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ABSTRACT. Denote the free group on 2 letters by Fo and the
SL(2, C)-representation variety of Fy by R = Hom(F3,SL(2,C)).
The group SL(2,C) acts on R by conjugation, and the ring of in-
variants C[R]SH(>©) is precisely the coordinate ring of the SL(2, C)-
character variety of a three-holed sphere. We construct an iso-
morphism between the coordinate ring C[SL(2,C)] and the ring of
matrix coefficients, providing an additive basis of C[R]S“2C). Our
main results use a spin network description of this basis to give a
strong symmetry within the basis, a graphical means of computing
the product of two basis elements, and an algorithm for comput-
ing the basis elements. This provides a concrete description of the
regular functions on the SL(2, C)-character variety of F5 and a new
proof of a classical result of Fricke, Klein, and Vogt.

1. INTRODUCTION

The purpose of this work is to demonstrate the utility of a graph-
ical calculus in the algebraic study of SL(2, C)-representations of the
fundamental group of a surface of Euler characteristic -1.

Let Fy be a rank 2 free group, the fundamental group of both the
three-holed sphere and the one-holed torus. The set of representations
R = Hom(F,, SL(2,C)) inherits the structure of an algebraic set from
SL(2,C). The subset of representations that are completely reducible,
denoted by R?**, have closed orbits under conjugation. Consequently,
the orbit space R**/SL(2,C) = R //SL(2, C) is an algebraic set referred
to as the character variety. The character variety encodes both the
Teichmiiller Space and the moduli space of geometric structures [Gol2].

Graphs known as spin networks permit a concise description of a
natural additive basis for the coordinate ring of the character variety

C[R//SL(2,C)] = C[R]3“ZO),
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We will refer to the basis elements as central functions. The central
functions are indexed by Clebsch-Gordan injections

Vem Vo @V,

where V, = Sym®(C?) denotes an irreducible representation of SL(2, C).
Our main results use the spin network calculus to describe a strong sym-
metry within the central function basis, a graphical means of computing
the product of two central functions, and an algorithm for computing
central functions.

We are motivated by a greater understanding of the invariant ring,
and the subsequent knowledge of various geometric objects of interest
encoded within the character variety. Consequently, the main results
in this work concern the structure of the central function basis. The re-
sults and methods of this paper may also provide new insight into gauge
theoretic questions. However, we are most interested in a methodology
and point of view that allows for generalizations to other Lie groups
and other surface groups.

The first reference to the central function basis in the literature
appears in [Bae|, where Baez used spin networks to describe a basis
of quantum mechanical “state vectors.” He considered the basis ab-
stractly, showing that the space of square integrable functions on a
related space of connections modulo gauge transformations is spanned
by a set of labelled graphs. He also demonstrated that the basis is
orthonormal with respect to the L? inner product. His basis, when re-
stricted to SU(2), is precisely the one under consideration here. More
recently, Florentino, Mourao, and Nunes used a like basis to produce
distributions related to geometric quantization of moduli spaces of flat
connections on a surface [FMN]. Adam Sikora has also used spin net-
works to study the character variety, although without using the central
function basis [Sik].

The history of the diagrammatic calculus in this paper is hard to
trace, due to the historical difficulty in publishing papers making ex-
tensive use of figures. While it is likely that many works on diagram-
matic notation have been lost over the years, the specific notation used
in this paper is due to Roger Penrose. In a 1981 letter to Predrag Cvi-
tanovic, a physicist who also used diagrams extensively, Penrose recalls
developing the notation in the early 1950s while “trying to cope with
Hodge’s lectures on differential geometry” [Pen2]. Diagrammatic nota-
tions have also played an important role in modern physics. Feynman
diagrams are probably the most famous example, but spin networks
have also been used for many years, as a graphical description of quan-
tum angular momentum [Penl]. The use of diagrams in physics is
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probably best summarized in [Ste]. Cvitanovic also has a thorough
description of such notations, which he labels bird tracks, in [Cvi]. In
this work, the bird tracks play a starring role in a new classification
of semi-simple Lie algebras. Using primitive invariants, which have
unique diagrammatic depictions, the exceptional Lie algebras arise in
a single series in a construction that he calls the “Magic Triangle.”

The remainder of this paper is organized as follows.

Section 2 gives some basic definitions and results from invariant the-
ory, as well as a short history of SL(2, C) invariant theory. It also covers
necessary material from representation theory.

In Section 3, we introduce spin networks, which are special types of
graphs that may be identified with functions between tensor powers of
C2. We give a full treatment of the spin network calculus, a powerful
means for working with regular functions on R//SL(2, C).

Section 4 begins by constructing an additive basis for C[R //SL(2, C)].
This basis, denoted by {X**<}, is indexed by triples of nonnegative in-
tegers (a, b, ¢) satisfying the admissibility condition:

s(—a+b+c), 3(a—b+c), s(a+b—c)eN.
The functions X“"* € C[R//SL(2,C)] are central in
End(V,) < End(V,) ® End(V}),

and are referred to as central functions. The construction of the central
function basis uses the decomposition

C[SL2.C)| =) ViaV,.

n>0

We include a constructive proof of this decomposition, since it is hard to
find in the literature. The section concludes by examining the SL(2, C)-
central functions of a rank one free group.

Section 5 contains the main results of this paper, which concern the
case of a rank two free group. In this case, central functions may
be written as polynomials in three trace variables, a consequence of
a theorem due to Fricke, Klein, and Vogt [FK, Vog|. The results we
prove are summarized below.

e Theorem 5.1 describes a symmetry property of the central func-
tion basis: permuting the indices of a central function is equiva-
lent to permuting the variables of its polynomial representation.

e Corollary 5.6 states that, with an appropriate definition of rank,
any central function may be written in terms of at most four
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central functions of lower rank:
(—a+b+c)2 Xa,b,c—?
4c(c—1)

(a+b+c)?(a—b+c—2)? Xa72,b,cf2
16a(a—1)c(c—1) :

a,b,c __ a—1b,c—1 (a+b—c)2 a—2,b,c
X =z-X 4a(a—1) X

Together with Theorem 5.1, this result gives an algorithm for
computing central functions explicitly.

e Proposition 5.7 states that central functions are monic, and
gives the leading term of the central function X*"°.

e Proposition 5.8 describes a Zgy X Zs grading on the central func-
tion basis.

e Theorem 5.10 gives the coefficients in the expression of the prod-
uct of two central functions as a sum of central functions, and
therefore a precise description of the ring structure of C[R]S42)
in terms of central functions.

Finally, as another consequence of the recurrence relation and Theo-
rem 5.1, we provide a new constructive proof of the following classical
theorem [FK, Vog]:

Theorem 5.11 (Fricke-Klein-Vogt Theorem). Let G = SL(2,C) act
on G x G by simultaneous conjugation. Then

C[G x G]¢ = Clty, t,,t.],

the complex polynomial ring in three indeterminates. In particular,
every reqular function f : SL(2,C) x SL(2,C) — C satisfying

f(x1,%2) = flgx197", g%X29™ ") for all g € SL(2,C),
can be written uniquely as a polynomial in the three trace variables
T =tr(x;), y = tr(xz), and z = tr(x;x; ).
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2. PRELIMINARIES

2.1. Algebraic Structure of the Character Variety R//SL(2,C).
The group G = SL(2,C) has the structure of an irreducible algebraic
set, because it is the zero set of the irreducible polynomial det(x) — 1.
Since the product of two varieties is again a variety, the representation
variety R = Hom(Fy,G) = G x G of the rank 2 free group F, is an
irreducible algebraic set as well. The coordinate ring of R is

Claf; 11 <i,j,k < 2]
(det(x1) — 1,det(x2) — 1)
Stated otherwise, C[R] is the free commutative polynomial ring in 8
indeterminates over C subject to the ideal generated by the two poly-
nomials det(xy) — 1, where x; = (z};) are called generic matrices.

There is an action of G on R by simultaneous conjugation, given for
(x1,%2) € G X G by

C[R] =

g+ (x1,%X) = (gx197 ", gx29™1).

For G = SL(2,C), this is a polynomial action, since it is a regular
function R x G — R.

Definition 2.1. The ring of invariants C[R]|® consists of elements
of the coordinate ring C[R] which are invariant under the action of
simultaneous conjugation:

C[RI”={f €C[R]:g-f = f}.

Recall that an algebraic group is linearly reductive if its finite di-
mensional rational representations are decomposable as direct sums of
irreducible representations. Since G = SL(2,C) is linearly reductive,
the ring of invariants C[R]¢ = {f € C[R] : g - f = f} is finitely gener-
ated [Dol]. This implies that the space of maximal ideals of C[R]¢ is
also an irreducible algebraic set, permitting the following definition:

Definition 2.2. The G-character variety of Fy is the space of maximal
ideals

X = Spec,,,..(C[R]%) = R//G.

max
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The character variety X is identified with conjugacy classes of com-
pletely reducible representations in R [Art, Pro2]. Procesi has shown
that C[R]“ is generated by traces of products of matrix variables of
word length less than or equal to three [Prol]. Hence C[X] is generated,
although not minimally, by

{tr(xy), tr(xa), tr(xXs), tr(x;x3), tr(x2x3) }.

