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Abstract

In this thesis we study various extensions of classical ingetaantics to changing rela-
tional structures. Extensions of classical modal langs@ge considered in order to reason
about these structures. The thesis is divided in two paxth éadicated to a particular
kind of change: change happening along a linear order, totwive refer, metonymically,
as ‘time’; and change caused by transitions while being idéget on the path previously
covered (reactivity).

In the first part we solve some open problems regarding the-Jfioite axiomatisabil-
ity of product logics where one of the components is linearpdrticular, we give the first
examples of recursively enumerable (even decidable) tweiasional products of finitely
axiomatisable modal logics that are not finitely axiomdtisaWe show that any axiomatisa-
tion of some bimodal logics that are determined by classpsaafuct frames with a linearly
ordered component must be infinite in two senses: it shouithaoinfinitely many proposi-
tional variables, and formulas of arbitrarily large modesting-depth. We also present some
further results regarding the problem of finding an explgibmatisation for the considered
logics.

In the second part we consider the concept of reactivitypthiced by Dov Gabbay in
his first approach to reactive modal semantics [29] usingérigrder arrowed structures
representing the dependence of the state of a connectionagmi transition. We start by
generalising this semantics to reactive Kripke frames,rdeoto provide representation-
free tools for analysing all possible changes. Then we usssidal modal techniques to
axiomatise some classes of reactive frames, and to obtaidadslity/complexity results.
We also show that the ‘higher order arrows’ formalism is pduleenough to generate all
the relational reactive behaviours. Finally, a logic igadiuced to reason directly about
these structures, and its completeness is proved.



Introduction

The study of modal logic started with Aristotle’s analysisnecessary and possible truths.
However, even though modal logic has been around since #ek&rits most popular period
blossomed with Kripke’s introduction of its relational samtics in the late 1950’6 [54, 55].
For a detailed account of its evolution seel[39]. Since timneodal languages have estab-
lished themselves as the simplest languages in whichaeHtstructures can be described,
constrained and reasoned about. Furthermore, relatibnatgres play a fundamental mod-
elling role in various disciplines, from economics to pkibphy, from knowledge represen-
tation to law, and probably most obviously in theoreticainpater science, for example
when labelled transition systems are used to model progse@ouéon. These two facts
fuelled a boom in the number of studied modal systems anddh&ntious increase of its
application range.

One can say that the relational semantics of modal logiadyrencompasses change. In
fact, one can consider (or access tdjatient worlds, and the propositional truths, given by
the propositional variables valuation, may change. Alsoabcessible worlds may change
with these transitions. Yet, the truths at a given world atél”. In a Kripke model both
propositional truths and the accessible worlds are fixeddch world. In this thesis we take
it a step further and let these vary. In many situations it@sadense to consider semantics
such that when certain operators are evaluated, the moletevihe formula is being eval-
uated, changes. Therefore, the interpretation of a formmutllae scope of a modal operator
is given by a general condition of the type:

M, XECpif M, X E@

wherex’ is a pointin a new modé)t’. Indeed there are various examples of such approaches,
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e.g..
¢ in dynamic epistemic logics with agent’s public announcetsé’4];
e in sabotage logics edges can be deléted [73];

e in memory logics one may keep the information that a certammldvwas visited,
adding it to the memory of the model [5];

¢ in Hyper-modalities the meaning of the modal operators dépeon where in the
formula they occur[27];

e in product logics one may think that while moving along onediion the valuation
of the remaining hyper-plan is changing, for example maaghaluation change in
time if that direction is a time flow [23];

e in reactive Kripke semantics the accessibility relatiopetels on the path crossed

[29,[31].

In this thesis we concentrate on the two kinds of change caghtay last two approaches.
One happens along a linear order, to which we call, metorgliyjctime’. That is, the
propositional variables’ truth value depends not only amworld we are in, but also on
which ‘moment’ we are. Whereas the other depends on whereawe lheen before, that
is, neither relation nor propositional variables valuearge with the clock ticking but they
react when and because we move. Moreover, the changes aitvedaio the way we got
to the current world. We call the latter reactivity. We do olaim that the classical Kripke
frames cannot cope with these types of change, the mattearis abbout how to incorporate
these meta-level notions into the models and which langt@gensider in order to reason
about them.

The thesis is divided in two parts, each dedicated to oneetdmsidered varieties of
change. These two parts are of a quit@adent nature. While in the first part we consider
open problems in the long studied subject of products of mlodgcs, in the second, we
take a more logical engineering approach by embracing thielaiement of a recent field
of research. In the next two sections we give an overview @fdieas present in the thesis
together with some modelling examples, and close the chaptie a section giving the
detailed thesis outline.
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1.1 Change in (linear) ‘time’

In the first part we consider the problem of axiomatizing 8eurcts of unimodal logics
where one of the components is linearly ordered. Here wedntre briefly these structures
and give a hint about the interest of such structures fromaoi& of view of the applications.

Thinking multidimensionally - Products Modal logics are used to reason aboufetient
entities like time, knowledge, beliefs, actions, space, ¥fhen one wants to reason about
these in an integrated manner one needs to consider mulirtoggics interpreted over ap-
propriate structures. Some of the most common among thegg@ducts of Kripke frames,
since they capture the interaction between the compone&atedein many situations. The
product construction shows up in various disguises, arglriglated to many other logical
formalisms, such as algebras of relations in algebraic|diite variable fragments of clas-
sical, intuitionistic and modal predicate logics, tempa@aistemic logics, dynamic topolog-
ical logics, modal and temporal description logic, see @Id6, 7,17/ 18 19, 23, 52, 66].
Ever since their introduction [70, [71,125], products of middgics — propositional multi-
modal logics determined by classes of product frames — haga bxtensively studied, see
[23,58] for comprehensive expositions and further refeesn The first part of this thesis
targets some open problems in this area.

Adding a dimension A way of adding a dimension to a modal lodicis to extend the
language ol with the chosen language to describe the new dimensionsleauT, and
obtain a logicT (L), where the models fof (L) are sequences of snapshotd efodels
changing along the new dimension. In Figlrel 1.1 we see suexample where the new
dimension is a commonly used time flow, <). In the simplest case, when frames are
allowed to change without restriction the resulting logiccalled the fusion of. and T
[21,(53,20]. Many possibilities and restrictions have bstried; check [52] for a survey
on the result of this process with various valuesLo&s spatial logics (from metric and
topological spaces) and choicesTaf

Products with linear orders  We concentrate on the case where these snapshots are Kripke

models based on the same Kripke frame, and only their valustre changing along a new
linearly ordered dimension. In this ca$¢L)-models are Kripke models over products of
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Figure 1.1: A structure changing along a time fl@w, <).

frames, where one of the component frames is a linear or’der‘t(tneH), see Figuré 112.
Moreover, we considdr andT to be unimodal logics over these components.

Figure 1.2: Product witliw, <).

Our results In Sectio 3.2 we consider the problem of finding finite axitissions for
products of two finitely axiomatisable modal logics and shitw first examples of re-

We use this term as a shorthand to designate the linear avdgyanent, and even though our our results
apply to the usual linear flows of time, there are other napdr models of time, having multiple (usually
only towards the future) time lines [64], that are not coasédl. Se€ [716] of [47] for an overview on temporal
logics.

12



cursively enumerable (even decidable) two-dimensionadiypets of finitely axiomatisable
modal logics that are not finitely axiomatisable. In patacuwe show that any axioma-
tisation of some bimodal logics that are determined by elssd product frames with a
linearly ordered component must be infinite in two senseshauld contain infinitely many
propositional variables, and formulas of arbitrarily kangodal nesting-depth. Examples
of such bimodal logics are given lyx K, whereL is any of the logics of the most com-
mon models of the flow of tim&og{(w, <)}, Log{(Q,<)} = Log{(R,<)}, Log{(w,<)},
S4.3= Log{(Q,<)} = Log{(R,<)}, as well as the logic of all linear orded$§4.3. Finally,
in Sectior 3.B we present some results regarding the probidimding an explicit axioma-
tisation of the considered logics.

Let us finalise with a modelling example.

Example 1.1.1.Let W be a set of cities. The fact that there is a flight from a cityriother
can be represented by a binary relatis W x W (usuallyR should be symmetric). Clearly,
(w, <) can represent the successions of days (hours, or any uinitef following a certain
moment. Furthermore propositional symbols can be assattatpredicates about various
properties that depend both on the city and on the momentestaun, e.g. temperature,
pressure, sunshine, rain, U.V. degree, etc. If we consldarthe flight connections are
fixed, the product ofw, <) and (W, R) is the right structure to model the evolution of such
predicates together with the flight accessibility inforroat Let us exemplify what we can
express in the associated bimodal logic. We have a modahtipexssociated with the time
flow, ¢, and anotherg,, associated with the flight accessibility relation. Sgp stands
for ¢ is true somewhere in the future ard ¢ stands fory is true in some city reachable
by flights in the considered airline. Furthermore let us ghee following interpretation to
some proposition symbols:is true if it is sunny{. s if the temperature is inferior or equal
to 15 celsius;r if it is raining; cif it is cloudy. See Table 111 for some possible statements
regarding the situation in hand.

From the results proven in this thesis follows that the lagig{ (w, <) } xT is not finitely
axiomatisable. That is the logic determined by all framesiiteng of the product of frames
for Log{(w, <)} by symmetric frames (modelling general symmetric flightstes). But, it
is left open if we consider only flights that form more specifiom if that is the case. For
example if we consider only flights configurations formingegjuivalence relation (stranger
things have happened!), the obtained logit.ag{(w,<)} x S5 to which our results do

13



Modal language | Natural language

OoOp S There is a moment after which it will be always sunny (in the
city we are).

SoO1 S There is a moment in which it will be sunny everywhere one can
reach by flight.

$10pC There is a reachable city where it will be cloudy forever.

$1 <0 (SAT) There is a reachable city where one will find at a certain psumt

and rain at a certain point (good for rainbows).

(0100 SAOS) If it is sunny forever here and everywhere we can reach them till be

— $pOp —teas | @ moment in time from which onwards the temperature will bgesior to 15

Table 1.1: Possible statements in the considered modalngiesa

not apply. Interestingly, in this case if we have an extrarafme corresponding to the next
moment then we know that the resulting logic is finitely axatisable, see section’s B.4 last
item.

1.2 Change by (re)action: reactivity

In computer science the word reactivity has been used totdeystems that react to their
environment and are not meant to terminate, as coined byliRmeeHarel in [42]. In this
thesis the word has aftierent meaning, reactive systems are history-dependextiorel
structures, where the accessibility relation is deterchinet only by the point where one
is, but also by the previous transitions. This concept wa®duced by Dov Gabbay in
2004, see [28] and the extended version [29]. In the secoricdpthis thesis we consider
the concept of reactivity by presenting some structuresatmdody it and some logics to
reason about them. Let us start by explaining how the corafeactivity was born and
outlining its short life-story.

New kind of arrows. In [28], Dov Gabbay introduced the idea of enriching graplsdal

structures with arrows of a new type, calling it the doubleas. Double arrows, instead of
connecting points, connect arrows with arrows or other @alrows, see Figuie 1.3. The
idea is that this new kind of arrows can represent the depwedaf the state of the targeted

14



Figure 1.3: An enriched graph.

arrow (or double arrow) upon the crossing of the arrow iniitgio. In this first presentation
the double arrows would simply change the targeted arroie.dt@t us see how it works by
playing with the example in Figute 1.3. We represent thetfaaitan arrow is i by drawing

its body as a dotted line. Let us see tlfieet that crossing some of its edges has. As shown

a a

Figure 1.4: The ffect of crossing edges.

in Figure[1.4, when we cross the eddesb) (left) or (b, c) (right), the arrows that are in
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the scope of the double arrows coming out of them, becoftheren if they are on or &
respectively (that is, their state changes). This processmulative, after crossin@, b)

we can also crosd, c) and the €ects are determined by the new state of double arrows, see
Figure[1.h. These ideas were presented using suggestiwaitiaial cases, for example in

a-->b,b-->c

Figure 1.5: The ffect of crossing edges.

Figure[1.6 we see how these new arrows can represent a elasbieritance networks case.

o ——> o [ ] (]

o
Son of Tweetie Special Penguin Penguin Bird Does Fly

Figure 1.6: A classical inheritance networks example. Weregaresent simple exceptions:
birds do fly, but although penguins are birds they do not fly.d Are can also represent
higher order exceptions (exceptions to exceptions): ekengh the son of Tweety is a
special penguin (so also a penguin) he does fly.

The general idea that a relational structure may vary whemooves through it and the
enriched kind of frames that came along with it fuelled pedtions in many areas. Indeed,
there are applications of the reactive ideas in such disneszs as modal logic, preferential
non-monotonic logic, inheritance systems, context-fr@@gnars, automata theory, deontic
logic and contrary to duty, argumentation and other neta/ske papers|[8, 82,/16,/30] 33,
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24,[3422[ 62]. For example when one adds these kind of darhdevs to the structure
of an automata, one allows it to modify its transition redativhile reading a sentence, that
is, one makes it reactive. This alternative paradigm coegpeith non-determinism in the
task of obtaining automata with minimal number of state®pting a language. Indeed, the
following theorem (Proposition.&, [16]) is proven:

If Ais deterministic automaton witk® states, it has an equivalent reactive au-
tomatonR(A) with kn states.

Another interesting application of this kind of enrichedygs (though not using the dy-
namical counterpart) can be found in[62], where Dung’sralssiargumentation theory is
extended incorporating the meta-level argumentatiomdbasasoning, about possibly con-
flicting preferences between arguments.

Reactive logics: making Kripke reactive In [29] we can also find a semantics based on
Kripke frames enriched with these double arrows, where #wclrelation changes along
the interpretation of a formula by the action of the doubtews. Subsequently it is proven
that this semantics strictly generalises the Kripke serognih fact, we may have classes of
these frames originating logics that are not closed undastgution.

In Chaptef¥ we introduce a more abstract notion of reactiipké frames. Whereas
in [29] the changes in the accessible relation are the ornsduped by the action of the
double arrows, in the abstract notion of reactive Kripkenea these changes are given. In
reality, in the usual semantics of modal logic the only intpot information to the value of
a modal formula is the set of successors at each momenteileddl accessibility relation.
Therefore the notion of reactive Kripke frame boils down teaof admissible sequences of
points, that is, the set of admissible paths. One can pittermitial accessibility relation by
considering the paths of size two, and its evolution is erddd the one step prolongment
relation on the bigger paths. The semantics presented [nd2f&neralised over these ab-
stract structures, allowing the valuation to vary alonggaths, and the language is enriched
with an extra operator relating paths that have the sameoamd his is similar to what it
is done in the branching-time logic with quantification okesinches in[79].

Let us look to a concrete case and see some examples of whbaeexpressed in the
considered language.
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Example 1.2.1.Let us consider the situation of a traveller with a budgete $bt of his
possible moves depends on whether he has enough money temo(ti pay tolls, oil,
train or flight tickets), furthermore his actual moves alstetimine his future possibilities.
So the paths of the correspondent reactive frame are theeiseggi of cities he can visit
with a certain budget. The formulas are interpreted ovesdtmaths. Let>g stand for the
dynamics operator, that is, corresponding to the accéiggit@lation, andp to the relation
identifying the paths with the same endpoint. 8@ means that after the current path we
can access to a city such that the resulting path satisfieszp means that there is a path
to the current city satisfying. Let us consider that the propositional symbpisand p,
correspond to the predicate of being able to buy bread ane respectively, anth be true

if there is still some money left. See Tablel1.2 for exampfeslat can be said.

Modal language | Natural language

-m— OrL If the traveller has no money left then he cannot move

<Op(Orpp A ORT) | There is a path to the current city, after which the travedierot blocked
and he has enough money to buy bread every city he can access to

(pw A ORPW) If the traveller can buy wine now, and at any immediate neogh,sthen
— OpPp he would always be able to buy bread in the current city régsscf

how he got there

Table 1.2: Possible statements in the considered modalngiesa

The truth values of the sentences in Tdblé 1.2 depend on tieytar valuation we
pick, but as we shall see, with this language we can captieeesting structural aspects
of these frames. One obvious place to start is to considefathdiar relational notions
of reflexivity, symmetry and transitivity. In this dynamiazontext, these properties have
various possible generalizations. Symmetry may mean adtwe can retrace our steps,
that is, we can always return to a world where we have beent mday mean something
stronger, it may mean that when we get back we can accessrtteevsarlds as before. It
may mean something less strong as well, it may mean that ifofeogn a to b then there is
a path tdb such that we can rea@ifrom b. For instance in the case of the traveller above, it
could make sense to say it is strongly reflexive, that is, gtag's in one city (supposing the
staying cost is not supported by the travelling budget) theecan still reach the same worlds

18



he could when he got there. In this chapter we study logicslsses of reactive frames
satisfying this kind of properties, obtaining completenasd decidability results where we
can.

Switch graphs While the notion of reactive frame contains exactly the ssaey infor-
mation to generalise the usual Kripke semantics to the iv@acase, it ignores the state of
the global accessibility relation. In order to model thislgdl dependence we consider the
concept of reactive graphs (Chagdtér 5). Intuitively a neaajraph consists in a graph that
may change its configuration when a certain edge is crossed.

As in the case of reactive frames, we define a reactive graple t set of admissible
sequences of edges. Clearly, from such a set one can exXtemewolution of the whole
relational structure while transversing the graph edges.aRy admissible sequengethe
relational state of the reactive graph afies given by

Ry = {(w,w') : 2(w,w") is an admissible sequence of edges

At this point a natural question arises: can all these w@tali behaviours be encoded
by double arrows? In order to answer this question we intedhe concept of a switch
graph. A switch graph is a graph enriched with two kinds ofldewarrows, the connecting
and the disconnecting switches. As their names suggest wigeorigin of a connect-
ing/disconnecting switch is crossed its target is conngdiscbnnected.

Given a seW, a switch is either an edges W? (switch of level 0, neither connecting or
disconnecting) or a triple= (&, g, *) (of leveln > 0), where

e ac W?in the edge that triggers its action,
e g isthe targeted switch (of level- 1)
e x ¢ {e, 0} saysifitisaconnecting (black circle) or disconnectingife circle) switch.

The type of the switches of level 0é{the empty sequence) and®f (a, s, *) is o+ where
o is the type ofs. We use the following notation to refer to switches in an easishion:

o (abe) = (ab),

o (ViVo, ..o, VoniaVoni2, @, %1 ... *ns1) = ((V1,V2), (VaVa, .« oo VoneaVone2, 1+ - %n), *ns1)-

19



In graphical representations we use white headed arrowspi@sent the disconnecting
switches and black headed arrow to represent the connemtieg} Let us see an exam-
ple of a situation where the dynamical restrictions arelgespresented by these structures.

Example 1.2.2.Switches can easily grasp the fact that certain resourecrgte, that is,
one can use them a finite number of times. Depending on theingeahthe accessibility
relation (e.g. crossing a bridge, driving a road, takingldnoim a tablet, printing pages, ask
a person for a cigarette, etc) the switch configuration prtesin Figuré 1.2]2 represents the
fact that a particular action can be taken exakttyl number of times. The set of switches
is given by{(a,b), (ab,...,ab cek"1)}. Fork = 0 we would havea, b) and(ab,ab, o) on,
and would not need more switches.

Figure 1.7: The edgéa, b) can be crossed exactky> 1 times.

The main result of this section answers to the above questi@prove that any reactive
graph can be generated by a switch graph. We also providesanpda where switches are
used to represent the dynamical restrictions requiredisolution of the mutual exclusion
problem.

Switch reactive hybrid logic We close this part by introducing an interpretation of a hy-
brid modal language over Kripke frames generated by switelplgs dynamics. Usually
nominals are valid in exactly one point in each model. In #eective setting they are valid
in exactly one point for each of the components represenmtifigrent reactive moments,
with different relational states.

20



¢ Instead of having an operator relating th&elent relational states of a point, we use
nominals to identify them.

e Also, using the fact that double arrows are relations (dfedent arities) over the
carrier, we consider the correspondent modal operatoreadb type of switches we
consider the associated 2 2 relation

R” = {(W1,Wa,...,Wons1Wani2) : (WiWo, . .., Won 1 Wans1,07) IS ON.}
for |o| = n, and its correspondent modal operator2L-ary modal operatoo.,, .

e Moreover the use of the hybrid operator @ allows us to havebatview over the
switch configuration at each moment.

e To the fragment of the language introduced above, that allesvto talk about the
switches state in each moment, we add the modal opegat@iating the diferent
states of the switch graph, being the real dynamics opefedoresponding te>g in
the reactive Kripke frames).

The task of this chapter is to give an axiomatisation of thi#éches evolution by capturing
the interaction between these components.
Let us look at some examples of what we may express in thisibEgye

Example 1.2.3.Let us consider a non-local version of Examiple 1.2.1. Imstgfaconsid-
ering a single traveller, that can be only at one place at a,tlet us consider the same
problem but with a truck company (or group of travellers)hnatcommon budget. Clearly
each move fiiects all the subsequent possible moves. We know from thét i@ewen in
Chaptei b that any such reactive dynamics can be expressaslitoyes. If we consider a
switch graph generating this dynamics and the languageidedcabove we may express
the local interdependencies explicitly, e.g.

@, A Oo(b,c.d)
means that the fact that a truckargoes tab implies that no truck irc can go tod. That is

@a 2 (b~ @~ d).

21



In the case of Example_1.2.2 dealing with bounded resousebsre we allow only
certain kinds of switches:

@a(Pcb A Do(b,a,b))

means thata, b) can be crossed exactly once, @ (b - @,— ¢ b),
@a(@eb A% <Do (baae b) A = <Doo (baae baae b) A @ooo(b,a’ b’a’ b’a’ b))

means thafa, b) can be crossed exactly three times, @b - @, ¢ (b - @,~ @ b)), and
so on.

We do not claim that this is the most appropriate languagedsan about all cases of

reactivity. For instance, in Examples 1J2.1 and 1.2.3 westaisage a language that could
explicitly reason about the cost of each move and the remgimiidget after it. And in the
case of Examplie_1.2.2, where only some shapes of switchedlaned, the language could
be simplified. Still, the fact is that all reactive systems ba generated by switches and this
language seems adequate to express the local dynamic égpersion each move, imposed
by the switches. We hope that it represents a kind of skefetche various possibilities. In
the conclusion of Chaptérl 6 we discuss possible extensiimsdanguage with operators
of the kind we find InCTL andCTL*. The main result of this chapter is the proof of the
usual hybrid completeness result in this dynamic contertimdportant fact to retain is that
in each moment the whole future relational dynamics is caddatie switches, so it may
be that some properties (that depend only on the worlds esponding to pure formulas,
having no propositional symbol that is not a nominal) can &eved by reasoning locally,
using only the information contained in switches configiorat

1.3 Thesis Outline

The detailed structure of the thesis is as follows:
Chapter 2 The background notions and the main used results are pegsent

Chapter 3 We consider the problem of axiomatising products of modgic® where the
frames for one component are linear orders, covering thal tisoe-flow models.
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We start by presenting the definitions and results of gerfeprbducts of modal logics
in Section 3.11. It is known that if the classes of frames f@& phoduct component logics
are definable by recursive sets of first-order sentences,tti@r product is a recursively
enumerable bimodal logi¢ [25]. It was also known, as is shawf23, Theorem .5.15],
that no product logic of the forrd4.3 x L is product-matching, wheneveris any Kripke
complete modal logic containing4 and having the two-element reflexive chain among its
frames. Being open if these logics have finite axiomatisatio

In Sectior 3.2 answers very generally to this question. Vide@gthat for many of these
logics there is no finite axiomatisation, and that this noitdiress comes in two forms. Let
L be any bimodal logic:

e If L containsk4.3 x K and the product ofw, <) and an (irreflexive or reflexivay-
fan is a frame for, thenL is not axiomatisable using finitely many propositional
variables (Theorem 3.2.1).

e If KA3xK ¢ L ¢ Log{(w,<)} x K then every axiomatisation df must contain
formulas of arbitrarily large vertical depth (Theorem 3)2.

These results give negative answers to questions In [28Jt@Questions 5.18 and 5.19
in [23].

In Sectior 3.B we present some preliminary results towandsfy an explicit axiomati-
sation for such (recursively enumerable) logics. We alse@thatk4.3 x S5is not product
matching (Theoremn 3.3.113). This chapter is joint work withi Kurucz.

Chapter 4 In Section 4.1l we extend the semantics over reactive Kripketsires intro-
duced in [29] in two ways (Definitioh 4.1.2): we define a moregml changing Kripke
structure, called reactive Kripke frame, that allows us @osider all possible relational
changes, not being limited by specific representationsyanadd an extra operator ranging
through all the reactive states of a point. In order to usssital tools in the study of the
resulting logics we translate these structures into mamélii@ ones. We define a corre-
spondence between reactive frames and a certain sub-€lbsaarial frames for(K, S5)
(calledcsframes and shattered frames respectively, Definffion/.such that there is a
bijection between their models that preserves truthness@®R{ 4. 1.0 and Theordm 4.71.10),
concluding that they define the same logic (Corollary 4)1.11
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In Sectiori 4.P we establish various completeness restiitg uariations of the so-called
‘blow up method’ (also used in [40, 56]): general completsn@heoreri 4.21.4); for gen-
eralisations of reflexivity (Theorenis 4.2.8 and 4.2.10); generalisations of transitivity
(Theorem&4.219 and 4.2]11); the static and quasi-statiediem§ 4.2.12 and 4.2]13); strong
reflexivity plus strong symmetry (Theordm 4.2.15).

In Section[4.B we establish some decidability results usamations of the filtration
technique getting an upper bound for the general systengeheralised reflexivities and
strong reflexivity ofco-NEXPTIME(Corollary[4.3.2) and for the static and quasi-static of
co-2NEXPTIMECorollary(4.3.5).

For a more complete description of these results see TallleRart of this chapter is
joint work with Dov Gabbay and has been published in [31].

Chapter 5 We start by introducing the concept of a reactive graph (xefm5.1.1), cor-
responding to the abstract notion of a(n accessibilitygtreh that depends on the previously
crossed edges. We pick the idea introduced in [29], of lgaelpresenting the dependency
between crossing an edge and the (global) state of thearlayi adding higher order ar-
rows expressing it, and prove that such structures, thelk\wgitaphs (Definition 5.11.3), can
express all the relational behaviours, that is, all reacgvaphs are generated by switch
graphs (Theoremn 5.1.8). This result allows us to see thebastformalism as a possible
representative of the paradigm of reactivity. They are esgive enough to cover all reactive
relational dynamics and we believe they provide a usefulftoanodelling real situations,
by gathering in an homogeneous structure the various (jietals of reactivity.

In Section(5.2 we define the dynamics loklements over a reactive graph (or over
a switch graph, that is in the reactive graph generated bipifinition[5.2.1), and give
an example of the use of these structures in modelling thblgmo of mutual exclusion

(Exampld5.2.R).

Chapter 6 In Sectior 6.1l we introduce a hybrid logic to reason abousttiech dynamics
introduced in Chaptdr] 5. We adapt hybrid semantics to thimdycal context (Definition
[6.1.2). We use the power of names to identify worlds ifiedent reactive moments and
@ to have a global view on the current configuration of the dvéis (read here as usual
relations over the set of worlds thus having the classicalahoorrespondents). In Section
we introduce an axiomatic system (Figlrel 6.3) that dessrthe interaction between
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these elements. We then prove the corresponding comp$stéheorem, with the usual
immediate completeness for additional pure axioms (The@e.2), confirming that the
switch behaviour was captured.

We close each chapter with a section where we discuss thmebttesults and present
a list of open questions.
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Preliminaries

We assume the reader is familiar with the basics of proositi predicate and modal logics
([15,11]), computability and complexity ([63]) notionset.us here summarise the neces-
sary notions and notation for the thesis.

2.1 Modal Logic

Here we introduce some of the fundamental concepts of modal that we use throughout
the thesis. The presented definitions and rﬂuaa be found in every textbook presentation
of the subject of modal logic, we useld [38, 15] 11] as refezsrand rely on them also
regarding what we do not include here.

2.1.1 Syntax
Languages

Definition 2.1.1. Modal similarity type is a pairr = (O,p) whereO is a non-empty set,
andp is a functionO - w. The elements 00 are called modal operators; we usés
(‘diamonds’ with diferent subscripts gand drawing inside) to denote elementdbfThe
functionp assigns to each operator a finite arity.

The set of modal formul&s., (IT) (or L. for short) is built up using a modal similarity

We do not give the original references but we say where ondimahe results in[11].
2We have chosen a general notation to present these conusipig,polyadic modal operators, because

they are crucial in paftlll. We realise this is not the usuaich but in an introduction but, exactly because of
that, we feel it may be useful to make the reader used to thergkcase from the start.
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typet = (O,p) and a denumerable set of propositional letters (or var&bleusing the
following rule:

(p = p|—|()D|g01/\§02|<>(€0l9"'5<)0p(<>))'

The other connectives., 1, v, -, < are introduced by the usual abbreviations. And dual
operators of non-nullary operators are defined@s,, ..., ¢,)) = =< (=01, ..., "Pp(c))-

Modal nesting-depth

Definition 2.1.2. Given a formulap € £, and a® € O we define the>-modal nesting-depth
(or modal depth) of, md,, inductively as follows:

md,, (p) =0,
md;, (—¢) = md; (¢),
md, (1 A ¢2) = maxmd, (¢1), mds (¢2) },
Md (O (@1, -, @p(0))) = L+ maxmd, (¢1), . ... M, (p(0))
Md,, (O (@1, -+ Pp(0)) = MAX My (91), - ... M (@0 ), I O # O

We can also refer to the modal depth of a formula without if@ng a specific operator in
the subscriptmd(y) is defined as above by removing the last line.

Formulas and sets of formulas

Definition 2.1.3. A substitutionis a mapo : I1 - £, and it induces a maf)” : £, —» L,
(the process of uniform substitution), which is recursnagfined as follows:

p” =o(p),

(_"10)0— :_‘SOO—’
(01 A 2)7 =07 A g3,
)

<>(()01,...,Q0p(<>) v = (SD({,, Z(O))

Axiomatisations

We consider the question of axiomatisability in relatiordgics (sets of formulas) that
are defined syntactically in flerent ways, so we leave here just a general definition. An
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axiomatisation system is a set of base axiaGhasd a set of closure rules (rules of the form:
if a € AthenR(a) ¢ A). We say that a set of formula8 (in a particular axiomatisation
system) axiomatises a lodidf L is the smallest set of formulas containligX’ and closed
under the closure rules. All logics we consider are normadlahéogics in the following
sense:

Definition 2.1.4. We call modal logic to any set of formulésc £, that contains all propo-
sitional tautologies and is closed under modus ponensi@bap — ¢’ € L theny’ € L). We
say thatL c £, is uniformit it is closed under uniform substitution and that inigrmalif
forall & e Oandep,y, ¢4, ..., ¢y) We have:

FO(@L @ =2 U, 0p0)) = (O(@01 s (o)) = O(P1s - s oo Pp(0)))s

wherey — ¥, in the antecedent, angandy, in the consequent, occur in tih position
for 1<i<p(<). Andifitis closed for the rule of necessity (or generaiisa}:

+ e implies - o(L,...,1,¢,1,...,1),
where occurs in theth position for 1< i < p(<).

