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The homotopy Lie algebra of symplectomorphism groups of 3-fold
blow-ups of (5% x 52,044 ® 04a)

Abstract

In symplectic geometry, one of the interesting areas of research is the analysis and
description of the symplectomorphism groups of symplectic manifolds. It is closely
linked to the study of J-holomorphic curves. Particularly in four dimensions, the

adjunction inequality and the positivity of intersections facilitate this investigation.

In all cases studied by now, the main idea behind the study of the homotopy type of
the symplectomorphism group of a manifold (M, w) is to investigate the natural action
of this group on the contractible space of w-compatible almost complex structures,
Jo- In those cases, namely rational ruled manifolds and some of their blow-ups,
the space J,, is a stratified space where each stratum contains an integrable almost

complex structure such that its isotropy group is a finite dimensional Lie group.

In this work, we will consider the 3-point blow-up of the manifold S? x S? equipped
with the product ogq @ 04q of the standard symplectic forms on each S%. So far,
the monotone case (that is, when the capacities of the blow-ups are all equal to
1/2) was studied by J. Evans, where he proved that the symplectomorphism group is
contractible. Later, J. Li, T. J. Li and W. Wu showed that the group Sympqy(M,w)
of symplectomorphisms that act trivially on homology is always connected. We will

study, in more detail, the rational homotopy Lie algebra of this group.

As in the previous cases studied, we will show that the isotropy groups of the in-
tegrable almost complex structures generate the full topology of the symplectomor-
phism group. More precisely, in our case, the isotropy groups are either T? or S! or
the identity, and we will show that the Hamiltonian actions contained in them give

the generators of the homotopy graded Lie algebra of the symplectomorphism group.



Our study depends also on Karshon’s classification of Hamiltonian circle actions and

the inflation technique introduced by Lalonde-McDulff.

Keywords: Symplectic geometry, Symplectomorphism group, Homotopy type, Al-

most complex structures, J-holomorphic curves.



A Aalgebra de Lie da homotopia de grupos de simplectomorfismos de

blow-ups de (S? x 5% 044 @ 05q) €em 3 pontos

Sinan Eden
Doutoramento em Matemética

Orientadora: Doutora Silvia Nogueira Rocha Ravasco dos Anjos

Resumo

Em geometria simpléctica, uma das areas interessantes de investigacao é a analise e
descricao dos grupos de simplectomorfismos de variedades simplécticas. Este estudo
esta relacionado com o estudo das curvas J-holomorfas. Em dimensao 4, a desigual-

dade de adjuncao e a positividade das interseccoes facilita esta investigacao.

Em todos os casos estudados até agora, a ideia principal por detras do estudo de
homotopia do grupo da simplectomorfismos duma variedade (M,w) é a analise da
acao natural deste grupo no espaco contratil 7, das estruturas quase complexas
e w-compativeis. Nesses casos, nomeadamente em variedades racionais e regradas
(“rational ruled manifolds”) e em alguns blow-ups destas variedades, o espago J,, é
estratificado e cada estrato contém uma estrutura quase complexa integravel, tal que

o seu grupo de isotropia é um grupo de Lie de dimensao finita.

Nesta tese, consideraremos o blow-up em 3 pontos de S? x S? com a forma simpléctica
Ostd D 0s1q Obtida como produto das formas simplécticas standard em S2. Até agora, o
caso monotono (isto é, em que as capacidades dos blow-ups sdo todas iguais a 1/2) foi
estudado por J. Evans, tendo o autor provado que o grupo de simplectomorfismos é
neste caso contratil. Mais tarde, J. Li, T. J. Li e W. Wu mostraram que no caso geral
o grupo de simplectomorfismos desta variedade simpléctica, que agem trivialmente em
homologia, é conexo. Analisaremos, em maior detalhe, a algebra de Lie da homotopia

racional deste grupo.



Como nos casos anteriores, iremos mostrar que os grupos de isotropia das estruturas
quase complexas integraveis geram a topologia do grupo de simplectomorfismos. Mais
precisamente, no nosso caso, os grupos de isotropia sao ou T?, ou S!, ou a identidade,
e iremos mostrar que as acoes Hamiltonianas neles contidas produzem os geradores
da homotopia da algebra de Lie graduada (“Lie graded algebra”) do grupo de sim-
plectomorfismos. O nosso estudo utiliza também a classificacao de Karshon das agoes

Hamiltonianas do circulo e a técnica de dilatacao introduzida por Lalonde-McDuff.

Palavras-chave: Geometria simpléctica, Grupo de simplectomorfismos, Tipo de ho-

motopia, Estruturas quase complexas, Curvas J-holomorfas.
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Chapter 1

Introduction

1.1 History

The study of how the symplectomorphism groups of 4-manifolds look like was in-
troduced by M. Gromov in [I0], while the first systematic developments in the area
were initiated by M. Abreu in his doctoral thesis [I], which gave the subject a fresh
kick-start.

The long-known example is the symplectomorphism group of S? x S? equipped with
the product of standard symplectic forms on S?, namely w = o @ o. This was
calculated by M. Gromov in [I0], among many other groundbreaking results. Then
M. Abreu and D. McDuff ([3]) described the group of symplectomorphisms that act
as identity on homology, on the same manifold equipped with the symplectic form

wy, = o @ o where p > 1.

The group of symplectomorphisms of this manifold with only one blow-up, acting
trivially on homology, is calculated by M. Pinsonnault in [28]. Then the 2-fold blow-
up is calculated by S. Anjos and M. Pinsonnault in [5].

The next simplest thing to do would be to analyze the 3-fold blow-up. So far, the



monotone case (that is, when p = 1 and the capacities of the blow-ups are equal to
1/2) was studied by J. Evans in [§], where he proved that the symplectomorphism
group in this case is contractible. Furthermore, J. Li, T. J. Li and W. Wu showed
in [I8] that its symplectic mapping class group is connected. This work aimed at

exploring the case © = 1 in more detail.

1.2 The story

In all cases studied by now, the main idea behind the study of the homotopy type of
the symplectomorphism group of a manifold (M, w) is to investigate the natural action
of this group on the contractible space of w-compatible almost complex structures,
Jo. In those cases, namely rational ruled manifolds and some of their blow-ups,
the space J,, is a stratified space where each stratum contains an integrable almost

complex structure such that its isotropy group is a finite dimensional Lie group.

As in the previous cases, we will show that the isotropy groups of the integrable almost
complex structures generate the full topology of the symplectomorphism group. More
precisely, in our case, the isotropy groups are either T? or S! or the identity, and we
will show that the Hamiltonian actions contained in them give the generators of the

homotopy graded Lie algebra of the symplectomorphism group.

In the next section, we introduce the basic language and notation. In Chapter [2| we
will look at the stratification of the space of w-compatible almost complex structures.
In Chapter |3] we study the homotopy groups of the space of symplectomorphisms,
state in full detail and prove the main result of this work. Some of the arguments
work equally for the case p > 1, while others are essentially different; we will point

these out in Chapter |4] as a brief discussion for further investigations.

10



1.3 The main result

This work is part of a series of investigations in the area, focusing on the symplectic
blow-ups of the space (S? x S? uo @ o), 1 > 1. In this work, we consider this space
with © = 1, blown up at three balls of capacities of ¢, co and c¢3. We denote the end

result as M., ., .,, keeping track of the symplectic form w = wj—1 ¢, co.cs = Wey e0,e4-

Seeing it as a trivial fibration, the base B € Hy(S? x S?) representing [S? x {pt}] has
area ;1 = 1, and the fiber F' € Hy(S? x S?) representing [{pt} x S?] has area 1.

Remark 1.3.1. Since we study symplectomorphisms that act trivially on homology,
wn the calculation of the homotopy type of the symplectomorphism group, we omit the
functions that would interchange the roles of B and F. However, since B and F both
have area 1, this omission might sometimes cause confusions in the presentation (In

particular, see Figures in Section[3.3). In order to avoid this confusion, in

some cases we will keep the notation u to distinguish the area of B from the area of

F.

Equivalently, we can start with (CP? w,), where w, is the standard Fubini-Study
form rescaled so that w,(CP') = v, and blow up at four balls of capacities &y, 6z, 95
and §,. This gives a space conventionally denoted by X, = CP?*#4CP?, equipped

with the complex structure wy.s, 5, 55,5,

One easy way to understand the equivalence between X, and M, Lc1.c0.c5 18 as follows:
Let {L, V1, Va2, V5, V4} be the basis for Hy(Xy;Z) where L is the class representing
a line and the V; are the exceptional classes. Let {B, F, Ey, Fy, E3} be the basis
for Hg(]\ztychcwg; Z) where the E; represent the exceptional spheres arising from the
blow-ups. We identify L with B+ F — FEy, Vi with B— FE;, V5 with F— Ey, V3 with Ej,
and V,; with E3. In order to see this birational equivalence in the symplectic category,
we recall “the uniqueness of symplectic blow-ups” due to McDuff (See Corollary 1.3

in [22]): the symplectomorphism type of a symplectic blow-up of a rational ruled

manifold along an embedded ball of capacity ¢ € (0,1) depends only on the capacity

11



¢ and not on the particular embedding used in obtaining the blow-up. Using this

result and after rescaling, we obtain the equivalence in the symplectic category:
I/—52 V—(Sl—ég 63 64

Q= —————",C = and c3 =
V—51 ’ I/—617

/"L:

1/—51’ V—(Sl'

Let Geeoes = Gu=iei,e0,c; denote the group of symplectomorphisms of Mc

1,C2,C3 =
M,=1.¢,,c5,c; that act trivially on homology, and J., ¢, the space of w-compatible

almost complex structures on M, ¢, ¢,-

This work mainly focuses on the case when p = 1, although some basic results
generalize for p > 1. When we point out to results for the latter case in later

chapters, we will write y =7+ A with / € Nand 0 < A < 1.

