ϑ(pℓ))).

Now recall the definition of≡ from (3.3). A straightforward induction on formulas shows

that

∀ i, j < k, (i ∼m j → (xi ≡ xj) ∧ (vi ≡ vj) ∧ (wi ≡ wj) ∧ (zi ≡ zj)). (3.5)

As there are 24m many∼m-classes on{0,1, . . . ,k−1} andk > 24m+1 > 24m, by the pigeonhole

principle and (3.5), there existi, j < k, i ≠ j such thatxi ≡ xj, vi ≡ vj, wi ≡ wj, zi ≡ zj, and so

f (xi) = f (xj), f (vi) = f (vj), f (wi) = f (wj), f (zi) = f (zj). Therefore, ask > 2, the 2-frame

AM and the p-morphismf satisfy the conditions of Lemma 3.2.7, and soAM is a p-morphic

image of(ω,≤) × Hω. As by assumption(ω,≤) × Hω is a frame forL, we obtain thatAM is

a frame forL as well. In particular,M′ ⊧ L for the modelM′ = (AM, ϑ′) defined by taking,

for each propositional variablep, ϑ′(p) = { f (a) ∶ a ∈ ϑ(p)}. As f is a p-morphism between

modelsM andM′,M ⊧ L follows, as required. �

3.2.2 Arbitrarily large vertical depth is needed

In this section we prove Theorem 3.2.3. LetL be a bimodal logic such that

K4.3×K ⊆ L ⊆ Log{(ω,≤)} ×K .

In order to show that every axiomatisation ofL must contain formulas of arbitrarily large

vertical depth, let us introduce some notions. Given a 2-frameG = (W,Rh,Rv) andx,y ∈ W,

apath inG from x to yis a sequence of pointsw0, . . . ,wn in W such thatw0 = x, wn = y, and
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for eachi < n, eitherwiRhwi+1 or wiRvwi+1. Thevertical lengthof such a path is the number

of Rv-edges in it. Now, for everyx ∈ W and everyk < ω, we define

Wx,k = {x} ∪ {y ∈ W ∶ there is a path inG from x to y of vertical length≤ k},
(G)x,k = (Wx,k,R′h,R

′
v),

whereR′h andR′v are the respective restrictions ofRh andRv to Wx,k (that is,(G)x,k is the

subframe ofG having Wx,k as its universe). Clearly, for every bimodal formulaϕ with

vd(ϕ) ≤ k,

if ϕ is valid in(G)x,k for everyx ∈ W, thenϕ is valid inG. (3.6)

Now we plan to proceed as follows. For every 0< k < ω, we will define a 2-frameGk

such that:

(a) Gk is not a frame forK4.3×K .

(b) For every pointx in Gk, (Gk)x,k is a frame forLog{(ω,≤)} ×K .

This will prove Theorem 3.2.3 because of the following. Suppose thatΣ axiomatisesL, and

there is somek < ω such thatvd(ϕ) ≤ k for everyϕ in Σ. Take a 2-frameGk satisfying(b).

AsΣ ⊆ L ⊆ Log{(ω,≤)}×K , for every pointx in Gk, (Gk)x,k is a frame forΣ. Thus by (3.6),

Gk is a frame forΣ. Therefore,Log{Gk} is a bimodal logic containingΣ, and so we have

thatGk is a frame forL. As K4.3 × K ⊆ L, this implies thatGk is a frame forK4.3 × K ,

contradicting(a).

Let us begin with the definition ofGk = (W,≤h,Rv), for 0< k < ω:

W = {u1,u2,u3,v1,v2,v3,v4} ∪ {w1
i ,w

2
i ,w

3
i ∶ 1 ≤ i ≤ k},

≤h is the reflexive and transitive closure of

{(u1,u2), (u2,u3), (v1,v2), (v2,v3), (v3,v4)} ∪ {(w1
i ,w

2
i ), (w2

i ,w
3
i ), (w3

i ,w
1
i ) ∶ 1 ≤ i ≤ k},

Rv = {(u1,w1
1), (u2,w2

1), (u3,w1
1), (u3,w2

1), (u3,w3
1)} ∪

{(w1
k,v1), (w1

k,v4), (w2
k,v1), (w2

k,v3), (w2
k,v4), (w3

k,v1), (w3
k,v2), (w3

k,v4)} ∪
{(w1

i ,w
1
i+1), (w2

i ,w
2
i+1), (w3

i ,w
3
i+1) ∶ 1 ≤ i < k},

see Figure 3.7. Note that a vertically reflexive version ofGk would also do.

Next, let us prove(a). Actually, we give two different proofs forGk not being a frame

for K4.3 × K : one using Claim 2 above, and another, more ‘direct’ one. Forthe first: As
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Figure 3.7: The framesGk,Gbot
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k .

Gk is a finite rooted 2-frame, by Claim 2,Gk is a frame forK4.3× K iff Gk is a p-morphic

image of a product frame forK4.3×K . Therefore, it is enough to show the following:

Lemma 3.2.9.Gk is not a p-morphic image of a product frame forK4.3 ×K.

Proof. Suppose that there is a p-morphismf from a product frameH = (U,≤0,R1) with

transitive and weakly connected≤0 ontoGk = (W,≤h,Rv). As u1≤h u2Rvw2
1Rv . . .Rvw2

kRvv3,

there exista,b,c1, . . . ,ck,c ∈ U such thata≤0 bR1c1R1 . . .R1ckR1c, f (a) = u1, f (b) = u2,

f (c) = v3, and f (ci) = w2
i , for all 1 ≤ i ≤ k. As H is a product frame, there exist points

d1, . . . ,dn,d ∈ U such thataR1d1R1 . . .R1dkR1d≤0 c. As f is a p-morphism, we must have

that f (d) = v1. As v1 <h v2 <h v3, by Claim 1, there existse ∈ U such thatd <0 e <0 c and

f (e) = v2. As H is a product frame, there existe1, . . . ,ek, x ∈ U such thatdi <0 ei <0 ci for

1 ≤ i ≤ k, a <0 x <0 b, andxR1e1R1 . . .R1ekR1e. As f is a p-morphism, we must have that

f (ei) = w3
i , for all 1 ≤ i ≤ k. So we should also have thatu1 ≤h f (x) ≤h u2 and f (x)Rvw3

1.

But there is no suchf (x), a contradiction. �

As a second proof for(a), observe that in fact the proof of Lemma 3.2.9 shows that the

following first-order (Π2) sentenceΦk fails inGk:

Φk ∶ ∀a,b,c[a ≤h bRk+1
v c→ ∃d(aRk+1

v d ≤h c ∧
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∀e(d ≤h e<h c→ ∃x(a ≤h x ≤h b∧ xRk+1
v e)))]

(throughout, we useuRk+1
v w as a shorthand for∃w1 . . .wk (uRvw1Rv . . .RvwkRvw)), see Fig-

ure 3.8. (Note that Figure 3.8 also shows the steps in a particular play of the p-morphism

game overGk that player∀ wins, cf. Remark 3.2.5.)

∀

-6

6
∃d

-6

6
-

6

6
∀e

<h <h

-6

6
- -

6

6
∃ x

- - 6

6
- -

6

6

6

6

a a a ab b b b

c c c cd d de e

x

k+ 1
steps

Figure 3.8: The propertyΦk.

It is straightforward to see thatΦk holds in every product frame forK4.3 × K . Now

we will show thatΦk is definable in the bimodal language, giving us an explicit bimodal

formula showing thatGk is not a frame forK4.3 × K . To this end, for everyn < ω and

bimodal formulaψ, we define◇n
1ψ by taking

◇0
1ψ = ψ and ◇n+1

1 ψ =◇1 ◇
n
1 ψ.

Claim 3. There is a bimodal formula

ϕk ∶ ◇0(p∧◇k+1
1 (r ∧ q∧◇0q)) ∧ ◻0(◇0p→ ◻k+1

1 q) → ◇k+1
1 (◇0r ∧ ◻0q)

such that, for all2-framesF = (W,≤0,R1) with weakly connected≤0, ϕk is valid inF iff Φk

holds inF.

Remark 3.2.10.Notice that even if this formula is not Sahlqvist it is a simply generalised

monadic Sahlqvist formula, see Definition 2.1.27.

Proof. LetF = (W,≤0,R1) be a 2-frame such that≤0 is weakly connected.

⇐: LetM be a model based onF and suppose that, for somea ∈ W,

M,a ⊧◇0(p∧◇k+1
1 (r ∧ q∧ ◻0q)) and

M,a ⊧ ◻0(◇0p→ ◻k+1
1 q). (3.7)
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So, there existb,c ∈ W such thata ≤0 bRk+1
1 c and

M,b ⊧ p, (3.8)

M,c ⊧ r, (3.9)

M,c ⊧ q∧ ◻0q. (3.10)

Therefore, byΦk, there existsd ∈ W such thataRk+1
1 d ≤0 c and for alle ∈ W, if d ≤0 e <0 c

then there existsx ∈ W with a ≤0 x ≤0 b andxRk+1
v e. Then, by (3.9), we haveM,d ⊧ ◇0r.

We claim thatM,d ⊧ ◻0q also holds. Indeed, take somee ∈ W with d ≤0 e. As ≤0 is weakly

connected, eithere= c, or c ≤0 e, or e≤0 c. In the first two cases,M,e⊧ q holds by (3.10).

If e <0 c then there is somex ∈ W with a ≤0 x ≤0 b andxRk+1
v e. SoM,e⊧ q holds by (3.7)

and (3.8).

⇒: Suppose thatΦk fails in F, that is, there existsa,b,c ∈ W such thata ≤0 bRk+1
1 c and

all d ∈ W are ‘bad.’ We define a modelM = (F, ϑ) by taking

ϑ(p) = {b},
ϑ(q) = {c} ∪ {e ∶ c ≤0 e} ∪ {e ∶ ∃x(a ≤0 x ≤0 b∧ xRk+1

1 e)},
ϑ(r) = {c}.

Then clearlyM,a ⊧ ◇0(p∧ ◇k+1
1 (r ∧ q∧ ◻0q)). We claim thatM,a ⊧ ◻0(◇0p → ◻k+1

1 q).
Indeed, ifa ≤0 x andM, x ⊧◇0p, thena ≤0 x ≤0 b should hold, and soM, x ⊧ ◻k+1

1 q follows.

Next, we claim thatM,a ⊧ ◻k+1
1 (◇0r → ¬ ◻0 q). Indeed, take somed such thataRk+1

1 d and

M,d ⊧ ◇0r. Thend ≤0 c and, by assumption, there is somee such thatd ≤0 e <0 c and

xRk+1
1 e holds for nox with a ≤0 x ≤0 b. Therefore,M,e /⊧ q andM,d /⊧ ◻0q follows, as

required. �

Let us now turn to the proof of(b). We define two special subframes ofGk:

• LetGtop
k be the subframe ofGk with universeWtop = W− {u1,u2,u3}, and

• letGbot
k be the subframe ofGk with universeWbot = W− {v1,v2,v3,v4},

see Figure 3.7. It is straightforward to see the following:

Claim 4. For every point x inGk, either(Gk)x,k is a generated subframe ofGtop
k , or it is a

generated subframe ofGbot
k .
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Figure 3.9: The p-morphismf from (ω,≤) ×F ontoGtop
k .

We complete the proof by showing that bothGtop
k andGbot

k are frames forL.

Lemma 3.2.11.Gtop
k is a p-morphic image of(ω,≤) ×F, for some frameF.

Proof. See Figure 3.9 for a functionf from (ω,≤) × F, whereF is a kind of ‘rake:’ an

irreflexive and intransitivek − 1-long path, followed by an irreflexiveω-fan. (In Figure

3.9 each point of(ω,≤) × F is labelled by itsf -image.) It is not hard to check thatf is a

p-morphism from(ω,≤) ×F ontoGtop
k . �

Lemma 3.2.12.Gbot
k is a p-morphic image of(ω,≤) ×F, for some frameF.

Proof. See Figure 3.10 for a functiong from F0 × F1, whereF0 is a ‘balloon’ (a two-

point reflexive linear order, followed by a 3-point cluster), andF1 is a kind of ‘comb:’ a

root seeing three irreflexive and intransitivek-long branches. (In Figure 3.10 each point

of F0 × F1 is labelled by itsg-image.) It is not hard to check thatg is a p-morphism from

F0 ×F1 ontoGbot
k . AsF0 is a p-morphic image of(ω,≤), the lemma follows. �

3.3 Towards an explicit axiomatisation

In the previous section we presented cases of bimodal logicswith linear components that

cannot be finitely axiomatisable. Nonetheless, most of these logics are known to be re-

cursively enumerable (e.g. if both logics are such that their classes of Kripke frames are
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Figure 3.10: The p-morphismg fromF0 ×F1 ontoGbot
k .

definable by recursive sets of first-order formulas, Section3.1(1)) and so it makes sense to

look for an explicit axiomatisation. Moreover, Theorems 3.2.1 and 3.2.3 above do not apply

to product logicsK4.3×L, whereL has noω-fan among its frames. Important ‘standard’ log-

ics of this kind areK4.3 andS5. So the questions whether the recursively enumerable logics

K4.3 × K4.3 andK4.3 × S5 are finitely axiomatisable remain open. (The same applies to

products withS4.3.) Furthermore, so far no finitely axiomatisable but not product-matching

product logic has been found. Clearly these two tasks are connected and while hunting for

axioms forK4.3×K we may discover that finite of these are enough to axiomatiseK4.3×S5

or K4.3×K4.3.

Given a particular set of axioms, new formulas can be directly obtained by finding modal

correspondents of first-order formulas that are valid in product frames but not in all 2-frames

for the axioms in question. In Claim 3 we described an infiniteset of those. The first-order

formula corresponds to the guaranty that∃ can successfully answer to a particular sequence

of ∀’s plays in the p-morphism game, see Remark 3.2.5 and Figure 3.8. This is the very

beginning of this research but the hope is to find a set of canonical axioms that guarantees

that∃ can win theω-round global (not only in a square) game over finite frames. That is,

that the logic is Kripke complete and the finite frames for thelogic are bounded images
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of product frames. Moreover, if the considered logic has thefinite model property (not

known), this would guarantee that the resulting logic has the finite model property, and thus

completeness is a direct consequence. Though, even if the obtained logic is not Kripke

complete, the obtained information may be useful to work at the model level. Therefore

finding independent properties of this kind is the natural first step for any attempt to obtain

an explicit axiomatisation.

It is interesting to notice that for both considered sequences of bimodal frames that are

not bounded images of product frames, in order to detect the ‘defects’,∀ needs to consider

more and more linear branches (through vertical branching). In this section we concen-

trate on what can ‘go wrong’ when the game is limited to a square. This problem may be

subdivided into the two basic cases:

• ∀ plays the vertical direction based on the minimal point (regarding the linear order)

played till then, the left squares, see Figure 3.11.

Figure 3.11: Left square game.

• ∀ plays the vertical direction based on the maximal point (regarding the linear order)

played till then, the right squares, see Figure 3.12.

Figure 3.12: Right square game.
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In both cases∀ and∃ are then limited to play inside the square, that is, they can only pick

elements within the area limited by dashed lines.

In sub-Section 3.3.1 we prove it is enough to add two more modal formulas to guarantee

that∃ wins all ω-round plays on the left square games over finite frames. In sub-Section

3.3.2 we prove that despite the fact the similarities between the conditions imposed byϕ1

(see Claim 3) and the ones imposed by formulas used for the left case (they both guarantee

that∃ can answer to the following attack from∀), it is not enough to guarantee a winning

strategy for∃ in the correspondent right squareω-game.

Interestingly the considered formulas are all simply generalised monadic Sahlqvist for-

mulas in the sense of [41], thus, even if not Sahlqvist, they are canonical.

We start by introducing some more notation.

Definition 3.3.1. LetF = (W,≤0,R1) be a finite frame for(K4.3,K).
Theclusterof x is

Cx = {x′ ∶ x′ = x or (x ≤0 x′ andx′ ≤0 x)}.

Also we use the following:

x < y iff x ≤0 y /≤0x,

x << y iff x < y & ∀x′ (x ≤0 x′ < y → x′ ∈ Cx)).

If F is finite, for all x,y ∈ W with x ≤0 y, thehorizontal distance hd(x,y) of x and yis

defined by taking

hd(x,y) = 0 iff x ∈ Cy,

hd(x,y) = n iff there existz0, . . . ,zn such thatx = z0 << z1 << ⋅ ⋅ ⋅ << zn = y.

Let A be a finite nonempty set of points linearly ordered by≤0. We say thata∗ ∈ A is

minimal in A, if for all a ∈ A, eithera = a∗ or a∗ ≤0 a. We say thata∗ ∈ A is maximal in A, if

for all a ∈ A, eithera = a∗ or a ≤0 a∗.

We also introduce the following first-order formulas:

sq(x,y,z,w) ∶ x ≤0 wR1z& xR1y ≤0 z,

ψu(x,y,z,w) ∶ sq(x,y,z,w) & ∀b (y ≤0 b < z→ ∃a (x ≤0 a ≤0 w & aR1b)),
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ψd(x,y,z,w) ∶ sq(x,y,z,w) & ∀a (x ≤0 a < w→ ∃b (y ≤0 b ≤0 z& aR1b)),
ψb(x,y,z,w) ∶ ψu(x,y,z,w) & ψd(x,y,z,w),

Φl,i ∶ ∀x,y,z(xR1y ≤0 z→ ∃wψi(x,y,z,w)),
Φc,i ∶ ∀x,y,w(x ≤0 w & xR1y→ ∃zψi(x,y,z,w)),
Φr,i ∶ ∀x,y,w(x ≤0 wRvz→ ∃yψi(x,y,z,w)).

Let us also formalise the restricted version of theK4.3×K -p-morphism game to a square.

Definition 3.3.2(Playing in a square). Given a rooted frameF = (W,≤0,R1) for (K4.3,K),
and x,y,z,w ∈ W with sq(x,y,z,w), let Gω(F, x,y,z,w) denote the following version of

the K4.3 × K -p-morphism game: The two players∀ and∃ build a countable sequence of

(F, x,y,z,w)-networks

N0 ⊆ N1 ⊆ ⋅ ⋅ ⋅ ⊆ Nk ⊆

where, for eachk < ω, Nk = (Uk,<k, fk) is such that

• Uk = {u0,u1, . . . ,uik,uω} for someik ≤ k, and<k is an irreflexive linear order onUk

with smallest elementu0 and largest elementuω,

• fk is a homomorphism from(Uk,<k) × ({0,1},{(0,1)}) to F such thatfk(u0,0) = x,

fk(u0,1) = y, fk(uω,1) = z, fk(uω,0) = w.

(HereNk−1 ⊆ Nk means thatUk−1 ⊆ Uk, <k−1⊆<k, and fk−1 ⊆ fk.)

In round 0, they begin withN0 such thatU0 = {u0,uω}. In roundi + 1, for i < ω, some

sequenceN0 ⊆ ⋅ ⋅ ⋅ ⊆ Ni of (F, x,y,z,w)-networks has already been built.∀ picks somes ∈ W

such that

(a) eitherx ≤0 s< w,

(b) ory ≤0 s< z.

In case (a), if there is someu ∈ Ui with fi(u,0) = s, then∃ responds withNi+1 = Ni .

Otherwise, she takes the<i-largest elementu of Ui such thatfi(u,0) ≤0 s, adds a new point

u∗ to Ui as the immediate<i+1-successor ofu, and definesfi+1(u∗,0) ass. Then∃ also has

to define (if she can)fi+1(u∗,1) such that, for allu ∈ Ui,
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• if u <i+1 u∗ then fi+1(u,1) ≤0 fi+1(u∗,1), and

• if u∗ <i+1 u then fi+1(u∗,1) ≤0 fi+1(u,1).

In case (b), if there is someu ∈ Ui with fi(u,1) = s, then∃ responds withNi+1 = Ni .

Otherwise, she takes the<i-largest elementu of Ui such thatfi(u,1) ≤0 s, adds a new point

u∗ to Ui as the immediate<i+1-successor ofu, and definesfi+1(u∗,1) ass. Then∃ also has

to define (if she can)fi+1(u∗,0) such that, for allu ∈ Ui,

• if u <i+1 u∗ then fi+1(u,0) ≤0 fi+1(u∗,0), and

• if u∗ <i+1 u then fi+1(u∗,0) ≤0 fi+1(u,0).

If ∃ can respond in each roundi for i < ω, thenshe wins the play. We say that∃ has a

winning strategy inGω(F, x,y,z,w) if she can win all the plays, whatever moves∀ takes in

the rounds.

We will also consider the following versionG′ω(F, x,y,z,w) of our game: now in each

round i, ∀ is also allowed just to pass (that is, do nothing). In this case, ∃ should respond

with Ni = Ni−1. Clearly, if ∃ has a winning strategy inGω(F, x,y,z,w), then she has one in

G′ω(F, x,y,z,w) as well.

3.3.1 Left Squares

Lemma 3.3.3.There is a modal formula

ϕl,d ∶ ◇1(◇0p∧ ◻0((p∨◇0p)→ q)) ∧ ◻0(◇1p→ ◻0r) → ◻0(◇1q∨ r)

such that, for all finite framesF for (K4.3,K)⊕ coml,

F ⊧ Φl,d ⇐⇒ F ⊧ ϕl,d.

Proof. ⇒: Suppose thatF = (W,≤0,R1) is such thatF ⊧ ϕl,d, and take some modelM based

onF. Suppose thatx ∈ W is such that

M, x ⊧◇1(◇0p∧ ◻0((p∨◇0p)p→ q)) ∧ ◻0(◇1p→ ◻0r).

Then there arey,z ∈ W such thatxR1y ≤0 z, M,y ⊧ ◻0((p∨ ◇0p) → q) andM,z ⊧ p. We

claim thatM, x ⊧ ◻0(◇1q∨ r) follows. Indeed, leta be such thatx ≤0 a. By ϕl,d, there exists

w with ψd(x,y,z,w). There are three cases:
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1. x ≤0 a < w. ThenaR1b for someb with y ≤0 b ≤0 z, and soM,a ⊧◇1q.

2. a = w. ThenaR1z, soM,a ⊧◇1q.

3. w ≤0 a. AsM,z⊧ p andwR1z, we haveM,w ⊧◇1p. As x ≤0 w andM, x ⊧ ◻0(◇1p→

◻0r), we haveM,w ⊧ ◻0r, and soM,a ⊧ r, as required. (Note that in this direction

we did not use thatF is finite.)

⇐: Suppose thatF = (W,≤0,R1) is such thatF /⊧ Φl,d, that is, there existx,y,z such that

xR1y ≤0 z, but for all w ∈ W, ¬ψd(x,y,z,w). Let w be minimal withsq(x,y,z,w) (here we

use thatF is finite and validatescoml), and leta∗ be such thatx ≤0 a∗ < w and there is nob

with aR1b andy ≤0 b ≤0 z. We define a modelM by taking

M,u ⊧ p iff u = z,

M,u ⊧ r iff w ≤0 u,

M,u ⊧ q iff u = zor y ≤0 u ≤0 z.

ThenM,y ⊧ ◇0p ∧ ◻0((p ∨ ◇0p) → q), and soM, x ⊧ ◇1(◇0p ∧ ◻0((p ∨ ◇0p) → q)).
First, we claim thatM, x ⊧ ◻0(◇1p → ◻0r). Indeed, leta,a′ be such thatx ≤0 a ≤0 a′ and

M,a ⊧◇1p. Thena ≤0 zand sosq(x,y,z,a). By the minimality ofw, eitherw = a or w ≤0 a

follows. Thusw ≤0 a′, and we obtainM,a′ ⊧ r, as required.

Next, we claim thatM,a∗ /⊧◇1q∨r. Indeed, asa∗ < w, we havew /≤0a∗, and soM,a∗ /⊧ r.

On the other hand,a∗ by definition is such that there is nob with a∗R1b andy ≤0 b ≤0 z, and

by the minimality ofw, a∗ /R1z. Therefore,M,a∗ /⊧◇1q follows.

So we obtainedM, x /⊧ ◻0(◇1q∨ r), and soM, x /⊧ ϕl,d as required.

Remark 3.3.4. It is easy to see that the real first-order correspondent is:

∀x,y,z(xR1y ≤0 z→ (∃wψd(x,y,z,w) ∨ (∀x′ x ≤0 x′ → (∃w′ x ≤0 w′ ≤0 x′ ∧w′R1z)))).

The only difference in the proof would be the right to left direction, where we have that

M, x ⊧ ◻0r in the case thatx is an accumulation point of pointsR1-seeingz, in such a way

that there is no minimal element completing the square.

This formula is canonical since it is simply generalised monadic Salhqvist formula, see

Definition 2.1.27.

�
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Lemma 3.3.5.For every finite frameF for (K4.3,K), if F validatesΦl,d, thenF validates

Φl,b as well.

Proof. Suppose thatF = (W,≤0,R1) validatesϕl,d, and letx,y,z ∈ W be such thatxR1y ≤0

z. We claim that there existsw such thatψb(x,y,z,w) holds. We prove the statement by

induction onhd(y,z). If hd(y,z) = 0 then the statement is obvious. Now suppose that

hd(y,z) = n for somen > 0 and the statement holds for everyz′ with y ≤0 z′ andhd(y,z′) < n.

If n = 1 andy /≤0y, then the statement is obvious. Otherwise, letz′ be such thaty ≤0 z′ << z.

Thenhd(y,z′) < n, so by the IH, there existsw′ such thatψb(x,y,z′,w′). Now if z′ /≤0z′, then

the statement obviously follows.

So we may assume thatz′ ≤0 z′, that is,∣Cz′ ∣ = m> 0. We will define sequencesw0 < ⋅ ⋅ ⋅ <

wN andC0 ⊃ ⋅ ⋅ ⋅ ⊃ CN for someN ≤ m such that, for everyi:

(1) ψd(w′,z′,z,wi)

(2) Ci = {c ∈ Cz′ ∶ there is noa with w′ ≤0 a ≤0 wi & aR1c}.

As theCis are decreasing, it follows thatCN = ∅ for someN ≤ m, and thenψb(w′,z′,z,wN)
holds. It follows thatψb(x,y,z,wN) as required.

To begin with, letw0 be anyw such thatψd(w′,z′,z,w) (by ϕl,d there is such). Now

suppose that we have definedwi andCi such that (1)-(2) hold, andCi ≠ ∅. Take somec ∈ Ci .

Then there existsv such thatψd(w′,z′,c,v) and eitherv = wi or wi < v. By ϕl,d, there exists

wi+1 such thatψd(v,c,z,wi+1). Then it is not hard to check thatψd(w′,z′,z,wi+1) holds. Also,

Ci+1 ⊆ Ci andc ∉ Ci+1. �

Lemma 3.3.6.There is a modal formula

ϕc,u ∶ ◇0(p∧ ◻1(q′ ∨ ◻0p′)) ∧ ◻0((p∨◇0p)→ ◻1q)→ ◻1(◇0q′ ∨ ◻0(q∨ p′))

such that, for all finite framesF for (K4.3,K)⊕ crh,

F ⊧ Φc,u ⇐⇒ F ⊧ ϕc,u.

