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• Symplectic foliation and Goldman’s bracket

• Algebraic structure of moduli for surfaces with χ = −1

• Poisson structure relative to a three-holed sphere
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Outline of Presentation

• Moduli of surface group representations: character varieties

• Symplectic foliation and Goldman’s bracket

• Algebraic structure of moduli for surfaces with χ = −1

• Poisson structure relative to a three-holed sphere

• Poisson structure relative to a one-holed torus
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SL(3,C)-Representation Variety of a Surface
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SL(3,C)-Representation Variety of a Surface

• Let Sn,g be a compact, connected, smooth, oriented surface of

genus g with n > 0 disks removed. If g = 0 we assume n ≥ 3.
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SL(3,C)-Representation Variety of a Surface

• Let Sn,g be a compact, connected, smooth, oriented surface of

genus g with n > 0 disks removed. If g = 0 we assume n ≥ 3.

• Its fundamental group has the following presentation:

π1(Sn,g, ∗) = {x1, y1, ..., xg, yg, b1, ..., bn : Πg
i=1[xi, yi]Π

n
j=1bj = 1}.
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SL(3,C)-Representation Variety of a Surface

• Let Sn,g be a compact, connected, smooth, oriented surface of

genus g with n > 0 disks removed. If g = 0 we assume n ≥ 3.

• Its fundamental group has the following presentation:

π1(Sn,g, ∗) = {x1, y1, ..., xg, yg, b1, ..., bn : Πg
i=1[xi, yi]Π

n
j=1bj = 1}.

• Fr = π1(Sn,g, ∗) is free of rank r = 2g + n − 1.
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SL(3,C)-Representation Variety of a Surface

• Let Sn,g be a compact, connected, smooth, oriented surface of

genus g with n > 0 disks removed. If g = 0 we assume n ≥ 3.

• Its fundamental group has the following presentation:

π1(Sn,g, ∗) = {x1, y1, ..., xg, yg, b1, ..., bn : Πg
i=1[xi, yi]Π

n
j=1bj = 1}.

• Fr = π1(Sn,g, ∗) is free of rank r = 2g + n − 1.

• Let G = SL(3,C).
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SL(3,C)-Representation Variety of a Surface

• Let Sn,g be a compact, connected, smooth, oriented surface of

genus g with n > 0 disks removed. If g = 0 we assume n ≥ 3.

• Its fundamental group has the following presentation:

π1(Sn,g, ∗) = {x1, y1, ..., xg, yg, b1, ..., bn : Πg
i=1[xi, yi]Π

n
j=1bj = 1}.

• Fr = π1(Sn,g, ∗) is free of rank r = 2g + n − 1.

• Let G = SL(3,C). For much of what follows, any reductive

linear algebraic group will suffice.
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SL(3,C)-Representation Variety of a Surface

• Let Sn,g be a compact, connected, smooth, oriented surface of

genus g with n > 0 disks removed. If g = 0 we assume n ≥ 3.

• Its fundamental group has the following presentation:

π1(Sn,g, ∗) = {x1, y1, ..., xg, yg, b1, ..., bn : Πg
i=1[xi, yi]Π

n
j=1bj = 1}.

• Fr = π1(Sn,g, ∗) is free of rank r = 2g + n − 1.

• Let G = SL(3,C). For much of what follows, any reductive

linear algebraic group will suffice.

• R = Hom(Fr, G) is bijectively equivalent to G×r:

ρ 7→ (ρ(x1), ..., ρ(xr)),

and so inherits the structure of an affine variety from G.
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SL(3,C)-Character Variety of a Surface

C C

C
C
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SL(3,C)-Character Variety of a Surface

• G acts on the coordinate ring of R, C[R], by conjugation in

generic matrices; that is, for g ∈ G and f ∈ C[R]:

g · f(X1, ...,Xr) = f(g−1X1g, .., g−1Xrg).

C
C
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SL(3,C)-Character Variety of a Surface

• G acts on the coordinate ring of R, C[R], by conjugation in

generic matrices; that is, for g ∈ G and f ∈ C[R]:

g · f(X1, ...,Xr) = f(g−1X1g, .., g−1Xrg).

• Work of Procesi from 1976 implies that the ring of invariantsC[R]G is generated by {tr(W) | w ∈ Fr, |w| ≤ 7}; where W is

the word w with its letters replaced by generic matrices.

C
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SL(3,C)-Character Variety of a Surface

• G acts on the coordinate ring of R, C[R], by conjugation in

generic matrices; that is, for g ∈ G and f ∈ C[R]:

g · f(X1, ...,Xr) = f(g−1X1g, .., g−1Xrg).

• Work of Procesi from 1976 implies that the ring of invariantsC[R]G is generated by {tr(W) | w ∈ Fr, |w| ≤ 7}; where W is

the word w with its letters replaced by generic matrices.

• Thus, C[R]G is a finitely generated domain, and so its

geometric points are an irreducible algebraic set, X, called the

character variety.
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• X is a moduli space of surface group representations.
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• X is a moduli space of surface group representations.

• X is the categorical quotient corresponding to the orbit space

R/G.
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How to think of X?

• X is a moduli space of surface group representations.

• X is the categorical quotient corresponding to the orbit space

R/G.

• X is the “usual” orbit space of completely reducible

representations (this forces the orbits to be closed).
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How to think of X?

• X is a moduli space of surface group representations.

• X is the categorical quotient corresponding to the orbit space

R/G.

• X is the “usual” orbit space of completely reducible

representations (this forces the orbits to be closed).

