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Estimated transversality and rational maps

Abstract

In his work on symplectic Lefschetz pencils, Donaldson introduced the
notion of estimated transversality for a sequence of sections of a bundle. To-
gether with asymptotic holomorphicity, it is the key ingredient allowing the
construction of symplectic submanifolds. Despite its importance in the area,
estimated transversality has remained a mysterious property. One of the aims
of this thesis is to shed some light into this notion by studying it in the simplest
possible case namely that of S?. We state some new results about high degree
rational maps on the 2-sphere that can be seen as consequences of Donaldson’s
existence theorem for pencils, and explain how one might go about answering
a question of Donaldson: what is the best estimate for transversality that can
be obtained? We also show how the methods applied to S? can be further

generalized.
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Chapter 1

Introduction

The notion of linear system is one of importance in complex geometry. For
example, it is often using a linear system that one is able to realize a complex
manifold (when it satisfies certain constrains) as a submanifold of CPY. This
is the content of Kodaira’s embedding theorem. More trivially, a generic linear
system of dimension 0 (whose existence is easy to establish) gives rise to a di-
visor i.e. a complex submanifold. Moving one step up, a generic 1 dimensional
linear system gives rise to a Lefschetz pencil i.e., a map defined on X minus a
codimension 1 subvariety to CP" with the simplest possible singularities in the
fiber. It is well know that, every symplectic manifold has an almost-complex
structure, which is the same as saying that the symplectic category generalizes
the Kahler category. The natural question is then: is it possible to generalize
the notion of linear system to this new setting and use it to study symplectic
manifolds, as it was used to study complex manifolds? Even in the simplest
case of linear systems of dimension 1 this poses problems. The most important

difficulty with which one is faced is the non-existence of holomorphic sections
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of complex bundles over symplectic manifolds (except in the integrable case,
where the manifold is actually complex). In his paper [Dol], Donaldson, re-
solved this issue by substituting the holomorphic condition by what is called
asymptotic holomorphicty. One looks for sections of an increasing power of a
line bundle, which have an increasingly small 9. In the holomorphic setting, a
non-singular complex submanifold is obtained as the zero set of a transverse
holomorphic section. The holomorphicity condition becomes asymptotic holo-
morphicty, how about the transverse condition? Even though this condition
could easily be translated into the symplectic picture, it is no longer enough.
It needs to become ”estimated transversality”, that is, transverse with a good
estimate independent of the (increasing) degree of the bundle. Using this no-
tion in a very key manner, Donaldson establishes the existence of sections of
bundles whose zero set is symplectic, therefore proving an important existence
theorem for symplectic submanifolds. In [Do3], he goes one step further and
proves the existence of the analogue of pencils. These symplectic Lefschetz
pencils completely characterize symplectic manifolds. Very roughly, a man-
ifold is symplectic exactly when it can be seen (after blow up) as a bundle
over CP! with symplectic fibers, some of which have simple singularities. Sur-
prisingly, the techniques used to prove this, and in particular the notion of
estimated transversality, can be used to prove new theorems in the complex
setting. Even for S2, one can prove new and unexpected results as the one

that follows:
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Proposition 1 There is 0 < n < 1, such that, for each k large enough, there
exists a pair of homogeneous polynomials, (px, qx), of degree k, in two complex
variables, defining a function from C* to C2?, that takes S* C C? into an

annulus of outer radius 1 and inner radius /7.

This proposition is a consequence of a more general result for complex Kahler
manifolds that comes from applying Donaldson’s techniques to the complex
setting (using the techniques appearing in [Dol] for the Kéhler setting; this is
an exercise which we carry out for the sake of completeness). The special case
of S? is treated in more detail in section 4. To get a feeling for how strong the
above result is, let us try to take pi(z, w) = z* and qx(z, w) = w®. Then, the
image of S by each of the maps (pg, qx) is contained in an annulus of outer
radius 1 but whose inner radius is 1/v/25-1.

In fact, a sequence of pairs of homogeneous polynomials satisfying Propo-

sition 1 is very special. We prove:

Theorem 1 Let (py, qr) be a sequence of pairs of homogeneous polynomials
as above. The map py/qx, thought of as a degree k map of CP' to itself, has
asymptotically uniformly distributed fibers, in the sense that, if x¥% denote the
points in one fiber for i = 1,---k, counted with multiplicity, and f is a C?

function on S?, then

ClIAS o
S — % (1.1)

| =

k
Z 1
k —_— —
i=1 f(%) ’52| /S2f

and, i particular, tends to zero.
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A similar result holds for the branch points of px/qx. The problem of distribut-
ing points on S? is an old and important problem with many applications. It
has been addressed by several branches of mathematics, for example in po-
tential theory (see [RSZ]) and in arithmetic number theory (see [BSS]). This
result is sharper than results found through potential theory or arithmetic
number theory methods (although in this last case the bound for the expres-
sion in inequality (1.1) is for functions f in L? and not simply in C?). Indeed
the bound (1.1) is optimal in the sense that we cannot expect to get a better
asymptotic bound in k for C? functions using second derivatives. The state-
ment of the above Proposition 1, has nothing to do with symplectic geometry,
it is simply a statement about rational maps. We try to look at it without
using the techniques of [Do3| and give an explicit construction of polynomials
which are experimentally seen to satisfy the required property. This involves
the choice of two sets of k points, the zeroes of p;, and ¢, on S%. We will choose
two sets of asymptotically uniformly distributed points which are a slight mod-
ification of the so called generalized spiral points. Generalized spiral points
come from trying to solve a problem in potential theory, that of distributing a
big number of charges on the 2 sphere subject to a logarithmic potential. They
are described in [RSZ] as a good approximation of the actual solution to this
problem. Even though the problem itself remains unsolved, some things are
known about the optimal distribution. We will discuss the relations between

this problem and our own. Omne of the upshots of this explicit construction



CHAPTER 1. INTRODUCTION )

is that it allows to experimentally determine a lower bound for the constant
7 appearing above thus answering part of a question asked by Donaldson in
[Dol]: What is the best estimate one can give on the transversality of an
asymptotically holomorphic sequence of sections of bundles? As for an upper
bound, we have also established a method to calculate one, for each symplectic

manifold. We prove the following in chapter 7:

Theorem 2 Let X be a symplectic manifold of dimension 2n with symplec-
tic form w such that [w/2x] lies in H*(X,Z), and a compatible almost com-
plex structure. Let L — X be a Hermitian line bundle whose Chern class is
lw/27]. There exits ny < 1 such that, if we have n asymptotically holomorphic
sequences of sections sg, - -+ , s, of L* satisfying n < ||so||? + -+ + ||sa]]? < 1,

then n < ng.

Although the method can be made totally explicit, thus yielding a numerical
value for 7, this value is probably not at all optimal, as one can see in the
case of S%, (for which it was calculated in section 4.2) by comparing with the
experimental lower bound obtained in 6.2 .

A brief outline of this thesis is the following: In chapter 2, we give a review
of the results in [Dol] and [Do3] as well as a proof that, in the complex setting,
symplectic Lefschetz pencils can be taken to be holomorphic. In chapter 3, we
explain how these results imply Proposition 1 and we also calculate an explicit

upper bound for n appearing in the proposition, this bound turns out to be
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of the order =101

Chapter 4 deals with some properties of rational maps
arising as quotients of polynomials as in Proposition 1. Namely, the property
of having uniformly distributed fibers and uniformly distributed branch points
(which is proved) and the property of minimizing a certain functional related
to the dilation factor of the map (which is conjectured). Chapter 5 gives a
construction of a sequence of polynomials which are experimentally know to
satisfy the condition in Proposition 1, as well as some steps towards the proof
of the fact that they, indeed, satisfy this property. We also describe some
relations between estimated transversality and a famous problem in potential
theory. Chapter 6 generalizes the method described in chapter 3 to find an

upper bound for 7 in the general case, thus proving Theorem 2. We finish with

some conjectures in Chapter 7.



Chapter 2

Existence results for Lefschtez
Pencils

2.1 Complex Lefschetz pencils

Let X be a complex manifold of dimension n. Let L — X be a holomorphic

line bundle.

Definition 1 A divisor on X is the zero set of a section in HY(X, L).

Next, we define linear system:

Definition 2 A [linear system on X is a set of divisors corresponding to a

subspace of H*(X, L) for some complex line bundle L — X.

The base locus of a linear system is the intersection of all the divisors in it. The
dimension of a linear system is the dimension of the subspace it corresponds to
minus 1. A linear system of dimension N defines a map a map to CPY away
from its base locus. In fact, if one locally chooses a basis for the subspace

of H%(X, L) corresponding to the linear system by trivializing the bundle L,
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denoting the basis sg, - - - sx, this map is given by [s1 : -+« : sy].

Definition 3 A pencil is a linear system corresponding to a subspace of di-

mension 2 of H*(X, L) for some complex line bundle L — X.

A Lefschetz pencil is the simplest type of pencil there can be. Namely, its
fibers have only double points and no other type of singularities away from
the base locus. A Lefschetz pencil is also the most generic type of pencil. Any
pencil gives rise to a map from X minus a codimension 1 subvariety (its base
locus) to CP', that is, a meromorphic function. We often confuse the pencil
with the map that it gives rise to since they contain the same information. A
possible characterization of a Lefschetz pencil is the following: A holomorphic

map F : X --» CP' is a Lefschetz pencil if, at each point p, either

e F'is a submersion at p,

e F'is not defined at p and there are complex coordinates zi,- - - z,, cen-

tered at p, with F' = 21 /29,

e [ is defined at p but it is not a submersion there and there are complex

coordinates z1, - - - z,, centered at p, with F' = 2z + -+ 4 22.

There is an important existence theorem for nice linear systems:

Theorem 3 (Kodaira’s Embedding) Let X be a complex manifold and as-
sume that it has a line bundle L and a connection on L whose curvature s

a positive 2-form w (i.e. w(v,Jv) > 0 for all non zero v). Then, for k big
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enough, the map defined by the linear system H°(X, L) is an embedding of X

into CPY, for some N.

Complex manifolds with 2-forms satisfying the above condition have a special

name and play an important role in complex geometry

Definition 4 A complex manifold, X, is said to be Kdhler if it carries a 2-

form w such that:

e w is compatible with the complex structure on X i.e. w(.,J.) defines a

metric on X,
e w is closed.

From Kodaira’s embedding theorem, it follows that every Kahler manifold with
integer cohomology class has complex submanifolds which are also Kahler and
even Lefschetz pencils. This is simply because, if X is Kahler and w is its
symplectic form satisfying [w/27] € H?(X,Z), then, there is a line bundle
L whose first Chern class is [w/2x]. This line bundle carries a connection
whose curvature is 1w. We can apply Kodaira’s embedding theorem above
to conclude that, for k big enough, the map defined by the linear system
H°(X,LF) is an embedding. A general element of that linear system will
give rise to a submanifold, Poincaré dual to w/2m. A generic 2 dimensional

subspace of H°(X, L*) will give rise to a Lefschetz pencil.
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2.2 Symplectic Lefschetz pencils
The notion of Kahler manifold has been generalized to the following notion:

Definition 5 A manifold, X, is said to be symplectic if it carries a 2-form,

w, such that:
e w is non-degenerate, i.e., w(v,w) =0 for all w implies v =0,
e w is closed.

A Kéhler manifold is an example of a symplectic manifold.

A almost complex structure on X is a map J : T X — T X whose square is
minus the identity. An almost complex structure, J, is said to be compatible
with the symplectic structure, if w(.,J.) defines a metric on X. The almost
complex structure, J, is said to be integrable, if there is a structure of complex
manifold on X such that the complexification of .J corresponds to multiplica-
tion by 7 in complex coordinates. Said in another way, a if X admits a complex

chart such that, in coordinates z1, - - - 2z,,, the complexification of J is given by

o 0
Ja—Zl—Za—zl

Every symplectic manifold admits almost-complex structures compatible with
the symplectic form, but, not all symplectic manifolds admit integrable almost
complex structures. Not all symplectic manifolds are Kahler.

Next, we give the definition of submanifold in the symplectic context:
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Definition 6 Given a symplectic manifold, X, with symplectic form w, a sym-

plectic submanifold of X is a submanifold Y, such that wyy is non-degenerate.

Clearly wyy is closed therefore a symplectic submanifold is itself symplectic.
A first natural question to ask about symplectic manifolds would be: does
every symplectic manifold have symplectic submanifolds? There have, so far,

been two approaches to this question

1. The oldest one, by Gromov, is, given an almost-complex structure J on
X, to look for 2-dimensional submanifolds which are J invariant. More
precisely, Y a dimension 2 submanifold of X is a J holomorphic curve

if, for ally € Y, J(T,Y) = T,Y. Every holomorphic curve is symplectic.

2. The more recent one, the one we are going to be concerned with here, by
Donaldson, is, assuming that [w/27] is an integral class and that L — X
is a complex line bundle with ¢;(L) = [w/27], to look for sections of
the bundle L* — X with |0s| < |0s| (here @ and O are with respect to
some almost-complex structure). Their zero set will be a codimension 2

symplectic submanifold of X.

When a line bundle over a manifold with an almost-complex structure has a
connection V, one can split the connection into a complex linear part and a

complex anti-linear part. That is V = 9 + 0 with:

_VoJ+iV 5 _Vol-iV

0
2 ’ 2
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In his paper [Dol], Donaldson proves the existence of such sections. Let us

state the main result in that paper:

Theorem 4 (Donaldson, [Dol]) Let X be a manifold with a symplectic
form w, such that [w/2r] € H*(X,Z) and let L — X be a complex Hermitian
line bundle with a connection form, whose curvature is iw. For sufficiently

large k, there is a sequence, sj, of sections of L* such that:

1. |sg| is bounded by 1, |Vsi| < CVE and |VVsi| < Ck where C is inde-

pendent of k,
2. |0sy| is bounded by some constant C, independent of k,

3. there is a constant n, independent of k such that |s| <n = [0sk| >

k.