Proof. ⇒: Suppose thatF = (W,≤0,R1) is such thatF ⊧ ϕc,u, and take some modelM based

onF. Suppose thatx ∈ W is such that

M, x ⊧◇0(p∧ ◻1(q′ ∨ ◻0p′)) ∧ ◻0((p∨◇0p)→ ◻1q).
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Then there isw such thatx ≤0 w and

w ∈ V(p),
{b ∶ ∃a (x ≤0 a ≤0 w or a = w) & aR1b} ⊆ V(q),
{b ∶ ∃z′wR1z′ ≤0 b & z′ ∉ V(q′)} ⊆ V(p′).

Since for ally such thatxR1y there isz such thatψu(x,y,z,w), soz ∈ V(q), plus for all

b, y ≤0 b < z impliesF,V,b ⊧ q. Thus, ifM,y ⊧ ¬ ◇0 q′ then we get thatM,z ⊧ ¬q′ and

M,z ⊧ ◻0p′, so for allc such thatz ≤0 cM,c ⊧ p′. ThereforeM,y ⊧ ◻0(q∨ p′) and hence

M, x ⊧ ◻1(◇0q′ ∨ ◻0(q∨ p′)). (Again we do not use finiteness in this direction.)

⇐: Suppose thatF = (W,≤0,R1) is such thatF /⊧ Φc,u, that is, there existx,y,w such that

x ≤0 w andxR1y and

∀z sq(x,y,z,w) → ∃b (y ≤0 b < z& ∀a x≤0 a ≤0 w→ a /R1b).

We pick the minimalz such thatsq(x,y,z,w) (there is at least one by CR and from

finiteness and boundness, a minimal, obviouslyy ≠ z) andM overF with V such that

V(p) = {w},
V(p′) = {b ∶ ∃z′ wR1z′ ≤0 b & z′ ∉ V(q′)}
V(q) = {b ∶ ∃a (x ≤0 a ≤0 w or a = w) & aR1b},
V(q′) = {c ∶ y/≤0c}.

So,

M, x ⊧◇0(p∧ ◻1(q′ ∨ ◻0p′)) ∧ ◻0((p∨◇0p)→ ◻1q).

We know that there existsb such thaty ≤0 b < z and∀a x ≤0 a ≤0 w→ a /R1b thus, sincez is

minimal,

M,y ⊧ ¬◇0 q′ andM,b ⊧ ¬q∧ ¬p′.

HenceM,y ⊧ ¬◇0 q′ ∧◇0(¬q∧ ¬p′) and thereforeM, x ⊧ ¬ϕc,u.

Remark 3.3.7. It is easy to see that the real first-order correspondent is:

Φ′c,u ∶ ∀x,y,w(x ≤0 w & xR1y→ (∃zψd(x,y,z,w)∨(∀y′ y ≤0 y′ → (∃z′ y ≤0 z′ ≤0 y′∧wR1z′))).
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SinceΦc,u → Φ
′
c,u, the only thing missing in the proof is in the left to right direction, where

we conclude thatM, x ⊧◇0q′∨◻0p′ in the case thaty is an accumulation point of pointsR1-

seen byw (so there is no minimal element completing the square). Thisformula is canonical

since it is simply generalised monadic Salhqvist formula, see Definition 2.1.27.

�

Lemma 3.3.8.LetF = (W,≤0,R1) be a finite frame for(K4.3,K) that validatesΦl,b andΦc,u.

For all x,y,z ∈ W, if y≤0 y and xR1y << z, then there exist w∗ and a∗ such thatψb(x,y,z,w∗),
x ≤0 a∗ ≤0 w∗ and a∗R1b for some b∈ Cy, and the following hold:

(1) a∗ ≤0 a∗ & ∀b ∈ Cy ∃a ∈ Ca∗ aR1b,

(2) either(2a): ∀a (x ≤0 a < w∗ → ∃b ∈ Cy aR1b & a ≤0 a∗),
or (2b): ∃r (x ≤0 r < w∗& (¬∃b ∈ Cy rR1b)& (∃b ∈ Cz rR1b)& (r ∈ Ca∗ ∨ a∗ <<

r) & .

& ∀a(x ≤0 a < r → ∃b ∈ Cy aR1b) & ∀a(r ≤0 a < w∗ → ∃b ∈

Cz aR1b)).

Proof. By Φl,b, there existsw with ψb(x,y,z,w). If w ∈ Cx thenw∗ = a∗ = w clearly have(1)

and(2a). So suppose there is no suchw, and letw be maximal such thatψb(x,y,z,w) and

x < w. We consider two cases:

Case 1.∀a (x ≤0 a < w→ ∃b ∈ Cy aR1b).
As ψb(x,y,z,w) andy ≤0 y < z, there isa with x ≤0 a ≤0 w andaR1b for someb ∈ Cy. Let a∗

be a maximal sucha. We show thatw∗ = w anda∗ satisfy(1) and(2a). For (1): Let b∗ ∈ Cy

be such thata∗R1b∗. Then byΦl,b, there existsw′ with ψb(a∗,b∗,z,w′).

Claim 5. ψb(x,y,z,w′).

Proof. First, if y ≤0 b < z thenb∗ ≤0 b < z, so byψb(a∗,b∗,z,w′) there existsa such that

x ≤0 a∗ ≤0 a ≤0 w′ andaR1b. Second, ifx ≤0 a < w′ then either (a)a∗ ≤0 a < w′ when,

by ψb(a∗,b∗,z,w′), aR1b for someb with b∗ ≤0 b ≤0 z; or (b) a = a∗ when aR1b∗ and

y ≤0 b∗ ≤0 z; or (c) x ≤0 a < a∗ ≤0 w∗ when, byψb(x,y,z,w∗), there is someb with aR1b and

y ≤0 b ≤0 z. �
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So, by the maximality ofw∗, we have eitherw′ = w∗ or w′ ≤0 w∗. Now take someb ∈ Cy.

Thenb∗ ≤0 b < z, so byψb(a∗,b∗,z,w′) there is somea with aR1b anda∗ ≤0 a ≤0 w∗. By the

maximality ofa∗, a∗ ≤0 a∗ anda ∈ Ca∗ follows, as required in(1). For (2a): Let a be such

thatx ≤0 a < w∗ = w. By assumption, there is someb ∈ Cy with aR1b. By the maximality of

a∗, eithera = a∗ or a ≤0 a∗. As a∗ ≤0 a∗, we havea ≤0 a∗, as required.

Case 2.∃a (x ≤0 a < w & ¬∃b ∈ Cy aR1b).
Let r be a minimal sucha. By y ≤0 y andΦl,b, there existsa such thatψb(x,y,y,a). By the

definition ofr, a ≤0 r must hold. Now leta∗ be a maximala such thatx ≤0 a ≤0 r andaR1b

for someb ∈ Cy.

Claim 6. If a∗ ≤0 a < r then a∈ Ca∗ and aR1b for some b∈ Cy.

Proof. Let a be such thata∗ ≤0 a < r. By the definition ofr andψb(x,y,z,w), it follows that

there is ab ∈ Cy with aR1b. So, by the maximality ofa∗, eithera = a∗ or a ≤0 a∗, and so

a ∈ Ca∗ . �

Now let b∗ ∈ Cy be such thata∗R1b∗. By Φc,u, there existsr ′ with ψu(a∗,b∗, r ′, r). By

the definition ofr, we haveb∗ < r ′. By ψb(x,y,z,w) andx ≤0 r < w, we can choose some

r ′ ∈ Cz. Now, by Claim 6, we actually haveψb(a∗,b∗, r ′, r). Next, byΦl,b, there existsw′

with ψb(r, r ′,z,w′).

Claim 7. ψb(x,y,z,w′).

Proof. First, if y ≤0 b < z thenb∗ ≤0 b < r ′, so byψb(a∗,b∗, r ′, r) there existsa such that

x ≤0 a∗ ≤0 a ≤0 r ≤0 w′ andaR1b. Second, ifx ≤0 a < w′ then either (a)r ≤0 a < w′ when

aR1b for someb with y ≤0 r ′ ≤0 b ≤0 z by Ψb(r, r ′,z,w′); or (b) a = r whenaR1r ′; or (c)

x ≤0 a < r. In case (c), byψb(x,y,z,w), we have someb such thataR1b andy ≤0 b ≤0 z. �

So, by the maximality ofw, we have eitherw′ = w or w′ ≤0 w. We will show thatw∗ = w′

anda∗ will do. First, let us show that they satisfy(1). Let b ∈ Cy. Thenb∗ ≤0 b < r ′, so by

ψb(a∗,b∗, r ′, r), there is somea such thatx ≤0 a∗ ≤0 a ≤0 r andaR1b. By the maximality of

a∗, we have eithera = a∗ or a ≤0 a∗, and soa∗ ≤0 a∗ anda ∈ Ca∗ , as required. As concerns

(2), there are two cases, depending on the location ofr vs.w∗:

Case 2.1. r∈ Cw∗ . We show that in this case(2a) holds. Indeed, leta be such thatx ≤0 a <

w∗. By Claim 6, there is noa such thata∗ < a < r, soa ≤0 a∗ follows from a∗ ≤0 a∗. Now
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suppose that there is nob ∈ Cy with aR1b. As x ≤0 a < w, by the minimality ofr, eithera = r

or r ≤0 a. Sow∗ ≤0 a, contradictinga < w∗.

Case 2.2. r< w∗. We show that in this case(2b) holds for ourr. Indeed, nowx ≤0 r < w∗,

and¬∃b ∈ Cy rR1bholds by the definition ofr. By Claim 6, we have eitherr ∈ Ca∗ or a∗ << r.

Next, leta be such thatx ≤0 a < r < w. Then, by the minimality ofr andψb(x,y,z,w), there

is someb ∈ Cy with aR1b. Finally, leta be such thatr ≤0 a < w∗. Then, byψb(r, r ′,z,w∗),
there isb ∈ Cz with aR1b. �

Lemma 3.3.9. Let F = (W,≤0,R1) be a finite frame for(K4.3,K) that validatesΦl,b and

Φc,u. For all x,y,z ∈ W, if xR1y << z, then there exists w∗ such that sq(x,y,z,w∗) and∃ has

a winning strategy inGω(F, x,y,z,w∗).

Proof. If y /≤0y, then byΦl,b, there existsw∗ such thatψb(x,y,z,w∗). We claim that thisw∗

will do. First, there is nob such thaty ≤0 b < z. Second, ifa is such thatx ≤0 a < w∗, then

there is someb with y ≤0 b ≤0 z, and sob ∈ Cz. Thus the statement follows.

Now suppose thaty ≤0 y, and letw∗ anda∗ be like in Lemma 3.3.8. Let us consider first

the case when they satisfy(1) and(2a).

Claim 8. ∃ has a winning strategy inGω(F, x,y,z,w∗) such that, for all n< ω,

• fn(u,0) ≤0 a∗ and

• fn(u,1) ∈ Cy,

for all u ∈ Un − {uω}.

Proof. It is by induction onn. Forn = 0 it is obvious. Assume that we have the claim forn.

Suppose first that∀ picks ans such thatx ≤0 s < w∗. Suppose also that there is nou ∈ Un

with fn(u,0) = s, so∃ has to respond with a new pointu∗, and setfn+1(u∗,0) = s. Then, by

(2a), fn+1(u∗,0) ≤0 a∗, and∃ can choose somefn+1(u∗,1) ∈ Cy such thatsR1 fn+1(u∗,1). By

the IH, fn+1(u,1) ∈ Cy for all u ∈ Un − {uω}. So wheneveru,u′ ∈ Un+1 andu <n+1 u′, then

fn+1(u,1) ≤0 fn+1(u′,1), as required.

Next, suppose that∀ picks ans′ such thaty ≤0 s′ < z, that is,s′ ∈ Cy. Suppose also

that there is nou ∈ Un with fn(u,1) = s′, so∃ has to respond with a new pointu∗, and

set fn+1(u∗,1) = s′. Note that, by the IH,fn(u,1) ∈ Cy for all u ∈ Un − {uω}, sou∗ is the

<n+1-largest non-uω element ofUn+1. As s′ ∈ Cy, by (1), a∗ ≤0 a∗ and∃ can choose some
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fn+1(u∗,0) ∈ Ca∗ such thatfn+1(u∗,0)R1s′. By the IH, for allu ∈ Un− {uω}, fn+1(u,0) ≤0 a∗.

Therefore,fn+1(u,0) ≤0 fn+1(u∗,0), for all u ∈ Un − {uω}, as required. �

Now consider the case whenw∗ anda∗ satisfy(1) and(2b), and letr be like in(2b).

Claim 9. ∃ has a winning strategy inGω(F, x,y,z,w∗) such that, for all n< ω,

• if fn(u,0) < r then fn(u,1) ∈ Cy, and

• if either fn(u,0) = r or r ≤0 fn(u,0) then fn(u,1) ∈ Cz,

for all u ∈ Un.

Proof. It is by induction onn. Forn = 0 it is obvious. Assume that we have the claim forn.

Suppose first that∀ pickss such thatx ≤0 s< w∗. Suppose also that there is nou ∈ Un with

fn(u,0) = s, so∃ has to respond with a new pointu∗, and setfn+1(u∗,0) = s. As concerns

how∃ should choosefn+1(u∗,1), there are two cases, depending on the location ofs vs. r:

Case 1. x≤0 s< r. Then by(2b), ∃ can choose somefn+1(u∗,1) ∈ Cy such thatsR1 fn+1(u∗,1)
holds. Thenfn+1(u∗,1) ≤0 fn+1(u,1) always holds, for anyu ∈ Un. If u <n+1 u∗ for someu ∈

Un, then fn+1(u,0) ≤0 s< r. So, by the IH,fn+1(u,1) ∈ Cy, and sofn+1(u,1) ≤0 fn+1(u∗,1).

Case 2. s= r or r ≤0 s < w∗. Then, by(2b), ∃ can choose somefn+1(u∗,1) ∈ Cz such that

sR1 fn+1(u∗,1) holds. Thenfn+1(u,1) ≤0 fn+1(u∗,1) always holds, for anyu ∈ Un. Now let

u∗ <n+1 u, for someu ∈ Un. Thenr ≤0 s ≤0 fn+1(u,0) ≤0 w∗. So, by the IH,fn+1(u,1) ∈ Cz,

and sofn+1(u∗,1) ≤0 fn+1(u,1).
Next, suppose that∀ picks s′ such thaty ≤0 s′ < z, that is,s′ ∈ Cy. Suppose also that

there is nou ∈ Un with fn(u,1) = s′, so ∃ has to respond with a new pointu∗, and set

fn+1(u∗,1) = s′. By (1), ∃ can choose somefn+1(u∗,0) ∈ Ca∗ such thatfn+1(u∗,0)R1s′. Now

let u <n+1 u∗ for someu ∈ Un. Then fn+1(u,1) ≤0 s′, so fn+1(u,1) ∈ Cy. By the IH, we

have fn+1(u,0) < r, so by(2b), fn+1(u,0) ≤0 a∗ ≤0 fn+1(u∗,0) follows, as required. Next, let

u∗ <n+1 u for someu ∈ Un. Thens′ < fn+1(u∗,1), and sofn+1(u∗,1) ∈ Cz. So, by the IH,

either fn+1(u,0) = r or r ≤0 fn+1(u,0). Therefore, by(2b), fn+1(u∗,0) ≤0 a∗ ≤0 fn+1(u,0), as

required. �

Now Lemma 3.3.9 clearly follows. �
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Lemma 3.3.10.Let F = (W,≤0,R1) be a finite frame for(K4.3,K) that validatesΦl,b and

Φc,u. For all x,y,z ∈ W, if xR1y ≤0 z, then there exists w∗ such that sq(x,y,z,w∗) and∃ has

a winning strategy inGω(F, x,y,z,w∗).

Proof. It is by induction onhd(y,z). If hd(y,z) = 0 then, byΦl,b, there existsw such that

ψb(x,y,z,w). Such aw will clearly do asw∗. Now suppose that the lemma holds for all

z′ with hd(y,z′) ≤ m, and letx,y,z′,z ∈ W be such thatxR1y ≤0 z′ << z andhd(y,z′) =
m. By the IH, there is somew′ such thatsq(x,y,z′,w′) and∃ has a winning strategy in

Gω(F, x,y,z′,w′). Also, by Lemma 3.3.9, there is somew∗ such thatsq(w′,z′,z,w∗) and∃

has a winning strategy inGω(F,w′,z′,z,w∗).
In order to formulate our claim, we need the following notion. Suppose that we are given

an (F, x,y,z′,w′)-networkN1 = (U1,<1, f 1) and an(F,w′,z′,z,w∗)-networkN2 = (U2,<2

, f 2), whereU1 = {u1
0, . . . ,u

1
ω} andU2 = {u2

0, . . . ,u
2
ω} are disjoint sets. Then

N1 ⊔N2 = (U,<, f )

is defined by takingU = U1 ∪U2 − {u1
ω,u

2
0}, linearly ordered by< such that first come the

points fromU1 as ordered by<1, followed by the points fromU2 as ordered by<2, and f is

the restriction off 1 ∪ f 2 on U × ({0,1},{(0,1)}). Further, take some fresh pointu+, not in

U. Then let

N1 ⊔+ N2 = (U+,<+, f +),

where(U+,<+) is defined by addingu+ to (U,<) ‘in the middle’, that is, such that it is<+-

larger than all points coming fromU1, and<+-smaller than all points coming fromU2, and

f + is the extension off such thatf +(u+,0) = w′ and f +(u+,1) = z′. It is easy to check that

bothN1 ⊔N2 andN1 ⊔+ N2 are(F, x,y,z,w∗)-networks.

Claim 10. ∃ has a winning strategy inGω(F, x,y,z,w∗) such that, for all n< ω, her response

Nn = (Un,<n, fn) has the following properties: there exist N1
n and N2

n such that

• either Nn = N1
n ⊔N2

n or Nn = N1
n ⊔
+ N2

n,

• N1
0 ⊆ ⋅ ⋅ ⋅ ⊆ N1

n is an n round play inG′ω(F, x,y,z′,w′),

• N2
0 ⊆ ⋅ ⋅ ⋅ ⊆ N2

n is an n round play inG′ω(F,w′,z′,z,w∗).
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Proof. It is by induction onn. Forn = 0 it is obvious. Assume that we have the claim forn,

and now we are in roundn+ 1 of a play ofGω(F, x,y,z,w∗). Suppose that∀ picks either an

swith x ≤0 s< w∗, or ans′ with y ≤0 s′ < z. There are three cases:

Case 1.Eitherx ≤0 s< w′ or y ≤0 s′ < z′.

∃ uses her winning strategy inG′ω(F, x,y,z′,w′) to obtainN1
n+1 ⊇ N1

n, setsN2
n+1 = N2

n and

Nn+1 =
⎧⎪⎪⎨⎪⎪⎩

N1
n+1 ⊔

+ N2
n+1, if u+ ∈ Un,

N1
n+1 ⊔N2

n+1, otherwise.

Case 2.Eithers= w′ andw′ /≤0w′, or s′ = z′ andz′ /≤0z′.

∃ setsN1
n+1 = N1

n, N2
n+1 = N2

n andNn+1 = N1
n+1 ⊔

+ N2
n+1.

Case 3.Eitherw′ ≤0 s< w∗ or z′ ≤0 s′ < z.

∃ setsN1
n+1 = N1

n, uses her winning strategy inG′ω(F,w′,z′,z,w∗) to obtainN2
n+1 ⊇ N2

n, and

sets

Nn+1 =
⎧⎪⎪⎨⎪⎪⎩

N1
n+1 ⊔

+ N2
n+1, if u+ ∈ Un,

N1
n+1 ⊔N2

n+1, otherwise.

It is straightforward to check thatN1
n+1, N2

n+1, andNn+1 are as required. �

Now Lemma 3.3.10 clearly follows. �

Corollary 3.3.11. Let F = (W,≤0,≡1) be a finite frame for(K4.3,S5) that validatesΦl,b.

For all x,y,z ∈ W, if x ≡1 y ≤0 z, then there exists w∗ such that sq(x,y,z,w∗) and∃ has a

winning strategy inGω(F, x,y,z,w∗).

In the vertical transitive cases we do not have to define a lessrestricted version of the

K4.3×K to consider a wider range of defects than the one that may be detected by playing

over a square, indeed we can ask the question:

Question 3.3.12.LetF = (W,≤0,R1) be a finite frame for(K4.3,K4.3) (or (K4.3,S5)) that

validatesΦl,b andΦc,u. Let x, x′,y,z,w ∈ W be such that x′R1xR1y and∃ has a winning

strategy inGω(F, x,y,z,w). Does it follow that there exists w′ such that∃ has a winning

strategy both inGω(F, x′,y,z,w′) andGω(F, x′, x,w,w′)?
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3.3.2 Right Squares

In Claim 3 we have seen that there is a modal formula

ϕ1 = ϕr,u ∶ ◇0(p∧◇1(p′ ∧ q∧ ◻0q)) ∧ ◻0(◇0p→ ◻1q)→◇1(◇0p′ ∧ ◻0q)

such that, for all framesF for (K4.3,K),

F ⊧ Φr,u ⇐⇒ F ⊧ ϕr,u.

And even if a similar lemma to Lemma 3.3.5 can be proved:

Claim 11. For every finite frameF for (K4.3,K), if F validatesΦr,u, thenF validatesΦr,b

as well.

Proof. Suppose thatF = (W,≤0,R1) validatesΦr,d, and letx,z,w ∈ W be such thatx ≤0

zR1w. We claim that there existsy such thatψb(x,y,z,w) holds. We prove the statement

by induction onhd(x,w). If hd(x,w) = 0 then the statement is obvious. Now suppose

that hd(x,w) = n for somen > 0 and the statement holds for everyx′ with x′ ≤0 w and

hd(x′,w) < n. If n = 1 andx /≤0x, then the statement is obvious. Otherwise, letx′ be such

that x ≤0 x′ << w. Thenhd(x′,w) < n, so by the IH, there existsy′ such thatψb(x′,y′,z,w).
Now if x /≤0x, then the statement obviously follows.

So we may assume thatx ≤0 x, that is,∣Cx∣ = m> 0. We will define sequencesy0, . . . ,yN

andC0 ⊃ ⋅ ⋅ ⋅ ⊃ CN for someN ≤ ∣Cx∣ such that, for everyi:

(1) ψu(x,yi ,z,w)

(2) Ci = {a ∈ Cx ∶ there is nob with yi ≤0 b ≤0 z & aR1b}.

As theCis are decreasing, it follows thatCN = ∅ for someN ≤ ∣Cx∣, and thenψb(x,yN,z,w)
holds, as required.

To begin with, lety0 be anyy such thatψu(x,y,z,w) (byΦr,u there is such). Now suppose

that we have definedyi andCi such that (1)-(2) hold, andCi ≠ ∅. Take somea∗ ∈ Ci. By

Φr,u, there existsb∗ such thatψu(a∗,b∗,yi , x). By Φr,u again, there existsyi+1 such that

ψu(x,yi+1,b∗,a∗).

Claim 12. ψu(x,yi+1,z,w), that is, for every b with yi+1 ≤0 b < z, there exists a with x≤0 a ≤0

w and aR1b,
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Proof. As yi+1 ≤0 b∗ ≤0 yi ≤0 z, there are five cases:

Case 1. yi+1 ≤0 b < b∗. Then the claim holds byψu(x,yi+1,b∗,a∗).

Case 2. b= b∗. Then the claim holds bya∗R1b∗.

Case 3. b∗ ≤0 b < yi. Then the claim holds byψu(a∗,b∗,yi , x).

Case 4. b= yi. Then the claim holds byxR1yi andx ≤0 x.

Case 5. yi ≤0 b < z. Then the claim holds byψu(x,yi ,z,w). �

As yi+1 ≤0 v ≤0 yi, we have thatCi+1 ⊆ Ci anda ∉ Ci+1, so the lemma follows. �

Therefore, imposingϕr,u assures us that∃ can answer successfully to∀’s first attack after

the formation of the square. In the case of left squares this was enough to guarantee that∃

had a winning strategy for all further attacks. In Figure 3.13 is depicted a frame satisfying

Φl,b andΦr,b but ∃ cannot answer to the next round. The horizontal arrows and ellipses

represent the reflexive, transitive and weakly connected≤0, and the boxes, triangles and

circles the≡1-equivalence classes. It is not hard to check that≤0 and≡1 commute. (In case

of a symmetric second relation, the Church-Rosser propertyfollows from commutativity.)

Figure 3.13: Φl,b, Φc,u andΦr,b but ∃ loses in the second round after the formation of the

(right) square.

Consider the following attack from∀: he opens with the sequencea,b,c, forcing a right

square. If∃ answers withe′ then she loses immediately if∀ plays f . If ∃ playse then∀

playsg to which∃ must respond withb and then∃ loses if∀ playse. Figure 3.14 depicts

these two cases.

Theorem 3.3.13.K4.3 × S5 is not product matching.
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Figure 3.14:∃ loses.

Proof. It is straightforward to see that the (finite) frame represented in Figure 3.13 is a frame

for [K4.3×S5] but it is not the image of any product frame. �

Remark 3.3.14. The frame represented in Figure 3.15 (using the same notation as in the

previous figure) is also a frame for the commutator and it is straightforward to see that

propertyΦr,u (= Φ0) (see Figure 3.8) fails inF. This is an alternative proof of the previous

theorem. Moreover, it shows that the two properties (corresponding to the two different∀’s

attacks) are independent also at the[K4.3×S5] level.

- a - b -

- ce -

Figure 3.15: A frameF showing thatS4.3×S5 is not product-matching.

We now give an example of a frame where∃ can resist two rounds after the formation of

the square, but loses in the third, see Figure 3.16. The circle around the pointsa andb mean

they are aR0 cluster.∃ loses if∀ playsa,c,e,d,b,a. In particular this shows that even if we

add a modal formula corresponding to the attack in Figure 3.13, it would still not be enough

to axiomatiseK4.3×K .

Since this last frame is not a frame for[K4.3,K4.3] nor [K4.3,S5] we may ask:

Question 3.3.15.Would a formulaϕ corresponding to the answer to the attack in Figure
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Figure 3.16:∃ loses in the third.

3.14 be enough to guarantee that∃ wins theω-round game in squares over frames for

[K4.3 ×K4.3]⊕ ϕl,d ⊕ ϕr,u⊕ ϕ? And over frames for[K4.3 × S5]⊕ ϕl,d ⊕ ϕr,u⊕ ϕ?