• X is the “usual” orbit space with the extended equivalence that

if two orbits’ closures intersect then they are identified.
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How to think of X?

• X is a moduli space of surface group representations.

• X is the categorical quotient corresponding to the orbit space

R/G.

• X is the “usual” orbit space of completely reducible

representations (this forces the orbits to be closed).

• X is the “usual” orbit space with the extended equivalence that

if two orbits’ closures intersect then they are identified.

• Bottom line: either throw out points or make further

identifications to get a quotient that is an algebraic set and

parameterizes subvarieties of representations.
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How to think of X?

• X is a moduli space of surface group representations.

• X is the categorical quotient corresponding to the orbit space

R/G.

• X is the “usual” orbit space of completely reducible

representations (this forces the orbits to be closed).

• X is the “usual” orbit space with the extended equivalence that

if two orbits’ closures intersect then they are identified.

• Bottom line: either throw out points or make further

identifications to get a quotient that is an algebraic set and

parameterizes subvarieties of representations.

• Why? Because varieties have interesting structure and the

usual orbit space isn’t even Hausdorff.
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Peripheral Structure

• The coordinate ring of G//G is C[G//G] = C[tr(X), tr(X−1)].
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Peripheral Structure

• The coordinate ring of G//G is C[G//G] = C[tr(X), tr(X−1)].

• So G//G = C2 which we parameterize by coordinates

(T (1), T (−1)).
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Peripheral Structure

• The coordinate ring of G//G is C[G//G] = C[tr(X), tr(X−1)].

• So G//G = C2 which we parameterize by coordinates

(T (1), T (−1)).

• We then define the boundary map

bi : X = R//G = Hom(π1(Sn,g, ∗), G)//G −→ G//G

by sending a representation class [ρ] 7→ [ρ|bi ] = (T
(1)
i , T

(−1)
i ), to

the class corresponding to the restriction of ρ to the boundary

bi.
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• Subsequently we define

b = (b1, ..., bn) : X = G×r//G −→ (G//G)×n.
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• Subsequently we define

b = (b1, ..., bn) : X = G×r//G −→ (G//G)×n.

• The map b depends on the surface, not only its fundamental

group.
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• Subsequently we define

b = (b1, ..., bn) : X = G×r//G −→ (G//G)×n.

• The map b depends on the surface, not only its fundamental

group.

• We refer to it as a peripheral structure, and the pair (X, b) as

the relative character variety.
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Poisson Structure on X

• Let F = b−1(T
(1)
1 , T

(−1)
1 , ..., T

(−1)
n ), and X be the complement

of the singular locus (a closed sub-variety) in X.
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Poisson Structure on X

• Let F = b−1(T
(1)
1 , T

(−1)
1 , ..., T

(−1)
n ), and X be the complement

of the singular locus (a closed sub-variety) in X.

• So X is a complex manifold that is dense in X.
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Poisson Structure on X

• Let F = b−1(T
(1)
1 , T

(−1)
1 , ..., T

(−1)
n ), and X be the complement

of the singular locus (a closed sub-variety) in X.

• So X is a complex manifold that is dense in X.

• At regular values of b, F ∩ X is a submanifold of dimension

8r − 8 − 2n = 16(g − 1) + 6n.
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Poisson Structure on X

• Let F = b−1(T
(1)
1 , T

(−1)
1 , ..., T

(−1)
n ), and X be the complement

of the singular locus (a closed sub-variety) in X.

• So X is a complex manifold that is dense in X.

• At regular values of b, F ∩ X is a submanifold of dimension

8r − 8 − 2n = 16(g − 1) + 6n.

• The union of these leaves, F = F ∩ X , foliate X by symplectic

submanifolds, making X a Poisson manifold.
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Sketch of Ideas:

• Goldman’s Poisson bracket for closed surfaces sums over

intersections of cycles.
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Sketch of Ideas:

• Goldman’s Poisson bracket for closed surfaces sums over

intersections of cycles.

• If it extends to surfaces with boundary, then the traces of

boundary matrices are Casimirs.
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Sketch of Ideas:

• Goldman’s Poisson bracket for closed surfaces sums over

intersections of cycles.

• If it extends to surfaces with boundary, then the traces of

boundary matrices are Casimirs.

• A Poisson bracket is symplectic if the only Casimirs are

constants.
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Sketch of Ideas:

• Goldman’s Poisson bracket for closed surfaces sums over

intersections of cycles.

• If it extends to surfaces with boundary, then the traces of

boundary matrices are Casimirs.

• A Poisson bracket is symplectic if the only Casimirs are

constants.

• F are the representations with constant boundary value.
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Sketch of Ideas:

• Goldman’s Poisson bracket for closed surfaces sums over

intersections of cycles.

• If it extends to surfaces with boundary, then the traces of

boundary matrices are Casimirs.

• A Poisson bracket is symplectic if the only Casimirs are

constants.

• F are the representations with constant boundary value.

• The tangent space to a representation in X is generically

H1(S; gAd).
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Sketch of Ideas:

• Goldman’s Poisson bracket for closed surfaces sums over

intersections of cycles.

• If it extends to surfaces with boundary, then the traces of

boundary matrices are Casimirs.

• A Poisson bracket is symplectic if the only Casimirs are

constants.

• F are the representations with constant boundary value.

• The tangent space to a representation in X is generically

H1(S; gAd).

• The subset of cocycles that are zero on ∂S in cohomology form

a distribution corresponding to F: H1
par(S; gAd).