When k is large enough, C' < nvk along the zero set of s, therefore 0si| <
|0sy| which implies that s, '(0) is a submanifold of X and that it is symplectic.
Condition 3 in Theorem 4 plays an extremely important role in the story. A
sequence satisfying it is said to be 7 transverse to zero (or simply 7 transverse).

In fact, we can generalize this notion further:

Definition 7 Let X be a manifold with a metric, L — X a Hermitian complex
line bundle, E — X a Hermitian complex vector bundle and {7} a sequence

of sections of E ® L*. Let n be a positive number. Then, we say that {T} is
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1 transverse to zero if

7o) < = ([V7]*v, [V7]*v) > n’k|v]?,

for all v section of E ® L.

Note that, if 07 is not surjective, this will not be possible, since for some
v # 0, [01]*v = 0. The above definition is the same as asking that |7x| < 7,
needs to imply that d7; is surjective and has a pointwise right inverse, whose

1/2 Condition 2 in Theorem 4 is referred to as

norm is smaller than n~1k~
asymptotic holomorphicity. We will not reproduce the proof of Theorem 4
because in the next section we will give a proof of a similar result.
Generalizing this result further, Auroux in [Aul], proves Theorem 4 with
L replaced by L ® E, where E is a complex vector bundle of any rank. The-
orem 4 is an existence theorem for the symplectic analogs of linear systems

of dimension 0. What about pencils, i.e., linear systems of dimension 17 The

first thing to do is to generalize the notion to this new setting.

Definition 8 Let X be a manifold with a symplectic form. Then, a map F,
defined on X minus a codimension 4 manifold, is a symplectic Lefschetz pencil

if, for every point p € X, one of the following conditions is satisfied:
e F'is a submersion at p,

e F'is not defined at p, in which case, there are compatible complex coor-

dinates zy,- -+ zn, centered at p, with F' = z1 ]z,
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e F'is defined at p, but it is not a submersion at p, there are compatible

complex coordinates zy,- - z,, centered at p, with F = 2% + -+ 22.

Here, ”compatible complex coordinates” simply means a map, defined locally
around p to C", such that, the pullback of the standard symplectic form on

C" is w at the origin. Donaldson in [Do3], proves the following:

Theorem 5 (Donaldson, [Do3]) Let X be a manifold with a symplectic
form w, such that [w/2r] € H*(X,Z) and let L — X be a complex Hermitian
line bundle with a connection form, whose curvature is iw. For sufficiently

large k, there is a sequence of pairs of sections (g, s1) of L¥ such that:
1. |sol> + |s1)? < 1, |Vss| < CVk and |VVs;| < Ck, i =0,1,
2. |0so| and |0s1| are bounded by a constant independent of k,
3. sg is m transverse to zero, for some 1 independent of k,
4. (S0,51) is n transverse to zero,
5. 0(s1/s0) is n transverse to zero, away from the zero locus of (so, s1).

As explained in [Do3], for large k, after perturbing the sections s; slightly, the
map s1/s¢ will give rise to a Lefschetz pencil. Again, we will prove a theorem

similar to this one in the next subsection.
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2.3 Estimated transversality in the complex
setting

Since any Kahler manifold is also symplectic, one could apply Theorems 4 and
5 to the Kéahler case. At first sight, these theorems seem not to generalize the
existence theorems for complex submanifolds and holomorphic Lefschetz pen-
cils, since they do not produce holomorphic sections of bundles. But Donald-
son, in [Dol], proves that in the Kéhler case, the asymptotically holomorphic
condition in Theorem 4 can be strengthened to holomorphic. The result then

becomes a new theorem for Kihler manifolds:

Theorem 6 (Donaldson, [Dol]) Let X be a Kdhler manifold with integral
cohomology. Let w be the symplectic form on X and let L — X be a complex
Hermatian line bundle with a connection form, whose curvature is iw. For
sufficiently large k, there is a sequence of holomorphic sections of L¥, {sy},

such that:
o |si| is bounded by 1,

e there is a constant 1, independent of k, such that |sg| < n = |0s| >

k.

It is then natural to ask: what does Theorem 5 say for a Kahler manifold?

Theorem 7 Let X be a Kahler manifold with symplectic form w, such that

(w/27] is in H*(X,Z) and a complex Hermitian line bundle L — X with a
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connection form, whose curvature is iw. For sufficiently large k, there is a

sequence of holomorphic sections of L¥, (sq,s1), such that:
1. |sol> + |s1]? < 1, |Vss| < CVk and |VVs;| < Ck, i =0,1,
2. sg is m transverse to zero, for some 1 independent of k,
3. (s0,51) is n transverse to zero,
4. 0(s1/s0) is m transverse to zero, away from the zero locus of (so, $1).

The existence of a sequence of holomorphic 7 transverse sections is proven
in [Dol]. Our proof of Theorem 7 is very similar to the proof of the correspond-
ing statement for sections appearing in [Dol]. For the sake of completeness,
we will still proceed to give the details. We make use of the following lemma

appearing in [Do3]:

Lemma 1 Given a holomorphic map f : B™(11/10) — B"(1) and any small
positive number 0 there is an w € C" with norm smaller than § such that f+w

is m = 0/logf § transverse to zero.

This is the fundamental lemma in the proof of the main theorem in [Do3]. Its
simpler version when n = 1 is the fundamental ingredient in the proof of the
main result in [Dol].

We will also make use of a simpler lemma appearing in [Dol]:



CHAPTER 2. EXISTENCE RESULTS FOR LEFSCHTEZ PENCILS 17

Lemma 2 There are constants a, b and c such that, given any p € X and
any k large, there is a holomorphic section o, of L* satisfying the following

estimates:
o e 0D <oy (q)] < e D, if d(p,q) < kY,
o lo,(q)] < e, if d(p,q) > ek~
The section o, also satisfies:
o 100,(0)] < VEe 0D, if d(p,q) < b,
o |00,(a)] < Vhke™™",if d(p,q) = k%,

proof: We will first construct a section, defined in a neighborhood of radius
k=1/3 of ¢, which is holomorphic and satisfies the first inequality in the lemma.
If X were locally flat around p, then, this would be easy. In fact, we would
be able to choose complex coordinates centered at p, z = {z,}, such that
w = > dzy Ndz, = wg. We could then choose Ay = > z,dz, — Z,dz, to be
the connection form on L. Then, e ® 1, would be a holomorphic section

because:
VO l* — Z de™ 1 4 z,dze ™ = Z(—zadz_a + 20dz,)e P = 0.

It would clearly satisfy the required inequality. The general case follows from
this one by noting that there are always complex coordinates, z = {z,}, cen-

tered at p, such that w = wy + «, where ||a|| < C|z|?. Locally, one can write
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a = 90f for some f. Set B = 0f and A = Ay + B. Then A is a primitive
of w and its (0,1) part is the same as that of Ay, therefore (using A for the
connection on L), the section e " ® 1 is still holomorphic. Its norm is not
e~ though. Instead, it is e~1I”\/u, where u satisfies dIn(u) = B + B. Now,
dB = a and B can be chosen to be 0 at p so, ||B|| < C|z|*. Choosing u to be

L at p, we then have, [In(u)| < C|z|* and in particular

—e[z* < In(u) < ez,

(176/2”2‘2 and

for small e. The norm of e~ # ® 1 is therefore smaller than e~
bigger than e~ +</2I=”  Hence, the sections of L¥, e =" © 19F satisfy the first

inequality in the lemma. The next step is to extend these sections to X. Let

B be a C* bump function that is 1 in [0,1/2[ and is 0 in [1, co[. Set
5 — ﬁ<k2/3|2|2)6—k|z|2 ® 18*.

Then, there exits &, a section of L*, such that s + & = o is holomorphic
and ||¢]|z2(x) < [|0s]|12(x). Simply take £ = —0*GOs, where G is the Green’s
operator. Over the ball of radius £~'/3 /2, because s is holomorphic, ¢ coincides
with it and satisfies the required inequalities. To see that it also does so
outside this ball, we start by noting that, in the ball of radius k=2, the L™
norm of a holomorphic section is bounded by a constant (independent of k)
times its L? norm in a ball of radius Ck~/? for some constant C' greater
than 1 and independent of k. The bundle L* — B(k~'/?) is isomorphic to

L — B(1) trough dilation, so, we need only check the corresponding statement
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for sections of L. Choose a non vanishing, holomorphic section of L, 7 (we
may have to shrink the size of the neighborhood of p to be able to do this but
only by a fixed amount independent of k). Any holomorphic section of L can
be written as f7, for some holomorphic function f. The statement will follow
from the corresponding statement for f. Now take any point with coordinates

z, where |z| < 1. For any r < 1, the Cauchy formula for f says:

21 —wy) e (2 — wy)

where A, is a polydisc of radius r centered at z. So,

o Pl )
£(2) _2/1/2 /A Ly du,
Now,

Zl_w1|21/27 7’Zn_wn|2]-/27

so we obtain

)] < fllerany < Cllfllesey < CNfllse),

where C' is some constant for which /A\; is contained in B(C). Next, we show
that the L? norms of both s and &, on the complement of the ball of radius

1/3 .- .
@k for some positive constant a inde-

k~'/3 /4 and center p, are bounded by e~
pendent of k. This will be enough, because, given a point ¢ on the complement

of the ball of radius k~'/3/2 centered at p,

lo](g) < HUHLOO(B(q,k*l/?)) < HUHLQ(B(q,Clrl/?))a
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since ¢ is holomorphic. In turn,

ol Lap,cr-172)) < Mlsllizm,on-12)) + 1€l 2(m.on-172))-

The ball of radius Ck~'/? centered at ¢ will be contained in the complement

of B(k~'/3/4) (as long as k is big enough) so

_akl/3
||S||L2(B(q70k71/2)) S ||S||L2(Bc(k:*1/3/4) S e ak

and

_1.1/3
el s2mg.on-1r2y < €l La(me-1rapay < €757,

therefore |o](¢) < e=®'* (for a different a, but one which is still independent

of k). The bound on the L? norm of s comes from the pointwise bound that

|s| satisfies in the ball of radius k=1/3

k]2 _ —1/3y2 _akl/3
/ ‘S‘ :/ e k|z| <e ak(k ) e ak )
Be(k-1/3 /1) K1/3 /42| <k-1/3

As for the bound on the L? norm of &, it comes from the inequality
€]l 220x) < 110s]|220x)-
Since e F=* ® 19 is holomorphic then
ds = k>33 0|z|2e HH* @ 19
and |ds| < k'/3e=9H=* | So. for a different a,

— 2 —akl/3
||§||L2(X) S/ k1/36 ak|z| <e .
k=1/3 /4<|2|<k—1/3
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As for the estimates on the derivatives, they come from the same type of
reasoning.

We will also need a refinement of this lemma, namely:

Lemma 3 There are constants a, b and ¢ such that, given any p € X and any

k, there are holomorphic section o of LF, satisfying the following estimates:
o ¢ 0D <oy(q)] < e 0D if d(p,q) < ek,
o lop(@) < e ifd(p,q) > ck™V?,

and such that:

e Jol(p) = dz, ® 1.

The section o) also satisfies:
o [905(q)| < Ve @D if d(p,q) < k713,
e |007(q)] < Vke * if d(p,q) > ck=V3.

proof: Consider the section o, from the previous lemma. Let z = {z,}
be centered coordinates at p and [ the same bump function as before. Set
5% = B(k*3|2|?) 240, on B(k™'/3). Close to p, this section coincides with 2,0,
and since o, satisfies the inequalities in Lemma 2 in that region, s also does.
We have:

9s°(p) = (Bdza + 2ak**B 0|2]*) ® 0,
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because o, is holomorphic. At the origin, ds®(p) = dz, ® 1. Again, we need
to perturb s* to make it holomorphic in all of X. If we apply the process
from the previous lemma, we note that the essential fact there, was, that the
section to be perturbed had small d (and satisfied the inequalities 2 close to

p). To be more precise, the relevant inequality was

= _11/3
HaSaHLQ(Bc(k—l/B/Q) <e ak .

Now,

05%(p) = (Bdzo + 2k 5 0|2") © 0y,

and the form Bdz, + 2,k%350|2|? is bounded independently of k. Since
2| > kY32 = lo,| < e_akl/g,

for some constant a, the result follows.

The next result which is needed is a covering lemma from [Dol]:

Lemma 4 There is a constant C' such that, for any k, there is a collection of

points of X, {p;}, satisfying

Z e kd*(p.pi) <C,
i

such that, the balls of radius k=2 centered at those points cover X. Also,
given any D > 0 the points can be chosen in such a way that, it is possible
to partition them into N ~ D?" sets (we label these with "colors”) with the

following property: if any two points p; and p; belong to the same partition,
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then,

d(pi,p;) > k™ Y2D.

Also,

d(p7pj) < ck'/? - Z e_de(pvpi) < CG_QD2,
pi,c(pi)=7,i#£7

Here we have used the notation ¢(p;) to mean the color of p; and we assume
that we have numbered the colors. The point is that, if you choose such a

covering {p;}, then there is a constant C' independent of k such that

|Zapi| <C.
pi

This is because, given a point p € X,

‘Zapi(pﬂ = Z |0 ()] + Z |, (D).

pid(p,pi)<ck—1/3 pi,d(p,pi)>ck—1/3

The first term in this sum is bounded by

_ 2 .
E e kd (p,pz)’

pi

which is bounded by C'. As for the second term it is bounded by

H{piye ",

Since
Jj{pl} ~ kn/27
this is bounded by C' as well, as long as k is big enough. Also, given p; with

color [,

p € B(pj,ck'?) = | Z Opi | < Ce P,
pisc(pi)=l



CHAPTER 2. EXISTENCE RESULTS FOR LEFSCHTEZ PENCILS 24

This inequality is again a consequence of the fact that,

ST ol S CRP < e,

pi,d(p,pi)>ck—1/3

We have to change a a bit but we still denote it by the same letter. The same

type of inequality holds true for the derivatives of o,, namely

> |oo,| < CeP

pic(pi)=l

We can also substitute o, by o in these inequalities.