2.2. History of SL(2,C) Invariant Theory. The invariant theory
of SL(2,C) has a long history. Two pioneering papers on the subject
were authored by Vogt in 1889 [Vog], and by Fricke and Klein in 1896
[FK]. Both investigated the ring of invariants of arbitrary numbers of
unimodular 2 X 2 matrices with respect to simultaneous conjugation.
In the case of pairs of such matrices, they showed this ring to be the
free commutative polynomial ring in three indeterminants, given by
the trace of each generic matrix and the trace of their product. This
paper concludes with a reproof of this classical result using the spin
network calculus.

In 1972, Horowitz investigated the algebraic structure of the invari-
ant ring studied by Fricke and Vogt, saying that Fricke’s approach was
principally analytic, and partially incomplete [Hor]. In 1980, Magnus
made clear the priority of Vogt’s work [Vog] and derived defining poly-
nomial relations for the ring of invariants [Mag]. In 1983, motivated
by the study of 3-manifolds, Culler and Shalen defined the character
variety to be the image of representations into SL(2, C) under a “trace”
map. Wanting to show it to be a closed set, they showed that it is in
fact an algebraic set [CS]. Gonzélez-Acuna and Montesinos-Amilibia
showed in 1993 that the relations of Magnus in fact determine the al-
gebraic set that Culler and Shalen had defined [GM]. In 2001, Sikora,
using results of Procesi [Prol], showed that the character variety of
SL(n,C) can be realized as spaces of graphs subject to topologically
motivated relations [Sik]. These graphs correspond to the spin net-
works discussed in this paper when n = 2.

Closely related is the ring of invariants of arbitrary generic 2 x 2
matrices under simultaneous conjugation. The more general works of
Procesi (1976) and Razmyslov (1974) concerning arbitrary numbers of
n X n matrices [Prol, Raz| show the invariant ring to be generated by
traces of words in generic matrices of bounded word length. Methods
from geometric invariant theory (see Dolgachev [Dol]) show that the
character variety is the variety whose coordinate ring is the ring of
invariants. Restricting to unimodular matrices gives like results for the
unimodular ring of invariants. From this point of view, the character
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variety begins as an algebraic set and so is obviously closed. However,
the defining relations and minimal generators are not at all obvious.

A central problem in invariant theory is to find a description of the
generators and relations of an invariant ring. Indeed, a theorem that
characterizes the generators of an invariant ring is called a first funda-
mental theorem, and a theorem giving the relations is called a second
fundamental theorem. In [Prol, Raz] both Procesi and Razmyslov gave
the two fundamental theorems, although they offered only sufficient
generators and an implicit description of the relations.

It is much more difficult to determine minimal generators and ez-
plicit relations. In this more general context, which bears strongly on
the unimodular case, minimal generators and defining relations for the
invariants of an arbitrary number of generic 2 x 2 matrices were found
only recently by Drensky in 2003 [Dre].

2.3. Representation Theory of SL(2,C). The coordinate ring C[G]|
decomposes into a direct sum of tensor products of the finite-dimensional
irreducible representations of G. We will use this decomposition, given
explicitly by Theorem 4.1, to understand C[X]. To this end, we review
the representation theory of G (see [BtD, Dol, FH]).

The symmetric powers of the standard representation of G are all
irreducible representations and moreover they comprise a complete list.
Let V, = C = Vj be the trivial representation of G. Denote the
standard basis for C* by e; = [{] and e = [{], and the dual basis by
et = el and e = el. Then the standard representation and its dual
are

V=V,=Ce;&Cey and V"=V =Ce] @ Ces,
respectively. Denote the symmetric powers of these representations by
V, = Sym"(V) and V' = Sym" (V™).

Since V,, admits an invariant non-degenerate bilinear form, V,, = (V,,)*.

Moreover, V* is naturally isomorphic to (V,,)*, so elements in V,, pair
with elements in V,*. Denote the projection of v; @ Vs ® -+ - ®v,, € V"
to V,, by vy ovy 0---0w,. There exist bases for V,, and V., given by
the elements

n—k _k
nn—k:el 62:gloelO---OQLOBQOezo"'OQQ and
Vv Vv
—k k

n
nx = ()" ()" =€




8 SEAN LAWTON AND ELISHA PETERSON

respectively, where 0 < k < n. In these terms, this pairing is given by

* ]' *
N_g(viovz0---ov,) = nl D () (Vo) ® Vo) @ -+ © Vo),

O’GEn
where 32, is the symmetric group on n elements. In particular,

— k)K!
(1) = %%z = 5kl/(2)

Let g = [911 912} € GG. Then the G-action on V,, is given by
g21 922

G- Np_i, = (gr1e1 + 92162)n_k(91261 + 92262)k

= D0 0 (o ok k) mamir

0<j<n—k
0<i<k

For the dual, G acts on V" in the usual way:
(g i) () =n5_4 (g7 - v) for v e V.

The tensor product V, ® V,, where a,b € N, is also a representation
of G and decomposes into irreducible representations as follows:

Proposition 2.3 (Clebsch-Gordan formula).

min(a,b)
Va®V, = Vatv—2j-
j=0

Finally, we give several versions of Schur’s Lemma, which will be
used frequently.

Proposition 2.4 (Schur’s Lemma). Let G be a group, V and W rep-
resentations of G, and f € Homg(V, W) with f # 0.

(1) If V is irreducible, then f is injective.
(2) If W is irreducible, then f is surjective.
(3) If V.=W is irreducible, then f is a homothety.
(4) Suppose V. W are irreducible:
if V.2 W, then dim¢ Homg(V, W) = 1;
if V-2 W, then dimec Homg(V, W) = 0.

See [BtD] or [CSM] for proof of Propositions 2.3 and 2.4.
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3. THE SPIN NETWORK CALCULUS

This section provides a self-contained introduction to spin networks
and the spin network calculus. Our treatment employs a nonstandard
definition of spin networks which is more natural when working with
traces. This definition leads to different versions of the usual spin
network relations in the literature [CFS, Cvi, Kau, Penl, Ste].

3.1. Spin Networks and Representation Theory. At its heart, a
spin network is a graph that is identified with a specific function be-
tween tensor powers of V' = C?, the standard SL(2, C) representation.
In order for this function to be well-defined, the edges incident to
each vertex of the spin network must have a cyclic ordering. This
ordering is often called a ciliation, since it is represented on paper by
a small mark drawn between two of the edges. The edges adjacent to
a ciliated vertex are ordered by proceeding in a clockwise fashion from
this mark. For example, in the degree 2 case, there are two possible
ciliations: *; and ﬁ
Definition 3.1. A spin network S is a graph with vertex set S;LUS,US,
consisting of degree 1 ‘inputs’ §;, degree 1 ‘outputs’ S, and degree 2
‘ciliated vertices’ S,. If there are k; = |S;| inputs and k, = |S,| outputs,
then S is identified with a function fs : V®* — V®k If the spin
network is closed, meaning k; = 0 = k,, it is identified with a complex
scalar fs € C.

Spin networks are drawn in general position inside an oriented square
with inputs at the bottom and outputs at the top. This convention
allows us to equate the composition of functions fs o fs with the con-
catenation of diagrams &’ o § formed by placing S’ on top of S.

For example, the following spin network has two ciliated vertices and
represents a function from V®> — V©3:

} 3 outputs
m } 5 inputs
Note that the marks on the local extrema do not indicate vertices of
the graph, but are indicators of how to decompose the graph.

Since spin networks are just graphs with ciliations, it does not matter
how the graph is represented inside the square. Strands may be moved
about freely and ciliations may “slide” along the strands. As long as the
endpoints remain fixed, the underlying spin network does not change.

Let v,w € V and let {e;,es} be the standard basis for C2. The

function fs of a spin network S is computed by decomposing S into
the four spin network component maps:
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the identity | :V =V, v v

the cap ~ : V@V - C, v®w+— vTw (inner product);
the cup w :C—=V RV, 1l—e ®e + e ®ey;

the cap vertex 4 : V@V —-C, v®w— detfvw].

For example, since 4+ and Q are the same ciliated graph,

~ (v @w) = Q(U@U)) = Ao Xwew = A (wev)=detwv].
This definition differs from the literature [CFS, Kau, Penl]. In par-
ticular, we omit the ¢ = v/—1 factor in the definition of 4 to gain

an advantage in trace calculations. Also, the maps ,, and o are
included in order to simplify the proof that fs is well-defined.

Theorem 3.2. The spin network function fs is well-defined.

Proof. We need to show that every decomposition of § into the com-
ponent maps gives the same function.