McMaster University– Geometry & Topology Seminar 10'

&

$

%

In 1997, Guruprasad, Huebschmann, Jeffrey, and Weinstein showed

ω defines a symplectic form on F :

C
C C
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In 1997, Guruprasad, Huebschmann, Jeffrey, and Weinstein showed

ω defines a symplectic form on F :

H1(S, ∂S; gAd) × H1(S; gAd)
∪ // H2(S, ∂S; gAd ⊗ gAd)

tr∗

��
H2(S, ∂S;C)

∩[Z]

��
H1

par(S; gAd) × H1
par(S; gAd)

OO

ω // H0(S;C) = C
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In 1997, Guruprasad, Huebschmann, Jeffrey, and Weinstein showed

ω defines a symplectic form on F :

H1(S, ∂S; gAd) × H1(S; gAd)
∪ // H2(S, ∂S; gAd ⊗ gAd)

tr∗

��
H2(S, ∂S;C)

∩[Z]

��
H1

par(S; gAd) × H1
par(S; gAd)

OO

ω // H0(S;C) = C
With respect to this 2-form, Goldman’s proof of the bracket

formula generalizes directly to relative cohomology.
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Bracket Formula

• Let S be an oriented surface with boundary, and

α, β ∈ π1(S, ∗).
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Bracket Formula

• Let S be an oriented surface with boundary, and

α, β ∈ π1(S, ∗).

• Let α ∩ β be the set of (transverse) double point intersections

of α and β.
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Bracket Formula

• Let S be an oriented surface with boundary, and

α, β ∈ π1(S, ∗).

• Let α ∩ β be the set of (transverse) double point intersections

of α and β.

• Let ǫ(p, α, β) be the oriented intersection number at p ∈ α ∩ β.

C
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Bracket Formula

• Let S be an oriented surface with boundary, and

α, β ∈ π1(S, ∗).

• Let α ∩ β be the set of (transverse) double point intersections

of α and β.

• Let ǫ(p, α, β) be the oriented intersection number at p ∈ α ∩ β.

• Let αp ∈ π1(S, p) be the curve α based at p.

C
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Bracket Formula

• Let S be an oriented surface with boundary, and

α, β ∈ π1(S, ∗).

• Let α ∩ β be the set of (transverse) double point intersections

of α and β.

• Let ǫ(p, α, β) be the oriented intersection number at p ∈ α ∩ β.

• Let αp ∈ π1(S, p) be the curve α based at p.

Then Goldman showed in 1986 that

{tr(ρ(α)), tr(ρ(β))} =
X

p∈α∩β

ǫ(p, α, β)
`

(tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
´

defines a Poisson Bracket on C[X].
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Euler Characteristic -1 Surfaces

There are exactly two oriented surfaces with fundamental group

free of rank 2.

Figure 1: One-Holed Torus

Figure 2: Three-Holed Sphere
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Coordinate Ring: Generators and Relations

C
C
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Coordinate Ring: Generators and Relations

Let C[t(1), t(−1), t(2), t(−2), t(3), t(−3), t(4), t(−4), t(5)]

be a freely generated complex polynomial ring,

C
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Coordinate Ring: Generators and Relations

Let C[t(1), t(−1), t(2), t(−2), t(3), t(−3), t(4), t(−4), t(5)]

be a freely generated complex polynomial ring, and let

R = C[t(1), t(−1), t(2), t(−2), t(3), t(−3), t(4), t(−4)]

be a subring.
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Define the following ring homomorphism,

R[t(5)]
Π

−→ C[X]

by
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Define the following ring homomorphism,

R[t(5)]
Π

−→ C[X]

by

t(1) 7→ tr(X1) t(−1) 7→ tr(X−1
1 )

t(2) 7→ tr(X2) t(−2) 7→ tr(X−1
2 )

t(3) 7→ tr(X1X2) t(−3) 7→ tr(X−1
1 X−1

2 )

t(4) 7→ tr(X1X
−1
2 ) t(−4) 7→ tr(X−1

1 X2)

t(5) 7→ tr(X1X2X
−1
1 X−1

2 )
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• It can be shown using trace equations that Π is surjective, and

hence

R[t(5)]/ ker(Π) ∼= C[X].
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• It can be shown using trace equations that Π is surjective, and

hence

R[t(5)]/ ker(Π) ∼= C[X].

• The Krull dimension of X is 8 since generic orbits are 8

dimensional.
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• It can be shown using trace equations that Π is surjective, and

hence

R[t(5)]/ ker(Π) ∼= C[X].

• The Krull dimension of X is 8 since generic orbits are 8

dimensional.

• Hence, ker(Π) is non-zero and principal.
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Symmetry

• Let S be the formal sum of the elements in the group generated

by the permutations

(1, 2)(−1,−2)(4,−4) and (1,−1)(3,−4)(−3, 4)

acting on the indices of the generators of R[t(5)]/ ker(Π).
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Symmetry

• Let S be the formal sum of the elements in the group generated

by the permutations

(1, 2)(−1,−2)(4,−4) and (1,−1)(3,−4)(−3, 4)

acting on the indices of the generators of R[t(5)]/ ker(Π).

• The action is induced by the following elements of the Out(F2):

t =

8

<

:

x1 7→ x2

x2 7→ x1

i1 =

8

<

:

x1 7→ x
−1
1

x2 7→ x2
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Symmetry

• Let S be the formal sum of the elements in the group generated

by the permutations

(1, 2)(−1,−2)(4,−4) and (1,−1)(3,−4)(−3, 4)

acting on the indices of the generators of R[t(5)]/ ker(Π).