We are now in a position to get started with the proof of Theorem 7. The
first step is to get sg, a section of L*, for big k, which is holomorphic and 7
transverse to zero, for some 7, independent of k. The strategy is as follows:
apply Lemma 4 with some D, (to be determined later) to get a collection of

points {p;}. We will look for a section, sy, of the form

Zwiapi, lw;| < 1.
pi

This will be done in N ~ D?" steps, one for each color (where N is the number

coming from Lemma 4 ). We first make the two following two observations,

1. Consider a sequence of section s, of L* which are 7 transverse to zero
for some 7 independent of k. Let & denote another sequence of sections
of L* which satisfy |&;| < CVk and |V&,| < C, for some constant C,
independent of k. Then, s; + & is 7 — C transverse to zero. In fact, if
sk + &| < n— C, then |si| < 5 and, by transversality, |Vsi| > nvk

which in turn implies |V (s; + &)| > (n — C)Vk.
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2. Let f be a function defined on a neighborhood of radius of order k—1/2

of a point p in X. Using charts, interpret f as a function on a ball of
center 0 and radius 11/10k~"/2. Also, let w be a complex number and 7

a positive number satisfying:
|f —wl <ne’ = |0f] = n(1+C)e'k"?,

where b and C' come from Lemma 4. Then, the section fo, —wo, is 7
transversal to zero. This is, again, very simple to check. If | fo, —wo,| <

1 then | f —w| < ne”. Now,
O(fop —woy) = (0f)op + (f — w)0oy.
Since |f — w| < neb, then
(0f)ap] = (1 + C)e"Vke™,

and

|(f = w)da| < Cre'Vie™,

therefore

0(fop, —wop)| = 0l + C)e"Vke ™ —ne"Vke™ = nvk.

Start with any holomorphic section, s, of L*

e In the first step consider, for each of the balls B(p;, k~'/?) in the first

color, the restriction of s to that ball. In the trivialization given by
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op,, S is given by a function, which we can interpret as a function f; on
B(11/10), (by using a chart and dilation). Apply Lemma 1 (in fact a
slight modification of it) to this function and §; = 1/2. One obtains wy,

such that |w;| < ;7 and
|f —wl <ne” = [0f] = n(1 + Ok,

where 7, = 01 /log? ;. Now consider the section s —w;o,,. By the second

observation above, this is 1; transverse to zero over B(p;, k~'/2). Set

1 __
Sp=8— g W;iop,.
c(pi)=1

We will check that s} is p; transverse to zero over the balls of radius
k~1/2 centered at points whose color is, 1 for some number z1. Given Dj

with c(p;) = 1, over B(p;, ck™/?),

1 _
50 =8 — W;0p, + E W;0p,

Pi,c(pi)=1,i7#j

and

§ : WiOp;

is bounded in norm by §;e~*P*C, for some constant C, independent of
k. Also, the derivative of this sum is bounded by vké e *P°C. By
the first observation above, this allows us to conclude that s} is u; =

m — 61e~*P*C' transverse to zero over B(p;, ck™1/?).

e Suppose we are given sections of L¥, s which are y; transverse to zero,

—-1/2

for some p; > 0, over all balls of radius ck™'/*, centered at points of



CHAPTER 2. EXISTENCE RESULTS FOR LEFSCHTEZ PENCILS 27

the covering that have color smaller than . We will construct s§™, 141

1/2

transverse to zero over all balls of radius ck™"/* centered at points of

the covering that have color smaller than [ + 1. Over each of the balls
B(p;, k~Y/2) in the color [ + 1, with respect to the trivialization given by
Op;» S 18 given by a function, which we can interpret as a function f; on
B(11/10) (by using a chart and dilation). We apply Lemma 1 (in fact
a slight modification of it) to this function and §;41 = 41 /2C. We get

wy, such that |w;| < 6; and
|f —w| <ne® = |0f] = n(1+ C)e'VE,

where

Oi41

Ni+1 = —10gp Srr

Now consider the section s} — w;0,,. By a previous observation, this is

1/2

M1 transverse to zero over the ball of radius 7/~ centered at p;. Set

+1 _ E :

pi,c(pi)=l+1

The sum

E : W;iOp,

pi,c(ps)=l+1

is bounded from above by Cd,1 (because all the |w;| are) and, for
the same reason, the derivative of this sum is bounded from above by
Corq Vk. This implies that sé“ is u — C'd41 = /2 transverse to zero,

over the balls centered at points with color < [. If p; is a point with
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color [ + 1, over the ball of center p; and radius ck=/2,

+1 _ ‘ § { .
Sg = Sp — Wiop; + W;i0p, -
pisc(pi)=l+1,i#]

By construction, s} — w;jop, is My 1 transverse to zero and

E , W;iOp,

opi)=1+1,i]

is bounded in norm by §,e~%" *C for some constant C, independent of k.
Also, the derivative of this sum is bounded by vkd;e~*P*C. This allows
us to conclude that sé“ s M1 — 5l+1e_“DQC transverse to zero, over the

—-1/2

ball centered at p; and radius ck™/*, as long as this quantity is positive.

So, over the balls centered at points whose color is smaller than [ + 1,
shtt s
. 1 —aD?
Hiv1 = mm(%, Mt1 — O141€ b C)

. . _ 2
(which is m41 — 041670 C) transverse to zero.

This would allow us to conclude by induction, as long as we knew that, at
all steps

R I o)

We need to prove that we can choose D make
M1 — 5l+1€_aDQC > O, Vi< N ~ D2n.

Lemma 5 Let {6;} be a sequence defined by induction by 6o = 1/2 and

5o 0 e
T 90 0P (1/4) 2
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Then, there is a D such that 65 > 0 where N ~ D*",

First, note that {0;} is decreasing so this lemma is enough for our purposes.
What we want is D, such that,

aD?

logP(1/0n) < -

NND2n
Ca

(C has changed). Consider the sequence given by induction trough A\; = 1/2

and

Al

ACTog"(1/N) (2.1)

A1 =

Suppose we find D such that

G ! N ~ D>
C 210gp(1/)\]\[)7 ’
Then, this will be enough. In fact, then,
Al /\lefaD2
A1 < —
20 TogP (1/N) 2

and so by induction \; < ¢;, in particular \y < oy and oy > 0. If we set

w; = log (1/X;) then, equation (2.1 ) becomes:
w1 = u; + log4C' + plog u.

We want to find D such that 2u}, < e*P* Tt will be enough to find D for

which uy < e*P?/P. Let f be a function such that, for all z > 1,

fx+1)— f(x) > plog f(x) +log4C
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and f(1) > 1/2. Then, f(I) > w, for all integer | and we are done if we find

D > 0, for which f(N) < e*P*/?_ Just take f(z) = (z 4 ¢)2. We have,
Fo+1) = f(z) — plog f(z) = 2+ 2c+1— 2plog (x + o),

which is 3 4+ 2¢ — 2plog (1 + ¢) at 1 (in particular greater than log4C), if ¢ is
big enough). On the other hand equation (2.3) defines an increasing function,
as long as ¢ > p, for x > 1. So, for ¢ big enough, this function does the job.
We move to the next step, namely, building a sequence of pairs of sections
of L¥, with small norm, that are 7 transverse to zero. This can be done by
using a modification of the method used to build sy. The main difference is in
what corresponds to the second observation above, in this setting. Consider a
section of L* @ L* over B(p,rk~"/?), which we represent by a pair of functions
(f,g), with respect to the trivialization o,. Assume we knew that F' = (f, g)

was 7 transverse to some vector in C2, w i.e.
|F —w| <n = ([dF]*(v),[dF]*(v)) > n*k|v|?, Vv.

Without loss of generality, let us assume that w = 0. Suppose we are at a point
where |0, F'| < e7°n, then, if we represent a section of L¥@ L¥ over B(p, rk='/?)
by a pair of functions (u,v), ([Vo,(f, 9)|*(u,v), [Vo,(f, g)]*(u,v)) is the sum

of the following terms:

lop*[[ul*[V 2 + [0 Vgl* + 2R(ut(V £, Vg))],
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which is greater than a constant times n?k|(u,v)|?, and
Vol apP[LfP|ul® + |91 [v]* + 2R(fguv)],
which is smaller than a constant times 7%k|(u, v)|?, and
o *[F{ul*V f +uoVg, [Voy)'oy) + g([v*Vg + utV f, [Voy]0y).

Now this term is smaller than a constant times nk|(u, v)|?, so, it is not good

enough to have the first term greater than nk|(u,v)|?. Instead, we need
|F—w| <n = ([dF]*(v), [dF]*(v)) > nk'?|v[>.

Alternatively, with the first condition we can ensure that Fo,, is /7 transverse,
given that F is n transverse. This is enough, since, then, the argument for
the construction of a single transverse section follows trough, with the only

difference that, we need to consider a sequence defined by

VvV (Sl 5;6"“32
5l+1 = D - .
2C'log(1/4;) 2

In fact p should be p/2, but the argument holds for every p. This is again
decreasing and we can use the same reasoning to show that 5 > 0. Now
that we have constructed sy and s; that satisfy the two first conditions in
the main theorem, we will modify s; so as to have J(so/s1) n transverse to
zero. This is done exactly as in [Do3] with the exception of lemma 3 which
has its asymptotically holomorphic counter-part there. We will reproduce the
argument here, for the sake of completeness. It makes use of the following

lemma in [Do3]:



CHAPTER 2. EXISTENCE RESULTS FOR LEFSCHTEZ PENCILS 32

Lemma 6 Let (sg,s1) be a sequence of pairs of holomorphic sections of L*,

such that, for k big enough,
Lo fsof* +s1]* < 1,
2. sg 18 m transverse to zero,
3. (s0,51) is n transverse to zero.

Then, there is x = x(n) such that
S1
O =20 = lsol 2 x:

This is proven in [Do3| in a more general setting, namely, that of asymptoti-
cally holomorphic sy and s;. There is yet another lemma in [Do3| which comes

into play:

Lemma 7 Let § be a positive number smaller than 1/2. For sequences sy and

s1 as above and small r, there is a m € C", with norm smaller than § such that

D) (81 + O—pﬂf)
S0

is §/1ogP(1/6) transverse to zero, over the ball of center p and radius rk=/2,

where
o a o
Opr = E Ty,
(6%

and o, comes from Lemma 3.
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Now use Lemma 4 to cover X with balls of radius rk~'/2. Discard those balls

that have points where |sg| is smaller than x. Inside these balls,

s
S0
so O(s1/sg) is n transverse. We construct a modification of s;, s in N steps

e In the first step, we modify s; over the balls centered at points colored
with the first color. Let p; be one such point. Apply Lemma 7 to

91 = n/2C to obtain m; such that

o (Sl + Upmm)
S0

is 71 = 61 /log”(1/6,) transverse to zero over the ball of radius &~/ and

center p;. Set

1
81 =81+ E Opr-

pi,c(pi)=1

Over a ball centered at p;, with ¢(p;) = 1,

o (‘i) =9 (Sl - UPMj) +0 (Zc(m)ﬂ,#j UPW%‘) '
S0 So So
Now

> (pi)=1,ij Opi,mi 00, . Op. = 080
a ( c\pi)=1,1F] v — Z pi,mi Z PiTq —_—,
50 c(pi %0

.. S0 .. S0
)=1,i#5 c(pi)=1,i#]

therefore, the norm

) (Zc(m)=17i7ﬁj 0’”’“) ‘ < €51k1/2€faD2
X

S0

and the norm of its derivative is bounded by (C/x)kéie ", so that,

A(s!/s0) is m — (C/x)d1e~*P” transverse to zero, over each of these balls.



CHAPTER 2. EXISTENCE RESULTS FOR LEFSCHTEZ PENCILS 34

e Assume we have s}, such that, 9(s}/sg) is n-transverse to zero, over the
balls centered at points whose color is smaller than [. Set 6,41 = x1;/2C.

Let p; be a point with ¢(p;) = [+ 1. Then, there is 7; such that |m;| <

a Sll + O-Piﬂri
S0

is M1 = 041/logP(1/6,11) transverse to zero, over the ball of radius

and such that

rk~/? and center p;,. Choose
Sll—H = Sll + Z Opi,mi-
pi,c(ps)=l+1
As before, if p; has color [ 4 1, then d(s{™/sq) is ms1 — (C/x)61e~P”

transverse to zero, over the ball of radius rk~1/2

and center p;. If p; has
color < [, on the other hand, d(s\"*/so) is 7, — (C/x)d; = m;/2 transverse

to zero.

We are in the same situation as we were when we were constructing sg. If we
apply Lemma 5 we are done. The only thing that remains to be checked is that
we have not destroyed the two previously achieved transversality properties.
But this is clear because the new s; differs from the old one by a section, whose
norm is smaller that Cd; = /2, so that, the new pair (s, s1) is 77/2 transverse

to zero. Note that this construction could be used to prove the following:

Proposition 2 Let X be a Kahler manifold of dimension n with symplectic

form w such that w/2x] lies in H*(X,Z). Let L — X be a line bundle whose
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Chern class is |w/2rw|. There exits n and n sequences of holomorphic sections

S, , S, of L* satisfying

N < lsol* + -+ lsall* < 1.



Chapter 3

Transversality and uniform
distribution

Donaldson’s construction gives rise to sections, which themselves give rise to
several submanifolds (the fibers of Lefschetz pencils, away from their singular-
ities for example). An important feature of those, is that they are asymptoti-

cally uniformly distributed.

Theorem 8 (Donaldson) Let X be a symplectic manifold with an almost-
complex structure and Ly, — X be complex line bundles with curvature wy,/2m,
such that we can cover X by balls B; = B(pi,rkfl/Q), where L;, have local

trivializations, o;, such that:
e 0 <a<|ol <1, for some « independent of k,
e |Voy| < BVE.

Suppose further that si is a sequence of sections of Ly for which there is a

sequence ay of numbers, bounded away from zero such that:

36



CHAPTER 3. TRANSVERSALITY AND UNIFORM DISTRIBUTION 37

b |Sk| < aag, ‘VS]C| < b\/Ea'k’;
o [9sk| = O(ax) ,
o |sp| <ap = |Vsi| > 2§ak\/E.