In order to describe the algebraic structure of m,(Ge, c,.c), We introduce the Lie
product with which we equip it, namely the Samelson product. If G is a connected
topological group, the Samelson product [-,] : m,(G) ® 7,(G) = 7y14(G) is defined

by the commutator map
SPTa = 8P x S1/SP\ S1— G 1 (s,t) — a(s)b(t)a " (s)b(1).
The Samelson product satisfies the following two properties:
e graded commutativity: [z,y] = (—1)%&=deev+1[y 7] and
e graded Jacobi identity:
(—1)desrdeelz, [y, 2]] + (—1)d8vaey, [z, 2] + (—1)9€29Y[2, [z, y]] = 0.

The space m,(G) ® Q with the Samelson product is thus a graded Lie algebra (i.e. a
graded vector space together with a linear map of degree zero satisfying antisymmetry
and the Jacobi identity).

Theorem 1.3.2. Let 1 > ¢y +cy > c1+c3 > > cg >c3 > 0. Let ]\AI/CI,C%CS denote
the symplectic manifold (S* x S? o @ o), blown up at three balls of capacities of ¢,
co and c3. Let G, ¢, 5 denote the group of symplectomorphisms of MGMM:& that act

trivially on homology.

Define A as the algebra over Q generated by nine elements of degree 1 (which we will

12



define in Section and will denote as xq, x1, Ta, T3, T4, Yo, Y2, Y7, 2) Subject to
a set of relations between their Samelson products, which will be specified in Section
(7.4

Then there 1s an isomorphism between A and the homotopy graded Lie algebra

W*(GM=1701,C27C3) ® Q

We will see in Section that these generators are represented by Hamiltonian S'-
actions on the symplectic manifold, so the rational homotopy type of the symplecto-

morphism group G, ., 15 generated by these circle actions.

While the general structure of this work is parallel to the study of the homotopy
groups of G, ,, there are a few new phenomena occuring when we blow-up once
more. Most importantly, two new relations emerge via the use of auxiliary toric

pictures (See Section [3.3.2). These relations appear more naturally when p > 1.

13



Chapter 2

The structure of J-holomorphic

curves

2.1 Reduced classes

We start by justifying the conditions in Theorem on the sizes of the capacities,
namely the assumption that 1 > c¢; + ¢y > ¢y +¢3 > ¢1 > o > c3 > 0. We will show
that this assumption is sufficient to cover the generic case. The arguments in [5] work
equally here to yield:

Lemma 2.1.1. Every symplectic form on J\761762703 is, after rescaling, diffeomorphic
to a form Poincaré dual to B+ F — c1E1 — coFy — c3F3 with 0 < c3 < 3 < ¢1 <

crt+e3<c+ce <1
Proof. The key component of this Lemma is the notion of a reduced class, because to
understand the action of G, ., ., we have the following simplifications:

e Diffeomorphic symplectic forms define symplectomorphism groups that are home-
omorphic, and symplectomorphisms are invariant under rescalings of symplectic

forms. So we need to describe a fundamental domain for the action of Diff t x R

14



on the space {2, of orientation-compatible symplectic forms defined on X,.

o Taking {L,Vi,...,V4} as the standard basis of H,(Xy;Z) as in Section [I.3] the
Poincaré dual of [wy 5, 5,.65.6,] 18 vL—3;0;V;. Similarly, the first Chern class of any

compatible almost-complex structure on X, is Poincaré dual to K := 3L — 3, V.

Now if C' stands for the Poincaré dual of the symplectic cone of Xy, then by
“uniqueness of symplectic blow-ups” in [22], it is enough to describe a funda-

mental domain on C.

e Moreover, the canonical class K is unique up to orientation preserving diffeo-
morphisms [19], so it suffices to describe the action of the diffeomorphisms fixing

K on

Ck ={A € Hy(X;;R) : A= PD|w] for some w € Qx}
where Qg is the set of orientation-compatible symplectic forms with K as the
symplectic canonical class.

e Aclass A=agL—) ;.4 a;Viis reduced with respect to the basis {L, V1, ..., Vi}
if ap > ay > ag > ay4 and ag > ay + as + az. By a result due to Y. Karshon and
L. Kessler ([I3], Theorem 1.4. Also see [14] Theorem 1.2.), the set of reduced
classes is a fundamental domain of Ck(X,) under the action of Diff; so the

discussion on Section [I.3] gives the Lemma.

Remark 2.1.2. Note that there are several possibilities within this condition. We
don’t know the relation between ci + co + c3 and 1, and between co + c3 and c¢;. We

will show below that this does not make a difference in the homotopy type of G, cy.cs-

(See Remark(3.4.5)

15



2.2 Configurations of J-holomorphic curves

Throughout this section we will assume that 1 > ¢y 4+co > ci4+c3>c¢p >co >c3 >0
(that is, without allowing for the equalities) and study the possible configurations of
J-holomorphic curves. In this work, we use two basic properties of J-holomorphic
curves on symplectic manifold of dimension 4, namely the positivity of intersections
and the adjunction formula. (Theorem 2.6.3 and Theorem 2.6.4 in [24], or Section 1
in [1].)

Positivity of Intersections: Two distinct closed J-curves S and S’ in an almost
complex 4-manifold (M, J) have only a finite number of intersection points. Each such
point x contributes a number k, > 1 to the algebraic intersection number [S] - [S'].
Moreover, k, = 1 if and only if the curves S and S’ intersect transversally at z. Thus,
[S] - [8'] = 0 if and only if [S] - [S’] are disjoint, and [S] - [S'] = 1 if and only if the
curves meet exactly once transversally and at a point which is non-singular on both

curves.

Adjunction Formula: For S the image of a J-holomorphic map u : X — M, we

define the virtual genus of S as the number
9(5) =1+ ([5]-[S] = ex([S]))-
Then, if u is somewhere injective, g(S) is an integer. Moreover g(S) > genus(X) with

equality if and only if S is embedded.
Lemma 2.2.1. Let J € T, cpey- Suppose A = pB + qF — rmEy —roBy — r3bs €

—~

Hy(M¢, cy.c5,Z) has a simple J-holomorphic representative. Then p > 0. Moreover

o if p=0, then A is one of the followings: F, F' - E;, F'— E; — F;, F;, E; — Ej,
FE, — Ey — Es, 1,J € {1,2,3} and 1 < 75

e ifp=1, then ri,r, 13 € {0,1}.

Proof. By adjunction inequality, we have

16



20,(A) =2(p—1)(g—1) —ri(r1 = 1) —ra(re — 1) —r3(rs — 1) > 0.
Also, since w(B) = w(F) =1 > w(E)) = 1 > w(Ey) = co > w(F3) = c3, we have
w(A) =p+q—ciri — cary — czr3 > 0.

1
Now we show p > 0: Suppose p < 0. Then p < 5 and so

—29,(A) > (¢q—1)+7r1(ry = 1) +ra(re — 1) + r3(r3 — 1)
Z (61T1+02T2—|—03T3—p—1)—|—7”1(T1 —1)—|—T2(T2—1)+7“3<7”3—1)
> cgry + core + e3rg +r1(r — 1) +ro(rg — 1) +r3(r3 — 1)

=ri(ri—14c)+re(ra—1+co) +r3(rs—14c¢3) >0

which yields g,(A) < 0, contradicting the adjunction inequality.

Now suppose p = 0. Then the adjunction formula reads
2(¢ = 1) +ri(r1 = 1) +ra(rg — 1) +7r3(r3 — 1) <0,

and the positivity of intersections yields ¢ — ¢177 — corg — ¢33 > 0. The values for

q,71, 72 and r3 that satisfy these inequalities are given in Tables and

q it T2 T3 A

1 0 0 0 F

1 0 0 1 F — E;

1 0 1 0 F—FE,

1 0 1 1 F—F,—E3

Table 2.1: The values for q,r, 72 and r3, and the resulting curves.

17



q 1 ) T3 A

1 1 0 0 F—E

1 1 0 1 F—FE, —Es
1 1 1 0 F—FE —E,
1 1 1 1 F—FE - E,— Ej3
0 -1 0 0 E\

0 -1 0 1 E, — Ej

0 -1 1 0 Ey, — Ey

0 -1 1 1 By, — Ey — E3
0 0 0 -1 Fs

0 0 -1 0 E,

0 0 -1 1 E, — Ej3

Table 2.2: The values for ¢,r, 79 and r3, and the resulting curves, continued.