If S has n ciliated vertices, then any decomposition of S into com-
ponent maps has n occurrences of 4 . The remainder of the diagram
consists of loops or arcs without any vertices. Two corresponding arcs
in different decompositions will differ only by the insertion or deletion
of a number of ‘kinks’ of the form pJ . Finally, since

N ={| ~eow |[@=]({)
for all v € V', these kinks do not change the resulting function. For
alternate proofs, see [CFS, Kau]. O

This theorem allows us to freely interpret a spin network S as a
function. The computation of fs will be easier once the functions for
a few simple spin networks are known.

Proposition 3.3. As spin network functions,

(1) the swap X : V@V =V @V takes v @w— w®v;

(2) the vertex on a straight line 4 :V — V takes v i— [0 oy
(3) the vertex on a cup  : C — V@V takes 1 — ey ey —ea®ey;
(4) with opposite ciliations, ~ =— A&, t =—4, v =—w .
Proof. First (1) is the statement that crossings change only the order
of the outputs. Statement (2) follows from, for v = [Z; |:

fw=(A])o(w)@=(A|)voea@etvde@e)
= det[v erler + det[v es]er = —v?er +vles = [ 0.
Statement (3) is computed similarly, using the decomposition

v = A])olww).
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Finally, (4) follows from the observation a = Q = — 4, which has
already been demonstrated. U

Given these facts, the function of the earlier example can be com-
puted using the decomposition

I (b Do (X E (1] 1K),

The maps , and o are unnecessary for trace computations, and
so we make the following assumption:

Convention 3.4. For the remainder of this paper, the set of ciliated
vertices will coincide exactly with the set of local extrema. The ciliations
are usually omitted, with the understanding that

U =W il—ea®e—ea®e

and ~ = A U ®w— detlvw].

Under this assumption, each straightened kink ['LJ — | introduces
a sign, and more generally

RY =1 4
Thus, any diagram manipulation in which kinks are straightened must
be done carefully.

Spin networks exhibit considerable symmetry, which can be exploited
for calculations. For example:

Proposition 3.5. Let S be a spin network with function fs : V& —
V®ke - Denote its images under reflection through vertical and horizon-

>
tal lines by S and St, respectively. Then

fg = (DTS Ve vk,

«—>
where |S,| is the number of local extrema in the diagram and f indi-
cates that the ordering of inputs and outputs is reversed. Also, fs1 =

(fs)* where
(fs) (1@ @u,) = Z (fs(ep) - (01 @+~ ®vy,)) e,
ep€B(V ®Fi)

where - indicates the dot product with respect to the standard basis for
V& and B(V®*) is the basis for V®*i. That is, (fs)* and fs are dual

with respect to the standard inner product on V.

Proof. The first statement is an extension of the fact that reflecting
~ through a vertical line gives &~ = — ~ -
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1
For the second statement, consider S = . If v; = [22 }, then

(fg)*(?)l (%9 ’UQ) = (1) . (1}1 X Uz) = (61 X €9 — €9 X 61) . (Ul (059 ’Uz)
10z — v?vy = detfv; 1] = A (V1 @ vy).

VU

This computation, together with the corresponding one for § = 4,
are sufficient to prove the second claim (see [Pet] for details). O

The next theorem, which follows from Proposition 3.5, describes how
to apply these symmetries to relations among spin networks:

Theorem 3.6 (Spin Network Reflection Theorem). A relation
Z anS™ =0

among some collection of spin networks {S™} is equivalent to the same
relation for the vertically reflected spin networks {S1™} and (up to sign)

for the horizontally reflected spin networks {?m}, that is
ZamSIm =0 and Zam(—l)‘sm?m = 0.

3.2. Basic Diagram Manipulations. In this section, we describe the
spin network calculus, which governs diagram manipulations.

Proposition 3.7. Any spin network can be expressed as a sum of di-
agrams with no crossings or loops. In particular,
(1) X =1|-%; oS =tr(1)§ =28.

The proof is given in [Pet]. The first of these relations is called
the Fundamental Binor Identity, and represents a fundamental type of
structure in mathematics; it is the core concept in defining both the
Kauffman Bracket Skein Module in knot theory [BFK] and the Poisson
bracket on the set of loops on a surface, which Goldman describes in
[Goll]. It can also be identified with the characteristic polynomial for
2 x 2 matrices [Pet, Sik].

Since 2 x 2 matrices act on V', the definition of spin networks may be
extended to allow matrices to act on diagrams. We represent the action
v — x-v by inserting a polygon on a strand, and thus identify § — X.
The corresponding action on the tensor product V®" is represented by

%::#(01@)'”@%) =XV ® -+ XUp.

The matrices x € SL(2,C) of interest in this paper satisfy the fol-
lowing special property:
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Proposition 3.8. The spin network component maps ‘ U= W,
and ~ = A, and therefore all spin networks, are equivariant under
the natural action of SL(2,C) on V' described above.

Proof. The case for the identity ‘ is clear, while

SYwew) = det[xv xw] = det(x - [v w])
= det(x) - det[v w] =1 - detfv w] = ~ (v w)

shows that & ox = 4 =Xo0 4.
The proof for « follows by reflecting this relation. U

This means that matrices in such a diagram can “slide across” a
vertex (local extremum) by simply inverting the matrix, so that

if 4 =x""€SL(2,C), then =
For a general matrix x € Msy9, the determinant is introduced in such
relations since {_§ = det( $)U. If x is invertible, this implies

U =det($) .

A closed spin network with one or more matrices is called a trace
diagram, and may be identified with a map G x --- x G — C. One
of the primary motivations for this paper is the study of invariance
properties of such maps. The simplest cases are given by:

Proposition 3.9. For x € Mayo and 1= [{{],

20 o =2=u); &) =tx); §=det(x)-tr(l).

3.3. Symmetrizers and Irreducible Representations. Another im-
portant SL(2, C)-equivariant map is the symmetrizer, defined by:

Definition 3.10. The symmetrizer W#" : V" — V" is the map
taking

(3) V] @ Uy & - Up > — Z va’ ® UO’(2 Y Ua(n)a

' U’GEn

where v; € V and Y, is the group of permutations on n elements.
For example,
B =3+ X)=11-2(%):
Z%(|||+Xl+>K+|X+>$<+>K)
= =51+ (S + 7))
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Note that the crossings are removed by applying the Fundamental Bi-
nor Identity.

The defining equation (3) of ##" should look familiar: its image is a
subspace of V®" isomorphic to the nth symmetric power Sym"V, and
thus it can be thought of as either the projection 7 : V®" — Sym"V
or as the inclusion ¢ : Sym™V — V®" (see [FH], page 473).

What does this mean for us? If a diagram from V% to V%% has
symmetrizers at its top and bottom, it can be thought of as a map
between Vi, and Vj,. We freely interpret such spin networks as maps
between tensor powers of these irreducible SL(2, C)-representations.

Proposition 3.11 (Basic Symmetrizer Properties).

Invariance: m m
stacking relation: ‘ H‘ ‘ H ‘
capping/cupping: QI l = 'U"-r

symmetrizer sliding: w = w :

Proof. The first relation (4) is evident if one expands the symmetrizer
in terms of permutations, since permutations are SL(2, C)-equivariant.
The stacking relation is the statement that symmetrizing the last k
elements of a symmetric tensor has no effect, since they are already
symmetric.
For the capping and cupping relations, notice that

4

5

6

)
)
)
7)

(
(
(
(

~° W Wow) = ~GFUew+wev)) = i(detlvw] +det[wv]) = 0.

This implies the general case because, by the stacking relation, one
may insert W between ~ and W#". The other case is similar.
There are a number of ways to demonstrate (7). It follows by re-
flection (Proposition 3.5) or as a special case of SL(2, C)-equivariance,
since v = 1) = J for b =g=1[5%5] € SL(2,C). More di-
rectly, expand the symmetrizer into a sum of permutations. Since each
permutation is a product of transpositions, then (7) follows from the
simple relation @ = @ . See [Pet] for more details. O

We now move on to some more involved relations among symmetriz-
ers. Although it is easy to write down an arbitrary H" in terms of
permutations, it is usually rather difficult to write it down in terms
of diagrams without crossings (the Temperley-Lieb algebra). The next
two propositions give recurrence relations which simplify this process.
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Proposition 3.12. The symmetrizer H" satisfies:
(8)
n n—1 n—1 n—1 n—2 n—1
= i () e () e

+(=1)° (”;Z) g (%) L A

Proof. 1f ¥, is the group of permutations on the set N,, = {1,2,...,n},
then

|Zn| = |Nn| |En—1|'

Interpret |X,| as the number of ways to arrange n people in a line.
To do this, one may first select someone to be at the front of the line
(|N,| choices), and then rearrange the remaining n — 1 people (|%,,_1|
choices).