3.4 Discussion

We conclude the chapter with a few remarks on further research about axiomatising two-

dimensional product logics with a ‘linear’ component.

Can it work? The first question we may pose is if the approach in Section 3.3can be

successful. As is shown in [59, Theorem .2.10], if eachLi , i < 2, is a logic such that its class

of frames is closed under ultraproducts, thenL0 × L1 is a canonical bimodal logic. So, say,

the r.e. logics,K4.3 × K , K4.3 × K4, K4.3 × K4.3, andK4.3 × S5are such. However, the

following questions are open:

Question 3.4.1.Does any of these product logics have a canonical axiomatisation?

Question 3.4.2.Is the class ofall frames for any of these product logics closed under

ultraproducts?

It is quite difficult to think about modally expressible properties that do not have first-

order correspondents. So answers to the above would directly be relevant to finding explicit,

possibly infinite, axiomatisations for the logics in question. In case of higher dimensional

product logics (and of algebras of relations) similar questions have negative answers [44,

48, 59]. It is not known, however, whether the techniques used to achieve these results are
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applicable to two-dimensional cases. In the case that any ofthe previous questions has a

negative answer, the approach in Section 3.3 is unlikely to yield an explicit axiomatisation

without the use of some substantially new ideas.

The cases of K4.3×K4.3 and K4.3×S5 As we said above, Theorems 3.2.1 and 3.2.3 do

not apply to product logicsK4.3×L, whereL has noω-fan among its frames, e.g.K4.3 and

S5.

K4.3×K4.3 is known to be not product-matching (see (3) in Section 3.1) and in Theorem

3.3.13 we prove that neither isK4.3×S5, so the question remains:

Question 3.4.3.Are the recursively enumerable logicsK4.3 × K4.3 andK4.3 × S5 finitely

axiomatisable?

The Log{(ω,<)} ×S5 case It is known that the logic

Log{(ω,<)} ×S5

is decidable [23, Theorem .6.50], being open if it is finitelyaxiomatisable. However, there is

a related positive axiomatisation result. As is shown in [78] (see also [23, Theorem .11.78]),

if we have in the language of the first component logic not only◻0 and◇0 but also a next

time operator◯0, then the resulting logicLog◻,○ {(ω,<)}×S5 is kind of product-matching:

one needs to take the formulas axiomatising the components,plus the one describing that

◯0 and theS5-box◻1 commute

◯0 ◻1 p↔ ◻1◯0p.
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Part II

History-Dependent Systems
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4
Reactive frames: the local view

Reactivity. Given a system with states and the possibility of transitions between states, we

can imagine a path beginning at an initial state and moving along the path following allowed

transitions. If our starting point iss0, and the path iss0 . . . sn, then the system is an ordinary

non-reactive system if the options available atsn (i.e. which statest we can go to fromsn) do

not depend on the paths0 . . . sn (i.e. do not depend on how we got tosn). Otherwise if there

is such dependence then the system isreactive. A simple example would be to consider as

worlds the configurations on a chess board and the allowed moves as transitions. It is clear

that this system is reactive in the above sense. To be able to castle one must not have moved

either the king or the rook, it is not enough to check their current positions. Moving the king

or the rook corresponds to a higher order state transition, changing its nature.

One can take a reactive system and turn it into an ordinary system by taking the new

states as the paths. This is true but from the point of view of applications there is serious

loss of information, as the applicability of the reactive system may come from the manner

in which the change occurs along the path. In any specific application, the states have

meaning, the transitions have meaning and the paths have meaning. Therefore the changes

in the system as we go along a path can have very important meaning in the context, which

enhances the usability of the model.

Figure 4.1 presents a simple transition system, allowing the following transitions:

s→ t1, s→ t2, t1 → s′, t2→ s′, s′ → w.

A system becomes reactive when the transition table changesas we move along the

graph. We can make the above system reactive by, for example,saying that if we start ins,
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Figure 4.1: A transition system.

when we reachs′, it seesw if and only if we pass throught. A way of depicting this situation

can be found in Figure 4.2.

The double arrow from the edges→ t′ to the edges′ → w indicates that if we go from

s to t′ then the connections′ → w is no longer available. The double arrow expresses the

dependence on the path by codifying the transitions effects on the system configuration. We

can make double arrows to act over other double arrows, getting higher and higher levels of

dependence.

As observed above, a reactive system can be seen in a static point of view by considering

their paths as the actual states. Figure 4.3 shows the conversion of our example. The points

in Figure 4.3 are the paths. So from the pointsts′, there is a transition tosts′w and from

the pointst′s′ there is no transition tost′s′w. That the accessible points vary when one

moves around the graph is already a property of a static graph. What reactivity adds is the

possibility of the accessible points from a point to be different depending on how we got

there. In this sense the Figure 4.3 is not a proper representation of Figure 4.2. The two

pathssts′ and st′s′ share an endpoint (i.e. same states′) and this can be important. This

information can be recovered by an equivalence relation identifying the paths with the same

endpoint. In Figure 4.4 is represented the unfolded versionof Figure 4.2.

Next we introduce an interpretation of modal logic over reactive graphs (frames), in a
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Figure 4.2: A higher order arrow is added yielding it reactive.

way that generalises the usual Kripke semantics taking in consideration these last remarks.

Reactive modal logic. We were naturally led to the choice of a bimodal language, where

◇R deals, as usual, with the dynamics and◇P with the relation that identifies all the paths

with the same endpoint. As we stressed before, reactivity isabout the change in the set

of accessible points of a given point.◇P ranges through the various relational states of

each point. As we shall see, many reactive properties can be axiomatised by the interaction

between◇R and◇P.

Like the accessibility relation, we let the value of (part of) the variables evolve when we

move along the frame’s points. The subsetX of variables which we consider fixed, possibly

all or none of them, will be a parameter of our logics. So the value of the variables inX

depends only on the position in the graph, i.e. the path endpoint. The inclusion of this

features in the models gives the results more generality, more possibilities of application

and allows us to better understand the influence of each component of the generalisation in

the results.

We can now ask the obvious questions:

• which relation between◻P,◻R is imposed by this semantics?
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Figure 4.3: The unfolded version.

• if we add the reflexivity or transitivity or other usual axioms on◻R, what are the

corresponding conditions on the models?

• which other properties can we express with this language?

As an answer we present a procedure to prove that, given a logic and some reactive

properties, the first axiomatises the second. While soundness is proved directly, to prove

completeness we use the static view on reactivity - the unfolded models. This allows us

to use the canonical model theorem and other classic techniques. When we unfold the

notion of a reactive model we obtain a classic bimodal Kripkemodel,(W,R,P,V) (let R be

the dynamics andP the equivalence relation relating the paths with the same end point),

satisfying three additional properties:

• there is a familyI ⊆ W picking one element on eachP-equivalence class thatR-

generates all graph;

• xRy, xRzandyPzimply thaty ≠ z;

• the worlds related byP satisfy the same variables inX.
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Figure 4.4: Identifying paths with the same endpoint.

A shatteredframe is a frame satisfying the first property, and if it satisfies also the second

we say it is acoherently shattered (cs)frame. The completeness proofs are done in two

steps:

• we use the canonical model theorem to obtain completeness toa certain subclass of

shattered frames corresponding to the reactive one (usually the first-order correspon-

dent of the added axiom);

• we find a truth preserving model transformation that given shattered frame gives a

cs-frame with that property.

The procedure is successful in many cases (see Table 4.1 at page 126) but we present also

its limitations in the form of an open problem. We hope the technique proves itself useful to

characterise logics, possibly in extended languages, expressing reactivity properties coming

from research areas where reactivity is being applied to, orproperties suggested by the

switch graph research. A systematically investigation of the decision problem is missing

but, for some cases, a rather straightforward application of the filtration method allowed us

to establish the finite model property.
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4.1 Reactive models

Definition 4.1.1. We consider thereactive similarity type r= ({◇R,◇P}, ρ = 1). Thus the

modal languageLr is defined by

ϕ ∶∶= p ∣ ¬ϕ ∣ ϕ1 ∧ ϕ2 ∣◇Rϕ ∣◇Pϕ ,

wherep ∈ Π. The other connectives:⊺, �, ∨, →,↔, ◻R and◻P are introduced by the usual

abbreviations.

Definition 4.1.2. A pathover a setW is any finite sequence of points fromW. A prefixof a

pathw0w1 . . .wn is any path of the formw0w1 . . .wk for k ≤ n. Given a pathλ = w0w1 . . .wn,

we lett(λ) = wn andn its length.

A reactive frameis a pair(W,∆), whereW is a non-empty set and∆ is a set of paths

overW that

• contains all one-element paths, i.e.,W,

• is closed under taking prefixes.

Given X ⊆ Π, a X-reactive modelis a tripleM = (W,∆, ν), where(W,∆) is a reactive

frame andν is a functionν ∶ Π → 2∆ such that forp ∈ X andλw, λ′w ∈ ∆ we haveλw ∈ ν(p)
iff λ′w ∈ ν(p). X corresponds to the subset of variables that are fixed while wemove, i.e.,

which value is determined by the current world.

Given aX-reactive modelM, for everyλ ∈ ∆ and everyLr-formulaϕ, we define the

notion ‘ϕ is true atλ inM (M, λ ⊧X ϕ)’ inductively as follows:

• M, λ ⊧X p iff λ ∈ ν(p) for variablesp,

• M, λ ⊧X ¬ϕ iffM, λ /⊧X ϕ,

• M, λ ⊧X ϕ1 ∧ ϕ2 iffM, λ ⊧X ϕ1 andM, λ ⊧X ϕ2,

• M, λ ⊧X ◇Rϕ iff there isw ∈ W such thatλw ∈ ∆ andM, λw ⊧X ϕ,

• M, λ ⊧X ◇Pϕ iff there isγ ∈ ∆ such thatt(γ) = t(λ) andM, γ ⊧X ϕ.
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Notice that ifX = Π, thenν can be seen as a function from theΠ to 2W and the first line of

the definition of⊧X can be equivalently replaced byM, λ ⊧Π p iff t(λ) ∈ ν(p).
We say thatϕ is true inM iff M, λ ⊧X ϕ for everyλ ∈ ∆. We say thatϕ is X-valid ina

reactive frame if it is true in everyX-reactive model over it.

WhenX = Π we may omitX.

Definition 4.1.3. Given a reactive frameF = (W,∆) we define∼F⊆ ∆2 as:

λ ∼F γ iff t(λ) = t(γ) & ∀β ∈ W∗λβ ∈ ∆↔ γβ ∈ ∆.

We may omitF when it is clear from the context. We write[λ] to refer to the equivalence

class ofλ ∈ ∆.

Remark 4.1.4. We are only interested in studying properties ofX-reactive frames, that is,

logics valid in the whole class ofX-reactive models over reactive frames. Otherwise the

notion of∼ could be adapted to the context ofX-reactive models and many of the following

results would be valid in its model version.

Proposition 4.1.5.Let (W,∆) be a reactive frame, then:

1. If λ ∼ γ and(W,∆, ν), λ ⊧Π ϕ then(W,∆, ν), γ ⊧Π ϕ and

2. If λ, γ ∈ ∆ and λ /∼ γ then there existsϕ and ν such that(W,∆, ν), λ ⊧Π ϕ and

(W,∆, ν), γ ⊧Π ¬ϕ.

Proof. 1. Let us prove it by induction on the structure ofϕ:

• if ϕ is a variable this is trivial sincet(λ) = t(γ).
• if ϕ = ¬ψ thenM, λ /⊧Π ψ and so by IH and symmetry of∼, M, γ /⊧Π ψ thus

M, γ ⊧Π ¬ψ = ϕ. Theϕ = ϕ1 ∧ ϕ2 case is trivial.

• if ϕ = ◇Rψ then there existsw ∈ W such thatλw ∈ ∆ andM, λw ⊧Π ψ. It

is clear that we also haveλw ∼ γw ∈ ∆ and so by I.H.M, γw ⊧Π ψ hence

M, λ ⊧Π ◇Rψ = ϕ.

• the caseϕ =◇Pψ also comes fromt(λ) = t(γ).

2. If t(λ) = t(γ) and there isβ = w1 . . .wn such that we do not haveλβ ∈ ∆ iff γβ ∈ ∆.

Without loss of generality let us assumeλβ ∈ ∆ andγβ ∉ ∆ and pick a valuationν that
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distinguishes allwi, i.e., let pi ∈ Π with 1 ≤ i ≤ n andα ∈ ν(pi) iff t(α) = wi. Let

ϕ = ◇Rϕβ whereϕβ is defined recursively by:

ϕwn = pn

ϕwiλ = pi ∧◇Rϕλ.

It is clear that(W,∆, ν), λ ⊧Π ϕ but (W,∆, ν), γ /⊧Π ϕ.

If t(λ) ≠ t(γ) we pick a valuation that distinguishes them.

�

Definition 4.1.6. Lr,X is the logic of all reactive frames:

Lr,X = {ϕ ∶ ϕ is X-valid in every reactive frame}.

4.1.1 Reactivity unfolded

Definition 4.1.7. 1. A shattered frameis a bimodal frameF = (W,R,P) such thatP is

an equivalence relation overW. Given a shattered frame, we sayI ⊆ W is an initial

family if it picks one element from eachP-class thatR-generates the whole frame.

2. A cs-frame(coherently shattered) is a shattered frame that admits an initial family

and that iscoherent, i.e., such that for allw,w′,w′′ ∈ W, if wRw′, wRw′′ andw′Pw′′

thenw′ = w′′.

3. A X-shattered modelis a Kripke modelM = (F,V) over a shattered frameF =

(W,R,P) andV is X-admissible, i.e., for allw,w′ ∈ W, if wPw′ then

w ∈ V(p) iff w′ ∈ V(p) for all p ∈ X.

We sayϕ is X-valid in a shattered frame if it is true in everyX-shattered model over

it.

4. An X-cs-modelis aX-shattered model over a cs-frame.

Notice that in order for the restrictions on the valuations in aΠ-shattered model(W,R,P,
V) to correspond to the restrictions on a general frame(W,R,P,A), whereA is the boolean

algebra generated by the equivalence classes ofP, A has to be closed undermR (andmP).

As we shall see in Proposition 4.2.12 thecs-frames that satisfy this requirement are the ones
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coming from unfolding static reactive frames. But in this case there is no restriction to deal

with!

Definition 4.1.8. Lcs,X is the logic ofcs-frames:

Lcs,X = {ϕ ∶ ϕ is X-valid in every cs-frame}.

Remark 4.1.9. It is straightforward to see that every reactive frameF = (W,∆) can be

regarded as cs-frameFcs = (∆,R∆,P∆) whereW is an initial family and

• λR∆γ iff there is somew ∈ W such thatγ = λw,

• λP∆γ iff t(λ) = t(γ).

We call it theunfoldingof F. Furthermore it is easy to see that there is a bijective corre-

spondence betweenX-reactive modelsM = (W,∆, ν) andX-cs-modelsMcs = (∆,R∆,P∆, ν)
that preserves truthness, i.e., for everyλ ∈ ∆ and everyLr-formulaϕ,

M, λ ⊧X ϕ iff Mcs, λ ⊧X ϕ,

and so we haveLcs,X ⊆ Lr,X.

The converse is also true.

Theorem 4.1.10.Let (W,R,P) be a cs-frame with I as initial family. There is a reactive

frame such that there is bijective correspondence between X-cs-model over the first and

X-reactive models over the second that preserves truthness.

Proof. We call anR-pathλ = w0 . . .wn an I - initial path if w0 ∈ I . For every suchI -initial

pathλ, let

l I(λ) = i0 . . . in,

for the unique sequence ofi j ∈ I with wjPi j for 1 ≤ j ≤ n (see Definition 4.1.7).

Moreoverl I is an injective function from the set of allM-initial paths into paths overI ,

that is, if l I(λ) = l I(γ) thenλ = γ. Indeed, asl clearly preserves the length of a path, we

can do induction on the lengthn of λ = w0 . . .wn, γ = v0 . . . vn. If n = 0 thenw0 = l I(w0) =
l I(v0) = v0 follows. Now suppose thatl I(w0 . . .wnwn+1) = l I(v0 . . . vnvn+1) = i1 . . . inin+1 for

somei j ∈ I , 1 ≤ j ≤ n+ 1. Thenl I(w0 . . .wn) = l I(v0 . . . vn) = i1 . . . in andwn+1Pin+1Pvn+1. By
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the IH, we havewj = vj for 1 ≤ j ≤ n. Therefore not onlywnRwn+1, but alsownRvn+1. So

wn+1 = vn+1 follows by coherence.

Let ∆I = {l I(λ) ∶ λ is anI -initial path}, (I ,∆I) is clearly a reactive frame, we call it a

foldingof (W,R,P).
Given aX-cs-modelM = (W,R,P,V) (with I as an initial family) letM′ = (I ,∆I , ν) with

ν(p) = {l I(λ) ∈ ∆I ∶ t(λ) ∈ V(p)}, for each variablep.

It is straightforward to see thatM′ is aX-reactive model. We will show thatM ⊧X ϕ iffM′
⊧X

ϕ.

According to Remark 4.1.9 we can regardM′ as aX-cs-modelM′cs preserving truthness.

Hence, to conclude, it is enough to prove thatM is a bounded morphic image ofM′cs:

We define a functionf ∶ ∆I
→W by taking

f (l I(λ)) = t(λ).

which is well defined sincel I is injective. We claim thatf is a surjective bounded morphism

fromM′cs ontoM:

• f is surjective since by Definition 4.1.7(1) we have thatI R-generates all the frame;

• p-morphism inR. First, if l I(λ), l I(λ)i ∈ ∆I then there is somew ∈ W such thatt(λ)Rw

and l I(λ)i = l I(λw). So t(λ)Rw = f (l I(λ)i). Second, if f (l I(λ)) = t(λ)Rw then

l I(λw) ∈ ∆I and f (l I(λw)) = w.

• p-morphism inP. First, if t(l I(λ)) = t(l I(γ)) thent(λ)Pt(γ). Second, iff (l I(λ)) =
t(λ)Pw then, by Definition 4.1.7(1), there is someM-initial pathγ such thatt(γ) = w.

Thenl I(γ) ∈ ∆I andt(l I(λ)) = t(l I(γ)) follows.

• p-morphism inV: l I(λ) ∈ ν iff t(λ) = f (l I(λ)) ∈ V(p).

�

Corollary 4.1.11. Lcs,X = Lr,X.

Proof. From Remark 4.1.9 we get one direction. For the other, suppose thatϕ ∉ Lcs,X, that is,

there is someX-cs-modelM = (W,R,P,V) havingI as initial family and such thatM /⊧X ϕ.

M′ is aX-reactive model andM′ /⊧ ϕ follows from the previous proposition. �
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Given a reactive frame we can obtain a cs-frame by unfolding (and vice-versa by folding)

where eachX-model over the first corresponds to aX-model over the second and modal

satisfaction is preserved.

With shattered frames we are back in the classic setting evenif, in the case ofX ≠ ∅,

we are not at the frame level. There are restrictions on the models over the correspondent

Kripke frames, the situation is closer to the case of generalframes.

Folding and unfolding will be the bridge from reactivity to this classical setting and

will allow us to use some known techniques in the study of the axiomatisation of logics

over reactive frames. The most immediate consequence of this connection is that the logics

formed by formulas valid over reactive frames and cs-framescoincide.

4.2 Axiomatising

Now, using the strong relation between reactive frames and cs-frames we will present the

axiomatisation of the logics obtained associated with someclasses of reactive frames.

Definition 4.2.1. Let

LX = (KR,S5P) +X p↔ ◻Pp,

meaning thatLX is the closure by the rules of modus ponens and necessity (for◻R and◻P)

of the set containing

p↔ ◻Pp

for every propositional variablep ∈ X, the substitution instances of all propositional tautolo-

gies and of the following axioms:

1. ◻R(p→ q)→ (◻Rp→ ◻Rq),

2. ◻P(p→ q)→ (◻Pp→ ◻Pq),

3. ◻Pp→ p,

4. ◻Pp→ ◻P ◻P p,

5. p→ ◻P ◇P p.

See Definition 2.1.5.
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It is clear thatLX ⊆ Lcs,X = Lr,X since all theLX axioms are sound with respect to shattered

frames. Notice that the◇R fragment ofLX is justKR, i.e. K. It is obvious thatK ⊆ LX and

from the fact that every Kripke model is a trivialX-reactive model we get the other inclusion.

We want to show thatLX is complete with respect to all reactive frames. For that we

will prove thatLX’s canonical model is aX-shattered model and then prove that any such

model is the bounded image of a generated subframe of aX-cs-frame. Hence concluding

thatLX = Lcs,X = Lr,X.

If X ≠ ∅ thenLX is not closed under structural substitution. One can define the canonical

model of a normal logicL the usual way,ML = (WL,RL,PL,VL) where:

WL = {s ∶ s is L − MCS}
sRLt iff {ϕ ∶ ◻Rϕ ∈ s} ⊆ t iff {◇Rϕ ∶ ϕ ∈ r} ⊆ s

sPLt iff {ϕ ∶ ◻Pϕ ∈ s} ⊆ t iff {◇Pϕ ∶ ϕ ∈ r} ⊆ s

VL(p) = {s∈ WLX ∶ p ∈ s}.

and prove the well-known Truth Lemma about it:

{ϕ ∶ML
⊧ ϕ} = L

even if the logic in question is not closed under the rule of substitution, see e.g. [38].

Proposition 4.2.2. If a logic L contains p↔ ◻Pp and for p∈ X ⊆ Π then given vPLw we

have that:

v ∈ VL(p) ⇒ w ∈ VL(p) for all p ∈ X.

Proof. If sPLt andp ∈ s then◻Pp ∈ s and sop ∈ t. �

Clearly, if PL is an equivalence class then all the worlds related byPL satisfy the same

variables inX.

Corollary 4.2.3. MLX is a X-shattered model and so

{ ϕ ∶ ϕ is X-valid in every shattered frame} = LX.

In other words, we have thatLX is sound and complete with respect to the class ofX-

models over shattered frames. Next, by showing that it is also complete with respect to its

subclass of cs-frames we conclude the axioms generatingLX axiomatise the minimal logic

over reactive frames.
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Theorem 4.2.4.LX = Lr,X.

Proof. SinceLr,X = Lcs,X, it is equivalent to prove thatLX = Lcs,X.

Everycs-frame is also a shattered frame, hence we have thatLcs,X ⊆ LX.

Let ϕ ∉ LX then there is aX-shattered modelM = (W,R,P,V) that does not satisfyϕ.

We defineB(M) = (W′,R′,P′,V′), where:

W′ = {(z,y) ∶ yPz} ∪W× {∗},
(x, i)R′(y, j) iff i = ∗ & x = y or i ≠ ∗ & xRy& y = j,

(x, i)P′(y, j) iff i = j & (i = ∗→ x = y),
(x, i) ∈ V′(p) iff x ∈ V(p).

B(M) is aX-cs-model andM is a bounded morphic image ofB(M)’s submodel generated

by W′′ = W′ −W× {∗} (and thereforeϕ ∉ Lcs,X):

• let I be a any family of elements ofW′ picking one element from eachP-class. It is

clear thatW× {∗} ⊆ I and soI generates theN.

V′ is anX-admissible valuation:(x, i)P′(y, j) implies i = j, hencexPyand therefore

if p ∈ X,

(x, i) ∈ V′(p) iff z ∈ V(p) iff y ∈ V(p) iff (y, j) ∈ V′(p).

Let us check that it is coherent. Given(x, i), (y, j), (z,k) ∈ W′, if (y, j)P′(z,k) then

j = k. Let us assume also(x, i)R′(y, j) and(x, i)R′(z,k). If i = ∗ thenx = y = z, and if

i ≠ ∗ theny = j = k = z. So(y, j) = (z,k).

• let f ∶ W′′
→W be defined by:f ((x, i)) = x.

It is straightforward to see thatf is surjective, let us see that it is actually a p-

morphism:

– f is a p-morphism inR

* (x, i)R′(y, j) then f ((x, i)) = xRy= f ((y, j)).
* f ((x, i))Ry then(x, i)R′(y,y).
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– f is a p-morphism inP

* (x, i)P′(y, j) then i = j and so, by construction, we havef ((x, i)) = xPy=

f ((y, j)).
* f ((x, i))Py then(x, i)P(y, i).

– f is a p-morphism inV

(x,y) ∈ V′(p) iff f ((x, i)) = x ∈ V′(p).

To this way of generating aX-cs-model from a givenX-shattered model we call theblow

up trick and it is inspired by the standard extensions used in [40]. A similar technique was

also used in [56]. �

If we consider the basic properties of frames like reflexivity, symmetry or transitivity, we

see that there are many ways of generalising it to the reactive frame level. These properties

refer to the accessibility of points without referring to the changes in their relational state

since it is always the same. In the reactive case this is not true and they may mean different

things. Reflexivity can mean for example that we can always access loop without any change

in the set of accessible points or we may require anything else. All the mentioned properties

have similar variants, they are the generalised notions of the originals.

Just as the (static) graphs properties are studied in classic modal logic, we dedicate the

rest of this chapter to the study of the logics of the subclasses of reactive frames satisfying

some of these properties.

Our strategy is the same as we used for the general case. Givena class of reactive frames

and set of candidate axioms, we first check if they correspondto the reactive frame property

in question (in some cases we only have soundness). Then we prove completeness in steps:

• we establish that the logic they originate is complete with respect to class of shattered

frames with a certain property by analysing its canonical model;

• we check that its subclass of cs-frames validates exactly the same formulas by present-

ing a transformation from shattered models to cs-models (blow up trick) preserving

the shattered properties we are considering plus that each shattered model is a bounded

morphic image of a generated submodel of its transformation;
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• we show that folding these cs-frames gives origin to reactive frames with the required

property, thus obtaining the result by applying Proposition 4.1.10 like in Corollary

4.1.11.

Reflexivity and transitivity

Now we study some subclasses of reactive frames obtained by imposing properties that

generalise the notions of reflexivity and transitivity in the static case and axiomatise them.

Let us introduce some variations of the blow up trick that work for all the next cases.

Proposition 4.2.5.Given a X-shattered modelM = (W,R,P,V) we define

Bi(M) = (Wi ,Ri ,Pi ,Vi)

for i = 1,2,3,4:

1. • W1 = {(x, (y,0)), (x, (y,1)) ∶ xPy} ∪W× {∗},
• (x, i)R1(y, j) iff i = ∗ & x = y or

(i = (x′,a) & j = (y′,b) &

(b = ∣a− 1∣ & y = t′(x,y′) or i = j & y = t′(x, x))),
• (x, i)P1(y, j) iff i = j & (i = 1→ x = y),
• (z, i) ∈ V1(p) iff z∈ V(p).