• The action is induced by the following elements of the Out(F2):

t =

8

<

:

x1 7→ x2

x2 7→ x1

i1 =

8

<

:

x1 7→ x
−1
1

x2 7→ x2

• The group generated has order 8 and is isomorphic to the

dihedral group D4.
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Theorem 0.1 (L,2006).

C
C

SS
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Theorem 0.1 (L,2006).

1. X = G×2//G is a degree 6 hyper-surface in C9

C

SS
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Theorem 0.1 (L,2006).

1. X = G×2//G is a degree 6 hyper-surface in C9

2. ker(Π) = (t2(5) − Pt(5) + Q) where P, Q ∈ R

C

SS
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Theorem 0.1 (L,2006).

1. X = G×2//G is a degree 6 hyper-surface in C9

2. ker(Π) = (t2(5) − Pt(5) + Q) where P, Q ∈ R

3. There is a D4-equivariant surjection X → C8, generically

2-to-1.

SS
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Theorem 0.1 (L,2006).

1. X = G×2//G is a degree 6 hyper-surface in C9

2. ker(Π) = (t2(5) − Pt(5) + Q) where P, Q ∈ R

3. There is a D4-equivariant surjection X → C8, generically

2-to-1.

4. P and Q are given by:

P =S“1

8

`

t(1)t(−1)t(2)t(−2) − 4t(1)t(−2)t(−4) + 2t(1)t(−1) + 2t(3)t(−3)

´

”

− 3

Q =S“1

8

`

2t(−2)t
2
(−1)t

2
(1)t(2) + 4t2(1)t

2
(2)t(3) − 4t3(1)t(−2)t(2)−

8t(−4)t(−2)t(−1)t
2
(1) − 4t(4)t(3)t(2)t(1)t(−2) + 8t(1)t(3)t

2
(−4)+

8t(−4)t(1)t
2
(2) − 8t

2
(3)t(2)t(1) + 4t(4)t(−3)t

2
(2) + t(−2)t(−1)t(2)t(1)+

t(−3)t(−4)t(3)t(4) + 4t(−3)t(−1)t(3)t(1) + 4t
3
(1) + 4t

3
(3)+

12t(−4)t(−2)t(1) − 12t(−4)t(2)t(3) − 12t(1)t(−1) − 12t(3)t(−3)

´

”

+ 9
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Three-Holed Sphere

x1
x2

x3

Figure 3: Presentation of π1(S3,0, ∗)
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Theorem 0.2 (L, 2006). Let X be the relative character variety of

S = S3,0. Then the Poisson bracket on C[X] is determined by the

following:
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Theorem 0.2 (L, 2006). Let X be the relative character variety of

S = S3,0. Then the Poisson bracket on C[X] is determined by the

following:

• t(±1), t(±2), t(±3) are Casimirs
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Theorem 0.2 (L, 2006). Let X be the relative character variety of

S = S3,0. Then the Poisson bracket on C[X] is determined by the

following:

• t(±1), t(±2), t(±3) are Casimirs

• {t(4), t(−4)} = P − 2t(5)
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Theorem 0.2 (L, 2006). Let X be the relative character variety of

S = S3,0. Then the Poisson bracket on C[X] is determined by the

following:

• t(±1), t(±2), t(±3) are Casimirs

• {t(4), t(−4)} = P − 2t(5)

• a4,5 = {t(4), t(5)} =
t(5){t(4),P}−{t(4),Q}

{t(−4),t(4)}
= ∂

∂t(−4)
(Q − t(5)P )
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Theorem 0.2 (L, 2006). Let X be the relative character variety of

S = S3,0. Then the Poisson bracket on C[X] is determined by the

following:

• t(±1), t(±2), t(±3) are Casimirs

• {t(4), t(−4)} = P − 2t(5)

• a4,5 = {t(4), t(5)} =
t(5){t(4),P}−{t(4),Q}

{t(−4),t(4)}
= ∂

∂t(−4)
(Q − t(5)P )

• a−4,5 = −i(a4,5) where i = i1ti1t is the mapping xi 7→ x
−1
i .
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Theorem 0.2 (L, 2006). Let X be the relative character variety of

S = S3,0. Then the Poisson bracket on C[X] is determined by the

following:

• t(±1), t(±2), t(±3) are Casimirs

• {t(4), t(−4)} = P − 2t(5)

• a4,5 = {t(4), t(5)} =
t(5){t(4),P}−{t(4),Q}

{t(−4),t(4)}
= ∂

∂t(−4)
(Q − t(5)P )

• a−4,5 = −i(a4,5) where i = i1ti1t is the mapping xi 7→ x
−1
i .

Therefore, the Poisson bivector field is:

(P − 2t(5))
∂

∂t(4)
∧

∂

∂t(−4)
+ (1 − i)

(

a4,5
∂

∂t(4)
∧

∂

∂t(5)

)
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Sketch of Proof

C
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Sketch of Proof

The fundamental group of S = S3,0 is geometrically presented as

{x1, x2, x3 : x3x2x1 = 1},

so x3 = x
−1
1 x

−1
2 .

C
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Sketch of Proof

The fundamental group of S = S3,0 is geometrically presented as

{x1, x2, x3 : x3x2x1 = 1},

so x3 = x
−1
1 x

−1
2 .

• Since a Poisson bracket is a bilinear, anti-commutative

derivation, it is completely determined once it is formulated on

the generators of C[X].
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Sketch of Proof

The fundamental group of S = S3,0 is geometrically presented as

{x1, x2, x3 : x3x2x1 = 1},

so x3 = x
−1
1 x

−1
2 .

• Since a Poisson bracket is a bilinear, anti-commutative

derivation, it is completely determined once it is formulated on

the generators of C[X].