In diagram form, the selection of someone to head the line corre-
sponds to one of the diagrams

[T e N (. v

—1
The arrangement of the remaining people corresponds to m-"n )
Thus, the diagrammatic form of the above interpretation is:

n n—1
= I o QT M+ Rl K )
Now, use the binor identity to remove crossings. Most of the result-

ing terms disappear, since any term whose cups are not in the ‘first
position’ on top will vanish due to the capping relation. In particular:

et o = - Ut o

where 4 is the number of ‘kinks” /./ in || or 1 plus the number of

kinks in W . Finally, group the number of terms on the righthand
side with the same number of kinks together: there will be n — i — 1
terms with ¢ kinks. O

Proposition 3.13. H” also satisfies the recurrence relations:
n n—1 i fn— 7 nfli
9) lll :infi_}—(_l) ( n )z’ni’
n yn-1 n—1 T n—1
w - ()
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Proof. Compose relation (8) with HZ ® Hn_’ This has no effect
on the lefthand side, by the stacking relation. On the righthand side,
all but one of the terms with a cap on the bottom vanish, due to the
capping relation, since they will cap off either the HZ or the wd"™". :

The one term which remains ‘caps between’ these two symmetrizers.

The coefficient is (—1) (%) since in recurrence (8), i is equal to one

more than the number of kinks // in - .
Relation (10) is a special case of (9) for ¢ = 1. O
The next relations follow directly from these recurrences:

Proposition 3.14 (Looping Relations).

v o= ()

When k strands of w#" are closed off:

“2) {o - () 3
(13) " =n+1.

.qn ..yn-1
Proof. Close off the left strand in (10) above. Then, H-H , H-H ,

n n—1
and % - become O-l—‘- ol =2 . 'and H , respec-
tively. Now Collect terms to get (11), and proceed to (12) by applying
the first relation & times. Finally, (13) is a special case of (12) with

k =n. O

3.4. Symmetrizers and Trivalent Spin Networks. Recall the Clebsch-
Gordan decomposition (Proposition 2.3):

V.oV @ V., Jabl={a+batb—2,...la—b}

c€la,b]

The requirement ¢ € [a,b] is equivalent to the following symmetric
condition:

Definition 3.15. A triple (a, b, ¢) of nonnegative integers is admissible,
and we write ¢ € [a,b], if

(14) H(—a+b+c), i(a—b+c), L(a+b—c)eN,

Two maps arise from the Clebsch-Gordon decomposition: an injec-
tion 1¢° : V, — V, ® V; and a projection Pry: Va®Vy — V. Both have
simple diagrammatic depictions [CFS]:

a b c
o v von e R wenon
c ’ b a ﬁ b ’
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The admissibility condition (14) is the requirement that there is a
nonnegative number of strands connecting each pair of symmetrizers.
These “strand numbers” appear frequently in diagram manipulations,
and will be referenced by the Greek letters a, (3, 7:

Convention 3.16. Given an admissible triple (a, b, ¢), denote by «, (3,
and v the total number of strands connecting V;, to V., V, to V,, and
V., to Vj, respectively. Also, denote by 0 the total number of strands in
the diagram. Then:

a=1(—a+b+c), B=1i(a—b+c), v=1i(a+b—c); §=1L(a+b+c).
Note that (a, b, c) is admissible if and only if «, 5,7 € N.

Convention 3.17. Because the maps i%* and Py, will be so important
for the remainder of this paper, we introduce a notation which simplifies
their depiction. Let n lines with a symmetrizer be represented by one
thick line labelled n, so that |” = "

Definition 3.18. A trivalent spin network S is a graph drawn on the
plane with vertices of degree < 3 and edges labelled by positive integers
such that:

e 2-vertices are ciliated and coincide with local extrema;

e 3-vertices are drawn ‘up’ or ‘down’ A ;

e any two edges meeting at a 2-vertex have the same label;

e the three labels adjacent to any vertex form an admissible triple.

If there are m input edges with labels [; for : = 1,...,m and n output
edges with labels I} for ¢« = 1,...,n, the network is identified with a
map between tensor products of irreducible SL(2, C) representations,

fS:Vl1®"'®%m_>V/1®"'®V’n~

This map is computed by identifying S with a regular spin network
using the following identifications:

n
—

v g I

b

Note that ciliations are normally chosen to be on the local extrema,
and degree-3 vertices, when expanded, also have a number of ciliated
vertices. The need to keep track of these ciliations makes diagram
manipulation a more delicate operation.
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3.5. Trivalent Diagram Manipulations. For the remainder of this
paper, we assume that all sets of labels incident to a common vertex in
a diagram are admissible. Moreover, whenever we sum over a label in
a diagram, the sum is taken over all possible values of that label which
make the requisite triples in the diagram admissible.

The identity t = — | gives rise to the following compendium of
sign changes through diagram manipulations:

Proposition 3.19.

(15) =y
(16 &= K
(17) 5(] _ (_1)%(—a+b+c)axb;

n
)

— (_1)%(a+b+c+d—26)a e

(18) . .

(20)

a9 (-pHe

Proof. First, (15) is just a restatement of (({\5J" = (—1)" //", and
(16) follows directly from the Proposition 3.5, since *cb contains vy =

1 c e
s(a+b—c) loc‘al extrer.na and .ngb = b)\a,
For (17), notice that in the simplest case

VAV ==/

the negative sign comes from the strand on top of the diagram. Sim-
ilarly, the general case for transforming mb into . *Cb has a sign
for each strand between b and ¢, giving (—1)* = (—1)2(-+0+e) Thig

identity is used twice to give (18).
Finally, (19) follows from:

ZHb _ (_1)5 Mb _ (_1)e+é(d+e—a+b+e—c)%b
c d c ¢
and (20) is given by combining (18) and (19). O

The above relations permit the definition of a “F-reflection” on cer-
tain types of diagrams, which will be important later:
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Proposition 3.20. If a relation consists entirely of terms of the form

d% and I then one may “reflect about the line through a and
¢ in the followmg sense:

a a b a d a d
€ _ : e = L
DI G I GED IR
e f e f
Proof. By horizontally reflecting the first relation, using Theorem 3.6,

N
— Z Oée % (a+btctd— 26)Nd _ Z ﬁf( 1)§(a+b+c+d2f)x:
= Yo}, Zﬁﬁ(

where the signs cancel due to the admissibility conditions.
a

Now, add strands to both sides, so that the right side id becomes

a 1d brd fa f d
] =(—1 B M .
c ( ) b c
. a a d
Likewise, on the left side, :7\( becomes (—1)*T4=¢ Je . Once

again, admissibility implies that e and f must have the same Cparity, SO
these signs cancel. 0

Two alternate versions of this proposition follow (see [Pet]).

Corollary 3.21.

b b d d
STSNAES S GRS St GRS LAY S
e e

Any closed trivalent spin network may be interpreted as a constant.
The simplest such diagrams are given by



20 SEAN LAWTON AND ELISHA PETERSON

Proposition 3.22. Let ©(a,b,c) = (@‘ and A(c) = O (sym-
a,b,c)

metrizer shown for clarity). Then O( is symmetric in {a,b,c}
and explicitly (recall the o, 3,7, given in Convention 3.16):

(21) Ale) = e+ 1 = dim(Ve);
—atbtc)|(a=btc)|(atb=c)|(atbtct2)) alBly! !
(22)  Ola,b) = CENEEIEEENEEE)_ asii,

(23) O(l,a,a+1)=A(a+1)=a+2.

Proof. The first equation (21) is a consequence of the Looping Relation
(11). That ©(1,a,a + 1) = A(a + 1) is a consequence of the stacking
relation, and demonstrates (23). We refer the reader to [CFS] for the
O(a, b, ¢) formula. O

Ratios of A and © show up in the next two propositions, which tell
us how to “pop bubbles” and how to “fuse together” two thick edges.
The first demonstrates the usefulness of Schur’s Lemma (Proposition
2.4) in diagrammatic techniques.

Proposition 3.23 (Bubble Identity). ‘?b = <®gl(’$c) |C> 0cq, where
0cq 18 the Kronecker delta.

C
Proof. Schur’s Lemma requires "? py = C ‘cécd for some constant C|

(&
since »is a map between irreducible representations. This equation

remains true if we “close off” the diagrams, giving:

‘@_C-OC — 0_%. 0

Proposition 3.24 (Fusion Identities).

Y3 (o)X

cela,b|
a b 1/, A(C) al c b
_ -1 (a=b+e) [ __=\M) M ]
b><a Z (=1)? (@(a,b,c)) b a
c€la,b]
a b

Proof. Maps of the form I for ¢ € [a,b| form a basis for the space

a b
of SL(2, C)-equivariant maps V, @ V;, — V, ® V,, [CFS]. Thus, we may
express the first diagram as a linear combination:

BIED I ¢

cela,b|
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For a fixed d € [a,b], the constant C(d) is computed by composing
a b
this expression with ﬁ , giving:

RAEDIRECR SEL ST SRCE ( ab)c)) N o |

c€la,b] c€la,b]

(a,b,d) CA@d)
=cmn( )‘( — )= 6@hd

For the second equation:

sz: Y (—1)aCertie <—6(Aa,(2c)) mb

c€la,b|

T (@)K

c€la,b|

4. DECOMPOSITION OF C[G]

The following theorem is a consequence of the “unitary trick” [Dol],
the Peter-Weyl Theorem, and the fact that the set of matrix coefficients
of G is exactly its coordinate ring [CSM]. We offer a self-contained con-
structive proof in Section 4.2, since it gives an explicit correspondence
between regular functions and spin networks.

