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This paper mainly concerns a “symmetry” condition in smooth PI algebras, and examples satisfy-
ing it. Quoting from the abstract: “One possible definition for a Calabi-Yau algebra is a symmetric
smooth PI algebra.” A PI algebra is an algebra that satisfies a nontrivial polynomial identity. A
ring R is called smooth if it has finite global dimension and the projective dimension of all sim-
ple R-modules is constant along each clique.R is symmetric over a central subdomainC if R
is a finiteC-module andHomC(R,C) ≈ R. The author determines some necessary and suffi-
cient properties for a smooth PI ring to be (locally) Calabi-Yau. For instance, in one direction, it
is shown that ifR is prime, smooth, locally Calabi-Yau, and has invertible PI degree, then its cen-
terZ(R) is Gorenstein. A more general version is likewise established, and also a converse when
additional conditions are assumed. Using these results, the author shows that many examples are
locally Calabi-Yau. For instance, all quantum enveloping algebras of complex semi-simple Lie
algebras (in the root of unity case) are examples. Also, a more limited theorem (when the PI de-
gree is not assumed to be invertible) shows that the enveloping algebra ofsl(n) in characteristic
p (for (n, p) = 1) is a Calabi-Yau algebra. Other examples are also considered. A very interesting
corollary is that the mixed trace ring ofm genericn×n matrices over a field of characteristic 0
has finite injective dimension. This is contrasted with the fact that the global dimension is only fi-
nite in the cases(m,n) = (1, n), (m, 1), (2, 2), (2, 3), and(3, 2) [see M. Van den Bergh, J. Amer.
Math. Soc.2 (1989), no. 4, 775–799;MR1001850 (90j:14065)].
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Math., vol. 389, Springer-Verlag, 1974.MR0417149 (54 #5209)
19. Iyama-Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras,

arXiv: math.RT/0605136v1.
20. L. Le Bruyn, Trace rings of generic matrices are unique facrorisation domains, Glasgow Math.

J. 28 (1) (1986) 11–13.MR0826620 (87e:16045)
21. H. Matsumura, Commutative Ring Theory, Cambridge University Press, 1986.MR0879273

(88h:13001)
22. M. Orzech, C. Small, The Brauer Group of Commutative Rings, Marcel Dekker, 1975.

MR0457422 (56 #15627)
23. A. Premet, R. Tange, Zassenhaus varieties of general linear Lie algebras, J. Algebra 294 (2005)

177–195.MR2179721 (2006i:17016)
24. L.H. Rowen, Polynomial Identities in Ring Theory, Academic Press, New York, 1980.

MR0576061 (82a:16021)
25. J.P. Serre, Local Fields, Grad. Texts in Math., vol. 67, Springer-Verlag, 1979.MR0554237

(82e:12016)
26. S.P. Smith, J. Tate, The center of the 3-dimensional and 4-dimensional Sklyanin algebras,

K-Theory 8 (1994) 19–63.MR1273835 (95i:16031)
27. J.T. Stafford, J.J. Zhang, Homological properties of (graded) Noetherian PI rings, J. Algebra