In Part] the axiomatic system considered is formed by thesrof modus ponens, gen-
eralisation plus the rule of uniform substitution. But irrfiinot all logics are closed under
uniform substitution. Furthermore in Chaptér 6 we use soamearthodox rules including
side conditions.

Definition 2.1.5. LetLu L’ u {¢} < £, andX c II, we then define:

e (L,L’) is the closure by the rules of modus ponens and necessity ckth

{y :y is a propositional instance gfe Lu L’ }.

e Loy=(L{¢})

e L +x ¢ is the closure by the rules of modus ponens and necessity ckth

L u {y :y is the result of substituting the variableswby variables inX }.
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Logics: Consistency and maximal consistent setsin order to define consistency we use
the general notion of axiomatisation for propositionasdxlogics.

Definition 2.1.6. A logic L c £, is a set of formulas that contains all propositional tautolo
gies and is closed under modus ponens (thatgs— ¢’ € L theng’ € L). Every element of a
logic ¢ € L is calledtheoremwrittent+_ ¢. GivenI'u {¢} < L, we say that is L-deducible
fromT if there existp4, ..., ¢, € I' such that

FLor— (eo—= (.. > (en—>¢)...)).

A setT’ c £, is L-consistenif I'tf, 1, and it is aL-maximal consisterdet (-MCS) if it is
L-consistent and for alp € £, then eitherpe T or —p € T'.

Lemma 2.1.7(Lindenbaum’s lemma: LemmaX7, [11]). Every L-consistent set of formu-
las is contained in a L-maximal consistent set.

2.1.2 Semantics

A relational structureis a tupled whose first component is a non-empty ¥étcalled the
universe (or domain) of, and whose remaining components are relationg/orThe ele-
ments ofW can be named: points, states, nodes, worlds, times, isst&nt When a relation
is binary we say it is an accessibility relation.

Frames and models

Definition 2.1.8. A frame for the similarity type = (O, p) (r-frame) is a tupl&y consisting
of the following ingredients:

e a non-empty satv,

e for eachd € O anp(<©) + 1-ary relationR,,, we say< is the modal correspondent of
Ro.

A t-model is a paif)t = (§, V) whereg is ar-frame andV is a valuation, that is a function
from IT — 2%, M is also called a model ovg¥. The notion of a formula being satisfied
(or true) at a statevin a modeli (Mi, w = ¢) is defined inductively:

o M,wk piffweV(p) for pell,
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o M, WE —p iff M, Wi ¢,
o DL, WE @1 Ay iff MW E @ andM, w = o,

o MW E O(@1,...,9,0)) iff there arevy, ...,V o) € Wwith (W,vi,...,V,)) € R
and for each, M, V; E ¢;.

Definition 2.1.9. We say a formula is satisfiable in a model if it is true at some point in
that model. A formula is satisfiable in a frame if it is satibf@ain a model over that frame.
We say a formulg is valid at a statevin a frameg, &, w E ¢ if ¢ is true atw in every model
based orfy; pisvalid in§, § & ¢, ifitis valid at every state ir§. The notion of validity is
easily extended to sets of formulds,= I'. Given a class of frameg, the logic ofF is the
set of all formulas that are valid in all frameskn

Log{F} = {¢:FE ¢}.

It is easy to see that the logic of a class of frames is normal.

Frame and model constructions

Definition 2.1.10. Given two framesy = (W R, ) oo and®’ = (W', R}, ) o0, We say thafy’

is asubframeof ¥ if W' ¢ W and for all® € O we haveR,, = R, nW*(®), Furthermore, we
say thaty’ is agenerated subframef § (9) if it is a subframe and the following closure
condition is fulfilled for all< € O:

if ue W and(u, Vi,... ’()Dp(<>)) € R<> thenVl, s Pp(o) € W'

Let W' ¢ W, thesubframe generated by Mé the smallest generated subframegoivhose
domain containdV'. A rooted or point-generateftame is a frame that is generated by
a singleton set, the element of which is called tbet of the frame. All these concepts
are extended to mode¥® = (&,V) andM’ = (F',V’), if we further have that fop € I,

V' =V(p) nW.

Definition 2.1.11(p-Morphism) Given two framesy = (W R, )0 andy’ = (W', R,) <o,
by a p-morphism(or bounded morphism) we intend a functibon W — W’ satisfying the
following properties:

30



o if (Vo,...,Vp0)) € Ry then(f(v),..., (Vo)) € Ry, for eachd e O (forward or
homomorphism condition),

o if (f(vo),v’l,...,v;(o)) € R, thenthere existy, ..., V, ) € Wsuch tha(vy, ...,V )
e R, for eachd € O (backward condition).

To extend this concept to modeélks = (F,V) andM’ = (F,V’) we require that iftv e V(p)
thenf(w) e V'(p).

Standard translation

Definition 2.1.12(Standard Translation}or a similarity typer and a set of propositional
lettersTI, let £L1(IT) be the first-order language which has unary predicBteP;,P;...
corresponding to the proposition lettgxs p1, p2, - - - € I1, and(n+1)-ary symboR,, for each
(n-ary) modal operato> in our similarity type. Let£2(IT) be the second-order language
extendingL1(IT) where theP; are the second-order variables. We @I the standard
translationfrom modal language to first-order logic:

STu(p) = Px
STu(-¢) = -ST(p),
ST(er¢') =STi(e) ASTi(¢'),
ST(O(@1,- - Bp(0))) = W1+ Yp(o) (K Y15+, V(o)) € Ron

S -I-yl(‘pl) A AS Typ(<>> (QDP(O)))’

wherey; ...y, ) are fresh variables (that is, variables that have not beed s far in the
translation).

Proposition 2.1.13(Local and global correspondence: Propositiodd 2nd 312, [11]).
Given a modedt = (F,V) andy € L., then:

MwE @ iff MwE ST(p)[w] (local model),

M =@ if ME VXS Ti(e) (global model),

FWE @ iff §FWE VP;... P, STi(¢)[w](local frame),

FEQIff§EVPL...PVXS Ti(¢) (global frame),
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where R bind the second-order variables Borresponding to the proposition letters p
occurring ing.

Definition 2.1.14(Modal definability) We say a formula defineqor characterises) a class
of framesF if for all framesy, & € F iff § = ¢. Similarly if I' is a set of formulas we say
thatl” definesF if § € Fiff § = I'. We say a class of frames(imodally) definabléf there is

a set of modal formulas that defines it. We say a fornulgiines a propertif it satisfies the
class of frames that satisfies that property.

2.1.3 Some standard modal logics

Schema is a collection of formulas that share the same dimfaan, it can be given by all
the uniform substitutions of a certain formula, it is usetupresent specific uniform normal
logics. the set of formulas is usually represented by therselta formula that give origin
to it. For example to represent the minimal (unary unimodafmal logic we just need the
schemata

K:o(e = y¢) - (Op - Oy).
It as become customary to use the notatiy ... X, to refer to the smallest normal logic

containing the schemata, ..., X%,.
Set theoretically this logic is defined as

(T :Tisnormaland; u...u%, cT}

Historical names for some well-known schemata are:

O(p AOp » ¥) vO(Y ATY — @)
0(0p — ¢) > Op
0(0¢ — ¢) = (O 0O¢ - 0p)

T: Op = ¢
B: p->00¢
4: Op - 00¢
5: S —->0C ¢
D: Op - Oy
L :

W :

Z:
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X: OO0¢ — Op
Dum: 0(0(e » 0p) = ¢) = (OO - @)
grz: 0(o(e - 0p) = @) = ¢

Some of these schemata define (first-order) properties afyonelations:

T Reflexive VX (XRX)

B Symmetric VX Yy (XRy— yRX

4 Transitive VX, Y,z (XRyRz> xR2)

5 Euclidean VX, Y,z (XRyAa XRz— yR2

D Serial vx3y (xRy)

L Weakly connected Vx,y,z (XRyAn xRz— (yRzvy=zv zRY))
X Weakly dense VX, y (XRy— 3z (xRzRY)

Names of some well-known logics are

S4 = KT4

S5 = KT4B
Gl = KW
K4.3 = KA4L

S4.3 = KT4L
Grz = Kgrz

The logics of the linear orders (routed transitive weaklproected frames) most used to
model the flow of time are the following

K4DLZ Log{(w,<)}
K4DLX Log{(Q,<)} = Log{(R,<)}

KT4LDum = Log{(w,<)}
S4.3 = Log{(Q,<)} = Log{(R,<)}
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2.1.4 Some general results
Invariance under p-morphisms
Proposition 2.1.15Proposition 214 and Theorem.24, [11]). Modal satisfaction is invari-
ant under p-morphisms. That is, if: )t — 9’ is a p-morphism, then:
MW E @ iff M, f(w) E .
As a simple consequence we have that:ifyf— g’ is a surjective p-morphism then:
& E pthend' =,

thatis,Log{&} < Log{F'}.

Finite model property

Definition 2.1.16. We say that the logic of a certain class of models haditiie2 model
property (f.m.p) if every formulay € L, satisfiable in some model in that class is also
satisfiable in a finite model of that class.

Finite models via filtrations
Definition 2.1.17. A set of formulad” c £, is closed under subformulasfor all formulas
0,000, »on: ~p € T'thenp e T, o A ¢’ € T theng, ¢’ € T; O(¢o,..-,¢n) € T then

©o,---,n €l
Given ar-modelM = (W R,V)s0 and a sefl” ¢ £, closed under subformulas, let

Mr = (Wr, Ry, V') oo such that:
W = {|w|: we W},
If (Vo,V1,....¢p0)) € Ro then(|vo|, [Val, ..., |¢p0)]) € Ry,
where
v={¢:9eT & MVE g},
V~r WIff T, =Ty,
w| = {t:w~rt},
V'(p) = {lw|: MM, Wk p}.
We say that)ir is afiltration of 9t throughr'.
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Proposition 2.1.18(Proposition 238, [11]). LetT" c L, be finite and closed under subfor-
mulas, then for alit, 9t contains at mos2!'l worlds.

Theorem 2.1.19(Filtration theorem: Theorem.29, [11]). Let My be a filtration of M
throughlI” c £, closed under subformulas. Then for @alk I and we 9t we have that

MW E @ iff Mr, | W E .

Soundness and completeness

Definition 2.1.20. Given a class of frames (or models)and a logicL, we sayL is sound
with respect td- if L ¢ Lg, andcompletaf the converse holds.

Canonical models

Definition 2.1.21 (Canonical model) Given a normal modal logit < £, we define the

canonical modedit = (W, Ry, Vb) o for L where

W' ={T:TisalL - MCS},

(W, ug,..., Up(o))Rg iff for all formulasg; € uy, ... > Pp() € Up(o) & (gol, - "pp(<>)) €W,

VI(p) = {we W' : pew}.
= (WL, R<L>)<>€o is called thecanonical framédor L.

Lemma 2.1.22(Truth lemma: Lemma .21, [11]). For any normal modal logid and for-
mulag,
M WE @ iffoew.

Theorem 2.1.23(Canonical model theorem: Theoren22, [11]). Any normal logic is
complete in relation to its canonical model.

Definition 2.1.24 (Canonicity) A formula ¢ is canonicalif, for any normal modal logic
L, ¢ € L implies thaty is valid on the canonical frame fdr. Let ¢ be a formula and® a
property. If the canonical frame for any normal logicontainingy has the propertf?, and
¢ is valid on any class of frames with propeRytheny is canonical forP.
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Sahlgvist formulas and theorem

Definition 2.1.25(Sahlqgvist formulas)

e A formula ispositive(resp.negative if every occurrence of a variable is in the scope
of an even (resp. odd) number of negations.

e Boxed atoms a formulao; ... o, p whereo; ..., is a (possibly empty) string of
unary boxes ang e I1.

e A Sahgvist antecederg a formula constructed from propositional constants ellox
atoms and negative formulas by applyingv, and diamonds of arbitrary arities. A
Sahlqgvist implicatioms a formula of the fornp — , wherey is a Sahlgvist antecedent
andy is a positive formula.

e A Sahlqvist formulds a formula constructed from Sahlqvist implications byefye
applying unary boxes and conjunctions, and applying patylaoixes and disjunctions
to formulas sharing no common variables. The Sahlqvist ftens monadic if no
polyadic modalities occur in it.

Theorem 2.1.26Sahlgvist theorem: TheorenBal and Theorem.42, [11]). Every Sahlqvist
formula defines a first-order formula and it is canonical itat#on to the first-order formula
property it defines.

Definition 2.1.27(Simply generalised monadic Sahlgvist formulas)

e A box formulais a formula

@=011...01n, (501 - (Dz’l. o Oon, 02 = ... Ok .. - Ok p) .. )
wherey;’s are positive formulas ang e I1 is called theheadof .

e An occurrence of a variable in a box formuas essentialn ¢ if it is a head ofy,
otherwise it isnessentialn ¢. A variable in a box formula is essential ing if it has
at least one essential occurrence in it, otherwiseirtassentialn ¢.
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e A set of box formulas is saithdependenif no head of a formula from the set occurs
as an inessential variable in any headed box from the set.

e Simply generalised monadic Sahlqgvist formwdas defined by replacing in the defini-
tion of classical modal Sahlqgvist formulas boxed atoms by-feomulas, and further
requiring that the set of all these box-formulas occurrimghie construction of the
formula, is independent.

Theorem 2.1.28(Simply generalised Sahlqgvist theorem, |[41very simply generalised
Sahlqgvist formula defines a first-order formula and it is caical in relation to the first-
order formula property it defines.

2.1.5 Hybrid logic

The basic hybrid logic is simply a multimodal language, wasomic symbols are sub-
divided in two sorts. Beside the propositional variables,vave also the set of nominals,
NOM. Furthermore for each nominalve have the operator @Given a similarity typer,
the basic hybrid languag®(. (@), is given by:

@ = 0| pl-¢|errea| (@1, 0n0)) 5

wherei ¢ NOM and everything else is as before. The novelties in the secsaate that
the valuation of each nominal is a singleton, and that theaitpe@ changes the valuation
world to the world satisfying. Indeed @y is true in any world if¢ is true at the world
satisfyingi. These logics are quite simple (the satisfability problemot more complex
than the one for modal logic) but their expressivity is ingsigely stronger. It can express
many properties not definable in the basic modal language,igeflexivity, asymmetry,
antisymmetry, intransitivity, universality, trichotongt mostn states, etc. For more details
see: [11, Section 7.3].

2.2 Notation

Our notation is mostly standard but here we introduce the osed in this thesis.
w denotes both set of naturals and the first uncountable dnaimaber.
Given a sequence over a getd = a; ... a,, |0| = nis thelengthof 6.
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The empty sequence is denoteddmsnd|e| = 0.
Forn < w, let A" denote the set of all sequences of lengtiverA, and let:

e A* = Up, A" and

o W+ =W~ {¢}.

For anyé, o € A*, we denote theiconcatenatiorsimply by 8o (with 0e = €6 = 6).
n

Forn<w, 0 A, letd" = 9...0 (with 6° = ).

A prefixof a sequencé = a; ... a, is any sequence of the forag...a, forO<k <n.

We use consider & to be interchangeable with the word ‘and’orédver, we con-
sider it has priority over the word ‘or’ (like. overv or x over +). So when we write
A& BorC& D & E, we meanA & B) or (C & D & E). By ‘iff’ we mean ‘if and only
if’
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Part |

‘Time’-Dependent Systems
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Products with Linear Orders

In this chapter we tackle the problem of axiomatising pradgics where one of the com-
ponents is linear, standing for time. Our results cover traraon choices for the models of
a linear flow of time:(w, <), (Q,<) and(R, <), as well as their reflexive counterpafts, <)
(Q,<) and(R,<). In the first section we introduce the main concepts arouptbaucts of
modal logics and list some general results in the area. Is¢hend section we solve some
open problems regarding the (non)-finite axiomatisabdityproduct logics where one of
the components is linear. In particular, we give the firshepkes of recursively enumerable
(even decidable) two-dimensional products of finitely axadisable modal logics that are
not finitely axiomatisable. We show that any axiomatisatidrsome bimodal logics that
are determined by classes of product frames with a lineadgred component must be in-
finite in two senses: it should contain infinitely many pragosal variables, and formulas
of arbitrarily large modal nesting-depth. In the last sattive present some further results
regarding the problem of finding an explicit axiomatisationthe considered logics.

3.1 Products of modal logics

We start by recalling the concept of product logics in its{smensional version (following
[23, Chapter 5]).

Definition 3.1.1. Given two Kripke complete unimodal logits andL,, theproduct logic
L: x L, is defined as

Lo x Ly = Log {0 x &1 : &i is a frame for;, fori < 2}.
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where the produc, x &1 of framesgo = (Wo, Ry) and&; = (W, Ry) is the 2-frame
Fo x F1 = (Wo x Wi, Ro, Ry),
whereW, x W, is the Cartesian product &%, andW; and, for allu, u’ € Wy, v,V € Wy,

(UV)Ry(U,V) iff uRW andv=V,
(uV)R(U,V) iff VRV andu=uU.

2-frames of this form will be callegroduct frameshroughout.

Product logics are defined in a semantical way: they are s$adptermined by classes of
product frames. Thus, a good start to understand their b@lrais to find properties that
hold in every product frame. The most obvious ones are giyethé three diagrams in
Figure[3.1 the meaning of which can be described by the fatigfirst-order sentences:

e left commutativity VxyZ xR yRyz - Iw(xRywR,2)),
e right commutativity vV xwz xRwR,z - 3y(XR,yRy2)),

e Church-Rosser property Xwy( XRow A XRyy - 3z(yRyz A WRy 2)).

Figure 3.1: Left and right commutativity and Church-Rogz@perties.

These properties can also be expressed by modal formulasc@neasily check that a
2-frame is left commutativeftiit validates the formula

com =0y 0o p < Oo 01 P,
it is right commutativeff it validates
com = o001 p<+ 01 Do P,
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and it is Church-Rosseffiit validates
chr=<Co0 p— 01 Co p.

The left and right commutativity axioms can be combined mtgingle commutativity
axiom
com= com A com.

But these axioms are not enough to characterise producefa®ee in Figure 3.2 an
example of a commutative and Church-Rosser 2-frame that isomorphic to the product
of any frames.

Figure 3.2: Commutative and Church-Rosser but not prodanié.

The first syntactic approach tg x L, is given by:
Definition 3.1.2. Given two Kripke complete unimodal logits andL, thecommutatoiis
[Lo,L1] = (Lo, L1) ® come chr.
It is easy to prove that we indeed have the following inclasio
[Lo,La] € Lo x Ly. (3.1)
When the converse also holds, that is, when we have:
Lo x Ly = [Lo, L4],
we say that g x L is product-matching

It turns out that many pairs of standard modal logics areedgeoduct-matching; how-
ever, there are many counterexamples as well. In the fatigwsiections we consider the
problem of finding an axiomatisation for logics of this kima the particular case whetg
is a unimodal logic for linear orders.

Let us first summarise the known general results relatedggtboblem:
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(1)

(@)

3)

(4)

If both unimodal logicd.g andL; are such that their classes of Kripke frames are de-
finable by recursive sets of first-order sentences, thenpheductL, x L, is a recur-
sively enumerable bimodal logiC [25]. E.d, L1 € {K,K4,S4 S5K4.3,Log{(w, <
)}-Log{(Q. <)} = Log{(R, <)},Log{(Q. <)} = Log{(R.<)}}.

If both Ly andL; are finitely axiomatisable by modal formulas having uniaék$orn
first-order correspondents, thég x L; is finitely axiomatisable [25]. In fact, these
product logics ar@roduct-matchingFor example, if each; is eitherK (the logic of
all frames), oiK4 (the logic of all transitive frames), @4 (the logic of all reflexive
and transitive frames), d85 (the logic of all equivalence frames), thég x L; is
product-matching.

The result iR cannot be generalised to products of fogicgomatised by formulas
having universal (but not necessarily Horn) first-order ponments. Such an example
is the finitely axiomatisable modal logi#.3, determined by frame@\, R), whereR

is transitive andveakly connected

VXY, ze W(XRyA XRz— (y = zv yRzv zR})).

(Rooted transitive and weakly connected relationsliaear orders) As is shown

in [23, Theorem .5.15], no product logic of the folk#.3 x L is product-matching,
wheneverlL is any Kripke complete modal logic containik@ and having the two-
element reflexive chain among its frames. So, 8&y3 x K4 is an example of a re-
cursively enumerable but not product-matching productvof finitely axiomatisable
logics. However, it was left open whether any of these prothgics were finitely

axiomatisable.

2-product logics where at least one component logicterdgned by a class of frames
of finite bounded depth (e.@5), are usually decidable. Actually, product logics are
often decidable when, in order to check satisfiability of erfola ¢, it is enough

to consider only those product frames where the depth of btleeoccomponents is
bounded by some finite number which can Bee&ively computed fronp. This result
covers multi-modaK andS5as well as products with tense extensions of multi-modal
K or temporal logics of metric spaceés [25] B5, 23,67, 51].
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(5) Products of two ‘linear transitive’ logics are undedtiawhenever the depth of frames
for both component logics cannot be bounded by any fixed w: examples are
products 0K4.3, S4.3or Log{(w, <)}, [61,[68)72].

(6) Products of more than two modal Iogﬁcme usually undecidable. In fact, no logic
betweerK x K x K andS5x S5x S5is decidable[[45].

(7) Finally, note that the product construction may resufjuite complex bimodal logics.
There are several examples of non-recursively enumerabdsl1;-complete, prod-
ucts of finitely axiomatisable logics, e.fg x L; whereLy € {K4,K4.3,S4 GL,Grz,
Log{(w, <)}, Log{(w,<)}} andLo € {Log{(w, <) }.Log{(w,<)}}, [36,68/72]..

Notation. We are interested in product logics with a ‘linear’ first camnpnt, that is, where
frames forlL, are frames foK4.3. To emphasise this fact, the transitive and weakly con-
nected relations in the 2-frames we deal with are alwaysteeruy<,, for some subscri@.
This does not necessarily mean tkats reflexive. However, we use the following notation:

U<gV iff U<z vandv £, u.

3.2 Non-finite axiomatisability

Throughout, arnrreflexivew-fanis a unimodal Kripke frame isomorphic f, = (w + 1,R),
whereR = {(w,i) : i < w}. Similarly, areflexivew-fanis any frame isomorphic t®;, =
(w+ 1, R"), whereR* = Ru {(i,i) :i < w}.

Theorem 3.2.1.Let L be any bimodal logic such that
e L containsk4.3 x K, and
¢ the product of w, <) and an (irreflexive or reflexive)-fan is a frame for L.

Then L is not axiomatisable using finitely many propositisa@iables.

Not defined but easy to figure out from the 2-product definitioqproduct logics are the logics for the
n-product frames where each component is a frame for the ingiee correspondent component.
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Well-known examples of unimodal logics having arfan among their frames at€,
K4, S4, Godel-Lob logicGL (the logic of irreflexive and transitive frames without infen
ascending chains), and Grzegorczyk loGiz (the logic of reflexive and transitive frames
without infinite ascending chains of distinct points). Solase the following:

Corollary 3.2.2. Let Ly be the logic of the most common models of the flow of time

Log{(w,<)}, Log{(Q,<)} = Log{(R, <)}, Log{(w,<)}, $A.3=Log{(Q,<)} = Log{(R, <)},
or the logic of all linear orderskK4.3, and Ly be any of the logicK, K4, $4, GL, Grz Then
Lo x Ly is not axiomatisable using finitely many propositional edtes.

Note that bothK4.3 x K andK4.3 x K4 are known to be recursively enumerablel[25],
K4.3 x K is even decidable [23, 77]. (The same holds for reflexiveioess)

Our next result shows that some of these possible axioniatissshould also have a dif-
ferent kind of infinity. We define theertical depth vdy) of a bimodal formula inductively
by taking

vd(p) =0,
va(y1 A g2) = max(vd(y). v(¥2)).
va(-y) = vd(y),
vd(Ooy) = vd(¥),
vd(<O) = vd(y) + 1.
Theorem 3.2.3.Let L be a bimodal logic such that
K43xK c L ¢ Log{(w,<)} xK.

Then every axiomatisation of L must contain formulas oftaaly large vertical depth.

3.2.1 Infinitely many propositional variables are needed

In this section we prove Theordm 32.1. Solldie any bimodal logic containing4.3 x K
such that the product dfw, <) and arw-fan is a frame folL. In order to show that is not
axiomatisable using finitely many propositional variableg plan to proceed as follows.
Givenm < w, we call a Kripke modetit = (&,9) m-generatedif there are at mosin
different propositional variablgssuch that}(p) + @. For every x k < w, we will define a
2-framegy such that:
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(@) §kis not a frame foK4.3 x K.
(b) If k>24+1 thenM E L, for everym-generated modék based orfy.

This will prove Theoreni 3.211 because of the following. Segmthat axiomatised. and
¥ containgm propositional variables, for sorme< w. Letk > 2™+ 1 and take a 2-fram@j

satisfying(b). Let 9t be an arbitrary model based &R. Let9t,, be another model ove¥y

that is the same &gt on propositional variables occurring i) and@ otherwise. Thef,

is clearlym-generated antht,, = X iff M = X. So by(b), we haveli, = L. AsX c L, we

obtaindi,, = X, and sali £ X. This holds for any modeélt over &y, S0 Tk is a frame forZ.

Therefore Log{ &} is a bimodal logic containing, and so we have th&; is a frame for
L. AsK4.3 x K c L, this implies thagy is a frame forK4.3 x K, contradictinga).

We fix some O< k < w, and begin with the definition df = (W<, R)), for the case
when(w, <) x 9, is a frame for_:

W= {y}u {X,u,vi, W,z : i<k},
<p is the reflexive and transitive closure of
{(ui, ), (Vi,wi), (Wi, z0) 1< KU {(%, %)), (%), (Y. %) <, ] <K},
R ={(%. ), (%,2)) 1, ] <kpu{(x,vj) :0,j<ki#]j}u
{(y.w). (yowi). (y.2) =i <k},

see Figurd_313. Note that in Figure 13.3 (as well as in furtlyerés) the reflexive, transitive
and weakly connected, is depicted by ‘horizontal’ arrows and its clusters by ‘lzontal’
ellipses, andR, by kind of ‘vertical’ arrows.

If Lis such that{w, <) x 9, is not a frame folL, but (w, <) x 97 is, then we should add

the pairs{ (w,w) : we W} to R,. From now on, we discuss in detail the vertically irreflexive
case only. The very similar proof of the reflexive case istiethe reader.

First, we provga). Let us begin with showing a general property of p-morphiages
of weakly connected frames.

Cramm 1. Let f be a p-morphism from some weakly connected frégme (W, <o) onto a
frame®; = (W, <;). Forall a,b e Wy, xe Wy, if a <o b and f(a) <; x <1 f(b) then there
exists cc Wp such that a<o ¢ <o b and f(c) = x. Moreover, if fa) <; x<; f(b) then c can
be chosen such thatg ¢ <q b.
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k-many

Figure 3.3: The framgy.

Proof. Take somea,b € Wy, x € W; such thata <, b and f(a) <; x <3 f(b). By the
backward condition orf, there exist € Wy such thata <, c and f(c) = x. Moreover, as

f is a homomorphism, if (a) <; xthena <q ¢. As < is weakly connected, we have either
c=b,orb<gc,orc<gb. Butf(c)<; f(b), so the first two cases cannot hold. Therefore,
C <qg b follows. O

As being transitive and weakly connected is first-order @i, the class of all frames
for K4.3 is closed under ultraproducts. A<l.3 is a modal logic, its class of frames is also
closed under point-generated subframes. S, By [59, The@d0], we obtain:

CrLamm 2. For every finite roote@-frame, & is a frame forK4.3 x K iff & is a p-morphic
image of a product frame fd£4.3 x K.

Therefore, in order to prov@) it is enough to show the following:
Lemma 3.2.4. & is not a p-morphic image of a product frame #4.3 x K.

Proof. Suppose that there is a p-morphidnfrom a product frame) = (U, <o, Ry) with
transitive and weakly connected ontofy = (W, <p, R,). Take somé, < k. As X, <n YRW,,
there areag, b, ¢y € U such thatay <o bRiCo, f(ag) = X, f(b) =y, andf(cy) = wi,. ASH
is a product frame, there existig € U such thatagR,dy <o Co. As f is a p-morphism, we
must have thaf (dg) = uj,. As Ui, <p Vi, <n Wj,, by Claim[1, there existg} ¢ U such that
do <o € <0 Co and f(&}) = vi,. As $ is a product frame, there exisigse U such thag R;€}.
As f is a p-morphism, we must have thigta; ) = x;,, for somei; <Kk, iy # io.
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Next, asyRwi,, there existg; € U such thabRic; and f(c;) = wi,. As $ is a product
frame, there existd; € U such thaty,R;d; <o ¢;. As f is a p-morphism, we must have that
f(d;) = u,. Asu, <n Vi, <n Wi, by Claim[1, there existef € U such thatd; <o € <o ¢; and
f(€) = v,. As$ is a product frame, there exig}, a, € U such thag} <o € <o Co, aR1€5,
anda;R,€f. As f is a p-morphism, we must have thie?) = vi,, and sof (a,) = x, for
somei, <k, i, ¢ {io, 11} (see Figurd_3]4).

1

d]_ e Cy
: : f
do ql) % Co —
*— '
a a a b

Figure 3.4: Building a p-morphism from a product framegto the first steps.

Xo X X Y

And so on, using thayRw;, for all j < k-1, afterk - 1 steps we end up having
a-1,€57%,..., &3 € U and pairwise distindb, . ..,ix1 < k such thatf (ax_1) = X, ,, &-1R
e‘fl, and f(e‘fl) =V, forall j < k- 1. Now, asyRw;_,, there exist_; ¢ U such
that bRic; and f(c1) = w,_,. As $ is a product frame, there existk ; ¢ U such
that ay_1Ri0k-1 <o C1. As f is a p-morphism, we must have th&fdc_;) = u_,. As
Ui, <h Vi, <n Wi_,, by Claim[1, there exists,_; ¢ U such thatdi_1 <o €-1 <o Ck-1,
and f(e1) = vi,. As 9 is a product frame, there exis,...,& 2,& € U such that
e‘j“l <o € <g Cj forall j < k-1, andacR,g; for all j < k. As f is a p-morphism, we
must have that (g;) = v, for all j < k. But there is nox e W, such thatxR,v; for all j <k,
so we cannot find a proper value fbfay), a contradiction (see Figufe_3.5). |

Remark 3.2.5. Instead of proving that the existence of a p-morphism frormoapct frame
for K4.3xK onto &y leads to a contradiction, we could have proved Lerimal3.2ptdying

a two-player ‘p-morphism game.” Versions of such games adely used in connection
with axiomatisation problems in algebraic logic and manmpe&hsional modal logics, see
e.g. [43]57]. In this game, two playefsandV are building step-by-step homomorphisms
from larger and larger product frames 4.3 x K to a finite or countably infinite 2-frame
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Figure 3.5: Building a p-morphism from a product framesto the contradiction.