• t(±1), t(±2), t(±3) are Casimirs since they correspond to disjoint

boundary curves and the bracket sums over intersections.
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Using the derivation property and the identity

t2(5) − Pt(5) + Q = 0,

we deduce:
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Using the derivation property and the identity

t2(5) − Pt(5) + Q = 0,

we deduce:

t(5){t(±4), P} + P{t(±4), t(5)} − {t(±4), Q} = {t(±4), t
2
(5)}
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Using the derivation property and the identity

t2(5) − Pt(5) + Q = 0,

we deduce:

t(5){t(±4), P} + P{t(±4), t(5)} − {t(±4), Q} = {t(±4), t
2
(5)}

= 2t(5){t(±4), t(5)}.
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Using the derivation property and the identity

t2(5) − Pt(5) + Q = 0,

we deduce:

t(5){t(±4), P} + P{t(±4), t(5)} − {t(±4), Q} = {t(±4), t
2
(5)}

= 2t(5){t(±4), t(5)}.

Hence

{t(±4), t(5)} =
t(5){t(±4), P} − {t(±4), Q}

(2t(5) − P )
.
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It remains to compute {t(4), t(−4)}.
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It remains to compute {t(4), t(−4)}.

• Consider immersed closed curves freely homotopic to α = x1x
−1
2

and β = x2x
−1
1 only intersecting at transverse double points.
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It remains to compute {t(4), t(−4)}.

• Consider immersed closed curves freely homotopic to α = x1x
−1
2

and β = x2x
−1
1 only intersecting at transverse double points.

• Since S3,0 is homotopic to a closed rectangle with two open

disks removed, we depict all curves as in the following figure.
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x1

x3

x2

α = x1x
−1
2

β = x2x
−1
1

p

q

Figure 4: α and β in S
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Let αp and βp be the curves corresponding to α and β based at

the point p in π1(S, p).

p

Figure 5: αpβp = x
−1
2 x1x2x

−1
1
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Respectively, let αq and βq be the corresponding curves in

π1(S, q).

q

Figure 6: αqβq = x1x
−1
2 x

−1
1 x2
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Calculating the intersection number at p and q we find

ǫ(p, α, β) = −1 and ǫ(q, α, β) = 1.

−1 p q +1

Figure 7: Intersection numbers at p and q
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Putting it all together:
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}

= ǫ(p, α, β)
(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

+

ǫ(q, α, β)
(

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
)
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}

= ǫ(p, α, β)
(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

+

ǫ(q, α, β)
(

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= −tr(ρ(αpβp)) + tr(ρ(αqβq))
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}

= ǫ(p, α, β)
(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

+

ǫ(q, α, β)
(

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= −tr(ρ(αpβp)) + tr(ρ(αqβq))

= −tr(X−1
2 X1X2X

−1
1 ) + tr(X1X

−1
2 X−1

1 X2)
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}

= ǫ(p, α, β)
(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

+

ǫ(q, α, β)
(

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= −tr(ρ(αpβp)) + tr(ρ(αqβq))

= −tr(X−1
2 X1X2X

−1
1 ) + tr(X1X

−1
2 X−1

1 X2)

= −t(5) + tr(X2X1X
−1
2 X−1

1 )
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}

= ǫ(p, α, β)
(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

+

ǫ(q, α, β)
(

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= −tr(ρ(αpβp)) + tr(ρ(αqβq))

= −tr(X−1
2 X1X2X

−1
1 ) + tr(X1X

−1
2 X−1

1 X2)

= −t(5) + tr(X2X1X
−1
2 X−1

1 )

= −t(5) + (P − t(5)) = P − 2t(5).
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Putting it all together:

{t(4), t(−4)} = {tr(ρ(α)), tr(ρ(β))}

= ǫ(p, α, β)
(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

+

ǫ(q, α, β)
(

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= −tr(ρ(αpβp)) + tr(ρ(αqβq))

= −tr(X−1
2 X1X2X

−1
1 ) + tr(X1X

−1
2 X−1

1 X2)

= −t(5) + tr(X2X1X
−1
2 X−1

1 )

= −t(5) + (P − t(5)) = P − 2t(5).

QED



McMaster University– Geometry & Topology Seminar 28'

&

$

%

One-Holed Torus

Figure 8: One-Holed Torus
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• With respect to the presentation {x1, x2, x3 : [x1, x2]x3 = 1}

the boundary x3 corresponds to the inverse of the word

x1x2x
−1
1 x

−1
2 .
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• With respect to the presentation {x1, x2, x3 : [x1, x2]x3 = 1}

the boundary x3 corresponds to the inverse of the word

x1x2x
−1
1 x

−1
2 .

• Consequently, the only Casimir that is also a generator is t(5)
since it corresponds to tr(X1X2X

−1
1 X−1

2 ).
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• With respect to the presentation {x1, x2, x3 : [x1, x2]x3 = 1}

the boundary x3 corresponds to the inverse of the word

x1x2x
−1
1 x

−1
2 .

• Consequently, the only Casimir that is also a generator is t(5)
since it corresponds to tr(X1X2X

−1
1 X−1

2 ).

• Thus the 81 pairings coming from the 9 generators is reduced

to 64. Anti-commutativity reduces this number to 28 pairings.
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• Observe that {t(i), t(−i)} = 0 since the corresponding curves are

homotopic in S1,1 to parallel curves and so have no

intersection.
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• Observe that {t(i), t(−i)} = 0 since the corresponding curves are

homotopic in S1,1 to parallel curves and so have no

intersection. We are left with 24 computations.
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• Observe that {t(i), t(−i)} = 0 since the corresponding curves are

homotopic in S1,1 to parallel curves and so have no

intersection. We are left with 24 computations.