2. • W2 = {(tn(c),n,c,d, i) ∶ cPd; i = 0,1,∗; n < ω},
• (a,b,c,d, i)R2(a′,b′,c′,d′, i′) iff (c,d) = (c′,d′) &

(i = ∗ & (a,b) = (a′,b′) or

i ≠ ∗ & aRa′ &

(a = t(a′) & b = b′ + 1 & i = i′ or

a′ = c′ = d′ & b′ = 0 & i = ∣i′ − 1∣)),
• w = (a,b,c,d, i)P2(a′,b′,c′,d′, i′) = w′ iff (d, i) = (d′, i′) &

(i = ∗→ w = w′)
• (a,b,c,d, i) ∈ V2(p) iff a ∈ V(p).

3. • W3 = {((x,y),n), (x,n) ∶ xPy,n < ω},
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• (x, i)R3(y, j) iff y = (y1,y2) &

(x ∈ W & (x = y1 & i = j or j > i & y1 = y2) or

x = (x1, x2) & j > i & x1Ry1 = y2),
• (x, i)P3(y, j) iff i = j & (x ∈ W & x = y or x= (x1,w) & y = (y1,w)),
• (x, i) ∈ V3(p) iff x ∈ W & x ∈ V(P) or x = (x1, x2) & x1 ∈ V(p).

4. • W4 = W3,P4 = P3 & V4 = V3,

• (x, i)R4(y, j) iff y = (y1,y2) &

(x ∈ W & (x = y1 & i = j or j > i & y1 = y2) or

x = (x1, x2) & j > i & t′(x1,y2) = y1).

where t, t′ are defined by

• t(w) = v be such that vRwPv if there is such v, otherwise it is undefined,

• t′(w,v) = v′, such that wRv′Pv and wRv→ v′ = v if there is such a v′, and is undefined

otherwise.

As usual t0(w) = w and tn+1(w) = t(tn(w)).
We claim thatBi(M) is a X-cs-model andM is a bounded morphic image of a generated

submodel ofBi(M) for i = 1,2,3,4.

Remark 4.2.6. Any of these constructions could have been used in Theorem 4.2.4 instead

of B.

Proof. 1. B1(M) is a X-cs-model andM is a bounded morphic image of the submodel

of B1(M) generated byW′
1 = {(x, (y,0)), (x, (y,1)) ∶ xPy}:

• the existence of an initial family and thatV1 is an X-admissible valuation are

dealt just like in prop. 4.2.4.

Let us check that it is coherent. Given(x, i), (y, j), (z,k) ∈ W1. If (y, j)P1(z,k)
then j = k. Let us assume that we also have(x, i)R1(y, j) and(x, i)R1(z,k). If

i = ∗ we getx = y = z. If i = (z,a) then j = (w,b) = k. If a = b theny = t(x, x) = z

and ifa ≠ b theny = t(x,w) = z. In any case(y, j) = (z,k).
• let f ∶ W′

1 →W be defined by:f ((x, i)) = x. It is straightforward to see that it is

a surjective function, let us see that it is actually a p-morphism:
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– f is a p-morphism inR

* (x, (x′, i))R1(y, (y′, j)) then ory = t′(x,y′) or y = t′(x, x). In both cases

f ((x, i)) = xRy= f ((y, j)),
* f ((x, (t,a)))Ry then we have thatt′(x,y) = y,

hence(x, (t,a))R1(y, (y, ∣a− 1∣));
– f is a p-morphism inP

* (x, i)P1(y, j) theni = j and sof ((x, i)) = xPy= f ((y, j)),
* f ((x, i))Py then(x, i)P1(y, i);

– f is a p-morphism inV, is trivial since by definition(x, i) ∈ V1(p) iff

f ((x, i)) = x ∈ V.

2. B2(M) is aX-cs-model andM is a bounded morphic image of the submodel ofB2(M)
generated byW′

2 = {(tn(c),n,c,d, i) ∶ cPd; i = 0,1;n < ω}:

• it is easy to verify thatV2 is admissible and that any choice ofI , picking one el-

ement from eachP-class and containing{(tn(c),n,c,d,∗) ∶ cPd; n < ω}, works

as initial family.

Let us check that it is coherent. Givenw = (a,b,c,d, i), w′ = (a′,b′,c′,d′, i′) and

w′′ = (a′′,b′′,c′′,d′′, i′′) in W2. If w′P′w′′ then(d′, i′) = (d′′, i′′). Let us assume

that we also havewR2w′ andwR2w′′ so (c′,d′) = (c,d) = (c′′,d′′). If i = ∗ we

get(a,b) = (a′,b′) = (a′′,b′′). Otherwise, if eitheri = i′ or i = i′′ theni = i′ = i′′,

so b′ = b − 1 = b′′ and a = tb′(c) = tb′′(c) = a′′. If i ≠ i′ then b = b′ = 0,

a′ = c′ = d′ = d′′ = c′′ = a′′. Hence, in any case,w′ = w′′.

• let f ∶ W′
2→W be defined byf ((a,b,c,d, i)) = a.

It is straightforward to see that it is a surjective function, let us see that it is

actually a p-morphism:

The condition in the valuation is trivial as before;

– f is a p-morphism inR

* w = (a,b,c,d, i)R2(a′,b′,c′,d′, i′) = w′ then f ((x, i)) = aRb= f ((y, j)),
* f ((a,b,c,d, i))Ry then or(a,b,c,d, i)R2(y,0,y,y, ∣i − 1∣);

– f is a p-morphism inP
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* w = (a,b,c,d, i)P2(a′,b′,c′,d′, i′) = w′ thenaPcPd= d′Pc′Pa′. Thus,

by transitivity ofP, we obtainf (w) = aPa′ = f (w′).
* f ((a,b,c,d, i))Py then(a,b,c,d, i)P2(y,0,y,d, i).

3. B3(M) is aX-cs-model andM is a bounded morphic image of the submodel ofB3(M)
generated byW′

3 = {((x,y),n) ∶ xPy,n < ω}:

• the existence of an initial family and the admissibility ofV3 are dealt as before

(in this case the generator is{(x,n) ∶ n < ω}).
Let us check that it satisfies coherence. Given(x, i), (y, j), (z,k) ∈ W3. Let

us assume that we have(x, i)R3(y, j), (x, i)R3(z,k) and(y, j)P3(z,k) theny =

(y1,w), z = (z1,w) and j = k. So, eitheri = j = k, in which case,x ∈ W and

y1 = x = z1; or i < j = k andy1 = w = z1.

• let f ∶ W′
3→W be defined by:f ((x,y), i)) = x.

It is straightforward to see that it is a function. Let us see that it is also a p-

morphism (the condition inV is dealt as before):

– f is a p-morphism inR

* ((x1, x2), i)R3((y1,y2), j) then

f (((x1, x2), i)) = x1Ry1 = f (((y1,y2), j)),

* f (((x1, x2), i))Ry then((x1, x2), i)R3((y,y), j) for any j > i;

– f is a p-morphism inP

* ((x1, x2), i)P3((y1,y2), j) then

f (((x1, x2), i)) = x1Px2 = y2Py1 = f (((y1,y2), j)),

* f ((x1, x2), i)Py then((x1, x2), i)P3((y, x2), i).

4. Let us consider the morphism as in 3., we just need to check the conditions involving

R4:

• initiality is dealt as in 3.

Coherence: let us assume that we have(x, i)R4(y, j), (x, i)R4(z,k) and(y, j)P4

(z,k). Theny = (y1,w), z = (z1,w) and j = k. If x ∈ W then, if i = j = k

then x = y1 = z1 and if i < j = k theny1 = w = z1. Otherwisex = (x1, x2) and

y1 = t(x1,w) = z1.
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• ((x1, x2), i)R4((y1,y2), j) theny1 = t′(x1,y2) hence

f (((x1, x2), i)) = x1Ry1 = f (((y1,y2), j)),

• f (((x1, x2), i))Ry thent′(x1,y) = y thus((x1, x2), i)R4((y,y), j) for any j > i.

�

We start by analysing the subclasses of reactive frames (or models) that correspond to

the usual axioms for reflexivity and transitivity (with one operator).

Let us prove a lemma that will be useful throughout the chapter:

Lemma 4.2.7.Given a cs-frame(W,R,P) admitting as initial family I. Letγs andγ′s be

two I-initial paths,

l I(γs) ∼(I ,∆I) l I(γ′s).

Proof. lI(γs)α ∈ ∆I iff there is aβ such thatγsβ is an I -initial path (iff γ′sβ is an I -initial

path) andl I(β) = α iff l I(γ′s)α ∈ ∆I . Since clearlyt(l I(γs)) = l I(s) = t(l I(γ′s)) we get

l I(γs) ∼ l I(γ′s). �

Proposition 4.2.8. 1. A reactive frame(W,∆) (Π)-validates p→ ◇Rp iff it is strongly

reflexive, i.e. satisfies:

λw ∈ ∆→ λw ∼ λww ∈ ∆.

Let LT
X = LX ⊕ p→◇Rp.

2. LT
Π

is sound and complete with respect to the class of (allΠ-reactive models over)

strongly reflexive frames.

3. If X ≠ Π, LT
X is not sound and complete with respect to (all X-models over)any class

of reactive frames.

Proof. 1.

• Given a strongly reflexiveΠ-reactive modelM = (W,∆, ν) and λw ∈ ∆ such that

M, λw ⊧Π ϕ. Thus λw ∼ λww and, by Proposition 4.1.5,M, λww ⊧Π ϕ and so

M, λw ⊧Π ◇Rϕ.
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• Given a non strongly reactive frame(W,∆). There exists someλw ∈ ∆ such that

λw /∼ λww, so we have two cases.

Eitherλww ∉ ∆ so if we takep ∈ Π and pickν such thatλw ∈ ν(p) andλww′ ∉ ν(p)
for all λww′ ∈ ∆ in which case

(W,∆, ν), λw ⊧ p∧ ¬◇R p.

Or, there isβ = w1 . . .wn such that we do not haveλwβ ∈ ∆↔ λwwβ ∈ ∆. We consider

w0 = t(λ) = t(γ), p0, . . . , pn and pickν such thatα ∈ ν(pi) iff t(α) = wi. Letϕ = ◇Rϕβ

be as defined in proposition (4.1.5.2). Ifλwβ ∈ ∆ but λwwβ ∉ ∆ thenλw satisfies

ψ = (p0 ∧ ϕ) ∨ ¬p0 andλww does not. Ifλwβ ∉ ∆ but λwwβ ∈ ∆ thenλw satisfies

¬ψ = ¬(p0 ∧ ϕ) ∧ p0 andλww does not. Since noλww′ ∈ ∆ with w′ ≠ w satisfiesp0

and bothψ and¬ψ imply p0 (which is only satisfied at paths withw as end point), we

know that either(W,∆, ν), λw /⊧ ψ →◇Rψ or (W,∆, ν), λw /⊧ ¬ψ →◇R¬ψ

Imposing the usual axiom for reflexivity forces a very strongnotion of reflexivity in re-

active frames. Strong reflexivity imposes that, no matter which path we have covered, we

can always loop without any change to the accessible worlds.

2. Soundness ofLT
Π comes easily from the soundness of the new axiom which has just

been established.

Let us prove thatLT
Π = {ϕ ∶ ϕ is valid in every strongly reflexive reactive frame}:

• using lemma (4.2.2) it is easy to check that the canonical model for LT
Π

is aΠ-shattered

model(W,R,P,V) whereR is reflexive. Since everycs-frame is also a shattered frame

we have that:

LT
Π

= {ϕ ∶ ϕ is true in everyΠ-shattered model(W,R,P, ν) whereR is reflexive}
⊆ {ϕ ∶ ϕ is true in everyΠ-cs model(W,R,P, ν) whereR is reflexive}.

• B1 preservesR-reflexivity:

Given(x, i) the casei = ∗ is trivial and if i = (x′,a) we have

(x, (x′,a))R2(t′(x, x), (x′,a)) = (x, (x′,a))

sincet′(x, x) = x. Hence

LT
Π = {ϕ ∶ ϕ is true in everyΠ-cs model(W,R,P, ν) whereR is reflexive}.
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• given aR-reflexivecs-frameF = (W,R,P) with initial family I , (I ,∆I) is a strongly

reflexive reactive frame:

Let λw ∈ ∆I , so there isγ ∈ W∗ and s ∈ W such thatγs is an I -initial path and

l I(γs) = λw. SinceF is R-reflexive we have thatγss is also anI -initial path and

clearly l I(γss) = λww ∈ ∆. Applying Lemma 4.2.7 we conclude thatλw ∼ λww.

3. Let X ⊊ Π and a class of reactive framesF.

If there is a reactive frameF = (W,∆) ∈ F then letλ ∈ ∆ andp ∈ Π − X. We pickν such

thatλ ∈ ν(p) andλw ∉ ν(p) for all λw ∈ ∆. So

(W,∆, ν), λw ⊧ p∧ ¬◇R p.

If F is the empty class it validates�. Since there areΠ-reactive models over strongly

reflexive frames andLT
X ⊆ LT

Π we conclude that

LT
X ⊊ {ϕ ∶ ϕ is valid in allF ∈ F} ∋ �.

�

Notice that to have reactive frame completeness we have to impose thatX = Π. This will

also happen in the next case.

Proposition 4.2.9. 1. A reactive frame(W,∆) (Π-)validates◇R ◇R p → ◇Rp iff it is

strongly transitive, i.e. satisfies:

λww′w′′ ∈ ∆→ λww′w′′ ∼ λww′′ ∈ ∆.

Let L4
X = LX ⊕◇R◇R p→◇Rp.

2. L4
Π is sound and complete with respect to the class ofΠ-reactive models over strongly

transitive frames.

3. If X ≠ Π, L4
X is not sound and complete with respect to (all X-models over)any class

of reactive frames.

Proof. 1.

• Given a strongly transitive reactive modelM = (W,∆, ν) andλw ∈ ∆ such thatM, λw ⊧

◇R◇R ϕ then there arew′,w′′ ∈ W such thatλww′w′′ ∈ ∆ andM, λww′w′′ ⊧ ϕ. Thus

λww′w′′ ∼ λww′′ ∈ ∆ and, by Proposition 4.1.5,M, λww′′ ⊧ ϕ henceM, λw ⊧◇Rϕ.

99



• Given a non strongly transitive reactive frame(W,∆). There isλww′w′′ ∈ ∆ such that

λww′w′′ /∼ λww′′ then we have two cases:

Eitherλww′′ ∉ ∆ which impliesw′′ ≠ w′. Hence, if we takep ∈ Π and pickν such that

λww′w′′ ∈ ν(p) andλwv∉ ν(p) for all λwv ∈ ∆, in which case

λw ⊧◇R◇R p∧ ¬◇R p.

Or there isβ such that we do not haveλww′w′′β ∈ ∆ ↔ λww′′β ∈ ∆. In which case

we pickw0 = w′′ and defineψ as in proposition (4.2.8.1). As before we conclude that

either(W,∆, ν), λw /⊧◇R◇Rψ →◇Rψ or (W,∆, ν), λw /⊧◇R◇R¬ψ →◇R¬ψ.

Similarly to the case of strong reflexivity, strong transitivity imposes that, regardless of the

path we have covered, every world accessible in two steps is accessible in one and that the

set of accessible worlds is the same in both cases.

2. Soundness ofL4
Π comes easily from the soundness of the new axiom which has just

been established.

Let us prove thatL4
Π = {ϕ ∶ ϕ is valid in every strongly reflexive reactive frame} :

• using lemma (4.2.2) it is easy to check that the canonical model for L4
X is a shattered

model(W,R,P,V) whereR transitive.

• B3 preservesR-transitivity:

If (x1, i1)R3(x2, i2)R3(x3, i3) thenxk = (xk,1, xk,2) for k = 2,3, i1 ≤ i2 < i3 andx3,1 = x3,2.

If x1 ∈ W then immediately we conclude(x1, i1)R3(x3, i3). If x1 = (x1,1, x1,2) then

x1,1Rx2,1Rx3,1. Hencex1,1Rx3,1 = x3,2 and(x1, i1)R3(x3, i3).

• given aR-transitivecs-frame with initial family I , (I ,∆I) is a strongly transitive reac-

tive frame:

Let λww′w′′ ∈ ∆I , so there isγ ∈ W∗ ands, s′, s′′ ∈ W such thatγss′s′′ is an I -initial

path andl I(γss′s′′) = λww′w′′. SinceF is R-transitive we have thatγss′′ is also an

I -initial path and clearlyl I(γss′′) = λww′′ ∈ ∆. Applying Lemma 4.2.7 we conclude

thatλww′w′′ ∼ λww′′.

3. Let X ⊊ Π and a class of reactive framesF.
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If there is a reactive frameF = (W,∆) ∈ F with a path of length three,w0w1w2, let ν be

such thatw0w1w2 ∈ ν(p) andw0v ∉ ν(p) for all w0v ∈ ∆. Then(W,∆, ν),w0 ⊧ ◇R◇R p∧

¬◇R p.

Given a reactive frame(W,∆) such that there are now0,w1,w2 ∈ W such thatw0w1w2 ∈ ∆

then it validates◇R◻R � but◇R◻R� ∉ LT
X since

L4
X ⊆ L4

Π ⊆ {ϕ ∶ ({a},{a}∗, ν) ⊧ ϕ & ν(p) = {a}∗ for all p ∈ Π} /∋◇R◻R�.

So if there is no frame with a path of length three inF (in particular ifF is empty) then

L4
X ⊊ {ϕ ∶ ϕ is valid in all F ∈ F}.

�

Let us consider some variants of these axioms and see that they axiomatise other gener-

alised notions of reflexivity and transitivity.

Proposition 4.2.10. 1. A reactive frame(W,∆) X-validates p→ ◇R ◇P p iff it is out-

wardly reflexive, i.e. satisfies:

λw ∈ ∆→ λww∈ ∆.

LTo
X = LX ⊕ p→◇R◇P p is sound and complete with respect to the class of X-reactive

models over outwardly reflexive frames.

2. Let LTi
X = LX ⊕ p→ ◇P ◇R p. If X = Π, LTi

Π
is sound and complete with respect to the

class ofΠ-reactive models overinwardly reflexiveframes, i.e. satisfying:

λw ∈ ∆ → ∃λ′ λw ∼ λ′ww ∈ ∆.

If X ⊊ Π, LTi
X is not sound with respect to (all X-models over) any class of reactive

frames.

3. A reactive frame(W,∆) X-validates◻Pp→◇P ◇R p iff is lightly reflexive, i.e. satis-

fies:

w ∈W→ ∃λ λww.

LTl
X = LX⊕◻Pp→◇P◇Rp is sound and complete with respect to the class of X-reactive

models over inwardly reflexive frames.
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It is clear that strong reflexivity implies inward and outward reflexivity and both imply light

reflexivity.

Proof.

1. Given aX-reactive modelM = (W,∆, ν) over a outwardly reflexive reactive frame and

λw ∈ ∆ such thatM, λw ⊧ ϕ, then sinceλww ∈ ∆ andt(λw) = t(λww) we haveM, λww ⊧

◇Pϕ and soM, λw ⊧◇R◇P ϕ.

If a reactive frame(W,∆) is not outwardly reflexive then there exists someλw ∈ ∆ such

thatλww ∉ ∆. Picking ap ∈ Π and choosing aν such thatλ′ ∈ ν(p) iff t(λ′) = w. Now we

have that(W,∆, ν), λw ⊧ p∧ ¬◇R◇Pp.

Soundness ofLTo
X comes easily from the soundness of the new axiom which has just been

established.

Using the same strategy as before we will obtain the equality:

LTo
X = {ϕ ∶ ϕ is X-valid in every outwardly reflexive reactive frame}.

• q → ◇R ◇P q is a Sahlqvist formula and so the canonical frame(W,R,P) for LTo
X

satisfies:

∀w∃w′wRw′Pw (a)

since it is the first-order correspondent to the new axiom.

• B1 preserves property (a):

Given(x, i), if i = ∗ then(x, i)R1(x, i)P1(x, i) and if i = (x′,a) then by property (a)

there existsy such thatxRyPxthust′(x, x) is defined and(x, i)R1(t′(x, x), i)P1(x, i).

• let (W,R,P) be acs-frame satisfying property (a) andI an initial family. (I ,∆I) is a

outward reflexive reactive frame:

Let λw ∈ ∆I then there areγ ∈ W∗ and s ∈ W such thatγs is an I -initial path and

l I(γs) = λw. By property (a) there existst ∈ W such thatsRtPs(which impliestPw)

thusγst is also anI -initial path andl I(γst) = λww ∈ ∆I .

2. To establish soundness we have just to check if the added axiom is sound: given

aΠ-reactive modelM = (W,∆, ν) over a inwardly reflexive reactive frame andλw ∈ ∆ such
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thatM, λw ⊧ ϕ then since existsλ′ such thatλ′ww ∈ ∆ andλw ∼ λ′ww. Thus by proposition

(4.1.5) we haveM, λ′ww⊧ ϕ and sincet(λw) = t(λ′w) we have thatM, λw ⊧◇P ◇Rϕ.

For completeness we proceed as before:

• p→ ◇P ◇R q is a Sahlqvist formula and so the canonical frameF = (W,R,P) for LTi
Π

satisfies:

∀w∃w′wPw′Rw (b)

since it is its first-order correspondent.

• B2 preserves property (b): givenw = (a,b,c,d, i) ∈ W2, if i = ∗ thenwP2wR2w and if

i ≠ ∗ then(a,b,c,d, i)P2(t(a),b+ 1,c,d, i)R2(a,b,c,d, i).

• let (W,R,P) be acs-frame satisfying property (b) andI an initial family. (I ,∆I) is a

inwardly reflexive reactive frame:

Let λw ∈ ∆I , so there isγ ∈ W∗ and s ∈ W such thatγs is an I -initial path and

l I(γs) = λw. By property (b) there existst ∈ W such thattRsPt. From the initiality of

I we know that there is someγ′ such thatγ′t is an I -initial path, thusγ′ts is also an

I -initial and l I(γst) = l I(γ)ww= λ′ww ∈ ∆I . Applying Lemma 4.2.7 we conclude that

λw ∼ λ′ww.

So

LTi
Π = {ϕ ∶ ϕ is valid in every inwardly reflexive reactive frame}.

Given X ⊊ Π and a reactive frame(W,∆) there is aX-reactive modelM = (W,∆, ν),
λ ∈ ∆ andϕ such thatM, λ /⊧ ϕ → ◇Rϕ: givenλw ∈ ∆ and somep ∈ Π − X, let ν such that

λw ∈ ν(p) andλ′ww ∉ ν(p) for all λ′ww ∈ ∆. So

(W,∆, ν), λw ⊧ p∧ ¬◇R◇p.

3. LetM = (W,∆, ν) be aX-reactive model over a lightly reflexive reactive frame and

λw ∈ ∆ such thatM, λw ⊧ ◻Pϕ. Since there existsλ′ such thatλ′ww ∈ ∆ andt(λw) = t(λ′ww)
we haveM, λ′ww⊧ ϕ and soM, λ′w ⊧◇Rϕ henceM, λw ⊧◇P ◇Rϕ.

If a reactive frame(W,∆) is not lightly reflexive then there exists somew ∈ W for which

there is noλ ∈ ∆ such thatλww ∈ ∆. So we pick ap ∈ Π and choose aν such thatλ′ ∈ ν(p)
iff t(λ′) = w. Now we have that(W,∆, ν),w ⊧ ◻Pp∧ ¬◇P ◇Rp.
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Soundness ofLTi
X comes easily from the soundness of the new axiom which has just been

established.

For completeness, as before:

• ◻p→◇P◇Rq is a Sahlqvist formula and (just as before) the canonical frame(W,R,P)
for LTo

X satisfies:

∀w∃w′w′′ wPw′Rw′′Pw, (c)

since it is its first-order correspondent.

• B1 preserves property (c): given(x, i) ∈ W1, if i = 1 then

(x, i)P1(x, i)R1(x, i)P1(x, i)

and if i = (x′,a) then by property (c) there existy,z such thatxPyRzPxthust′(y,y) is

defined and

(x, i)P1(y, i)R1(t(y,y), i)P1(x, i).

• let (W,R,P) be acs-frame satisfying property (c) andI an initial family. (I ,∆I) is a

lightly reflexive reactive frame:

Let λw ∈ ∆I then there ares, t such thatl I(s) = w = l I(t) and sRt. By initiality of

I there is anI -initial path ending ins, γs, makingγst also anI -initial path, hence

l I(γ)ww= λ′ww ∈ ∆.

So

LTl
X = {ϕ ∶ ϕ is X-valid in every lightly reflexive reactive frame}.

�

Proposition 4.2.11. 1. A reactive frame(W,∆) X-validates◇R◇R p→◇R◇P p iff it is

left transitive, i.e. satisfies:

λww′w′′ ∈ ∆→ λww′′ ∈ ∆.

L4l
X = LX ⊕ ◇R ◇R p → ◇R ◇P p is sound and complete with respect to the class of

X-reactive models over left transitive reactive frames.

104



2. A reactive frame(W,∆) X-validates◇R◇R p→◇P◇R◇Pp iff it is middle transitive,

i.e. satisfies:

λww′w′′ ∈ ∆→ ∃λ′ λ′ww′′ ∈ ∆.

L4m
X = LX ⊕◇R◇R p→◇P ◇R◇Pp is sound and complete with respect to the class of

X-reactive models over middle transitive reactive frames.

3. Let L4r
X = LX ⊕ ◇R ◇R p → ◇P ◇R p. L4r

Π
is sound and complete with respect to the

class ofΠ-reactive models overright transitivereactive frames, i.e. satisfying:

λww′w′′ ∈ ∆→ ∃λ′ λww′w′′ ∼ λ′ww′′ ∈ ∆.

If X ⊊ Π, L4r
X is not sound and complete with respect to (all X-models over)any class

of reactive frames.

4. A reactive frame(W,∆) X-validates◇R ◇P ◇Rp → ◇R ◇P p iff it is globally left

transitive, i.e. satisfies:

λww′, λ′w′w′′ ∈ ∆→ λww′′ ∈ ∆.

L
4gl

X = LX ⊕◇R◇P◇Rp→◇R◇P p is sound and complete with respect to the class of

X-reactive models over globally left transitive reactive frames.

5. A reactive frame(W,∆) X-validates◇R◇P◇Rp→◇P◇R◇Pp iff it is globally middle

transitive, i.e. satisfies:

λww′, λ′w′w′′ ∈ ∆→ ∃λ′′ λ′′ww′′ ∈ ∆.

L4gm

X = LX⊕◇R◇P◇Rp→◇P◇R◇Pp is sound and complete with respect to the class

of X-reactive models over globally transitive reactive frames.

6. Let L4gr

X = LX⊕◇R◇P◇Rp→◇P◇R p. L4gr

Π is sound and complete with respect to the

class ofΠ-reactive models overglobally right transitivereactive frames, i.e. satisfies:

λww′, λ′w′w′′ ∈ ∆→ ∃λ′′ λ′w′w′′ ∼ λ′′ww′′ ∈ ∆.