Note that the curves F' — F; — Fy — E3 and Ey — E5 — Es5 are represented only if

c1+co+c3 <1 and cy+ c3 < ¢y, respectively.
Finally if p = 1, we get r1(r1 — 1) +7a(ra— 1) +r3(r3s — 1) < 0 so that ry, 79,73 € {0,1}.
|

Lemma 2.2.2. Let J € J., cyc;- Then Es is represented by a unique embedded J-
curve. Hence, if A = pB + qF — rE, — roFy — r3FE3 has a simple J-representative,

then r3 > 0.
Proof. Suppose, by contradiction, that Fj3 is represented by a cusp-curve

C = Jm;C;, N > 2 and C; simple.

C=

=1

FEach C; is one of the options given in Lemma [2.2.1} By area considerations (w(FEs3) >
w(C;) for all i), C; cannot be representing F, F' — Ey, F — Ey, By, By — Ey, F — Ey — Ey

18



or E5. But then the options we are left with all include — E3, which is also impossible

asm; >0and N > 2. [ |

Remark 2.2.3. The fact that the class Fs is always represented by a unique embedded
J-curve will be extremely useful hereinafter. It allows us to analyze almost-complex
structures as well as the symplectomorphisms on the manifold J\AJCLCQ,C3 via the ones
on th for we can blow-down E3 to obtain the structures for the 2-point blow-up.
Remark 2.2.4. If we start with Ey (instead of E3) in Lemma a similar argu-
ment shows that we must have C; = Ey — E3 unless we have a simple representative
of Es.

Lemma 2.2.5. The set of tamed almost complex structures on ]\A/_chh%c3 for which the
classes B — E;, i = 1,2,3 are represented by an embedded J-holomorphic sphere is

open and dense in Je, cy.cq-

If for a given J there are no such spheres, then either one of the classes B — E; — E;

1 < j or B—FE|— FEy— FEj3 1s represented by a unique embedded J-holomorphic sphere.

Proof. The proof of this Lemma is similar to the proof of Lemma 2.5 in [28] and of
Lemma 2.10 in [5]. We only need to modify their proofs to include the various curves

available in our case. We will confine ourselves with giving a sketch of the proof.

Since the curves B — FE;, i = 1,2, 3, are exceptional, the set of almost complex struc-
tures J for which they have an embedded J-holomorphic representative is open and
dense. Since they are primitive, they cannot have multiply-covered representatives.
Suppose, then, that the representative of B— Ej; is a cusp curve, which due to Lemma
[2.2.1]]and Lemma would decompose as B —r; E; —roFy —r3FE5 and a linear com-
bination of the following classes: F', ' — F;, F' — F; — Ey, F' — Ey — Fy — Es3, F;
E; — By, £y — Ey — E5. Here all the coefficients in the linear combination would
be non-negative and r; € {0,1}. This implies that at least two of the r; should be
non-zero, hence one of the classes B—F, — F; i < j or B— E; — Ey— Ej3 is represented

by a unique embedded J-holomorphic sphere. [

19



Remark 2.2.6. By positivity of intersections, we cannot have F — E; and F'— E, — E
stmultaneously represented by embedded J-holomorphic spheres. Similarly, it is not
possible for the classes F — E; and F' — Ey — Ey — E3 to simultaneously have embedded

J-holomorphic representatives.

Using the positivity of intersections and the results of this section, we thus get a set
of possible configurations of J-holomorphic curves. Note that all the configurations
can be obtained from the configurations in Figure 2 of [5], by blowing up either inside
a curve, or at an intersection between curves, or outside. (See Remark ) We will
recall the configurations in [5] and draw the configurations resulting from the next

blow-up.

For instance, corresponding to the configuration (1) in Figure 2 of [5]

Eq F —Ey

Figure 2.1: Configuration (1) of [5] for X

20



we obtain the following 13 possible configurations of J-holomorphic spheres.

B — FEo
Es
F—FEq
F — FEy — E3
Ey
Es
B —FE| — FE3
B— Es — E3
E3
F — Eq
FE> — E3
Eq
F — E5
B— F;
B — FEo
F—FEi — FE3
Es
Es3
F — E>
FEy — FE3
B — F;

B — FEo
Es — E3
F—FEq
Es
Ey
F — Ey — E3
B — E4
B — Ey — E3
E3
Eo
F —FEi — FE3
F — Es
Ey
B— F;
B — E>
F — Eq
Es
Ey — E3
F — FEs
Es
B—FEy — E3

Figure 2.2: Configurations 1.1-6



B — E»
F*El E2
E1 F_E2
B—-FE — E3
B — E»>
Eo — E3
F—FE
FE1 F — Es
B —E;
1.11
B — E»
Eo
F—FE; —E3
E1 F*E2
B—-FE;

B — FE»
F—E; Eo
E F—FEy; —E3
B — E;
1.10
B — FE> — E3
F—F Es
Eq F— Es
B — Ej
1.12
B — E»
F—FE £
E1 — E3 F — Eo
B—F;

Figure 2.3: Configurations 1.7-12



B — E>

Ey

E3

Figure 2.4: Configuration 1.13

Similarly, corresponding to the configuration (3) in Figure 2 of [5] []

B—-FEi - E>

Figure 2.5: Configuration (3) of [5] for X

we obtain the following possible configurations of J-holomorphic spheres.

'In order to simplify the presentation in further chapters, we will change the labeling of the
configurations.
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Ey

Ey
F—FE; — FE1 — E3
B —FEy — E2 B —FEy — E2
B — E3 Es
E2 E2
E3 B — E3
F — Fy

F—FEy—E3

Eg
E1—E3
B—FEy — FEy— F3
F — Eq
Es
F — Eo

B —-FE — Ey
E1 El
E3 Eo — FE3
F —FE; F—-E
E; — E3 E3

F — Ey F—FEy; —E3

Figure 2.6: Configurations 2.1-6
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E1 — E3

B—-FE —E3

E3

E1 El
F—-E;
B—E1 — E» B—E) — E» F—-FE;
Es
FEo — E3 Es B — Es
F — Ey F — Ey

Figure 2.7: Configurations 2.7-10

Corresponding to the configuration (5) in Figure 2 of [5]
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B —-E| —E;

E1 — E>

Figure 2.8: Configuration (5) of [5] for X

we obtain the following configurations:

B—-FE - E B—-FE; — FE»
F — E3
E2 E2
E3
El*EQ El*EQ
B — E3
F—E F—-FE —E3

Figure 2.9: Configurations 3.1-2
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B —FE| — Es
Eo
Ey — E2 — E3 F—FE—E;
E3
B—FE| — FEy— E3
E3
FE> — F3 F— Fq

FE1 — E>
B — FE| — Es
FE> — FE3
E3
Ey — Eo
F — FEq

B—-E| — E>

E> — E3

Es3 F—-E

E3
B—FEy — FEy— FE3
E>
E1 — Eo
B—FE| — E>
Es
E3
E1— Ex — E3
F—FE;

Figure 2.10: Configurations 3.3-8
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Corresponding to the configuration (4) in Figure 2 of [5]

E - E5

\F—El_E2

Figure 2.11: Configuration (4) of [5] for X3

we get 4.1-4.8 similar to the previous case. The configurations can be obtained simply
from 3.1-3.8 by interchanging the roles F' and B. Also, from the configuration (2) in
Figure 2 of [5]

Es

F—-FE1 —E>

Eq

Figure 2.12: Configuration (2) of [5] for X3

we obtain 5.1-5.10 and the corresponding configurations can be obtained by inter-
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changing the roles of F' and B in 2.1-2.10 respectively. And finally, using the config-

uration (6)

FE, — Eo
E>

Figure 2.13: Configuration (6) of [5] for Xj

we obtain the following possible configurations:

E
F—E 3 F—Ei - F3

F - E F—-FE
1 2 3 B, — B,

Figure 2.14: Configurations 6.1-2
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F—Ey —E3 F—-FE
E3
Ei — By — B3 Es Ey - Es
FEo —
FE1 — Ey — E3
B —-E; B—-E;
F—FE; F—FE;
Ey—E; — E3
Ei - By | Ey — E3 Es 5
Es
B —E; B—-FE — E3

F — Eq
FEy — Eo
Es
B—FE; — F3
F — E3
Es

Figure 2.15: Configurations 6.3-7
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Chapter 3

Homotopy type of

symplectomorphism groups

We start by citing a result by J.Li, T.Li and W.Wu:
Proposition 3.0.1. ([I8/, Theorem 1.1) The space G ¢, cycs S connected for any
p= 1

Proof. (Outline) We will give the main ingredients of the proof. We start by estab-

lishing the basic concepts, definitions and notation.

A stable (spherical symplectic) configuration in a symplectic manifold (M,w) is an
ordered configuration of symplectic spheres C' = '61 C; such that

o [Ci]-[C;] = 1 for all i, :

e for i # j, [C;] # [C}] and [C;] - [C}] is zero or one.

e there is a compatible almost complex structure J such that all the C;’s are

J-holomorphic.

A stable configuration is standard if the C;’s intersect w-orthogonally at every inter-
section point of the configuration. We denote by Cy the space of all standard stable
configurations. A standard stable configuration C' € Cy is full if H*(M,C;R) = 0.
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Note that the configuration 1.13 is full standard stable. From now on, we will restrict

our attention to this choice of C as our working configuration for the case y = 1.