Theorem 4.1. There is a G-module isomorphism

Gl=> VieV,

n>0

4.1. Central Functions. Theorem 4.1 allows C[G x G]¢ to be de-
scribed in terms of an additive basis of class functions that have an
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elegant realization as spin networks. Indeed, together with the Clebsch-
Gordan decomposition, it implies

ClGxG] = ClG]®C[q]

()5

a>0 b>0
> YN Viev.eVy el

a>0 b>0
> ) (Ve e (.ol

0<a,b<oco

min(a,b) min(a,b)

= | 2 Vi@ 2 Vewy

0<a,b<oo\ =0 =0
= Z a*+b—2i ® Va+b—2j~

0<a,b<oo

0<i,j<min(a,b)
Since the above maps are G-equivariant,

~Y * G
(24) ClG x G)Y = E o (Vieai ® Vagso))
0<a,b<oo
0<4,j<min(a,b)

By Schur’s Lemma (Proposition 2.4),

_ . ¢ [1ifi=j
dime (Vs ® Varo-2;) :{ 0 ifi%; ’

SO
ClGxG9= > End(Vagp9;)°.
0<a,b<oo
0<j<min(a,b)

Definition 4.2. Given the above isomorphism, for each ¢ € [a,b]
(see Definition 3.15), there exists a class function X**< € C[G x G]“
which corresponds to a generating homothety (unique up to scalar) in
End(V,)¢. We refer to the functions X**< as central functions.

Denote by C x> C C[G x G]¢ the linear span over C of x**<. Then
(24) may be rewritten as

ClGxG%= Y Cx

0<a,b<oo
c€fa,b]
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Thus, the central functions X** form an additive basis for the ring of
regular functions on X. In Section 5, we describe the multiplicative
structure of C[G x G]¢ in terms of this basis.

With respect to the Clebsch-Gordan injection ¢ : V., — V, ® V}, the
central functions are

X (x1, %) = tr (L(c;‘) ((X1;X2> : L(Cj)>>ij7

where {c;} is a basis for V..
The functions X*** take a natural diagrammatic form. If the matrix
x; is represented diagrammatically by ¢ V' — V. then its action

on V, can be represented by # m A closed spin network

with r different matrices is an invariant regular function G** — C. In
particular, if x; and x5 are depicted by § and érv, respectively, then

b,
- ) T

As a special case, setting x; = x9 = I, where I is the identity matrix
in G, gives X*"*(I, 1) = O(a, b, c).

4.2. Proof of C[G] Decomposition Theorem. Define

T:) VieV, — C[G

n>0
by linear extension of the mapping
* *
Np—k @ Ny = nn—k(x ’ nn—l)’

T11 T2

To1 T22
demonstrating that the following diagram of isomorphisms commutes:

dYViav,

T

ZHomG(Vna ClGlign) @ Vi

n>0

where x = [ } is a matrix variable. The theorem is proved by

Cla]
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We first establish that T is a well-defined G-equivariant morphism.
Its image consists of regular functions since

n:;—k(x : nnfl) = n:l_k ((xllel + x21€2)nil($1261 + l‘ggeg)l)

= > (OO
oSk,
0<5<1

Equivariance is verified by the calculation:

T(g- (k@ nut)) =T ((g- 1, 1) ® (g M)
= (g m_p)(x - (g Muet)) = 4 ((97xg) - Nay)
=g, k(X -nug) =g-T(n;_, ®nyy).

There is a right action of G on C[G] given by f-g(x) = f(xg). Denote
by C[Gl,ia the ring C[G] with this right action, to distinguish it from
the conjugation action already imposed on C[G]. Additionally, G acts
on the left of Homg(V,,, C[G),izne) by

(9N ©)(x) =79~ 'x),
where 7, = v(v). This action is well-defined since

(g- NG 0)(X) =1g(97'%) = %(g'xg) = ((g-7)(v)) - ¢'(x).

Lemma 4.3. The map
®: > Homg(Vy, C[Glig) ® V, — C[G]

n>0

defined by linearly extending the mappings v @ v — y(v) is an isomor-
phism of G-modules.

The proof of Lemma 4.3 requires some preliminary technical results.

Lemma 4.4. Every reqular function is contained in a finite-dimensional
sub-representation of C[G].

Proof of Lemma 4.4. The following G' x G-action encompasses both the
right and diagonal G-actions defined above. Let

a:GxGExGE—G
be defined by (g1, g2, X) + ¢1Xg, ', and further let
(25) o : C[G] — C[G x G x G] = C[G)*?

be defined by f — f o «, the pull-back of regular functions on G to
regular functions on G' x G x G. For f € C[G], (25) implies that there
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exist ny € N and regular functions f;, f/, f/’ for 1 <14 < nj such that
o) =S o fle f!
i=1
Therefore
o (f)grt g2t x) = ifi(gfl)fé(gz‘l)f{’(X)-
i=1

On the other hand,
a*(f)grt 920 x) = flalgrt 9575 x)) = fl91 '%g2) = ((91,92) - )(%),

which implies
ny

(26) (91.92) - f =D filgr ) F(ga )T
i=1

Let (GXG)f ={(g1,92)-f : [ € G} be the G x G-orbit of f, and let Wy
be the linear subspace spanned over C by (G x G)f in C|[G]. By (26),
{f/'} is a spanning set for W, and so W/ is finite-dimensional. Clearly
W; is G x G-invariant, and so invariant with respect to the diagonal
and right G-actions. Thus, it is a finite-dimensional sub-representation
containing f. dJ

Lemma 4.5. C[G] is completely G x G-reducible.

Proof of Lemma 4.5. Let T be the set of direct sums of irreducible
finite-dimensional sub-representations of C[G]. Z is partially ordered
by set inclusion and is nonempty. Thus, by Zorn’s lemma there exists
a maximal element M € Z. If M # C[G], then consider any f ¢ M.
By Lemma 4.4, there exists a finite-dimensional sub-representation Wy
that contains f. Let K = SU(2) be the maximal compact subgroup of
G. Restrict the action of G x G to K x K to find an invariant orthogonal
complement to Wy in M UW}. Denote this complement by M*. Then
M*@W; € T, since K x K representations extend to G x G represen-
tations. Hence M is not maximal, which is a contradiction. Therefore
C[G] is completely reducible with respect to the G x G-action, and so

ClG) =D ¢V,
7>0

where ¢; is the (possibly infinite) multiplicity of V; in C[G]. This
decomposition also holds for C[G] with both the right and diagonal
actions since they are restrictions of the same GG x G-action. O
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Proof of Lemma 4.5. By Lemma 4.5,
®: " (Homg(Va, C[Glugw) ® V) — C[G]
n>0

is an isomorphism if and only if

Z (ZHomG Vi, ¢V ®V> —>ch

n>0 \j>0
is an isomorphism. By Schur’s Lemma, this reduces to

Z (c,CoV,) = Z (Homg (Vy,, ci Vi) @ V) — Z cn Vi

n>0 n>0 n>0
However, this is the map sending > A ® v +— > Av for A € C and

v € V,,, which is canonically an isomorphism. O

We now finish the proof of the theorem. Define
U, : V' — Homg(Vy,, C[Glign)
by w* — F«, where F - (v)(x) = w*(x - v). U, is well-defined since

Fu(g-0)(x) = w'(x:(gv)) = w*((x9)v) = Fu- (v)(xg) = (Fur (v))-9(x),

and is G-equivariant because

W9 w")(v) (%) = Fyope (v) (%) = (g - ") (x - v) = w™((g7'x) - v)
—F ( )g™'x) = (g Fur)(0)(x) = g - Un(w")(v) (x).

Since V* is irreducible, Schur’s Lemma implies V,, is injective. We
now show surjectivity. Consider v € Homg(V,,, C[G]ig)- For I € G,
v(v)(I) is a linear functional on V,,. Hence there exists w* € V* such
that w*(v) = v(v)(I) for all v € V,,. The following computation estab-
lishes that U, (w*) = ~:

Fy (0)(x) = w”(x-0) = 7(x-0)(I) = (y(v))-x(I) = 7(v)(Ix) = 7(v)(x).