If X ⊊ Π, L4gr

X is not sound and complete with respect to (all X-models over)any class

of reactive frames.

It is clear that strong transitivity implies left, middle and right transitivity. Both left and

right transitivity imply middle transitivity and all of them are implied by its global version.
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Proof. 1. Given aX-reactive modelM = (W,∆, ν) over a left transitive reactive frame and

λw ∈ ∆ such that

M, λw ⊧◇R◇R ϕ,

i.e. there arew′,w′′ such thatλww′w′′ ∈ ∆ andM, λww′w′′ ⊧ ϕ. By left transitivity we get

thatλww′′ ∈ ∆ and sincet(λww′w′′) = t(λww′′) we have

M, λw ⊧◇R◇P ϕ.

If a reactive frame(W,∆) is not left transitive then there existsλww′w′′ ∈ ∆ such thatλww′′ ∉

∆. So we pick ap ∈ Π and choose aν such thatγ ∈ ν(p) iff t(γ) = w′′. Now we have that

(W,∆, ν), λw ⊧◇R◇R p∧ ¬◇R◇Pp.

Soundness ofL4l
X follows from the soundness of the new axiom which has just been estab-

lished.

Let us prove thatL4l
X = {ϕ ∶ ϕ is X-valid in every left transitive reactive frame}:

• ◇R◇R p→ ◇R◇P p is a Sahlqvist formula and so the canonical model(W,R,P) for

L4l
X satisfies:

∀tvw∃w′ tRvRw→ tRw′Pw, (LT)

since it is its first-order correspondent.

• B4 preserves property (LT):

Given(xk, ik) ∈ W4 for k = 1,2,3 such that(x1, i1)R4(x2, i2)R4(x3, i3). So i1 ≤ i2 < i3,

xk = (xk,1, xk,2) for k = 2,3. If x1 ∈ W we have that

(x1, i1)R4((x3,2, x3,2), i3)P4(x3, i3).

If x1 = (x1,1, x1,2) then x1,1Rx2,1Rx3,1, hence, by property (LT), there isx such that

x1,1RxPx3,1(Px3,2). Thust′(x1,1, x3,2) is defined and

(x1, i1)R4((t′(x1,1, x3,2)), i3)P4(x3, i3).

• let (W,R,P) be acs-frame satisfying property (LT) andI an initial family. (I ,∆I) is a

left transitive reactive frame:

Let λww′w′′ ∈ I then there are someγ ∈ W∗ ands, s′, s′′ ∈ W such thatγss′s′′ is an

I -initial path andl I(γss′s′′) = λww′w′′. By (LT) there exists somet ∈ W such that

sRtPs′′Pw and soγst is anI -initial path. Hencel I(γst) = λww′′ ∈ ∆I .
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2. Given aX-reactive modelM = (W,∆, ν) over a middle transitive reactive frame and

λw ∈ ∆ such that

M, λw ⊧◇R◇R ϕ,

i.e. there arew′,w′′ such thatλww′w′′ ∈ ∆ andM, λww′w′′ ⊧ ϕ. By middle transitivity, there

is λ′ such thatλ′ww′′ ∈ ∆. Sincet(λww′w′′) = t(λ′ww′′) andt(λw) = t(λ′w) we have

M, λw ⊧◇P ◇R◇Pϕ.

If a reactive frame(W,∆) is not middle transitive then there existsλww′w′′ ∈ ∆ and noλ′

such thatλ′ww′′ ∈ ∆. So we pick ap ∈ Π and choose aν such thatγ ∈ ν(p) iff t(γ) = w′′.

Obtaining

(W,∆, ν), λw ⊧◇R◇R p∧ ¬◇P ◇R◇P p.

Soundness ofL4l
X follows from the soundness of the new axiom which has just been estab-

lished.

We prove completeness as before:

• ◇R◇R p→ ◇P ◇R◇Pp is a Sahlqvist formula and so the canonical model(W,R,P)
for L4m

X satisfies:

∀tvw∃t′w′ tRvRw→ tPt′Rw′Pw (MT)

since it is its first-order correspondent.

• B4 preserves property (MT):

Given(xk, ik) ∈ W4 for k = 1,2,3 such that(x1, i1)R4(x2, i2)R4(x3, i3). So i1 ≤ i2 < i3,

xk = (xk,1, xk,2) for k = 2,3. If x1 ∈ W we have that

(x1, i1)P4(x1, i1)R4((x3,2, x3,2), i3)P4(x3, i3).

If x1 = (x1,1, x1,2) thenx1,1Rx2,1Rx3,1 hence, by property (MT), there arex, x′ such that

x1,1PxRx′Px3,1(Px3,2)

and sot′(x, x3,2) is defined and

(x1, i1)P4((x, x1,2), i1)R4((t′(x, x3,2)), i3)P4(x3, i3).
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• let (W,R,P) be acs-frame satisfying property (MT) andI an initial family. (I ,∆I) is

a middle transitive reactive frame:

Let λww′w′′ ∈ I then there are someγ ∈ W∗ ands, s′, s′′ ∈ W such thatγss′s′′ is an

initial path andl I(γss′s′′) = λww′w′′. From property (MT) follows that there are some

t, t′′ ∈ W such thatsPtRt′′Ps′′. By initiality of I there is anI -initial pathγ′t, making

γ′tt′′ also anI -initial thus l I(γ′tt′′) = l I(γ′)ww′′ = λ′ww′′ ∈ ∆I .

SoL4m
X = {ϕ ∶ ϕ is X-valid in every middle transitive reactive frame}.

3. To estabilish soundness ofL4r
Π it is enough to verify soundness of the added axiom:

given aΠ-reactive modelM = (W,∆, ν) over a right transitive reactive frame andλw ∈ ∆

such that

M, λw ⊧◇R◇R ϕ,

so there arew′,w′′ such thatλww′w′′ ∈ ∆ andM, λww′w′′ ⊧ ϕ. By right transitivity there is

λ′ww′′ ∈ ∆ such thatλww′w′′ ∼ λ′ww′′ and so, by Proposition 4.1.5,M, λ′ww′′ ⊧ ϕ. Thus

M, λw ⊧◇P ◇Rϕ.

For completeness:

• ◇R◇R p→ ◇P ◇R p is a Sahlqvist formula and so the canonical model(W,R,P) for

L4r
Π

satisfies:

∀tvw∃t′ tRvRw→ tPt′Rw (RT)

since it is its first-order correspondent.

• B3 preserves property (RT):

Given(xk, ik) ∈ W3 for k = 1,2,3 such that(x1, i1)R3(x2, i2)R3(x3, i3). So i1 ≤ i2 < i3,

xk = (xk,1, xk,2) for k = 2,3 andx3,1 = x3,2. If x1 ∈ W then immediately we conclude that

(x1, i1)P3(x1, i1)R3(x3, i3). If x1 = (x1,1, x1,2) thenx1,1Rx2,1Rx3,1 = x3,2 so by property

(RT) there is ax such thatx1,1PxRx3,1 and so(x1, i1)P3((x, x1,2), i1)R3(x3, i3).

• let (W,R,P) be acs-frame satisfying property (RT) andI an initial family. (I ,∆I) is a

right transitive reactive frame:

Let λww′w′′ ∈ ∆I then there is anI -initial pathγs1s2s3 (si ∈ W) such thatl I(γs1s2s3) =
λww′w′′. By property (RT) there iss ∈ W such thats1PsRs3. From the initiality of
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I we know that there is someγ′ such thatγ′s is an I -initial path and soγ′ss3 is also

an I -initial. Applying Lemma 4.2.7 we conclude that∆I ∋ l I(γ′st) = l I(γ′)ww′′ =

λ′ww′′ ∼ λww′w′′.

Hence,

L4r
Π
= {ϕ ∶ ϕ isΠ-valid in every right transitive reactive frame}.

GivenX ⊊ Π and a (non-empty) class of reactive framesF:

• if there is a reactive frame(W,∆) ∈ F with a pathλw0w1w2, wherew0 ≠ w1, we pick

p ∈ Π − X andν such thatγ ∈ ν(p) iff γ = λw0w1w2. Thus

(W,∆, ν), λw0 ⊧◇R◇R p∧ ¬◇P ◇Rp.

• if F contains only reactive frames with paths of length bigger 2 of the formλwww′

then it validates◇R(ϕ ∧◇R⊺)→◇Pϕ. Consider thatL4r
X ⊆ L4r

Π
and the right transitive

Π-reactive model:M = ({0,1},{0,1,01,011}, ν) such thatλ ∈ ν(p) iff t(λ) = 1. It is

clear thatM,0 ⊧◇R(p∧◇R⊺) ∧ ¬◇P p and so:

L4r
X ⊊ {ϕ ∶ ϕ is valid in all F ∈ F}.

• if F contains only reactive frames with paths of length smaller then 3, following the

same reasoning as in proposition (4.2.9.3), together with the fact that the strong tran-

sitive reactive frame used there -({a},{a}∗) - is also a right transitive reactive frame,

we conclude thatL4r
X is not complete with respect toF.

4. Given aX-reactive modelM = (W,∆, ν) over a globally left transitive reactive

frame andλw ∈ ∆ such that

M, λw ⊧◇R◇P ◇Rϕ,

i.e. there arew′,w′′ ∈ W andλ′ such thatλww′, λ′w′w′′ ∈ ∆ andM, λ′w′w′′ ⊧ ϕ. By light left

transitivity, there isλww′′ ∈ ∆ and sincet(λww′′) = t(λ′w′w′′) we have

M, λw ⊧◇R◇P ϕ.

If a reactive frame(W,∆) is not globally left transitive then there isλww′, λ′w′w′′ ∈ ∆ such

thatλww′′ ∉ ∆. So we pick ap ∈ Π and choose aν such thatγ ∈ ν(p) iff t(γ) = w′′. Hence

(W,∆, ν), λw ⊧◇R◇P ◇Rp∧ ¬◇R◇Pp.
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Soundness ofL4l
X comes easily from the soundness of the new axiom which has just been

established.

We establish completeness as before:

• ◇R◇P ◇Rp→ ◇R◇P p is a Sahlqvist formula and so the canonical model(W,R,P)
for L

4gl

X satisfies:

∀tvv′w∃w′ tRvPv′Rw→ tRw′Pw, (LLT)

since it is its first-order correspondent.

• B4 preserves property (LLT):

Given(xk, ik) ∈ W4 for k = 1,2,3,4 such that(x1, i1)R4(x2, i2)P4(x3, i3)R4(x4, i4). So

i1 ≤ i2 = i3 < i4, xk = (xk,1, xk,2) for k = 2,3,4. If x1 ∈ W we have that

(x1, i1)R4((x4,2, x4,2), i4)P4(x4, i4).

If x1 = (x1,1, x1,2) then x1,1Rx2,1Px3,1Rx4,1 hence, by property (LLT), there isx such

thatx1,1RxP x4,1(Px4,1) and sot′(x1,1, x4,2) is defined and

(x1, i1)R4((t′(x1,1, x4,2)), i3)P4(x4, i4).

• given acs-frame(W,R,P) satisfying property (LLT) with initial familyI , (I ,∆I) is

a light left transitive reactive frame: Letλww′, λ′w′w′′ ∈ ∆I then there areI -initial

pathsγs1s2 andγ′s3s4 (si ∈ W) such thatl I(γs1s2) = λww′ and l I(γ′s3s4) = λ′w′w′′
(sos1Rs2Ps3Rs4). By property (LLT) there existss ∈ W such thats1RsPs4. Soγs1s is

also anI -initial path andl I(γs1s) = λww′′ ∈ ∆I .

Hence

L
4gl

X = {ϕ ∶ ϕ is X-valid in every light left transitive reactive frame}.

5. Given aX-reactive modelM = (W,∆, ν) over a light transitive reactive frame and

λw ∈ ∆ such that

M, λw ⊧◇R◇P ◇Rϕ,

i.e. there arew′,w′′ ∈ W andλ′ such thatλww′, λ′w′w′′ ∈ ∆ andM, λ′w′w′′ ⊧ ϕ. By globally

middle transitivity, there isλ′′ such thatλ′′ww′′ ∈ ∆, thus

M, λw ⊧◇P ◇R◇Pϕ.
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If a reactive frame(W,∆) is not globally middle transitive then there exists someλww′,

λ′w′w′′ ∈ ∆ such that for allλ′′ we haveλ′′ww′′ ∉ ∆. So we pickp ∈ Π andν such that

γ ∈ ν(p) iff t(γ) = w′′. Hence

(W,∆, ν), λw ⊧◇R◇P ◇Rp∧ ¬◇P ◇R◇P p.

Soundness ofL4l
X comes easily from the soundness of the new axiom which has just been

established.

Completeness:

• ◇R◇P◇Rp→◇P◇R◇Pp is a Sahlqvist formula and so the canonical model(W,R,P)
for L4l

X satisfies:

∀t,v,v′,w∃t′,w′ tRvPv′Rw→ tPt′Rw′Pw (GM)

since it is the first-order correspondent to the new axiom.

• B4 preserves property (GM):

Given(xk, ik) ∈ W4 for k = 1,2,3,4 such that(x1, i1)R4(x2, i2)P4(x3, i3)R4(x4, i4). So

i1 ≤ i2 = i3 < i4, xk = (xk,1, xk,2) for k = 2,3,4. If x1 ∈ W we have that

(x1, i1)P4(x1, i1)R4((x4,2, x4,2), i4)P4(x4, i4).

If x1 = (x1,1, x1,2) thenx1,1Rx2,1Px3,1Rx4,1 hence, by property (GM), there isx, x′ such

thatx1,1PxRx′Px4,1 and sot′(x, x4,2) is defined and

(x1, i1)P4((x, x1,2), i1)R4((t′(x, x4,2)), i3)P4(x4, i4).

• given acs-frame(W,R,P) satisfying property (GM) with initial familyI , (I ,∆I) is a

globally middle transitive reactive frame:

Let λww′, λ′w′w′′ ∈ ∆I then there areI -initial pathsγs1s2 andγ′s3s4 (si ∈ W) such that

l I(γs1s2) = λww′ and l I(γ′s3s4) = λ′w′w′′ (in particulars1Rs2Ps3Rs4). By property

(GM) there existst, t′ ∈ W such thats1PtRt′Rs4. By initiality of I , there is someγ′′

such thatγ′′t is an I -initial path and soγ′′tt′ is also anI -initial path andl I(γ′′tt′) =
λ′′ww′′ ∈ ∆I .

HenceL4gm

X = {ϕ ∶ ϕ is X-valid in every globally middle transitive reactive frame}.
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6. To establish soundness ofL4gr

Π it is enough to verify soundness of the added axiom:

given aΠ-reactive modelM = (W,∆, ν) over a globally right transitive reactive frame and

λw ∈ ∆ such that

M, λw ⊧◇R◇P ◇Rϕ,

i.e. there arew′,w′′ ∈ W andλ′ such thatλww′, λ′w′w′′ ∈ ∆ andM, λ′w′w′′ ⊧ ϕ. By globally

right transitivity we get that there isλ′′ such thatλ′′ww′′ ∼ λ′w′w′′, so by Proposition 4.1.5

we getM, λ′′ww′′ ⊧ ϕ and so

M, λw ⊧◇P ◇Rϕ.

For completeness:

• ◇R◇P ◇Rp→ ◇P ◇R p is a Sahlqvist formula and so the canonical model(W,R,P)
for L4gr

X satisfies:

∀tvv′w∃t′ tRvPv′Rw→ tPt′Rw (GR)

since it is its first-order correspondent.

• B3 preserves property (GR):

Given (xk, ik) ∈ W3 for k = 1,2,3,4 such that(x1, i1)R3(x2, i2)P3(x3, i3)R3(x4, i4).
So i1 ≤ i2 = i3 < i4, xk = (xk,1, xk,2) for k = 2,3,4 and x4,1 = x4,2. If x1 ∈ W

then immediately we conclude(x1, i1)P3(x1, i1)R3(x4, i4). If x1 = (x1,1, x1,2) then

x1,1Rx2,1Px3,1Rx4,1 = x4,2 so by property (GR) exists ax such thatx1,1PxRx4,1 and

so(x1, i1)P3((x, x1,2), i1)R3(x4, i4).

• given acs-frame(W,R,P) satisfying property (GR) with initial familyI , (I ,∆I) is a

globally right transitive reactive frame:

Let λww′, λ′w′w′′ ∈ ∆I then there areI -initial pathsγs1s2 andγ′s3s4 (si ∈ W) such that

l I(γs1s2) = λww′ andl I(γ′s3s4) = λ′w′w′′ (so s1Rs2Ps3Rs4). By property (GR) there

existss ∈ W such thats1PsRs4. By initiality of I , there is someγ′′ such thatγ′′s is an

I -initial path and soγ′′ss4, thusl I(γ′′ss4) = λ′′ww′′ ∈ ∆. Applying Lemma 4.2.7 we

conclude thatλ′w′w′′ ∼ λ′′ww′′.

So

L4gr

Π = {ϕ ∶ ϕ is valid in every globally right transitive reactive frame}.
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GivenX ⊊ Π, L4gr

X is not sound and complete for any class of reactive frames:

It follows from the proof in 3. for L4r
X . In the first case we can also conclude that the frame

does not validate◇R◇P◇Rp→◇P◇R p, thusL4rl
X ⊂ L4r

X is not sound in relation any class of

frames containing a reactive frame with a path of the formλw0w1w2 with w0 ≠ w1. Nor it is

complete with respect to the other two cases considered since both reactive frames used in

the proof are also globally right transitive.

�

Static and quasi-static

Proposition 4.2.12.We have that(◇P ◇R p → ◇R◇P p) ↔ (◇R ◻P p → ◻P ◇R p) ∈ LX,

and LS
X = LX ⊕◇P ◇R p→◇R◇P p = LX ⊕◇R◻P p→ ◻P ◇R p is sound and complete with

respect to the class of X-reactive models overstaticreactive frames, i.e. satisfying:

λw, λ′w ∈ ∆→ λw ∼ λ′w.

Notice that ifX = Π, the new axioms are equivalent to◇Pp→ p and that if we impose

this axiom instead we get a result limited to this case. This tells us that in the other cases

where we have this kind of restriction there may be better axiomatisations valid for allX.

Proof. Let comr
PR =◇P ◇R p→◇R◇P p andchrPR =◇R◻P p→ ◻P ◇R p.

• Using the equalityLr,X = LX:

– chrPR impliescomr
PR

M, λw ⊧ ◇P ◇R ϕ, sinceϕ → ◻P ◇P ϕ of P we haveM, λw ⊧ ◇P ◇R ◻P ◇P ϕ.

Applying chrPR we getM, λw ⊧ ◇P ◻P ◇R◇P ϕ and, again fromψ → ◻P ◇P ψ

(equivalent to◇P ◻P ψ→ ψ), we obtainM, λw ⊧◇R◇P ϕ.

– comr
PR implieschrPR

M, λw ⊧◇P◻Rϕ, sinceϕ→ ◻P◇Pϕ, we haveM, λw ⊧◇P◻R◻P◇Pϕ. Applying

comr
PR we getM, λw ⊧◇P ◻P ◻R◇P ϕ and, again from◇P ◻P ψ → ψ, we obtain

M, λw ⊧ ◻R◇P ϕ.

• Soundness ofLS
X comes easily from the soundness of the new axiom:
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Given aX-reactive modelM = (W,∆, ν) over a static frame andλw ∈ ∆ such that

M, λw ⊧ ◇P ◇R ϕ then there existsλ′ww′ ∈ ∆ such thatM, λ′ww′ ⊧ ϕ thusλww′ ∈ ∆

(sinceλw ∼ λ′w) andM, λw ⊧◇R◇P ϕ (sincet(λww′) = t(λ′ww′)).

• For completeness we proceed as before:

– ◇P ◇R p → ◇R ◇P p is a Sahlqvist formula and so the canonical modelF =

(W,R,P) for LS
X satisfiesPR-commutativity:

∀xyz∃y′ xPyRz→ xRy′Pz

since it is the first-order correspondent to the new axiom.

– PR-commutativity is preserved byB1:

Let (x, i), (y, j), (z,k) ∈ W′ such that(x, i)P′(y, j)R′(z,k). If i = ∗ then(x, i) =
(y, j) and(x, i)R′(z,k)P′(z,k). If i ≠ ∗ thenxPyRz, i = j = (x′,a) andk = (z′,b).
So existsy′ such thatxRy′Pz, and sot′(x,v) is defined for anyv such thatvPz.

Or i = j = k, sot′(x, x) is defined and(x, i)R′(t′(x, x),k)P′(z,k), or i = j ≠ k, so

t′(x,z′) is defined and(x, i)R′(t′(x,z′),k)P′(z,k).

• Given aPR-commutativecs-frame with initial familyI then(I ,∆I) is a static reactive

frame:

Let λw, λ′w ∈ ∆I so there isβb1 andβ′b′1 I -initial paths such thatl I(βb1) = λw and

l I(β′b′1) = λ′w. Let us see that for everyγ = w1 . . .wn we haveβb1γ iff exist γ′ =

v1 . . . vn such thatβ′b1γ
′ andviPwi for i = 1, . . . ,n. By induction onn (we do it only in

one direction, the other is the same):

– n = 1

βb1w1 is anI -initial path so byPR-commutativity existsv1 such thatb2Rv1Pw1

and soβ′b2v1 is anI -initial path.

– n+ 1

βb1w1 . . .wnwn+1 is anI -initial path so byPR-commutativity existsvn+1 such that

vnRvn+1 Pwn+1 and soβ′b2v1 is anI -initial path.

Hence we conclude thatλw ∼ λ′w.

�
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A static frame is a reactive frame that does not react, that is, the accessible worlds depend

only on the current world and not on how you get there. It is clear that from such a reactive

frame(W,∆) we can obtain a classic Kripke frame(W,R) where

R= {(w,v) ∶ wv ∈ ∆} = {(w,v) ∶ λwv∈ ∆}.

It is straightforward to see that in such a reactive frame allthe variants of transitivity and

reflexivity on reactive frames coincide with the usual notions on the correspondent Kripke

frame.

It is easy to see that a Kripke model over a general frame(W,R,P,A), whereP is an

equivalence class, is aΠ-shattered model iff A ⊆ 2W - the boolean algebra generated by the

P equivalence classes - is closed for the operators:mR(X) = {x ∈ W ∶ ∃y ∈ W such thatxRy}
andmP(X) = {x ∈ W ∶ ∃y ∈ W such thatxPy}. BeingP an equivalence relation,A is trivially

closed undermP. It is easy to see thatA being closed undermR, means that if a world is

in mR(X) so it must be all itsP-class, which corresponds toPR-commutativity. From the

point of view of reactivity, the use of (shattered) general frames to deal with the restrictions

over the valuations (even if only in the case ofX = Π) does not help, it demands a very strict

interaction betweenR andP, it corresponds, in the reactive level to ask it not to react!See

[60] for an equivalent presentation ofΠ-shattered models (with only◇R) and its relation

with general frames.

Proposition 4.2.13.Let LqS
X = LX ⊕ ◇R ◇P p → ◇P ◇R p. LqS

Π is sound and complete

with respect to the class of (Π-shattered models over)quasi-staticreactive frames, i.e. that

satisfy:

λww′, λ′w′ ∈ ∆→ ∃λ′′ λ′w′ ∼ λ′′ww′ ∈ ∆

If X ⊊ Π, LqS
X is not sound and complete with respect to (all X-models over)any class of

reactive frames.

Proof. • Soundness:

Given aΠ-reactive modelM = (W,∆, ν) over a quasi-static reactive frame andλw ∈ ∆

such thatM, λw ⊧◇R◇Pϕ then there existsλww′, λ′w′ ∈ ∆ such thatM, λ′w′ ⊧ ϕ thus

λ′w′ ∼ λ′′ww′ ∈ ∆ andM, λ′′ww′ ⊧ ϕ (by Lemma 4.1.5). HenceM, λw ⊧ ◇P ◇R ϕ

(sincet(λww′) = t(λ′ww′)).

• Completeness:
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◇R◇P p→ ◇P ◇R p is a Sahlqvist formula and so the canonical frameF = (W,R,P)
for LqS

X satisfiesRP-commutativity:

∀xyz∃y′ xRyPz→ xPy′Rz,

since it is the first-order correspondent to the new axiom.

GivenM = (W,R,P,V) a RP-commutative shattered frame, let(B5(M) =)M′ =
(W′,R′,P′,V′) be defined by:

– W′ = (W+)3 ∪ (W+)2 × {∗},
– (a,b,c)R′(a′,b′,c′) iff c = ∗ & a = a′ or

c ≠ ∗ ≠ c′ & o(a)Ro(a′) &

(a ∈ W & a′ = b′ = c′ or a ∉ W &

(b′ ≠ a′ ≠ c′ & r(a) = a′ or r(a) = b′ & a′ = c′ or r(a) = c′ & a′ = b′)),
– (a,b,c)P′(a′,b′,c′) iff (b,c) = (b′,c′) & o(a)Po(a′),
– (a,b,c) ∈ V′(p) iff o(a) ∈ V(p).

Whereo(w1 . . .wn) = w1, t(w1 . . .wn) = wn andr(w1 . . .wn) = w2 . . .wn.

We have that(W′,R′,P′) is aRP-commutative (B5 preservesRP-commutativity) cs-

frame and theM′ is a bounded morphic image ofM:

– (W′,R′,P′) is aRP-commutative Let(a,b,c)R′(a′,b′,c′)P′(a′′,b′′,c′′). If c = ∗

thena = a′ ando(a) = o(a′)Po(a′′) thus

(a,b,c)P′(a′′,b,c)R′(a′′,b′′,c′′).

If c ≠ ∗ ≠ c′ theno(a)Ro(a′)Po(a′′) so there isw such thato(a)PwRo(a′′). We

have three possibilities:

eitherb′ = b′′ ≠ a′′ ≠ c′′ = c′ and so(a,b,c)P′(wa′′,b,c)R′(a′′,b′′,c′′);
or a′′ = b′′ thus

(a,b,c)P′(wc′′,b,c)R′(a′′,b′′,c′′);
or elsea′′ = c′′ and

(a,b,c)P′(wb′′,b,c)R′(a′′,b′′,c′′).
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– Clearly V′ is admissible and any choice ofI picking one element from each

P-class and containing{(a,a,∗) ∶ a ∈ W+} works as an initial family.