• We next address the pairings which come from cycles of word

length one and so have only one intersection.
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• Observe that {t(i), t(−i)} = 0 since the corresponding curves are

homotopic in S1,1 to parallel curves and so have no

intersection. We are left with 24 computations.

• We next address the pairings which come from cycles of word

length one and so have only one intersection.

• Let α be homotopic to x1 and β be homotopic to x2, as in the

next figure.
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α

β

p

x2

x3

x1

Figure 9: α = x1 and β = x2 in S1,1
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Let ǫ(p, α, β) = ǫp to simplify the notation.
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Let ǫ(p, α, β) = ǫp to simplify the notation.

{t(1), t(2)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= ǫp

(

tr(X1X2) − (1/3)tr(X1)tr(X2)
)

= tr(X1X2) − (1/3)tr(X1)tr(X2)

= t(3) − (1/3)t(1)t(2).
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Let ǫ(p, α, β) = ǫp to simplify the notation.

{t(1), t(2)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= ǫp

(

tr(X1X2) − (1/3)tr(X1)tr(X2)
)

= tr(X1X2) − (1/3)tr(X1)tr(X2)

= t(3) − (1/3)t(1)t(2).

Likewise, we can compute

{t(−1), t(2)} = −t(−4) + (1/3)t(−1)t(2)

{t(1), t(−2)} = −t(4) + (1/3)t(1)t(−2)

{t(−1), t(−2)} = t(−3) − (1/3)t(−1)t(−2)
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We can already see symmetry coming from D4 ⊂ Out(F2).

Define i2 = ti1t; the mapping which sends x2 7→ x
−1
2 . Then
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We can already see symmetry coming from D4 ⊂ Out(F2).

Define i2 = ti1t; the mapping which sends x2 7→ x
−1
2 . Then

{t(−1), t(2)} = −i1{t(1), t(2)} = {i1t(1), i1t(2)}

{t(1), t(−2)} = −i2{t(1), t(2)} = {i2t(1), i2t(2)}

{t(−1), t(−2)} = i{t(1), t(2)} = {it(1), it(2)}
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We can already see symmetry coming from D4 ⊂ Out(F2).

Define i2 = ti1t; the mapping which sends x2 7→ x
−1
2 . Then

{t(−1), t(2)} = −i1{t(1), t(2)} = {i1t(1), i1t(2)}

{t(1), t(−2)} = −i2{t(1), t(2)} = {i2t(1), i2t(2)}

{t(−1), t(−2)} = i{t(1), t(2)} = {it(1), it(2)}

We are left with 20 computations.
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Next we consider curves which again intersect only once, but at

least one of them has word length two.
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Next we consider curves which again intersect only once, but at

least one of them has word length two.

There will be two cases: either you have a repeated letter in the

pair of words OR you get a cancelation after cyclic reduction.
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Next we consider curves which again intersect only once, but at

least one of them has word length two.

There will be two cases: either you have a repeated letter in the

pair of words OR you get a cancelation after cyclic reduction.

Case 1

For instance, let α = x1 and β = x1x2 (both have the letter x1).
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p

β

x1

x2

α

x3

Figure 10: α = x1 and β = x1x2 in S1,1
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{t(1), t(3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= tr(X2
1X2) − (1/3)tr(X1)tr(X1X2)

= −t(−1)t(2) + t(−4) + (2/3)t(1)t(3).
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{t(1), t(3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= tr(X2
1X2) − (1/3)tr(X1)tr(X1X2)

= −t(−1)t(2) + t(−4) + (2/3)t(1)t(3).

There are seven more pairings like the one above; again there is
symmetry.
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{t(1), t(3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= tr(X2
1X2) − (1/3)tr(X1)tr(X1X2)

= −t(−1)t(2) + t(−4) + (2/3)t(1)t(3).

There are seven more pairings like the one above; again there is
symmetry.

{t(−1), t(−3)} = −t(1)t(−2) + t(4) + (2/3)t(−1)t(−3) = i{t(1), t(3)} = {it(1), it(3)}

{t(1), t(4)} = t(−1)t(−2) − t(−3) − (2/3)t(1)t(4) = −i2{t(1), t(3)} = {i2t(1), i2t(3)}

{t(−1), t(−4)} = t(1)t(2) − t(3) − (2/3)t(−1)t(−4) = −i1{t(1), t(3)} = {i1t(1), i1t(3)}

{t(2), t(3)} = t(−2)t(1) − t(4) − (2/3)t(2)t(3) = −t{t(1), t(3)} = {tt(1), tt(3)}

{t(−2), t(−3)} = t(2)t(−1) − t(−4) − (2/3)t(−2)t(−3) = −it{t(1), t(3)} = {itt(1), itt(3)}

{t(2), t(−4)} = −t(−2)t(−1) + t(−3) + (2/3)t(2)t(−4) = i1t{t(1), t(3)} = {i1tt(1), i1tt(3)}

{t(−2), t(4)} = −t(2)t(1) + t(3) + (2/3)t(−2)t(4) = i2t{t(1), t(3)} = {i2tt(1), i2tt(3)}
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{t(1), t(3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= tr(X2
1X2) − (1/3)tr(X1)tr(X1X2)

= −t(−1)t(2) + t(−4) + (2/3)t(1)t(3).

There are seven more pairings like the one above; again there is
symmetry.