The first step in the proof is to show that the group Symp,(U) of compactly sup-
ported symplectomorphisms of (U = M\ C,w|y) is contractible. By Moser’s theorem,
Symp,(U) is homotopy equivalent to the space Stab'(C) of symplectomorphisms on
M that fix C' pointwise and that act trivially on the normal bundles of the C;’s.

Next, we consider the fibration Stab'(C) — Stab’(C') — G(C), where Stab’(C) is
the set of symplectomorphisms on M that fix C' pointwise, and G(C) is defined as

follows:

Let Gy, (C;) denote the group of gauge transformations of the normal bundle to C;

which equal the identity at the k; intersection points. In our case, each of these are
N

homotopy equivalent to Gy, (5?). Then, for C = |J C;, we define G(C) = HZ]\LI Gr, (C)).
i=1

So, by the first step, we obtain Stab’(C) ~ G(C).

The third step is to consider the set Stab(C') of symplectomorphisms on M that fix C'
as a set. For our choice of C, it can be shown that Stab’(C') — Stab(C) — Symp(C)

is a homotopy fibration. Considering the long exact sequence

... = m(Stab(C)) = 11 (Symp(C)) S mo(Stab®(C)) — mo(Stab(C)) —
mo(Symp(C)),

it is possible to show that 1 is surjective and Stab(C') is connected.

Finally, we consider Stab(C') — Symp,,(M,w) — Cy. Here, the action of Symp,, (M, w)
on Cy is transitive and Cp is connected. Since by the third step Stab(C') is connected,
the homotopy fibration yields that Symp, (M, w) is also connected. This finishes the

proof the proposition.

To summarize, the proof relies on the analysis of the following diagram, for a clever

choice of C-

32



Symp,(U) — Stab' (C') — Stab’(C') — Stab(C') — Symp,, (M, w)

| | |

Gg(0) Symp(C') Co.

In fact, this diagram gives a uniform approach to show the connectedness of the space
Symp,, (M, w), for M a n-fold blow-up of CP? for n < 4. For each case, the authors

give the configuration that can be used to run the proof. (18], Remark 3.4)

3.1 Stability of symplectomorphism groups

Theorem 3.1.1. Consider cy, ¢y, c3, ¢y, ¢4, ¢ such that
O<z<e<ag<cagte<c+ce<l,
O<dy<dy<d<d+d<d+d,<1,

Then the symplectomorphism groups Ge, ¢y s and G o o are homotopy equivalent.

Proof. The proof of this theorem follows the same line of thought as the proof of
Proposition 3.1 in [28] and uses the inflation technique introduced by Lalonde [15]
and McDuff [23].

We start by considering the natural action of the identity component of the diffeo-
morphism group of ]\AJCLCM3 on the space S, ¢, ¢, of all symplectic forms on Mcm’%
in the cohomology class [we,.¢,.c;] that are isotopic to we, cy.e- By Moser’s theorem,
this action is transitive, and we obtain the following fibration:

G01702,C3 = Symp<Mcl7C2,03) N DiﬂO(M61,02703) — DiHO(MCLC%C?,) — 501,02763‘

Doing the same with ¢}, ¢}, ¢5, we see that to show the required homotopy equivalence,
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it is sufficient to find a homotopy equivalence between the spaces S, ¢, ¢, and Sg o o1

that makes the below diagram commutative up to homotopy.

GC1 ,€2,C3 Diﬂb SCI ,C2,C3

]

G(c’1 Jch,ch DIHO Sc’l ,Ch,Ch

To this end, we follow an idea introduced by McDuff |23] and consider the larger

space X, defined as

1,€2,C3
XCI,C%CS = {(w7 J) S 861762,03 X ACLCQ,Cg ;. w tames J},

where A, ., ¢, is the space of almost complex structures that are tamed by some form
in S, cy.c5- Then both projection maps X, ) cs = Acycoes A0d Xy ches — Serienics
are fibrations with contractible fibers, and therefore they are homotopy equivalences.

Below, we will prove that A, ¢, ¢, and A¢, ., are in fact equal.
We start by recalling the following result due to Lalonde and McDulff.

Lemma 3.1.2 (Inflation Lemma, [23]). Let J be an 1o-tame almost complez structure
on a symplectic 4-manifold (M, o) that admits a J-holomorphic curve Z with non-
negative self-intersection. Then there is a family 7y, t > 0, of symplectic forms that all
tame J and have cohomology class ;] = [10] +tPD(Z), where PD(Z) is the Poincaré
dual to the homology class Z.

This result was generalized by Buse to curves with negative self-intersection.

Lemma 3.1.3 (Buse, [6]). Let J be an 1o-tame almost complex structure on a sym-
plectic 4-manifold (M, o) that admits a J-holomorphic curve Z with Z - Z = —m,
m € N. Then for all € > 0 there is a family 7, of symplectic forms that all tame J
and have cohomology class 1] = [10] +tPD(Z) for all 0 <t < % —¢, where PD(Z)

15 the Poincaré dual to the homology class Z.
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We prove A, ¢e5 = A e, in three steps.
Step 1: Ac’1702,03 = A o5 Tor ¢ < .
Step 2: ACI’C/Q,% = A¢ o5 TOr o < .
Step 30 Ay erey, = Aeyeaes fOr €3 < cs.

Here, we will only prove Ac ., c; C Acycpes for ¢ < ¢} in full detail. The remaining

steps and inclusions are similar and are left to Appendix [A]

Take J € «40'1 ea.c5 Such that the embedded J-holomorphic spheres satisfy one of the
following configurations from Chapter 2} #1: 1, 2, 3, 4, 7, 8, 9, 10, 11, 13; #2:1, 2,
5, 6, 8, 9, 10. Note that the curve E; is represented by a J-holomorphic curve in
all these configurations. By definition, there is a symplectic form wy ., ., taming J
and SAtiSEYING W e 0 (B) = wpees(F) = 1, wip cpes (1) = ¢4 and i ey ey (Br) =
for i = 2,3. To show J € A, ., we need to find a symplectic form w such that
w(B) = w(F) =1 and w(E;) = ¢ for i = 1,2,3. We can use negative inflation
along the curve F; to define one-parameter family of symplectic forms all taming J,
Wi = Wel, ey .e; HPD(EY) for 0 < ¢ < ¢) —¢, where € can be chosen small enough so that
we have t =ty = ¢} —c;. For this value of ¢, we obtain w = W ¢, ¢, + () —c1)PD(E)),
which satisfies w(B) = w(F') =1 and w(E;) = ¢; for i = 1,2, 3, as desired.

Next, we consider J € Ay ., , With the following configurations: #1: 5, 6, 12; #2:

3, 4, 7. In this case, we first inflate along B + F' — FE, and B + F, and then apply

negative inflation to the resulting symplectic form along E; — Ej:

Wi pey HOPD(B+ F — By) + ¢ePD(B + F)

< ’ b? Z 07
- l1+b+e €
(B — B
and w, = wy + aPD(E; — E3), with a < w
1—¢)(c, —

We get the desired symplectic form by setting e = ( c2) () 01), b — coe and
- Glbte)

Cl4bte

These choices cover all the possible configurations of type #1 and #2. Note that,
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as explained at the end of Chapter [2| the configurations #5 can be obtained by

interchanging the roles of B and F'in #2. Hence, we also covered the configurations
of type #b5.

For the configurations #3: 1, 2 and #6: 1, 2; we utilize the curves B + F' — Ejs,
B + F and then F; — E5. This case is similar to the last one, and we only need to

interchange the roles of Ey and E3 (and therefore of ¢y and c3).

For the configurations #3: 3, 4, 8 and #6: 3, 4, 6; we inflate along the curves
2B+ 2F — FE, — Ey, B+ F, and E; — E3 — E5. In this case, we set,

_ Wejeses T OPD(2B + 2F — By — Ey) + ePD(B + F)
1+2b+e ’
wb,e(E1 — FEy — E3)

and w, = wy + aPD(E; — By — E3), with a < 3 )

Wh,e b, € 2 07

We get the desired symplectic form by setting
(1 —2co + 2¢3)(c) — 1)

® = s
(c1 — o + 2¢3)
(co — c3)e
b= —"—"" and
¢ 1—202—203,an
_ c3(2b+e)
14+ 2b+e

wb,e(El — by — E3)
3
as otherwise F, — E5 — E3 could not have a J-holomorphic representative in the first

Note that here, to prove a <

, we use the fact that ¢; > ¢y + 3

place.

Then, for the configurations #3: 5, 6, 7 and #6: 5, 7; we inflate along the curves
3B+ 3F — Ey — FEy — E3, B+ F, and E; — E5. This case is similar to the previous
case, and we use the fact that c¢; + c2 + ¢3 < 1, which makes it possible to have
B — FEy — FE5 — FEj3 in the configuration.