Then, 5,21(0) become uniformly distributed, with the following estimate:

1
[ w5 [ anneis VRl
s;,1(0) ™ Jx
for all v, a2n — 2 form on X.

The proof can be found in [Dol]. We will sketch it here for the sake of com-
pleteness. proof: Let A = %. The first thing to note is that, for any

Y e QP (X),

1
/A/\dw——/wk/\lp: .
X 21 Jx s;.1(0)

This is because, if you take U to be a shrinking tubular neighborhood of s; ' (0),

then from Stokes’ theorem

/ ANdyYp — dANY = ANY.
X\U X\U A(X\U)
Now

e dA is the curvature of L divided by 27,

e A has an integrable singularity at any point of U,

e as U shrinks to s;'(0), Joxvoy A A ¥ tends to fsgl(o) V.
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The result follows. We see that to prove the theorem, we need only show that

fX |A] < CV'k. Since we know |Vsi| < bV'kay, it is enough to see that

/ 1 C
— < =,
x |5l ay

Now s = f;0; over B;. Rescaling by a k'/2 factor, we get a function f; defined

on a ball of radius r, B@ which satisfies
/il < ax = |dfi] > Cay.

This is because

|];z| <ap = |s| = |filloi| < ax,

which we know implies |Vsy| > 23/aa,vk. Since

Vs VO'Z‘
de - - fz )
0; oy
then
\df;| > 2éak\/E - éak\/_ = éak@.
o « o
Also,

1 1
— < Ck;—”/?/ .

Next, we use the estimated transversality property of ﬁ In fact,

1 1 1 1 C
~ —_— = _ —_—= + _ —_—= S ~ —_—= + )y
B |fil fil<ar, |fil fil>ar |fil il<ar |l @k

so we need only to find an upper bound for

/ 1
|fil<ax | Z|
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We use the co-area formula

1 fzg[t]fi]_l
— = ——d¢.
/fz|<a | /il /é|<ak €] ‘

Since the Jacobian of f;, Jf;, is bounded from below by |8f|* — [0f|?, it is
greater than C'a}, when | ﬁ| < ag. As can easily be checked, Z¢, the set where
fi is equal to &, has a bound on the volume independent of k. Using these two

facts, we conclude

fzg[‘]fi]il C 1
e ~d
/|£|<ak I3 ¢= az Jiej<ap 1€l 5

which in turn is smaller than a constant over ay.

The equation

k
T 5 k\d Q)
¥ 3 fenols Via

has a simple consequence. If we divide it by k, and take the limit as k£ tends

to oo, namely,

! ! / N
— w )
EN ( )| 80_1(0 2m| X Jx

This means that the sets s;'(0) become uniformly distributed as k tends to
00.

We can apply this theorem to the bundles L* over X, and the sequence
of sections sy, coming from Theorem 5. The sequence aj can be chosen to be
constant equal to . We can also apply the theorem to the sections sy — bs;

when |b] < 1/2. In fact,

14

50— bl < (1= 0 = Isol <
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(because |s1| < n/2), so that,
|00l > nVk

and

|0(so — bs1)| > (1 — @)n\/%.

The sequence so—bs; is actually (1—|b|/2)n transverse. The fibers over an open
set of S? of Donaldson’s symplectic Lefschetz pencil are uniformly distributed,

with an estimate on how uniformly distributed they are.



Chapter 4

The case of S?

4.1 The problem on S?

In [Do3|, Donaldson asks the question: Given a symplectic manifold, what
is the best n for which we can find (sg, s;) € T'(L*) satisfying the conditions
of Theorem 5?7 (We need to normalize the pairs to have L* norm 1 for this
question to make sense.) We will address this question for S? with the Fubini-
Study metric. Now, S? with the Fubini-Study form is Kahler, so we can apply
to it Theorem 7. In fact, the existence of a pair of holomorphic sections of
O(k), satisfying only conditions 1 and 3 in the theorem, seems to already give
an interesting result. This last condition becomes somewhat simpler in the
context of 2-dimensional manifolds, for there can be no surjective maps from
C? to C. Namely, it becomes |so|? + |s1]*> > 1 so that, when |so|* < n/2,
|51]> > n/2. Also, holomorphic sections of O(k) are easy to characterize, they
are simply homogeneous polynomials of degree k in two complex variables. In
this way, we prove Proposition 1. A way to find a lower bound for the best
7 appearing in that proposition is then to explicitly determine a sequence of

41
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pairs of homogeneous polynomials of degree k, (pk, ¢x), such that the number

max(|[px||* +[lgx]1*)
min (| |pg[[? + |lgx[[?)

is bounded independently of k. Where ||px|| stands for the norm of p; as
a section of O(k), i.e., letting [z : w] be the homogeneous coordinates in

S? = CP!,

ot Il w)
|pxl|[z : W] (|Z’2+‘W‘2>k/2'

The inverse of this bound will provide the lower bound we are looking for.
There is a chart on S? minus the south pole, obtained by stereographic pro-
jection trough the south pole. It is centered at the north pole and identifies S?
minus the south pole with C. In homogenous coordinates on S2, it is simply
given by z = z/w. Over S? minus the south pole, O(k) admits a trivializa-
tion, i.e., a global section which we denote by w*. In fact, when we identify
sections of O(k) with homogeneous polynomials of degree k, this section cor-
responds precisely to the polynomial w*. It is actually defined over all of S2,

but vanishes at the south pole. Its norm in the 2z coordinate is simply,

1
(1+ |22

Often, we do not distinguish between a homogeneous polynomial and its rep-
resentation in this trivialization, which is simply a polynomial of degree k, in
one complex variable z.

As a warm up we make the following simple remark
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Proposition 3 If p, and q; are two n transverse homogeneous polynomials of

degree k in two complex variables, then (py,q.) cannot map S® to S3.

proof: We need only show that ||pg||? 4 ||gx||* cannot be identically one.
If one thinks of the polynomials p, and g, as polynomials of one real complex

variable z, then

Ik (2)* + | (2)?
(14 |2]2)F

[1Pxl1* + x| [* =

Letting F be the rational map on S? given by the quotient of p, and g, we

have,
Frw  |plq—pd[P(1 + |2]?)?
w (Ipl* + [ql*)?

)

(we have dropped the k index) which can be written as

Fro  pg—pd? (1+]2))%* ||| ]?

w o (PPl + e (el + gl 1?)*

Here, s denotes the section of O(2k — 2) defined by p'q — qp’ (with respect to

and we use the usual norm in that bundle. In the

the trivialization w?~2)

case where ||pg||? 4 ||gx||* = 1, this expression becomes,

Using the map F, we can also pullback the metric on S? to obtain a conformally

equivalent metric, with singularities at the branch points of F. Letting

11 Frow
uw=—lo
2 & w )’

e?* is the conformal factor of this metric. Note that u has log type singularities

at the branch points of F, so that e** actually has zeroes. Expressing the
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curvature of the pullback metric in terms of this factor and noting that this
curvature is one away from the branch points of F', one concludes that

satisfies the following PDE, away from the branch points of F

Au+e* = 1.

But log||s||* has constant Laplacian, because O(2k — 1) has curvature a
multiple of w. These two facts then imply that, e** is constant and so is
(F*w/w) = ||s||?, this in turn implies that s must be zero when k > 1 (be-
cause the degree of O(2k — 2) is greater than 1 then ), so that F’ is zero as
well, and p is a multiple of ¢. But then, ||p||> + ||¢||*> = 1, implies that the
polynomials have no zeroes, which cannot be true. In the £ = 1 case, we

0

would get that F is area preserving and so must be ¢ /z or €z and one of

the polynomials must be constant.
4.2 An upper bound for 1 on S?

In this section, we show how to find an upper bound for the best 7 for which
there is a sequence of pairs of polynomials, (px, qx), mapping S® into the (7, 1)

annulus in C2.

Proposition 4 If p, and q; are two homogeneous polynomials of degree k in
two complex variables, and if, for k large, (pr,qr) maps S* into the annulus
of outer radius 1 and inner radius 1 (for some eta independent of k) then,

n <mny <1, where ny is going to be made explicit ahead.
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proof: Choose complex coordinates on S2, by using stereographic projection
trough the north pole for example. Consider p; and ¢, as polynomials in the

chosen complex coordinate. We set

Pk
Fk:_7

qk

1 (F]:CUFS>
up = s log | — |,
2 WFs
(note that u has log type singularities) and
fie = log([[pxl* + llae]*)-
We have

Fiwrs _ Pk — Predil* (1 + |2]%)?
Wrs (Ipk]? + lgr]?)?

)
which can be written as

Fiwps  |Phar — peay,]? (1 +]2]%)%*

wrs (L4 [212)%72 (Ipef® + |gx[?)

and therefore

Frops || 5| >

wrs (sl + lgel*)*

where s is a section of O(2k — 2), so that

1
g = 5 log([[sel”) = fi-

Now, we can use the fact that Alog||sy||* = —(2k — 2), away from the zeroes

of sy, to conclude that

Au=—(k—1)— Af,
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(we dropped the k dependence on u). Now, e* is the conformal factor of
the metric defined by Fjfwrs. Note that e** actually has zeroes. Expressing
the curvature of the pullback metric in terms of this factor and noting that
this curvature is one away from the branch points of Fy, one concludes that u

satisfies the following PDE, away from the branch points of Fy,
Au+ e =1,

that is,

F]:(,OFS .

AN/ 1.

WFEs

Putting this together with Au = —(k — 1) — A fy, we conclude

1FI:WFS 1
1ORWES L IA 41
k wps + 700 (4.1)

which holds at all points on S?. Next, we show that the polynomials py, g,
after rescaling, satisfy bounds independent of k, as do all of their derivatives.

We start by recalling that

Ipk?(2) + lae*(2)
n < A+ 2P <1 (4.2)

Now consider the rescaled polynomials

. z

Pr(2) = Pk(ﬁ), Gi(z) = Qk(ﬁ)a

as a consequence of inequality 4.2, these satisfy

k k
’ZQ - 19 ~ 12 ‘2‘2
n 1+_k‘ < pk|” + lge|” < 1+7 ;
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so that, |px| and |G|, when restricted to the disk of center 0 and radius 2¢, Ds,,
admit an upper bound e’ (also valid on the closure of the disc). Now both
polynomials are holomorphic functions on Dy.. The Cauchy formula gives an
upper bound for the norm of their derivatives on D., namely 2¢2¢* . In fact, we
even get an upper bound for the norm of higher order derivatives. If [ denotes

the order of the derivative,

T e’
|pk‘7 |qll<:| S Cl_l )

and

- 2

’pk|7 |pk’ S €2,
This then proves that p; and ¢, have convergent subsequences. Let us call the
limits p and q respectively. These satisfy

2
n < |p|*+g)* < €.

Also, the derivatives of p and ¢ satisfy the same bounds as those of py and gj.
From the inequality 7 < [p|* + |¢|?, not both p and ¢ can vanish at zero. In
fact, either |p(0)| or |¢(0)| is greater than /7/v/2. Let us say that ¢ satisfies

this bound. Then, if ¢ is such that

in D,,

> X
|Q|_2\/§
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This comes from the lower bound on |¢(0)| and the upper bound on |¢’|. From
now on, we assume that c is such that it satisfies this. Let G} be the quotient

of pr. and G, (that is Fy rescaled). On D,, for k big enough,

4\/5602
\/ﬁ )

because for k sufficiently big, since g, converges uniformly to p (after passing

|G| <

to a subsequence),
- U
|Gk = i
44/2
Furthermore, we get a bound on the derivative of G

641/2e3¢
Gy < V2
n

so that, we may conclude that Gy has a convergent subsequence (uniformly on
compact subsets of D..). By bounding the second derivative of G}, we can even
assume that G, is convergent in that same subsequence (uniformly on compact
subsets of D.). Consider now fk, which is simply fi rescaled. These functions
define a sequence which is uniformly bounded (in fact fj varies between log(n)

and 0), as is the sequence of derivatives of all orders. In fact

~ k 2z
_ ~ |2 ~ 12 v jaded
fr = log(|pk]” + |Gx|*) 210g <1+ k)’

and, for example,

O fr e (1 z,?)
Oz (Ipxl* +a?) 2

which is clearly bounded in D.. This proves that fk has a subsequence which

converges, together with its derivatives of higher order, on compact subsets
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of D.. Let us denote by f the limit of this subsequence. The function f is
smooth and the derivatives of f, converge to the derivatives of f. Next, we
show that G and f satisfy a differential relation, that comes from taking the
limit of the rescaled version of the differential relation (4.1). For this purpose,

consider the metric

dzdz

2
-+

on D., which is k times the pull back of the Fubini-Study metric on S? by the

0=

rescaling map 8, (this map is defined in the z coordinate by 0x(2) = z/Vk).
This metric has curvature 1/k and tends to a flat metric. Now Gy = Fj o 0y,

so that

G,’;wpg . 5ZF]:WFS . lF,;‘wFS o

0.

w kéZwFs N k WFEs

As for the Laplacian of fj with respect to the Fubini-Study metric, it is given
by

Afy = 1+ [2)2(fi)2z
whereas the Laplacian of f in the metric @ is given by

7 |2]? 2/ F
D= (14 LR (f)-

We see that

|2

%(Afk) 00} = %(1 + %)2(fk)z2 o6k = Afi.

