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Riemannian Geometry

Homework 6

due on Wednesday, April 12

1. Let M be a smooth manifold. Show that if w € Q'(M) and X,Y € X(M) then
dw(X,Y) = X (w(Y)) =Y - (w(X)) — w([X,Y]).

2. Consider the following vector field defined on R?\{(0,0)},

_ vy 9. _x 9
224920z 22+y2oy
and w € Q(R?) given by w = dx A dy.

(a) Compute the Lie derivative of w along X, Lxw, using
Lx (w1 Awa) = (Lxwi1) Awa +wi A (Lxws)
and
d(Lxw) = Lx(dw).
(b) Compute Lxw using Cartan’s formula (see exercise 3.8(7)).
(c) Calculate X and w in polar coordinates.

d) Compute Lxw using polar coordinates and Lxw = 4 (¢fw);_g, where v is the
dt \Vt®)|t=0
flow of X.

3. A k-form w is called closed if dw = 0. If it exists a (k — 1)-form  such that w = df
then w is called exact. Note that every exact form is closed. Let Z* be the set of all
closed k-forms on M and define a relation between forms on Z* as follows: o ~ 3 if
and only if they differ by an exact form, that is, if 8 — « = df for some (k — 1)-form 6.

(a) Show that this relation is an equivalence relation.

(b) Let H¥(M) be the corresponding set of equivalence classes (called the k-dimensional
de Rham cohomology space of M). Show that addition and scalar multiplica-
tion of forms define indeed a vector space structure on H*(M).

4. Consider the 2-form
_xdyNdz—ydr Ndz+ zdx Ndy
($2 + y2 + 22)3/2

defined on R3\{(0,0,0)}.

(a) Show that w is closed.
(b) Calculate [ w. Is w exact?

(c) Using the previous questions what can you say about H?(R3\{(0,0,0)})?



