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1. Let G1 and G2 be Lie groups and let f : G1 → G2 be a homomorphism of Lie groups.
Show that given a left-invariant vector field X on G1 there exists a unique left-invariant
vector field Y on G2 such that Y = f∗X.

2. Let M be a smooth n-manifold and let ω ∈ Ωn(M) be a differential form satisfying
ωp 6= 0 ∀p ∈ M (ω is called a volume form). Given a vector field X ∈ X (M) the
interior product of ω by X is defined by

(iXω)p(v2, . . . , vn) = ωp(Xp, v2, . . . , vn)

where vi ∈ TpM com i = 2, . . . , n.

Show that the map
ϕ : X (M) −→ Ωn−1(M)

X 7−→ iXω

is an isomorphism of vector spaces, that is, ϕ is a bijective linear map.

3. Let M be a smooth manifold. Consider ω ∈ Ω2(M) and η ∈ Ω1(M). Show that

(ω ∧ η)(X,Y, Z) = ω(X,Y )η(Z) + ω(Y,Z)η(X) + ω(Z,X)η(Y )

where X,Y, Z are vector fields on M .