Since the configurations of type #4 can be obtained from #3 by interchanging the
roles of B and F', this finishes the proof of Aj c,c; C Aeepes for 1 < ). The

inverse inclusion, as well as Step 2 and 3, are similar. In Appendix [A] we give a list
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of curves along which the inflation procedure can be used to produce the symplectic

forms required in each case. [ |

We can get information on G, ., ., via the group Sympp(]\ZhQ) of symplectomor-
phisms that fix a point p in the manifold ]\Zlm, which is the manifold studied by
Anjos and Pinsonnault (Proposition 1.2 in [5]):

Theorem 3.1.4. Consider cy,co,c3 € (0,1) such that c3 < co < ¢1 < ¢1 +¢3 <

c1+ ¢y < 1. Then G, ¢y ey 15 homotopy equivalent to Symp,(M., ¢, )-

Proof. Let SympU(Q)(]\ZLCNS,E?,) denote the group of symplectomorphisms of the
manifold Mq,@,c;; that act linearly in a small neighborhood of the exceptional fiber
whose cohomology class is F5. The first step in the proof is that Symp¥?) (]T/[/ch%c?), E3)
is homotopy equivalent to Sympp(ﬁclm): Every element of SympU(Q)(]\Zh%CB, E3)
gives rise to a symplectomorphism of ]\Ajchc2 acting linearly near the embedded ball B,
and fixing its center p. Conversely, every homotopy class of the stabilizer Sympp(ﬂclm)
can be realized by a family of symplectomorphisms that act linearly on a ball B, of
sufficiently small capacity ¢} centered at p. So we can lift such a representative to the

group SympU(z)(Mcm,cw Es). If 7 is the restriction map, then the directed system of

homotopy maps

rcé,c;; : SympU@)(Mchcz,cga E3) — SympU(2)(Mcl,02,cg7 E3)
gives homotopy equivalences when ¢; < ¢ are sufficiently small, by Theorem [3.1.1]

This system together with maps

—~

Ges - SympU(Q)(MchQ,cSy E3) — Sympp<Mclyc2)

yield a commutative diagram for each pair c3 < ¢}. It is then obvious that each g, is

a weak homotopy equivalence.

The second step in the proof is that SympU(Q)(]Tjc Es) is homotopy equivalent

/
1,€2,C3)

to Symp(Mc, ¢, ¢, £3). This is Lemma 2.3 in [17].
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Finally, by Lemma [2.2.2] we know that that the curve F3 cannot degenerate, that is,
for every J in J., ¢, ¢, there is a unique embedded J-holomorphic representative of Ej
and no cusp-curve in class E3. Hence by Lemma 2.4 in [I7] we conclude that G, ¢, c,

retracts onto its subgroup Symp(]\z E3). [ |

/
1,€2,C3)

3.2 Homotopy groups of GG

C1,€2,C3

We use the same tools (Poincaré series, Poincaré-Birkoff-Witt Theorem, spectral se-

quence) as in Section 4.1 of [5] to calculate
P = dim 7, (M, ;) ® Q = dim w1 (M, o) ® Q.

It is known ([9]) that a simply-connected space with rational cohomology of finite
type and finite category is either rationally elliptic (i.e. its rational homotopy is finite
dimensional) or rationally hyperbolic (i.e. the dimensions of the rational homotopy
groups grow exponentially). Also, since b2(M,, .,) = dim H2(M,, .,; Q) > 3 and since
a 4-dimensional simply-connected finite CW-complex has cat(X) < 2, the following
theorem shows that ]\A/[/CLCQ is rationally hyperbolic.

Theorem 3.2.1 (Part VI in [9]). If an n-dimensional simply-connected space X is
rationally elliptic, then

1. dim Tepen (X) ® Q < dim mogq(X) @ Q < cat(X),
2. x(X) >0, where x denotes the Euler characteristic.
For a rationally hyperbolic space X, the Poincaré series is the formal series
Px =37 dim H,(X;Q)z".

The Poincaré-Birkoff-Witt Theorem applied to topolog,cal spaces (see [9] Section 33)

yields
[T o1 + 22ntt)rans

HZO=1(1 - Z%)?Z"

so that we can recover the 7, from %n = dim Hn(Q]\A/fChCQ; Q). We compute the latter

Pox =
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using the Serre spectral sequence of the path fibration
QMclch - PMclch — MCl,CzJ

where P]TJJCMC2 is the space of paths starting at a point zy and the projection map
D P]\Afchc2 — MCLCZ sends each path to its endpoint. The spectral sequence yields
7L0 =1, 7L1 = 4 and 7Ln = 4ﬁn_1 — ’FLn_Q, which in turn gives, for instance, 7, = 4,
ro =9, 73 = 16 and 1, = 27.

Proposition 3.2.2. Let 0 <c3 < <ci <cp+e3<c+co<1. Then

dlm 7T1 (Gcl,CQ,Cg) < 97

and the homotopy groups satisfy

dim 7, (Gey epes) < dim 1 (Mo, ) + dim 7, (Gey )

Proof. We recall part of Proposition 4.2 in [5] that would be relevant in our case:

Proposition 3.2.3. Let 0 < s < ¢y <ca+ ¢4 < 1. Then

Wl(symp(j\zchm)) = @5, and
7Tn(Symp(]/\ZCLCQ)) = Q™ forn > 2,

where r,, = dim ﬂn(Qj\ch) ® Q = dim ﬂn+1(]\zl) ® Q is calculated as ry =1r3 =5,
ry = 10, and r5 = 24.

From the evaluation fibration

Sympp(MCLCQ) — Symp(Mcl,Cz) — MCLCQ?

using Lemma |3.1.4) and Theorem we get a long exact sequence that ends with

7T5(MC1702) - 774(GC1762,03) - 7T4(G01702) -

- 7r4(M01702) - W3(GC1702,C3) — 7T3(GC1702) —

- 7r3(M61702) - WZ(GCLC%CS) — WQ(GChCz) -

— 7T2(M01,62) - Wl(Gcl,CLC:&) — Wl(Gcl,Cz) — Wl(Mcl,Cz)'
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Using Theorem 1.1 in [5], we can write it as

@27 — 7T4(Gcl,02,03) — QIO —
— Q% = m3(Geyones) — Q° —
— Q% = MGy eyes) — Q° —

— Q' = m(Geyeye5) — Q° — {0},
[ ]

So we expect to find at most 9 generators for 7;. In the next section, we will look at
toric pictures and see that the methods hitherto used in literature do not reduce the

rank to less than 11 generators. We address this in Section [3.3.2] .

3.3 The generators

This section is dedicated to the description of the generators of the homotopy Lie
algebra of G, ¢, ¢, As these generators will appear as Hamiltonian circle actions,
which then can be seen as elements of m (G, ¢,.c5), We will make extensive use of
Delzant’s classification of toric actions and Karshon’s classification of Hamiltonian
circle actions on symplectic manifolds. We first give a quick overview how these

classifications work.
A Delzant polytope in R? is a convex polytope satisfying
e simplicity, i.e., there are two edges meeting each vertex,

e rationality, i.e., the edges meeting at the vertex p are rational in the sense that

each edge is of the form p + tu,;, t > 0, where u; € Z;

e smoothness, i.e., for each vertex, the corresponding w1, us can be chosen to be

a Z-basis of Z2.
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Delzant’s classification tells us that toric manifolds up to equivariant symplectomor-
phisms are classified by Delzant polytopes up to transformations by GL(2,7Z). The
Delzant polytope corresponding to a toric manifold (M, w, T?, ¢) is given by the image
¢(M) of the moment map. (See [7], Chapter 29, for the reverse direction in the corre-
spondence.) Note that in our case since we work with symplectomorphisms that act
trivially on homology, we do not allow symplectomorphisms that interchange the roles

of B and F'. Therefore, we shall consider Delzant polytopes up to transformations by

SL(2,7Z).

On the other hand, Karshon’s classification [12] yields the correspondence between
Hamiltonian circle actions and “decorated graphs”. A Hamiltonian circle action comes
with a real-valued momentum map ® : M — R, which is a Morse-Bott function with
critical set corresponding to the fixed points. When the manifold is four-dimensional,
the critical set consists of isolated points and two-dimensional submanifolds, and the

latter can only occur at the extrema of .

To (M,w, ®), Karshon associates the following graph: For each isolated fixed point
p, there is a vertex (p), labeled by the real number ®(p). For each two-dimensional
invariant surface S, there is a fat vertex (S), labeled by two real numbers and one
integer: the momentum map label ®(S), the area label % Jgw, and the genus g of
the surface S. A Zj-sphere is a gradient sphere in M on which S! acts with isotropy
Zy,. For each Z;-sphere containing two fixed points p and ¢, the graph has an edge
connecting the vertices (p) and (g) labeled by the integer k. As vertical translations
of the graph correspond to equivariant symplectomorphisms, and flips correspond to

automorphisms of the circle. (See [IT], Section 3, for more details.)

Karshon’s classification tells us that there is a correspondence between these decorated
graphs up to translation and flipping, and Hamiltonian circle actions up to equivari-
ant symplectomorphisms that respect the moment maps. Namely, for two compact
four-dimensional Hamiltonian S* spaces (M,w,®) and (M’,w’,®'), an equivariant

symplectomorphism F : M — M’ such that ® = F~'o®' o F induces an isomorphism
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on the corresponding graphs.

Furthermore, this classification serves to keep track of symplectic blow-ups, as in

Figure [3.1] and

-» (S)v.g -» 95),r—cg

Figure 3.1: Blowing up at a point inside an invariant surface at the minimum value

of ¢

m
m ®(p) +me
D(p)—— min
n ®(p) — nc
n

Figure 3.2: Blowing at an interior fixed point

Toric actions are generated by two Hamiltonian circle actions, which in the Delzant
polytope can be seen as the projection to the axes. This relationship between poly-

topes and decorated graphs will be particularly useful in the following subsections.