{t(−1), t(−3)} = −t(1)t(−2) + t(4) + (2/3)t(−1)t(−3) = i{t(1), t(3)} = {it(1), it(3)}

{t(1), t(4)} = t(−1)t(−2) − t(−3) − (2/3)t(1)t(4) = −i2{t(1), t(3)} = {i2t(1), i2t(3)}

{t(−1), t(−4)} = t(1)t(2) − t(3) − (2/3)t(−1)t(−4) = −i1{t(1), t(3)} = {i1t(1), i1t(3)}

{t(2), t(3)} = t(−2)t(1) − t(4) − (2/3)t(2)t(3) = −t{t(1), t(3)} = {tt(1), tt(3)}

{t(−2), t(−3)} = t(2)t(−1) − t(−4) − (2/3)t(−2)t(−3) = −it{t(1), t(3)} = {itt(1), itt(3)}

{t(2), t(−4)} = −t(−2)t(−1) + t(−3) + (2/3)t(2)t(−4) = i1t{t(1), t(3)} = {i1tt(1), i1tt(3)}

{t(−2), t(4)} = −t(2)t(1) + t(3) + (2/3)t(−2)t(4) = i2t{t(1), t(3)} = {i2tt(1), i2tt(3)}

We are now left with 12 computations.
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Case 2 (letters cancel) Let α = x1 and β = x
−1
1 x

−1
2 .

p

α

x3

β

x2

x1

Figure 11: α = x1 and β = x
−1
1 x

−1
2 in S1,1
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{t(1), t(−3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= (−1)
(

tr(X1X
−1
2 X−1

1 ) − (1/3)tr(X1)tr(X
−1
1 X−1

2 )
)

= −t(−2) + (1/3)t(1)t(−3).
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{t(1), t(−3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= (−1)
(

tr(X1X
−1
2 X−1

1 ) − (1/3)tr(X1)tr(X
−1
1 X−1

2 )
)

= −t(−2) + (1/3)t(1)t(−3).

There are seven more pairings computed like the one above and
again there is symmetry.
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{t(1), t(−3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= (−1)
(

tr(X1X
−1
2 X−1

1 ) − (1/3)tr(X1)tr(X
−1
1 X−1

2 )
)

= −t(−2) + (1/3)t(1)t(−3).

There are seven more pairings computed like the one above and
again there is symmetry.

{t(−1), t(3)} = −t(2) + (1/3)t(−1)t(3) = i{t(1), t(−3)} = {it(1), it(−3)},

{t(1), t(−4)} = t(2) − (1/3)t(1)t(−4) = −i2{t(1), t(−3)} = {i2t(1), i2t(−3)},

{t(−1), t(4)} = t(−2) − (1/3)t(−1)t(4) = −i1{t(1), t(−3)} = {i1t(1), i1t(−3)},

{t(2), t(−3)} = t(−1) − (1/3)t(2)t(−3) = −t{t(1), t(−3)} = {tt(1), tt(−3)},

{t(−2), t(3)} = t(1) − (1/3)t(−2)t(3) = −it{t(1), t(−3)} = {itt(1), itt(−3)},

{t(2), t(4)} = −t(1) + (1/3)t(2)t(4) = i1t{t(1), t(−3)} = {i1tt(1), i1tt(−3)},

{t(−2), t(−4)} = −t(−1) + (1/3)t(−2)t(−4) = i2t{t(1), t(−3)} = {i2tt(1), i2tt(−3)}.
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{t(1), t(−3)} = ǫp

(

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
)

= (−1)
(

tr(X1X
−1
2 X−1

1 ) − (1/3)tr(X1)tr(X
−1
1 X−1

2 )
)

= −t(−2) + (1/3)t(1)t(−3).

There are seven more pairings computed like the one above and
again there is symmetry.

{t(−1), t(3)} = −t(2) + (1/3)t(−1)t(3) = i{t(1), t(−3)} = {it(1), it(−3)},

{t(1), t(−4)} = t(2) − (1/3)t(1)t(−4) = −i2{t(1), t(−3)} = {i2t(1), i2t(−3)},

{t(−1), t(4)} = t(−2) − (1/3)t(−1)t(4) = −i1{t(1), t(−3)} = {i1t(1), i1t(−3)},

{t(2), t(−3)} = t(−1) − (1/3)t(2)t(−3) = −t{t(1), t(−3)} = {tt(1), tt(−3)},

{t(−2), t(3)} = t(1) − (1/3)t(−2)t(3) = −it{t(1), t(−3)} = {itt(1), itt(−3)},

{t(2), t(4)} = −t(1) + (1/3)t(2)t(4) = i1t{t(1), t(−3)} = {i1tt(1), i1tt(−3)},

{t(−2), t(−4)} = −t(−1) + (1/3)t(−2)t(−4) = i2t{t(1), t(−3)} = {i2tt(1), i2tt(−3)}.

We are now left with 4 computations.
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The last case to consider is when there are two intersections. For

instance, let α = x1x2 and β = x1x
−1
2 .