– Let us check that it is coherent. Let(a,b,c)R′(a′,b′,c′), (a,b,c)R′(a′′,b′′,c′′)
and(a′,b′,c′)P′(a′′,b′′,c′′).
From(a′,b′,c′)P′(a′′,b′′,c′′) we conclude that(b′,c′) = (b′′,c′′). If c = ∗ then

a′ = a = a′′. If c ≠ ∗ ≠ c′, then ora ∈ W anda′ = b′ = c′ = c′′ = b′′ = a′′; or a ∉ W,

in which case we have three subcases: orb′ ≠ a′ ≠ c′ and sor(a) = a′ = a′′; or

a′ = b′, thusr(a) = c′ = c′′ anda′′ = b′′ = b′ = a′; or a′ = c′ andr(a) = b′ = b′′ so

a′′ = c′′ = c′ = a′. In any case,(a′,b′,c′) = (a′′,b′′,c′′).
– Let f ∶ (W+)3→W be defined byf ((a,b,c)) = o(a).

It is straightforward to see thatf is surjective, let us see that it is actually a

p-morphism:

The condition in the valuation is trivial as before;

* f is a p-morphism inR

· (a,b,c)R′(a′,b′,c′) then f ((a,b,c)) = o(a)Ro(a′) = f ((a′,b′,c′)),
· f ((a,b,c))Rw,

if a ∈ W then(a,b,c)R′(w,w,w) otherwise(a,b,c)R′(w, r(a),w);

* f is a p-morphism inP

· (a,b,c)P′(a′,b′,c′) then f ((a,b,c)) = o(a)Po(a′) = f ((a′,b′,c′)),
· f ((a,b,c))Pw then(a,b,c)P′(w,b,c);

• Given aPR-commutativecs-frame with initial familyI then(I ,∆I) is a such a reactive

frame:

Let λww′, λ′w′ ∈ ∆I , so there areγ, γ′ ∈ W∗ ands, s′, s′′ ∈ W such thatγss′ andγ′s′′

are I -initial paths,l I(γss′) = λww′ and l I(γ′s′′) = λ′w′. So sRs′Ps′′, thus there ist

such thatsPtRs′′. Let γ′′ be such thatγ′′t is an I -initial path,γ′′ts′′ is I -initial too.

Furthermore, using Lemma 4.2.7, we conclude thatλw′ ∼ λ′′ww′ = l I(γ′′ts′′).
�

It is clear that if a reactive frame is static then it is also quasi-static. Furthermore it is

interesting to notice that if a frame is static all the variants of transitivity and reflexivity

coincide.
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Open problem - symmetry

Our method does not seem to be so fruitful with the notions of generalised symmetry. We

are unable to prove reactive frame completeness. To prove that it is sound in relation to a

certain class of reactive frames and that it is complete to the correspondent class of shattered

frames is straightforward as before. However, completeness cannot be proved in the same

way. We just cannot simply pass from the shattered to cs-frames. Let us look just to the case

of strong symmetry.

Question 4.2.14.Let LB
X = LX ⊕ p → ◻R◇R p. Is LB

Π complete with respect to the class of

reactive frames that are strongly symmetric, i.e. satisfying:

λww′ ∈ ∆→ λw ∼ λww′w ∈ ∆ ?

We leave the question and add a brief explanation on how our attempts failed to prove it.

We present aR-reflexive shattered frame that cannot be transformed into acs-frame

using the classic backward truth preserving transformations.

If a shattered frame(W,R,P) with R ≠ ∅ satisfies for allw there isw′ such thatwPw′,

there is now′′ satisfyingw′Rw′′ or w′′Rw′, then it does not admit an initial family. Let us

assume the contrary, letI be its initial family and

A = {w ∶ there is now′ such thatwRw′ or w′Rw}.

SinceI R-generatesW, the isolated points must be inI , soA ⊆ I . From the fact thatI picks

only one element from eachP-class and for everyw there isw′ ∈ A such thatwPw′ we have

that I = A. As there is an element inW − A I does notR-generate allW. It is also clear

that a frame that has such a frame as generated subframe cannot have an initial family. Or

else the elements of the initial family of the bigger frame, present in the smaller one, would

be an initial family to the latest. Furthermore, the operation of taking pre-images, ultrafilter

extensions and ultrapowers preserve this (bad) property.

The following shattered frame({0,1},{(1,1)},{0,1}2) is R-symmetric and satisfies the

bad property. Hence classical ways of generating new modelsfrom old ones, preserving

modal satisfaction do not allow us to find a general recipe to convert the relevant shattered

frames into the correspondentcs-frames. In particular no variation of blow up will work.

This may not be due to the method’s limitations, instead it may be that the answer to

Question 4.2.14 is negative and that the missing axiom wouldrestrict us to a class of shat-

tered frames that do not have this property. We have not been able to prove either way.
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In the presence of (strong) reflexivity this problem disappears and the blow up method

works:

Proposition 4.2.15.Let LT B
X = LT

X ⊕ p→ ◻R◇R p = LB
X ⊕ p→ ◇Rp. LT B

Π
is sound and com-

plete with respect to the class of strongly symmetric reactive frames that are also strongly

reflexive.

Proof. Soundness is just as before obtained by checking thatp→ ◻R◇R p is sound:

Given a strongly symmetric reactive modelM = (W,∆, ν), λw ∈ ∆ such thatM, λw ⊧ ϕ,

andv such thatλwv ∈ ∆ thenλwv∼ λwvw∈ ∆. So, by Proposition 4.1.5,M, λwvw⊧ ϕ, thus

M, λwv⊧◇Rϕ. Hence andM, λw ⊧ ◻R◇Rϕ.

In this case we are able to prove completeness by applying theblow up method:

GivenM = (W,R,P,V) a R-symmetric andR-reflexive shattered model, let us define

(B6 =)M′ = (W′,R′,P′,V) by:

• W′ = ⋃n<ω W2n+1 ×⋃n<ω W2n+1,

• (x,y)R′(x′,y′) iff x = x′ or

(y = y′ & wRw′ & (x = z& x′ = z′ or x′ = z& x = z′) &

z= (w, v̄) & z′ = (w′,w′,w, v̄)),

• (x,y)P′(x′,y′) iff y = y′ & x = (w, v̄) & x′ = (w′, v̄) & wPw′,

• ((x1, . . . , xk),w) ∈ V′(p) iff x1 ∈ V(p),
wherev̄ = v1, . . . ,vk.

We have that(W′,R′,P′) is a cs-frame (whereR′ is clearly symmetric and reflexive) and

theM′ is a bounded morphic image ofM:

• clearly V′ is admissible and any choice ofI picking one element from eachP-class

and containing{(x,y) ∈ W′ ∶ x = y} works as an initial family.

• let us check that it is coherent. Given(x,y), (x′,y′), (x′′,y′′) ∈ W′. If (x′,y′)P′(x′′,y′′)
thenx′ = (v, v̄), x′′ = (v′, v̄) (so ∣x′∣ = ∣x′′∣) with wPw′ andy′ = y′′. Let us assume that

we also have(x,y)R′(x′,y′) and(x,y)R′(x′′,y′′).
If x = x′ andx ≠ x′′ then∣x′∣ = ∣x∣ ≠ ∣x′′∣ which contradicts(x′,y′)P′(x′′,y′′), sox = x′′.

The same applies ifx = x′′ andx ≠ x′.
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If x ≠ x′ and x′ ≠ x′′, then eitherx = (w, v̄) and x′ = (w′,w′,w, v̄) = x′′, or x =

(w′,w′,w, v̄) andx′ = (w, v̄) = x′′.

In any case:(x′,y′) = (x′′,y′′).

• let f ∶ W′
→W be defined byf (((w, x̄),y)) = w.

It is straightforward to see thatf is surjective, let us see that it is actually a p-

morphism.

The condition in the valuation is trivial as before;

– f is a p-morphism inR

* ((w, x̄),y)R′((w′, x̄),y′) then orw = w′ orwRw′, in any casef (((w′, x̄),y)) =
wRw′ = f (((w′, x̄),y′)),

* f (((w, x̄),v))Rw′ then(((w, x̄),v))R′(((w′,w′,w, x̄),v));
– f is a p-morphism inP

* ((w, x̄),y)P′((w′, x̄),y′) then f (((w′, x̄),y)) = wPw′ = f (((w′, x̄),y′)),
* f (((w, x̄),v))Pw′ then(((w, x̄),v))P′(((w′,w, x̄),v)).

In Proposition 4.2.8 we have checked that given aR-reflexive cs-frame with

initial family I then(I ,∆I) is a strongly reflexive reactive frame. Let us see now

that if thecs-frame is alsoR-symmetric then(I ,∆I) is also strongly symmetric:

Let λww′ ∈ ∆I , so there isγ ∈ W∗ and s, s′ ∈ W such thatγss′ is an I -initial

path andl I(γss′) = λww′. SinceF is R-symmetric we have thatγss′s is also

an I -initial path and clearlyl I(γss′s) = λww′w ∈ ∆. Applying Lemma 4.2.7 we

conclude thatλw ∼ λww′w.

�

This result tells us that if the answer to Question 4.2.14 is negative, the formula valid in

all strong symmetric reactive frames that is not inLB
X must be aLX-consequence ofp→◇Rp.

4.3 Decidability

All the completeness results we presented are based in the equality between the logics ob-

tained from certain classes of reactive frame semantics andsome classes ofX-shattered
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models, which are models over bimodal frames where one of therelations is an equivalence

relation.

Next we show that in some of these cases the filtration method is successful in proving

the strong finite model property. Since all of these logics are also finitely axiomatisable we

conclude that they are also decidable.

Proposition 4.3.1.Given a shattered modelM = (W,R,P,V) andΓ ⊆ Lr closed under taking

subformulas then let:

Γv = {ϕ ∶ ϕ ∈ Γ & M,v ⊧ ϕ},
v ∼Γ w iff Γv = Γw,

∣v∣ = {v′ ∶ v ∼Γ v′},
WΓ = {∣v∣ ∶ w ∈ W},

∣v∣Rσ∣w∣ iff ∃v′,w′ v′ ∈ ∣v∣ & w′ ∈ ∣w∣ & v′Rw′,

∣v∣Rτ∣w∣ iff for all ◇Rϕ ∈ Γ if M,v ⊧◇Rϕ thenM,w ⊧ ϕ ∧◇Rϕ,

∣v∣Peq∣w∣ iff for all ◇P ϕ ∈ Γ, (M,v ⊧◇Pϕ iffM,w ⊧◇Pϕ).

Notice that Rσ and Rτ are the known smallest and transitiveΓ-filtrations, see [38]. Then:

1. If R is reflexive then Rσ and Rτ are also reflexive.

2. If R is transitive then Rτ is also transitive.

3. If R is symmetric then Rσ is also symmetric.

4. Peq is aΓ-filtration and an equivalence relation.

5. If ∀w∃w′ wRw′Pw then∀∣w∣∃∣w′∣ ∣w∣R′∣w′∣P′∣w∣.

6. If ∀w∃w′ wPw′Rw then∀∣w∣∃∣w′∣ ∣w∣P′∣w′∣R′∣w∣.

7. If∀w∃w′w′′ wPw′Rw′′Pw then∀∣w∣∃∣w′∣∣w′′∣ ∣w∣P′∣w′∣R′∣w′′∣P′∣w∣. where R′ and P′ are

Γ-filtrations of R and P respectively.

Notice that ifΓ is finite then

∣WΓ∣ ≤ 2∣Γ∣ × 2∣Γ∣.
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Proof.

1. All filtrations preserve reflexivity, see [38].

2. Transitive filtrations preserve transitivity, see [38].

3. ∣v∣Rσ∣w∣ iff ∃v′,w′ v′ ∈ ∣v∣ & w′ ∈ ∣w∣ & v′Rw′ iff (by symmetry)∃v′,w′ v′ ∈ ∣v∣ & w′ ∈

∣w∣ & w′Rv′ iff ∣w∣Rσ∣v∣.

4. Peq is aΓ-filtration: vPwclearly implies that∣v∣Peq∣w∣ and if ∣v∣Peq∣w∣ then fromM,v ⊧

◇Pϕ we get thatM,w ⊧◇Pϕ, thus fromP-reflexivity we obtainM,v ⊧ ϕ.

SoPeq is clearly an equivalence relation.

5. Given∣w∣, there existsw′ such thatwRw′Pw so ∣w∣R′∣w′∣P′∣w∣. The last two claims are

proved similarly.

�

Corollary 4.3.2. LX, LT
Π
, LTo

X , LTi
Π

, LTl
X , L4

Π
, LT B

X have the exponential finite model property

and thus its decidability problem is co-NEXPTIME.

Proposition 4.3.3.Given a shattered modelM = (W,R,P,V) andΓ ⊆ Lr closed under taking

subformulas then let:

Γv = {ϕ ∶ ϕ ∈ Γ & M,v ⊧ ϕ},
v ∼Γ w iff Γv = Γw & {Γz ∶ vPz} = {Γz ∶ wPz},
∣v∣ = {v′ ∶ v ∼Γ v′},

WΓ = {∣v∣ ∶ w ∈ W},
∣v∣Rσ∣w∣ iff ∃v′,w′ v′ ∈ ∣v∣ & w′ ∈ ∣w∣ & v′Rw′,

∣v∣Pσ∣w∣ iff ∃v′,w′ v′ ∈ ∣v∣ & w′ ∈ ∣w∣ & v′Pw′.

Notice that Rσ and Rσ are the known smallest and transitive, see [38]. Then:

1. Pσ is aΓ-filtration and an equivalence relation.

2. If ∀xyz∃x′ xRyPz→ xPx′Ry then∀∣x∣∣y∣∣z∣∃∣x′∣ ∣x∣R∣y∣P∣z∣→ ∣x∣P∣x′∣R∣y.
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3. If ∀xyz∃x′ xPyRz→ xRx′Py then∀∣x∣∣y∣∣z∣∃∣x′∣ ∣x∣R∣y∣R∣z∣→ ∣x∣R∣x′∣P∣y.

Remark 4.3.4.This kind of modification on the filtration method was introduced in [26] and

was used in [25] to filtrate product frames where one of the components is an equivalence

relation. Indeed the logicLS
∅ = [K ,S5]. It is interesting that imposing the commutativity on

these operators coincides with not having reactivity.

Notice that ifΓ is finite then

∣WΓ∣ ≤ 2∣Γ∣ × 22∣Γ∣ .

Proof. From the definition ofPσ it is clear that its reflexivity and symmetry follow from

P’s reflexivity and symmetry. All the other claims follow fromthe fact that the equivalence

relations∼Γ andP commute.

Check in [23, Theorem .5.15] for the proof that

∃z x∼Γ zPy iff ∃u xPu∼Γ y. (4.1)

and that it implies thatPσ is also transitive (so (1)) and (2), in there the notation is different

R= Rh, P = Rv, R● = R∼h andPσ = R∼v .

We will proof that it also implies (3). Since it is not presentthere:

If ∣x∣R∣y∣R∣z∣ then there arex′,y′,y′′,z′ such that

x ∼Γ x′Py∼Γ y′ ∼Γ y ∼Γ y′′Rz′ ∼Γ z.

Using transitivity and 4.1 we get that there existsu such that

x ∼Γ x′PyRz′ ∼Γ u ∼Γ z

and using our hypothesis we obtain

x ∼Γ x′RwPz′ ∼Γ u ∼Γ z

and thus∣x∣P∣w∣R∣z∣. �

Corollary 4.3.5. LS
X, LqS

Π have the2-exponential finite model property and thus its decid-

ability problem is in co-N2EXPTIME.
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4.4 Discussion

Results Table 4.1 summarises this section main results. One can readalong its lines the

correspondence between logic, reactive frame property (including its dependence onX) and

the shattered frame unfolded property.

For example, in the first line we see that the logicLX corresponds to all shattered frames

and to the whole class of (X-models over) reactive frames, hence being the smallest (mini-

mal) reactive logic. In general there is a dependence onX. For instance in the sixth line we

see that the completeness ofLT
X = L ⊕ p → ◇p with respect to the class of (allX-models

over) strong reflexive reactive frames requires thatX = Π, i.e. that all variables have to be

fixed.

Question 4.4.1.Can this dependence be avoided by a more inspired choice of axiom as in

the case of static reactive frames (Proposition 4.2.12) ?

Filtration: failed cases We have failed to find working filtration methods forL4l
X , L4m

X , L4r
Π ,

L
4gl

X , L4gm

X , L4gr

Π , so we ask:

Question 4.4.2.Does some variation of the filtration method work in these cases as well?

Do these logics have the f.m.p.?

Accumulation of properties. It is not clear whether the combination of the axioms corre-

sponding to certain reactive properties, corresponds to the combination of those properties.

Even though it is so in the classical (unimodal) case when we add reflexivity to transitivity

or symmetry. It may be that the reactive properties interactand those classes satisfy formu-

las not captured by the axioms as it happens in the case of product logics, see Chapter 3. It

certainly does not follow from the results we presented above. For that to happen the (blow

up) transformation would have to preserve the combination of all properties in question. The

fact is that we have been unable to find a transformation that would work for all cases, in

particular when considering generalisations of different properties.

Question 4.4.3.Is there such transformation?

By contrast, in the strong symmetry plus strong reflexivity case we see how gathering

properties may also be helpful. The strong symmetry case alone is worse behaved than the

combined one.

124



Stronger tools required. We have used classical tools to study properties of the logics

coming from this new semantics. We have been only partially successful (see for example

Section 4.2). Other techniques should be developed for completeness and decidability, as

in the case of product logics a suitable notion of quasimodelseems essential (see [23]).

Quasimodels retain the needed information by finitising some model features.

Question 4.4.4.What is the appropriate notion of a reactive quasimodel?

It would also be interesting to find some new methods that would allow a more direct

way of studying this and other reactive semantics. Ones thatcapture its dynamic flavour,

leading to a reactivisation of modal techniques.
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logic X reactive property unfolded property where? f.m.p.

LX = KR⊕ S5P +X p↔ ◻Pp any minimal 4.2.4 Yes

LS
Π
= LX ⊕◇Pp→ p Π

LS
X = LX ⊕◇P◇R p→◇R◇P p any λw, λw′ ∈ ∆→ λw ∼ λ′w static ∀xyz∃y′ xPyRz→ xRy′Pz 4.2.12 Yes

LS
X = LX ⊕◇R◻P p→ ◻P◇R p any

LqS
X = LX ⊕◇R◇P p→◇P◇R p Π λww′ , λ′w′ ∈ ∆→ ∃λ′′ λ′w′ ∼ λ′′ww′ ∈ ∆ q-static ∀xyz∃x′ xRyPz→ xPx′Ry 4.2.13 Yes

LT
X = L⊕ p→◇p Π λw ∈ ∆→ λw ∼ λww ∈ ∆ gener- R-reflexive 4.2.8 Yes

LTo
X = L⊕ p→◇R◇P p any λw ∈ ∆→ λww ∈ ∆ alising ∀w∃w′ wRw′Pw 4.2.101 Yes

LTi
X = L⊕ p→◇P◇R p Π λw ∈ ∆→ ∃λ′ λw ∼ λ′ww ∈ ∆ reflxe- ∀w∃w′ wPw′Rw 4.2.102 Yes

LTl
X = L⊕◻Pp→◇P◇R p any w ∈W→ ∃λ λww tivity ∀w∃w′w′′ wPw′Rw′′Pw 4.2.103 Yes

L4
X = L⊕◇R◇R p→◇Rp Π λww′w′′ ∈ ∆ → λww′w′′ ∼ λww′′ ∈ ∆ R-transitive 4.2.9 Yes

L4l
X = L⊕◇R◇R p→◇R◇P p any λww′w′′ ∈ ∆ → λww′′ ∈ ∆ general- ∀tvw∃w′ tRvRw→ tRw′Pw 4.2.11.1 ?

L4m
X = L⊕◇R◇R p→◇P◇R◇Pp any λww′w′′ ∈ ∆ → ∃λ′ λ′ww′′ ∈ ∆ ising ∀tvw∃t′w′ tRvRw→ tPt′Rw′Pw 4.2.11.2 ?

L4r
X = L⊕◇R◇R p→ ◇P◇R p Π λww′w′′ ∈ ∆ → ∃λ′ λww′w′′ ∼ λ′ww′′ ∈ ∆ ∀tvw∃t′ tRvRw→ tPt′Rw 4.2.11.3 ?

L
4gl
X = L⊕◇R◇P◇Rp→◇R◇P p any λww′ , λ′w′w′′ ∈ ∆→ λww′′ ∈ ∆ transi- ∀tvv′w∃w′ tRvPv′Rw→ tRw′Pw 4.2.11.5 ?

L
4gm
X = L⊕◇R◇P◇Rp→◇P◇R◇Pp any λww′ , λ′w′w′′ ∈ ∆→ ∃λ′′ λ′′ww′′ ∈ ∆ tivity ∀tvv′w∃t′w′ tRvPv′Rw→ tPt′Rw′Pw 4.2.11.4 ?

L
4gr
X = L⊕◇R◇P◇Rp→◇P◇R p Π λww′ , λ′w′w′′ ∈ ∆→ ∃λ′′ λ′w′w′′ ∼ λ′′ww′′ ∈ ∆ ∀tvv′w∃t′ tRvPv′Rw→ tPt′Rw 4.2.11.6 ?

LT B
X = LT

X ⊕ p→ ◻R◇R p = LB
X ⊕ p→◇Rp Π λww′ ∈ ∆ → λw ∼ λww ∈ ∆ & λw ∼ λww′w ∈ ∆ ref.+trans. R-reflexive andR-symmetric 4.2.15 Yes

Table 4.1: The table of results.

1
2
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5
Switch Graphs: the global view

A graph is the abstract representation of a binary relation between objects. There are many

graph-based structures, and often, to read (some of) the information represented in them,

one needs to travel across their vertices following their edges, e.g. to check if two points are

connected or to interpret modal formulas in Kripke model. Inthe usual notion of graph the

vertices that are accessible from a vertex are fixed.

When we modify the notion of graph allowing that the accessible vertices depend on

the sequence of edges we have crossed we obtain a reactive graph. So, to each sequence of

crossed edges corresponds a (relational) state of the graph, where the edges that are available

are the ones that can prolong the current sequence. The information in such a graph boils

down to the sequences of edges (or actions) over a certain set.

A direct way of representing such a graph would be to draw the tree given by the admis-

sible sequences of edges, and, perhaps, to draw at each of itsnodes the state of the graph at

that point. Although this idea of having different points representing the relational state of

the same point is useful (in Chapter 4 we used it to obtain a relation with classical modal

logic), it does not offer an easy reading of the changes that crossing an edge implies. As

stated in the introduction (Section 1.1), the concept of reactivity was initially introduced

using an enrichment of graphs with new kinds of arrows representing the local effects of

traversing an edge in the global relation. The representation offered by these structures

seems to be much more interesting as it truly grasps the reactivity flavour. Furthermore, in

Section 5.1 we show that these new multi-level-arrowed structures are enough to code all

the relational dynamics.

The simplest effect crossing an edge can have over the accessibility relation is to turn
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on or off a connection. These elementary changes can be represented by drawing an arrow

from the crossed edge to the edge representing the connection being altered. Crossing an

edge does not have necessarily always the same effects. To represent these changes we use

arrows from the edges to the arrows representing the elementary effects, and so on, obtaining

infinite levels of arrows.

In this context we refer to the arrows as switches. The edges connecting points are

0-level switches and the switches connecting 0-level andn-level switches aren + 1-level

switches. The switches of level greater than 0 can be of two kinds, the connecting and

disconnecting ones. A set equipped with a set of switches is called switch graph.

The state of the relation after a certain sequence of actionsin a switch graph takes into

account its levelled structure. The switches of level bigger than 0 do not represent the

accessibility relation between points but how this relation changes after each action, corre-

sponding to the 0-level arrows. When we cross an edge we turn on/off the switches that are

the targets of the connecting/disconnecting switches coming out of it.

In Figure 5.1 we can see the switch graph representing the reactive graph with set of

points{a,b}, and admitting as set of actions the set given by the following regular expression

(being{a,b}2 the alphabet):

((a,a) + (a,b))∗(b,b)((a,b) + (b,b))∗(a,a)((a,a) + (b,b))∗.

Figure 5.1: The white pointed arrows represent the connecting switches, the black arrows

the disconnecting ones and the dashed line the fact that the switch is initially disconnected.

We see that once(b,b) is crossed, the disconnecting switch coming from(a,a) to (a,b)
becomes connected. Thus, after crossing(b,b) and(a,a), (a,b) can no longer be crossed.

128



Many other kinds of switches, having different effects, could be considered. These seem

to be the most primitive ones, since they incorporate the basic actions in graph reactivity,

connecting and disconnecting edges. We shall see that this is enough to represent all reactive

graphs. That is: any reactive behaviour can be decomposed into this kind of local actions.

We conclude with some examples and suggestions for future investigation.

5.1 Reactive by Switch

Definition 5.1.1. A reactive graphis a pair(W,∆), where

• W is a non-empty set, the set ofworlds, and

• ∆, thebehaviour, is the set of admissible sequences of edges, i.e., a subset of (W×W)∗
closed under prefixes containingǫ (the empty sequence is always admissible).

The state of the accessible relation after an admissible sequence of edgesλ being covered

is given by

Rλ = {(w,w′) ∶ λ(w,w′) ∈ ∆}.

We now introduce the enriched notion of graph, the switch graphs, and formalise in

which sense they can be used to represent (or generate) reactive graphs highlighting the

effects that moving around the base graph has on the accessibility relation.

Definition 5.1.2. For a non-empty setW andn < ω, the setAn(W) of switchesoverW of

leveln is defined as:

• A0(W) = W×W (of level 0),

• An+1(W) = (W×W) ×An(W) × {●, ○} (of leveln).

A switch with● (○) as its third component is called aconnecting (disconnecting) switch.

The set of all switches onW is defined by takingA(W) = ⋃n<ωAn(W).

Definition 5.1.3. A switch graphis a pair(W,R), where

• W is a non-empty set, the set ofworlds, and

• R⊆ A(W) is the set ofswitches.
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We say that(W,R) hasreactivity of level nif R⊆ ⋃i≤nAi(W).

Remark 5.1.4.In the graphical representation we use normal arrows for the0-level switches,

a black (white) pointed arrow for the connecting (disconnecting) switches and switches that

are off are drawn with a dashed line.

Here we introduce some notation to refer to switches in an easier fashion:

Definition 5.1.5. (v1v2, . . . ,v2n−1v2n,a, σ) for σ = s1 . . . sn ∈ {●, ○}n, n < ω anda ∈ A(W) is

defined as:

• (a, ǫ) = a,

• (v1v2, . . . ,v2n+1v2n+2,a, s1 . . . sn+1) = ((v1,v2), (v3v4, . . . ,v2n+1v2n+2,a, s1 . . . sn), sn+1).

We say that(v1v2, . . . ,v2n−1v2n, σ) is a switch of typeσ.

For example,

(w1w2,w3w4,w5,w6, ○ ● ●)p = ((w1,w2), ((w2,w3), ((w3,w4), (w4,w5), ○), ●), ●)

is of type○ ● ●.