&. At each stepy can choose a ‘defect’ showing that the actual homomorphssnoi a
p-morphism: an instance of points failing the backward dorwl If 3 can reply with a
larger homomorphism ‘fixing’ the chosen defect, then the g@wes on, otherwise wins
the game. Ifi can always go on infinitely long, no matter whds choices are, then we
say that3 has a winning strategy in the-step game oveg. It is not hard to prove, using
Claim[d, thatd has such a winning strategff & is a p-morphic image of a product frame
for K4.3 x K. Figured 34 and 3.5 can be read as descriptions of a partipley of this
game ovefyy, won byV: the black dots show the choiceswfand the empty circles are the
points in possible replies &f, until she fails to continue.

Let us now turn to the proof ofb). We define a new framé, = (V, <,,S,) by adding
some points and arrows f:

V=Wu{xuu,v,w,z},
< Is the reflexive and transitive closure of
Sh U {(X’y)’ (y’ X)’ (U,V), (u,’v)’ (V’W)9 (W9 Z)}’

Sv=Ru{(xu), (% U), (% V), (% 2), (¥, u), (y, u), (Y, W), (¥, 2) } U
{Ocw), (%), (%.2), (%, 1), (%, ), (%, V), (%,2) T < K},
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see Figurd_3]6.

k-many

ul

Figure 3.6: Thenewpoints and arrows of framé.

Lemma 3.2.6. G is a p-morphic image ofw, <) x 9.

Proof. Let &, be the irreflexivav-fan withr as its root andv x (k + 2) as its set of leaves.
We define a functiorf from (w, <) x &, to ®,. To begin with, for alin < w, we let

X, ifn=3(¢-k+i), {<w, i<k,
f(nr)=1< x ifn=30+1 (< w,
Y, ifn=30+2, {< w.
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Then, for alln,m< w, i <k+ 2, we definef (n, (m,i)) by taking

Ui, ifi<k m>2 n<3m-3,

Ui, ifi<k m=¢-k+i+1forsomef<w, n=3m-3,

Vi, ifi<km>1m={¢-k+i+1foranyf<w, n=3m-3,
Vi, ifi<k m>1, n=3m-2,

Wi, ifi<k m>1, n=3m-1,

Z, if i<k, n>3m,

u, ifi=k m>2 n<3m-3,

u, ifi=k+1, m>2,n<3m-3,

v, ifi=kork+1, m>1,n=3m-30r3m-2,
W, ifi=kork+1, m>1n=3m-1,

Z ifi=kork+1, n>3m.

It is tedious but straightforward to check thiats an onto p-morphism. Here is part of the
trickiest case only. Take sonme< w such thain = 3(¢-k+1i) for somel < w, i < k. Then
f(n,r) = x. Now take somg <k, j # i. We claim that

{f(n,(m j)) : m<w}={uj,vj,z}. (3.2)

n+3

Indeed, on the one hand, we hayeasn is divisible by 3. For: First, for anym > %=, we
havef(n,(m, j)) = u;. Second, for anyn < 3, we havef(n,(m, j)) = z. Finally, observe
that™2 = ¢-k+i+1# ¢ -k+j+1forany <w, asi,j<kandi# j. Soifm= 22 then
f(n,(m, j)) = vj, completing the proof of(3]2).

This last observation also shows tH&h, (m,i)) + v; for anym< w, proving that

{f(n.(mi)) : m<w} ={u.,z},
as required. The remaining cases are similar, but simpler. m|

Lemma 3.2.7.Let § be a2-frame, and suppose that: §§x — & is an onto p-morphism such
that f(x) = f(x;), f(vi) = f(v;), f(w) = f(w;), and f(z) = f(z), forsomejj <Kk, i= |,
k > 2. Theng is a p-morphic image ofw, <) x 9.

Proof. Letny,...,Nnx_3 be an enumeration di < k : £ 1, j}. We define a functiog from
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®,_» to F as follows:

g(a) = f(an,), forae {x,u,v,w,z}, £ <k-2

a(y) = f(y),

g(x) = f(x) = (X)),
g(u) = f(u),

g(u) = f(up),

g(v) = f(w) = f(vy),
g(w) = f(w) = f(w),
9(2) = f(z) = f(z).
It is straightforward to check thatis an onto p-morphism, so the statement follows from

Lemmd3.2.b. O

Lemma 3.2.8.Let L be a bimodal logic such thét, <) x $,, is a frame for L. If k> 24m+ 1
thenMt £ L for every m-generated mod®8i over gy.

Proof. Fix somek, mwith k> 24m+ 1. LetIt = (&, ) be a model such thak(p;) = & for
every propositional variablg; with j > m.

We call two points ir§sx =-equivalentff no bimodal formula can distinguish them,
that is, for alla,b € W, we let

a=b — vV formulag (M, aE= ¢ < M,bEp). (3.3)

For everya € W, let [a] denote the=-class ofa, and letA = {[a] : a ¢ W}. We define a
2-framey, = (A, So, S;) by taking, fora,b e W,
[a]So[b] — Ja' e [a], b’ e [b], &' <yb,
[a]S1[b] — Ja' e [a], b’ e [b], @Rb'.
We claim that the function
f(a) =[a], aeW

is a p-morphism frong, ontoyy,. This is a straightforward consequence of duality theory
and the finiteness qfy, but we give a short direct proof here. Fir$tis a homomorphism
by the definition ofS;. For the backward condition, observe that sifiges finite, there are
finitely many formulaspy, .. ., ¢,_1 such that

a=b — Vi<n(M,aeg; < MbEgp)) (3.4)
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(the sets{w ¢ W : M, w = ¢;} are the atoms of the algebra Bf-definable subsets a).
Now take some, b € W such thafa]Sy[b], and leta’ € [a]. (The case whefa]S,[b] is
similar.) Then there ar@”’ € [a], b” € [b] with @’ <, b”. Let ¢ be the ‘atomic type’ ob”,
that is,

o= Ao ~ A o

j<n M b7 =g; j<n, M)
Thendi, b” E ¢. Thereforedt,a” = $op, and s, @ E Oop. So there is some’ such that
a’ <p by andM, b’ = . Now b’ = b” follows by (3.4).
We define an equivalence relatiop on the sef0, 1, ..., k- 1} by taking, for alli, j <k,

iomi = ve<m((xed(p) < X eD(pr) A (v € B(pr) < Vi€ D(pe))A
(Wi € ﬁ(pg) <~ Wj € ﬁ(pg)) A (Z, € ﬁ(pg) > Zj€ ﬁ(pg)))

Now recall the definition of from (3.3). A straightforward induction on formulas shows
that

Vi, j <k, (i rm] = (KEX)ANMEV) AW =W)A(Z= zj)). (3.5)
As there are 2" many~p-classes oK0, 1,...,k-1} andk > 24m+1 > 24m by the pigeonhole
principle and[(3.b), there existj < k, i # j such that = X;, Vi = vj;, W; = wj, 7 = z;, and so
f(x)=f(xp), f(v)=f(v)), f(w) = f(wj), f(z) = f(z). Therefore, ak > 2, the 2-frame
Ayn and the p-morphisnfi satisfy the conditions of Lemnia3.2.7, andg is a p-morphic
image of(w, <) x 9,. As by assumptioffw, <) x 9,, is a frame forl, we obtain thatly, is
a frame forL as well. In particular)t’ = L for the modeb)t’ = (yy, ") defined by taking,
for each propositional variablg ¢#'(p) = {f(a) : a€ J(p)}. As f is a p-morphism between
modelsi andM’, Mt = L follows, as required. O

3.2.2 Arbitrarily large vertical depth is needed

In this section we prove Theordm 3.2.3. ILebbe a bimodal logic such that
K4.3xK ¢ L ¢ Log{(w,<)} xK.

In order to show that every axiomatisationloinust contain formulas of arbitrarily large
vertical depth, let us introduce some notions. Given a &#® = (W R, R,) andx,y € W,
apath in® from x to yis a sequence of pointg, ..., w, in W such thaiwg = X, w, =y, and
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for eachi < n, eitherw,R,w;,; or w,R,wi,;. Thevertical lengthof such a path is the number
of R,-edges in it. Now, for every ¢ W and everk < w, we define

WK = {x} u {y e W:there is a path ith from x to y of vertical length< k},
(6)= (W RLR).

whereR}, andR|, are the respective restrictions Bf andR, to WK (that is, ($)* is the
subframe of® having Wxk as its universe). Clearly, for every bimodal formawith
vd(p) <K,

if is valid in (®)*k for everyx € W, theng is valid in 6. (3.6)

Now we plan to proceed as follows. For every & < w, we will define a 2-frame$,
such that:
(@) Gy isnotaframe foK4.3 x K.

(b) For every pointx in Gy, (6,)*kis a frame folLog{(w, <)} x K.

This will prove Theoreni 3.213 because of the following. Sagmthal axiomatised., and
there is somd& < w such thatd(¢) < k for everyp in X. Take a 2-framéb, satisfying(b).
AsXc L cLog{(w,<)}xK, for every pointxin Gy, (®,)** is a frame forz. Thus by [3.5),
® is a frame forx. ThereforeLog{®y} is a bimodal logic containing, and so we have
that ®y is a frame forL. As K4.3 x K c L, this implies that® is a frame forK4.3 x K,
contradicting(a).

Let us begin with the definition dfy = (W. <, R,), for 0< k < w:
W = {Uy, Up, Ug, V1, Vp, V3, Vg } U {WH, W2 W : 1 < i <k},
<p Is the reflexive and transitive closure of
{(ug, Up), (U2, U3), (V1,V2), (V2,Va), (Va,Va) } U {(W, WE), (WE, W), (W, wit) - 1<i <k},

R, = {(us, W), (U, WE), (U3, Wy), (U3, W}), (U3, W3) } U
{ (Wi va), (Wie, Vi), (WE, V), (WE, Va), (WE, Vi), (WR, V), (W, V2), (WE, Va) } U
(Wl WE ), (WELWE, ), (WP W) 1< < K,
see Figurd_3]7. Note that a vertically reflexive versiofbpfvould also do.
Next, let us provda). Actually, we give two diferent proofs for®, not being a frame

for K4.3 x K: one using Claini]2 above, and another, more ‘direct’ one. tReffirst: As
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Figure 3.7: The frame®,, G2, and®,".

®y is a finite rooted 2-frame, by Claili B is a frame forK4.3 x K iff & is a p-morphic
image of a product frame fd€4.3 x K. Therefore, it is enough to show the following:

Lemma 3.2.9. G is not a p-morphic image of a product frame #4.3 x K.

Proof. Suppose that there is a p-morphidnfrom a product frame) = (U, <o, Ry) with
transitive and weakly connecteq onto &, = (W<, R)). As U; <p lbRWAR, ... RWER V3,
there exista,b,c;,...,C.C € U such thata<obR iR, ... RickRic, f(a) = up, f(b) = uy,
f(c) = vs, andf(c) =w?, forall 1 <i < k. As$ is a product frame, there exist points
di,...,d,,d € U such thabRidiR; ... RidiRid<pC. As f is a p-morphism, we must have
that f(d) = vi. Asv; < V2 <p V3, by Claim[1, there exists ¢ U such thatd <, e <o ¢ and
f(e) = v,. As $ is a product frame, there exief,..., e, X € U such thatd, <, g <o ¢ for
1<i<k a<gXx<gh, andxReR;...RieRie. As f is a p-morphism, we must have that
f(e) =wd, forall 1<i <k So we should also have that <, f(x) <p up and f (X)RWS.
But there is no suclii(x), a contradiction. O

As a second proof fofa), observe that in fact the proof of Lemia 3]2.9 shows that the
following first-order {1,) sentencady fails in Gy:

®.: Va, b,c[a <h bR - 3d (aF{j*ld <h CA
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Ve(d<he<nc— Ix(a<h X<hba xR}*le)))]

(throughout, we usaRs'w as a shorthand fatw; ... wx (URWIR, ... RWRW)), see Fig-
ure [3.8. (Note that Figuré_3.8 also shows the steps in a patiplay of the p-morphism
game overd that playerv wins, cf. Remark3.2]5.)

C e<n C e<y C
Y T k+1
. . steps
o« 4 l_i l_i L&i
a b a b a b a x b
Figure 3.8: The propertgpy.

It is straightforward to see thab, holds in every product frame fd€4.3 x K. Now
we will show that®y is definable in the bimodal language, giving us an expliandulal
formula showing thatyy is not a frame forK4.3 x K. To this end, for everyn < w and
bimodal formulay, we defined]y by taking

O =y and OFy =000y
CLamm 3. There is a bimodal formula
o Oo(PA OFHr AqA o)) ADo(Cop = OF™Mq) - OF(Oof AD0Q)

such that, for all2-framesg = (W, <o, R;) with weakly connectesdy, ¢y is valid in § iff Ok
holds ing.

Remark 3.2.10. Notice that even if this formula is not Sahlqvist it is a sijmgkeneralised
monadic Sahlqvist formula, see Definition 2.1.27.

Proof. Let & = (W, <o, R;) be a 2-frame such that is weakly connected.
<: Let 9t be a model based dgnand suppose that, for soae W,

M,ak Go(pA K (ragadeg)) and
M, a = Oo(Cop — 0k Q). (3.7)
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So, there exish, ¢ € W such that <, bR¢*1c and

N, bEp, (3.8)
M,CET, (3.9)
M, CE=gAOd. (3.10)

Therefore, bydy, there existsl € W such thaR*1d <, c and for allee W, if d <p e <g C
then there existx ¢ W with a <o x <o b andxR¢+te. Then, by [(3.D), we hav#ii,d £ Oor.
We claim thathi, d £ Ogq also holds. Indeed, take sorae W with d <q e. As <g is weakly
connected, eithez = c, orc <q €, ore <q c. In the first two cased}, e = g holds by [3.1D).
If e <o cthen there is some € W with a <y X <o b andxR¢te. SoIn, e = g holds by [3.7)
and [3.8).

= Suppose thaby fails in &, that is, there exista, b, c ¢ W such that <q b@”c and
alld e W are ‘bad.” We define a mod&k = (&, ) by taking

d(p) = {b},
9(q) = {c}u{e:c<pel u{e: Ix(a<o x<o b xRtle)},
9(r) = {c}.

Then clearlydt,a = Go(p A O5(r A qaDo0)). We claim thathi,a = 0o(Gop — O 1q).
Indeed, ifa <o x andM, x = Gop, thena <o X <o b should hold, and sit, x = ok+q follows.
Next, we claim thatt,a = 0k (Oor — — 0g ). Indeed, take someé such thagR1d and
M,d = Oor. Thend <o ¢ and, by assumption, there is someuch thatd <y e <o ¢ and
xR+ te holds for nox with a <o X <o b. Therefore M, e # q andM,d # Ogq follows, as
required. O

Let us now turn to the proof dib). We define two special subframes®j:

o Let 6P be the subframe dby with universew®er = W - {u,, u,, us}, and

o let G2° be the subframe df, with universeWPot = W — {vy, V5, V3, V4 },
see Figurd_3]7. It is straightforward to see the following:

Cramv 4. For every point x in®y, either (6, )%k is a generated subframe 61, or it is a
generated subframe 6.
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\1 Vo V3 V4 V4 Vg4 Vg4 Vg4 Vg4 V4 V4 V4

Vg Vg4 Vg Vg Vg Vg Vg Vg Vg Vg4 Vg4 Vg

1 1 1 1
Wi WEOWE W OWE W W W WE W W w

i 1 1 1 1
WiooWE o WE o owioowi o owEowp W W wpowpw]

Figure 3.9: The p-morphisrhifrom (w,<) x & onto 6,2°.

We complete the proof by showing that b(ﬁi{fp and®° are frames fot..
Lemma 3.2.11.6,°" is a p-morphic image ofw, <) x &, for some framé.

Proof. See Figure[Z3]9 for a functiof from (w, <) x &, where is a kind of ‘rake:’ an
irreflexive and intransitivik — 1-long path, followed by an irreflexive-fan. (In Figure
[3.9 each point ofw, <) x & is labelled by itsf-image.) It is not hard to check thatis a
p-morphism from(w, <) x & onto 6 ,°". u

Lemma 3.2.12. 6 is a p-morphic image ofw, <) x &, for some framey.

Proof. See Figure[(3.10 for a functiog from o x &1, where gy is a ‘balloon’ (a two-
point reflexive linear order, followed by a 3-point clustespd &, is a kind of ‘comb:’ a
root seeing three irreflexive and intransitikdong branches. (In Figuré_3]10 each point
of o x F1 Is labelled by itsg-image.) It is not hard to check thgtis a p-morphism from
Fo x F1 onto GL As F, is a p-morphic image ofw, <), the lemma follows. O

3.3 Towards an explicit axiomatisation

In the previous section we presented cases of bimodal legitslinear components that
cannot be finitely axiomatisable. Nonetheless, most ofethegics are known to be re-
cursively enumerable (e.g. if both logics are such that tbleisses of Kripke frames are
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' wooow wooow o w

f wooow wooow o w

¢ wiow wooow o w

g oW W W

r W W wooow W

kf wooow weooow W
] U, Us Us

Us

Figure 3.10: The p-morphisgfrom o x §; onto GE.

definable by recursive sets of first-order formulas, Se@idif1)) and so it makes sense to
look for an explicit axiomatisation. Moreover, Theordma.8.and 3.2J3 above do not apply
to product logickK4.3xL, wherelL has navu-fan among its frames. Important ‘standard’ log-
ics of this kind ark4.3 andS5. So the questions whether the recursively enumerabledogic
K4.3 x K4.3 andK4.3 x S5 are finitely axiomatisable remain open. (The same applies to
products withS4.3) Furthermore, so far no finitely axiomatisable but not prctematching
product logic has been found. Clearly these two tasks areemiad and while hunting for
axioms forkK4.3xK we may discover that finite of these are enough to axiomil#dsgx S5

or K4.3 x K4.3.

Given a particular set of axioms, new formulas can be dyexditained by finding modal
correspondents of first-order formulas that are valid irdpd frames but not in all 2-frames
for the axioms in question. In Clail 3 we described an infinétof those. The first-order
formula corresponds to the guaranty tBatan successfully answer to a particular sequence
of V’'s plays in the p-morphism game, see Reniark 8.2.5 and Fig8teThis is the very
beginning of this research but the hope is to find a set of daabaxioms that guarantees
that 3 can win thew-round global (not only in a square) game over finite framdsatTs,
that the logic is Kripke complete and the finite frames for kbgic are bounded images
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of product frames. Moreover, if the considered logic hasfthike model property (not
known), this would guarantee that the resulting logic hadithite model property, and thus
completeness is a direct consequence. Though, even if tlaneld logic is not Kripke
complete, the obtained information may be useful to workhatrmodel level. Therefore
finding independent properties of this kind is the naturat Btep for any attempt to obtain
an explicit axiomatisation.

It is interesting to notice that for both considered seqasraf bimodal frames that are
not bounded images of product frames, in order to detecikbiects’,V needs to consider
more and more linear branches (through vertical branchimg)this section we concen-
trate on what can ‘go wrong’ when the game is limited to a sgudhis problem may be
subdivided into the two basic cases:

e V plays the vertical direction based on the minimal pointdreling the linear order)
played till then, the left squares, see Figure B.11.

Figure 3.11: Left square game.

e V plays the vertical direction based on the maximal pointgrdmg the linear order)
played till then, the right squares, see Figure 3.12.

Figure 3.12: Right square game.
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In both case¥ and3 are then limited to play inside the square, that is, they ¢dyn pick
elements within the area limited by dashed lines.

In sub-Sectiof 3.3l1 we prove it is enough to add two more tfodaulas to guarantee
that 3 wins all w-round plays on the left square games over finite frames. brRS®ction
[3.3.2 we prove that despite the fact the similarities bebtntbe conditions imposed hy;
(see ClainiB) and the ones imposed by formulas used for thedsé (they both guarantee
that 3 can answer to the following attack frok), it is not enough to guarantee a winning
strategy for3 in the correspondent right squavegame.

Interestingly the considered formulas are all simply gel&ed monadic Sahlqvist for-
mulas in the sense df [41], thus, even if not Sahlqvist, threycanonical.

We start by introducing some more notation.

Definition 3.3.1. Let & = (W, <o, R;) be a finite frame fofK4.3,K).
Theclusterof x is

Cx={X : X' =xo0r(x<o X andx <o X)}.
Also we use the following:
X<y iff X <o Yo%,

x<<y iff X<Yy& VX (X< X <y — X €Cy)).

If & is finite, for all X,y € W with x <y, thehorizontal distance hgk,y) of x and yis
defined by taking

hd(x,y) =0 iff x e Cy,
hd(xy)

n iff there existy,...,z,such thatx = zy << g << - << Z, =Y.

Let A be a finite nonempty set of points linearly ordered<gy We say that* € A is
minimal in A if for all a€ A, eithera = a* ora* <o a. We say that* € Ais maximal in A if
for all ac A, eithera=a* ora<g a*.

We also introduce the following first-order formulas:

SAXY,ZW) : X<oWRiz& XRiy<o2z
Yu(XY,ZW) 1 sgXY,zw) & Vb (y<ob<z—3a(x<oa<owé& aRb)),
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Ya(XY,ZW) :  sq(xy,zZW) & Va(x<ga<w—3b(y<ob<oz& aRb)),
Up(XY,ZW) : (XY, ZW) & a(X, Y, ZW),

i VXY, Z(XRy <o 2 IWyi (XY, ZW)),

Dgi: VXY, W(X<oW& XRiy — 3z¢i (XY, ZW)),

Dpi: VXY, W(X<oWRZ— Jyyi(X.y,ZW)).

Let us also formalise the restricted version of #e3xK -p-morphism game to a square.

Definition 3.3.2(Playing in a square)Given a rooted fram& = (W, <o, R;) for (K4.3,K),
and x,y,zw ¢ W with sq(x,y,zw), let G,(&, XY,z w) denote the following version of
the K4.3 x K-p-morphism game: The two playevsand 3 build a countable sequence of
(&, %Y,z w)-networks

NoS Ny c---c N ¢

where, for eaclk < w, N¢ = (U, <, fx) is such that

e Uy = {up,us,...,U;,U,} for someiy < k, and< is an irreflexive linear order oby
with smallest elemeniy and largest element,),

e fiis a homomorphism fronUy, <) x ({O, 1},{(0, 1)}) to & such thatfy(uo, 0) = X,
fc(Uo, 1) =y, fu(u,,1) =z fc(u,,0) =w.

(HereN¢_1 € Ny means thaly_; € Uy, <x_1S<k, andfi_; € fy.)

In round 0, they begin witiN, such thatJy = {up,u,}. In roundi + 1, fori < w, some
sequencé\y < --- ¢ N; of (&, X, ¥,z w)-networks has already been buktpicks somese W
such that

(@) eitherx<g s<w,
(b) ory<gs<z

In case (a), if there is somee U; with fi(u,0) = s, then3 responds witiNi;; = N;.
Otherwise, she takes tkg-largest element of U; such thatfi(u,0) <o s, adds a new point
u* to U; as the immediate;,;-successor ofi, and defined;,1(u*,0) ass. Then3 also has
to define (if she canji,;(u*, 1) such that, for all € U;,
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e if U< 1 U* then fi+1(U, 1) <o fi+1(U*,l), and
o if U" <1 Uthen fi+1(U*, 1) <o fi+1(U, l)

In case (b), if there is some ¢ U; with fj(u,1) = s, then3 responds witiN;;; = N;.
Otherwise, she takes tkg-largest element of U; such thatfi(u, 1) <q s, adds a new point
u* to U; as the immediate;,;-successor ofi, and defined;,1(u*,1) ass. Then3 also has
to define (if she canji,;(u*,0) such that, for all € U;,

e if u<j,; U thenfi1(u,0) <o fi;1(u*,0), and
o if U" <1 Uthen fi+1(U*,0) <o fi+1(U, O)

If 3 can respond in each roumdor i < w, thenshe wins the playWe say thafl has a
winning strategy irg,, (&, x, ¥, z,w) if she can win all the plays, whatever movésakes in
the rounds.

We will also consider the following versio®, (&, X, y,z,w) of our game: now in each
roundi, V is also allowed just to pass (that is, do nothing). In thissgdsshould respond
with N; = Ni_;. Clearly, if 3 has a winning strategy 6., (%, X, ¥,z w), then she has one in

G/ (&, xy,zw) as well.

3.3.1 Left Squares
Lemma 3.3.3. There is a modal formula
IR <>1(<>0D/\ Oo((pV Oop) CI)) ADo(<C1p = Dof) = To(C1q V)
such that, for all finite frameg for (K4.3,K) & com,
& E D g — 8 F @i

Proof. =: Suppose thak = (W, <o, Ry) is such tha = ¢, 4, and take some mod#k based
on . Suppose that € W is such that

M, X = O1(GopATo((PV GoP)P — G)) A To(G1P = Tor ).

Then there arg,z ¢ W such thatxR,y <o z, M,y = Oo((pP Vv Oop) — ) andM, z = p. We
claim thatht, x = Op(<©1q Vv r) follows. Indeed, letibe such thak <q a. By ¢, 4, there exists
w with ¥4(X,y,zZ w). There are three cases:
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1. Xx<ga<w. ThenaR;b for someb with y <q b <o z, and sali, a = <1Q.
2. a=w. ThenaRyz sodt, akE <10

3. w<ga AsI, zE pandwRyz, we havelt,w = &1p. As X <o wanddi, X = Og(O1p —
Oor ), we havedi,w = Ogr, and soit,a = r, as required. (Note that in this direction
we did not use th&g is finite.)

«<: Suppose thak = (W, <o, Ry) is such tha # @, 4, that is, there exist, y, z such that
XRyy <o z, but for allw € W, -y4(X,y,Zw). Letw be minimal withsq(x,y, z,w) (here we
use thaty is finite and validatesom), and leta* be such thak <o a* < w and there is nd
with aR;b andy <q b <g z. We define a modéht by taking

Muep iff u=z
N,uer iff w<ou,

MuEq iff u=zory<ou<oz

ThenMi,y = Gop A To((PV Gop) — @), and s, X = O1(GoP A Do((PV Gop) — ).
First, we claim that)t, x £ Oo(<O1p — Oor ). Indeed, leta, @ be such thak <y a <o & and
M,akE O1p. Thena<g zand sos((x, Y,z a). By the minimality ofw, eitherw =aorw <p a
follows. Thusw <y @, and we obtaifi, a’ = r, as required.

Next, we claim thadt, a* # ©1qvr. Indeed, as* < w, we havevgpa®, and sat, a* # r.
On the other handy* by definition is such that there is toowith a*R;b andy <q b <4 z, and
by the minimality ofw, a*R,z. Thereforedt, a* # ©1q follows.

So we obtainedt, X # 0o(<$1q Vv r), and sAt, X # ¢ 4 @s required.

Remark 3.3.4. 1t is easy to see that the real first-order correspondent is:
VXY, Z(XRy <o 2= (GWgra(X, Y, ZW) v (VX X <o X > (IW X <o W <o X AWR2)))).

The only dtference in the proof would be the right to left direction, where have that
I, X = Ogr In the case that is an accumulation point of poini;-seeingz, in such a way
that there is no minimal element completing the square.

This formula is canonical since it is simply generalised auin Salhqvist formula, see
Definition[Z1.27.
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Lemma 3.3.5. For every finite framey for (K4.3,K), if & validates®, 4, then validates
@, as well.

Proof. Suppose thaf = (W, <o, Ry) validatesy, 4, and letx,y,z ¢ W be such thakRyy <
z. We claim that there exists such that/,(X,y,z w) holds. We prove the statement by
induction onhd(y, z). If hd(y,z) = 0 then the statement is obvious. Now suppose that
hd(y, z) = nfor somen > 0 and the statement holds for eveftyith y <, Z andhd(y, Z) < n.
If n =1 andy<oy, then the statement is obvious. OtherwiseZzldte such thay <, 7 << z.
Thenhd(y,Z) < n, so by the IH, there exist®' such thai/,(x,y,Z,w). Now if Z<Z, then
the statement obviously follows.

So we may assume that<, 7, that is,|C,| = m> 0. We will define sequenceg, < --- <
wy andCP > --- o CN for someN < msuch that, for every.

(1) wd(W,’Z,’Z,Wi)
(2) C'={ceC, : thereisnmwithw <ga<ow & aRc}.

As theC's are decreasing, it follows th&t = @ for someN < m, and theny,(W,Z,z wy)
holds. It follows thai/,(X,y, zZ wy ) as required.

To begin with, letwy be anyw such thatyy(wW,Z,z w) (by ¢ 4 there is such). Now
suppose that we have definedandC' such that (1)-(2) hold, an@ + . Take some ¢ C'.
Then there exists such thatyy(W,Z,c,v) and eitheiv = w; or w; < v. By ¢, 4, there exists
Wi,1 such thatyq4(v, ¢,z wi,1). Thenitis not hard to check that(w', Z,z wi,1) holds. Also,
Ci+lc Ciandc¢ Ci+1, O

Lemma 3.3.6. There is a modal formula
Peu:  Co(PA DL VOoP')) ADo((PV Gop) > 010) — 01(<Cod v Bo(qV P'))
such that, for all finite frameg for (K4.3,K) & crh,
T E Oy — & E ¢cu-

Proof. =: Suppose the = (W, <o, Ry) is such thafy £ ¢, and take some mod#k based
on &. Suppose that e W is such that

M, X E <>0(p/\ Dl(q, \% Dop,)) A Do((pV <>Op) - D1CI).
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Then there isv such thatx <o w and

weV(p),
{b:3Ja(x<pa<gowora=w) & aRb} cV(q),
{b:3ZWRZ <ob& Z ¢V(q)} cV(p).
Since for ally such thatxR,y there isz such thaty,(x,y,z w), soz e V(q), plus for all
b,y <o b< zimpliesd,V,b = q. Thus, ifM,y E - O g then we get thadt, z = -’ and

M,z = Oop’, so for allc such thatz <o c M, c = p’. Thereforedt,y = 0p(qv p’) and hence
M, X = 01(Cod’ vV Oo(qV P'))- (Again we do not use finiteness in this direction.)

«<: Suppose thag = (W, <o, Ry) is such thafy # @, that is, there exist, y, w such that
X <o WandxR.y and

Vz sdx,y,zw) - db(y<ob<z& Vax<ga<ow— afyb).

We pick the minimalz such thatsq(x,y,z w) (there is at least one by CR and from
finiteness and boundness, a minimal, obvioyskz) andt over & with V such that

V(p) = {w},
V(p)={b:3ZwWRZ <ob& Z ¢V(q)}
V(q) ={b:3Ja(x<pa<owora=w) & aRb},
V(d) = {c: y£.c)-
So,
M, x = Co(PAD1(" v Oop')) ADo((PV Cop) — 010).