α

p
q

β
x3

x1

x2

Figure 12: α = x1x2 and β = x1x
−1
2 in S1,1
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{t(3), t(4)} = ǫp

`

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
´

+ ǫq

`

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
´

= (−1)
`

tr(X2X1X
−1
2 X1) − (1/3)tr(X1X2)tr(X1X

−1
2 )

´

+ (−1)
`

tr(X2X1X1X
−1
2 ) − (1/3)tr(X1X2)tr(X1X

−1
2 )

´

= −tr(X2
1) − tr(X1X2X1X

−1
2 ) + (2/3)tr(X1X2)tr(X1X

−1
2 )

= −t2(1) + t(−1) − t(−4)t(−2) − t(2)t(−3) + t(−1)t(2)t(−2) −
1

3
t(3)t(4)
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{t(3), t(4)} = ǫp

`

tr(ρ(αpβp)) − (1/3)tr(ρ(α))tr(ρ(β))
´

+ ǫq

`

tr(ρ(αqβq)) − (1/3)tr(ρ(α))tr(ρ(β))
´

= (−1)
`

tr(X2X1X
−1
2 X1) − (1/3)tr(X1X2)tr(X1X

−1
2 )

´

+ (−1)
`

tr(X2X1X1X
−1
2 ) − (1/3)tr(X1X2)tr(X1X

−1
2 )

´

= −tr(X2
1) − tr(X1X2X1X

−1
2 ) + (2/3)tr(X1X2)tr(X1X

−1
2 )

= −t2(1) + t(−1) − t(−4)t(−2) − t(2)t(−3) + t(−1)t(2)t(−2) −
1

3
t(3)t(4)

The last identity is a consequence of trace reduction formulas.
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In a like manner one can compute the remaining pairings of this
type.
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In a like manner one can compute the remaining pairings of this
type.

{t(−3), t(−4)} = −t
2
(−1) + t(1) − t(4)t(2) − t(−2)t(3) + t(1)t(−2)t(2) −

1

3
t(−3)t(−4)

{t(3), t(−4)} = t
2
(2) − t(−2) + t(4)t(−1) + t(1)t(−3) − t(−2)t(1)t(−1) +

1

3
t(3)t(−4)

{t(−3), t(4)} = t2(−2) − t(2) + t(−4)t(1) + t(−1)t(3) − t(2)t(−1)t(1) +
1

3
t(−3)t(4)
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In a like manner one can compute the remaining pairings of this
type.

{t(−3), t(−4)} = −t
2
(−1) + t(1) − t(4)t(2) − t(−2)t(3) + t(1)t(−2)t(2) −

1

3
t(−3)t(−4)

{t(3), t(−4)} = t
2
(2) − t(−2) + t(4)t(−1) + t(1)t(−3) − t(−2)t(1)t(−1) +

1

3
t(3)t(−4)

{t(−3), t(4)} = t2(−2) − t(2) + t(−4)t(1) + t(−1)t(3) − t(2)t(−1)t(1) +
1

3
t(−3)t(4)

Again there is symmetry:

{t(−3), t(−4)} = i{t(3), t(4)} = {it(3), it(4)}

{t(3), t(−4)} = −t{t(3), t(4)} = {tt(3), tt(4)}

{t(−3), t(4)} = −it{t(3), t(4)} = {itt(3), itt(4)}
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In a like manner one can compute the remaining pairings of this
type.

{t(−3), t(−4)} = −t
2
(−1) + t(1) − t(4)t(2) − t(−2)t(3) + t(1)t(−2)t(2) −

1

3
t(−3)t(−4)

{t(3), t(−4)} = t
2
(2) − t(−2) + t(4)t(−1) + t(1)t(−3) − t(−2)t(1)t(−1) +

1

3
t(3)t(−4)

{t(−3), t(4)} = t2(−2) − t(2) + t(−4)t(1) + t(−1)t(3) − t(2)t(−1)t(1) +
1

3
t(−3)t(4)

Again there is symmetry:

{t(−3), t(−4)} = i{t(3), t(4)} = {it(3), it(4)}

{t(3), t(−4)} = −t{t(3), t(4)} = {tt(3), tt(4)}

{t(−3), t(4)} = −it{t(3), t(4)} = {itt(3), itt(4)}

This finishes the bracket computations for the one-holed torus.
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Define the following elements of the group ring of D4:

• Σ1 = 1 + i − i1 − i2

• Σ2 = 1 + i − t − it

and let ai,j = {t(i), t(j)}.
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Define the following elements of the group ring of D4:

• Σ1 = 1 + i − i1 − i2

• Σ2 = 1 + i − t − it

and let ai,j = {t(i), t(j)}.

Note
1

2
Σ1Σ2 = 1 + i − i1 − i2 − t − it + i1t + i2t.
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Then putting our work together proves:

C
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Then putting our work together proves:

Theorem 0.3. The Poisson bivector field for the SL(3,C)-relative
character variety of the one-holed torus is

Σ1

„

a1,2
∂

∂t(1)
∧

∂

∂t(2)

«

+ Σ2

 

a3,4
∂

∂t(3)
∧

∂

∂t(4)

!

+
1

2
Σ1Σ2

„

a1,3
∂

∂t(1)
∧

∂

∂t(3)
+ a1,−3

∂

∂t(1)
∧

∂

∂t(−3)

«

,
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Then putting our work together proves:

Theorem 0.3. The Poisson bivector field for the SL(3,C)-relative
character variety of the one-holed torus is

Σ1

„

a1,2
∂

∂t(1)
∧

∂

∂t(2)

«

+ Σ2

 

a3,4
∂

∂t(3)
∧

∂

∂t(4)

!

+
1

2
Σ1Σ2

„

a1,3
∂

∂t(1)
∧

∂

∂t(3)
+ a1,−3

∂

∂t(1)
∧

∂

∂t(−3)

«

,

where:

• a1,2 = t(3) −
1
3
t(1)t(2)

• a1,3 = 2
3
t(1)t(3) − t(−1)t(2) + t(−4)

• a1,−3 = −t(−2) + 1
3
t(1)t(−3)

• a3,4 = −t2(1) + t(−1) − t(−4)t(−2) − t(2)t(−3) + t(−1)t(2)t(−2) −
1
3
t(3)t(4).
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