Therefore W,, is an isomorphism and

Z Vrzk ® Vn % Z (HomG(Vn7 C[G}right) ® VTL) Y

n>0 n>0

given by the map ¥ = > (V¥,, ®id).
It remains to verify that T = & o U:

QoV(w ®@v)=(F,- ®v) =Fu(v) =w*(x-v) =T(w" @v). O
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4.3. Ring Structure of C[G]“. We have established
ClG) =D Vi@V,
n>0
By Schur’s Lemma and the fact that V' @ V,, =2 End(V},),
ClGI9 =) (VyeV,)¢=) Cx",
n>0 n>0
where X" € End(V},)¢ is a multiple of the identity.
The isomorphism End(V},) — V. ® V,, is given by
Nt (i) = ()N ® Ny,

Therefore, the central function X" corresponds to an invariant function
in C[G]“ by

n n n

X" = Zni(ni)T — Z (Mnf@n; - Z (M)ni(x - ny).

=0 =0 =0

We will freely identify X" with its image in C[G]°.
For example, the trivial representation V; gives X° = 1. The standard
representation V| has diagonal matrix coefficients x1; and x55, hence

Xl =211 + T2 = tr(x).

The remaining functions may be computed directly, or by using the
following product formula:

Theorem 4.6 (Product Formula).
(27) XN =) X
c€la,b]
Proof. From the Clebsch-Gordan decomposition,
VeoW)eVieW = > VeV
c,defab)

Hence

End(V, ® ;)¢ = Y~ End(V,)¢
c€fa,b|

and the characters satisfy

XaXb = X<Va®vb) = XEBCVC = Z XC'
cela,b|



28 SEAN LAWTON AND ELISHA PETERSON

There is an alternate diagrammatic proof of this statement, which uses
the fusion and bubble identities in Propositions 3.23 and 3.24. If the
matrix x is represented by &, then:

=) - 3 (505) D)

€lab)

ICG%:H( (abc>’ ;bj( abc)

-3 (Gerne) O- 2 O-x ¢

c€la,b] c€la,b| cEla,b|

The product formula (27) and the initial calculations of X° and X*
may be used to show:

Theorem 4.7. C[G]¢ = CJ[t].

Proof. Consider the ring homomorphism ® : C[t] — C[G]¢ defined by
f — fotr. Suppose f(tr(g)) =0 for all g € G. If f # 0, then since f
has a finite number of zeros, tr(g) must have a finite number of values.

However,
t 1
[_1 O] e

for all values of t. Hence, f = 0 and & is injective. It remains to
establish surjectivity. We have already shown ¢ — X! and 1 — X°.
Suppose a > 2 and X is in the image of ® for all b < a. Equation (27)
implies X'x*~! = X% 4+ x%~2. Thus, by induction,

to ' (xe ) — e (X)) = xt. O

The following closed formula for X" is given in [Pet]:

X"(t) = :0(—1)7" (" - T) i

The characters X" may also be expressed as functions of eigenvalues,
since X" is determined by its values on normal forms

A
[0 A*I] € G.
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Explicitly, [6\ /\fl] acts on V,, by the matrix
[ A" * * e * ]
0 )\n—2
: 0 * *
0 0 A2
L 0 0 0 A"
Hence,
)\n—i—l _ )\—n—l

X = AT AT AT AT = = [n+1],

A=At
where [n + 1], is the quantized integer for ¢ = A.

5. STRUCTURE OF C[G x G]¢
Recall the decomposition

ClGxG92 Y Cx',

a,beN
c€fa,b]

where X**¢ corresponds by T to the image of

Z c(cr)” Z (;)CZ ® Ck
k=0 k=0

under the injection V' @ V. — VX @ V' ® V, ® V. This inclusion is
determined by the Clebsch-Gordan injection ¢ : V, — V, ® V,. Hence,
an explicit formula for ¢ provides a means to compute X** directly.
We freely use X**¢ to denote its image in C[G x G]°.
A few simple examples will motivate the construction of «. For k =

1,2, let x;, = [z;] be 2 X 2 matrix variables, and let

T =tr(x1) = 21, + T3,

y = tr(xz) = 27) + 23,

z= tr(xlxgl) = ( %1@2 + J‘é2m%1) - (xbx%l + 33519&2)'
Recall that the map v : Vp — V3 ® V; given by

Col—>ao®b1—31®b0

is invariant. More generally, the injection Vy — V, ® V, is given by

(28) u®ic— Z(—l)m(i)aa_m ® by,
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Hence, X**° =1 and X""° may be computed by:

X5 cp ® ¢
— (ap @b} —a] ® bjj) @ (ag @ by —a; ® by)
— (ag ® ag) ® (b} ® by) — (a} ® ag) @ (by @ by)
—(ag®a1) @ (b} ® by) + (a] ® a1) ® (bj ® by)
@y ® Ty — Tpy @ T — Ty @ Ty + Ty ® 77,
= (21,25 + 23p77,) — (21,75, + 231 70,) = 2.
The representation V, may be identified with a subset of V¥ via the

equivariant maps

Sym
TN
V. vee
S
Proj
where Proj o Sym = id. Thus, when ¢ = a + b, ¢ is given by the
commutative diagram

Ve — Y8 g @b
SymT O iProj@Proj

Ve Vo @ Vp.

L

In particular,

(29) (e > (Hai® ()bs.

0<i<a
0<j<b
i+j=k

For example, consider X*%'. In this case, ¢y — ag®bg and ¢; — a; ®by.
Hence,

XM s i ®@cp+ el ®@c — (ag ®@ap) ® (b @ bo) + (a] @ a1) ® (bf ® by)
+—>33h®1+:c%2®1+—>x%1+x%2:x.

A similar computation shows that X' — y.
The general form of ¢ is determined by combining (28) and (29) in
the following diagram:

V. : Vﬁ ® V,
Ll O iid@ U T®id

V@ Vy<~— V30V, 0V, ®V,
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It follows that the mapping ¢ : V, — V, ® V}, is explicitly given by:

Derr— > Dae [(=1)™(})ay-m © bu] @ ()b,
0<i<p
0<j<a
0<m<~y
i+j=k
— > D" () () aiss-m © b,
0<i<p
0<j<a
0<m<y
i+j=k

5.1. Symmetry of Central Functions. Our next result is not at all
obvious via the algebraic definition of central functions, but essentially
trivial in diagram form. In the theorem, we will use o (1, $g, $3) to
denote the ordered triple ($o(1), Cor2), $o(s)) Obtained by applying a
given permutation o € X3 to the triple ({1, {2, ¢3). This result was
first outlined in [Res].

Theorem 5.1 (Symmetry of Central Functions). Suppose a central
function is expressed as a polynomial p in the variables x = tr(xy),
y = tr(xy), and z = tr(x,x5'), so that p,,.(y,x,z) = X*"(x1,%3) for
some admissible triple (a,b,c). These polynomials are symmetric with
respect to (y,x, z) in the following sense:

po(a,b,c) (y7 x? Z) = pa,b,c(ail(ya x) Z))

Proof. Define the following function G x G x G — C:

a B 0
AN AN AN

oan($. 6. 8) = SRS .

where the symmetrizer on the right is assumed to ‘wrap around’ to the
one on the left (imagine this diagram being drawn on a cylinder). By
construction this function is symmetric, in the sense that:

Xotwsn (0 (§5 40 9)) =Xasn (§: 4 9)-

For x; = ¢, x;! = $ x2 =4, x,! = %, a central function
X*"¢(xX1,Xg) may be drawn as:

a—b+c a+b—c —a+b+tc
2 2 2

ok

* 4
&N
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with the symmetrizers in the last two diagrams assumed to wrap around
as before. Thus, p.,.(y, T, 2) = X . (X2, X7 1, X1X, 1) and so:
Potane (s T, 2) = Xoo s (X2, X7 1, X035 )
= X (07 (%2, X1, 31%5 1))
= Pos(0 (Y, 2,2)). O

The following table of central functions demonstrates the symmetry
of Theorem 5.1:

X123 ::cyQ— %(yZ—FSL’) ) G t— %(yz—l—x)
X231 = yZQ _ §($Z + y> X132 = y 2 — 2(xy + Z)
X312 = 2y — %(ij + Z) G — szy — g(ﬂfZ + y)

TABLE 1. Central Function Symmetry.

5.2. A Recurrence Relation for Central Functions. Define the
rank of a central function to be:

6 =rank(X"") = (a + b+ ¢).

We will obtain a recurrence relation for an arbitrary central function
X" by manipulating diagrams to express the product

tr(xq) - X*"°(x1, X2)

as a sum of central functions. This formula can be rearranged to write
X" as a linear combination of central functions with lower rank. There
are three main ingredients to the diagram manipulations: the bubble
identity and the fusion identity from Section 3.5, and two recoupling
formulae which we prove in the following lemma.

