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This paper mainly concerns the extension problem for holomorphic motions of subsets of the
Riemann sphere. In particular, the first result concerns limitations of such extensions and the
second result explains a case where extensions always exist. Throughout the paper, the concept of
a universal holomorphic motion is utilized. Lastly, this notion and the second result are together
used to study a holomorphic family of hyperbolic dynamical systems.

Let V be a connected complex manifold with basepoint and letE be a subset of the Riemann
sphereĈ. A holomorphic motion ofE over V is a mapV ×E → Ĉ that is the identity at the
basepoint, an injection at all points inV , and a holomorphic mapping for all points inE. In other
words,V holomorphically parametrizes injectionsE → Ĉ, and always includes the identity. In
his 1989 doctoral thesis [“Holomorphic motions and Teichmüller space”, Cornell Univ., Ithaca,
NY] G. S. Lieb showed that whenE is closed and contains{0, 1,∞}, there always exists a
contractible complex Banach manifold, referred to in this paper as the Teichmüller space ofE
and denoted byT (E), that is the parameter space for a holomorphic motionΨE:T (E)×E →
Ĉ. It was subsequently established that ifV is simply connected, then any holomorphic motion
ϕ:V ×E → Ĉ uniquely factors throughΨE; it is universal [S. Mitra, J. Anal. Math.81 (2000),
1–33;MR1785276 (2001g:32037)].

A holomorphic motionϕ:V ×E → Ĉ is said to be extendable if there exists a setÊ that properly
containsE, and another holomorphic motion̂ϕ:V × Ê → Ĉ that equalsϕ on V ×E. In 1991,
Z. Slodkowski showed that any motion over the open unit disk can be extended to the entire
sphere [Proc. Amer. Math. Soc.111 (1991), no. 2, 347–355;MR1037218 (91f:58078)]. Later, J.
H. Hubbard showed that this theorem does not generalize to higher-dimensional parameter spaces
[Mem. Amer. Math. Soc.4 (1976), no. 166, ix+137 pp.;MR0430321 (55 #3326)].

Theorem 1 in this paper offers a new proof that Slodkowski’s theorem cannot be so generalized.
In particular it is shown that ifE is finite, contains{0, 1,∞}, and at least two other distinct points,
then the holomorphic motion ofE, ΨE, cannot be extended to the entire Riemann sphere.

The second theorem of this paper proves that over any complex Banach manifoldV a holo-
morphic motionϕ:V ×E → Ĉ can always be extended to the closure ofE. It was known that
this was true if the parameter space was the open disk [R. Mañé, P. Sad and D. P. Sullivan, Ann.
Sci.École Norm. Sup. (4)16 (1983), no. 2, 193–217;MR0732343 (85j:58089)], and this theorem
generalizes this fact to any complex Banach manifold.

In addition to the universality ofΨE, to prove these theorems, the authors use the fact thatT (E)
is equivalent to the classical Teichmüller space of̂C r E whenE is finite. Hence, Teichm̈uller
theory is employed.

The third and last theorem concerns holomorphic families of hyperbolic dynamical systems.
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Given such a system, it is shown that the Julia sets associated to each member of the family
are quasiconformally equivalent and deform holomorphically across the parameter space. Such
a family is a holomorphic mappingV ×E → Ĉ whereV is a based simply connected complex
Banach manifold andE is a simply connected domain. Additionally, it is required that fixing
anyx ∈ V yields a proper holomorphic mapping. Iterating such mappings gives dynamics. If all
periodic points are either attracting or repelling then the family is called hyperbolic. The Julia
set is the closure of the repelling periodic points. So most of the work in proving this theorem
is in constructing a holomorphic motion of the periodic repelling points overV from the given
holomorphic family of hyperbolic dynamical systems. Once this is done the paper’s Theorem 2
and a consequence of the universal property ofΨE are used to finish the proof.

Reviewed bySean Lawton
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