3.3.1 Toric actions

We start by drawing the Delzant polytopes of the symplectic manifold ]\AI/CLCQ’C3 equipped
with all possible toric actions. In Chapter [d] we will go through the more general

construction for MMLCM:S.
Let T* C U(4) act in the standard way on C*. Given an integer n > 0, the action of
the subtorus 77 := (s + t,t, s, s) is Hamiltonian with moment map

(21, ...,24) — (’21’2 + ’2’3’2 + ‘24’2, ‘21‘2 + ’22‘2)

so that we identify (5% x S?,0 @ o) with the toric Hirzebruch surface Fy defined as

the symplectic quotient C*/ /T2 at the regular value (1, 1) endowed with the residual
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action of the torus T(0) := (0,u,v,0) C T*. The image A(0) of the moment map is

the convex hull of

{(07 O)’ (17 0)7 (17 ]‘)’ (07 1)}

We identify the symplectic blow-up ]\AjCl at a ball of capacity ¢; with the equivariant

blow-up of the Hirzebruch surface F.

We define the even torus action T(O) as the equivariant blow-up of the toric action of
T(0) on Fy at the fixed point (0,0) with capacity ¢;. The image of the moment map

then is the convex hull of

{(1,1),(0,1),(0,¢1), (¢1,0), (1,0)}.
The Kihler isometry group of Fy is N(T3)/TZ where N(T¢) is the normalizer of Ty
in U(4). There is a natural isomorphism N (7%)/T¢ ~ SO(3) x SO(3) := K(0), and
its restriction to the maximal torus is given in coordinates by
(u,v) = (—u,v) € T(0) := S' x ST € K(0)

This identification implies that the moment polygon associated to the maximal tori
T(0) = S* x S' ¢ K(0) and T(0) are the images of A(0) and A(0), respectively,
under the transformation

-1 0

0 1

Co =

Under the blow-down map, T(0) is sent to the maximal torus of K(0). By [17]

Symp(M,,) is connected, hence the choices involved in the identification give the

same maps up to homotopy.

We identify the symplectic blow-up Mcm with the equivariant two blow-up of the
Hirzebruch surface Fy and obtain inequivalent toric structures. We define the torus
actions ﬁ(O), i =1,...,5 as the equivariant blow-ups of the toric action of 7'(0) on ﬁo,
with capacity co, at each one of the five fixed points, which correspond to the vertices

of the moment polygon A(0).
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We blow-up each of the resulting toric actions in their six fixed points and obtain
ﬁ,j(O), j = 1,...,6. These toric pictures arise from the ones described in Section
4.2 of [5] by applying one more symplectic blow-up, of capacity cs, at each corner.
In Figures and we draw the toric pictures for ﬁ(O), 1 = 1,...,5, and plot
the corners where the next blow-ups take place. Then, in each case we pick two
Hamiltonian S'-actions, z;; and y; ;, that generate the depicted toric action. More
precisely, x; ; and y; ; are circle actions whose moment maps are, respectively, the first
and second components of the moment map associated to the torus action ﬁj(O) In
fact, Y. Karshon explains in [12] how to collect Hamiltonian S*-actions from these
figures via graphs and how these graphs classify the circle actions. For a brief summary

on decorated graphs, Delzant polytopes and the relationship between the two, see the

beginning of this section.

e~ [
3 » U — C2

Z2., Y2,

Figure 3.3: Toric pictures for T1(0) and T3(0) with the next blow-ups plotted
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160 —C2

C1
C2

Figure 3.4: Toric pictures for T5(0), T;(0) and T5(0) with the next blow-ups plotted

Some strata whose configurations are depicted in the figures in Chapter 2| correspond
to a toric structure on J\ZI,CM?), unique up to equivariant symplectomorphism. These

toric structures are given by the tori i](O) We will demonstrate this correspondence
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later in Appendix (See Propositon B.0.4, Lemma B.0.6 and Corollary B.0.7.) More
accurately, the relationship between the toric pictures and the configurations is, con-

veniently,

T; ;(0) «+— Configuration (i)
fort=1,...,5,and j =1,...,6.

Beside the circle actions coming from these tori iv,j(()), there are circle actions ob-
tained by blowing up the toric actions i(O) at an interior point of a curve, as for
example in configurations 1.7-1.12. Moreover, there is one configuration for which
there is no correspondent S'-action, namely 1.13. We will now study each of these

situations successively, starting with the toric pictures.

Using Karshon’s classification, we use projections onto the x-axis and onto the y-
axis to elucidate the two selected Hamiltonian S'-actions. This procedure gives the

following figures:

-» 0p—c—c - O,u—c
o —C3 o —C1
To ‘= T1,1
=216 ° —c1 T1 1= 21,2 —1+co+cs
= T55 = T5,3 2 I
= T5,6 ° —14+c —1+c—c3
- o - o

Figure 3.5: The S'-actions xy and z;
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L O,p—c
[ —C1
T2 1= T1,3
=14 ° —14 ¢ T3 =215
= T5,1 = T54
=T52 ° —1+c3
-» lp-—c—c
- O) H—C1 —C2
° —C2
Ty = :L‘271
= T22 ° —cq Ty 1= T23
=731 = 33
=32 ° —1+c3
-» -
a0, —c1 —Cc2—C3
o —C3
Te = T24
=25 ° —cy T7 = X286
=235 = T34
= 3,6 ° —C
- -1, p

< OaM_Cl
—c1 +c3

2
—C1 — C3
° —14c
- _17/11_62

> O,M*Cl*CQ

° —C9

—c1 +c3
2

—C1 —¢C3
- -1
- ()7 H—Cl —C2

—Cc2 +c3
2

—Co — C3

° —C1

- -1

Figure 3.6: The S'-actions xy, x3, T4, 5, T¢ and z;
3 ? ? J
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T8 1= T4,1
= T4.2

T10 ‘= T4,5
= T4,6

Yo ‘= Y11
=Y1,2
=921
= Y26

L O,p—c1
—C1+ ¢

—c1 — ¢

° —1+4+c¢3

L _17/1’_63

L 05/”’_01_63

° —C3
—c1 +¢o
2
—C1 — C2
- —1,p

T9g = .%'473

T11 = T44

O,M -
—c1+ ¢

—c1 — ¢y + 2c3

w [\
o o
|
o
S,
|
o
no
|
o
w

- Ovlu_cl

—c1+c2+c3
3
—c1 4 ¢y — 2c3
2
—C1 — C2
- —Lp

Figure 3.7: The S'-actions xg, o9, 219 and z;

- M?l_CQ_CE}

° n—C3
° m— C2
° C1

- 071761

Y1 = Y13
= Y25

Figure 3.8: The S'-actions yy and y;

- /’Lvl_CQ
pw—ca+cs
2 I

H—C —C3

- 071761



Y2 '= Y14
=UYi5
= Y22
= Y23

Ya == Y31
= Y36

Y6 ‘= Y35

- M, 1- C2
(] n—C2
° C1 Y3 ‘= Y16
= Y24
® C3
a-» 0,1-c¢—c
L L, 1- C3
[ m—C3
1+ ¢ Y5 = Y32
2 I =Y33
Cc1 —C2
- 07 - C1
L w1
c1+co+c3
Y7 ‘= Y41
c1+ co — 2c3 = Y46
= Y51
c1 — C2 = Y56
- 07 1-— C1

[\)

Figure 3.9: The S'-actions vs, ¥s, Va4, s, Ys and iz
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H—=C2
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071—01

1+ ¢
Cl1 — C9
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0,1—01—03

w1l —cs
w—=c3
C1
C2
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° C1 ) C1
Ys ‘= Y4,2
= Y43 ° c2 Y9 ‘= Y4 co + c3
= Y53 = Y52 2 I
= Y54 ° c3 Cco — C3
a»0,1—c —c2—c3 -a-» 01l-c¢-—c
L My 1 L w1
c1 +c3 c1+c2
2
Y10 ‘= Y4,5 c1 —c3 Y11 ‘= Y34 c1 — o+ 2c3
= Y55 2 3
° Cco 1 —C2—¢C3
a» 01-c—c > 0,1-¢

Figure 3.10: The S'-actions ys, 9, ¥10 and y1;

Remark 3.3.1. As explained in [25], the maps T, ;(0) — G, cp.cs induce injective

maps of fundamental groups. We briefly recall their result here.

For a simple polytope A and ca its center of mass function, an affine function H :

R? — R is called mass linear with respect to A\ if the composite H o ca is linear.

[Theorem 1.3, [25]] A simple 2-dimensional polytope supports a nonconstant mass

linear function exactly if it is a triangle, a trapezoid or a parallelogram.

[Theorem 1.25(i), [25]] Let (M,w,T,v) be a symplectic toric manifold with mo-
ment polytope A. The map m (T) — m (Sympy(M,w)) is an injection if there are no

mass linear functions on A.