Then the differential relation (4.1) becomes

GZWFS ~
—S =2 =1+ AV
5 + Afy
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Taking the limit of this equation as k tends to infinity (we actually need to

consider a subsequence) we get

G*wpg = (1 + Af)wﬁat, (43)

where wy,, is the flat metric in the disc and the Laplacian is the flat Laplacian.
Intuitively, this equation says that, at least when 7 is very close to 1, the
rescaled F}, is trying to be an isometry between flat C and the sphere. Such
isometries do not exist, even locally, so it cannot be that. We now prove the

following lemma:

Lemma 8 Let ¢, d and M be positive constants and suppose we have a fized
metric on D.. Then, there is a constant A = \(J, M, c), such that, for every

smooth function f from the disc D, to C satisfying
o [fl <9,
. [dAfI < M,

we have |[Af| < Xin Deyy.

proof: Let z; be a point in D,/ where Af is greater than A. We want to
see that A big leads to a contradiction. (The same reasoning would lead to a
contradiction if we assumed that Af < —X). Given £ in D4, for some x in

the segment from zg to &, we have

Afz0+€) = Af(z0) = dAF(X)E-
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Choosing ¢ with norm smaller than A/2M, we conclude that Af(zp + &) is

greater than A/2. Set p to be the minimum of A\/2M and ¢/4, we have seen
Af(z0) >N = Af(z) > N2, z€ Bz, ).

Let r denote the distance function to zy and 3 a smooth function on R* that
is zero in |u, +oof and 1 in [0, u/2]. Set g(z) = B(r), g has compact support
contained in D, and, for any positive number €, J can be chosen so as to have
g satisfy Ag < (8+¢)/u?. Since g vanishes in a neighborhood of the boundary

of D.,

/Cgﬁf = [ fAg.

D.
Now
e the right hand side is equal in norm to

/ ng’ < Steéwu2:(8+e)7r5,
B(20,1) K

e whereas the left hand side is equal to

)\ 2
/ gAf > / gAf > 2
Bzo) Blz0./2) 8

Therefore we get a contradiction if Au? > (64 + €)d (a different e...). Taking

10256
2

A = max(7TM?*/3§'/3, )

we get |Af(z)| < A for every zg in Dejs.
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Let us again consider the differential relation (4.3). The left hand side
represents a metric conformal to the flat metric on the disc, with conformal

factor 1 + Af, its curvature is therefore

1Alog(1+Af)
2 1+AfF

As for the right hand side, it represents a metric (with singularities maybe),
whose curvature is 1, because it is the pullback of the Fubini-Study metric.

We have therefore established the following equality

_1Alog(1+Af)

1 =
2 1+ Af

(4.4)

We know that |fi| < log(1/n), so that f satisfies the same inequality. From
Lemma 8, this implies that A f is small (because dAf is bounded from above
by some constant depending only on 7 as we will see ahead) and, so, log(1 +
Af) is small as well. We will show that the derivative of the Laplacian of
this quantity is bounded (by a quantity depending only on 7), so, we can
apply Lemma 8 again, to conclude that Alog(l + Af) is small. Since the
denominator of the right hand side of equation (4.4) is bounded from below
(Af is small), then, the right handside itself is small. But it needs to equal 1,
so it can’t be small and we arrive at a contradiction. We still need to get an
upper bound on the derivatives of Af and log(1 + Af). From equation (4.3)

we write
p'q — pd'|?

1+ Af=—>— -~
A= R aRe
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To estimate dA f, we estimate

p'q — pq'|?
(Ip? +1q]?)?’

on D., when c is sufficiently small by using the inequalities

C2
(. q)| < 72,

(v, q)] < 2v2e*

and

4\/56202

Cc

(", q")] <
We also use the fact that |p|? + |q|? > e~°. This gives the bound

128+/2 36 ,7.5¢%
M= \/_6 e ’
C

for [dA f|. Note that, we can only apply Lemma 8 to a ¢ such that

2c2c< \/ﬁ

(&

(since it is only on balls with such radii that there is convergence and therefore

f is defined). Choosing
_s
e 2

C:8,

is enough to ensure the above inequality. Applying Lemma 8 to such ¢, we

conclude that on D4, |Af| < A where

A = max(896e2t3 e 61/3, 65600e).
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So for example, to ensure |A f| < 1/2, it is enough to ensure that 6 < 0.5%10'3.
As for log(1 — Af), its norm is less than log(1/(1 — \A)), a small number, as
long as § is small. This, in turn, is smaller than 2, if A is smaller than 1/2.
Now, we apply Lemma 8 again, but this time to log(1 — Af). We need an

upper bound for |[dAlog(l — Af)|. Using the fact that
Alog(l — Af) = —2Alog(|p[* + lg*),

away from the zeroes of p'q — qp’, as well as the inequalities above for |(p, ¢,
|(p/,q')| and |(p”,q")|, we calculate this upper bound on D.. It can be taken

to be

512\/563567.502
. .

We are again in a position to apply Lemma 8 with

From it, we get an upper bound for [Alog(1 — Af)|, namely
max(7859¢2 351 \1/3, 2099200¢\),

so if we substitute for A when § < 0.5% 10'3, this gives an upper bound for the
curvature of (1 — Af)wgae. If that upper bound happens to smaller than 1,
we get a contradiction. Following trough with these calculations we conclude

that
1

6 > 15 7
(74708)%¢28+ 1
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which is of the order 10736, giving an upper bound for 7 of the order e 10" <

1.



Chapter 5

Rational maps and estimated
transversality

To find polynomials in one complex variable corresponding to homogeneous
polynomials in two variables satisfying the conditions of Theorem 7 for S2,
it is helpful to realize that the zero sets of these polynomial, as well as the

rational map determined by them, satisfy restrictive properties.
5.1 Uniform distribution revisited

As we saw before in the general case, some fibers of a Lefschetz Pencil coming
from Donaldson’s construction, are uniformly distributed. In the case of S2,
we will show that we can go a step further. Then, the fibers of the pencil are

simply sets of k£ points p; and they satisfy:

> (p) — g I OV (5.1)

for all C* functions f. On the sphere, another interesting result of the same

type can be obtained by applying Theorem 8 to the bundles O(k) ® O(k) ®

o6
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T*S?, that is O(2k — 2), and their sections s10sg — so0s;. Here, we take
ar, = eVk for some € to be made explicit shortly. Let us first check that the

sections satisfy the hypotheses in the theorem. We know

- (ﬂ) _ 51Vsg — soVsy

S0 s2
and
V(51050 — 800s1) = 55VV (i—;) — (51Vsg — 50V51)2Z080.
Now,
|s1Vsg — soVsi| < 7722\/\/5 — |so| > Z\Z_—ZC

(where C' comes from |9s;| < CvE). This is because,

,’72

2v/2C

Iso] <

= [so| <

which in turn implies that |Vso| > 7v/k. On the other hand, because 1?/2v/2C

is O(n/v/2), this also implies that |s,| > 1/v/2, so that, when |so| < 7%/(2v/2C),

\/E,OQ 7]2 B \/ET]Q
N RRENC AN

’81V80 — 80V81| 2

Assume that |s;Vsy — 5oVsi| < 7°Vk, then (if 5 is small enough to make

8 « 1
n® < 2\/5) we have,

’V (ﬂ)‘ _ |51V so — soVsi| < a\/EHG

50 Ed
therefore, |00(s1/s0)| > kn. Then,

En®20Vk
IV (51Vsg — 5oVs1)| > an'kn — \/_77—2\/— >n®
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when 7 is sufficiently small. We have shown that the sequence of sections of
LFRLFRT*X, 51Vsy—s9Vs is € = n® transverse to zero. The zeroes of this
sequence of sections form the set of branch points of the Lefschetz pencil. We

then conclude:

Proposition 5 The set of branch points of a Lefschetz pencil coming from

Theorem 7 is asymptotically uniformly distributed.

On S2, the uniform distribution assumes a particularly simple expression since

the fibers of the pencil are sets of k points, which we denote by {z%}, satisfying

: ! df|
k 9]

for all C* functions f. The branch point set is simply a set of 2k — 2 points,

{pF}. Tt satisfies

2k—2

! o 1 i

for all C* functions f.

Asymptotically uniformly distributed sets of points on S? are important
in many areas of mathematics and are the object of a lot of work in potential
theory (see [RSZ] and analytic number theory (see [LPS], [BSS]). Therefore,
these properties are very helpful in trying to explicitly build the sequence of
polynomials (pg, gx). On the other hand, they are certainly not enough to char-

acterize these polynomials. In fact, asymptotic uniform distributiveness with
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estimate (5.2) would allow for a point with multiplicity, whereas Donaldson’s
construction clearly does not.

A natural question to ask at this point is: How about the fibers above
points close to co on S?? We have not shown that these are asymptotically
uniformly distributed since our method failed for them. Next, we show that in
fact they are, in the case of S?, although in a slightly different sense as stated
in the introduction. What is more surprising, we show (using the methods
developed in the previous section) that the condition of transversality of the
pair is enough to ensure the asymptotic uniform distribution of all the fibers
and also of the branch points, for pencils in S2. As before, we identify the

sections of O(k) with homogeneous polynomials and write ||.|| for their norm.

Theorem 9 Let (pg,qr) be a sequence of pairs of homogeneous polynomials
as above. The map py/qr, thought of as a degree k map of CP' to itself, has
asymptotically uniformly distributed fibers, in the sense that, if x% denote the
points in one fiber for i = 1,---k, counted with multiplicity, and f is a C?

function on S?, then

I, . 1
Eizlf(m—@/yf

and, in particular, tends to zero.

- ClIAL

< 7 ) (5.3)

proof: We will start by showing that the zero set of py is uniformly distributed

in the sense that, if ¥ denote the points in this set for i = 1,-- -k, counted



CHAPTER 5. RATIONAL MAPS AND ESTIMATED TRANSVERSALITY60

with multiplicity, and f is a C? function on S?, then

1< ClIAS oo
EZ |S2| 52f < i d e (5.4)

- k

1. The first step is to show that

/mmmﬁ
52

is bounded independently of k. We will do this by contradiction. Let
us assume that it is not. For each k, it is easy to find a partition of S?
by k sets A; such that diam(4;) = ¢/vk (c is independent of k). By
assumption, there is a subsequence ny, such that [, log||py,||* tends to
—o0 as k tends to +oo (note that log [|p,, ||* < 0) . Now take i = i(k)
to be the index of the element in the partition of S? were the integral of

log ||pn,||* is the smallest. We have

m/meWS/mmMm
A; S2

so that the left hand side tends to —oo as well. But A; C B(z, ¢/Vk)

SO

m/ log |[pay |
B(Zkzc/m)

tends to —oo as well. Suppose we knew that z; was zero for all k. Then,
by using the rescaled coordinate chart around zero which we described

in the proof of Proposition 4, we would have for this integral

[Py, 2 dzdz

log =
/Bm,c) (1 + %) ' (1 = '2)2
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(were Py, is simply py in the rescaled coordinates as in the proof of Propo-
sition 4). We showed before that {p,,} is bounded and has bounded
derivatives in B(0,¢) and therefore has a convergent subsequence. The
limit, p, is a holomorphic function on B(0,c¢). We will check ahead that
it cannot be identically zero and therefore has a finite number of zeroes,
with finite multiplicity, so that log |p|? is integrable. The integral above

converges for that subsequence to the finite number

and we get a contradiction. Let us try to reproduce this argument for a
general sequence of points z,. Given any point p on S? there is a map

¢ : S? — S? such that

(a) ¢*'wrs = wrs,
(b) ¢ takes the north pole to p,

(c) the inverse of ¢, ¢ is such that |¢*w| = |w| o1 were [z : W] are
homogeneous coordinates on S?, w denotes the same section of O(1)

as before and |.| is the usual norm in O(1).

Such a map can be taken to simply be a rotation. Now consider the
composition of this map for p = z, with the inverse of the usual chart
centered at the north pole, I, ¢ ol : C — S? (we omit the dependence

on k). Its inverse defines a chart, centered at the point z,. Write pj as
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a holomorphic function on C times the section of O(k), ¥*wF. Let fy

denote this holomorphic function composed with ¢ o l. We have,

1

[*whopol=|wkovopol=|wilol=—"—.
(1+[2?)®

As a consequence

2 < 1+ ]22)"

The same can be done for ¢, so that we obtain two sequences of functions

fr and g satisfying
k k
n(L+12%)" < [fl® + gl < (L4 12)"

If we rescale the z coordinate in C by 1/v/k as we did in the proof of
Proposition 4, then, we get functions fk and g, which are bounded on
B(0, ¢), independently of k, for any fixed ¢, and whose derivatives are
also bounded there. They then have convergent subsequences (in the C*>
norm over B(0,¢)). In fact, we will use that f,_ and §,, have convergent

subsequences. We call p and ¢ their limits. As before,

|fnk|2 dzdz

nk/ 10g||pnk||2 :/ log | 2|2 Tk 2\ 2"
B(z,¢//7E) B(0,c) (1 + nT) (1 4 Ll )

Nk

The sequences fnk and g,, are subconvergent on compact subsets of C

to p and ¢. These satisfy

22 22
nel" < [pl” + Jgf* < €T
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This inequality implies that p cannot be identically zero. If it were, there

would be a holomorphic function ¢ satisfying
net < Jg” < et

so that ¢ could not vanish in C. Twice the real part of its log, u, would
satisfy

logn + 2> < u < |2%
The function u—|z|*> would be bounded on C and therefore would have a
minimum, but its Laplacian is —2 < 0, so it could not have a minimum.
For k sufficiently big, on B(0, ¢), since (a subsequence of) { f,, } converges

uniformly to p
~n 2 1 2
Ful 1y

(1 \z|2> T2 ek
+_

Nk

log

and therefore

2 1 ‘pP
0 Z g l0g| |pnk|| Z 5 log [z]2°
B(zp.c//ik) B(oe) €

for that same subsequence. This is a contradiction since we are assuming

the left hand side integral converges to —oo.