We know that there existssuch thaty <o b < zandVa x <o a <o w — afjb thus, sincezis
minimal,
M,yE-Coq andM, b= -qa-p'.

Hencelt,y = - Co 0 A Oo(-q A =p') and therefor@h, X £ —gq .

Remark 3.3.7. 1t is easy to see that the real first-order correspondent is:

DLy VXY, W(X <o WE&XRY = (Fzyg(X Y, ZW)V (VY Y <o Y = (37 Y <0 Z <o Y AWRZ))).
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Sinced®., - @, the only thing missing in the proof is in the left to righteation, where
we conclude thailt, x = ¢Go' vOgp’ in the case thatis an accumulation point of poink -
seen byw (so there is no minimal element completing the square). fbinisula is canonical
since it is simply generalised monadic Salhqvist formute, Befinitiol 2.1.27.

|

Lemma 3.3.8.Let& = (W, <o, Ry) be afinite frame fo(K4.3, K) that validatesb, , and®,.
Forall x,y,ze W, if y<o y and xRy << z, then there existand & such thai,(X,y,zZ w*),
X <p a* <o W* and a R;b for some k& C,, and the following hold:

(1) a* <pa* & Ybe CyJae Cy aRyb,

(2) either(2a): Va(x<pa<w* - 3beCyjaRbé& a<yar),

or (2b): 3r (X <or <w& (-3b e Cy rR1b) & (3b € C, rRb) & (r € Cor v @* <<
r&.

& Ya(x<pa<r—3dbeCyaRb) & Va(r ca<w - 3dbe
C, aRlb))

Proof. By @, there existsv with y,(X,y,Zw). If we C, thenw* = a* = w clearly havg1)
and(2a). So suppose there is no suehand letw be maximal such tha,(x,y, z w) and
x < w. We consider two cases:

Case 1.Va(x<pa<w— 3beC,aRb).

As yip(X Y,z W) andy <o y < z, there isa with x <o a <o w andaR;b for someb ¢ C,. Leta*
be a maximal such. We show thatv* = w anda* satisfy(1) and(2a). For(1): Letb* € C,
be such thaa*R,b*. Then by®d, , there existsv' with yp(a*,b*,zZzw’).

Cram 5. Yp(X,Y,ZW').

Proof. First, if y <o b < zthenb* <o b < z so byyy(a*,b*,Zzw) there exista such that
X <g @ <p a <o W andaR,b. Second, ifx < a < W' then either (ap* <o a < W when,
by yp(a*,b*,zw'), aRb for someb with b* <4 b <4 z or (b) a = a* whenaR,b* and
y <o b* <oz or(c)x<pa<a* <ow* when, byyy(X,y,zw*), there is somé with aRb and

y<ob<oz O
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So, by the maximality ofv*, we have eithew’ = w* orw’ <o w*. Now take somé < C,.
Thenb* < b < z, so byyy(a*,b*,zw') there is soma with aRb anda* <y a <o w*. By the
maximality ofa*, a* <o a* anda € C,. follows, as required irfl). For (2a). Let a be such
thatx <o a < w* = w. By assumption, there is sorhe: C, with aR,b. By the maximality of
a*, eithera=a* ora<gpa*. Asa* <g a*, we havea <, a*, as required.

Case 23da(x<pa<w& -3be CyaRb).

Letr be a minimal sucla. By y <o y and®,, there exist® such thai,(x,y,y,a). By the
definition ofr, a <o r must hold. Now leta* be a maximah such thatx <o a <o r andaR;b
for someb € C,.

CLamv 6. If a* < a<r then ae C,- and aRb for some tx C,.

Proof. Letabe such thaa* <o a < r. By the definition ofr andyy(X,y, zZ w), it follows that
there is & ¢ C, with aRb. So, by the maximality o&*, eithera = a* or a <y a*, and so
aeCy. O

Now letb* € C, be such thad*R.b*. By @, there exists’ with y,(a*,b*,r’,r). By
the definition ofr, we haveb* < r’. By y(X, Y,z W) andx <o r < w, we can choose some
r' e C,. Now, by Claim[6, we actually hawgy,(a*,b*,r’,r). Next, by®,,, there exists
with yp(r,r’, zw').

Cram 7. Yp(X,Y,ZW).

Proof. First, if y <o b < zthenb* <o b < r’, so byyy(a*,b*,r’,r) there exista such that
X<ga* <ga<or <o W andaRb. Second, ifx <g a < W' then either (ay <o a < W when
aRyb for someb with y <o 1’ <9 b <o Zby Wy(r,r’,ZzW); or (b) a = r whenaRyr’; or (c)
X<pa<r. Incase (c), byp(xy,zw), we have sombé such thabRbandy <, b<gz O

So, by the maximality ofv, we have eithew’ = w orw’ <, w. We will show thatw* = w'
anda* will do. First, let us show that they satisf§). Letb € C,. Thenb* <, b < r’, so by
Yp(ar, b, r’,r), there is soma such thatx <o a* <o a <o r andaR,b. By the maximality of
a*, we have eithea = a* ora <g a*, and soa* <g a* anda ¢ C,-, as required. As concerns
(2), there are two cases, depending on the locatiarvst w*:

Case 2.1. k C,~. We show that in this cag@a) holds. Indeed, led be such thak <y a <
w*. By Claim[8, there is n@ such thata* < a<r, soa <q a* follows froma* <o a*. Now
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suppose that there is fiice C, with aR;b. As X < a < w, by the minimality ofr, eithera =r
orr <ga. Sow* <g a, contradictinga < w*.

Case 2.2. kK w*. We show that in this cag@b) holds for ourr. Indeed, nowx <q r < w*,
and-3b € C, rR;b holds by the definition of. By Claim[G, we have eithere C,. ora* <<r.
Next, leta be such thak <g a < r <w. Then, by the minimality of andy,(X,y,z w), there
is someb € C, with aR,b. Finally, leta be such that <, a < w*. Then, byyy(r,r',Zzw*),
there isb € C, with aRyb. O

Lemma 3.3.9.Let § = (W, <o, R;) be a finite frame foi(K4.3,K) that validates®d,, and
Q.. Forall x,y,ze W, if xRy << z, then there exists*wsuch that s¢x,y,z w*) and 3 has
a winning strategy G, (&, X, Y, Z w*).

Proof. If y<oy, then by®,;,, there existsv* such thaiy,(x,y,z w*). We claim that thisv*
will do. First, there is ndd such thaty <q b < z Second, ifais such thai < a < w*, then
there is somé with y <o b < z, and s € C,. Thus the statement follows.

Now suppose that<q y, and letw* anda* be like in Lemma 3.318. Let us consider first
the case when they satisfy) and(2a).

Cram 8. 3 has a winning strategy 6. (&, X, y, Z w*) such that, for all rx w,
e fo(u,0) <pa*and
o fh(u,1)eCy,

forallueU,-{u,}.

Proof. It is by induction om. Forn = 0 it is obvious. Assume that we have the claimifior
Suppose first that picks ans such thatx <g s < w*. Suppose also that there is n@ U,
with f,(u,0) = s, so3 has to respond with a new poiat, and seff,,1(u*,0) = s. Then, by
(2a), fn.1(ur,0) <o @, and3 can choose somk,;(u*, 1) € C, such thasR, f,,1(u*,1). By
the IH, f,.1(u,1) € C, for allu e U, - {u,}. So wheneveu,u’ € U, andu <p,1 U/, then
far1(U, 1) <o frea(U, 1), @s required.

Next, suppose that picks ans’ such thaty <, S' < z thatis,s € C,. Suppose also
that there is nau € U, with f,(u,1) = §, so3 has to respond with a new poiat, and
setfy1(u,1) = s. Note that, by the IHf,(u,1) € C, for all u € U, - {u,}, sou* is the
<ns1-largest nomd,, element ofU,,;. As s’ € Cy, by (1), a* <, a* and3 can choose some
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fri1(u*,0) € Cy« such thatf,,;(u*,0)RS. By the IH, for allue U, - {u,}, fi11(u,0) <o @*.
Therefore,fy,1(u,0) <o fi1(u*,0), forallue U, - {u,}, as required. |

Now consider the case wheri anda* satisfy(1) and(2b), and letr be like in(2b).

Cramv 9. 3 has a winning strategy i, (%, X, y, Z w*) such that, for all rk w,
e if fo(u,0) <rthen f(u,1) € Cy, and
e if either f,(u,0) =rorr <o f,(u,0) then f(u,1) € C,,

forallu e U,.

Proof. It is by induction om. Forn = 0 it is obvious. Assume that we have the claimifior
Suppose first that picksssuch thatx <, s< w*. Suppose also that there is n@ U, with
fa(u,0) = s, so3 has to respond with a new poiat, and setf,,,(u*,0) = s. As concerns
how 3 should choosé,,.1(u*, 1), there are two cases, depending on the locaticsmst r:

Case 1. o s<r. Then by(2b), 3 can choose sonmig,;(u*, 1) € C, such thasR f,,1(u*, 1)
holds. Thenf,,;(u*,1) <o fo:1(u, 1) always holds, for any € Uy, If u <,,; u* for someu e
Un, thenfy,1(u,0) <o s<r. So, by the IH,f.1(u,1) € Cy, and sof,,1(u, 1) <o frra(ur,1).

Case 2. s=r orr <o s< w*. Then, by(2b), 3 can choose som§,,(u*,1) € C, such that
SR fo.1(u*, 1) holds. Thenf,.1(u,1) <o fo1(u*,1) always holds, for any € U,. Now let
U* <p41 U, for someu € U,. Thenr <o s<g fhi1(u,0) <o Ww*. So, by the IH,f,1(u,1) € C,,
and sofyp,1(u*,1) <o fri1(u, 1).

Next, suppose that picks s’ such thaty <, s’ < z, that is,s' € C,. Suppose also that
there is nou € U, with f,(u,1) = <, so 3 has to respond with a new point, and set
fai1(ur,1) = §. By (1), 3 can choose somg, ;1 (u*,0) € C,« such thatf,,;(u*,0)R;S. Now
let u <p,1 u* for someu € U,. Thenfy1(u,1) <o 8, so fra(u,1) € Cy. By the IH, we
havef,,1(u,0) <r, so by(2b), f..1(u,0) <o a* <o fn,1(u*,0) follows, as required. Next, let
U* <1 U for someu € U,. Thens < f,,1(u*,1), and sofy,1(u*,1) € C,. So, by the IH,
either f,,1(u,0) =r orr <o fr.1(u,0). Therefore, by(2b), f,.1(u*,0) <o a* <o fri1(u,0), as
required. O

Now Lemmd_3.3.9 clearly follows. O
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Lemma 3.3.10.Let § = (W, <o, Ry) be a finite frame fo(K4.3,K) that validatesd,,, and
@.,. Forall x,y,ze W, if xRy <q z, then there exists*wsuch that s@x,y,z, w*) and 3 has
a winning strategy i, (&, X, Y, Z w*).

Proof. It is by induction onhd(y, z). If hd(y,z) = O then, by®,, there existav such that
(X, Y,z,w). Such aw will clearly do asw*. Now suppose that the lemma holds for all
Z with hd(y,Z) < m, and letx,y,Z,z ¢ W be such thakRy <o Z << zandhd(y,Z) =
m. By the IH, there is some/ such thatsg(x,y,Z,w') and 3 has a winning strategy in
Go(F, %, Y,Z,W). Also, by Lemmd_3.319, there is some such thatsg(w’, Z,z,w*) and3
has a winning strategy i, (§, W, Z,z,w*).

In order to formulate our claim, we need the following noti@uppose that we are given
an (&, xYy,Z,w)-networkN! = (U1,<%, f1) and an(J,w',Z,z w*)-network N2 = (U?, <2
, £2), whereU?® = {uj,...,u}} andU? = {u2,...,u2} are disjoint sets. Then

N'UN2 = (U,<,f)

is defined by takindg) = U u U2 - {u}, u3}, linearly ordered by such that first come the
points fromU? as ordered by?, followed by the points fronU? as ordered by?, andf is
the restriction off'u f2 onU x ({O, 1},{(0, 1)}). Further, take some fresh pount, not in
U. Then let

N N2 = (U, <, 1),
where(U+, <*) is defined by adding* to (U, <) ‘in the middle’, that is, such that it is*-
larger than all points coming frotd?!, and<*-smaller than all points coming frotd?, and
f* is the extension of such thatf*(u*,0) =w andf*(u*,1) = Z. It is easy to check that
both Nt u N2 andN?* U+ N2 are(g, X, ¥, Z w* )-networks.

Cram 10. 3 has a winning strategy ig,, (&, X, ¥, z w* ) such that, for all rk w, her response
N, = (Upn, <n, fn) has the following properties: there exist lAnd N¢ such that

e either N, = N} N2 or N, = N} Lt N2,
e N}c---cNtisannround play i/ (&, x.Y,Z, W),

e N3c---cN2isannround play irg (&, wW,z,zZw").

71



Proof. It is by induction om. Forn = 0 it is obvious. Assume that we have the claimfior
and now we are in round+ 1 of a play ofG, (&, X,y,z w*). Suppose that picks either an
swith x <o s<w*, or ans with y <qg § < z. There are three cases:

Case 1Eitherx<gs<w ory<os <Z.

3 uses her winning strategy ),(&, x,y,Z,w') to obtainN},; 2 N}, setsN2,;, = N2 and

Nos = NI, utN2,, ifuteU,,
n+1 — .
N, uN?2 otherwise

+ n+1°

Case 2 Eithers=w andw' oW, ors' = Z andz' <Z'.
IsetsNt . =N} N2, =N2andN,,; = N, u+ N?

n+1 n+1 n+1 n+1"

Case 3 Eitherw <gs<wrorzZ <p s <z
3 setsN? , = N1, uses her winning strategy @y, (&, W, Z,z w*) to obtainN2 , 2 N2, and

n+l — n+l =

sets
N NI, ut N2, if uteU,,
1= .
" N, uN2,, otherwise
Itis straightforward to check that!, ,, N2 ,, andN,,, are as required. O
Now Lemmd 3.3.10 clearly follows. O

Corollary 3.3.11. Let § = (W.<0,=1) be a finite frame fo(K4.3, S5) that validatesd, .
For all x,y,ze W, if x=; y <o z, then there exists*wsuch that s@x,y,z,w*) and3 has a
winning strategy irg, (&, X, ¥, Z w*).

In the vertical transitive cases we do not have to define arestscted version of the
K4.3 x K to consider a wider range of defects than the one that mayteetdd by playing
over a square, indeed we can ask the question:

Question 3.3.12.Let § = (W, <o, Ry) be a finite frame fofK4.3,K4.3) (or (K4.3,S5)) that
validates®,, and .. Let xXx,y,zw ¢ W be such that’R; xRy and 3 has a winning
strategy inG, (&, X, y,zw). Does it follow that there exists’vguch that3 has a winning
strategy both irg,, (&, X,y,zw) and G, (&, X, X, w,w')?
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3.3.2 Right Squares

In Claim[3 we have seen that there is a modal formula

e1=pru: Co(PACUP AGA D)) ADo(Cop = 019) ~ G1(Gop’ A Dod)
such that, for all frameg for (K4.3,K),
FE Dy — & E ¢ru.
And even if a similar lemma to Lemnia 3.B.5 can be proved:

Cramv 11. For every finite frameg for (K4.3,K), if § validates®, , then validates®, ,
as well.

Proof. Suppose thafy = (W, <o, R;) validates®, 4, and letx,zw ¢ W be such thak <
zRw. We claim that there existgsuch thaty,(X,y,z w) holds. We prove the statement
by induction onhd(x,w). If hd(x,w) = O then the statement is obvious. Now suppose
thathd(x,w) = n for somen > 0 and the statement holds for everfywith x' < w and
hd(x’,w) < n. If n =1 andxspbx, then the statement is obvious. Otherwise Xdbe such
thatx <o X' << w. Thenhd(x,w) < n, so by the IH, there existg such thai/,(X,y’,z w).
Now if XX, then the statement obviously follows.

So we may assume thak, X, that is,|C| = m> 0. We will define sequencag, ..., yn
andC° > --- > CN for someN < |C,| such that, for every.

(1) vu(Xyi,zw)
(2) C'={aeCy : thereisndwithy; <o b <o z& aRb}.

As theC's are decreasing, it follows tha@l\ = & for someN < |Cy

, and thenyy(X, yn, Z W)
holds, as required.

To begin with, letyp be anyy such thaty,(x,y, z w) (by @, , there is such). Now suppose
that we have defineg andC' such that (1)-(2) hold, an@' + @. Take some* ¢ C'. By
®,,, there existd* such thaty,(a*,b*,y;,x). By @, again, there existg,; such that
Yu(X Yie1, 0%, @%).

Cram 12. yy(X, Vi1, Z W), that is, for every b with;y; <q b < z, there exists a with %y a <
w and aRb,
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Proof. Asyi.1 <o b* <o Vi <o Z there are five cases:

Case 1. y1 <o b < b*. Then the claim holds by,(x,yi,1,b*,a*).
Case 2. b= b*. Then the claim holds bg*R.b*.

Case 3. b <o b<y;. Then the claim holds by,(a*, b*,y;, X).
Case 4. b=y;. Then the claim holds byRy; andx <, x.

Case 5. y<o b <z Then the claim holds by, (X, i,z w). O
As i1 <oV <o Y, we have tha€*1 c C' anda ¢ C'*1, so the lemma follows. O

Therefore, imposing, , assures us thatcan answer successfully ts first attack after
the formation of the square. In the case of left squares tasemough to guarantee that
had a winning strategy for all further attacks. In Figure3id depicted a frame satisfying
@, and @, , but 3 cannot answer to the next round. The horizontal arrows alijgse$
represent the reflexive, transitive and weakly connegtgdand the boxes, triangles and
circles the=,-equivalence classes. It is not hard to check thhaand=,; commute. (In case
of a symmetric second relation, the Church-Rosser propeltows from commutativity.)

Q Q
0 —q —GQoY
a b
e' f

ETH—ED —§—ETD

Figure 3.13: @}, ., andd,}, but 3 loses in the second round after the formation of the
(right) square.

Consider the following attack from: he opens with the sequenagb, ¢, forcing a right
square. If3 answers withe’ then she loses immediately ¥f plays f. If 3 playsethenV
playsg to which 3 must respond withb and thend loses ifV playse. Figure[3.14 depicts
these two cases.

Theorem 3.3.13.K4.3 x S5 is not product matching.
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Figure 3.14:3 loses.

Proof. Itis straightforward to see that the (finite) frame représéin Figuré 3.13 is a frame
for [K4.3 x S5] but it is not the image of any product frame. O

Remark 3.3.14. The frame represented in Figure 3.15 (using the same notason the
previous figure) is also a frame for the commutator and it rigightforward to see that
property®, , (= @) (see Figure_318) fails iy. This is an alternative proof of the previous
theorem. Moreover, it shows that the two properties (cpwading to the two dferentV’s
attacks) are independent also at fHé.3 x S5| level.

@B
@OB—a—0—@B

Figure 3.15: A framgy showing thatS4.3x S5is not product-matching.

We now give an example of a frame whérean resist two rounds after the formation of
the square, but loses in the third, see Figurel3.16. Theeardund the pointa andb mean
they are &R, cluster.d loses ifV playsa, c, e d,b,a. In particular this shows that even if we
add a modal formula corresponding to the attack in Figurd,3t vould still not be enough
to axiomatise&k4.3 x K.

Since this last frame is not a frame fd€4.3, K4.3] nor [K4.3, S5] we may ask:

Question 3.3.15.Would a formulap corresponding to the answer to the attack in Figure
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Figure 3.16:3 loses in the third.

[3.14 be enough to guarantee thatwins thew-round game in squares over frames for
[K4.3x K4.3] @ ¢4 ® ¢ry @ ¢? And over frames foK4.3 x S5] @ ¢4 @ ¢ry @ ¢?

3.4 Discussion

We conclude the chapter with a few remarks on further rebealbout axiomatising two-
dimensional product logics with a ‘linear component.

Can it work? The first question we may pose is if the approach in Secfigrc8mBbe
successful. As is shown ih [69, Theorem .2.10], if ebgh < 2, is a logic such that its class
of frames is closed under ultraproducts, thgrn L; is a canonical bimodal logic. So, say,
the r.e. logicsK4.3 x K, K4.3 x K4, K4.3 x K4.3, andK4.3 x S5are such. However, the
following questions are open:

Question 3.4.1.Does any of these product logics have a canonical axiomadisa

Question 3.4.2.Is the class ofall frames for any of these product logics closed under
ultraproducts?

It is quite dfficult to think about modally expressible properties that dohave first-
order correspondents. So answers to the above would gifextelevant to finding explicit,
possibly infinite, axiomatisations for the logics in questi In case of higher dimensional
product logics (and of algebras of relations) similar guest have negative answers [44,
48,[59]. Itis not known, however, whether the techniquesl isechieve these results are
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applicable to two-dimensional cases. In the case that atlyeoprevious questions has a
negative answer, the approach in Secfion 3.3 is unlikelyatslyan explicit axiomatisation
without the use of some substantially new ideas.

The cases of K4.% K4.3 and K4.3x S5 As we said above, Theoreins 3]2.1 and 3.2.3 do
not apply to product logick4.3 x L, whereL has naw-fan among its frames, e.§4.3 and
S5,

K4.3xK4.3is known to be not product-matching (sgk (3) in Sedfioh Sitl)ia Theorem
[3.3.13 we prove that neither&4.3 x S5, so the question remains:

Question 3.4.3.Are the recursively enumerable logikgl.3 x K4.3 and K4.3 x S5 finitely
axiomatisable?

The Log {(w,<)} x S5 case It is known that the logic
Log {(w,<)} x S5

is decidable[23, Theorem .6.50], being open if it is finitekfomatisable. However, there is
a related positive axiomatisation result. As is shown irfj [8e alsol[23, Theorem .11.78]),
if we have in the language of the first component logic not arjyand ¢ but also a next
time operatoOo, then the resulting logitog,, , { (w, <)} x S5is kind of product-matching:
one needs to take the formulas axiomatising the componglois the one describing that
Og and theS5-box o, commute

Oo0 01 p <> 01:O0p.
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History-Dependent Systems
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Reactive frames: the local view

Reactivity. Given a system with states and the possibility of trans#tioetween states, we
can imagine a path beginning at an initial state and movioggthe path following allowed
transitions. If our starting point isy, and the path isy... s,, then the system is an ordinary
non-reactive system if the options availableafi.e. which stateswe can go to frons,) do
not depend on the patyy... s, (i.e. do not depend on how we gotsg). Otherwise if there
is such dependence then the systemeative A simple example would be to consider as
worlds the configurations on a chess board and the allowe@sas transitions. It is clear
that this system is reactive in the above sense. To be abéstle ©ne must not have moved
either the king or the rook, it is not enough to check theirentr positions. Moving the king
or the rook corresponds to a higher order state transititamging its nature.

One can take a reactive system and turn it into an ordinangsyby taking the new
states as the paths. This is true but from the point of viewpplieations there is serious
loss of information, as the applicability of the reactivestgyn may come from the manner
in which the change occurs along the path. In any specificiegifn, the states have
meaning, the transitions have meaning and the paths hav@mged herefore the changes
in the system as we go along a path can have very importantinge@rthe context, which
enhances the usability of the model.

Figure[4.1 presents a simple transition system, allowiedgdHowing transitions:

S—>t,S—>tt; > 9, b > 9,5 - w.

A system becomes reactive when the transition table chaagege move along the
graph. We can make the above system reactive by, for exasgjag that if we start irs,
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Figure 4.1: A transition system.

when we reacls, it seesw if and only if we pass through A way of depicting this situation
can be found in Figure4.2.

The double arrow from the edge— t’ to the edges’ — w indicates that if we go from
sto t’ then the connectios’ — w is no longer available. The double arrow expresses the
dependence on the path by codifying the transitidfexés on the system configuration. We
can make double arrows to act over other double arrowsngéittgher and higher levels of
dependence.

As observed above, a reactive system can be seen in a statiopaew by considering
their paths as the actual states. Fidguré 4.3 shows the cioreaf our example. The points
in Figure[4.B are the paths. So from the patg, there is a transition tgtsw and from
the pointst's’ there is no transition tets'w. That the accessible points vary when one
moves around the graph is already a property of a static gnafitat reactivity adds is the
possibility of the accessible points from a point to b&atent depending on how we got
there. In this sense the Figure 4.3 is not a proper repreasaniaf Figure[4.2. The two
pathssts and st's’ share an endpoint (i.e. same stafeand this can be important. This
information can be recovered by an equivalence relationtityeng the paths with the same
endpoint. In Figuré4l4 is represented the unfolded versidtigurel4.2.

Next we introduce an interpretation of modal logic over teacgraphs (frames), in a
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Figure 4.2: A higher order arrow is added yielding it reagtiv

way that generalises the usual Kripke semantics takingmisideration these last remarks.

Reactive modal logic. We were naturally led to the choice of a bimodal language revhe
Og deals, as usual, with the dynamics apd with the relation that identifies all the paths
with the same endpoint. As we stressed before, reactivigb@ut the change in the set
of accessible points of a given pointyp ranges through the various relational states of
each point. As we shall see, many reactive properties caribmatised by the interaction
betweencr and<p.

Like the accessibility relation, we let the value of (partibfe variables evolve when we
move along the frame’s points. The subXeif variables which we consider fixed, possibly
all or none of them, will be a parameter of our logics. So theeaf the variables irX
depends only on the position in the graph, i.e. the path @ntipdhe inclusion of this
features in the models gives the results more generalitye rpossibilities of application
and allows us to better understand the influence of each coempof the generalisation in
the results.

We can now ask the obvious questions:

e which relation betweenp, Or is imposed by this semantics?

81



st's'w

st's' .

st -

Figure 4.3: The unfolded version.

o if we add the reflexivity or transitivity or other usual axisnonogr, what are the
corresponding conditions on the models?

e which other properties can we express with this language?

As an answer we present a procedure to prove that, given a &gl some reactive
properties, the first axiomatises the second. While sowssliseproved directly, to prove
completeness we use the static view on reactivity - the defbimodels. This allows us
to use the canonical model theorem and other classic tesbsiqWhen we unfold the
notion of a reactive model we obtain a classic bimodal Kripiadel,(W.R,P,V) (let R be
the dynamics andP the equivalence relation relating the paths with the sanaepamt),
satisfying three additional properties:

e there is a familyl ¢ W picking one element on eadP-equivalence class th&-
generates all graph;

e XRy, xRzandyPzimply thaty # z

¢ the worlds related by satisfy the same variables ¥
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stls'w
“sts' st's'

st - . st

WNe

Figure 4.4: Identifying paths with the same endpoint.

A shatteredframe is a frame satisfying the first property, and if it dasalso the second
we say it is acoherently shattered (c$jame. The completeness proofs are done in two
steps:

e we use the canonical model theorem to obtain completenessaatain subclass of
shattered frames corresponding to the reactive one (ydhalffirst-order correspon-
dent of the added axiom));

e we find a truth preserving model transformation that giveatteined frame gives a
csframe with that property.

The procedure is successful in many cases (see [Table 4. dea1 B6) but we present also
its limitations in the form of an open problem. We hope théntegue proves itself useful to
characterise logics, possibly in extended languagesesgjig reactivity properties coming
from research areas where reactivity is being applied tqroperties suggested by the
switch graph research. A systematically investigationhef decision problem is missing
but, for some cases, a rather straightforward applicatigdheofiltration method allowed us
to establish the finite model property.
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4.1 Reactive models

Definition 4.1.1. We consider theeactive similarity type = ({Or, Op},p = 1). Thus the
modal languagé, is defined by

@ == Pl-g|eings | Orp | Opre,

wherep € I1. The other connectives, 1, v, —, <>, Or andop are introduced by the usual
abbreviations.

Definition 4.1.2. A pathover a seW is any finite sequence of points frowl. A prefixof a
pathwow; ... W, is any path of the formvow; ... wi for k < n. Given a patht = wows ... Wy,
we lett(1) = w, andn its length.

A reactive frames a pair(W,A), whereW is a non-empty set andl is a set of paths
overW that

e contains all one-element paths, i\&/,

e is closed under taking prefixes.

Given X c II, a X-reactive modeis a tripleMt = (W, A, v), where(W,A) is a reactive
frame and is a functiony : IT — 2% such that fop € X andAw, 2’'w € A we haveiw € v(p)
iff A’'w e v(p). X corresponds to the subset of variables that are fixed whilmaee, i.e.,
which value is determined by the current world.

Given aX-reactive mode), for everya € A and everyL,-formula ¢, we define the
notion ‘e is true ata in M (M, 1 =x ¢)’ inductively as follows:

o M, 1Ex piff 1€ v(p) for variablesp,

M, A Ex o iff M, Ay o,

M, A Ex @1 A @ IF DL A Ex o1 andI, A =x @2,

M, A Ex Oryp iff there isw e W such thatiw € A andMi, Aw Ex ¢,

M, A Ex Opy iff there isy € A such that(y) =t(1) andi,y =x ¢.
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Notice that ifX = II, thenv can be seen as a function from tHiego 2" and the first line of
the definition of=x can be equivalently replaced By, A =y piff t(2) € v(p).

We say thatp is true in9t iff M, A £x ¢ for everyd € A. We say thap is X-valid ina
reactive frame if it is true in ever}{-reactive model over it.

WhenX = IT we may omitX.

Definition 4.1.3. Given a reactive fram@ = (W, A) we define~g< A2 as:
A~pyiffit(2) =t(y) & VB e W'AB e A < yB e A.

We may omit¥ when it is clear from the context. We wrifd] to refer to the equivalence
class ofd € A.

Remark 4.1.4. We are only interested in studying propertiesefeactive frames, that is,
logics valid in the whole class of-reactive models over reactive frames. Otherwise the
notion of~ could be adapted to the contextXfreactive models and many of the following
results would be valid in its model version.

Proposition 4.1.5.Let (W, A) be a reactive frame, then:
1. IfA~yand(WA,v), A = ¢ then(W.A,v),y Eq ¢ and

2. If 2,y € A and A 4 y then there existy and v such that(W,A,v),A = ¢ and
(WA, v),y Fn —¢.

Proof. 1. Letus prove it by induction on the structurewof

e if ¢ is a variable this is trivial sincg1) = t(y).

o if ¢ = — thenM, A ¥ ¢ and so by IH and symmetry of, M,y #n ¢ thus
I,y =g ¢ = ¢. Thep = p1 A @, case is trivial.

e if ¢ = Ory then there existsv ¢ W such thatiw € A and 0, Aw = . It
is clear that we also havéw ~ yw € A and so by I.LHM,yw = ¢ hence
gﬁ,/l = <>Rlﬂ = .

e the casey = Opy also comes fron(4) = t(y).