Lemma 5.2. For: = l(a—l—l—lH—C) and appropriate triples admissible,
1 a ) bt 1 1 a
M o e () X
1 a 1 a
i fa+b+c+1 a+1 + (a+btc+3)(a—btctl) L
T 2(ctl) c 4(a+1)(c+1) . b

a+1

Proof Note that ¢ is just the number of strands connecting H
1 a

. a+1
W in Joo = *b . For (30), use n = a+ 1 and ¢ in recurrence
b C

relation 0(9) to get:

a a i +1—1
W " :ia+1—i+(_1) (aa+1 2) a+1—z
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% a+1—1
A SN

Compose this equation with / N, to get, via the stacking rela-

- KK (S
a+1 [¢ b

which is the desired result.

To prove (31), notice that if we switch a and ¢ in the previous rela-
tion, and apply a F-reflection to the relation about the 1 < b axis as
in Proposition 3.20, then 7 is unchanged and the equation becomes:

c e+ 1 ) b

Rearrange this equation, and use (30) in its exact form to get:

1 a 1 a 1 a 1 a
ctl _ i (ctl—i i (at+l—i
N e CREEHC SIS CREHC o o)
1 a 1 a
_ i (ctl—i . _ (a41—i)(c+1—1) -~
= (D) CIZI +(1- e >Ib
1 a 1 a
_ i [ —atbtctl (a+b+c+3)(a—b+c+1) -
- (_1) ( 2(c+1) ) C)Zﬁ; + < 4(a+1)(c+1) ) c)Zbl

To show the last computation, note that a +1—i = 1(a+b—c+1)

and ¢c+1—1i = 3(—a+b+c+1), so the numerator of the last term is:

A(a+1)(c+1)—(a+1—i)(c+1—i) =4(a+D)(c+1) = ((b+1) + (c—a)((b+1) — (c—a))
=d(a+1)(c+1) = (b+1)*+(a—c)’
=((a+1)—(c+1)>+4(a+1)(c+1) = (b+1)
=((@+ 1)+ (c+1)*=(b+1)
=(a+1l+c+l+b+1)(a+l+c+1—b—1)
=(a+b+c+3)(a—b+c+1). O

tion:

The coefficients we have computed are examples of 67-symbols, most
easily defined to be the coefficients [“ ’; ﬁ ] in the following change of

basis equation:
Y= S X
dce d c'

f€lab]Nle,d]
We use a prime because we will need an alternate version later:
Definition 5.3. The 6j-symbols [“ g J; } are the coefficients given by
b b

DRI

f€lab]Nle,d]
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Both versions given here differ from those in the literature [CFS,
Kau]. Tt is not hard to show, using Corollary 3.21, that

[a b f]’ _ (_1)%(b+d—e—f)[a b f]

dce dce

Thus, as a corollary to the above lemma we have the following 6;-
symbols, given by replacing ¢ with ¢+ 1 or ¢ — 1, which we will need
in our next theorem.

Corollary 5.4.

aa . a a— La—b+c a+b—c) ,
[c—}-l b 1‘1] = ]‘7 [c—‘,l-l b clj| - <_1)2( bret2) (2(_24_1))’
aa Lia—b+tc —a+b+c a a— a+b+c+2)(a—b+c
[ 5o = (e e, [ pe] - et

We can now prove the “multiplication by ” formula.

Theorem 5.5. The product x - X“"“(x,y, z) can be expressed by:

a,b,c __ a+1,b,c a+b—c 2 a—1,b,c
(32) T XV = xotlbetl (4a(a+1)) Yo bbett

(—a+b+c)® yatibe-1 | (atbtet2)?(a—b+c) \a—1,b,c-1
+ 4c(c+1) X + 16a(a+1)c(c+1) X :

This equation still holds for a = 0 or ¢ = 0, provided we exclude the

terms with a or ¢ in the denominator.

Proof. Diagrammatically, x - X*"*(x,y, z) is represented by

a b
a
since © = tr(x;) = @ and multiplication is automatic on disjoint
diagrams. Now manipulate the diagram to obtain a sum over x’s with
the following three steps.

First, apply the fusion identity to connect the lone § strand to the
Xa,b,c:

«» B0-F) )

where the coefficients are evaluated from

Alctl)  c£x1+1
O(l,c,exl) c+3+1
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Second, use the 6j-symbols computed in Corollary 5.4 above to move
the a strand from one side of the diagram to the other:

a b a b
1 a+1 b ( b )2 OO0
(34) c+1 2 = % + 4(a+1)2
a b a b
1 (—a+b+ )2a+1 ’ (a+b+c+2)2(a—btc)? %
(35) 1] =z % + T6(at )2 .

In each case, we are recoupling twice: once for the top piece

and once for the corresponding bottom piece. In doing this, we would
actually get four terms, but since the a &+ 1 labels must be the same on
both the top and the bottom (a consequence of Schur’s Lemma or the
bubble identity), two of the terms vanish.

In the final step, use the bubble identity to collapse the final pieces:

a b

1 a+1 b
a+t _ @(l,a,a+1) ‘@Y . Xu.+1,b,cil,
il | = (Tarn = !

a b

1 a—1 b
a— _ ([ ©6(,a,a-1) Y _ +1 a—1,b,ct
il | = (W) sé = () e,
At this point, obtaining (32) is simply a matter of multiplying the
coefficients obtained in the previous formulae.
Now consider the special cases. For a = 0, since b = ¢ and conse-

quently —5 = %, the desired formula is exactly (33). Similarly,

for ¢ = 0, the desired formula is (34). O

=

=

We find it interesting that, for all our discussion of signs intro-
duced by non-topological invariance, all signs introduced are eventually
squared and thus do not show up in this result.

We can rearrange the terms in (32) and re-index to get:

Corollary 5.6 (Central Function Recurrence). Provided a > 1 and
c> 1, we can write

(_a+b+C)2 a,b,c—

4c(c—1) X

_ (atb+c)?(a—btc—2)? Yo 2be—2
16a(a—1)c(c—1) ’

a,b,c __ Lye—1lbe—1 (a+b—C)2 a—2,b,c
X =2z-X 4a(a—1) X

The relation still holds for a = 1 or ¢ = 1, provided we exclude the
terms with a — 1 or ¢ — 1 in the denominator.
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The condition @ > 1, ¢ > 1 arises because decrementing a and c in
(32) means (a — 1,b,c — 1) must now be admissible. Also, note that
formulae for multiplication by y and z may be obtained by applying
the symmetry relation of Theorem 5.1. This fact is indispensable in
our proof of Theorem 5.11.

5.3. Graded Structure of the Central Function Basis. The ma-
jority of the content in this section was suggested to us by Carlos
Florentino [Flo] after he read an early draft of this paper.

Recall the a, (3, notation used earlier, and the notation

Xosn (X2, %71, x1%5 1) = X (%1, X2)

introduced in the proof of Theorem 5.1. The recurrence in Corollary
5.6 may be rewritten as

72 o 02(3-2)°

Xa,ﬁ,'y = XO,I,OXa,ﬁfl,'y_—a(a_l)Xa+1,,871,'y71_c(c_l)Xafl,ﬁfl,'yﬁ»l_—a(a_l)c(c_l)Xa.,,872,'y'

The interchangeability of (a,a) and (c,7) is guaranteed by the sym-
metry theorem.

Proposition 5.7. The polynomial X*"* = X
degree monomial xPy*27.

o 18 monic, with highest

Proof. Induct on the rank 6 = o + § + v of central functions. The
statement is clearly true for the base cases, since X,00 = 1,X010 =
T, X100 = Y, and X,0, = 2. The recurrence relation implies that the
highest order term of X, 5, is « times the highest order term of X, 5, .,
hence x (2%~ 1y227) = 2Py*27. This fact, together with the appropriate
symmetric facts for y and z, completes the induction. U

The basis also preserves a certain grading on Clz,y, z]. To define
this grading, partition the standard basis B = {2%"2°} of this space
as follows. Let gr : B — Zg X Zy be defined by:

gr(z®y’2%) = (a4 ¢,b + ¢) mod 2.

If B is considered as a semigroup under multiplication, then gr is a
homomorphism since

gr(z9y’2¢) + gr(z®y”2¢) = (a+ ¢,b+¢) + (d + ¢,V +¢) mod 2
=(a+d+c+d,b+V +c+ ) mod2
= gr(zt¥ Y 2¢7) mod 2.

Therefore, gr defines a grading on this basis.
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Proposition 5.8. The basis {X*"°} respects the Zo X Zy-grading on
Clx,y, z] defined by gr, in the sense that

X" e C (gr'(a,b)) .