Therefore, combining these results, we can see the actions coming from the toric struc-

tures as elements of the fundamental group of G, ¢, c,. Using Karshon’s classification,

20



we can now find relations between the corresponding elements in 7.
Transforming the polytopes by SL(2,7Z)-actions, we get the following relations:

(0) Type #0 relations

0.1. yo — 21 = 11 — X, 1(ii) <> 1(iii)
0.2. Yo — 23 = Y3 — Xo, L(v) < 1(vi)
0.3. Yo — x5 = ys — X, 2(iii) <> 2(iv)
0.4. y1 + x6 = yo + 7, 2(v) > 2(vi)
0.5. Yy — x4 = Y7 — s, 3(1) < 4(i)
0.6. ys5 — x4 = ys — s, 3(ii) <> 4(ii)
0.7. ys — x9 = ys — X, 3(v) > 4(iii)
0.8. ys — 6 = Y7 — T10, 3(vi) > 4(vi)
0.9. yo + x2 = ys + 1, 5(ii) <> 5(iii)
0.10. ys — 3 = Y10 — o, 5(iv) <> 5(v)

0.11. y5 — x5 = y11 — X7, 3(iii) «> 3(iv)

0.12. y11 — 227 = ys — 2w, 3(iv) « 3(v)
0.13. —2ys+xg = —2yo + 211, 4(iii) > 4(iv)
0.14. yg — 11 = Y10 — T10, 4(iv) <> 4(v)
0.15. y11 — 7 = Y10 — Z10, 3(iv) <> 4(v)

0.16. Ys — Ty = Yg — T11, 3(111) — 4(1V)

3.3.2 New relations

There are two more relations of a somewhat different nature:

Proposition 3.3.2. Picking elements in m as in Section|3.3.1), we obtain the follow-
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ing relations:

To+ Ty = Ty + Tg. (331)
Y2+ Y7 = Yo + Ys (3.3.2)

Proof. We start by noting that for any pu > 1, we can draw the auxiliary Delzant
polytopes in Figure We name the S'-actions corresponding to these polytopes

in accordance with the more general case explained later in Appendix [C]

Using Karshon’s classification, we obtain the following relations, designated in the

chart in Figure [3.12

(S1) @25 = 7235, 18(v) «» 17(v)

(S2) 2226 = T236, 18(vi) «» 17(vi)

(S3) yao5 = T15+ Y15, 18(v) < 1(v)

(54) Y226 = T14 + Y145 18(vi) «+» 1(iv)

(S5) Y235 =T33 + Y33, 17(v) <« 3(iii)

(S6) yo36 =32 +ys2,  17(vi) > 3(ii)

(S7) 2295+ Y225 = Ta26 + Y226, 18(v) «» 18(vi)
(S8) w235+ Y235 = T236 + Y2365 17(v) +> 17(vi)

Starting with (S8) and using (S1) and (S2), we get X225+ Y235 = T226+ Y2,36. Lhen
(87) y1€1dS y272,6 + y27375 = y27275 + y2,3,6- Combining (83), (S4), (85) and (86) giVGS

33+ Y33+ Tia+ Y14 =232+ Y32+ Ti5+ Y15
By Figures [3.6 and this is equivalent to

Ts+ Ys + X2+ Yo = x4 + Y5 + T3 + Yo,

ZL‘5+1’2 :$4+ZL'3.
Finally using the type #0 relations (0.2) and (0.3) to replace z3 and x5 respectively

22



pw—14 cat
p—1—co

C1

—c1 |- |
_1+C3 |

(2,26, ¥2,2,6)

7
w—14co
,U,—l—CQ

RO
C1 X
01+203\\
_Cl _CS [

($2,2,5, y2,2,5)

M /
w—1
c1+c2 >
ﬂ,o\,\'/
c1—2c 1
_Cl L - :
_1+C3 L _

(332,3,61 y2,3,6)

N

c1 + ¢ D
oy s X
OO
c1 —2co |

—c1 4 2c¢3_ -
—C1 —C3

o

($2,3,5, y2,3,5)

Figure 3.11: The auxiliary Delzant polytopes



Figure 3.12: The summary of the relations between the Delzant polytopes

we obtain the relation B.3.1k

Yo — Y3 + T + T2 = Ty + Yo — Y3 + Xo,

$2+l‘6:l‘0+$4.

There is a more geometrical interpretation of this relation (see Figure . We trace
the blow-ups of CPZ#QW at the invariant surfaces of the action whose moment map
corresponds to the first component of the torus action described in the Hirzebruch
surface Fy. Tracking each one of the blow-ups via the arrows, we summarize below

how the relation emerges.

As can be seen in Figure pairing the elements yields rg — x4 = £10— s = £9— T2.
Using type #0 relations we note that indeed these are equivalent to (3.3.1)). As
graphs, the value of u does not matter for these relations to hold. Since the map

Tij — Gpc 0,5 18 injective, the relation must hold for p =1 as well.

By symmetry, we obtain the relation [3.3.2l That is, we have a similar picture for
the y’s, where we start with Figure and follow the blow-ups at analogous points,
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- -a

[ ] —C1
- _171"
- o - o - o
[ ) —c2 ( —c1 + c2 [ ) —cC1
2 I
() —c1 —c1 — Cc2 [ —1+4+co
- ~Lu - L - o
Te T4 10 xrs xo T2

Figure 3.13: Comparison of the S'-actions in the new relation [3.3.1]

which yields ys — y7 = y5 — ya = y2 — yo.

- w1
[ ] C1
- 0,1-c

Figure 3.14: The formation of the S*-actions for relation [3.3.2)

If we pick the elements in m; corresponding to the actions xg, x1, T2, 3, T4, Yo, Yo,

Y7, 2 = Y4 — T4, We can write the rest in terms of them as in Table
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Ty = —To + T3 + X4 Tg = Tog— To + Ty

Ty =Tog— T+ T4 Ty =Yg — 2

Tg=—T1+T3+Yr—2 Tio =T — T2+ Yr — 2
Tn=21—2r+tx3+yr— 2 y1=—x1+ T2+ Yo

Y3 = To — T3+ Y2 Ys = x4+ 2

Ys =Ty — Yo+ Y2+ 2 Y6 = To+T1 — T2 —T3+Ta—Yo+Y2+2
Ys = —Yo + Y2 + Y7 Yo =T1 — T2 — Yo+ Y2+ Y7

Y10 = To — T3 — Yo + Y2 + Y7 Y11 =To— 1+ T2 —T3+Ta— Yo+ Y2+ 2

Table 3.1: The elements written in terms of the generators

3.3.3 Other circle actions

Beside the circle actions coming from the Delzant polytopes outlined above, there
are other circle actions obtained by blowing up the toric actions at interior points of
J-holomorphic curves. Again, using Karshon’s classification theorem, we aquire an
equivalent of Lemma 4.7 of [5] to express them in terms of the existing generators.
This is an easy (yet cumbersome) task, we will not write the calculations up. Instead,

we will show on one elucidatory example how the calculations go through:

We recall the Configuration 5.8 (See Figure . E] Although this configuration does
not derive from any toric action, we observe that blowing down the exceptional curve
E3 would yield Configuration 5, which in turn corresponds to the toric action whose
moment polytope was given in @ above, with the corresponding S'-actions x5 and
Yo,5- Because the blow-up takes place at an interior point of the curve representing
the class F' — E; — Es, it can be traced on the circle action corresponding to the

projection to y-axis, as can be seen in Figure [3.16]

!This is a simplified version of the actual configuration 5.8, which further has a J-holomorphic
representative the class B — Fs3, a curve that intersects F' — F;, E3 and F — Es exactly once. We
utilize the simplified version as it makes it clearer to follow the symplectic blow-downs.
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F—-FEy—Ey— E

E3

F — E;

Figure 3.15: Configuration 5.8

- 1
- 1
° cl
° C1
— Ys ° Cc2
Yo,5 ° Cc2
[ C3

a» 01-c¢—o
0,1 —c —c—c3

Figure 3.16: The circle action corresponding to Configuration 5.8

Hence the circle action corresponding to Configuration 5.8., seen in 71 (G, cycq)s 18

equal to ys.

Finally, we note that not all configurations arise from S'-actions, and thereby cannot
be read from Delzant polytopes. As mentioned before, there is exactly one configu-
ration that does not correspond to any S'-action, and it is when B — E;, B — F5 and

B — FEj are represented by J-holomorphic spheres. This is Configuration 1.13.

J.D. Evans showed in [8] that in the monotone case (i.e. when p = 1 and ¢; =

s = ¢z = 1/2), the symplectomorphism group is contractible. In this case, the
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automorphism group of the generic structure Jy is trivial as it is isomorphic to the
stabilizer of four generic points in CP?. The only possible configuration is 1.13, that
is, the space of almost complex structures contains a single stratum, which is therefore
contractible. In the non-monotone case, more J-holomorphic curves are allowed to
exist and that stratum corresponds to the open stratum of J,—1 ¢, cy.c;- S0, the open

stratum corresponding to this configuration does not yield new generators in 7.

3.4 Proof of the Main Theorem

Theorem m Let 1 >ci4+co>ci+c3>c >co >c3. Let ]\/7[61762763 denote the
symplectic manifold (S? x S%, 0@ o), blown up al three balls of capacities of ¢y, co and
cs3. Let G, c,.cq denote the group of symplectomorphisms of ]TJ/CLCZ,% that act trivially
on homology. Define A as the algebra over Q generated by xq, x1, 2, T3, T4, Yo, Y2,

Y7, 2, where all generators have degree 1 and the Samelson products between them are

as in Table[3.2.