2. 1f t(1) = t(y) and there i® = w; ... w, such that we do not haw#3 € A iff y8 € A.
Without loss of generality let us assum@e A andyg ¢ A and pick a valuatiom that
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distinguishes allv, i.e., letp; e ITwith 1 < i < nanda € v(p) iff t(e) = w;. Let
¢ = Orpp Wherey; is defined recursively by:

Pn
Pwia = pi/\<>RSO/1-

Pwn

Itis clear thatlW. A, v), A = ¢ but (WA, v),y #1 .
If t(1) # t(y) we pick a valuation that distinguishes them.

Definition 4.1.6. L, x is the logic of all reactive frames:

Lrx = {¢: ¢ is X-valid in every reactive framje

4.1.1 Reactivity unfolded

Definition 4.1.7. 1. A shattered framés a bimodal framegy = (W, R, P) such thatP is
an equivalence relation oviy. Given a shattered frame, we shy W is an initial
family if it picks one element from eadP-class thaR-generates the whole frame.

2. A cs-frame(coherently shattered) is a shattered frame that admitsitial family
and that iscoherenti.e., such that for alv, w,w” ¢ W, if wRw, wRw’ andw’'Pw’
thenw' = w".

3. A X-shattered modek a Kripke modet = (&,V) over a shattered framg =
(W R, P) andV is X-admissiblei.e., for allw,w' ¢ W, if wPw then

weV(p)iffw eV(p)forallpe X

We sayy is X-valid in a shattered frame if it is true in eveKrshattered model over
it.
4. An X-cs-models aX-shattered model over a cs-frame.
Notice that in order for the restrictions on the valuatianalil-shattered modéW, R, P,
V) to correspond to the restrictions on a general frdiVeR, P, A), whereA is the boolean

algebra generated by the equivalence classél éfhas to be closed undemns (andmp).
As we shall see in Proposition 4.2112 teframes that satisfy this requirement are the ones
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coming from unfolding static reactive frames. But in thise&here is no restriction to deal
with!

Definition 4.1.8. Lx is the logic ofcsframes:
Lesx = {¢ : ¢ is X-valid in every cs-framg

Remark 4.1.9. It is straightforward to see that every reactive frafe- (W,A) can be
regarded as cs-franfgs = (A, R, P*) whereW is an initial family and

e ARy iff there is somev e W such thaty = Aw,
o APMyifft(2) =t(y).

We call it theunfoldingof §. Furthermore it is easy to see that there is a bijective eorre
spondence betweefrreactive model®t = (W, A,v) and X-cs-modeldics = (A, R, P2, v)
that preserves truthness, i.e., for evéryA and everyl,-formulag,

g‘]t,/l 'ZX (p iﬂ: g‘]tcs,/l I:X ‘,D,

and so we havegx € Ly x.
The converse is also true.

Theorem 4.1.10.Let (W,R, P) be a cs-frame with | as initial family. There is a reactive
frame such that there is bijective correspondence between-Xiodel over the first and
X-reactive models over the second that preserves truthness

Proof. We call anR-pathA = wy...w, anl- initial path if wy € I. For every such-initial
patha4, let

11 () = o...in,

for the unique sequence ife | with w;Pi; for 1 < j < n (see Definition 4.1]7).

Moreoverl, is an injective function from the set of alk-initial paths into paths ovdr,
that is, ifl,(1) = I,(y) thena = y. Indeed, a3 clearly preserves the length of a path, we
can do induction on the lengthof A = Wy... Wy, ¥ = Vo... V. If n =0 thenwg = |, (W) =
l,(Vo) = Vo follows. Now suppose thdt(Wp...WaWni1) = [} (Vo...VaVie1) = i1...inine for
someijel, 1< j<n+1. Thenlj(Wp...Wp) =1;(Vo...Vq) =i1...1n @NdWy,1Pin, 1 PVii1. By
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the IH, we havew; = v; for 1 < j < n. Therefore not onlyv,Rw,. 1, but alsow,R\.1. So
Wn,1 = Vn,1 fOllows by coherence.

Let A' = {I;(2) : Ais anl-initial path}, (I,A'") is clearly a reactive frame, we call it a
foldingof (W.R, P).

Given aX-cs-modebt = (W, R, P, V) (with | as an initial family) letht’ = (I, A',v) with

v(p) = {1,(2) e A" :t(2) e V(p)}, for each variablep.

Itis straightforward to see thadit’ is aX-reactive model. We will show thak =x ¢ iff M’ =x

@.
According to Remark™Z.7].9 we can regard as aX-cs-modebi., preserving truthness.
Hence, to conclude, it is enough to prove tiiats a bounded morphic image .

We define a functiorf : A" — W by taking

£(1,(2) = ().

which is well defined sinck is injective. We claim thatf is a surjective bounded morphism
from M., ontoMi:

e f is surjective since by Definitidn 4.1[7(1) we have thRgenerates all the frame;

e p-morphismirR. First, ifl;(2),1,(2)i € A' then there is some& € W such that(1)Rw
andl; ()i = l;(Aw). Sot(A1)Rw = f(l,(2)i). Second, iff(l;(1)) = t(1)Rw then
I (Aw) € A" and f (I, (Aw)) = w.

e p-morphism inP. First, if t(I;(1)) = t(l,(y)) thent(21)Pt(y). Second, iff (I,(1)) =
t(1)Pwthen, by Definitiod 4. T17{1), there is soMieinitial pathy such that(y) = w.
Thenl(y) € A" andt(l,(2)) =t(l,(y)) follows.

e p-morphisminV: I, (1) e viff t(2) = f(1,(1)) e V(p).

Corollary 4.1.11. L¢gx = Ly x-

Proof. From Remark4.1]9 we get one direction. For the other, supihady ¢ L. x, that is,
there is some&X-cs-modeb)t = (W, R, P,V) havingl as initial family and such thait #x ¢.
M is aX-reactive model an®ht’ # ¢ follows from the previous proposition. O
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Given areactive frame we can obtain a cs-frame by unfolding {ice-versa by folding)
where eachX-model over the first corresponds taXamodel over the second and modal
satisfaction is preserved.

With shattered frames we are back in the classic setting €yventhe case ofX + &,
we are not at the frame level. There are restrictions on theéetsaver the correspondent
Kripke frames, the situation is closer to the case of gerfeaaies.

Folding and unfolding will be the bridge from reactivity thig classical setting and
will allow us to use some known techniques in the study of tkieraatisation of logics
over reactive frames. The most immediate consequencesotdhninection is that the logics
formed by formulas valid over reactive frames and cs-fraco@iscide.

4.2 Axiomatising
Now, using the strong relation between reactive frames arigacnes we will present the

axiomatisation of the logics obtained associated with solagses of reactive frames.

Definition 4.2.1. Let
Lx = (Kr,S5) +x p <> Opp,

meaning that.y is the closure by the rules of modus ponens and necessitypgfandop)
of the set containing

p < 0pp

for every propositional variablp € X, the substitution instances of all propositional tautolo-
gies and of the following axioms:

H

. Or(p— Q) - (OrP ~ ORQ),
2. op(p— a) ~ (Tpp > 0pQ),
3. Opp—> P,
4. Opp— OpOp P,
5. p—~>0OppP.

See Definition 2.1]5.
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Itis clear thatlLx c Lcsx = L x Since all theLyx axioms are sound with respect to shattered
frames. Notice that ther fragment ofLy is justKg, i.e. K. Itis obvious thaK < Ly and
from the fact that every Kripke model is a trividgtreactive model we get the other inclusion.

We want to show thaky is complete with respect to all reactive frames. For that we
will prove thatLy’s canonical model is &-shattered model and then prove that any such
model is the bounded image of a generated subframeXatsframe. Hence concluding
thatLy = Legx = Lrx-

If X # @ thenLy is not closed under structural substitution. One can deffieeanonical
model of a normal logit. the usual waypit = (W-, R-, P, VYY) where:

W = {s:sisL - MCS}

SRtiff {p:Oppes)ctiff {Opp:perics
sPtiff {p:Oppeshctiff {Opp:gperics
VEH(p) = {se W= : pes}.

and prove the well-known Truth Lemma about it:
{p:M-E@}=L
even if the logic in question is not closed under the rule dissitution, see e.gl [38].

Proposition 4.2.2.1f a logic L contains p< Opp and for pe X c II then given vPw we
have that:
veVH(p) = weVH(p) forall peX

Proof. If sP-tandp € sthenopp e sand sop e t. O

Clearly, if P- is an equivalence class then all the worlds relatedbgatisfy the same
variables inX.

Corollary 4.2.3. Mx is a X-shattered model and so
{ ¢ : ¢ is X-valid in every shattered framje= Ly.

In other words, we have that is sound and complete with respect to the clasX-of
models over shattered frames. Next, by showing that it i @enplete with respect to its
subclass of cs-frames we conclude the axioms generbfiraxiomatise the minimal logic
over reactive frames.
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Theorem 4.2.4.Lx = L, x.

Proof. SinceL, x = Lsx, it is equivalent to prove thaty = Legx.
Everycsframe is also a shattered frame, hence we have.thatc Ly.
Let ¢ ¢ Ly then there is &-shattered modeédt = (W, R, P, V) that does not satisfy.
We defineB(M) = (W, R, P, V'), where:

W' ={(zy) : YPZ UWx {},

(DR (Y, j)iffi=«&Xx=yori+*& XRy& y = |,
(X DP'(y, j) iffi=]& (i=+—>x=Y),

(x,1) e V'(p) iff xe V(p).

B(M) is aX-csmodel andt is a bounded morphic image 8{9Mt)’s submodel generated
by W’ =W’ - W x {+} (and therefore ¢ L.sx):

e let| be a any family of elements W' picking one element from eadhclass. It is
clear thatW x {x} c | and sol generates th#.
V'’ is an X-admissible valuation{x,i)P’(y, j) impliesi = j, hencexPyand therefore
if peX,

(1) eV'(p)iff ze V(p) iff y e V(p) iff (y. ) € V'(p).

Let us check that it is coherent. Givér,i), (Y, j),(zk) € W', if (y, j)P’(z k) then
j = k. Letus assume aldox, )R (y, j) and(x,i)R(z k). If i = x thenx=y =z and if
i +x*theny=j=k=2z So(y,]) = (zk).

o let f : W’ — W be defined byf((x,i)) = x.
It is straightforward to see that is surjective, let us see that it is actually a p-
morphism:

— fis ap-morphismimRR

» (XDR(Y, ]) thenf((x.1)) = xRy=f((¥. ])).
« F((x1))Rythen(x,1)R(y,y).

91



— fis ap-morphism irP
* (X1)P'(y, j) theni = j and so, by construction, we ha¥¢(x,i)) = xPy=
FC(y. 1))-
« f((xi))Pythen(x,i)P(y,i).
— fis ap-morphism irv
(xy) e V/(p)iff £((x.1)) = xeV'(p).

To this way of generating A-csmodel from a giverX-shattered model we call thdow
up trick and it is inspired by the standard extensions used in [40]imAla technique was
also used in[56]. O

If we consider the basic properties of frames like reflexi\symmetry or transitivity, we
see that there are many ways of generalising it to the reafrvne level. These properties
refer to the accessibility of points without referring tetbhanges in their relational state
since it is always the same. In the reactive case this is netand they may meanftérent
things. Reflexivity can mean for example that we can alwagsssloop without any change
in the set of accessible points or we may require anythirey &8 the mentioned properties
have similar variants, they are the generalised notionseobtiginals.

Just as the (static) graphs properties are studied in classilal logic, we dedicate the
rest of this chapter to the study of the logics of the subelass reactive frames satisfying
some of these properties.

Our strategy is the same as we used for the general case. &ola&ss of reactive frames
and set of candidate axioms, we first check if they correspotite reactive frame property
in question (in some cases we only have soundness). Therowe pompleteness in steps:

e we establish that the logic they originate is complete wettpect to class of shattered
frames with a certain property by analysing its canonicadleho

e we check that its subclass of cs-frames validates exa@lyame formulas by present-
ing a transformation from shattered models to cs-modetsa(kip trick) preserving
the shattered properties we are considering plus that éattesed model is a bounded
morphic image of a generated submodel of its transformation
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¢ we show that folding these cs-frames gives origin to readt@mes with the required
property, thus obtaining the result by applying ProposiEoI. 10 like in Corollary
4.111.

Reflexivity and transitivity

Now we study some subclasses of reactive frames obtainechpgsing properties that
generalise the notions of reflexivity and transitivity iretktatic case and axiomatise them.
Let us introduce some variations of the blow up trick thatksor all the next cases.

Proposition 4.2.5. Given a X-shattered mod®t = (W R, P,V) we define
Bl(gﬁ) = (VV|, Ri’ Pi,Vi)
fori=1,234:

Lo e Wi ={(x(¥.0)).(x.(¥.1)) : XxPy} uW {x},

o (X)Ru(y,])iffi =& x=yor
(i=(x,a)&j=(y.b) &
(b=la-1&y=t(xy)ori=j&y=t(xXx))),

o (XPu(y.])Iffi=j& (i=1-x=y),

o (zi)eVi(p)iffze V(p).

2. o W,={(t"(c),n,c,d,i):cPdi=01%n<w},

e (a,b,c,d R (&, b,c,d,i")if (c,d) =(c,d) &
(i=x& (ab)=(a,b)or

I +x & aRd &
(a=t(@)&b=b+1&i=i"or
a=c=d&b=08&i=|i'-1)),

e W= (ab,c.d,i)P(a,b,c,d,i") =w iff (d,i) = (d',i") &
(i=x>w=wW)

e (a,b,c,di)eVy(p)iffaecV(p).

3. e Wr={((%Y),n),(x,n) : XPy,n < w},
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o (XDRs(Y, ) iffy=(Yi.¥2) &
(XeW& (Xx=y1&i=jorj>i&y; =y,)or
x:(xl,xz)&j>i&x1Ry1=y2),
o (X)Ps3(y,])iffi=]& (XeW& x=yorXx=(X,W) &Y= (y,W)),
o (Xi)eVa(p)iff xe W& xeV(P)orx=(Xg,X%) & X € V(p).
4, 0W4:W3,P4:P3&V4:V3,
o (XDRu(Y. ])iffy=(Yr.Y2) &
(xeW& (x=y1 &i=jorj>i&y;=ys)or
X= (X, %) & | >1 & t'(X,Y2) = y1).

where tt’ are defined by
e t(w) = Vv be such that vRwPYV if there is such v, otherwise it is undifine

e t’/(w,v) =V, such that wRWv and wRv- V' = v if there is such a’yvand is undefined
otherwise.

As usual {(w) =w and t*+1(w) = t(t"(w)).
We claim that3; (M) is a X-cs-model an®t is a bounded morphic image of a generated
submodel of3; (M) fori=1,2,3,4.

Remark 4.2.6. Any of these constructions could have been used in Thebrgd ihstead
of B.

Proof. 1. By(M) is aX-csmodel andt is a bounded morphic image of the submodel
of B1(M) generated bW, = {(x, (y,0)), (X, (y,1)) : xPy}:

e the existence of an initial family and th&t is an X-admissible valuation are
dealt just like in propl_4.214.
Let us check that it is coherent. Givéri), (Y, j),(z k) € Wy. If (y, j)P1(zK)
thenj = k. Let us assume that we also havei)Ry(y, j) and (x,1)Ri(z k). If
i=xwegetx=y=z Ifi=(za)thenj=(w,b) =k. If a=btheny=t(x,x) =z
and ifa # btheny = t(x,w) = z. In any casdy, j) = (z k).

e let f : W] — W be defined by:f((x,i)) = x. Itis straightforward to see that it is
a surjective function, let us see that it is actually a p-rham:
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— fis ap-morphismirR
* (X (X, 1)Ru(Y, (Y, ])) thenory =t'(xy") ory =t’(x, x). In both cases
F((x.1)) = xRy=f((y.])),
* f((x (t,a)))Rythen we have thdt(x,y) =,
hence(x, (t.a))Ru(y. (v.[a-1)));
— f is a p-morphism irP
* (X1)P1(y, ]) theni = j and sof ((x,i)) = xPy= f((y, ])),
* f((xi))Pythen(x,i)P.(y,i);
— f is a p-morphism inV, is trivial since by definition(x,i) € Vi(p) iff
f((xi))=xeV.

2. By(M) is aX-csmodel andlt is a bounded morphic image of the submodeBg(f)t)
generated by, = {(t"(c),n,c,d,i) : cPd;i=0,1;n < w}:

e itis easy to verify thaV/, is admissible and that any choicelgfpicking one el-
ement from eaclP-class and containin(t"(c),n,c,d, *) : cPd n < w}, works
as initial family.

Let us check that it is coherent. Given= (a,b,c,d,i), w = (&,b’,c,d’,i’) and
w’ = (a’,b”,c”,d",i") in Wa. If wP'W’then(d',i’) = (d”,i”). Let us assume
that we also have'Rw andwR,w” so (¢, d’) = (c,d) = (¢”,d”). If i = x we
get(a,b) = (&,b’) = (a”’,b"). Otherwise, if either =i’ ori = i” theni =i’ =",
sob’ =b-1=Db"anda=t"(c) = t*(c) = a’. Ifi =i’ thenb="b =0,
a=c=d=d"=c’"=a". Hence, in any cas&y/ = w".

o let f : W), -~ W be defined byf ((a,b,c,d,i)) = a.

It is straightforward to see that it is a surjective funcfidet us see that it is
actually a p-morphism:
The condition in the valuation is trivial as before;

— fis ap-morphismirR
+ W= (a,b,cdi)R(a,b,c,d,i’) =w thenf((x,i)) =aRb= f((y,])),
« f((a,b,c,d,i))Rythen or(a,b,c,d,i)R:(y,0,y,y, i - 1]);

— f is a p-morphism irP
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* W= (ab,cd,i)P(&,b,c,d,i") =w thenaPcPd= d’PcP&. Thus,
by transitivity of P, we obtainf (w) = aPd = f(w’).
« f((ab,c,d,i))Pythen(a,b,c,d,i)P(y,0,y,d,i).

3. B3(M) is aX-csmodel andlt is a bounded morphic image of the submodeBg(f)t)
generated byWj = {((x,y),n) : xPy,n < w}:

¢ the existence of an initial family and the admissibility\¢f are dealt as before
(in this case the generator{éx, n) : n < w}).
Let us check that it satisfies coherence. Given),(y, j),(zk) € Ws. Let
us assume that we havye,i)Rs(y, j), (X1)Rs(z k) and(y, j)P3(z k) theny =
(Y,W), z= (z5,w) and j = k. So, eitheri = j = k, in which casex ¢ W and
y1=X=2z;0ri<j=kandy, =w-=2z.
o let f: W] — W be defined byf((x,y),i)) = x.
It is straightforward to see that it is a function. Let us dea it is also a p-
morphism (the condition iV is dealt as before):
— fisap-morphismirR
* (%1, %2),1)Rs((y1,Y2), ) then
F(((x1,%2).1)) = xaRy = £(((y1.¥2). 1)),

« £(((x2.%).)Rythen((x. %2).1)Rs((y.y). ) for any j > i;
— f is a p-morphism irP
* (%1, %), 1)P3((y1,¥2), j) then
F(((x1, %), 1)) = XaP% = y2Py1 = £(((y1,¥2). 1)),
* (X, %2),1)Pythen((xg, X2),1)P3((Y, X2),1).
4. Let us consider the morphism as inW®e just need to check the conditions involving
Ry:

e initiality is dealt as in 3.
Coherence: let us assume that we h@xe)R4(Y, j), (X.i1)R4(z k) and(y, j)P4
(zk). Theny = (y1,w), z= (z,w) and j = k. If x € W then, ifi = j = k
thenx =y; =z and ifi < j = ktheny,; = w = z. Otherwisex = (X, x;) and

Y1 =t(X, W) =7.
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o ((X1,%2),1)Ra((y1.Y2), J) theny; = t'(x,y2) hence
f(((X1, %2),1)) = x1Rys = f(((y1.¥2) ])),

o f(((X,%),1))Rythent’(xy,y) = ythus((X, %), )Rs((Y,Y), j) foranyj >i.
O
We start by analysing the subclasses of reactive frames @dels) that correspond to

the usual axioms for reflexivity and transitivity (with onperator).
Let us prove a lemma that will be useful throughout the chapte

Lemma 4.2.7.Given a cs-framéW, R, P) admitting as initial family I. Letys andy’s be
two l-initial paths,

L(¥S) ~.an h(¥'S).
Proof. || (ys)a € A, iff there is g3 such thatys3 is anl-initial path (iff y's8 is anl-initial

path) and,(B) = «a iff ,(y’S)a € A,. Since clearlyt(l,(ys)) = I,(s) = t(l,(y's)) we get
Li(ys) ~1i(¥'s). 0

Proposition 4.2.8. 1. A reactive framéW,A) (IT)-validates p— Orp iffitis strongly
reflexive i.e. satisfies:

AWe A - AW ~ AWWw e A.

Let L} =Lx ® p— OrP.

2. L} is sound and complete with respect to the class ofI{ateactive models over)
strongly reflexive frames.

3. If X #II, L] is not sound and complete with respect to (all X-models caey)class
of reactive frames.

Proof. 1.

e Given a strongly reflexivél-reactive modebt = (W A,v) and Aw ¢ A such that
M, AW Eq ¢. Thusaw ~ Aww and, by Propositiof 4.7.90t, Aww £ ¢ and so
M, AW Erp Orep.
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e Given a non strongly reactive fram{®/A). There exists somaw ¢ A such that
Aw ¢4 Aww, so we have two cases.
Eitheraww ¢ A so if we takep € IT and picky such thatiw € v(p) andaww ¢ v(p)
for all Aww € A in which case

(WA, v),AWE pA-=OrP.

Or, there i3 = w; ... W, such that we do not haveys € A < Awwg € A. We consider
Wo = t(1) =t(y), Pos--., Pnand pickv such thatr € v(p;) iff t(a) = w. Lety = Oryp
be as defined in propositioh (4.1..5.2). A3 € A but Awws ¢ A then Aw satisfies
W = (PoA )V -po andAww does not. Ifaws ¢ A but Awws € A then Aw satisfies
- = =(Po A ¢) A Po @and Aww does not. Since naww € A with w' # w satisfiespg
and bothy and-y imply po (which is only satisfied at paths withhas end point), we
know that eithe(W, A, v), AW ¥ ¢ — Ory or (WA, v), AW i - - Op—ty

Imposing the usual axiom for reflexivity forces a very straragion of reflexivity in re-
active frames. Strong reflexivity imposes that, no matteictvipath we have covered, we
can always loop without any change to the accessible worlds.

2. Soundness df], comes easily from the soundness of the new axiom which has jus
been established.
Let us prove thak [, = { ¢ : ¢ is valid in every strongly reflexive reactive frafne

e using lemmal{4.2]2) itis easy to check that the canonicaletfodL], is all-shattered
model(W, R, P, V) whereRis reflexive. Since evergsframe is also a shattered frame
we have that:

LI ={¢:¢istruein evenfl-shattered modéW, R, P,v) whereR s reflexive:

c {¢: ¢istruein evenfl-cs model(W. R, P,v) whereR s reflexive.

e B3; preserveR-reflexivity:
Given(x,i) the case = + is trivial and ifi = (X', a) we have

(% (X, a))Re(t'(%, %), (X, @) = (% (X, a))
sincet’(x, x) = x. Hence

L], = {¢: pis true in everyil-cs mode W, R, P,v) whereRis reflexive.
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e given aR-reflexivecsframed = (W, R, P) with initial family I, (I,A'") is a strongly
reflexive reactive frame:
Let Aw € A!, so there isy ¢ W* ands € W such thatys is an I-initial path and
li(ys) = Aw. Sinced is R-reflexive we have thagssis also anl-initial path and
clearlyl,(yss) = Awwe A. Applying LemmdZ4.2]7 we conclude that ~ Aww.

3. LetX gIIand a class of reactive framEs
If there is a reactive framg@ = (W, A) € F then letd € A andp € IT - X. We picky such
thata € v(p) andaw ¢ v(p) for all Aw e A. So

(WA,v),AWE pA-OrP.

If Fis the empty class it validates Since there aré&l-reactive models over strongly
reflexive frames and} c L[, we conclude that

Ly ¢ {p:pisvalidinall§eF} > L.
u

Notice that to have reactive frame completeness we havegosmthaiX = I1. This will
also happen in the next case.

Proposition 4.2.9. 1. A reactive framgW,A) (II-)validatesOr Or p = Orp iff it is
strongly transitivei.e. satisfies:

AWWW € A = AWWW ~ Aww’ € A,
Let L = Lx ® Or Or P = ORP.

2. Lf is sound and complete with respect to the clasg-oéactive models over strongly
transitive frames.

3. If X # 11, L% is not sound and complete with respect to (all X-models cwvey)class
of reactive frames.

Proof. 1.

e Given a strongly transitive reactive modgl= (W, A,v) andAw € A such thatht, Aw =
Or Or e then there argv,w’ € W such thatlwww” € A andt, Awww” = ¢. Thus
Awww’ ~ Aww’ € A and, by Proposition 4.7.8%, Aww’ = ¢ hencedlt, Aw E Orep.
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e Given a non strongly transitive reactive fraf\& A). There istwww” € A such that
Awww’ 4 Aaww’ then we have two cases:
Eitheraww’ ¢ A which impliesw” # w'. Hence, if we take € IT and picky such that
Awww’ e v(p) andawv ¢ v(p) for all Awv e A, in which case

AWE ORORPA - ORP.

Or there isB8 such that we do not havevww’B € A < Aww’B € A. In which case
we pickwp = w’ and definey as in proposition(4.218.1). As before we conclude that
either(W A, v), AW i Or OrY = OrY OF (WA, V), AW i Or Or ) = O

Similarly to the case of strong reflexivity, strong transtyi imposes that, regardless of the
path we have covered, every world accessible in two stepscessaible in one and that the
set of accessible worlds is the same in both cases.

2. Soundness df, comes easily from the soundness of the new axiom which has jus
been established.
Let us prove that{, = { ¢ : ¢ is valid in every strongly reflexive reactive frarhe

e using lemmal(4.2]2) it is easy to check that the canonicaletiod L}, is a shattered
model(W, R, P,V) whereR transitive.

e 33 preserve®R-transitivity:
If (Xq,11)Ra(X2,12)Rs(Xs,i3) thenx, = (X1, X2) for k=2,3,i; <ip <izandxs; = Xz2.
If x;, ¢ W then immediately we concludexy,ii)Rs(Xs,i3). If X3 = (X11,%12) then
X11R% 1RX 1. Hencexy 1R% 1 = X32 and(Xq,i1)Ra(Xs, i3).

e given aR-transitivecs-frame with initial family|, (I,A") is a strongly transitive reac-
tive frame:
Let Aawww” € A!, so there isy ¢ W* ands, 8, s € W such thatysss” is anl-initial
path and,(yssSs’) = Awww". Sinceg is R-transitive we have thatss’ is also an
[-initial path and clearly, (yss’) = Aww’ € A. Applying Lemmd_4.2]7 we conclude
that iwww’ ~ Aww’.

3. LetXgIIand a class of reactive framEs
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If there is a reactive fram@ = (W, A) € F with a path of length threeyow,w,, let v be
such thatvow,w, € v(p) andwov ¢ v(p) for all wov € A. Then(W,A,v),Wp = Or Or P A

-~ ORrRP.
Given a reactive fram@\, A) such that there are v, wy, w, € W such thatvow,w; € A
then it validatesor Or L but OrOR L ¢ LY since

Ly cLic{e: ({a},{a}*",v) Ep & v(p) ={a}* forall peIl} # OrOR L.
So if there is no frame with a path of length thred=ifin particular ifF is empty) then
LY ¢ {¢:pisvalidinallF e F}.
O

Let us consider some variants of these axioms and see tlyatimmatise other gener-
alised notions of reflexivity and transitivity.

Proposition 4.2.10. 1. A reactive framgW, A) X-validates p—~ Or Op p iffitis out-
wardly reflexive i.e. satisfies:

AWeA > AWWEe A.

L = Lx® p - Or<Op P is sound and complete with respect to the class of X-reactiv
models over outwardly reflexive frames.

2. Let I_)Tg =Llxop—>OpOrp. If X=1I, L}Ii is sound and complete with respect to the
class off1-reactive models ovanwardly reflexiveframes, i.e. satisfying:

AweA - IV Aw~ Awwe A.

If X ¢ II, L;i Is not sound with respect to (all X-models over) any classattive
frames.

3. Areactive framéW, A) X-validatesopp — Op Or P iffis lightly reflexive i.e. satis-
fies:
weW — 31 Aww.

L)T(' = Ly@opp - OpOrp is sound and complete with respect to the class of X-reactiv
models over inwardly reflexive frames.
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It is clear that strong reflexivity implies inward and outwlaeflexivity and both imply light
reflexivity.

Proof.

1. Given aX-reactive modedt = (W, A, v) over a outwardly reflexive reactive frame and
Aw € A such thathi, Aw = ¢, then sincelww e A andt(Aw) = t(Aww) we havei, Aww =
Opp and salt, AW E Or Op .

If a reactive fram&W, A) is not outwardly reflexive then there exists somwee A such
thatAww ¢ A. Picking ap € IT and choosing & such thatt’ € v(p) iff t(1’) = w. Now we
have thal W, A, v), AW E pA = Or Opp.

Soundness df;° comes easily from the soundness of the new axiom which helsges
established.

Using the same strategy as before we will obtain the equality

LY = {¢: ¢ is X-valid in every outwardly reflexive reactive frame

e g » Or Op Qis a Sahlgvist formula and so the canonical frafwéR, P) for L
satisfies:
YwIwwRwPw (@)

since it is the first-order correspondent to the new axiom.

e [3; preserves propertyi(a):
Given (x,i), if i = x then(x, )R (X, 1)P1(x,i) and ifi = (X',a) then by propertyr{a)
there existy such thatxRyPxthust’(x, X) is defined and x, i )Ry (t'(X, X),1)P1(X,1).

e let (W.R,P) be acsframe satisfying propertyya) aridan initial family. (I,A") is a
outward reflexive reactive frame:
Let Aw € A! then there are ¢ W* ands € W such thatys is an-initial path and
li (ys) = Aw. By property (&) there existse W such thatsRtP s(which impliestPw)
thusystis also an-initial path and, (yst) = Awwe A'.

2. To establish soundness we have just to check if the addedhagisound: given
all-reactive modedt = (W, A,v) over a inwardly reflexive reactive frame and € A such
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thatMi, Aw = ¢ then since existsd’ such thatt’ww e A andAw ~ A’'ww. Thus by proposition
(4.1.5) we havel, A'ww E ¢ and since(Aw) = t(2’'w) we have thailt, iw = Gp Ore.
For completeness we proceed as before:

e p— Op OrQis a Sahlgvist formula and so the canonical fra@gne (W, R, P) for Lﬁ
satisfies:

Ywaw'wPwRw (b)

since it is its first-order correspondent.

e 13, preserves propertjl(b): givem= (a,b,c,d,i) € W, if i = * thenwP,wR,w and if
i+ then(a,b,c,d,i)Py(t(a),b+1,c,d,i)R:(a,b,c,d,i).

e let (W.R,P) be acsframe satisfying property{b) aridan initial family. (I,A") is a
inwardly reflexive reactive frame:
Let Aw € A!, so there isy ¢ W* ands € W such thatys is an I-initial path and
li(ys) = Aw. By property [(b) there existse W such thatRsPt From the initiality of
I we know that there is somg such thaty’t is anl-initial path, thusy’tsis also an

[-initial andl, (yst) = I, (y)ww = A'ww e A!. Applying Lemmd4.2]7 we conclude that
AW ~ A'Ww.