Definition 5.1.6. Given a switch graphS = (W,R), thebehaviour of Sis the smallest set,

∆S, such that:

• ǫ ∈ ∆S,

• If α ∈ ∆n
S thenα(w,w′) ∈ ∆S for all (w,w′) ∈ Rα.

WhereRα ⊆ A(W) is theswitch stateof our switch graph after crossing the sequence

of edgesα:

– Rǫ = R, the initial state,

– Rα(w,w′) = (Rα − {a ∶ ((w,w′),a, ○) ∈ Rα}) ∪ {a ∶ ((w,w′),a, ●) ∈ Rα}.

(W,∆S) is the reactive graph generated byS and

∆S = {Rα ∶ α ∈ ∆S}

of switch statesof S.
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Notice that the reactive level ofRα is the same for allα. Neither the highest order arrows

can ever be turned off, nor higher order ones can be introduced, since a switch thatacts over

a switch of ordern has ordern+ 1.

Remark 5.1.7. When we informally introduced the switches dynamics we did not specify

what should happen when a connecting and a disconnecting switch act simultaneously over

the same switch. In the previous definition the convention isthat the connecting action

prevails. We could have opted instead for:

• the disconnecting switch would prevail

Rα(w,w′) = (Rα ∪ {a ∶ ((w,w′),a, ●) ∈ Rα}) − {a ∶ ((w,w′),a, ○) ∈ Rα},

• or that it would depend on the state of the target, by, for example, always changing its

state

Rα(w,w′) = (Rα − {a ∶ ((w,w′),a, ○) ∈ Rα}) ∪ {a ∶ ((w,w′),a, ●) ∈ Rα & a ∉ Rα}.

We are interested in studying how expressive these structures are regarding the genera-

tion of reactive graphs. It is easy to see that given a reactive graphF = (W,∆) the switch

graphG = (W,R○ ∪R●) where

R● = {(w1w2, . . . ,w2∣σ∣+1w2∣σ∣+2, σ) ∶ σ ∈ {●}∗, w1 . . .w2∣σ∣+2 ∈ ∆},
R○ = {(vv′,w1w2, . . . ,w2∣σ∣+1w2∣σ∣+2, σ○) ∶ σ ∈ {●}∗, v,v′,wi ∈ W},

generatesF if the connecting switches prevail. For the other options there does not seem

to be such a direct way of coding the reactive behaviour. We can then ask whether these

options are relevant for this goal. Next theorem shows that if one allows unbounded levels,

these options do not limit the switch graphs expressivity. Furthermore, it presents a general

construction such that given any reactive graph we obtain a switch graph that, regardless of

the chosen option, generates the given reactive graph.

Theorem 5.1.8.Any reactive graph can be generated by a switch graph, furthermore this

switch graph can be chosen such that no connecting and disconnecting switches ever act

simultaneously over the same switch.

Proof. Given a reactive graph(W,∆), we define a relationC ⊆ {●, ○}∗×(W×W)∗ by taking

C(σ,α) iff either the number of○s inσ is even andα ∈ ∆,

or the number of○s inσ is odd andα ∉ ∆.
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This definition clearly implies the following:

Lemma 5.1.9.C(σ●, α)↔ ¬C(σ○, α).

Now let

R= {(w1w2, . . . ,w2∣σ∣+1w2∣σ∣+2, σ) ∶ C(σ, (w1,w2) . . . (w2∣σ∣+1,w2∣σ∣+2)), σ ∈ {●, ○}∗,
wi ∈ W andw1 . . .w2∣σ∣ ∈ ∆}.

We claim that, for everyα ∈ ∆S, the following hold:

Lemma 5.1.10.For every(β,σ) ∈ A(W), (β,σ) ∈ Rα ⇐⇒ C(σ,αβ).

We prove the lemma by induction onα. Forα = ǫ this is just the definition ofR. Now

suppose thatα(w,w′) ∈ ∆S and Lemma 5.1.10 holds forα. Then, by Lemma 5.1.9, we have

that

((w,w′)β,σ●) ∈ Rα ⇐⇒ ((w,w′)β,σ○) ∉ Rα. (5.1)

Now by (5.1) we have:

for every(β,σ) ∈ A(W), (β,σ) ∈ Rα(w,w′) ⇐⇒ ((w,w′)β,σ●) ∈ Rα. (5.2)

Now we can show Lemma 5.1.10 forα(w,w′):

(β,σ) ∈ Rα(w,w′)

iff (by (5.2))

((w,w′)β,σ●) ∈ Rα

iff (by the IH)

C(σ●, α(w,w′)β)
iff

C(σ,α(w,w′)β).
Now we can complete the proof of the theorem as follows. First, ǫ ∈ ∆ ∩∆S. Otherwise,

α(w,w′) ∈ ∆S iff α ∈ ∆S and(w,w′) ∈ Rα iff (by Lemma 5.1.10)α ∈ ∆S andC(ǫ, α(w,w′))
iff α ∈ ∆S andα(w,w′) ∈ ∆ iff α(w,w′) ∈ ∆. �

Remark 5.1.11.Notice that the condition that w1 . . .w2∣σ∣ ∈ ∆ in the definition of R is not

necessary but avoids the inclusion of switches that will have no part in the dynamics. Indeed

it is easy to see that in what respects to the behaviour of a switch graph only such switches

matter.
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5.2 Modelling multiple agents or processes

Reactive/Switch graphs can model situations where the accessibilityrelations change when

an edge is crossed. Without any limitation on the number of individuals going through its

edges. In fact a reactive graph may be used to design a particular interaction between many

agents going around in a graph.

In a k-agents (processes, individuals, etc.) setting, the switch configuration ceases to

be the only relevant information, we need to keep track of each agent’s position. Thek-

behaviour of a switch graph with set of initial configurations C ⊆ Wk is the set of allowed

sequences of moves when thek agents are located they start in positions inC elements are

allowed to do. Let us formalise this notion.

Definition 5.2.1. Given a reactive graphR = (W,∆) and a number k of agents wandering

about in the graph we define:

• (Wk)% is the subset of(Wk)+ formed by the sequences where each element differs

from its successor of only one component, that is:

– Wk ∈ (Wk)%,

– α(w1, . . . ,wi , . . . ,wk) ∈ (Wk)% thenα(w1, . . . ,wi , . . . ,wk)[i → w] ∈ (Wk)% for

any1 ≤ i ≤ n, where

α(w1, . . . ,wi , . . . ,wk)[i → w] = α(w1, . . . ,wi , . . . ,wk)(w1, . . . ,w, . . . ,wk).

• E ∶ (Wk)% → (W×W)+ is defined as:

– α ∈ Wk thenE(α) = ǫ,
– α = α′(w1, . . . ,wi , . . . ,wk)[i → w] ∈ (Wk)% then

E(α) = E(α(w1, . . . ,wi , . . . ,wk))(wi ,w).

Let C ⊆ Wk be a set of initial allowed configurations for the k-agents, Cgenerated

k-behaviour is:

∆k
C = {α ∈ (Wk)% ∶ E(α) ∈ ∆k and existsγ ∈ C that is a prefix ofα}.
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Switch graphs can be useful in modelling programs or protocols, capturing the intended

interaction between the entities involved. The design of the constraints can be directly im-

posed by strategically locating the appropriate switches.Ideally, this double perspective on

the dynamics, would allow that the verification of such properties over a switch graphS, de-

parting from a given configurationγ, could either be extracted from the shape ofS switches

or exhaustively checked over∆k
C.

Example 5.2.2.Let us consider the mutual exclusion problem, taken from [50]. There we

can find a model-based approach to the verification of the required properties in a given

system, presented as the solution to this problem. And, the idea is to code the intended

properties inCTL and verify if the transition system associated to the solution satisfies

them. Here we lay the basis for a different approach.

As we referred in the introduction, in [16] by adding higher order arrows to the structure

of an automata, and thus allowing its transition table to change while it is reading a sentence,

the authors achieved an exponential reduction in the minimal number of states needed to ac-

cept a language. Therefore, this way of representing systems may have impact in model

checking, where the state explosion problem is a serious drawback. The switches configura-

tion at each point determines all the future dynamics, coding the interdependence of actions.

Of course that if one obtains less states when considering the switch graph corresponding

to a certain protocol instead of considering its associatedtransition system, is not because

some information was thrown away. The fact is that this information is coded in a different

form, hopefully in a more intuitive and accessible way. It isthe extra expressivity, given

by the higher order arrows, that allows us to identify different states with the same point by

associating them to different switches configuration. Moreover, if one finds an appropriate

way to extract the corresponding switch graph of a program orprotocol, one may expect

that the verification of some properties can be reduced (by means of some intermediary

reasoning) to a simpler verification over the switches. Although we do not develop the veri-

fication part, in the next section we introduce a language to reason about switches and their

effects. We believe that this language can be extended to a pointwhere we can reason about

both the switch view and the usual transition system view, and derive enough knowledge

about their interaction in such a way that in order to verify some properties at one level it is

enough to guarantee some related properties in the other andvice-versa. Nevertheless, here,

we concentrate on showing how switches can be integrated in transition systems to improve
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their modelling expressivity. We understand that in this case the switches are associated

to conditional commands and changes on the auxiliar variables used in these conditions.

However, no systematic knowledge about that connection wasobtained yet. We will limit

ourselves to present examples of switch graphs ‘associated’ (in an informal and intuitive

way) to protocols that constitute possible solutions to theproblem and discuss them.

The mutual exclusion problem as presented in Chapter 3 of [50] is:

When concurrent processes share a resource (such as a file on adisk or a

database entry), it may be necessary to ensure that they do not have access

to it at the same time. Several processes simultaneously editing the same file

would not be desirable. We therefore identify certain critical sections of each

process’s code and arrange that only one process can be in itscritical section at

a time. The critical section should include all the access tothe shared resource

(though it should be as small as possible so that no unnecessary exclusion takes

place). The problem we are faced with is to find a protocol for determining

which process is allowed to enter its critical section at which time. Once we

have found one which we think it works, we verify our solutionby checking that

it has some expected properties, such as the following ones:

Safety: The protocol allows only one process to be in its critical section at any

time.

This safety property is not enough, since a protocol which permanently excludes

every process from its critical section would be safe, but not very useful. There-

fore, we should also require:

Liveness: Whenever any process wants to enter its critical section, it will even-

tually be permitted to do so.

Non-blocking: A process can always request to enter its critical section.

Some rather crude protocols might work on the basis that theycycle through

the processes, making each one in turn enter its critical section. Since it might

be naturally the case that some of them request accesses to the shared resource

more than others, we should make sure our protocol has the property:

No strict sequencing: Processes need not enter their critical section in strict

sequence.
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We modelN processes, each of which is in its non-critical state (n), or trying to enter

its critical state (t), or in its critical state (c). Each individual process undergoes transitions

in the cyclen → t → c → n → ..., see in Figure 5.21 the caseN = 2, but the two processes

interleave with each other.

Figure 5.2: The mutual exclusion problem: combining processes sharing resources, two

processes scenario.

One immediate solution (forN = 2) one can think of, is to use switches to impose directly

the condition that one process gets to its critical area the other cannot – using(t1c1, t2c2, ○)
and(t2c2, t1c1, ○) – and to remove this restriction when it returns to the non-critical state –

using(c1n1, t2c2, ●) and(c2n2, t1c1, ○), see Figure 5.3. The two processes start off in their

non-critical states as indicated by the incoming edges withno source. Either of them may

now move to its trying state, but only one of them can ever makea transition at a time

(asynchronous interleaving). The problem here is that nothing prevents one of the processes

from getting stuck at the trying state while the other one accesses continuously to the critical

area, so liveness fails.

A way to guarantee liveness is, when a process requires permission to move to the critical

state (moves to state t), to allow the other process to require access the critical area only

1In the graphical representation one finds numbers juxtaposed to the letters, this is due a limitation of the

application used, thus they should be seen has being underscripts. Outside the figures we will use the proper

form to avoid that with their intense use the text becomes unreadable. E.g.t1 in the figure corresponds tot1 in

the text.
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Figure 5.3:N = 2: liveness fails.

once until the first process accesses to it. In Figure 5.4 we can see that the extra switches do

exactly this. The situation is symmetric so lets check liveness for the first process, that is,

if it moves tot1, it will eventually be able to move toc1. If process 1 moves tot1, it turns

on (c2n2,n2t2, ○) (by the action of(n1t1,c2n2,n2t2, ○●)), which guarantees that if process 2

does the whole cycle once, then (since(c2n2,n2t2, ○) is on) it can only try again if process

2 passes byc2, (t1c1,n2t2, ●) and (t1c1,c2n2,n2t2, ○○) remove that restriction. But this is

done by restricting process’s 2 ability torequireaccess to its critical section, thus failing the

non-blocking constraint.

This is easily solved in Figure 5.5, where the limitation is forced only at the last stage.

One can see that the two switch graphs are really similar, thedifference is that the dis-

connected edge is(t2,c2) instead of(n2, t2). That is, instead of using the following set of

switches

{(niti,cjn j,n jt j, ○●), (tici ,n jt j, ●), (tici ,cjn j ,n jt j , ○○) ∶ i, j ∈ {1,2}, i ≠ j},

we use

{(niti,cjn j, t jcj , ○●), (tici , t jcj , ●), (tici ,cjn j , t jcj , ○○) ∶ i, j ∈ {1,2}, i ≠ j}.

So when one process requires to access to the critical state,the other may access only once

to it, though being still able require access to it, until thefirst’s access is granted (other levels

could be as easily set). Thus this solution complies with allthe problem requirements.

137



Figure 5.4:N = 2: non-blocking fails.

Figure 5.5:N = 2: a complete solution.

Hence, the advantage of the switch graph representation is that we can force/check the

properties at the meta-level. We directly observe the effect that each transition has on the

global accessibility relation. This strongly suggests howthese solutions could be imple-

mented by programming. Though the other direction (from programs to switch graphs) is

not approached here, it seems a fundamental step in evaluating these structures potential.

Till now we tried solutions where each process runs around ondifferent connected com-
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ponents of the presented switch graph, but there is no reasonto be so. If we allow more

process to run around the solutions in 5.4 and 5.5, then both liveliness and non-blocking

properties would clearly be lost. Let us look to some solutions with only one connected

component where all process run, thus saving in the number ofrequired points in the graph.

In Figure 5.6 we have a general straightforward solution forthe N processes case, but

again liveness is not guaranteed. Again nothing forbids a process (or a group ofN′ < N

processes) to keep accessing the critical area making it impossible for some processes to

do it. There does not seem to be a way of avoiding this with thisbase graph (without

Figure 5.6:N arbitrary: safety and no strict sequence only.

losing the Non-blocking property), at least if we do not use multiple connection between

each point, which are not allowed in our definition of switch graphs. Of course it would

be easy to consider labelled switch graphs where this was allowed but it would be closer to

considering different connected components.

Instead, in order to guarantee the other properties we will consider a slightly more com-

plex base graph. We use a number of ‘trying’ states equal to the number of processes. We

learned the kind of restrictions needed from Figure 5.5 and we can see in Figure 5.7 a switch

graph using the same idea for avoiding the loss of liveness. Since here both processes share

the same graph point for non-critical and critical sectionsthe way of imposing it changes

slightly. First we need to guarantee we do not have more than one process in the same

point representing ‘trying to get to critical section’, by having (nti ,nti, ○) and(tic,nti, ●),
for i = 1,2, controlling that. Initially we have both(cn, t1c, ●) and(cn, t2c, ●) on. One way
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to avoid the loss of liveness is to have that when a process moves toti then(cn, t jc, ●) (for

j = 3− i) becomes off, that is we have the switch(nti,cn, t jc, ●○). Clearly when that process

moves out ofti the restriction is not needed anymore, and so we have(tic,cn, t jc, ●●). This

Figure 5.7:N arbitrary: safety, liveness, no strict sequencing and non-blocking forN = 2.

constitutes a complete solution forN = 2 but for N > 2 it loses liveness and non-blocking.

If we want to accommodate more processes we can simply add more trying states, as many

as the number of processes being considered and have the sameswitch structure between

every pairti, t j for i ≠ j. Meaning that a solution for arbitraryN is given bySN = (WN,RN)
with WN = {n,c, t1, . . . , tN} and

RN = {(n, ti), (ti ,c), (c,n),
(nti,nti , ○), (tic,nti , ●), (cn, tic, ●), (cn, t jc, ●), (tic, t jc, ○),
(nti,cn, t jc, ●○), (tic,cn, t jc, ●●) ∶ 1 ≤ i, j ≤ N, i ≠ j}

Clearly for N > 2, SN is not as easily visualised, but this is also a cost to pay alsowhen

140



drawing the transition system associated to the protocol for the mutual exclusion with vari-

ous processes. We believe that it is still impressive the fact that the switch structure is easily

definable for allN, being clear from theN = 2 case analysis why it works in the general

case.

5.3 Discussion

Level of Reactivity Being true that all reactive graphs can be represented by switch

graphs, the level of reactivity of the representation is of obvious practical importance.

Given a reactive graph, it is easy to see that the minimal reactive level for a switch

graph representing it, depends on the choice of dynamics we discussed above. Consider

R= ({a,b},∆), where∆ = {α ∶ λ = (a,a)n or α = (a,a)2n(a,b),n < ω}. Using the definition

where the connecting switches win we cannot find a finite reactive level switch graph that

represents it. Whereas using the alternating one it can be represented by a switch graph of

reactivity level 1:

({a,b},{(a,a), (a,b), ((a,a), (a,b), ○), ((a,a), (a,b), ●)}).

Figure 5.8: Alternating dynamics example with the following behaviour:∆ = {α ∶ λ =

(a,a)n or α = (a,a)2n(a,b),n < ω}.

It is also easy to cook a reactive graph that cannot be represented by a finite level

graph for any of the options we mentioned above, nor with any switches with ‘recursive

behaviour’. Letf be a non recursive binary sequence and

R= ({a,b},∆), where∆ = {α ∶ α = (a,a)n or α = (a,a)k(a,b),n < ω, f (k) = 1}.
Question 5.3.1.For each of the considered options which is the set of reactive graphs gen-

erated by switch graphs of reactivity level n∈ ω?
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Further extensions We have seen how arrows can represent more than the basic transi-

tions, they can represent the transitions between states ofthe accessibility relation itself.

These new arrows are a natural extension of the concept of graph corresponding to a kind of

meta-transitions in the above sense. They provide an explicit way of expressing the meta-

level graph’s notion of reactivity, in a way that allows an immediate (and complete) reading

of the effects of crossing an edge.

In Section 5.2 we considered multiple entities going through the graph, the effects of

each action were independent of whom was doing it and no synchronous movements were

allowed. Other types of dependences can be considered:

• Dependence on the identity of the individual entities couldbe modelled by having

different relations for each entity, or groups of entities.

• Synchronous movements could also be represented by specialrelations. Of course

switches can connect arrows regardless of the relation theyrepresent.

Thus leading to the question:

Question 5.3.2.Is the switches formalism enough to represent these more general be-

haviours?
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6
Reactive Hybrid Switch Logics

In the previous section we have shown that switch graphs are suitable structures to embody

and represent the reactive paradigm. In this section we introduce a logic that allows us to

reason about switches and their effects and prove completeness. A basic feature of such a

logic would be to be able to express that if a certain switch ison, then after such move the

state of certain switch will be such.

In the introduction we gave some motivation for the used language. So, on one hand,

given a switch graph(W,R), for each switch typeσ ∈ {○, ●}∗, the set ofσ-switches forms

∣σ∣+2-ary relation overW and there is the∣σ∣+1-ary modal correspondent,yσ. On the other

hand, similarly to◇R in Chapter 4, there is the operator corresponding to its behaviour,z.

The goal is to relate both, expressing how the switches determine the behaviour.

The logics we considered in Chapter 4 were suitable to talk about local effects of reac-

tivity, but here we are dealing with its global effects and at the same time we feel the need to

to explicitly refer to specific states. Ordinary modal logic’s lack of mechanisms for dealing

with states explicitly is a recognised weakness. In fact theidea of adding variables that are

used to name worlds dates back to the pioneering work of Prior[65, 64] and especially of

Bull [14](see [37]). Recently the study of this idea gained popularity and its development

became an autonomous subfield of modal logic, calledhybrid logic1.

Hybrid languages are a very simple extension of modal ones. Aspecial set of proposi-

tional variables, called nominals, is added and it is used toname worlds. Nominals are true

at exactly one world in any model. Many operators related to the nominals were studied. A

particularly simple one is @ that allows one to jump to particular worlds, in the sense that,

1For more details see [3, 2, 9].
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for each nominali, @iϕ is true if ϕ is true in the world namedi, which suits our need to

think globally.

We consider models constructed from switch graphs in such a way that for each admis-

sible sequence of edges we get an usual hybrid model based on the Kripke frame given by

the switches’ state at that point. Of course each nominal must be true in the same world in

all these models but all the other variables may change.

This language allows us to express some strong reactive assertions. Consider the formula

@i z ( j →@i¬z j).

This says that if we cross the edge from the world namedi to the world namedj, that

connection will be turned off. Another way to say this is to say that there is a disconnecting

switch from that edge to itself:

@i y○ ( j, i, j).

We obtain completeness for the introduced logic adapting the usual Henkin style proof

of completeness for hybrid logics, see [10, 12]. This further justifies the choice of language

by showing that it is appropriate to capture the switches’ dynamics.

6.1 Switch Models

Definition 6.1.1. We consider thereactive switch similarity type

s= ({z} ∪ {yσ ∶ σ ∈ {○, ●}∗}, ρ),

whereρ(z) = 1 andρ(yσ) = 2∣σ∣ + 1. Thus we define the hybrid modal languageHs(@)
is defined by

ϕ ∶∶= i ∣ p ∣ ¬ϕ ∣ ϕ1 ∧ ϕ2 ∣zϕ ∣yσ(ϕ1, . . . , ϕ2∣σ∣+1) ∣@iϕ ,

wherep ∈ Π, i ∈ NOM andσ ∈ {○, ●}∗ . The other connectives:⊺, �, ∨,→,↔, ⧄ andqσ are

introduced by the usual abbreviations.

Givenλ ∈ (NOM×NOM)∗ we define the abbreviationzλϕ by recursion:

• zǫϕ = ϕ,

• z(i, j)λϕ = @i z ( j ∧zλϕ) (clearlyz(i, j)λϕ =z(i, j) zλ ϕ),
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and⧄λϕ = ¬zλ ¬ϕ.

Definition 6.1.2. Given a switch graphS = (W,R) and using the dynamics defined in 5.1.6

we generate, for eachλ ∈ ∆S, a reactive graph:Sλ = (W,Rλ).
A switch frame is the Kripke frame given by the disjoint unionof all these switch graphs,

whereσ switches inRλ give origin to local(2∣σ∣ + 2)-ary relations and with a global acces-

sibility relation connectingw in Sλ andw′ in Sλ(w,w′), see Figure 6.1.

Formally, theswitch frame overS isFS = (W× ∆S, ŘS) where

• ŘS = {Řσ
λ}σ∈{○,●}∗,λ∈∆S and

• ((w1, λ), . . . , (w2n+2, λ)) ∈ Řσ
λ iff (w1w2, . . . ,w2n+1w2n+2, σ) ∈ Rλ.

A switch modeloverFS is a pairM = (F, ν), whereν is a function

ν ∶ Π ∪NOM→ 2∆S×W

such that fors∈ NOM we haveV(s) = {w} ×∆S for somew ∈ W.

Given a switch modelM = (W × ∆S,RS, ν), for every(w, λ) ∈ W × ∆S and everyL-

formulaϕ, we define the notionϕ is true at(w, λ) in M (M, (w, λ) ⊧ ϕ) inductively as

follows:

• M, (w, λ) ⊧ p iff (w, λ) ∈ ν(p) for variablesp,

• M, (w, λ) ⊧ s iff (w, λ) ∈ ν(s) for nominalss,

• M, (w, λ) ⊧ ¬ϕ iffM, (w, λ) /⊧ ϕ,

• M, (w, λ) ⊧ ϕ1 ∧ ϕ2 iffM, (w, λ) ⊧ ϕ1 andM, (w, λ) ⊧ ϕ2,

• M, (w, λ) ⊧zϕ iff there isw′ ∈ W such thatλ(w,w′) ∈ ∆ andM, (w′, λ(w,w′)) ⊧ ϕ,

Notice thatλ(w,w′) iff (w,w′) = (w,w′, ǫ) ∈ Rλ iff (w,w′) ∈ Řǫ
λ,

• M, (w, λ) ⊧@iϕ iffM, (w′, λ) ⊧ ϕ for ν(i) = ∆S × {w′},

• M, (w, λ) ⊧yσ(ϕ1, . . . , ϕ2n+1) iff there arev1 . . . v2n+1 ∈ W such that

(w,v1, . . . ,v2n,v2n+1) ∈ Řσ
λ andM, (λ,vi) ⊧ ϕi.
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Figure 6.1: A representation of a switch frame. The various components are limited by a

dashed line, the switches of that component represented by the arrows as before and the

(reactive) transitions by the line formed by lines and dots.

We say thatϕ is true inM iff M, (w, λ) ⊧ ϕ for every(w, λ) ∈ ∆S × W. We say thatϕ is

valid in a switch frame if it is true in every switch model over it.

Remark 6.1.3. The idea of allowing the valuation to be updated at each move leads us

to define the switch frames in such a way that makes them to havean infinite number of

components (if the base switch graph has an infinite behaviour) in order to have a classical

semantics over this frame. Clearly to have a representationof the switch dynamics it would

be enough to have one component for each reachable switch configuration. One can then

consider the Kripke frameF′S = (W×∆S, Ř′S) (see Figure 6.4) where
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• Ř′S = {R̂σ}σ∈{○,●}∗ and

• ((w1,R′), . . . , (w2n+2,R′)) ∈ Řσ
λ iff (w1w2, . . . ,w2n+1w2n+2, σ) ∈ R′,

which is always finite ifS is finite.

Figure 6.2: A finite representation of a switch frame: small switch frame.

Let us call them small switch frames and consider the semantics ofHs(@) over them

trivially adapted from Definition 6.1.2, and call them smallswitch models. If for example

Π = ∅, then these two classes of frames would clearly generate thesame logic. Or for

modal checking purposes, where everything in the model is finite, including the number

of propositional variables involved, one would consider similarly a finite representation by

having one component for each configuration of switches and distribution of propositional

variables.

Still, it is interesting to notice that even if the classes ofsmall and the original switch

frames are not immediately reducible to one another they yield the same logic.

It is trivial to define a model overFS from a model overF′S preserving modal truths,

since we just have to copy the valuation of each configurationand paste it where it appears,

so

{ϕ ∈Hs(@) ∶ ϕ is valid over switch frames} ⊆
{ϕ ∈Hs(@) ∶ ϕ is valid over small switch frames}.

