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This paper mainly concerns the extension problem for holomorphic motions of subsets of tf
Riemann sphere. In particular, the first result concerns limitations of such extensions and tl
second result explains a case where extensions always exist. Throughout the paper, the concej
a universal holomorphic motion is utilized. Lastly, this notion and the second result are togethe
used to study a holomorphic family of hyperbolic dynamical systems.

Let V' be a connected complex manifold with basepoint andvlée a subset of the Riemann
sphere@. A holomorphic motion ofE’ overV is a mapV x £ — C that is the identity at the
basepoint, an injection at all points ¥, and a holomorphic mapping for all points i) In other
words, V' holomorphically parametrizes injectiois — C, and always includes the identity. In
his 1989 doctoral thesis [“Holomorphic motions and Teiciier space”, Cornell Univ., Ithaca,
NY] G. S. Lieb showed that whe#’ is closed and contain§), 1,0}, there always exists a
contractible complex Banach manifold, referred to in this paper as the Teilgspace off
and denoted by'(F), that is the parameter space for a holomorphic mofign7'(F) x £ —

C. It was subsequently established thaYifis simply connected, then any holomorphic motion
0:VxE— C uniquely factors through ; it is universal [S. Mitra, J. Anal. Matt81 (2000),
1-33;MR1785276 (20019:3203[()

A holomorphic motionp: V x E — Cis said to be extendable if there exists alséhat properly
containsE, and another holomorphic motiasn V' x E — C that equalsp onV x E. In 1991,

Z. Slodkowski showed that any motion over the open unit disk can be extended to the entil
sphere [Proc. Amer. Math. Sot11(1991), no. 2, 347-353%R1037218 (91f:58078) Later, J.

H. Hubbard showed that this theorem does not generalize to higher-dimensional parameter spa
[Mem. Amer. Math. Soc4 (1976), no. 166, ix+137 ppNMR0430321 (55 #3328)

Theorem 1 in this paper offers a new proof that Slodkowski’s theorem cannot be so generalize
In particular it is shown that if¢ is finite, containg0, 1, oo}, and at least two other distinct points,
then the holomorphic motion df, ¥z, cannot be extended to the entire Riemann sphere.

The second theorem of this paper proves that over any complex Banach manioliblo-
morphic motiony: V' x E — C can always be extended to the closurefobflt was known that
this was true if the parameter space was the open disk [RéMa Sad and D. P. Sullivan, Ann.
Sci. Ecole Norm. Sup. (416 (1983), no. 2, 193-21MR0732343 (85):58089)and this theorem
generalizes this fact to any complex Banach manifold.

In addition to the universality o¥ 5, to prove these theorems, the authors use the fact i(tay
IS equivalent to the classical Teiclifter space ofC \. E when E is finite. Hence, Teichiiler
theory is employed.

The third and last theorem concerns holomorphic families of hyperbolic dynamical system:
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Given such a system, it is shown that the Julia sets associated to each member of the farnr
are guasiconformally equivalent and deform holomorphically across the parameter space. St
a family is a holomorphic mapping x £ — C whereV is a based simply connected complex
Banach manifold andv is a simply connected domain. Additionally, it is required that fixing
anyx € V yields a proper holomorphic mapping. Iterating such mappings gives dynamics. If al
periodic points are either attracting or repelling then the family is called hyperbolic. The Juli
set is the closure of the repelling periodic points. So most of the work in proving this theoren
IS in constructing a holomorphic motion of the periodic repelling points dvérom the given
holomorphic family of hyperbolic dynamical systems. Once this is done the paper’s Theorem
and a consequence of the universal property gfare used to finish the proof.

Reviewed bySean Lawton
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