2. Given the zeroes of py, as a function on S?, x; (we omit the k dependence

here), for each of these, consider the function on S? given by
e
log (d(z,2:)%)
og (d°(z, ;) 1

where d is the chordal distance in S2, i.e., the usual distance in R®. The

Laplacian of this function is simply 47d,, — 1 and its integral is zero
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(hence the e/4). Let z; be the complex coordinates of the points x;,
trough the usual chart centered at the north pole. Now consider the

homogeneous polynomial

. el/z(z—zi) Wk
p’“_U(uﬂsz”) |

As a section of O(1), the norm square of this is

H <d2(x,xi)z> :

)

This is because, given two points on the sphere, x and y with complex

coordinates z and w

4]z — w?
(14 [2[*) (1 + [w]*)’

dz(xa y) =

Such a p, satisfies [log||px||* = 0. The polynomials pj, and pj, are related
by P = cxpx, for some sequence of numbers c¢x. The fact that [ log ||px||?

is bounded independently of k, implies that this sequence is bounded.
3. Finally, let f be a C? function on S? and consider the difference
k 47 '
This can alternatively be written as

1 > (4mé,, — 1)
o

which, in view of a previous remark, is

Al d*(x,x;)¢ o
/fZ Og(k (x x)4) :%/fAIOngkH '
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Integrating by parts, we get,

1 R
7 [ Ariogline

To prove the proposition, it is then sufficient to show that [ |log |[px|[?|

is bounded, independently of k. This integral is simply bounded by

4 log e / log [|p | = —2 / Log |[pel %

which is bounded, as we have already seen.

In the same way, to prove that any fiber is uniformly distributed in the sense

described previously, it is enough to see that the integral

/52 |log [|px + Agil|?|

is bounded independently of k£ for any . Assume that it is not. By the same
reasoning as before, we can conclude that, for a sequence of complex numbers

2k,

~ o -
/ lo s+ A | dzdz | 0,
B(0,¢)

s 22\ ™ 2)?
ng

where f;, and §;, are defined as before using the z;. But, again as before, { fnk}
and {gy,, } subconverge uniformly on compact subsets of C, so that, for each
A A fnk + Agn,) subconverges to p+ Ag, uniformly on compact subsets of C. To
be able to apply the same reasoning as before, we need only check that p+ \q
is not identically zero. If it were, there would be a holomorphic function, ¢

satisfying
1
(1+[A?)

’ )6‘42 <|g]* < el

(T4 AP
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which is impossible. As for the branch points, we need to show that

J.

is bounded independently of k. Note that p.Vqr — qxVpr is a section of

1PV — ¢ Vel

- (5.5)

log

T*S? @ O(k) ® O(k), which is simply O(2k — 2) and ||.|| refers to the usual
norm in that bundle. Letting f; and g; be the representations of p; and g

respectively in the trivialization ¢*w* used before, we can write

eV — 4 Vpr = (frgr — fro)dz © ¢*w* © ¢ wh,

The norm square of this section is given by

|frgi — frgx® 1 (1+]22)? = |frgi = frgel”
(1+ 2> 2 2(1+ |z2)*

By rescaling the coordinate z, we get

e =52 ().

Assuming that the sequence of integrals in (5.5) is not bounded, we conclude

that there must be complex numbers z; such that

& 2n,—2 2
P02 (14 L) (1+£)
ng ng
tends to infinity. The sequence { fnk Gn, — ~,’Lk Gn,, } 1s uniformly subconvergent
on compact subsets of C to p¢’ — p'q. We will be done if we check that this

function cannot be identically zero. If it was, then p/q would be constant,

which is impossible, as we saw above (note that ¢ is not identically zero either).
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5.2 An estimate for Donalson’s map

Consider a sequence of polynomials (pg,qx) coming from Theorem 7. Then,
their quotient Fy, = p./q, defines a sequence of rational maps of S? of degree
k. In what follows, we drop the k index although there is still £ dependence.
We will show that this sequence of maps satisfies the following estimate:

F*w
w

| < Ck,

for some constant C, independent of k. Consider the bundle F*O(1), with
the pullback metric. Let us call the homogeneous coordinates on S?, [z : w].
We can then consider the section of O(1), z and its pullback, F*z, which is a

section of F*O(1). Since the curvature of F*O(1) is F*w we have:

_ F*
80 log(|F*2|?) = =2,
2m
Also,
pepo PP (PPl
Pl +lal* (2> + [w)* Ipl*>+1g>  llpll* + llall?
and

00log(|F"2|*) = 99 log(||pl|*) — 99 log(|Ipl|* + [lal*)-

Since p defines a section of O(k) whose curvature is kw,
99 log(||pl|*) = kw.
Putting these together

Frw = ko — A (log(|Ip|* + [lall*)) w,
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and

F*w
=k — Alog(llpl* + [lgl*),

as we have seen before. Also,

5 00(Ilpl1* + llgl®  adlplI* + llall*) A a(IplI* + 14l
50 log(|[p|1? + |[|?) = 22WLE + llal®) _ OClpl” + llal ") A OClIpl” + llgl ")

[Pl + llgl® (lpl> + [lal[)?

so that the bounds on Vp and VVp (and the corresponding bounds for ¢),
together with the lower bound on ||p||? + ||q||* show that 99 log(||p||> + ||¢||?)
is bounded by a constant times k, giving the desired statement.

This estimate for F*w/w is optimal, but, again it is not enough to charac-
terize the maps coming from Donaldson’s construction as we show by building
a sequence of rational maps of degree k which verify the same estimate but
do not come from the same construction. Let z be the usual complex coordi-
nate, obtained by stereographic projection, on S? around a neighborhood of
the north pole. Let A = Z @ iZ. Consider the map

FOEEDY ﬁ

AEA|N|<k1/2

so that

G)=-3 > ﬁ

AEA N <KL/2

We want to show that the quantity

A ( ﬁ)
1+ &2 b k

is bounded independently of k. Given z € C, let A(2) be the element of A
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which is closest to z (there may be several at the same distance, if so choose

one). There are 3 cases to consider:

1. Suppose first that z is such that |z| < 2v/k and that |z — A(2)| > ¢ (c

is a fixed constant, independent of k and z). The condition |z| < 2Vk

(¢

is bounded, independently of k. Consider a A € A, different from \(z).

ensures that, the quantity

Notice that [A(z) — A| > 1 and |A(2) — 2| < v/2/2 and therefore

) - N = NG~

This implies

2= A= ) = A= AG) — 21 = 22 ) -

Then

g3 2\ 1
€] < |)\(z)—z|4+3(2—\/§> Z [A(z) = Al*

(=), | <k1/2

which is bounded above by the constant

3 2 \* 1
— 4+ 3(—) _
4 2 : 4
¢ 2- \/§ IS INTISVN |,u|

and we are done in this case.

2. Suppose next that z is such that |z| < 2v/k but |z — A(2)| < ¢. Then,

(¢

again,
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is bounded independently of k£ and

1
€| _ ‘3(z A(2) 4+3ZA¢M)\A|</¢1/2ﬁ
1+ |8k

5
1+

1 1
E@F T 2AG)AI<K2 =X

Multiplying denominator and numerator by |z — A(z)|°

g [BE A B A

1+ &2
S e 2@+ |1+ 12 = AP Ty 55

The numerator is bounded by

3¢? +306Z| i
u#O’u

As for the denominator, it is bounded from below by

1-¢7 Z

pord Iulg’

which, if ¢ is small enough, is greater than 1/2.

3. The case where |z| > 2v/k can be treated by noting that, in the sum
defining &, only A’s with A < |z|/2 appear so that |z — A| > |z|/2 and

&) < Ck/|z]*. So,

2 ¢ _C
() sppet

and we are done in this case as well.
We then take Fy(z) = &(vkz) and

Fw _,  l§P(E)
S (14 1alVE)

7 (1+ |Z|2)2'
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The result follows from substituting v/kz.

Although the magnitude of F*w/w is not enough to characterize Donald-
son’s maps one might think that the maps are likely to make this quantity as
small as possible in some sense. Consider the following function on Raty (the

space of rational maps on S? of degree k).

- ()

We claim that this function has a minimum in Rat;. More specifically:

Proposition 6 The function L is proper on Rat, and therefore has a mini-

mum in that space.

proof: To prove this, we need only see that, given a sequence of rational maps
of degree k on 52, say Fj}, converging to the boundary of Raty, L(F;) converges
to infinity. Let us assume that our sequence of maps converges to an element
of Raty_1, the highest dimensional strata in the boundary of Rat;. The other
cases could be treated in a similar way. Without lost of generality, we can

suppose that F; is given by a quotient of two degree k£ polynomials

b= (2’ - )\i>p07 q= (2 - Mz’)%

where {\;} and {p;} are two sequences of numbers converging to A € C. The
polynomials py and gy can be assumed to be independent of 7 and non vanishing

at A. Let B; denote a ball of radius r; (to be determined later) and center \;.
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Let us call |\; — ;| = d; and assume that r? < d;/2. We then have,

P'q—pd = (= — X)(z — 1) (oo — Podo) + (Ni — 1i)Podo,
so that, on B;, we have
p'q —pd| > C(d; —r}) > Cd;,
for a different C'. On the other hand
pI* + lal* = |z = XiPPIpol® + |2 = pl*|qo]* < C(r} + (ri + di)?) < C(rs + d;)*.

This is relevant because it implies that, on B;,

F*w
w

_WPa—pd PO+ &
(Ipf*+lgP)? = " (i d)*

and choosing any r; < d; and with r;/d? — oo,

Frw\ 2 7“i2
/Bi(w> =G oo

This proves the desired result.

Now

F*w
gl + ol = (£,

and Donaldson’s construction gives a sequence of pairs of polynomials that
make the above quantity pointwise bounded, independent of k, therefore mak-
ing its L? norm bounded independently of k£ as well. We then make the fol-

lowing conjecture:
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Conjecture 1 The minimizer of fSQ (%)2 in Raty, for large k, arises as a
quotient of polynomials satisfying the estimated transversality property for the

pair.



Chapter 6

Optimally distributed points on
S2

6.1 Logarithmic equilibrium points on 5>

The problem of finding an optimal way of distributing points on the sphere
has been studied in several areas of mathematics. An instance of this problem
appears in potential theory. Namely, let {x;} be a set of k points on S?. One
can consider the function Il;;d(x;, ), where d(z,y) denotes the distance in
R3, between any pair of points x and y of the sphere. This function achieves
its minimum when two of the points of the set coincide. The question is: for
which sets of points does it attain its maximum? Maximizing II;;d(z;, ;) is
the same as minimizing the logarithmic potential,

Z log d;

i<j (i, ;)

and the points which achieve the minimum are called logarithmic equilibrium
points. It is not known what this (these) configuration(s) is (are), but some

things are know (or conjectured) about the minimum value of the logarithmic

74
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potential. As a motivation for what follows, let us first see how this problem

is related to that of determining the best n for which
sl <n = [IVpell = V.

Given a set of points {z;}, by considering the complex coordinates z; of these
points trough stereographic projection, we can form a complex polynomial of
degree k, whose zeroes are the z;’s. It is determined up to a multiplicative

constant. Consider as before

Z =€
H 1+| 1/2

Let z denote the point on S? whose complex coordinate is z. As a section of

O(k) (i.e., as pyw"), the norm of pj, at z is

ol = T 3 (. ). (6.1)

There are two things to note here. First recall that, given two points x and y

on S?, if you denote their complex coordinates by z and w respectively,

2|z — w|
(14 22 (1 + |w[?)1/2

d(z,y) =

Second, using the metric on S? given by 2idzdz/(1 + |z|*)?, whose volume is
4,
1 1 4
1 d dr = —log —
1 | logd(z,y)dz = 5 log -

which corresponds to the fact that the integral of the logarithm of the norm

square of py is zero.
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In order for {p;} to define an 7 transverse sequence of sections of O(k), we
need ||Vpi(z)|| to be as big as possible (greater than nv/k at least), where,

again, py is thought of as section of O(k). We have

1 rse

k/2
I Vpe||(z:) = 7 (4_1> Iizid(x;, xj).
Here we used the norm of dz which is (1+|2|2)/2v/2. Having [, ||Vpx||(2:) big
would be to our advantage. But this product is simply a constant (depending
only on k) times II,.;d(x;, ;). The problem of maximizing this quantity is
therefore related to our own problem. In fact, we will see ahead, that a good
approximation of these logarithmic points gives rise to a pairs of polynomials
which satisfy Donaldson’s constraints, as in Proposition 1, or at least seem
to, experimentally. The fact that, in some sense, this distribution is ”better”
than its approximation leads to the conjecture that these polynomials define
sections that do, in fact, satisfy the properties in Theorem 7. In particular, we
conjecture that ||pg|| is bounded by a constant independent of k. Assuming
that lim inf max||py|| is not zero, we can then find an upper bound for 7 in

terms of lim inf max ||px|| = . We will show that, if n is such that
lpell <0 = |IVpel| = 0V,

then

where
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\/27T+ \/ﬁ
V21 + —i-\/%

So, the real upper bound for Donaldson’s 7, is this quantity divided by in f max ||px||.

b=

(This is really just the n corresponding to the first condition). Suppose that
the sequence of polynomials p, defines an 7 transverse sequence. At z;, we
must have ||Vpe||(z) > nVk. Since py, vanishes at z;, we have

IVmoll = 55 TT () s

i#]

so that

ER
H [ Vpr(2)|| = (%) sz(%%‘ﬂ

i<j

which is related to the logarithmic potential. There are know estimates for

this potential, namely:

Theorem 10 (Rakhmanov, Saff, Zhou, [RSZ]) Logarithmic equilibria points

satisfy:

€ 2 am\*? k/2 bk /2
gl—ld(ﬂj“x]) S (2_6) l{/<1—6 a+€k) /,

where a and b are as above and €, — 0 as k — oco.