So

Lﬁ = {¢: ¢ isvalid in every inwardly reflexive reactive frarhe

Given X ¢ IT and a reactive framéW, A) there is aX-reactive modedli = (WA, v),
A € A andy such thatht, 2 # ¢ - Ore: givenAw € A and somep ¢ I1 - X, let v such that
Aw e v(p) andA'ww ¢ v(p) for all ’wwe A. So

(WA, Y),AWE pA = OrOP.

3. LetdM = (WA,v) be aX-reactive model over a lightly reflexive reactive frame and
Aw e A such thatht, Aw = Opg. Since there exist¥ such that’ww e A andt(Aw) = t(2'ww)
we havelt, 'ww = ¢ and salt, A'w £ Ore henceli, Aw = Op O @.

If a reactive fram&W, A) is not lightly reflexive then there exists somve W for which
there is nat € A such thattww € A. So we pick ap € IT and choose a such thatl’ € v(p)
iff t(1’) =w. Now we have thatW, A, v),wW = Opp A = Op OrP.
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Soundness di)T(‘ comes easily from the soundness of the new axiom which halsges
established.
For completeness, as before:

e 0Op - OpORQis a Sahlgvist formula and (just as before) the canonicedé&@\V, R, P)
for L}° satisfies:

Ywaw'w” wPwWRw'Pw, (c)

since itis its first-order correspondent.
e 31 preserves propertyi(c): givem,i) € Wy, if i = 1 then
(X DPL(X DR (X 1)P1(X, 1)

and ifi = (¥, a) then by propertyr{c) there exigtz such thatxPyRzPxhust’(y,y) is
defined and

(X DP1(Y: DRy (t(y,y), P1(X. ).

e let (W R P) be acsframe satisfying propertyc) andan initial family. (1,A'") is a
lightly reflexive reactive frame:
Let Aw € A' then there ares,t such that,(s) = w = |,(t) andsRt By initiality of
| there is anl-initial path ending ins, ys, makingyst also anl-initial path, hence
I (y)ww = 'ww e A.

So
L;' = {¢: ¢ is X-valid in every lightly reflexive reactive frame

O

Proposition 4.2.11. 1. Areactive framg¢W A) X-validatesCr Or p > Or<Op P iffitis
left transitive i.e. satisfies:

AWwwWw’ e A - Aww’ € A.

Lfg =Ly® OrROrR P = Or<p P is sound and complete with respect to the class of
X-reactive models over left transitive reactive frames.
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2. Areactive framéW, A) X-validatesOr Or p = Op Or OpP iff it is middle transitive
i.e. satisfies:
AWWW e A - 31 'ww’ € A.

Lg‘{" =Ly ® OrOrP — Op Or<Cpp IS sound and complete with respect to the class of
X-reactive models over middle transitive reactive frames.

3. Let Lfg =Lx® OROrRP = Op ORP. Ll‘ff is sound and complete with respect to the
class offI-reactive models oveaight transitivereactive frames, i.e. satisfying:

AWWW’ € A - 2" Aawww”’ ~ A'ww” € A.

If X ¢ I, Ly is not sound and complete with respect to (all X-models cwey)class
of reactive frames.

4. A reactive framgW,A) X-validatesCOr Op Orp — <Or Op P iff it is globally left
transitive i.e. satisfies:

AWW, 'WW' e A - Aww’ € A.

Lf(g' =Ly ® OrCOp OrP = Or Op p is sound and complete with respect to the class of
X-reactive models over globally left transitive reactivanfies.

5. Areactive framéW, A) X-validatesOrOp Orp = Op OrOPP iffitis globally middle
transitive i.e. satisfies:

AWW, A'Ww’ e A - 327" A"'ww’ € A.

Lfg—’"‘ = Lx® OrOpORP =~ Op OrCOPP IS sound and complete with respect to the class
of X-reactive models over globally transitive reactivenfies.

6. LetLy = Lx @ OrOp OrP = Op ORP- Ll‘f[gr is sound and complete with respect to the
class offI-reactive models oveglobally right transitivereactive frames, i.e. satisfies:

AWW, AWW' e A - FA" A'Ww' ~ 2"'ww’ € A.

If X ¢II, L;'(g' is not sound and complete with respect to (all X-models auay)class
of reactive frames.

It is clear that strong transitivity implies left, middle dmight transitivity. Both left and
right transitivity imply middle transitivity and all of tlme are implied by its global version.
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Proof. 1.  Given aX-reactive modedi = (W, A, v) over a left transitive reactive frame and
AW € A such that

N, AW E Or OR @,
i.e. there arev,w’ such thalwww” € A and"t, Awww” = ¢. By left transitivity we get
thatAww’ € A and since(Awww”) = t(Aww’) we have
N, AW E Or Op .
If a reactive framéW, A) is not left transitive then there existassww” € A such thattww” ¢
A. So we pick g € IT and choose a such thaty € v(p) iff t(y) = w’. Now we have that
(VV,A,V)7/1WI: <>R <>R p/\ - <>R <>Pp

Soundness df; follows from the soundness of the new axiom which has jush eestab-
lished.
Let us prove thaky = {¢: ¢ is X-valid in every left transitive reactive frane
e ORORP — OrCOp pis a Sahlgvist formula and so the canonical mqd&IR, P) for
L} satisfies:
Vivwaw' tRVRw— tRWPw, (LT)

since it is its first-order correspondent.

e BB, preserves property (IT):
Given (X, ix) € W, for k = 1,2, 3 such that Xy, i1)Ra(X2,12)Re(Xs,i3). S0iy < iy < i3,
Xk = (X1, Xc2) for k=2,3. If x; ¢ W we have that

(X1,11)Ra((X32, X32),13) Pa( X3, i3).

If x; = (Xu1,X%12) thenx;1R% 1R» 1, hence, by property (IIT), there ssuch that
X]_ﬁ]_RXP)f;’l(PXg’z). ThUSt,(XLl, X3’2) is defined and

(X1, 11)Ra((t'(X11, X32) ), 13)Pa(Xs,i3).

e let (W R P) be acsframe satisfying property (IIT) anidan initial family. (1,A') is a
left transitive reactive frame:
Let Aawww” ¢ | then there are somee W+ ands, §,S” ¢ W such thatysss’ is an
[-initial path andl,(yssSs’) = Awww”. By (LI) there exists somee W such that
sRtP$Pwand soystis anl-initial path. Hencé, (yst) = Aww"’ € Al.
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2. Given aX-reactive modedt = (W, A, v) over a middle transitive reactive frame and

AW € A such that

M, AW = Or Or @,

i.e. there arev, w”’ such thaltwww” € A anddt, Awww” = ¢. By middle transitivity, there
is A’ such that’ww”’ € A. Sincet(Awww") = t(A’'ww"’) andt(Aw) = t(1'w) we have

M, AW E Op Or Opp.

If a reactive framgW, A) is not middle transitive then there existeww”’ ¢ A and noA’
such that’ww’ € A. So we pick ap € IT and choose a such thaty € v(p) iff t(y) = w".
Obtaining

(WA, V), AW E QR OrRPA = Op Or Op P

Soundness o} follows from the soundness of the new axiom which has jush leestab-
lished.

We prove completeness as before:

e ORORP — Op OrOppP is a Sahlgvist formula and so the canonical mod#IR, P)
for Ly satisfies:
Ytvwat'w' tRvRw— tPt'RwWPw (MT)

since it is its first-order correspondent.

e 3, preserves property (MT):
Given (X, ix) € W, for k = 1,2,3 such that Xy, i1)Ra(X2,12)Ra(Xs,i3). S0iy < iy < i3,
Xk = (X1, Xc2) for k=2,3. If x; ¢ W we have that

(X1,11)Pa(X1,11)Ra((X32, X32), 13)Pa(Xs, i3).
If X, = (Xp.1, X12) thenx; 1R% 1RX% 1 hence, by property (MT), there akex’ such that
X1’1PXR)€PX3’1(PX3’2)

and sa’(x, X3 2) is defined and

(X]_, il)P4((X, Xl’z), il)R4((t,(X, X3’2)), i3)P4(X3, |3)
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e let (W.R P) be acsframe satisfying property (MT) andan initial family. (1,A') is
a middle transitive reactive frame:
Let awww” € | then there are somee W* ands, s, s’ € W such thatysss’ is an
initial path and, (ysss’) = awww”. From property[(MT) follows that there are some
t,t” € W such thatsPtRt'Ps’. By initiality of | there is an-initial pathy’t, making
y'tt” also anl-initial thusl, (y'tt”) =1, (y" )ww’ = A'ww”’ € Al.

SolLy" = {¢: ¢ is X-valid in every middle transitive reactive frame

3. To estabilish soundness bf it is enough to verify soundness of the added axiom:
given all-reactive modedlt = (W, A,v) over a right transitive reactive frame and € A
such that

g‘n’ /lW = <>R <>R @,

so there arev,w'’ such thalwww” € A and"t, Awww” £ ¢. By right transitivity there is
A'ww’ € A such thattwww” ~ A’'ww” and so, by Propositidn 4.1.8;, ’'ww’ & ¢. Thus

M, AW E Op OR Q.
For completeness:

e ORORP = Op Or P is a Sahlgvist formula and so the canonical mqd&IR, P) for
L satisfies:
vVtvwat’ tRvRw— tPt'Rw (RT)

since it is its first-order correspondent.

e 33 preserves propert (RT):
Given (X, ix) € Ws for k = 1,2, 3 such that Xy, i1)Rs(X2,12)Rs(Xs,i3). S0i; < iy < i3,
Xk = (X1, X 2) for k= 2,3 andxz; = x3. If X, € Wthen immediately we conclude that
(X1,11)P3(X1,11)Ra(Xs,i3). If X3 = (X311, X12) thenx;1R% 1R% 1 = X3 SO by property
(RT) there is ax such thatx; ;PxRx 1 and so(Xy,i1)P3((X, X12),i1)Ra(Xs,13)-

e let (W R, P) be acsframe satisfying property (RT) aridan initial family. (1,A") is a
right transitive reactive frame:
Let Awww” € Al then there is afvinitial pathys;$,$; (S € W) such that, (ys;5,%3) =
Awww’. By property [RT) there is € W such thats;PsRsg. From the initiality of
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I we know that there is somg such thaty’sis anl-initial path and so/ss is also
an I-initial. Applying Lemmal4.Z17 we conclude that > [,(y’st) = |,(y")ww’ =
AWW' ~ Awww”.

Hence,
Ll‘f; = {¢: ¢ isTI-valid in every right transitive reactive frarhe

GivenX ¢ IT and a (non-empty) class of reactive franfes

e if there is a reactive fram@A\, A) € F with a pathawpw;w,, wherew, # wy, we pick
p € IT- X andv such thaty € v(p) iff y = AwpwyW,. Thus

(WA, v),AWy = ORORPA = Op ORP-

e if F contains only reactive frames with paths of length biggef the form Awww
then it validatesor(p A OrT) — Opg. Consider thaky ¢ L and the right transitive
IT-reactive modelM = ({0,1},{0,1,01,011},v) such thatl € v(p) iff t(1) = 1. Itis
clear thathi,0 = Or(p A OrT) A = Op pand so:

LY ¢ {¢:gisvalidinallF € F}.

e if F contains only reactive frames with paths of length smahent3, following the
same reasoning as in propositién (41.2.9.3), together Wétdct that the strong tran-
sitive reactive frame used theré{a}, {a}*) - is also a right transitive reactive frame,
we conclude thalty is not complete with respect @

4. Given aX-reactive modett = (W A,v) over a globally left transitive reactive
frame andiw € A such that
g‘n’ /lW = <>R <>P <>R‘)07

i.e. there arev,w”’ ¢ W and A’ such thattww/, A’'w'w” € A anddt, ’'ww" = ¢. By light left
transitivity, there istww’ € A and sincé(Aww’) = t(A’'w'w'") we have

ED?, AW E OrROP Q@.

If a reactive framgW, A) is not globally left transitive then there isvw/, A’'w'w” € A such
thatAww’ ¢ A. So we pick g € IT and choose a such thaty € v(p) iff t(y) = w’. Hence

(WA ), AW EE Or Op ORP A = OR OpPP.
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Soundness oltf(' comes easily from the soundness of the new axiom which hadgen
established.
We establish completeness as before:

o ORCOp ORP — OrOp P is a Sahlgvist formula and so the canonical mod#IR, P)
for Ly satisfies:
vYtvwwwiw tRVPVRw — tRWPw, (LLT)

since it is its first-order correspondent.
e 5, preserves property (LLT):

Given (X, i) € W, for k = 1,2,3,4 such thai( xy, i1)Ra(Xz, i2)Pa(X3, 13)Re(Xs,14). SO
i1 <lip=lig<ig X= (Xc1, X2) for k=2,3,4. If x;, ¢ Wwe have that

(X1, i11)Ra((Xa2, Xa.2),14) Pa( X4, 14).

If X1 = (X11,%12) thenx;1R%1PXx1R% 1 hence, by property (LLT), there s such
thatxy ;RXP 1 (Px41) and sat’(Xy1, X42) is defined and

(X1, 1) Ra((t' (X121, Xa.2) ), 13) Pa(Xa, ia).

e given acsframe (W R, P) satisfying property[{LLT) with initial familyl, (I,A") is
a light left transitive reactive frame: Letww,A'ww” € Al then there aré-initial
pathsys; s, andy’s;s, (S € W) such that (ys1S,) = Aww andl, (y'$3S) = A'ww”
(sosiRsPsRs,). By property [LLT) there exists € W such thats;RsPg. Soys;sis
also anl-initial path and, (ys;S) = Aww’ € Al.

Hence
Lf(g' ={¢: ¢ is X-valid in every light left transitive reactive frame

5. Given aX-reactive modedt = (W, A, v) over a light transitive reactive frame and
Aw € A such that

g‘n’ /lW = <>R <>P <>R‘107

i.e. there arav',w’ ¢ W and A’ such thattww/, ’'w'w” € A anddi, A’'ww" = ¢. By globally
middle transitivity, there i” such that”ww’ € A, thus

N, AW E Op Or Opy.
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If a reactive framgW, A) is not globally middle transitive then there exists soinav,
A'Ww’ e A such that for alll” we haved”ww’ ¢ A. So we pickp € IT and v such that
y e v(p) ifft(y) =w’. Hence

(WA, V), AW E Or Op ORPA = Op OrOp P.

Soundness olti' comes easily from the soundness of the new axiom which ha®@en
established.
Completeness:

o OROPORP — OpOROPPIS a Sahlgvist formula and so the canonical MR, P)
for Ly satisfies:
vt, v, Vv, w3at’,w tRvPVRw— tPtRWPw (GM)

since it is the first-order correspondent to the new axiom.
e B, preserves property (GM):

Given (X, ix) € W, for k = 1,2,3,4 such thai(xy, i1)Ra(Xz, i2)Pa(Xs, 13)Re(Xs,14). SO
i1 <lip=lig<ig X = (X1, X2) fork=2,3,4. If x;, ¢ Wwe have that

(X1, 11)Pa(X1, 11)Ra((Xa2, Xa2),14) Pa(Xa, ia).

If X; = (X011, X1.2) thenxy 1R% 1Px31R %1 hence, by property (GM), there isx’ such
thatx; ;PXRXPxX,; and sa’(X, x42) is defined and

(X1,11)Pa((X X12),i1)Ra((t'(X, Xa2) ), i3) Pa(Xa, ia).

e given acsframe (W, R, P) satisfying propertyl(GIM) with initial familyt, (I,A") is a
globally middle transitive reactive frame:
Let aww, 'wW'w” € A! then there aré-initial pathsys; s, andy’sss; (s € W) such that
li(ys1$2) = Aww andl;(y's384) = A'w'w”’ (in particulars;R$PsRs;). By property
(GM) there existg,t’ € W such thats,PtRtRs,. By initiality of I, there is some”
such thaty”t is anl-initial path and so/”tt’ is also anl-initial path andl, (y"tt’") =
A"ww’ e Al

HenceLi‘(gm = {¢: ¢ is X-valid in every globally middle transitive reactive fraine
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6. To establish soundness Iof it is enough to verify soundness of the added axiom:
given all-reactive model)t = (W, A, v) over a globally right transitive reactive frame and
AW € A such that

N, AW E Or Op ORY,

i.e. there arav,w’ ¢ W and’ such thatlww/, ’'w'w’” € A anddt, ’'ww" = ¢. By globally
right transitivity we get that there i#’ such that?”’ww’ ~ ’'w'w”, so by Propositioh 4.1.5
we geti, 1"ww’ = ¢ and so

N, AW E Op Ore.

For completeness:

e ORCOp ORP — Op Or P is a Sahlgvist formula and so the canonical mod#EIR, P)
for LY satisfies:
viww3it’ tRvPVRw— tPtRw (GR)

since it is its first-order correspondent.

e 33 preserves property (GR):
Given (X, ix) € Ws for k = 1,2,3,4 such that(xy,i1)Rs(Xz,i2)P3(Xs,i3)Rs(Xs,14).
S0ip < iy =g < g X = (X1, X%2) for kK = 2,34 andxg; = X40. If Xg € W
then immediately we conclud@xy,is)Ps(Xg,i1)Ra(Xs,04). If X = (X1, X2) then
x11R%1PX1RX1 = X42 SO by property[(GR) exists & such thatx; ;PxRx; and
SO (X1,i1)P3((X, X1.2),11)Ra(Xg,14).

e given acsframe (W, R, P) satisfying propertyl(GR) with initial family, (I,A") is a
globally right transitive reactive frame:
Let aww, 'w'w” € Al then there aré-initial pathsys; s, andy’s;s; (S € W) such that
li(ys1S2) = Aww andl, (y'sss) = ’wWw”’ (so sR$PsRS,). By property [GR) there
existss e W such thats; PsRg. By initiality of I, there is some” such thaty’’sis an
I-initial path and so/”’ss, thusl,(y”ss) = 27ww’ € A. Applying Lemmd4.2]7 we
conclude that'w'w’ ~ A"'ww’".

So

Ll‘f[g' = {¢: ¢ isvalid in every globally right transitive reactive frafe
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GivenX ¢ 11, Lf(gr is not sound and complete for any class of reactive frames:

It follows from the proof in 3for LY. In the first case we can also conclude that the frame
does not validate>r Op Orp = Op OrP, thusLé‘g' c Lé‘g is not sound in relation any class of
frames containing a reactive frame with a path of the famwgw,w, with wy + w;. Nor it is
complete with respect to the other two cases considered bioih reactive frames used in
the proof are also globally right transitive.

Static and quasi-static

Proposition 4.2.12.We have thatOp Orp > Or<COp P) < (OrOp P = Op OrRP) € Lx,
and 1§ = Lx ® Op OrR P~ OrOp P = Lx ® OrOp P — Op Or p is sound and complete with
respect to the class of X-reactive models ogéaticreactive frames, i.e. satisfying:

AW, AW e A - AW ~ A'w.

Notice that ifX = I1, the new axioms are equivalentdgp — p and that if we impose
this axiom instead we get a result limited to this case. Tdiis s that in the other cases
where we have this kind of restriction there may be bettesrasitisations valid for alX.

Proof. Letconfz = Op Or P = Or Op pandchrpr= GrOp p = Op Or P.
e Using the equality; x = Lx:

— chrprimpliesconty
M, AW E Op Or e, SiNCep — Op Op ¢ Of P we havelt, Aw = &p OrOp Op .
Applying chregr we getit, Aw = Cp Op Or Op ¢ and, again fromy — op Op Y
(equivalent toGp Op ¥ — ¥), we obtairti, Aw E Or Op ¢.

— confg implieschrpg
M, AW = OpORe, SiNCey — Op Opy, We haveli, Aw = CpOrOp Op. Applying
confz we gethi, Aw = Op Op Or Op ¢ @nd, again fromdpe Op ¢ — ¢, We obtain
M, AW E O Op .

e Soundness df§ comes easily from the soundness of the new axiom:
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Given aX-reactive modebt = (W, A,v) over a static frame andw ¢ A such that
M, AW E Op Or @ then there exista’ww € A such thatht, A/'ww £ ¢ thusaww € A
(sincedw ~ A'w) andd, Aw = Or Op ¢ (sincet(Aww') = t(A'ww)).

e For completeness we proceed as before:

— Op Or P = Or<p pis a Sahlgvist formula and so the canonical moget
(W R, P) for L§ satisfiesPR-commutativity:

vxyZAy xPyRz— xRyPz

since it is the first-order correspondent to the new axiom.

— PR-commutativity is preserved bf;:
Let (%,i), (Y, ), (zK) € W such that(x,i)P'(y, | )R (zK). If i =« then(x,i) =
(v, J) and(x, )R (z k)P'(zK). If i # x thenxPyRzi = j = (¥,a) andk = (Z,b).
So existsy’ such thatxRyPz and sat’(x,Vv) is defined for any such thawvPz
Ori = j =k, sot’(x, x) is defined andx, i )R (t'(x, X),k)P’(z k), ori = j £ k, soO
t'(x,Z) is defined andx, i )R (t'(x,Z),k)P'(z k).

e Given aPR-commutativecsframe with initial family| then(1,A") is a static reactive
frame:
Let Aw, A'w € Al so there iggh, andg’b] I-initial paths such thal; (8b;) = Aw and
li(B'by) = A'w. Let us see that for every = w; ... w, we havepb,y iff existy’ =
Vi...V, such thap’byy’ andv;Pw; fori =1,...,n. By induction onn (we do it only in
one direction, the other is the same):

-n=1
Bbiw; is anl-initial path so byPR-commutativity exists; such that,RvPw;
and s@3’b,v; is anl-initial path.

-n+1
Bbiwy ... W,Wi, 1 IS anl-initial path so byPR-commutativity exists,,; such that
VaRWh, 1 PWh, 1 and s@3’b,v; is anl-initial path.

Hence we conclude thatv ~ A'w.
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A static frame is a reactive frame that does not react, thitesaccessible worlds depend
only on the current world and not on how you get there. It isictbat from such a reactive
frame (W, A) we can obtain a classic Kripke franf@/, R) where

R={(w,v) :wve A} = {(w,V) : Awve A}.

It is straightforward to see that in such a reactive framehadlvariants of transitivity and
reflexivity on reactive frames coincide with the usual no§@n the correspondent Kripke
frame.

It is easy to see that a Kripke model over a general frdieR, P, A), whereP is an
equivalence class, isld-shattered modetii A c 2V - the boolean algebra generated by the
P equivalence classes - is closed for the operatoggX) = {x € W : 3y ¢ W such thatxRy}
andme(X) = {xe W: 3y ¢ W such thatxPy}. BeingP an equivalence relatiow is trivially
closed undeme. It is easy to see tha being closed undemg, means that if a world is
in mg(X) so it must be all ite-class, which corresponds RR-commutativity. From the
point of view of reactivity, the use of (shattered) generairies to deal with the restrictions
over the valuations (even if only in the caseX# IT) does not help, it demands a very strict
interaction betweeR andP, it corresponds, in the reactive level to ask it not to re&se
[6Q] for an equivalent presentation Bfshattered models (with onkpr) and its relation
with general frames.

Proposition 4.2.13. Let Li‘(s =Lx®OrCp P > Op OrRP. L%S is sound and complete
with respect to the class ofifshattered models overjuasi-staticeactive frames, i.e. that
satisfy:

AWW, AW e A - JA" A'W ~ "'ww € A

If X ¢ II, L?f is not sound and complete with respect to (all X-models camy)class of
reactive frames.

Proof. e Soundness:

Given all-reactive moded)i = (W, A, v) over a quasi-static reactive frame ahdl € A
such that)t, Aw = Or Op ¢ then there existaww/, AW € A such thathi, 'w' = ¢ thus
AW ~ A"ww € A andI, "ww E ¢ (by Lemma4.15). Henc#i, Aw £ Op Or o
(sincet(Aww) = t(A'ww)).

e Completeness:
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OrCOp P~ Op Or pis a Sahlqvist formula and so the canonical fre@gne (W.R, P)
for LI® satisfiesRP-commutativity:

VxyZAy xRyPz— xPyRz

since it is the first-order correspondent to the new axiom.

Given M = (WR P,V) a RP-commutative shattered frame, [€B5(Mt) =)’ =
(W,R,P",V’") be defined by:
= W= (W2 u (W)2 x {+},
- (a,b,c)R(&,b,¢)iffc=x& a=a or
c+x*+C & o(a)Ro@) &
(aewWg& a=b'=coragW&
(b+ra+=c&r(a)=aorr(a)=b&a =corr(a)=c & a = b’)),

— (ab,c)P'(&,br,c) iff (b,c) = (b',c') & o(a)Po(&),
— (a,b,c) e V/(p) iffo(a) € V(p).

Whereo(ws ... W,) = Wy, t(wy ... W,) =W, andr(Wy ... Wp) = Wa. .. W

We have thatW',R’, P") is aRP-commutative Bs preservefkR P-commutativity) cs-
frame and théV’ is a bounded morphic image df:

- (W, R,P") is aRP-commutative Le{a,b,c)R (&,b’,c’)P'(a’,b",c"). If c= =
thena=a’ ando(a) = o(a’)Po(a”) thus
(a,b,c)P’(a”,b,c)R(a",b",c").
If ¢+ » #+ ¢’ theno(a)Ro(a’)Po(a”) so there isv such thab(a)PwRda”). We
have three possibilities:
eitherty =b” # @’ + ¢’ = ¢’ and so(a, b,c)P’'(wa’,b,c)R'(a”,b”,c");

ora’ = b” thus
(a,b,c)P’ (wc’,b,c)R (a”,b",c");

or elsea” = ¢’ and

(a,b,c)P’(wb”’,b,c)R(a’,b",c").
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— Clearly V' is admissible and any choice bfpicking one element from each
P-class and containinf(a, a, ») : a€ W+} works as an initial family.
— Let us check that it is coherent. L&t b,c)R'(&,b/,c¢’), (a,b,c)R(a’,b”,c")
and(&,b’,c¢)P'(a”,b",c").
From (a',b’,c’)P’(a”’,b”,c"”) we conclude thatb’,c’) = (b”,c”). If c = * then
ad=a=a'.lfc+x+c,thenoracWanda =b' =c =c’'=b"=a";ora¢W,
in which case we have three subcasesb/er & + ¢’ and sor(a) = & = a”; or
a=Db,thusr(a)=c =c’anda’=b"=b' =a;ora’ =c andr(a) =b’ =b" so
a’=c’'=c =4a.Inanycase(@,b,c)=(a’,b".c").
— Let f: (W*)3 > W be defined byf ((a,b,c)) = o(a).
It is straightforward to see thdt is surjective, let us see that it is actually a
p-morphism:
The condition in the valuation is trivial as before;
* fisap-morphism iR
- (a,b,c)R (&, b,¢) thenf((a,b,c)) =o(a)Ro@) = f((&,b,c')),
- f((a.b.c))Rw
if ae W then(a,b,c)R(w,w,w) otherwise(a, b, c)R' (w,r(a),w);
* fis ap-morphism irP
- (a,b,c)P'(&,br,¢') thenf((a,b,c)) =o(a)Po(a') = f((a',b',c)),
- f((a,b,c))Pwthen(a,b,c)P’(w,b,c);

e Given aPR-commutativeesframe with initial familyl then(1, A') is a such a reactive
frame:
Let aww, A'W € A!, so there are,y’ ¢ W* ands, s, S’ € W such thatyss andy’s”
arel-initial paths,l,(yss) = Aww andl,(y’s”") = ’w. SosR3$P¢g’, thus there i
such thatsPtRg. Lety” be such thay’’t is anl-initial path,y”ts”’ is I-initial too.
Furthermore, using Lemnia 4.2.7, we conclude flvdt~ 2"ww = |, (y"ts").
O

It is clear that if a reactive frame is static then it is als@asjtstatic. Furthermore it is
interesting to notice that if a frame is static all the vargaaf transitivity and reflexivity
coincide.
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Open problem - symmetry

Our method does not seem to be so fruitful with the notionsemiegalised symmetry. We
are unable to prove reactive frame completeness. To pratettis sound in relation to a
certain class of reactive frames and that it is completed@tiirespondent class of shattered
frames is straightforward as before. However, completenaanot be proved in the same
way. We just cannot simply pass from the shattered to csesarnet us look just to the case
of strong symmetry.

Question 4.2.14.Let L§ = Lx @ p > Or Or P. Is L complete with respect to the class of
reactive frames that are strongly symmetric, i.e. satngfyi

AWW € A - AW~ Awww e A ?

We leave the question and add a brief explanation on how tamats failed to prove it.

We present &R-reflexive shattered frame that cannot be transformed ints-feame
using the classic backward truth preserving transformatio

If a shattered framéW, R, P) with R + & satisfies for all there isw' such thatvPw,
there is now” satisfyingw’'Rw’ or w/Rw, then it does not admit an initial family. Let us
assume the contrary, lebe its initial family and

A ={w: there is now such thawwRw or wRw}.

Sincel R-generatedV, the isolated points must be insoA c |. From the fact that picks
only one element from eadPclass and for everw there isw’ € A such thaivPw we have
thatl = A. As there is an element W — A | does notR-generate alW. It is also clear
that a frame that has such a frame as generated subframe éaweaan initial family. Or
else the elements of the initial family of the bigger framesgent in the smaller one, would
be an initial family to the latest. Furthermore, the op@mabf taking pre-images, ultrafilter
extensions and ultrapowers preserve this (bad) property.

The following shattered framg0, 1}, {(1,1)}, {0,1}?) is R-symmetric and satisfies the
bad property. Hence classical ways of generating new mduw®is old ones, preserving
modal satisfaction do not allow us to find a general recipeotovert the relevant shattered
frames into the correspondesd-frames. In particular no variation of blow up will work.

This may not be due to the method’s limitations, instead iy i@ that the answer to
Questiori 4.2.714 is negative and that the missing axiom wiasttict us to a class of shat-
tered frames that do not have this property. We have not baert@prove either way.
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In the presence of (strong) reflexivity this problem disagpend the blow up method
works:

Proposition 4.2.15.Let L}B= Ll @ p > or Or p = LE ® p > Orp. LB is sound and com-
plete with respect to the class of strongly symmetric readtiames that are also strongly
reflexive.

Proof. Soundness is just as before obtained by checkingghatir Or p is sound:

Given a strongly symmetric reactive modgl= (W, A,v), Aw € A such thatht, Aw ¢,
andv such thattwv € A thenAdwv ~ Awvwe A. So, by Proposition 4.71.3)t, AwvwE ¢, thus
M, AWV E Ore. Hence andi, AW E Og Or .