Proof. This is another proof by induction on the rank §. Clearly,
X0 =1 € gr 1(0,0), and likewise X! = z € gr (1,0), X*'* =
y € gr1(0,1), and X""° = z € gr'(1,1). In the induction step, note
that

(a,b) = (1,0) + (a — 1,b) = (a — 2,b) mod 2,

so all terms on the righthand side of the recurrence relation in Corollary
5.6 have the same grading. Thus X**° € gr~'(a, b). O

5.4. Multiplication of Central Functions. It is not difficult to
write down the formula for the product of two central functions, al-
though the formula is by no means simple. The proof that follows was
motivated by [Res]. We begin with a lemma which encapsulates the
most tedious diagram manipulations:

Lemma 5.9.

a g b b’
abc,a/b/c/ k1 mll
]lklllijkQZva kg 2
/
i,3,k,l,m a Wb b
where the coefficients are given by the formula
Cabca/b’c’ (¢,c/;m) H A(]Z . a a’ ki] [b’ b li} [kL l; m}
j1k1l1y12k212,m - A(m O(a’,b,j;) C ji b c j; a cc gl

1=1,2

and the following 15 triples are assumed to be admaissible:

(CL, a/a kl); (ba b/ali); (Ca C/>m); (a‘/7b’ji)? (C7ji7ki); (Clajiali)7 (bajzalz)y
(k‘z,ll,m)

Proof. We will just demonstrate the diagram manipulation for the top
half of the diagram, which by symmetry must be the same as for the
bottom half. Combining these two manipulations and applying a bub-
ble identity will give the desired result. We will save enumeration of
admissible triples until after the manipulation, but keep a close eye on
signs in the meantime.
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a 4 a it v
1 ’ . . a
_ _1\3(a'=b+5) _AG)
W =Y (-1)2 ORI C
c J c I
!
a ) P b
1 ’ . . . !
_ _ 1@ =b+i)+i_AUG) Tad k AV
= (-1 s@igle bl f
Jsk c c
a o0 v
_ (afb i) _AG) Tad k1[V b1 g
—Z @(a/,b,j)[cj b][c’ja’] k !
7.kl c
. a b b
(a —b—)+L(GH ) _AG) [ad kK[ b1 .
Z ? @(a’,b,j)[Cj b][c’ja/] PN
Gkl 2N
a b v
1.7 s A y / /
— _1\s@ —bte—c/—j—m)+l_AF) T[ad EJ[ b 1L1[k Il m
= Z (—1)z @(a/,b,j)[t:jb”c’ja’HCC’j} Y
jvkvlvm (& CI

The (—1) terms all cancel in the end, a consequence of the fact that
the following triples must be admissible:

(a’7a,’ k)’ (b’ bl? l)? (C7 Cl7m)’ (a/, b’j)? (C?j? k)? (C,’j’ l)? (b7j7 l)? (k7l7m)'

One computes the 13-parameter coeflicients C“f;l"lf;k?lw above by re-
flecting this result vertically, taking two sets of indices for the variables
J,k,l,m on the two halves, and noting that the resulting bubble in the
middle collapses with a factor of %Tlrg”) for m = my = mo. O

With that out of the way, we can describe the central function mul-
tiplication table explicitly. Note the symmetry with respect to k.1, m,

which is guaranteed by Theorem 5.1.

Theorem 5.10 (Multiplication of Central Functions). The product of
two central functions X“*° and X*"*" is given by:

aboyal ose _ O(a,a’ k)0 (b,H 1O (c,c'sm) vk lm
XX Z Cjitm C okt A(R)AD)A(m) xeem,

Jl7]2’k’l7m

where the sum is taken over admissible triples

(aaa/7k)7 (ba blal)z (CJ C/7m)) (a’/vb7ji)7 (Cvji7k)7 (C/7jivl>7 (bajivl)J (k7lvm>
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and the coefficients are given by:

Ciim = sy 65 8110 5 1€ 0]

Proof. By the previous lemma and the bubble identity, we have:

S'S 00 & 4G
o Z Cabc,a’b’c’
. - Jrkily,jakala,m
Jisk,la,g2,k2,l2,m

_ Z Cabc,a’b/c’ @<a’ a, k>@(bv v, l) k%l
- Jikljakl,m A(R)A(Z)

Ji.g2:k,lm
Kk l
o ) ) O(a,a’ ,k)O(b,b ,1)O(c,c’',m)
= CirutmCiokim ARADAMm) : D
i7j7k7l

5.5. Applications. Spin networks offer a novel approach to a clas-
sical theorem of Fricke, Klein, and Vogt [FK, Vog]. We give both
a nonconstructive proof and a new constructive proof which depends
on the symmetry, recurrence, and multiplication formulae for central
functions.

Theorem 5.11 (Fricke-Klein-Vogt Theorem). Let G = SL(2,C) act
on G X G by simultaneous conjugation. Then

C[G x G = Clt,, t,,t.],
the complex polynomial ring in three indeterminates. In particular,
every reqular function f : SL(2,C) x SL(2,C) — C satisfying

f(x1,%x2) = flgx197", g%29™ ") for all g € SL(2,C),
can be written uniquely as a polynomial in the three trace variables
r=tr(x1), ¥y = tr(xz), and z = tr(x;x, ).

Proof. Define the ring homomorphism
I': Clty, t,,t.] — C[G x G]¢

by f(te ty, t.) — f(tr(xy), tr(xa), tr(xix51)).
We first show that I is injective. Suppose f(tr(x;), tr(xs), tr(x1x; 1)) =
0 for all pairs (x1,%x2) € G X G. Let (1,7, 7.) € C? ¢, = le (1)];
1

0

(7ay 7y, 72) = (tr(en), tr(ny,2), tr(ean, 2)).
Hence f = 0 on C3?, Ker(T') = {0}, and T is injective. This is the
“Fricke slice” given by Goldman in [Gol3].

and 1, . = [;ch C] , where ¢ + (™' = 7,. Then
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It remains to show that I' is surjective. Theorem 4.1 implies that
the central functions form a basis for C[G x G]¢. Since t, +— z,t, — v,
and t, — z, it suffices to show that every X**° may be written as a
polynomial in z,y, and z.

Nonconstructive diagrammatic proof of surjectivity. Expanding the sym-
metrizers in X“"¢ gives a collection of circles with matrix elements, each
of which correspond to a product of traces of words in X1, Xs, so it suf-
fices to express the trace of any word in X1,X5 as a polynomial in z, vy,
and z.

This reduction depends entirely on the binor identity, which when
composed with x; @ xy = §€? gives:

0 - 44-2

As special cases, with ¢ = x;h

(>
Y=ot-F=44-H ma YY=06-Y=44-%
The first relation allows us to assume no loop has both x; and x; ',
while the second allows us to assume no word has more than one of
any matrix. This leaves us with just the traces tr(xy), tr(xs), tr(x;xs),
and tr(x;x; '), using SL(2, C) trace identities. Finally, closing off (36)
gives:
tr(x1Xg) = tr(xy)tr(xs) — tr(x;x; '),

which allows us to remove tr(x;Xs).

Constructive diagrammatic proof of surjectivity. We proceed by induc-
tion on the rank 6 = £(a 4+ b+ ¢) of a central function X**<. For the
base cases § = 0, 1 recall our earlier computations demonstrating

X000 — 1’ X0l — z, XOLt — v, X0 — o

For § > 0, we may inductively assume that all central functions with
rank less than § are in C[z,y, z]. The admissibility conditions imply
that at least two out of the triple (a, b, ¢) are positive. Without loss of
generality, using Theorem 5.1, we may assume that a and c are positive.
In this case, the recurrence given by Corollary 5.6,

Yoo — poxe-lbe—l_ (a+b—c)? Ya-2be (—a+b+c)? yabe=2 (a+b+c)?(a—b+c—2)2 ya-2be-2

4a(a—1) 4c(c—1) 16a(a—1)c(c—1) )

allows us to write X“"° in terms of central functions of lower rank,
which by induction must be in C|x,y, z]. Thus, X*** € Clz, y, 2], and
we have established surjectivity. O
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Using the recursion relations gives an algorithm for writing any X**°
as a polynomial in {z, y, z}. Conversely, in [Pet] the following formula is
established, which may be used to express any polynomial in C|z, y, ]
in terms of central functions:

141.15).15)
e = 3 (0= (0) (0= () (6) -

r,s,t=0
k,l,m

(SIS

(.5):

( AD)A(m)O(a—2r,c—2t,k) >[a—2r 2t k ]2Xk,l,m
A(k)O(a—2r,b—25,m)O(b—2s,c—2t,l) m I b-2s :

The following table lists several central functions that were computed
with Mathematica using Corollary 5.6. Only one function per triple of
indices is listed; the others follow directly from Theorem 5.1.

)b,
X Xapy || Pase (Y, T, 2)
X0,0,0 XO,O,O 1

Xl,O,l XO,l,O T

N | =[O | >

XZ’O’Q XO,Q,O xz - ]_

1,1,2 1
X Xl,l,O :By - 52«/

3| x303 Xo,3,o 133 — 97

X2 Xy || 2%y — 2(zz +y)

X222 X, || ayz — 522 + g2+ 2%) + 1
4: X470’4 X07410 :B4 - 3$2 + 1

XA X || 2Py — 2222 — S(3zy — 2)

X224 | Xy || 2%Y? —ayz + 22 — (@ +y%) + &

X5 Xy, || @%yz — 3(x2® + ay?) — 52° — §(2yz — 132)
TABLE 2. SL(2,C)-Central Functions.
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