/mathscinet/pdf/1482982.pdf?pg1=MR&amp;s1=99c:16036&amp;loc=fromreflist
/mathscinet/pdf/719665.pdf?pg1=MR&amp;s1=85e:16046&amp;loc=fromreflist
/mathscinet/pdf/941890.pdf?pg1=MR&amp;s1=89g:16007&amp;loc=fromreflist
/mathscinet/pdf/1251956.pdf?pg1=MR&amp;s1=95h:13020&amp;loc=fromreflist
/mathscinet/pdf/1251956.pdf?pg1=MR&amp;s1=95h:13020&amp;loc=fromreflist
/mathscinet/pdf/634623.pdf?pg1=MR&amp;s1=83c:16003&amp;loc=fromreflist
/mathscinet/pdf/634623.pdf?pg1=MR&amp;s1=83c:16003&amp;loc=fromreflist
/mathscinet/pdf/1288995.pdf?pg1=MR&amp;s1=95j:17012&amp;loc=fromreflist
/mathscinet/pdf/280479.pdf?pg1=MR&amp;s1=43:6199&amp;loc=fromreflist
/mathscinet/pdf/1881922.pdf?pg1=MR&amp;s1=2003b:16021&amp;loc=fromreflist
/mathscinet/pdf/1881922.pdf?pg1=MR&amp;s1=2003b:16021&amp;loc=fromreflist
/mathscinet/pdf/1438306.pdf?pg1=MR&amp;s1=97j:18001&amp;loc=fromreflist
/mathscinet/pdf/254021.pdf?pg1=MR&amp;s1=40:7234&amp;loc=fromreflist
/mathscinet/pdf/269449.pdf?pg1=MR&amp;s1=42:4345&amp;loc=fromreflist
/mathscinet/pdf/417149.pdf?pg1=MR&amp;s1=54:5209&amp;loc=fromreflist
/mathscinet/pdf/826620.pdf?pg1=MR&amp;s1=87e:16045&amp;loc=fromreflist
/mathscinet/pdf/879273.pdf?pg1=MR&amp;s1=88h:13001&amp;loc=fromreflist
/mathscinet/pdf/879273.pdf?pg1=MR&amp;s1=88h:13001&amp;loc=fromreflist
/mathscinet/pdf/457422.pdf?pg1=MR&amp;s1=56:15627&amp;loc=fromreflist
/mathscinet/pdf/2179721.pdf?pg1=MR&amp;s1=2006i:17016&amp;loc=fromreflist
/mathscinet/pdf/576061.pdf?pg1=MR&amp;s1=82a:16021&amp;loc=fromreflist
/mathscinet/pdf/554237.pdf?pg1=MR&amp;s1=82e:12016&amp;loc=fromreflist
/mathscinet/pdf/554237.pdf?pg1=MR&amp;s1=82e:12016&amp;loc=fromreflist
/mathscinet/pdf/1273835.pdf?pg1=MR&amp;s1=95i:16031&amp;loc=fromreflist


168 (1994) 888–1026.MR1293638 (95h:16030)
28. R. Tange, The Center of quantumsln at a root of unity, J. Algebra 301 (2006) 425–445.

MR2230340 (2007a:17026)
29. M. Van den Bergh, Three-dimensional flops and non-commutative rings, Duke Math. J. 122

(2004) 423–455.MR2057015 (2005e:14023)
30. M. Van den Bergh, Trace rings of generic matrices are Cohen-Macaulay, J. Amer. Math. Soc.

2 (4) (1989) 775–799.MR1001850 (90j:14065)
31. M. Van den Bergh, Non commutative crepant resolutions, in: The Legacy of Niels Henrik Abel,

Springer-Verlag, 2004, pp. 749–770.MR2077594 (2005e:14002)
32. Y. Yoshino, Cohen-Macaulay Modules over Cohen-Macaulay Rings, London Math. Soc. Lec-

ture Note Ser., vol. 146, Cambridge University Press, 1990.MR1079937 (92b:13016)
33. Y. Zhong, Injective homogeneity and Auslander-Gorenstein property, Glasgow Math. J. 37

(1995) 191–204.MR1333738
Note: This list reflects references listed in the original paper as accurately as possible with no

attempt to correct errors.

c© Copyright American Mathematical Society 2008

/mathscinet/pdf/1293638.pdf?pg1=MR&amp;s1=95h:16030&amp;loc=fromreflist
/mathscinet/pdf/2230340.pdf?pg1=MR&amp;s1=2007a:17026&amp;loc=fromreflist
/mathscinet/pdf/2057015.pdf?pg1=MR&amp;s1=2005e:14023&amp;loc=fromreflist
/mathscinet/pdf/1001850.pdf?pg1=MR&amp;s1=90j:14065&amp;loc=fromreflist
/mathscinet/pdf/2077594.pdf?pg1=MR&amp;s1=2005e:14002&amp;loc=fromreflist
/mathscinet/pdf/1079937.pdf?pg1=MR&amp;s1=92b:13016&amp;loc=fromreflist
/mathscinet/pdf/1333738.pdf?pg1=MR&amp;s1=1333738&amp;loc=fromreflist