In this case we are able to prove completeness by applyingoaeup method:

GivenM = (WR P, V) a R-symmetric andr-reflexive shattered model, let us define
(Bg =)' = (W',R,P',V) by:

o W= Un<a) Vv2n+1 x Un<w szn+li

o (XY)R(X,y)iff x=X or
(y=y & WRW & (x=z& X =Z OrX =2& X=7) &
z=(W,V) & Z = (W, W, w,V)),

o (XY)P(X,y)iffy=y & x=(w,v) & X = (W,V) & wPW,
o ((Xg,...,%), W) eV'(p)iff X, e V(p),

wherev = v, ..., V.

We have thatW',R’, P") is a cs-frame (wherB' is clearly symmetric and reflexive) and
theMt’ is a bounded morphic image Wf:

e clearlyV’ is admissible and any choice bfpicking one element from eadP-class
and containing (x,y) € W' : x = y} works as an initial family.

e letus check thatitis coherent. Givéry), (X,y'), (X",y") e W'. If (X,y")P'(X",y")
thenx’ = (v,v), X’ = (V,V) (so|x| = |x"|) with wPw andy’ = y”. Let us assume that
we also havéx, y)R (X,y") and(x,y)R (X", y").

If x=x"andx =+ X" then|x'| = | # |x"| which contradict{x’,y")P’(x",y"), sox = x".
The same applies ¥ = x” andx # X'.
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If x #+ X andx # X’, then eitherx = (w,v) and X = (W,w,w,v) = X, or X =
(W, w,w,v) andx’ = (w,Vv) = X".
In any case(x,y’) = (X", y").

e let f : W — W be defined byf (((w, X),y)) = w.
It is straightforward to see thatt is surjective, let us see that it is actually a p-
morphism.

The condition in the valuation is trivial as before;

— f is a p-morphism iR
* ((w, X),y)R((W,X),y) then orw = w orwRW, in any casd (((W, X),Y)) =
WRW = f(((W,X).Y")),
x £(((W, %), V))RW then(((w, X),v))R (W, W, X),V));
— fis ap-morphism irP
« (W, %), y)P'((W. ).y thenf ((W.X).y)) = wPwW = f(((W.%).y)),
* F(((w. X),v))Pw then(((w, X),Vv))P'(((W', W, X),V)).
In Proposition’4.2]8 we have checked that giveR-eeflexive csframe with
initial family | then(l,A'") is a strongly reflexive reactive frame. Let us see now
that if thecsframe is alsdR-symmetric ther{l,A') is also strongly symmetric:
Let Aww € Al, so there isy ¢ W* ands, § € W such thatyss is an I-initial
path and,(yss) = Aww. Since is R-symmetric we have thatsss is also

anl-initial path and clearly, (ysss) = awww € A. Applying LemmdZ4.Z]7 we
conclude thatw ~ Aww'w.

O

This result tells us that if the answer to Quesfion 42.14igative, the formula valid in
all strong symmetric reactive frames that is not§must be d x-consequence qf > Orp.

4.3 Decidability

All the completeness results we presented are based in ttaditydoetween the logics ob-
tained from certain classes of reactive frame semanticssante classes ok-shattered

120



models, which are models over bimodal frames where one akth@ons is an equivalence
relation.

Next we show that in some of these cases the filtration metheddcessful in proving
the strong finite model property. Since all of these logiesaso finitely axiomatisable we
conclude that they are also decidable.

Proposition 4.3.1.Given a shattered mod#t = (W, R, P,V) andI c L, closed under taking
subformulas then let:

[y={p:pel & M,VE ¢},
V~r WIffTy =T,
M ={V:ver Vi,
Wr = {|v| : we W},
IVIRT|W| iff IV, W V €|V & W € |w| & VRW,
IVIRT|w| iff forall Ore el if M,vE Orp thend,w e ¢ A Ore,
IVIP®Yw] iff forall Opg e, (M, VE Opp iff MW E Opyp).

Notice that R and R are the known smallest and transitiVdiltrations, see([38]. Then:

=

. If R is reflexive then‘/Rand R are also reflexive.
2. If Ris transitive then Ris also transitive.

3. If R is symmetric then’Rs also symmetric.

4. Pdis aTfiltration and an equivalence relation.
5. If Yywaw wRwPw thenV|w|3|w/| [W|R'|w|P’"|w].
6. If Yw3aw wPwRw thenV|w|3|w/| |w|P’|w/|R'|w|.

7. If Yywaw'w”’ wPwWRw’'Pw thenv|w|3|w/||w”| |w|P’'|w/|R’'|w’|P'|w|. where Rand P are
I'-filtrations of R and P respectively.

Notice that ifT" is finite then
IWE| < 2T x 21T,
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Proof.

1. Allfiltrations preserve reflexivity, se2 [38].
2. Transitive filtrations preserve transitivity, seel[38].

3. |VRZ|w| iff IV, W V€ |V & W € |w| & VRW iff (by symmetry3v,w' V' € |v| & W ¢
W & WRV iff |wW|R7|v].

4. Pedis al-filtration: vPwclearly implies thajv|Pedw| and if|v|Peqw| then fromd, v =
Opy We get thatht, w = Ope, thus fromP-reflexivity we obtairt, v = ¢.

SoPedis clearly an equivalence relation.

5. Given|w|, there existsv' such thaivRwPw so|w|R'|w/|P’|w|. The last two claims are
proved similarly.

O

Corollary 4.3.2. Ly, L, L, LI, L}, L4, LI® have the exponential finite model property
and thus its decidability problem is co-NEXPTIME.

Proposition 4.3.3.Given a shattered mod#t = (W R, P,V) andI c £, closed under taking
subformulas then let:

[v={¢:pel & M,VE ¢},
V~r Wi, =Ty & {I;:vPZ = {T,: wPZ},
VI ={V:ver Vi,
Wr = {|V| : we W},
IVIRT|W| iff IV, W V €|V & W € |w| & VRW,
IVIP7IW| iff 3V, W V € |v| & W € |w| & VPW.
Notice that R and R are the known smallest and transitive, se€ [38]. Then:

1. P is al-filtration and an equivalence relation.

2. If YxyAx xRyPz— xPXRy thenV|x||y||z3|X| |X|Rly|P|z| - |XP|X|Rly.
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3. If VxyAx xPyRz— xRXPy thenV|X||y||Z3|X| |X|RY|R[Z — |XRX|P]y.

Remark 4.3.4. This kind of modification on the filtration method was intreed in [26] and
was used in[[25] to filtrate product frames where one of thepmments is an equivalence
relation. Indeed the logit$ = [K, S5]. It is interesting that imposing the commutativity on
these operators coincides with not having reactivity.

Notice that ifT is finite then
W] < 2« 22",

Proof. From the definition ofP” it is clear that its reflexivity and symmetry follow from
P’s reflexivity and symmetry. All the other claims follow frothe fact that the equivalence
relations~r andP commute.

Check in[23, Theorem .5.15] for the proof that

3z X~ zPy iff Ju xPu~ry. (4.1)

and that it implies thaP? is also transitive (so (1)) and (2), in there the notation fgedent

R=R, P=R,R =R;andP’ = R;.
We will proof that it also implies (3). Since it is not presénére:
If [XRly|R|Z| then there are&’,y’,y", Z such that

X~ XPy~r Y ~py~ryY'RZ~rz
Using transitivity and 411 we get that there existsuch that
X~ XPYRZ ~p U~p 2
and using our hypothesis we obtain
X~ XRWPZ ~r U~ Z
and thugx/P|w|R/Z. O

Corollary 4.3.5. LS, L%S have the2-exponential finite model property and thus its decid-
ability problem is in co-N2EXPTIME.
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4.4 Discussion

Results Table[4.1 summarises this section main results. One canatead its lines the
correspondence between logic, reactive frame propertiu@ing its dependence of) and
the shattered frame unfolded property.

For example, in the first line we see that the logiccorresponds to all shattered frames
and to the whole class oKfmodels over) reactive frames, hence being the smallesi{mi
mal) reactive logic. In general there is a dependenck.dfor instance in the sixth line we
see that the completenessldf = L @ p — <p with respect to the class of (a-models
over) strong reflexive reactive frames requires &at I1, i.e. that all variables have to be
fixed.

Question 4.4.1.Can this dependence be avoided by a more inspired choiceahaas in
the case of static reactive frames (Proposifion 4.2.12) ?

Filtration: failed cases We have failed to find working filtration methods fiof;, Ly, L,
L, Ly LY so we ask:

Question 4.4.2.Does some variation of the filtration method work in theseesass well?
Do these logics have the f.m.p.?

Accumulation of properties. Itis not clear whether the combination of the axioms corre-
sponding to certain reactive properties, correspondsa@dmbination of those properties.
Even though it is so in the classical (unimodal) case whendudereflexivity to transitivity

or symmetry. It may be that the reactive properties intesadtthose classes satisfy formu-
las not captured by the axioms as it happens in the case ofigirtmtjics, see Chaptel 3. It
certainly does not follow from the results we presented ab&wr that to happen the (blow
up) transformation would have to preserve the combinati@f properties in question. The
fact is that we have been unable to find a transformation tleatdwvork for all cases, in
particular when considering generalisations dfetent properties.

Question 4.4.3.1s there such transformation?

By contrast, in the strong symmetry plus strong reflexiviige we see how gathering
properties may also be helpful. The strong symmetry caseeatworse behaved than the
combined one.
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Stronger tools required. We have used classical tools to study properties of the $ogic
coming from this new semantics. We have been only partialbgsssful (see for example
Section 4.R). Other techniques should be developed for memess and decidability, as
in the case of product logics a suitable notion of quasimedeims essential (see [23]).
Quasimodels retain the needed information by finitisingsonodel features.

Question 4.4.4.What is the appropriate notion of a reactive quasimodel?

It would also be interesting to find some new methods that evallbw a more direct
way of studying this and other reactive semantics. Onesciatiure its dynamic flavour,
leading to a reactivisation of modal techniques.
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|| logic || X | reactive property | || unfolded property | where? || f.m.p. ||
|| Lx = Kr® S5 +x p <> Opp || any | | minimal || | 4za Yes ||

Ly =Lx® Opp— p I

LS =Lx @ Op ORP—> OROP P any | Aw, AW € A » Aw ~ 'w static vxyAy xPyRz— xRy Pz ZZ12 Yes

LS =Lx ® OROp P~ Op ORP any

L§<S =Lx® OrROPP— Op ORP I AW, AW e A — 37" AW~ A"'ww e A g-static vxyAx' xRyPz— xPXRy Z2713 Yes

L; =Lep->Op I AW EA - AW ~ AWW € A gener- R-reflexive 423 Yes

LI(" =Lep—>OrOPP any | Awe A —» Awwe A alising vw3aw' wRwPw FEZI01 || Yes

L;‘ =Leop—OpORP I AWeA - IV Aw~ V'wwe A reflxe- vYw3aw' wPWRw E27102 || Yes

L;' =Leoopp—> COpORP any | weW — 31 Aww tivity vwaw'w” wPwWRW'Pw EZ7103 || Yes

L} =L® ORORP — ORP I AWWW € A - awww’ ~ ww’ € A R-transitive Z2z3 Yes

LQ =L ORORP = OROPP any | Aawww” e A - aww’ € A general- Yivwaw' tRVRw— tRwW Pw Ez1aa || ?

Lfg“ =L ORORP = Op OROPP any | Aawww”’ e A —» 31 'ww’ e A ising vivw3t'w’ tRvRw— tPt'RwW Pw gz21az || 2

Ly =L@ ORORP—> OP ORP I | Awww’ e A — 327 awww’ ~ 2w’ € A vtvw3at’ tRVRw— tPt'Rw EZTB | 2

Lig' =LOOROPORP—> OROPP any | aww, A'wWw”’ e A - aww’ € A transi- vivwwwaw' tRVPVRw — tRwW Pw EZT5 || 2

Lf(g"‘ =L OrROP ORP —~> OP OROPP any | Aww, 'w'w” e A — 32”7 A"ww’ € A tivity Vi wat'w’ tRvPYRw — tPYRWPw | EZTI% || 2

L3 = L& Or Op ORP = OP OR P M| AW, Yww’ e A — 37 AWW' ~ 2'ww’ € A vtw/wat’ tRVPVRw— tPYRw EZTs || 2

LiB=Lleop->ororp=LE@p->crp || I AWW €A > AW~ AWWe A & AW~ Awww e A | ref+trans. || R-reflexive andR-symmetric @215 Yes

Table 4.1: The table of results.



Switch Graphs: the global view

A graph is the abstract representation of a binary relateiween objects. There are many
graph-based structures, and often, to read (some of) tbemiation represented in them,
one needs to travel across their vertices following thejiesge.g. to check if two points are
connected or to interpret modal formulas in Kripke modelth@ usual notion of graph the
vertices that are accessible from a vertex are fixed.

When we modify the notion of graph allowing that the accdssilertices depend on
the sequence of edges we have crossed we obtain a reaciive @@ to each sequence of
crossed edges corresponds a (relational) state of the,gvaphe the edges that are available
are the ones that can prolong the current sequence. Theniafion in such a graph boils
down to the sequences of edges (or actions) over a certain set

A direct way of representing such a graph would be to drawrteediven by the admis-
sible sequences of edges, and, perhaps, to draw at eacmotlgs the state of the graph at
that point. Although this idea of havingfterent points representing the relational state of
the same point is useful (in Chapiér 4 we used it to obtainatiosl with classical modal
logic), it does not fer an easy reading of the changes that crossing an edge smplge
stated in the introduction (Sectign 11.1), the concept oftredy was initially introduced
using an enrichment of graphs with new kinds of arrows repriisg the local fects of
traversing an edge in the global relation. The represemtaiifered by these structures
seems to be much more interesting as it truly grasps theivisadtavour. Furthermore, in
Sectior( 5.1l we show that these new multi-level-arrowedcsires are enough to code all
the relational dynamics.

The simplest ffect crossing an edge can have over the accessibility relatito turn
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on or df a connection. These elementary changes can be represgrdealdong an arrow
from the crossed edge to the edge representing the conmdxting altered. Crossing an
edge does not have necessarily always the sdfeete. To represent these changes we use
arrows from the edges to the arrows representing the elamyefitects, and so on, obtaining
infinite levels of arrows.

In this context we refer to the arrows as switches. The edgesecting points are
O-level switches and the switches connecting O-level muhel/el switches aren + 1-level
switches. The switches of level greater than 0 can be of twdsithe connecting and
disconnecting ones. A set equipped with a set of switcheallisccswitch graph.

The state of the relation after a certain sequence of actioaswitch graph takes into
account its levelled structure. The switches of level bigiipan O do not represent the
accessibility relation between points but how this relattbanges after each action, corre-
sponding to the O-level arrows. When we cross an edge we toff the switches that are
the targets of the connectifttisconnecting switches coming out of it.

In Figure[5.1 we can see the switch graph representing tletivearaph with set of
points{a, b}, and admitting as set of actions the set given by the follgwégular expression
(being{a, b}? the alphabet):

((a.a) + (ab))"(b,b)((ab) + (b,b))"(a a)((a &) + (b,b))".

a e v e b

Figure 5.1: The white pointed arrows represent the conmgawitches, the black arrows
the disconnecting ones and the dashed line the fact thanibehgs initially disconnected.

We see that oncgb, b) is crossed, the disconnecting switch coming fr@m) to (a, b)
becomes connected. Thus, after crosgindp) and(a,a), (a,b) can no longer be crossed.
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Many other kinds of switches, havingfiirent €fects, could be considered. These seem
to be the most primitive ones, since they incorporate th&ckesdions in graph reactivity,
connecting and disconnecting edges. We shall see thas thimough to represent all reactive
graphs. That is: any reactive behaviour can be decompotethis kind of local actions.

We conclude with some examples and suggestions for futuesiigation.

5.1 Reactive by Switch

Definition 5.1.1. A reactive graphs a pair(W,A), where
e W is a non-empty set, the setwbrlds, and

e A, thebehaviouris the set of admissible sequences of edges, i.e., a SUi§¥xaV)*
closed under prefixes containiadthe empty sequence is always admissible).

The state of the accessible relation after an admissiblesseg of edgesbeing covered
is given by
Ry = {(w,w) : 2A(w,wW) € A}.

We now introduce the enriched notion of graph, the switctplgsa and formalise in
which sense they can be used to represent (or generateiveegphs highlighting the
effects that moving around the base graph has on the acceagsiggition.

Definition 5.1.2. For a non-empty sa andn < w, the set4,(W) of switchesover W of
leveln is defined as:

o Ao(W) =W x W (of level 0),
o A1 (W) = (WxW) x A(W) x {e,0} (of leveln).

A switch with e (o) as its third component is calledcannecting (disconnecting) switch
The set of all switches ow is defined by takingd(W) = Un<e, An(W).

Definition 5.1.3. A switch graphis a pair(W,R), where
e W is a non-empty set, the setwbrlds, and
e Rc A(W) is the set obwitches
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We say tha{W, R) hasreactivity of level rif R< Ujcp Ai(W).

Remark 5.1.4.In the graphical representation we use normal arrows fddlegel switches,

a black (white) pointed arrow for the connecting (disconimgg switches and switches that
are df are drawn with a dashed line.

Here we introduce some notation to refer to switches in aieetshion:

Definition 5.1.5. (1Va,...,Van_1Von, 8, 07) for o = s;... 5, € {8, 0}", n< w anda e A(W) is
defined as:

e (a€)=a,
o (ViVo,...,Voni1Voni2, & St - .. She1) = ((V1,V2), (VaVas ..., Vons1Voni2, &, St - .- Sn), Shet)-

We say tha{viVa, ..., Von_1Von, 07) IS @ switch of typer.
For example,

(W1Wso, W3Wy, W5, We, 0 @ @), = ((Wl,Wz), ((Wz,Ws), (W3, Wa), (Wa,Ws),0), '), ')
is of typeo e e.

Definition 5.1.6. Given a switch grapls = (W,R), thebehaviour of Sis the smallest set,
As, such that:

e ccAg,

o If @ € AY thena(w,w') € Ag for all (w,w') € R,.

WhereR, ¢ A(W) is theswitch stateof our switch graph after crossing the sequence
of edgesx:

— R. = R, the initial state,
— Ruw) = (Ry —{a: (w.w),a,0) e R, J)u{a: (w,w),a e) €R,}.
(W, As) is the reactive graph generated $ynd
AS = {Ra YOS As}

of switch statesf S.
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Notice that the reactive level &, is the same for alk. Neither the highest order arrows
can ever be turnedi nor higher order ones can be introduced, since a switclattaiver
a switch of orden has orden + 1.

Remark 5.1.7. When we informally introduced the switches dynamics we ditlspecify
what should happen when a connecting and a disconnectighsagt simultaneously over
the same switch. In the previous definition the conventioth&t the connecting action
prevails. We could have opted instead for:

¢ the disconnecting switch would prevail
Reww) = (Ryuf{a: ((w.w),a,e) eR.}) - {a: (w.w),a.0) € R, },

e orthat it would depend on the state of the target, by, for gtapalways changing its
state

Ruue) = (Ro — s (Ww),a,0) €R,}) ufa: (ww),a ) €R, & ag R,}.

We are interested in studying how expressive these stegare regarding the genera-
tion of reactive graphs. It is easy to see that given a reaciiaphy = (W, A) the switch
graph® = (W.R° U R*) where

R* = {(WaWo, ..., Wolps1Woss2,0) = 0 € {®}", Wy ... Woipp.p € A},

RO

{(V\/’W].WZa e aWZ‘(J'|+lW2‘(J'|+25 O-O) BOARS {.}*9 V9 V,aVVI € W}a

generatesy if the connecting switches prevaiFor the other options there does not seem
to be such a direct way of coding the reactive behaviour. Wetlsan ask whether these
options are relevant for this goal. Next theorem shows frate allows unbounded levels,
these options do not limit the switch graphs expressivitytttermore, it presents a general
construction such that given any reactive graph we obtawitals graph that, regardless of
the chosen option, generates the given reactive graph.

Theorem 5.1.8.Any reactive graph can be generated by a switch graph, fumbee this
switch graph can be chosen such that no connecting and digobing switches ever act
simultaneously over the same switch.

Proof. Given a reactive grapf\W, A), we define a relatio@ ¢ {e,0}* x (W xW)* by taking

C(o, ) iff  either the number ofs ino is even andr € A,
or the number ofs ino is odd andx ¢ A.
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This definition clearly implies the following:
Lemma 5.1.9.C(ce,a) <> -C(0o, ).
Now let
R={(WiWa, ..., Wog|+1Wals(+2,07) = C(0m, (W1, Wo) ... (Waio(s1, Wog+2) ), O € {®,0}7,
W € Wandws ... Wy € A},
We claim that, for every € As, the following hold:
Lemma 5.1.10.For every(B,0) € A(W), (B,0) e R, <= C(o,apB).

We prove the lemma by induction @n Fora = € this is just the definition oR. Now
suppose that(w,w’) € As and Lemm&5.1.10 holds far. Then, by LemmaX5.1]9, we have
that

(W,W)B,00)eR, < ((W,W)B,00)¢R,. (5.1)
Now by (5.1) we have:
forevery(B,0) e A(W), (B8,0) eRyuw) <= ((W,W)B,00)cR,. (5.2)

Now we can show Lemnfa 5. 1]10 fofw, w'):

(ﬁ, 0-) € Roz(w,w’)
iff (by (5.2))
(W, w)B,oe) € R,
iff (by the IH)
C(oe,a(w,w)B)
iff

C(o, a(w,wW)B).
Now we can complete the proof of the theorem as follows. FirstA n As. Otherwise,
a(W,W) € Ag iff @ € As and(w,w') € R, iff (by Lemmd5. 1.0 € As andC(e, a(w,w'))
iff @ € As anda(w,wW') € A iff a(w,W') € A. o

Remark 5.1.11. Notice that the condition that w..wy € A in the definition of R is not
necessary but avoids the inclusion of switches that wilehavpart in the dynamics. Indeed
it is easy to see that in what respects to the behaviour of &kwgraph only such switches
matter.
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5.2 Modelling multiple agents or processes

ReactivgSwitch graphs can model situations where the accessibgiggions change when
an edge is crossed. Without any limitation on the number dividuals going through its
edges. In fact a reactive graph may be used to design a particteraction between many
agents going around in a graph.

In a k-agents (processes, individuals, etc.) setting, the bvatmfiguration ceases to
be the only relevant information, we need to keep track ohesgent’s position. Thé&-
behaviour of a switch graph with set of initial configurasdd ¢ WK is the set of allowed
sequences of moves when thagents are located they start in position€ielements are
allowed to do. Let us formalise this notion.

Definition 5.2.1. Given a reactive grapR = (W,A) and a number k of agents wandering
about in the graph we define:

o (WK)*% s the subset of W¥)* formed by the sequences where each elemgifetrsli
from its successor of only one component, that is:

— Wke (WK)%,

— a(Wg,...,W,...,W) € (WK% thena(wy,...,W,...,W)[i > w] e (WK)* for
anyl<i<n, where

(Wi, ..., Wiy, Wi ) [ = W] = (W, Wy, W) (W, W W),
o £:(WK)% - (W xW)* is defined as:

— a e WKkthené(a) =€,

—a=a(W,...,W,...,W)[i > w] e (WK)% then
E(a) =E(a(W,...,Wi,...,W))(W,w).

Let C ¢ WK be a set of initial allowed configurations for the k-agentsgéherated
k-behaviour is:

AL = {a e (WK)”: £(a) e A¥ and existy ¢ C that is a prefix ofr}.
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Switch graphs can be useful in modelling programs or prdspcapturing the intended
interaction between the entities involved. The design efdbnstraints can be directly im-
posed by strategically locating the appropriate switchaesally, this double perspective on
the dynamics, would allow that the verification of such prtips over a switch grap8, de-
parting from a given configuratiopn could either be extracted from the shap&awitches
or exhaustively checked ovag.

Example 5.2.2.Let us consider the mutual exclusion problem, taken frionj.[$bere we
can find a model-based approach to the verification of theinedjyroperties in a given
system, presented as the solution to this problem. And,dba is to code the intended
properties iINCTL and verify if the transition system associated to the sotusatisfies
them. Here we lay the basis for df@rent approach.

As we referred in the introduction, in [[1L6] by adding higheder arrows to the structure
of an automata, and thus allowing its transition table toxgeavhile it is reading a sentence,
the authors achieved an exponential reduction in the mimonaber of states needed to ac-
cept a language. Therefore, this way of representing sygsteay have impact in model
checking, where the state explosion problem is a seriowstddrek. The switches configura-
tion at each point determines all the future dynamics, apthe interdependence of actions.
Of course that if one obtains less states when considermgulitch graph corresponding
to a certain protocol instead of considering its associatatsition system, is not because
some information was thrown away. The fact is that this imfation is coded in a fierent
form, hopefully in a more intuitive and accessible way. Ithe extra expressivity, given
by the higher order arrows, that allows us to identifffelient states with the same point by
associating them to fierent switches configuration. Moreover, if one finds an appate
way to extract the corresponding switch graph of a programrotocol, one may expect
that the verification of some properties can be reduced (bgnshef some intermediary
reasoning) to a simpler verification over the switches. éligfh we do not develop the veri-
fication part, in the next section we introduce a languageasaon about switches and their
effects. We believe that this language can be extended to aylére we can reason about
both the switch view and the usual transition system viewl, @rive enough knowledge
about their interaction in such a way that in order to verdyng properties at one level it is
enough to guarantee some related properties in the otheti@agersa. Nevertheless, here,
we concentrate on showing how switches can be integratedrisition systems to improve
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their modelling expressivity. We understand that in thisecéhe switches are associated
to conditional commands and changes on the auxiliar vasabsed in these conditions.
However, no systematic knowledge about that connectionobtagned yet. We will limit
ourselves to present examples of switch graphs ‘assotigtedn informal and intuitive
way) to protocols that constitute possible solutions topitblem and discuss them.

The mutual exclusion problem as presented in Chapter(3 $1$50

When concurrent processes share a resource (such as a filediskaor a
database entry), it may be necessary to ensure that they dbawe access
to it at the same time. Several processes simultaneoudingdne same file
would not be desirable. We therefore identify certain catisections of each
process’s code and arrange that only one process can bednifitsal section at
a time. The critical section should include all the accesthtoshared resource
(though it should be as small as possible so that no unnegesselusion takes
place). The problem we are faced with is to find a protocol fetedmining
which process is allowed to enter its critical section at ethtime. Once we
have found one which we think it works, we verify our solubipichecking that
it has some expected properties, such as the following ones:

Safety: The protocol allows only one process to be in its criticattsen at any
time.

This safety property is not enough, since a protocol whicma@ently excludes
every process from its critical section would be safe, bateoy useful. There-
fore, we should also require:

Liveness: Whenever any process wants to enter its critical sectionili even-
tually be permitted to do so.

Non-blocking: A process can always request to enter its critical section.

Some rather crude protocols might work on the basis that dyeje through

the processes, making each one in turn enter its criticdieec Since it might

be naturally the case that some of them request accesses sbaned resource
more than others, we should make sure our protocol has theepty:

No strict sequencing: Processes need not enter their critical section in strict
sequence.
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We modelN processes, each of which is in its non-critical staie ¢r trying to enter
its critical state ), or in its critical stated). Each individual process undergoes transitions

inthe cyclen -t —-c—-n— .., seein Figurﬁ&the caseN = 2, but the two processes
interleave with each other.

nl n2
Y [ ]
tle ot2
[ ] [ ]
cl c2

Figure 5.2: The mutual exclusion problem: combining preesssharing resources, two
processes scenario.

One immediate solution (fa¥ = 2) one can think of, is to use switches to impose directly
the condition that one process gets to its critical area thera@annot — usingt;c;,t,C,, o)
and (txCy, t1¢1,0) — and to remove this restriction when it returns to the naticat state —
using(cyny, toCp, @) and(cony, t1Cy,0), see Figuré 513. The two processes stérirotheir
non-critical states as indicated by the incoming edges matlsource. Either of them may
now move to its trying state, but only one of them can ever nakmansition at a time
(asynchronous interleaving). The problem here is thatingthrevents one of the processes
from getting stuck at the trying state while the other oneeases continuously to the critical
area, so liveness fails.

A way to guarantee liveness is, when a process requires ggonito move to the critical
state (moves to state t), to allow the other process to reqdcess the critical area only

1In the graphical representation one finds numbers juxtaptsthe letters, this is due a limitation of the
application used, thus they should be seen has being umiggss©utside the figures we will use the proper
form to avoid that with their intense use the text becomesantable. E.gtl in the figure corresponds tpin
the text.
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Figure 5.3:N = 2: liveness fails.

once until the first process accesses to it. In Figure 5.4 weea that the extra switches do
exactly this. The situation is symmetric so lets check legnfor the first process, that is,
if it moves tot, it will eventually be able to move to,. If process 1 moves tq, it turns
on (Canp, Noty, o) (by the action of(nyty, cony, NLty, oe)), which guarantees that if process 2
does the whole cycle once, then (sir(ceny, natz, o) is on) it can only try again if process
2 passes by, (t1€1, ptp, @) and (t1¢q, Cony, Noty, 00) remove that restriction. But this is
done by restricting process’s 2 abilitytequireaccess to its critical section, thus failing the
non-blocking constraint.

This is easily solved in Figufe 8.5, where the limitationascied only at the last stage.
One can see that the two switch graphs are really similardifierence is that the dis-
connected edge i@y, c;) instead of(n,,t;). That is, instead of using the following set of
switches

{(niti, cjnj, njtj, oe), (tiCi, njtj, @), (G, €jny, iy, 00) 1, j € {1, 2,1 # j,
we use
{(niti,Cjnj,tJ‘Cj,OO), (tiCi,tjCj,O),(tiCi,Cjnj,tjCj,OO) : I,J € {1, 2},| * J}

So when one process requires to access to the critical 8tatether may access only once
to it, though being still able require access to it, untilfingt’s access is granted (other levels
could be as easily set). Thus this solution complies witlhalproblem requirements.
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Figure 5.5:N = 2: a complete solution.

Hence, the advantage of the switch graph representatitvaisve can forgeheck the
properties at the meta-level. We directly observe tfiece that each transition has on the
global accessibility relation. This strongly suggests hbese solutions could be imple-
mented by programming. Though the other direction (frongprms to switch graphs) is
not approached here, it seems a fundamental step in evajuhgse structures potential.

Till now we tried solutions where each process runs aroundiféerent connected com-
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ponents of the presented switch graph, but there is no raasba so. If we allow more
process to run around the solutiondin]5.4 5.5, then batliness and non-blocking
properties would clearly be lost. Let us look to some sohgiwith only one connected
component where all process run, thus saving in the numbreqaired points in the graph.
In Figure[5.6 we have a general straightforward solutiortfierN processes case, but
again liveness is not guaranteed. Again nothing forbidsoagss (or a group di’ < N
processes) to keep accessing the critical area making wgsilple for some processes to
do it. There does not seem to be a way of avoiding this with Itlaise graph (without

nl ot

Figure 5.6:N arbitrary: safety and no strict sequence only.

losing the Non-blocking property), at least if we do not usdtiple connection between
each point, which are not allowed in our definition of switalaghs. Of course it would
be easy to consider labelled switch graphs where this waweadl but it would be closer to
considering dferent connected components.