On the other hand, if we are assuming 7 transversality, we have

[T11Vpk(z)ll = ¥k,

Combining these two estimates we obtain the desired result.
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6.2 Generalized spiral points

Even though the exact configuration of logarithmic points is not know, in
[RSZ], Rakhmanov, Saff and Zhou describe a set of points they call general-
ized spiral that give extremely good numerical estimates for the maximum of
IL < d(z;, z;). We will use a modification of these points to construct a pair of
polynomials, for which we can verify Donaldson’s conditions experimentally.
We also have some partial results towards proving that these indeed satisfy
the conditions in Theorem 7 (and in particular Proposition 1). Consider the

points with cylindrical coordinates (h,6) on S? given by:

21 —1

T

i=1,k

(90:(), (91':91;1—{— mod2m Z:Lk

3.6
NoN

Let z; be the complex coordinates of these points. As before, we consider the

polynomials

T et

and

gy = €

k/2 H (2 + 2)

(L+ =)

i

Conjecture 2 Up to dividing by a constant that will make

max (|[px|[* + [l [*)

equal to 1, the sections (pw", qpw*) satisfy the conditions in Theorem 7.
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We have verified this experimentally by verifying that:

79

o max (||px||* + ||gx||?) is indeed bounded independently of k. The exper-

imental values found for this maximum are

50 100

150

170

180

190

200

max

4.7828 | 4.8272

4.8368

4.8432

4.8373

4.8364

4.8460

e min (||px||*> + ||gx||*) in bounded from below independently of k. The

experimental values found for the minimum are

20 100

150

170

180

190

200

0.7194 | 0.7093

0.7085

0.7085

0.7125

0.7089

0.7085

e min ||Vpi||(2;) is bounded independently of k£ and the same for ;. Below

is a table of the values of the minimum of ||Vp.|[?(z) (normalized by

2/Vk) taken among the z;’s

k

100

200

500

700

900

1000

minV | 1.6963 | 1

6998 | 1

7020 | 1

7024 | 1

7026 | 1

7027

These values give an experimental 7 close to 0.15. We can also show that

the sequences ||pp(z/VE)||? for |z| < 1 are bounded (the same holds true for

the corresponding ¢ sequence). We start by showing that ||px(0)

17

is bounded.

Now d(z, z;)* = 2—2(x, x;), because z; and z have norm 1. If z has coordinates

(0,0,—1), then (z,x;) is simply minus the last coordinate of z;, that is —h;.

Equation (6.1) becomes

@I =T 50+ 1) =[] 20 =

ek (2k — 1)!

=1

©OT4RER(E - 1)



CHAPTER 6. OPTIMALLY DISTRIBUTED POINTS ON S* 80

We use Stirling’s approximation for factorial, k! ~ v/27kk*e™", to see that

||px(0)||? actually converges to v/2. As for ||pi(z/VE)||?,

2 _ ok |Zz

I

z

1.

The first product is simply ||px(0)||?, which we know is bounded. As for the
second product, if one considers the inequality |log(1— z)| < 4|z|, which holds

true for all z with |z| < 1, then one can see that,

()l S

In cylindrical coordinates,

1—h 2%k —2i — 1
1+ hy 2 — 1

log

Now

1
I 2
ZZI\/E\ZA Z VE \/2k—22+ Z\/
but 3" 1/v/i is divergent. If instead of having a single point with given h;, we
had 3 (that differed from each other by multiplication by a cube root of unity

in complex coordinates), then our initial product would be

H (1 — z?’/(zl\/E)i)’) :

The norm of the logarithm of this product is bounded by a constant times
> 1/i%2. This new set of points would have 3k elements instead of k. This
would just mean constructing a subsequence of a Donaldson sequence. We

have thus showed the following:
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Proposition 7 Consider the set of 3k points on S?, whose h coordinates are

given by
21— 1

hsi—a = hzi—1 = hz; = =1+ A

i=1,-k

and whose 6 coordinates are

T
Osi1 = O3i—0 + =, 03 =039+ —,

3.6
Viy/1—h2’ 3 3

defined mod 27 fori=1,---k (where 8y = 0). Then, letting z; be the complex

O30 = 03,5 +

coordinates of these points trough stereographic projection, and

_ 3k/2 (z —2)

7

pr(z/VE) is bounded, in any fized neighborhood of 0.

We cannot do this calculation for the other points of S?, in fact we cannot
prove that ||p||? is bounded. This is the main ingredient missing. We should
remark that, the experimental data shows that the maximum of ||p.||? occurs
close to the north pole, so that this calculations is more relevant to prove what
we want, than what it may seem.

Supposing that the sequence of functions py/(1 + |z|?)*/?

, rescaled, con-
verges, then it is simple to determine what type of limit they should have. To
see this, consider one of the spiral points with coordinates (h;,6;). Suppose

we take a small neighborhood, of radius of the order k=1/2

, around that point.
Will there be other spiral points in the neighborhood? The next spiral point,

close to (h;,0;), will appear after a variation in 6 which is approximately 2,
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that is, after approximately

V1—h?
j=2mVhr

steps. Then, the h will be approximately

b+ dm\/1 — h?
’ 3.6vVE

When one considers what this configuration of points looks like, as k tends to
00, one sees that the limit of py,/(1 + |z|?)*/2, rescaled by vk around any point
distinct from the poles, can only be a function whose zeroes lie in {n + A, +
im,m,n € Z}, where 0 < A\, < 1. We may assume that A\g = 0. The first

thing to check is that such a function actually exits.

Proposition 8 Given a sequence A = {\;} of numbers in [0,1], there is a

function Py with zeros at {n + A, +im,m,n € Z}, such that |Py|(z) < e’

proof: In the same way as one defines a theta function, we set

) )
| | 727rm 27rz)\m 727rzz | | 727rm 27rz)\ meZm'Z)

m=0 m=1
Both products are convergent for any given z € C. In fact, the logarithm of

the norm of each of them is bounded by

Z log (1 — e’Qme%'Zl),

—2m

which is a convergent series, because the series > e is itself convergent. Py

clearly has zeroes at n + \,, +im, as wanted. It remains to be seen that P, is
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of order less than 2. First note that Py(z + 1) = P\(2). It is also true that
P\(z+1) = —6_2”262“130(,\)(2),
where () is simply a shift left in A\. This implies
Py(z + mi) = (—1)me 2 mzemm M p L (2)
and from this formula, we can conclude that Py is of order (less than) 2.

Conjecture 3 Given zy in C*, pp(zo + \/LE) has a subsequence converging to

a normalization of Py, for some .

There is a corresponding conjecture for gy and @) where Q\(z) = Py(—2).
For the rescaling around zero, the sublimit is a function with zeroes in a
spiral. To prove Conjecture 2 using Conjecture 3, it is enough to establish
that (P\(z), Px(—z)) "satisfies” Theorem 7. This comes down to checking
that P, has no double zeroes and that Py(z) and P\(—z) have no common

zeroes (for the first two conditions).



Chapter 7

An upper bound for n

7.1 The Kalher case

The techniques used in section 4.2 can actually be generalized to determine
upper bounds for how much transversality can achieved for a linear system of

dimension n+1, on an n dimensional Kahler manifold. We prove the following:

Proposition 9 Let X be a Kahler manifold of dimension n, with symplectic
form w, such that [w/27] lies in H*(X,Z). Let L — X be a line bundle whose
Chern class is |w/2w|. There exits ny < 1, such that, if we have n sequences

of holomorphic sections so,- - , sy, of L* satisfying
1 < lsol® + - +lsall* < 1,

then n < ng.

proof: We will use the same idea as we used to prove this proposition for S2.
Namely, the sections s, - - - , s, define a holomorphic map from X to CP". The

rescaled map subconverges as k tends to infinity, to a map of a disc of fixed

84
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radius in C" to CP". If n were very close to 1, then the pullback metric from
CP" would be very close to flat, but this can’t be true because its curvature
is actually the pullback of the Fubini-Study metric.

To make this precise we start by recalling that there exists ,on X, complex
coordinates z = (21, - , z,), such that w differs from the standard symplectic
form on C" by a small amount. Choosing an appropriate primitive of w, we
showed before that there exists a holomorphic section of L, o, whose norm is
e’ \/u and |logu| < ¢|z|* (see the proof of Lemma 2). We will show that
(in some sense) the rescaled map to CP" subconverges. In a neighborhood of

radius ck—1/2

of a given point p, in X, o trivializes L* and we can write

k_k o
si=fio"i=1,---,n.

Consider also the map 6, : B(c) — B(p, ck™'/?) (the ¢’s are actually different
and both different from the ¢ appearing in the estimate for logu) which sends

2 to the point whose coordinate is z/v/k. Set
fF=fFooy.

The condition on the s; becomes,

|2|? ER

e n k2 k12 €
L PR < PR < =
uk2(Z) = V()

Since —c|z|* <logu < c|z|*, we have
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for sufficiently big k, so that each

‘ 2

ff < 2¢l?

As before, this implies that each ff has a convergent subsequence in B(c), for
the C" norm, for any fixed r we may wish to choose (actually the ball may
have to shrink here). Let us call the limits f;. Taking limits in the inequalities

above, we get for the f;,
ne " < Ifol* 4 ISl < e

The above implies that at least one of the f; is non zero at p. Say it is fo. On a
maybe smaller ball, f; is nowhere zero and the same holds for the subsequence
that converges to it, for k big enough. The sequence of maps defined by the
sections s;, Fy = [so : -+ : 8,] can also be seen (by composing with J;) as a

sequence of maps from B(c) to CP" whose image is contained in the subset

Zo .. Zy| 2o # 0}, and can be written in coordinates as
{l | 120 # 0},

e

(727... .

A

Since each of these quotients subconverges, so does the rescaled Fy,.
Next we see how Fj, the rescaled F},, behaves with respect to the metric
on CP". Away from its branch points, F}, pulls back the Fubini-Study metric
on CP" to a metric on B(c), whose curvature 2-form is F, wwrs. On the other

hand, this metric is the metric associated to the 2-form FngS. On {[zo:---:
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Z,) : zg # 0}, there are inhomogeneous coordinates

7z Zy
(21:_7"' yRn = T ),
Zg Z

and the Fubini-Study metric can be written as
901og(1 + [z1° + -+ + |za/?).
Because Fk is holomorphic, we conclude that Fjwpg is
001og(1 + |z1)* + - + |2a]?) © Fy.
Now
log(1+ [z1* + - + |zal*) 0 By = log(|f5 > + [P + - + [ fal*) = log(If5 ),

SO
Frwrs = 00log(Ifg |* + [ff [ + -+ [f31).

Next. we prove the following lemma:

Lemma 9 Consider the metric on B(c), the ball of radius ¢ around the origin
in C", associated with the 2-form 00u, for some plurisubharmonic function u

on B(c). Then, its curvature 2-form is
00 log det Hess(u)

where Hess(u) denotes the matriz (u.,z).

proof: On the bundle T'B(c) we have a trivialization given by

(0/0z1,- -+ ,0/0z).
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With respect to this trivialization the matrix representation of the metric is
h = Hess(u). There is a unique connection on T'B(c) which is compatible
with the metric associated with 00u and the complex structure. Its matrix
representation, with respect to the mentioned trivialization of the bundle, is
0 = Ohh~!. The curvature matrix representation is dd + 6 A 6. The curvature
2-form is the trace of this two by two matrix of 2-forms. Since A8 is traceless,

the curvature is trdf = dtrf. But we know that
tr(Ohh™t) = dlog(det h).

The curvature becomes ddlog(det h) = 99 log(det h), as we wished to prove.

Going back to our problem, we can apply this lemma to u = 1og(\f0|2+- cef
| fn|2), to conclude that the curvature of the pullback by F' of the Fubini-Study
metric is

90 log(det Hess(log(lféﬂ2 + -+ |f,’ﬂ2)),

away from the branch points of F}, and the zeroes of f('f We therefore conclude

that
90log(det Hess(log(| f§1> + -+ - + | %)) = 90 log(| f§1* + -+ + | FEP),

which is now valid on the whole B(c). Taking limits in this equation (after

passing to a subsequence) we get

90 log(det Hess(log(| fol* + -+ + | fa]*)) = 00log(| fol> + - -+ + | ).
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This implies that

Alog(det Hess(log(| fol* + -+ + [ ful*)) = Alog(Ifol” + - + |fal*),

Where A denotes the usual flat Laplacian on C".
We are now in a position to use equation (7.1) to get a bound on 7. Assume

that 7 is very close to 1, then

log(|fol” 4 -+ + | ful®) = 2],
so that
Alog(| fol* 4 -+ - + [ fal?) = n,

and

log det Hesslog(|fol* + - + | fa]?) = 0.

This gives a contradiction. At first, it seems that the upper bound 7y obtained

for 1 in this way depends on the particular fy,--- , f, and therefore on the
specific sequences sf, - -+, s® but this is not so. Using Lemma 8 (and a slight

variation of it applicable to Hess instead of A), the only thing we need to

note here is that there is a bound (independent of the sequences) on

dAog(| fol + -+ + | ful®),

dHesslog(| fol* + -+ + | ful),

and on

dN\logdet Hesslog(|fol* + -+ 4 | ful?).
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This is so because, since fy,--- , f, are holomorphic, the Cauchy formula and
the bounds |f;|* < e, give bounds on all the derivatives of the f; depending
only on ¢, and, choosing ¢ appropriately small, the above quantities have
bounds depending only on n, just as for CP'.

Next, we prove a generalization of this proposition to almost holomorphic

sections on Kahler manifolds

Proposition 10 Let X be a Kdhler manifold of dimension n, with symplectic
form w, such that [w/27] lies in H*(X,Z). Let L — X be a line bundle, whose
Chern class is [w/2rw]. For all C, there exits ng < 1 such that, if we have n

sequences of sections sg, -+ , S, of L* satisfying
n < llsgl® + -+ [Ispl* < 1,
which are C' asymptotically holomorphic i.e.
|5s| <C
then n < ng.

proof: The main idea here is the following. Define n sequences of sections,

&, by

flk = —5*G581,

where G is the Green’s operator, the inverse of Laplacian on AV (L*) and 0*

is the formal adjoint of 0. These satisfy two important properties:
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e The first is that O¢F = —dsF.

e The second is that & are L? small in X. This is because
(—0*"GOsy, —0"GOs}) = (00*GOsy, GDsy) = (DsF, GDs).
But G has norm O(k™!) so that

Hfm%%s% < Ck™ %

Write s; + & = t;. Then, this new sequence of sections is holomorphic and
bounded in L?. For each point p, in X, there are centered complex coordinates

Xp : B(k™Y?) — B(p,ck™1/?), and a holomorphic section o, of L satisfying

opl(2) = e u(z),

where |u|(z) < C|z|*. There is a partition of X by sets of diameter ck=1/2,

n/2 1/2

each of which has volume ck™™/“ and contains a ball of radius £~'/“. For each

k, sufficiently big, there is an element of such a partition A; for which
[l < o
A;
so that, for each k, there is py for which

[l < ene
B(pr,k=1/?)