The converse is not so immediate since if we cannot fit two different configurations in

the same component of a small switch model. Still, it is not hard to see that these two classes

define the same logic. The idea of the proof is the following:

Givenϕ and a switch model(W × ∆S,RS, ν), (w, ǫ) ⊧ ϕ (we can assumeλ = ǫ since

the past clearly does not interfere). We can clearly consider a switch graphS′ which is a
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copy ofS plus some switches of a higher enough level so that they do notinterfere with the

valuation ofϕ (also fresh points forming lower level switches to which theformer switches

point). This is done in such a way that when an edge is crossed,during the valuation ofϕ,

the new switches’ configuration changes and we can accommodate theν.

6.2 Axiomatising

In this section we prove that the axiomatisation presented in Figure 6.3, generates all the

Hs(@)-formulas that are valid in all switch frames. Furthermore,we obtain the usual hy-

brid automatic completeness for pure axioms. The followingaxiomatisation is the natural

adaptation of the ones for the standard hybrid logics given in [11, 12].

Remark 6.2.1. The fact that the propositional valuation is allowed to change at each move

implies that switch frames based on switch graphs with infinite behaviour have infinite com-

ponents. Nevertheless, to have a complete view on the switchdynamics it would be enough

to have one component for each reachable switch configuration. Let AS = {Rλ ∶ λ ∈ ∆S} be

the set of switches’ configurations that are obtained inS’s dynamics. One can then consider

the Kripke frameF′S = (W× A, Ř′S) (the small switch frame overS) where

• Ř′S = {R̂σ}σ∈{○,●}∗,

• ((w1,R), . . . , (w2n+2,R)) ∈ Řσ
λ iff (w1w2, . . . ,w2n+1w2n+2, σ) ∈ R and

• (w,Rλ) connects (reactively) with(w′,Rλww′).

So everything is the same apart from the fact that we do not always get a new component

from a move, the tree structure disappears. It is easy to see thatF′S is finite if and only ifS

is finite. See Figure 6.4 for an example.

Let us consider a semantics ofHs(@) over the small switch frames trivially adapted

from Definition 6.1.2 (only the interpretation ofz changes), and call them small switch

models. If the set of propositional symbols is empty (Π = ∅) these two classes of frames

trivially generate the same logic. Also, when, e.g. for modal checking purposes, everything

in the model is finite, including the number of propositionalvariables involved, one would

consider similarly a finite representation by having one component for each configuration

of the switches and distribution of the relevant propositional variables.
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Ls

Axioms:

CT All classical tautologies

K l
qσ qσ(ϕ1, . . . , ϕ→ ψ, . . . , ϕ2n+1)→

(qσ(ϕ1, . . . , ϕ, . . . , ϕ2n+1)→ qσ(ϕ1, . . . , ψ, . . . , ϕ2n+1))
wherel is the component whereϕ→ ψ is.

K@ @i(ϕ → ψ)→ (@iϕ→@iψ)
S el f dual@ @iϕ↔ ¬@i¬ϕ

Re f@ @i i

Agree @i@jϕ↔@jϕ

Intro i → (ϕ↔@iϕ)
S ync zi ↔yǫ i

Detz z(i ∧ ϕ)→ ⧄(i → ϕ)
K⧄ ⧄(ϕ→ ψ)→ (⧄ϕ→ ⧄ψ)
Dyn z(i, j)@i1 yσ (i2, . . . , i2n+2)↔

(@i1 yσ (i2, . . . , i2n+2) ∧ ¬@i yσ○ ( j, i1 . . . , i2n+2) ∨@i yσ● ( j, i1 . . . , i2n+2))
Rules:

MP If ⊢ ϕ and⊢ ϕ→ ψ then⊢ ψ

S ubst If ⊢ ϕ then⊢ ϕθ

Genqσ If ⊢ ϕ then⊢ qσ(�, . . . ,�, ϕ,�, . . . ,�)
Gen@ If ⊢ ϕ then⊢@iϕ

Gen⧄ If ⊢ ϕ then⊢ ⧄ϕ

Name If ⊢@iϕ andi does not occur inϕ then⊢ ϕ

Pastezλyσ
If ⊢zλ@i yσ ( j1, . . . , j2n+1) ∧zλ(⋀1≥l≥2n+1 @jlϕl)→ ψ and jm ≠ i

does not occur inϕl or ψ then⊢zλ@i yσ (ϕ1, . . . , ϕ2n+1)→ ψ

Paste′
zλz

If ⊢zλ@i z j ∧zλz@jϕ→ ψ and j ≠ i does not occur inϕ or ψ then

⊢zλ@i z ϕ→ ψ

Figure 6.3: TheLs axiomatisation.

Moreover, it is interesting to notice that even if the classes of small and the original

switch frames are not immediately reducible to one another they yield the same logic.

It is trivial to define a model overFS from a model overF′S preserving modal truths,
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Figure 6.4: Small switch frame of{{a,b,c},{(a,b), (a,c), (ab,cd, ○)}}.

since we just have to copy the valuation of each configurationand paste it where it appears,

so

{ϕ ∈Hs(@) ∶ ϕ is valid over switch frames} ⊆
{ϕ ∈Hs(@) ∶ϕ is valid over small switch frames}.

The converse is not so immediate since if we cannot fit two different configurations in

the same component of a small switch model. However, it is nothard to see that these two

classes define the same logic. The idea of the proof is the following:

Givenϕ and a switch model(W × ∆S,RS, ν), (w, ǫ) ⊧ ϕ (we can assumeλ = ǫ since

the past clearly does not interfere with the evaluation ofϕ). We then consider a switch

graphS′ which is a copy ofS plus some switches of a high enough level so that they do

not interfere with the evaluation ofϕ and that during the evaluation ofϕ the new switches’

configuration changes and so that we can accommodate theν. Let k be the higher level of

the switches referred inϕ, it is clear we can add new points and switches such that at each

crossing of an edge a different switch, of level higher thank, changes its state. For example

one could add for each admissible sequence of edges covered in the interpretation ofz,

λ = (w1w2) . . . (w2n−1w2n), a pointwλ and the switch

(w1w2, . . . ,w2n−1w2n, [wλwλ]k, ●n−1+k)

where[wλwλ]k stands fork+1-occurrences ofwλwλ with a comma dividing each occurrence.

Thus guaranteeing a different component for each sequence of edges and therefore being

able to define the appropriate valuation to each of them.

Here is the theorem we shall prove:
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Theorem 6.2.2.Let Λ be a set of pureHs(@) formulas. A set ofHs(@) formulasΣ is

Ls +Λ-consistent iff Σ is satisfiable in a model satisfying the frame properties defined byΓ.

Where Ls+Λ is the above axiomatisation extended with the axioms ofΛ.

Lemma 6.2.3.The following are derivable

• K−1
@ : ⊢ (@iϕ→@iψ)→@i(ϕ→ ψ),

• Nom:⊢@i j → (@iϕ→@jϕ),

• S ym:⊢@i j →@j i,

• Name′: If ⊢ i → ϕ then⊢ ϕ where i does not occur inϕ,

• Backyσ
: yσ(ϕ1, . . . ,@iϕk, . . . , ϕ2n+1)→@iϕk,

• Bridgeyσ
: @i yσ ( j1, . . . , j2n+1) ∧ (⋀1≥l≥2n+1 @jlϕl)→@i yσ (ϕ1, . . . , ϕ2n+1).

Proof. The first 4 are proved in [12].

• Backz

@i@jϕ↔@u@jϕ
Agree,Agree

@uyσ (ϕ1, . . . , j, . . . , ϕ2n+1) ∧@i@jϕ→@u@jϕ

@u yσ (ϕ1, . . . ,@jϕ, . . . , ϕ2n+1)→@u@jϕ
Pasteyσ

yσ(ϕ1, . . . ,@jϕ, . . . , ϕ2n+1)→@jϕ
K−1

@ ,Name

• Bridgezσ by induction onσ, σ = ǫ is trivial and

qǫ(¬ϕ→ ¬ j) → (qǫ¬ϕ→ qǫ¬ j)
Kqǫ

qǫ¬ϕ ∧yǫ j →yǫ( j ∧ ¬ϕ)
CT

j ∧ ¬ϕ→ @j¬ϕ
Int@,CT

qǫ¬ϕ ∧yǫ j →yǫ@j¬ϕ
CT

yǫ@j¬ϕ→ @j¬ϕ
Back

@i(qǫ¬ϕ ∧yǫ j) → @i@j¬ϕ
Gen@,K@

@i qǫ ¬ϕ ∧@i yǫ j → @j¬ϕ
K@,CT,Agree,S el f dual@

@i yǫ j ∧@jϕ→ @i yǫ ϕ
CT

The proof for arbitraryσ’s consists in the repetition of this derivation applied to each

of the 2∣σ∣ − 1 coordinates, where in each time an argument eats a conjunct.
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�

Lemma 6.2.4.The following are derivable:

• ⧄(i, j)λϕ↔@i ⧄ ( j → ⧄λϕ),

• Gen⧄λ: If ⊢ ϕ then⊢ ⧄λϕ,

• K⧄λ : ⧄λ(ϕ→ ψ)→ (⧄λϕ→ ⧄λψ),

• Detzλ: zλϕ↔ ⧄λϕ ∧zλ⊺,

• Gen′
zλ: ⊢ ϕ→ ψ then⊢zλϕ→zλϕ.

Furthermore from Gen⧄λ and K⧄λ we easily getzλ(ϕ∧ψ)↔zλϕ∧zλψ andzλ(ϕ∨ψ)↔
zλϕ ∨zλψ.

Proof. • ⧄(i, j)λϕ = ¬@iz( j∧zλ¬ϕ) that is equivalent to @i⧄( j → ¬zλ¬ϕ) = @i⧄( j →
⧄λϕ).

• Gen⧄λ by induction onλ, ǫ is trivial and

ϕ

⧄λϕ
IH

j → ⧄λϕ
CT

⧄( j → ⧄λϕ) Gen⧄

@i ⧄ ( j → ⧄λϕ) Gen@

• K⧄λ by induction onλ, λ = ǫ is trivial and

ϕ

⧄(i, j)λ(ϕ→ ψ) IH

@i ⧄ ( j → (⧄λϕ→ ⧄λψ)) CT

@i ⧄ ( j → ⧄λϕ)→@i ⧄ ( j → ⧄λψ) K⧄,K@

⧄(i, j)λϕ→ ⧄(i, j)λψ
de f

• Detz(i, j)λ by induction onλ, λ = ǫ is trivial and

⧄(i, j)λϕ ∧z(i, j)λ⊺→z(i, j)λϕ
K(i, j)λ⧄ ,CT

z(i, j)λϕ→@i z ( j ∧ [⧄λϕ ∧zλ⊺]) De f, IH

z(i, j)λϕ→@i z ( j ∧ ⧄λϕ)
IH,CT

z(i, j)λϕ→ ⧄(i, j)λϕ ∧z(i, j)λ⊺
CT

z(i, j)λϕ↔ ⧄(i, j)λϕ ∧z(i, j)λ⊺
CT

152



• Gen′
zλ by induction onλ, λ = ǫ is trivial and

ϕ→ ψ

⧄λ(ϕ → ψ) Gen⧄λ

zλ⊺ ∧ ⧄λ(ϕ→ ψ) CT

⧄λϕ ∧zλ⊺→ ⧄λψ ∧zλ⊺
K⧄λ ,CT

zλϕ→zλψ
Detzλ

�

Definition 6.2.5. LetΣ be a set ofHs(@)-formulas:

• Σ is named if one of its elements is a nominal.

• Σ is yσ-saturated if for allσ′ andzλ@i yσ′ (ϕ1, . . . , ϕ2n+1) ∈ Σ there are nominals

j1, . . . , j2n+1 such thatzλ@i yσ′ ( j1, . . . , j2n+1) ∈ Σ andzλ@jkϕk ∈ Σ, k = 1, . . . ,2n+1.

• Σ isz-saturated if for allzλ@izϕ ∈ Σ there is a nominal j such thatzλ@iz( j∧ϕ) =
zλ(i, j)ϕ ∈ Σ.

Lemma 6.2.6. (Lindenbaum Lemma). Every Ls + Γ-consistent set of formulas can be ex-

tended to a named,z-saturated andyσ-saturated MCS, by adding countably many new

nominals to the language.

Proof. Let (in)n<ω be an enumeration of the new nominals and(ϕn)n<ω an enumeration of

the formulas in the extended language.

We defineΣ0 = Σ ∪ i0, Name′ guarantees that it is consistent.

If Σn ∪ {ϕn} is inconsistent thenΣn+1 = Σn. Otherwise:

1. Σn+1 = Σn ∪ {ϕn} if ϕn is not of the formzλ@i yσ (ψ1, . . . , ψ2k+1) orzλ@i zψ,

2. Σn+1 = Σn∪{ϕn}∪{zλ@i yσ (im, . . . , im+2n+1)}∪{zλ@im+lψl ∶ 1 ≤ l ≤ 2k+1} if it is of

the formzλ@i yσ (ψ1, . . . , ψ2k+1),

3. Σn+1 = Σn ∪ {ϕn} ∪ {zλ@i z (im∧ ψ)} if it is of the formzλ@i z ψ.

Whereim is the first new nominal that does not occur inΣn or ϕn.

Let Σω = ⋃n<ω Σ
n. ThenΣ ⊆ Σω andΣω is named,yσ-saturated,z-saturated, maximal

and consistence. The only non-trivial step is in 2, and here consistency is guaranteed by

Pastezλyσ
andPaste′

zλz
. �
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Definition 6.2.7. (Henkin model fromΓ). Let Γ be a maximal consistent set ofHs(@)
formulas. For all nominals i, let∣i∣ = { j ∶ @i j ∈ Γ}. Then theMΓ = (W,∆,T, ν) is given by:

W = {∣i∣ ∶ i is a nominal},
∆ = {⟨λ⟩ ∶ zλ⊺ ∈ Γ},
Ř= {Tσ

⟨λ⟩}σ,⟨λ⟩,
Řσ
⟨λ⟩(∣i1∣, . . . , ∣i2n+2∣) iff zλ @i1 yσ (i2, . . . , i2n+2) ∈ Γ,
ν(p) = {(∣i∣, ⟨λ⟩) ∶ zλ@i p ∈ Γ},
ν(i) = {(∣i∣, ⟨λ⟩) ∶ ⟨λ⟩ ∈ ∆},

where⟨ǫ⟩ = ǫ and ⟨λ(i, j)⟩ = ⟨λ⟩ (∣i∣, ∣ j∣). ThatMΓ is well-defined follows from Re f , S ym,

Nom and Gen′yλ
.

Lemma 6.2.8.zλ(i, j)ϕ = zλ@i z ( j ∧ ϕ).

Proof. By induction onλ:

Forλ = ǫ the two formulas coincide trivially and forλ = (s, t)γ

z(s,t)γ(i, j)ϕ = z(s,t)zγ(i, j) ϕ =IH z(s,t)zγ @i z ( j ∧ ϕ) =z(s,t)γ@i z ( j ∧ ϕ).

�

Lemma 6.2.9.MΓ is a switch model where(W × ∆, Ř) is the switch frame generated by

S = (W,R) such that

R= {(∣i1∣∣i2∣, . . . , ∣i2n+1∣∣i2n+2∣, σ) ∶ (∣i1∣, ∣i2∣, . . . , ∣i2n+1∣, ∣i2n+2∣) ∈ Řσ
ǫ }.

Proof. Let ∆S andRS = {Rσ
λ} as defined in 5.1.6. The proof that∆ = ∆S andŘσ

λ = Rσ
λ is

done by induction on the length of⟨λ⟩.
The case of⟨λ⟩ = ǫ is trivial since it is in both∆ (⊺ ∈ Γ by CT) and∆S, furthermore

Řσ
ǫ = Rσ

ǫ by definition.

The induction step (⟨λ⟩→ ⟨λ(i, j)⟩):
⟨λ(∣i∣, ∣ j∣)⟩ ∈ ∆S iff

⟨λ⟩ ∈ ∆S and(∣i∣, ∣ j∣) ∈ Rλ iff ⟨λ⟩ ∈ ∆S andRǫ
⟨λ⟩
(∣i∣, ∣ j∣) iff (IH)

zλ⊺ ∈ Γ andŘǫ
⟨λ⟩
(∣i∣, ∣ j∣) iff zλ@i z ( j ∧ ⊺) =zλ(i, j)⊺ ∈ Γ iff

⟨λ⟩ (∣i∣, ∣ j∣) ∈ ∆.
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And,

(∣i1∣∣i2∣, . . . , ∣i2n+1∣∣i2n+2∣, σ) ∈ R⟨λ(i, j)⟩ iff

(∣i1∣∣i2∣, . . . , ∣i2n+1∣∣i2n+2∣, σ) ∈ R⟨λ⟩ and(∣i∣∣ j∣, ∣i1∣∣i2∣, . . . , ∣i2n+1∣∣i2n+2∣, σ○) ∉ R⟨λ⟩

or

(∣i∣∣ j∣, ∣i1∣∣i2∣, . . . , ∣i2n+1∣∣i2n+2∣, σ●) ∈ R⟨λ⟩

iff (IH)

Řσ
λ (∣i1∣, ∣i2∣, . . . , ∣i2n+1∣, ∣i2n+2∣, σ) andŘσ○

λ (∣i∣, ∣ j∣, ∣i1∣, ∣i2∣, . . . , ∣i2n+1∣, ∣i2n+2∣)
or

Řσ●
λ (∣i∣, ∣ j∣, ∣i1∣, ∣i2∣, . . . , ∣i2n+1∣, ∣i2n+2∣)

iff

zλ@i1 yσ (i2, . . . , i2n+2) ∈ Γ andzλ@i yσ○ ( j, i1 . . . , i2n+2) ∉ Γ
or

zλ@i yσ● ( j, i1 . . . , i2n+2) ∈ Γ
iff

zλ@i1 yσ (i2, . . . , i2n+2) ∧zλ¬@i yσ○ ( j, i1 . . . , i2n+2) ∨zλ@i yσ● ( j, i1 . . . , i2n+2) ∈ Γ
iff (Dyn, Gen′

zλ and Lemma 6.2.4)

zλz(i, j) @i1 yσ (i2, . . . , i2n+2) ∈ Γ
iff (Lemma 6.2.8)

zλ(i, j)@i1 yσ (i2, . . . , i2n+2) ∈ Γ.
�

Lemma 6.2.10(Truth lemma). For all z-saturated andyσ-saturated Ls + Λ-MCS’s Γ,

nominals i and formulasϕ,

M, (∣i∣, ⟨λ⟩) ⊧ ϕ iff zλ @iϕ ∈ Γ.

Proof. By induction on the length ofϕ.

• propositional symbols and nominals by definition;

• ϕ = ¬ψ

MΓ, (∣i∣, ⟨λ⟩) ⊧ ¬ψ iffMΓ, (∣i∣, ⟨λ⟩) /⊧ ψ andMΓ, (∣i∣, ⟨λ⟩) ⊧ ⊺
iff (IH)

zλ@iψ ∉ Γ andzλ@i⊺ ∈ Γ iff ¬zλ @iψ ∧z
λ⊺ ∈ Γ
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iff (S el f dual@, Gen′
zλ andDetzλ)

zλ@i¬ψ;

• ϕ = ψ1 → ψ2 as in the previous case we applyK@, K−1
@ , Gen′

zλ andDetzλ ;

• ϕ = @jψ applyAgreeandGen′
zλ;

• ϕ = yσψ;

If MΓ, (∣i∣, ⟨λ⟩) ⊧yσ(ψ1, . . . , ψ2n+1) then there are∣ j1∣, . . . , ∣ j2n+1∣ such that

Řσ
⟨λ⟩(∣i∣, ∣ j1∣, . . . , ∣ j2n+1∣)

andMΓ, (∣ j l ∣, ⟨λ⟩) ⊧ ψl. By definitionzλ@i yσ ( j1, . . . , i2n+1) ∈ Γ and (IH) @jlψl ∈ Γ

for 1 ≤ l ≤ 2n+ 1. Thus, usingBridgeyσ
, Gen′

zλ and Lemma 6.2.4, we have that

zλ@i yσ (ϕ1, . . . , ϕ2n+1) ∈ Γ.

Conversely, supposezλ@i yσ (ϕ1, . . . , ϕ2n+1) ∈ Γ then byzλ-saturation there are

j1, . . . , j2n+1 such thatzλ@i yσ ( j1, . . . , j2n+1) ∈ Γ andzλ@jlψl ∈ Γ for 1 ≤ l ≤ 2n+ 1.

By IH MΓ, (∣ j l ∣, ⟨λ⟩) ⊧ ψl and by definitionŘσ
⟨λ⟩
(∣i∣, ∣ j1∣, . . . , ∣ j2n+1∣). Hence,

MΓ, (∣i∣, ⟨λ⟩) ⊧yσ(ψ1, . . . , ψ2n+1).

• ϕ = zψ

MΓ, (∣i∣, ⟨λ⟩) ⊧zϕ iff

exists∣ j∣ such that⟨λ⟩ (∣i∣, ∣ j∣) ∈ ∆ such thatMΓ, (∣ j∣, ⟨λ⟩ (∣i∣, ∣ j∣)) ⊧zϕ iff (I.H.)

exists∣ j∣ such thatzλ(i, j)@jϕ = zλ@iz( j∧@jϕ) ∈ Γ iff (usingz-saturation andCT)

zλ@i z ϕ ∈ Γ.

�

Lemma 6.2.11(Frame lemma). For all z-saturated andyσ-saturated Ls +Λ-MCS’s,MΓ

satisfies the switch frame properties defined byΛ.

Proof. It follows from the fact thatΛ ⊆ Γ contains⧄λ@iϕ whereϕ is an instance of an

element ofΛ from S ubst, Gen@ andGen⧄λ . �
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We can now prove Theorem 6.2.2.

Proof. (Of Theorem 6.2.2) SupposeΣ is Ls +Λ-consistent. By Lemma 6.2.6,Σ can be ex-

tended to a named,z-saturated andyσ-saturatedLs + Λ-MCS’s Γ. Let i ∈ Σ. By Lemma

6.2.10 we haveMΓ, (∣i∣, ⟨ǫ⟩) ⊧ Σ. By Lemma 6.2.11,MΓ satisfies all required frame proper-

ties. �

6.3 Discussion

Decidability and f.m.p. Given a switch graph inS = (S,R) with an infinite behaviour∆S,

the corresponding switch frame is infinite and so are the models over it. Moreover, unless

there is a point where we turn off all the edges, regardless of the edges we cross, the models

over that switch graph will be infinite.

Nevertheless, when we consider a satisfiable formulaϕ, that is, for some(w, λ) ∈ W×∆S

and valuationµ, we have:

(W× ∆S,RS, µ), (w, λ) ⊧ ϕ.
Clearly this is determined by just a part of the whole model. We can start by throwing out

the past. LetS′ = (W,Rλ), andµ′(p) = {(w, λ′) ∶ (w, λλ′) ∈ µ(p)}, then it is obvious that

(W× ∆S′ ,RS′ , µ
′), (w, ǫ) ⊧ ϕ.

So we can assume thatλ = ǫ. It is also clear that only the fragment corresponding to thepaths

bounded by thez-modal nesting-depth ofϕ, mdz(ϕ), matters. Furthermore, the level of

the relevant switches is bounded byn+mdz(ϕ), wheren is the level of the highest switch in

the formula. Thus, the satisfability ofϕ is reduced to checking the satisfability over certain

Kripke models corresponding to that kind of fragment. Of course, if W is infinite these

fragments are still infinite. The easiest way to finitise sucha fragment would be to adapt the

filtration method by identifying only the points that satisfy the same relevant formulas in all

of the fragment components.

We start by noticing that this method fails over general switch models. Consider the

following switch graph

S = (ω,{(0,n), (0n,nn, ○) ∶ n < ω}),

see Figure 6.5, andzz⊺ ∈ ǫ ⊆ Hs(@).
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Figure 6.5: A switch graph originating a filtration problem.

Given a model over the switch frame generated byS it is clear that no two points will

be identified since(n,0n)′ ⊧′ ¬zz⊺ and(n,0m)′ ⊧′ zz⊺ for n ≠ m.

We were also unable to adapt the game-based argument to establish the PSPACE upper

bound for the satisfability problem ofH(@), see [4, 10]. The problem is, when adding a

new world to a particular component, how to update the other components without falling

in a infinite loop of verifications.

And again we ask:

Question 6.3.1.What is the appropriate notion of quasimodel in the context of reactive

hybrid switch logics?

Usage of non-orthodox rules The use of non-structural rules is not completely consen-

sual. Indeed in Chapter 3, the considered axiomatising problem allowed only the use of

the classic modal logic inference rules: generalisation and modus ponens. Actually, if one

allows the use of Gabbay’s irreflexivity rule then the commutator is enough to axiomatise

K4.3× K , see [68]. We refer to [75] for an introduction on the use of these rules to define

more classes of Kripke frames, and to [49] for a characterisation of its power in the pure

modal logic context.

In hybrid logics, completeness results are usually obtained using these non-orthodox

inference rules and we did not attempt to do it otherwise, see[46] for an approach to the

axiomatisation of hybrid logics using only orthodox rules.

Relation with Reactive Logics Unfortunately there are no obvious connections (e.g. trans-

lations) between these switch logics and the ones studied inChapter 4. Even if we can

extract a reactive frame from a switch graph by considering its local behaviour (its paths
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without jumps), the◇P operator allows a global access over all the reactive statesof a point

that cannot be mimicked by the operators considered here. The two approaches are two

transversal extensions of classical modal logic with different expressivity. Applications may

assert which should be developed or even determine the necessity of joining both views.

Further Extensions Many other hybrid operators have been studied and it would bein-

teresting to investigate how they would play in this context. A particularly natural extension

of these logics would be to enrichHs(@) with computational tree logic’s (CTL) operators

([13]) or evenµ-calculus ([69]). This would greatly reinforce our abilityto reason about the

behaviour of a switch graph and increase its usability. The way this would be done is not

completely clear and it would depend on one’s particular interests.

If we want to reason aboutk agents acting in the graph (in Section 5.3 there are such

examples) and they are not allowed to jump, we are not interested in the whole set of se-

quences of edges, but only in the ones that the agents may cross, which are determined by

their position at each moment. To express these restrictions, it could be necessary to include

in the language the possibility of referring explicitly to the distribution of the agents in the

graph. In this direction, a possibility would be to model each agent’s location by variables,

maybe even introduce another sort of variables to deal with it like we did with nominals. In

the used language we would be able to express for example thateach agent can be only in

one point at a time:

@i(a∧ ¬ j)→@j¬a,

consideringa to be an agent variable. Also, to express their movement we could say that

@i(a∧z j)→ ⧄( j → (a∧@i¬a)).
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