Instead, in order to guarantee the other properties we wnlicler a slightly more com-
plex base graph. We use a number of ‘trying’ states equalemtimber of processes. We
learned the kind of restrictions needed from Fiduré 5.5 aadaw see in Figufe 5.7 a switch
graph using the same idea for avoiding the loss of livenaase3iere both processes share
the same graph point for non-critical and critical sectitmsway of imposing it changes
slightly. First we need to guarantee we do not have more tmenpoocess in the same
point representing ‘trying to get to critical section’, bgving (nt, nt, o) and (tic, nt, ),
fori = 1,2, controlling that. Initially we have botfcn,t;c,e) and(cn,t,c, o) on. One way
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to avoid the loss of liveness is to have that when a procesesot; then(cn, t;c,e) (for
j = 3-1) becomes fi, that is we have the switafnt;, cn,t;c, eo). Clearly when that process
moves out of; the restriction is not needed anymore, and so we ligeen, t;c, ee). This

n

~

N

Figure 5.7:N arbitrary: safety, liveness, no strict sequencing andooking forN = 2.

constitutes a complete solution fbr= 2 but forN > 2 it loses liveness and non-blocking.
If we want to accommodate more processes we can simply adel tnyamg states, as many
as the number of processes being considered and have thesgéicte structure between
every pairt, t; for i # j. Meaning that a solution for arbitrafy is given bySy = (Wy, Ry)
with Wy = {n,c,ty,...,ty} and

Rv = {(nt),(t,c),(cn),
(nt,nt, o), (tic,nt, @), (cntic,e), (cntic,e), (tic t;c,0),

(nt,cntjc, e0), (tic,cn,tjc,ee) : 1<i, j<N,i # j}
Clearly forN > 2, Sy is not as easily visualised, but this is also a cost to pay alsen
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drawing the transition system associated to the protocdh®mutual exclusion with vari-
ous processes. We believe that it is still impressive thetfet the switch structure is easily
definable for allN, being clear from thé\ = 2 case analysis why it works in the general
case.

5.3 Discussion

Level of Reactivity Being true that all reactive graphs can be represented biclswi
graphs, the level of reactivity of the representation islnfious practical importance.

Given a reactive graph, it is easy to see that the minimaltik@atevel for a switch
graph representing it, depends on the choice of dynamicsiseeissed above. Consider
R=({ab},A), whereA = {a: 1= (a,a)" ora = (a,a)*(a,b),n < w}. Using the definition
where the connecting switches win we cannot find a finite neaétvel switch graph that
represents it. Whereas using the alternating one it candregented by a switch graph of
reactivity level 1:

({a,b},{(a,a),(a,b),((aa),(ab),),((a.a),(a b),e)}).

Figure 5.8: Alternating dynamics example with the follogibehaviour:A = {a@ : 2 =
(a,a)"ora =(a,a)*(a,b),n< w}.

It is also easy to cook a reactive graph that cannot be repexsdoy a finite level
graph for any of the options we mentioned above, nor with amyches with ‘recursive
behaviour'. Letf be a non recursive binary sequence and

R=({a,b},A), whereA = {a:a=(a,a)"ora = (a,a)¢(a,b),n< w, f(k) = 1}.

Question 5.3.1.For each of the considered options which is the set of reagraphs gen-
erated by switch graphs of reactivity levet m?
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Further extensions We have seen how arrows can represent more than the basc tran
tions, they can represent the transitions between statdsedaccessibility relation itself.
These new arrows are a natural extension of the concept pi g@responding to a kind of
meta-transitions in the above sense. They provide an éxpty of expressing the meta-
level graph’s notion of reactivity, in a way that allows amirediate (and complete) reading
of the dfects of crossing an edge.

In Section[5.2 we considered multiple entities going thiotlie graph, thefeects of
each action were independent of whom was doing it and no sgnohs movements were
allowed. Other types of dependences can be considered:

e Dependence on the identity of the individual entities cdoédmodelled by having
different relations for each entity, or groups of entities.

e Synchronous movements could also be represented by speleitions. Of course
switches can connect arrows regardless of the relationréprgsent.

Thus leading to the question:

Question 5.3.2.1s the switches formalism enough to represent these moreraebe-
haviours?
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Reactive Hybrid Switch Logics

In the previous section we have shown that switch graphsugiabée structures to embody
and represent the reactive paradigm. In this section wednotre a logic that allows us to
reason about switches and thefiieets and prove completeness. A basic feature of such a
logic would be to be able to express that if a certain switamisthen after such move the
state of certain switch will be such.

In the introduction we gave some motivation for the used lagg. So, on one hand,
given a switch grapf\W, R), for each switch type- € {o, e}*, the set ofr-switches forms
|o|+2-ary relation ove¥V and there is ther|+1-ary modal corresponders,,. On the other
hand, similarly toog in Chaptef#, there is the operator corresponding to its\betg <.
The goal is to relate both, expressing how the switches mi@terthe behaviour.

The logics we considered in Chapkér 4 were suitable to tatkiblocal dfects of reac-
tivity, but here we are dealing with its globdftects and at the same time we feel the need to
to explicitly refer to specific states. Ordinary modal Idgjiack of mechanisms for dealing
with states explicitly is a recognised weakness. In facidea of adding variables that are
used to name worlds dates back to the pioneering work of f8&(64] and especially of
Bull [14](see [37]). Recently the study of this idea gainegwplarity and its development
became an autonomous subfield of modal logic, cdildatid logic!.

Hybrid languages are a very simple extension of modal onespe&ial set of proposi-
tional variables, called nominals, is added and it is usethtoe worlds. Nominals are true
at exactly one world in any model. Many operators relatedh¢oniominals were studied. A
particularly simple one is @ that allows one to jump to paittic worlds, in the sense that,

1For more details se€l[3] 2, 9].
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for each nominal, @¢ is true if ¢ is true in the world named which suits our need to
think globally.

We consider models constructed from switch graphs in suchyatiat for each admis-
sible sequence of edges we get an usual hybrid model basée dtripke frame given by
the switches’ state at that point. Of course each nominat tmeigrue in the same world in
all these models but all the other variables may change.

This language allows us to express some strong reactivdgiasse Consider the formula

@o(j-@-2j).

This says that if we cross the edge from the world naméa the world named, that
connection will be turnedfé. Another way to say this is to say that there is a disconngctin
switch from that edge to itself:

@ o (J,1, ).
We obtain completeness for the introduced logic adaptiegigual Henkin style proof

of completeness for hybrid logics, sé€e|[10] 12]. This furfhstifies the choice of language
by showing that it is appropriate to capture the switchesatyics.

6.1 Switch Models

Definition 6.1.1. We consider theeactive switch similarity type

s=({e}u{vs:0oe{o 0} }.p),

wherep(¢) = 1 andp(<®,-) = 2|o| + 1. Thus we define the hybrid modal langudgg @)
is defined by

wherepeIl, i e NOMando € {o,e}* . The other connectives; L, v, -, <, @ andm, are
introduced by the usual abbreviations.
Givenad e (NOM x NOM)* we define the abbreviatiog'y by recursion:

° OW=¢,
e 0D =@ & (j A 0Y) (clearly@(-Dlp = @) &1 ),
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and/lQO =~ @J Q.

Definition 6.1.2. Given a switch grapl$ = (W, R) and using the dynamics definedin5]1.6
we generate, for eache Ag, a reactive graphS, = (W.R)).

A switch frame is the Kripke frame given by the disjoint unmfrall these switch graphs,
whereo switches inR, give origin to local(2|o| + 2)-ary relations and with a global acces-
sibility relation connectingvin S, andw’ in S;w), See Figuré6l1.

Formally, theswitch frame overS is §s = (W x As, FVQS) where

L hS = {ﬁflr}o‘e{o,o}*,/leAs and

o (Wy,2),...,(Wans2,12)) € ﬁir HE (WiWa, .. ., Won 1 Wons, 0) € R;.
A switch modebverJs is a pairdi = (§,v), wherey is a function
v:ITUNOM — 28sW

such that forse NOM we haveV(s) = {w} x As for somew ¢ W.

Given a switch modelt = (W x As,Rs,v), for every(w, 1) € W x As and everyL-
formulay, we define the notioy is true at(w,1) in M (M, (w, 1) = ¢) inductively as
follows:

o M, (w, 1) = piff (w, ) € v(p) for variablesp,

M, (w, ) = siff (w, ) € v(s) for nominalss,

M, (W, ) = - iff M, (W, Q) # o,

M, (W, ) E @1 A @ ifF M, (W, A1) E @1 andIR, (w, 1) E @2,

M, (W, ) = Qg iff there isw’ € W such thatl(w,w') € A andIk, (W, A(w,wW')) E ¢,

Notice thati(w, w') iff (w,w') = (W, W', €) € Ry iff (w,w') € R,

M, (W, 1) E @i IfF M, (W, 2) Epforv(i) = As x {W},

M, (W, ) & Dy (01,...,0:m1) iff there arev; ... Von,1 € W such that
(W, V1,...,Von, Vons1) € szj and, (4, Vi) E ¢.
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Figure 6.1: A representation of a switch frame. The varicusponents are limited by a
dashed line, the switches of that component representetiebgirtows as before and the
(reactive) transitions by the line formed by lines and dots.

We say thatp is true inMt iff M, (w, 1) = ¢ for every(w, 1) € As x W. We say thatp is
valid in a switch frame if it is true in every switch model over it.

Remark 6.1.3. The idea of allowing the valuation to be updated at each meadd us
to define the switch frames in such a way that makes them to dawefinite number of
components (if the base switch graph has an infinite behgviowrder to have a classical
semantics over this frame. Clearly to have a representafitre switch dynamics it would
be enough to have one component for each reachable switfigwation. One can then

~

consider the Kripke fram@jg = (W x As, R;) (see Figuré6l4) where

146



° ég = {FA{‘T}GG{O,.}* and
b ((Wl7 R,)’ L] (W2n+2, R,)) € IEQZT Iﬂ: (WlWZ’ e ,W2n+lW2n+2, O-) € R,’

which is always finite ifS is finite.

Figure 6.2: A finite representation of a switch frame: smaitsh frame.

Let us call them small switch frames and consider the secsnfit{;(@) over them
trivially adapted from Definitiol 6.112, and call them snmehllitch models. If for example
IT = @, then these two classes of frames would clearly generatsame logic. Or for
modal checking purposes, where everything in the model i fimcluding the number
of propositional variables involved, one would considenikrly a finite representation by
having one component for each configuration of switches astdlalition of propositional
variables.

Still, it is interesting to notice that even if the classespfall and the original switch
frames are not immediately reducible to one another thdg i same logic.

It is trivial to define a model ovefs from a model overyg preserving modal truths,
since we just have to copy the valuation of each configuratrahpaste it where it appears,
o)

{p e Hs(@) : ¢ is valid over switch framesc

{p € Hs(@) : ¢ is valid over small switch framés

The converse is not so immediate since if we cannot fit tvkeint configurations in
the same component of a small switch model. Still, itis notiha see that these two classes
define the same logic. The idea of the proof is the following:

Giveng and a switch modelW x As,Rs,v), (W, €) E ¢ (we can assumg = € since
the past clearly does not interfere). We can clearly comsidewvitch grapts’ which is a
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copy ofS plus some switches of a higher enough level so that they dmtestere with the
valuation ofy (also fresh points forming lower level switches to which tbemer switches
point). This is done in such a way that when an edge is croskeohg the valuation o,
the new switches’ configuration changes and we can accontstice.

6.2 Axiomatising

In this section we prove that the axiomatisation presemeegure[6.8, generates all the
Hs(@)-formulas that are valid in all switch frames. Furthermave, obtain the usual hy-

brid automatic completeness for pure axioms. The follovarmpmatisation is the natural
adaptation of the ones for the standard hybrid logics giadh1,[12].

Remark 6.2.1. The fact that the propositional valuation is allowed to af@at each move
implies that switch frames based on switch graphs with itdibehaviour have infinite com-
ponents. Nevertheless, to have a complete view on the sdgtcamics it would be enough
to have one component for each reachable switch configardtiet As = {R; : 1 € As} be
the set of switches’ configurations that are obtaine®'sddynamics. One can then consider
the Kripke framegg = (W x A, FVQ’S) (the small switch frame oves) where

L ég‘, = {Ifz(r}a'e{o,o}*,
° ((Wl, R), ceey (W2n+2, R)) € ﬁ(j— iff (W]_Wz, eo e s Wop 1 Wop, o, O') e Rand
e (w,R;) connects (reactively) witbw’, Ry )-

So everything is the same apart from the fact that we do natyeEwet a new component
from a move, the tree structure disappears. It is easy tchsegq is finite if and only ifS
is finite. See Figure 614 for an example.

Let us consider a semantics #&(@) over the small switch frames trivially adapted
from Definition[6. 1.2 (only the interpretation & changes), and call them small switch
models. If the set of propositional symbols is emdily£{ @) these two classes of frames
trivially generate the same logic. Also, when, e.qg. for mMai@cking purposes, everything
in the model is finite, including the number of propositionatiables involved, one would
consider similarly a finite representation by having one ponent for each configuration
of the switches and distribution of the relevant proposiiovariables.
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Ls
Axioms:
CT All classical tautologies
Kb, O (P10 -0 @ = Uy one1) —
(Do (@155 @5y @2ns1) = Do (@1, - W e ey P2n11))
wherel is the component whekg—  is.
Ke @ (¢~ y) > (@~ @)
Selfduap @ < -@—¢
Ref @i
Agree @@jp < @j¢
Intro i > (¢ @)
Sync Q1 < O
Det, o(ing) > (i~ )
Kz 2(¢ > y) > (e > 2Y)
Dyn QUDN@y, Oy (igs...sizne2) <
(@i, O (2, sizne2) A =@ Poo (Joi1---502m42) V@ Ooe (Joi1---,12n12))
Rules:
MP If = andr- ¢ — ¢ then ¥
Subst If - ¢ thenr ¢?
Gen,, If - ¢ then o, (L,...,1,0,1,...,1)
Geng If - ¢ then- @i
Gen, If — ¢ thenr myp
Name If - @, andi does not occur ip thenr ¢
Paste,g,, If - 1@ Ou (j1,-- -, jone1) A QU (A1sison1 @) = Y and jy, # 1
does not occur i, or ¢ then— >41@; Gy (@1, ..., Pone1) = ¥
Past¢ ,, If - &'@ @ j A o' @ @j¢ ~ ¢ andj # i does not occur i or ¢ then
FA@ Q0 > Y

Figure 6.3: Thd_s axiomatisation.

Moreover, it is interesting to notice that even if the claseé small and the original
switch frames are not immediately reducible to one anotiney yield the same logic.
It is trivial to define a model ovefs from a model overyg preserving modal truths,
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Figure 6.4: Small switch frame dfa, b, c}, {(a,b), (a,c), (ab,cd,o)}}.

since we just have to copy the valuation of each configuratrahpaste it where it appears,
SO

{p e Hs(@) : ¢ is valid over switch framesc

{p € Hs(@) :¢ is valid over small switch framés

The converse is not so immediate since if we cannot fit tWiint configurations in
the same component of a small switch model. However, it idwaad to see that these two
classes define the same logic. The idea of the proof is thexdoly:

Given g and a switch modelW x As,Rs,v), (W, €) E ¢ (we can assumg = € since
the past clearly does not interfere with the evaluatiop)of We then consider a switch
graphS’ which is a copy ofS plus some switches of a high enough level so that they do
not interfere with the evaluation @f and that during the evaluation @fthe new switches’
configuration changes and so that we can accommodate thet k be the higher level of
the switches referred ig, it is clear we can add new points and switches such that at eac
crossing of an edge aftierent switch, of level higher thdg changes its state. For example
one could add for each admissible sequence of edges covethd interpretation o,

A= (WiWa) ... (Won_1Wy,), @ pointw, and the switch

(WlWZ, cee s Wo_1Wop, [WAWA]k, .nfl+k)

where[w,w, ¥ stands fok+1-occurrences of,w,; with a comma dividing each occurrence.
Thus guaranteeing aftierent component for each sequence of edges and thereforg bei
able to define the appropriate valuation to each of them.

Here is the theorem we shall prove:
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Theorem 6.2.2.Let A be a set of puré{s(@) formulas. A set of{(@) formulasX is
Ls + A-consistentff Z is satisfiable in a model satisfying the frame propertiesaefibyl".
Where s + A is the above axiomatisation extended with the axionss. of

Lemma 6.2.3. The following are derivable

. K@li F(@ip —> @y) > @i(¢ ~y),

Nom:- @ j - (@i -~ @),

Sym:i- @ij - @i,

Namé: If - i — ¢ then~ ¢ where i does not occur ia,

Bac%(r @U(Sol’ s @I‘)Dk’ cec ‘;02n+1) - @|‘10kl

e Bridgey,: @ Ou (j1,---» jone1) A (Assisznis @j01) = @ Op (01, - - -, P2n41)-

Proof. The first 4 are proved in[12].

e Back,
Agree Agree
@@p < @@ 9N
@uOo (@125 05 Poni1) AN @ @jp — @ @) Paste,
@U @O‘ (‘;01,---,@j90,---,502n+1) g @U@j‘p -1
K@ ,Name
@G(Qpla ey @HD’ LIS ,902n+1) - @190
e Bridge,- by induction oo, o = € is trivial and
: — Ko,
\I|5(—‘tp - _‘J) - (II!E—M,O - \I|5—\])
: : ——— Inte,CT
T~ A De] = <J>€(J A _“P) JA-Q =~ @J'_“P cT Back
Me—p A @e] - @e@J_“p @e@]_“p - @]_“p

Geng, Ka

@' @Me— /\@e- 9@@_‘
(e D =iy Ka,CT,AgreeSelfduag

@i me_“yo/\@i <Dej_)@l_‘90
@i @eJ/\@]‘p_)@l 4>e‘)0

The proof for arbitraryr’s consists in the repetition of this derivation applied &zle
of the 20| - 1 coordinates, where in each time an argument eats a conjunct
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Lemma 6.2.4. The following are derivable:

. 2ty o @ a(j - i),

Geny: If = ¢ then @y,

Kgi: @' (¢ — ¢) — (2'¢ » B'y),

Det,i: g < @lp A 1T,
e Gerl,: ¢~y then- &g — &l
Furthermore from Gep and K. we easily ge'(p Ay) « oto Aoty and ot (o Vi) <
o v .
Proof. e (Dl =-@ & (jat-¢) thatis equivalentto @(j - -1-¢) = @z(j -

ztp).

e Gen,: by induction ony, € is trivial and

L

)

-2y
a(j ~a'e)
@z (j—>a'y)

Gen,
Geng

e K_: by induction ont, 1 = e is trivial and

N
2t (o > )
@i~ (v>e9) ~ .
@a(j—>olp)>@o(j->oly) = ¢
— - def
a(Dp — @Dy,

IH

CT

e Det, 1 by induction oni, A = e s trivial and

Def, IH

(.Dp - (@ i 1 1
@-Dp @|®(J/\[<P/\®T])|H,CT

oDl > @ @ (j A rlp)
20 A GEDAT > @D O~ Bt A ol
@Dl o A(Dig A GUDAT

K&, CT

152



° Geﬁw by induction om, A = € is trivial and

=y
' (¢ > ¥)
AT A (9 > ¥)
2o A QAT —» YWY A QAT
g — oY

Gen,
CT

K,.,CT
De%,{

Definition 6.2.5. LetX be a set of{s(@)-formulas:

e Y is named if one of its elements is a nominal.

e X is ®,-saturated if for allo’ and >1@; Oy (@1, ...,¢x:n:1) € X there are nominals

| E TSN j2n+l such that@ﬂ@i o (j]_, cey j2n+l) ex and@”@jkgok €, k= 1,...,2n+1.

e Y is ¢-saturated if for allot@; @ ¢ € X there is a nominal jsuch tha'@ o (jag) =
QWDp e X,

Lemma 6.2.6. (Lindenbaum Lemma). Every k I'-consistent set of formulas can be ex-
tended to a namedy-saturated and®,-saturated MCS, by adding countably many new
nominals to the language.

Proof. Let (in)n< be an enumeration of the new nominals dgd),.,, an enumeration of
the formulas in the extended language.
We definex? = T uig, Name guarantees that it is consistent.

If =" u {¢n} is inconsistent theR™?! = £". Otherwise:
1. 2 =3"u {pn} if ¢n is not of the forme*@; Gy (Y1, ..., Paks1) OF 1@; @ ¥,

2. Zn+l = Zn U {Qpn} @] {®A@| @o’ (Im9 ] irm2n+l)} U {®/l@im+lwl : 1 S I S 2k+ 1} If It IS Of
the form®ﬁ@l <D(r (wl’ ey w2k+l)1
3. Y+l -yny {‘Pn} U {@fl@i & ('m A w)} if it is of the form &1@; .

Wherei, is the first new nominal that does not occuihor ¢,,.

Let 2¢ = Up,, Z". ThenX c X¢ andX«¢ is named,d-saturated @-saturated, maximal
and consistence. The only non-trivial step is in 2, and heresistency is guaranteed by
Paste,.;,, andPaste , . O
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Definition 6.2.7. (Henkin model fronT’). LetT be a maximal consistent set &f(@)
formulas. For all nominals i, lefi| = {j : @;] ¢ T'}. Then thelir = (W A, T,v) is given by:

W = {|i| : i is a nominal,

A={{A): 0'T T},

R={T% ot

Ry (lial, .. lizni2]) iff @1 @i, ® (2, i2ni2) €T,
v(p) = {(fi[.(1)) : "'@peTl},

v(i) ={([il.(4)) : (4) e A},

where(e) = e and (A(i, J)) = (1) (|i|,|]]). ThatMir is well-defined follows from Ref, Sym,
Nom and Gejf) .

Lemma 6.2.8. 04D p = 1@ @ (j A @).

Proof. By induction onA:
For A = e the two formulas coincide trivially and for= (s,t)y

@(&t)y(i,j)‘p — ®(s,t) @7(”) " _IH ®(s,t) > @ & (] A SO) — @(St))’@i & (] A 50)-
O

Lemma 6.2.9.Mir is a switch model wheréWw x A, FVQ) is the switch frame generated by
S = (WR) such that

R= {(|i1||i2|, cees |i2n+1||i2n+2|,0') : (|i1|, |i2|, cees |i2n+1|, |i2n+2|) € ﬁé’}

Proof. Let As andRs = {R7} as defined il 5.116. The proof that= Ag andFvegr =R7is
done by induction on the length 61).

The case of 1) = € is trivial since it is in bothA (T € T by CT) andAs, furthermore
R” = R” by definition.

The induction step(Q) — (A(i, }))):

(A([I13])) € As iff

(1) € As and((il |j}) € Ry iff (1) € As andR, (il 1) iff (1H)

T el andRe (fil.]j]) iff 1@ & (j A T) = @HDT e Tiff

() (lil. 1)) € A.
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And,

(liallizl, ... [izneallizneal, o) € Roac.jyy 1

(liallizl, .-, lizneallizne2l, o) € Ry @and (il [iaf[iz], - - -, [i2nsal[izni2], 070) € Ry
or

(] fiallizl, - .- [izneal[iznea], o7@) € Reay

iff (IH)

R7(ia]s fizs .- izneals lizne2ls o) @ndR7(Jif, [, fials lizl, - - - lizneals iznez])

or

RE([i[. 1§11 ia]s izl - - . lizneals [izne2])

iff

Q@i O (12,---51on2) €T ANAA@; oo (Joi1...50oni2) €T
or

1@ Poe (Join...sioe2) €T

iff

@i, Oor (i2,- .- l2ne2) A Q=@ Do (Jo11- .- i2n2) V OA@) Boe (Joi1.. . 02002) €T
iff (Dyn, Ger,, and Lemm&6.214)
1 WD) @, Oy (iz,...,Ions2) €T
iff (Lemma6.2.B)
D@y, Oy (ig,. .. sioni2) €T
O

Lemma 6.2.10(Truth lemma) For all ¢-saturated andp,-saturated ks + A-MCS’s T,
nominals i and formulag,

M, ([il.{2) Feiff " @ipel.
Proof. By induction on the length ap.
e propositional symbols and nominals by definition;

® p=-Y
M, ([if, () & -y iff Mr, ([if, (1)) ¥ andMr, (Ji|, (1)) = T
iff (IH)
@y ¢T ando'@Teliff —t @y A AT el
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iff (Selfduag, Gerl,, andDet,,.)

@y,

¢ =1 — Y as in the previous case we aply, K@l, Gerl,, andDet,;

¢ = @y applyAgreeandGer, ,;

@ = <I>o"7[’a

If Mr, (Ji], (1)) E G0 (Y1, ..., %2n1) then there argjq|, ..., |j2n.1| SUch that
R7y (il il aneal)

andMr, (|ji], (1)) & yi. By definitiono>@; ¢ (j1,---,i2n1) €T and (IH) @y €T
for 1<1<2n+1. Thus, usindgridge,, Gerl,, and Lemma&6.2]4, we have that

®/l@i <D(r (€019 .. 5902n+1) € F.

Conversely, suppose'@; ¢o (¢1,-..,¢n:1) € T then by &4-saturation there are

j1,-- -5 jonsa Such thato@; Oy (j1,-. ., jone1) €T and* @y e T for1<1<2n+ 1.
By IH 9, (|jil, (1)) = v1 and by definitiorR7,, (fil,|jal. ... |jzn-a]). Hence,

W, ([i[, (1) & O (Y2, Yania)-

¢ =Y

Mr, (|i], (1)) & @@ iff

exists|j| such that{ ) (]i|,|j|) € A such thathir, (||, (1) (|i,|j|)) £ ¢ iff (I.H.)
exists]j| such that (D @;p = '@ @ (j A @j¢p) € I iff (Usinge-saturation an€T)
'@ @ pel.

O

Lemma 6.2.11(Frame lemma)For all ¢-saturated andp,-saturated ks + A-MCS’s, Mir
satisfies the switch frame properties defined\by

Proof. It follows from the fact thatA c T" containsz'@;¢ wheregy is an instance of an

element ofA from S ubstGeng andGen,.. O
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We can now prove Theoreln 6.2.2.

Proof. (Of Theoreni6.2]2) Suppogeis Ls + A-consistent. By Lemma6.2.8, can be ex-
tended to a named;-saturated aneb,-saturated_s + A-MCS’sT". Leti € . By Lemma
6.2.10 we havér, (Ji|, (€)) £ Z. By Lemmd6.2. T1i;- satisfies all required frame proper-
ties. O

6.3 Discussion

Decidability and f.m.p. Given a switch graph i& = (S, R) with an infinite behaviouAs,
the corresponding switch frame is infinite and so are the fsamleer it. Moreover, unless
there is a point where we turrifall the edges, regardless of the edges we cross, the models
over that switch graph will be infinite.
Nevertheless, when we consider a satisfiable formuthat is, for soméw, 1) € Wx Ag
and valuationu, we have:
(W As,Rs, 1), (W, 1) E .

Clearly this is determined by just a part of the whole modeé &&n start by throwing out
the past. Le&’ = (WR;), andu/(p) = {(w, A’) : (w,A2") € u(p)}, then it is obvious that

(W x AS” RS”/'[,)’ (W’ E) F .

So we can assume that e. Itis also clear that only the fragment corresponding tqoids
bounded by the>-modal nesting-depth af, md, (¢), matters. Furthermore, the level of
the relevant switches is boundedmymd,, (¢), wheren s the level of the highest switch in
the formula. Thus, the satisfability gfis reduced to checking the satisfability over certain
Kripke models corresponding to that kind of fragment. Ofrsey if W is infinite these
fragments are still infinite. The easiest way to finitise sadtagment would be to adapt the
filtration method by identifying only the points that sayisfie same relevant formulas in all
of the fragment components.

We start by noticing that this method fails over general slwinodels. Consider the
following switch graph

S = (w,{(0,n),(0On,nn,0) : n< w}),
see Figur€ 615, angd © T € e € Hs(@).
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Figure 6.5: A switch graph originating a filtration problem.

Given a model over the switch frame generatedshiy is clear that no two points will
be identified sincén,0n)’ =’ = © T and(n,0m)’ =’ & & T for n m.

We were also unable to adapt the game-based argument ttststab PSPACE upper
bound for the satisfability problem 6 (@), see [[4[10]. The problem is, when adding a
new world to a particular component, how to update the otberponents without falling
in a infinite loop of verifications.

And again we ask:

Question 6.3.1.What is the appropriate notion of quasimodel in the contéxteactive
hybrid switch logics?

Usage of non-orthodox rules The use of non-structural rules is not completely consen-
sual. Indeed in Chaptét 3, the considered axiomatisingl@nolallowed only the use of
the classic modal logic inference rules: generalisatiahrandus ponens. Actually, if one
allows the use of Gabbay'’s irreflexivity rule then the comatait is enough to axiomatise
K4.3 x K, seel[68]. We refer ta [75] for an introduction on the use @sthrules to define
more classes of Kripke frames, and {o![49] for a charactegoisaf its power in the pure
modal logic context.

In hybrid logics, completeness results are usually obthimgng these non-orthodox
inference rules and we did not attempt to do it otherwise,[46Ffor an approach to the
axiomatisation of hybrid logics using only orthodox rules.

Relation with Reactive Logics Unfortunately there are no obvious connections (e.g. tfrans
lations) between these switch logics and the ones studi€hapte’ 4. Even if we can
extract a reactive frame from a switch graph by considerigdoical behaviour (its paths
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without jumps), the>p operator allows a global access over all the reactive sthi@point
that cannot be mimicked by the operators considered here. tWt approaches are two
transversal extensions of classical modal logic wittedlent expressivity. Applications may
assert which should be developed or even determine thesigoesjoining both views.

Further Extensions Many other hybrid operators have been studied and it woulithbe
teresting to investigate how they would play in this contéxparticularly natural extension
of these logics would be to enridiis(@) with computational tree logic’s (CTL) operators
([13]) or evenu-calculus ([69]). This would greatly reinforce our abilityreason about the
behaviour of a switch graph and increase its usability. Thyg this would be done is not
completely clear and it would depend on one’s particulariedts.

If we want to reason abolkt agents acting in the graph (in Section]5.3 there are such
examples) and they are not allowed to jump, we are not irtestén the whole set of se-
qguences of edges, but only in the ones that the agents mag; evbh are determined by
their position at each moment. To express these restrg;tibcould be necessary to include
in the language the possibility of referring explicitly teetdistribution of the agents in the
graph. In this direction, a possibility would be to modeltleagent’s location by variables,
maybe even introduce another sort of variables to deal wiikei we did with nominals. In
the used language we would be able to express for exampledbhtagent can be only in
one point at a time:

@(an-j) - @;-a,

consideringa to be an agent variable. Also, to express their movement wiel say that

@(anrej) ~»a(j > (ar@-a)).
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