Let

Xk = Xpi © 0k : B(1) — B(pk,kflm)
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and

We have

— 2|2

loFl oy = e 7 ub/?(—=

Vk

Write tf = pfo*, s¥ = fFop and & = gFop. As before, we consider the

).

sequences {pF}, {f¥} and {gF} in the rescaled coordinates. The functions p
are holomorphic in B(1) and their L? norms there is bounded independently

of k, because { ﬁk} has a uniform bound independent of k, and

2z . dzdz
1€b|? = / G PPl (2o B s g2 / P
/B<pk,k1/2> : By Vi’ k2 By

Since the left hand side is bounded by Ck~"/2k~!, this shows that {gF} has L?

norm tending to zero, and, in particular the L? norm of {j¥} is bounded. This
implies that the supremum norm of this sequence is bounded, independently
of k, on B(1/2) and so is the supremum norm of the sequence of derivatives of
all orders. We conclude that, the sequences {p;’€ } are uniformly subconvergent

to py, for each ['in 0, --- ,n and p; is holomorphic. Now consider the inequality

Hfzk —leL2(B(1/2)) < ||gzk||L2(B(1/2)) + ||P§C - pl||L2(B(1/2))

and hence tends to zero. By Riesz theorem, we can extract from { flk} a
subsequence which converges pointwise almost everywhere to p;, for every [
in {0,---n}. The upshot is that, we can then conclude that the holomorphic

functions py, - - - p; on B(1/2) satisfy

Z2 22
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Note that u*/?(z/vk) tends to 1. If 5 were very close to 1, the function
log(|po|* + - -+ + |pal?) would be very close to |z]|?>. Now by considering the
holomorphic map from B(1/2) to CP" given by [pg : - - : p], and using it to

pull back the Fubini-Study metric on CP" we conclude
Alog(|pol> + -+ + [pnl?) = Alogdet Hess(|po|* + - -+ + |pal?).
As before, this gives the desired result.
7.2 The symplectic case
We now go on to prove the most general statement stated in the introduction:

Theorem 11 Let X be a symplectic manifold of dimension 2n with symplec-
tic form w such that [w/27] lies in H*(X,Z), and a compatible almost com-
plex structure. Let L — X be a Hermitian line bundle whose Chern class is
lw/27]. There exits ny < 1 such that, if we have n asymptotically holomorphic
sequences of sections sg, - -+ , 8, of L¥ satisfying n < ||so||? + -+ =+ ||sn]|? < 1,

then n < ng.

proof: We will use the same idea as we used to prove this proposition for
S2. Namely, the sections s, - - - , s, define an asymptotically holomorphic map
from X to CP". The rescaled map subconverges, (in some sense to be specified
ahead) as k tends to infinity, to a map of a disc of fixed radius in C" to CP".

If n were very close to 1, the pullback metric from CP" would be very close to
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flat, but this can’t be true because its curvature 2-form is the pullback of the
Fubini-Study metric.

To make the argument precise, choose a holomorphic structure J on X,
possibly non integrable, compatible with the symplectic form. In this setting,
we know that, for each point p in X, there are centered symplectic coordinates,
for which J is standard at p and an asymptotically holomorphic sequence of

sections o* of L* such that

CLla]2
0| = e,

on a ball of radius £~'/2. Although this is explained in [Dol], we will briefly
recall it here. Let {z;} be symplectic coordinates near p. Choose them so
that J(0) = Jy (Jo denotes the standard complex structure on C"). Then, in
coordinates, w = —i ) dz;dZ; and one can choose for the connection 1-form
on L
A= Z zidz; — zZjdz;.

The complex structure J allows us to decompose T'B(1) into 71 and 719,
the eigenspaces for J, and to write d = 9 + 0. We also have the usual decom-
position for d, using Jy, which we write d = 9y + 0y. Let 1 denote the unitary

section of L, satisfying V1 = A1. Then set

_ 2
o = e k" 1k,

We have

Vot = -2k Z Zjdzje_k‘zlzlk,
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so that Jyo® = 0. But

|J — Jo| < C|z]
and

do* — Ogo* = iVa" o (J — Jp).

By taking into consideration |z;| < Ck~Y/2 we get
|0c®| < C.

Write sf = fFo* and f} for the functions f on rescaled coordinates,

defined over B(1), i.e., ff = fF o 6y, where & is given in coordinates by

These functions satisfy
ne ™ RGP+ IR < e

Also, carrying J over to B(1) by using the rescaled coordinates, we get a new
complex structure on B(1), which we again call J. Let Jy be the standard
complex structure on B(1). Because J is Jy at 0, J and J, are close. More

precisely, they satisfy

T = Jo| < c%, € B(1).

Again the complex structure J allows us to decompose T'B(1) into 7" and

T the eigenspaces for J, and to write d = @ + 0. We also have the usual
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decomposition for d using .J, which we write d = 9y + Jy. We have

- C

0 ’f‘ < —.

| <
Next, we show that {df}} is L? bounded on B(1/2), independently of k. Take

f to be a bump function equal to 1 on B(1/2) and 0 outside B(3/4). Set

gr =0 fl’“. It is enough to see that

/ |dgy|?
B()

is bounded. Now,
g = OBf + BOff

and therefore this is uniformly bounded and, as a consequence, L? bounded.

N

B(1)

/ 09113
B(1)

where |.|; denotes the norm obtained from J and wy (the standard symplectic

As for

we want to compare it to

form on C"). Given a vector field v on B(1),
v = wo(v, Jov),  |v|5 = wo(v, Jv),

SO

o] = o[3] < JwollJ = Jollof* < Clol®
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and this implies that the J norm of any tensor which has a bound on its J,
norm, independent of k, is bounded independently of k as well. For example,

wo and Jy — J have bounded J norms. Conversely, we get
[[o]* = 3| < lwolsl = Jols|vl5 < Clof3,

therefore, if a tensor has a bound on its J norm, independent of k, it also has
a bound (independent of k) on its Jy norm. Hence it is enough to prove that
fB(l) |0gF|% is bounded. Since gF is zero near the boundary of B(1), we can

write

/ DgH2 = / 5" dgtgt,
B(1) B(1)

where 0* means the formal adjoint, with respect to the J metric. The Hodge
identities state that 9* = i[A,d] and 0* = —i[A,d] (A denotes the dual with

respect to the J metric of wedging with wg) and
9*0gr = iNdDgF,  0*0gy = —iADDg .
The operators 00 and 90 are related by
90+ 99 = NN + NN,
where N is the Nijenhuis tensor for J. The upshot is that we can write
| todtls = [ N+ NN)lE - [ oot

B(1) B(1) B(1)

and the second term in this sum is simply | B) |0gF|3, which we know is

bounded. Now N is bounded independently of k and so is A (because wy is)

and we are done.
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This implies that {gF'} is bounded in W!(C") and so, by Rellich’s lemma,
it has a subsequence, converging to f; in W° = L2, Now by Riesz theorem,
we can extract from {gF} a subsequence converging pointwise a.e. in B(1)
and {fF} has a pointwise convergent subsequence a.e. in B(1/2) to f;. These

functions satisfy
el < fol* 4+ I ful? < 6 ae

The next step is to show that the functions f; are holomorphic. To do
this, note first that { flk} has a weakly convergent subsequence in W1, simply

because it is a bounded sequence in this space. Given any L? 1-form a in B(1),
/ (dff — df;,a) — 0.
B(1/2)
In fact, if a € LA(T"V B(1))

/ (o fF,a) — / (G fi, a)
B(1/2) B(1/2)
(0,1

because T, ) and To(l’o) (the eigenspaces of .Jy) are pointwise orthogonal. But
oot = (9 =) ff + O,
so, over B(1/2),
100/ llze < [1dfif o (J = Jo)llzz + 10FF ] 2.

The first term is bounded by

C 2.\ _ C
— d k|2 -
VEk (/3(1/2)| a ) : VE
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We know that the second term is also bounded by C'/vk. We can conclude
that

100 fF || 22 — 0,

SO

(éoflk, CL)LZ — 0.
This in turn proves that
(Bofi,a)r> =0, Vae LX(T"VB(1))

and, in fact, for all @ € L*(T*B(1)), so f; is holomorphic. In particular, it is

continuous and the inequality

ne ™ < fol’ oo fal? < €7

holds at every point. We conclude that the existence of the n sections sf, - - - , s*
implies the existence of n holomorphic functions fo,--- , f, : B(1/2) — C sat-

isfying
ne ™ < Ifol? 4+ |l < e

Next, we show that the existence of such functions implies the equality
Alog(|fol? + -+ + | fal?) = Alogdet Hess(| fol* + -+ + | fal?), (7.1)

at those points where the map F' = [fy : --- : f,] has injective differential,
so that the pullback of the Fubini-Study metric is a metric. Away from its

branch points, F' pulls back the Fubini-Study metric on CP" to a metric on



CHAPTER 7. AN UPPER BOUND FOR n 100

B(c), whose curvature 2-form is F*wpg. On the other hand, this metric is the
metric associated to the 2-form F*wpg. On {[zg : --- : z,] : 2o # 0} C CP"

there are inhomogeneous coordinates

VAl VA
(lez_oa"' 7Zn:Z_Z>a

and the Fubini-Study metric can be written as
00log(1 + |21]* + - -+ + |za]?).
The map F' being holomorphic, we conclude that F*wgg is
00log(1 4 |z + -+ |z} o F.
Now
log(1+ |21]* + -+ + [za]*) o F' = log(|fo* + |/a]* + - + | ful®) = log(|fo]*),

SO

Fropg = 00log(|fol* + |fil* 4+ + | fal?).

We can apply Lemma 9 to u = log(|fo|* + -+ + | fu]?), to conclude that the

curvature of the pullback by F of the Fubini-Study metric is
00 log(det Hess(log (| fo|> 4 -+ + | fal*)),

away from the branch points of F' and the zeroes of f;. We therefore conclude

that

00 log(det Hess(log(| fol* + -+~ + | ful")) = 90log(| fol* + -+ + | ful®),
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where F' is an embedding. If this set of points is dense in B(1), we are done.
In fact, then, equality (7.1) holds true at all points. Assume that 7 is very
close to 1, then

log(|fol* + -+ + [ ful*) 2= |2I*,
so that

Alog(|fol” + -+ + [ fal?) 2 m,
and

log det Hesslog(|fol* + - + | fa]?) =~ 0.

This gives a contradiction. At first, it seems that the upper bound 7, obtained

for n in this way depends on the particular fy,---, f, and therefore on the
specific sequences sf, - -+, s®, but this is not so. Using Lemma 8 (and a slight

variation of it applicable to Hess instead of A), the only thing we need to

note here is that there is a bound (independent of the sequences) on
dAlog(| fol® + -+ + | ful?),

dHesslog(|fol* + -+ + | ful?),

and on

dAlogdet Hesslog(|fol* + -+ 4 | fu]?).

This is so because, since fy,--- , f, are holomorphic, the Cauchy formula and
the bounds |f;]* < e, give bounds on all the derivatives of the f; depending
only on ¢, and, choosing ¢ appropriately small, the above quantities have

bounds depending only on n, just as for CP'.
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On a maybe smaller ball, the differential of F' is injective exactly where
the determinant of the derivative of (fi/fo, -, fn/fo) is non zero. But this
determinant is a holomorphic function, so, if it is not identically zero, its zero
set will have zero measure. In the case where the determinant is identically
zero, we make use of the following: given any €, there are holomorphic functions

Qi, -+, Qp, each with norm smaller than e, such that

fl fn

detd((%, ,%

>+ (ala"' 7an))
is not identically zero. Now set gy = fo and g; = f; + foa, for i in {1,---n}.
Then, by choosing € small, we can ensure that

‘ 2

(27 — 1)el" < |gol* + - + |gal?® < (2 — m)el"".

Since the g; are holomorphic, by the same reasoning, we get an upper bound

on 7 independent of the f;’s.
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Further remarks

Let (pk, qr) be polynomials of degree smaller than &k in one complex variable

z. Set

_ pelP(2) + ek (2)
pr(2) = (1+ |2[2)2* :

That is, py is the sum of the squares of the norms of p; and ¢y, seen as sections
of O(k). If these polynomials satisfy the conditions in Proposition 1 (using
inhomogeneous coordinates in CP'), the function pj is bounded above by 1

and below by 7. We have seen that the function vy = —log(py) satisfies
Avk =k - KkGQUk,

where K, is a positive function vanishing at the branch points of py /g, and

completely determined by those branch points. The PDE,
Av =c— Ke*,

has been extensively studied when ¢ = 1 (see [KW] and [CY]). It is the equa-

tion for prescribing curvature on S%. There are variational methods adapted

103
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to this equation when c is a small constant but these do not apply to our case.

Proposition 1 implies:

Proposition 11 There is a constant C', such that for every k big enough,

there is a set of 2k — 2 points such that the equation
A’Uk = k — Kke%k
has a solution vy with ||vg||e < C.

It would be interesting to see if one could recover this result from a PDE
theory point of view. This would give an alternative proof of Donaldson’s
main theorem in [Do3] for S? and maybe a way to calculate 7, by calculating

C.

Consider the following functionals on the space of C* maps from S? to S

Bi(F) = [|7° }

w

and

EQ(F):/ Frw

w

It is not hard to see that, the restriction of these two functionals to the space
of rational maps of degree k from S? to itself, is proper and therefore has
a minimum. We conjecture that the minimizers of such functionals arise as
quotients of polynomials satisfying the property in Proposition 1. Similarly, if

one considers the much studied functional,

/ dFP 1 / dF*,



CHAPTER 8. FURTHER REMARKS 105

restricted to the space of rational maps of degree k, it is natural to conjecture

that its minimum also arises in this way.
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