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Given a schemeX and an algebraic grou@ acting onX, when isX/G a scheme (or even
defined)? Mumford’s Geometric Invariant Theory (GIT) is remarkably successful at answering
this question for affine, projective, and even general quasi-projective scheme&ugaductive

[see D. B. Mumford, J. Fogarty and F. C. Kirwa@eometric invariant theoryThird edition,
Springer, Berlin, 1994MR1304906 (95m:14012)However, there are occasions for which one
would like a quotient scheme whe# is not reductive. In this casé’ may be assumed to be
unipotent. In the paper under review, both well written and containing many illustrative examples
the authors make significant advances towards generalizing GIT to non-reductive linear grot
actions on projective varieties.

When( is reductive andX is affine, the ring of invariants[ X ¢ is finitely generatedi(is an
algebraically closed field of characteristic 0). Moreover, these invariants separate disjoint clost
invariant sets. Consequently, there is an affine quofigfity = Spec(k[X]%) and whenX is not
affine (and there is a linearization of the actior@fa quotient exists by patching together suitable
open affine pieces. One of the important points of this paper is to illustrate how these properti
fail for non-reductive groups and to discuss ways to work around this problem by approximatin
the good behavior from the reductive theory.

Let X be a projective variety with an ample line bundle, on which an affine algebraic dfoup
acts linearly; then the inclusiob[ X" — k[X] always gives a rational “quotient” mapping of
schemeg: X --» Spec(k[X]#). The mapping; is undefined exactly where all invariants vanish
(the unstable points). In the reductive theory, the points whasedefined are the semistable
points and if the orbits are full-dimensional and closed the points are called stable. To obtain
guotient whenH is not reductive, the basic idea is either to take large enough finitely generate:
approximations t&[X]* or to extend the action a to a reductive action and use the established
theory. Both approaches are successful to some extent and are related to one another as is disct
as the paper develops.

With this in mind, the notions of stability and semistability for non-reductive groups are defined
x € X is naively semistable if(z) is well defined and is almost stable if further the dimension
of a fiber in the image of is equal to the dimension df and has trivial stabilizer. On the other
hand, in reductive GIT the stable set is the union of principal affine opgn&here the action
is closed and orbits have maximal dimension. In this case, the geometric quotient (a quotie
that is an honest orbit space) is given by piecing together the affine varﬁiiﬁk[Xf]G).

The notion of naively stable for unipotent actions is then defined to be the set of points (witl
respect to a linearization) that have invariant sectjpee k[ X ;] is finitely generated and ; —
Spec(k[X]T) is a geometric quotient; assuming omlyX ;] is finitely generated gives the set

of finitely generated semistable points.
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Using this notion the authors define the enveloping quoti&itH to be the union of
Spec(k[X ¢]*) with respect to the sections defining the finitely generated semistable points. Whe
the entire coordinate ring is finitely generated then the enveloping quoti®ntj$k[X]") and
SO is a projective variety.

Other notions of semistable and stable points are then defined as well: locally trivial stabl
Mumford stable, Mumford semistable, completely stable, and completely semistable.

The next character to introduce in this story is the induced reductive action from a given unipote
one. Given a unipotent grould choose a reductive group with H as a closed subgroup. Let
G x g X denote the quotient aff x X by the following H action:h - (g, z) — (gh™!, ha). If
the action ofH extends toG thenG xg X ~ (G/H) x X whereG/H is quasi-affine. Under
general conditionss[G x g X]¢ ~ k[X]". Therefore, one would like to chooseGaequivariant
projective completion off x 7 X and use the reductive theory here, but this alone will not work
well in general because of issues with extending invariants to the boundary of such a completic
Consequently, the authors define the notion of a reductive envelope which loosely is a projecti
completionG x i X together with a&-linearization that restricts to thié-linearization onX that
additionally has the property that sufficiently many separatinmvariant sectiong extend over
the boundary td@--invariant sectiond” of G x y X with (G x gy X)r affine. Further refinements
of the notion of a reductive envelope are also introduced: ample reductive envelope, fine reducti
envelope, and strong reductive envelope.

In these terms we come to our first theoremXlfis a normal projective variety with a linear
action of a connected unipotent groéfy then with respect to any fine reductive envelope, the
completely stable points are contained in the locally trivial stable points which are equal to th
Mumford stable points which equal the Mumford semistable points which are contained in th
naively stable points which are all almost stable points and are in turn contained in the finitel
generated semistable points which are all completely semistable and naively semistable; the la
two sets being equal. All stable points admit quasi-projective geometric quotients, the finitel
generated semistable points give an enveloped quotient and its image, the enveloping quotient
an open subvariety af xy X //G.

This theorem relates all previously defined notions of stability and tells when there are quotien
and how they relate.

The authors defin&** to be the set of finitely generated semistable points &fido be the
Mumford stable points. The general picture is that there exists an enveloped qyoient—
X//H C Proj(k[X]") that admits a geometric quotient by restricting Xd, the enveloping
quotientX //H is in general quasi-projective but equ@lsoj(k[X]¥) when the invariant ring is
finitely generated, and the imagecis in general dense and constructible but not categorical.

The second theorem of this paper shows that when the projective completion of the associal
reductiveGG-varietyG x i X is normal and has a fine strong reductive envelope then the completely
stable points are the Mumford stable points and the finitely generated semistable points are 1
naively semistable points. In particular, in this case all notions of semistability are equivalen
The authors then go on to discuss when strong envelopes exist, introducing the notion of a ger
completion.

The third and final main result gives a geometric criterion for a nonsingular projective variety



to have its ring of invariants finitely generated. Loosely statéd,|” is finitely generated if and
only if there exists a linearization so the codimension 1 components of the boundasypX C
G x g X are unstable.

To conclude this seminal work the authors compute the intersection cohomology of an examg:
of an enveloping quotient arising from a non-reductive action; namely, the moduliwbrdered
points onP! for n = 3 andn = 4.
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