[0, Yo] = (w0, y7] = [1,Y0] = [T2,2] =0
(22, y7] = [23, Y] = [24, Yo] = [w4, 2] = [y7, 2] = [24,50] = 0
(1, 24) = =20, 1] + [0, 2] + [T2, 24]

[21, 2] = [0, xa] + [0, 2] — w1, To] + [21, 23] + 21, y7] — [0, 5]

[3, yo] = [73, y7] = —[w0, To] — [wo, 2] + [z1, To] + [%2, T3] + [23, ]

[0, yo] = [wo, 73] [71, 9] = —[21, 7]

[2, 2] = [0, Z2] + [20, 2] [22, o] = [21, 2]
3, T4] = [2, 23] + [22, 4] W2, 2] = [yo, Yol + [vo, 2]
[0, z4] = [0, To] + [22, 4] [y2, 7] = [0, y2] + [yo, y7]

Table 3.2: The relations between the Samelson products

Then there 1s an isomorphism between A and the homotopy graded Lie algebra

W*(Guzl,cl,cg,cg) ® Q
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Remark 3.4.1. Note that the Lie algebra m.(Ge, cy.cs) contains a subalgebra, generated
by xa, x4, Yo, yr and z, that is isomorphic to the rational homotopy Lie graded algebra

of the group G—1,,¢, (described in [3]).

Proof. In the proof, we will use the results from the previous sections to first compute
the relations in 7, (G, c,.c;) between the Samelson products of the generators as listed
in the theorem. This means that we can construct a homomorphism from A into
Ti(Geyene5)- Next, we will show that these two algebras have the same rank in each

dimension so that this homomorphism is in fact an isomorphism.

We start by recalling that in previous sections, we studied the circle actions x; ;, y; ;

fori =1,..,5 and j = 1,...6, which are embedded into 7 (G, ¢,.¢;), and established

the type #0 relations, as well as the relations [3.3.1] and [3.3.2l Note that we also

have [z; ;,v;;] = 0, since the actions x;; and y; ; have commuting representatives in
the torus action i](O) Picking generators as in the statement of the theorem and
writing down the afore-mentioned relations yield the linearly independent relations

in Table 3.3

e [z0,%0] = [0, y7] = [w1,%0] = [T2,42] = [w2, y7] = [23,42] = [24,90] = [74,2] =
[y7, 2] = [24,90] = 0

e [70,y2] = [w0, 73]

o (11, x4) = —[x0, 21| + [0, T2] + [T2, 24]

o [v1,y2] = —[71, 7]

o [11, 2] = [wg, T4] + [w0, 2] — [21, Ta] + [21, 23] + [v1,y7] — [w2, T3] — [T, 4]

o (19, 2] = [xo, 4] + [T0, 2] — |22, 24]

o [12,90] = [71, 2]

o [13,x4) = —[x0, T2| + [0, 4] + [T2, 73]

o [13,y0] = [23,y7] = — [0, X2] — [wo, 2] + [w1, T2 + w2, T3] + [3, 2]

o [y2. 2] = —[yo, y7] + Yo, 2] + [y2, 7]

Table 3.3: The Samelson products derived from the toric pictures

For example, since x; = x12 and yy = ;2 have commuting representatives in the

torus action 77 5(0), we obtain

[5131790] =0.
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Similarly, using T5.3(0) we get

0= [fl,ys]
= [21, —Yo + y2 + y7] (by Table [3.1)

= [x1,y2 + y7] (because [z, yo] = 0),

so that [z, ya] = —[z1,y7]. Writing all these relations and simplifying them, we obtain

the resulting list of 20 equalities.

In addition to these relations coming from the toric pictures, there are two extra
relations, namely

[0, 24] = [20, T2) + [T2, 4] (3.4.1)
[y2, y7] = [0, yol + [yo, y7]- (3.4.2)

To prove these relations, we will need, as in Section [3.3.2] auxiliary poltyopes and
relations which arise more naturally in the setup for > 1. However, we would need
to introduce 12 new polytopes and demonstrate a total of 22 relations using Karshon’s
classification. We postpone this construction in full generality to Appendix [Cl] We

will confine ourselves to collect the required polytopes and relations, to then move on

to the proof of the relations [3.4.1] and [3.4.2]

From Figures |C.1} [C.2| [C.5[ and |C.4] we get the polytopes : (i), (iid); @: (1),

(iit); (13): (i), (i); (16) (iii), (iv), (vi); (18) (i), (iv), (vi). For simplicity, we will

consider the case k = 1. The following relations will be useful for our purposes:

(1.1) z111 = Y015 — To15 (3.4) wo1a+ Y214 =2T111+ Y111
(1.2) %113 = Y014 — To,14 (3.6) w216+ Y216 = 27113 + Y113
(1.5) 2121 = Yo2,3 — To23 (3.10) 2204+ Y2204 =2%121 + Y121
(1.6) 7123 = Y022 — To2z2 (3.12) @226 + Y226 = 27123 + Y123
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(4.1) @216 = 2251 (5.10) Y224 = To16 + Yo,1,6
(4.3) To13 = T214 = Tas2 (5:12) ya26 = To14 + Yo,14
(4.5) @221 = T226 (5.25) Y251 = To56 + Yo5.6
(5.3) Y213 =T021 + Yo2.1 (5.26) Y52 = Tos1 + Yo,
(5.4) Y214 = To24 + Y024 (6.3) o133 — Y213 = T221 — Y221
(5.6) Yo,1,6 = To2,2 + Yo,2,2 (6.4) To14 — Y214 = T224 — Y224

(5.7) Y221 = To11 + Yo,1.1 (6.17) 251 — Y251 = T252 — Y252

Set y = y1.1.1. The relations above together with Figures|3.5 and Table yield:
® T111 = Y2 — T3
® T1,1,3 = Y2 — T2
® T191 =Y —T5 =Y+ T5 — T3 — T4
® T123=Y2 — T4
® o113 =Ts+ Yo
® Yoi4=Te+Ys=2x0— To— T3+ Ty + Y
® 1Yo16 = Ta+ Y2
® Yoo1 = To+ Yo
® Yooy = To+ Y3 =2Tg— T3+ Yo
® Yoo = To+ Yo
® Yos51 = To+ Yr
® Yo52 = To+ Yy

We calculate three more elements that will be useful in our next step.
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The first is y; 21 = y: by relation (3.4), we have
To14 = 2111 Y110 — Y214 = —2T0 + To — Tz — Ty + Y2 + Y. (3.4.3)

Then by (6.4), Zo24 = 214 — Y2,14 + Y224 = —2T0 + 229 — T3 — 204 + Yy +y. Hence,
using (3.10), we obtain y121 = T224 + Y224 — 22121 = ¥.

Secondly, we have y;23 = —x¢ + 222 — 23 + y: combining the relation above
with relation (4.4), we get o135 = T214 = —2%0 + 23 — T3 — 24 + Y2 + y. Then by
(6.4), Top1 = T213 — Y213 + Y221 = —To + T2 — T3 — 224 + Y2 + ¥, so that (4.5)
vields To06 = T221 = —%o + T2 — x3 — 224 + yo + y. Finally, by (3.12), we obtain

Y123 = Ta26 + Y226 — 2T123 = —To + 2T2 — XT3 + Y.

Thirdly, we have y; 13 = —2¢ + 222 — x3 + y: we start by combining the relation

above with relation (4.3) to get Xaso = T214 = —2T0 + T2 — T3 — T4 + Y2 + ¥.

Then, by (6.17), 251 = Tos2 — Y252 + Y251 = —Zo — T3 — T4 + Y2 + Y, so that
(4.1) yields w216 = @251 = —xo — T3 — T4 + y2 + y. Finally, by (3.16), we get
Y1,1,3 = Ta1,6 + Y2,1,6 — 2T1,1,3 = —To + 222 — T3 + Y.

We now move on to utilize some of the toric pictures and insert these values.

By (i), we have 0 = [x111,Y1.11) = [y2 — 3, 9], so that

[3, 4] = [y2, v, (3.4.4)
Then, @ (i) yields 0 = [z121, Y1,21] = [T2 — T3 — x4+ Y2, y], which, using the relation

yields
[22,y] = [z4,9]. (3.4.5)
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Using (10) (iii), we obtain

0= (2113 Y113
= [—x2 + Y2, —x¢ + 229 — 23 + Y|
= [170,952] + [$2,I3] — [%;y} - [$07y2] + [?J%y]

= [0, w2] + [w2, T3] — [14,y] — [T, 23] + [y, Y],
where we used [xg, y2] = [0, 3] from Table [3.3| and the relation This yields
[4,y] = [0, x2] — [0, 23] + [2, 23] + [2, 9. (3.4.6)
Finally, the toric picture @ (iii) gives

0= [1'172’3, y1,2,3]
= [—1'4 + Y2, —To + 2%2 — T3+ y]

= [0, 4] — 2[m2, 24] + [73, 24] — [24, Y] — [0, Y2] + (12, Y]

Using relations [z, y2] = [xo, x3] and [z3, 24] = —[x0, 22|+ [0, 24] + 22, 23] from Table

3.3 and relation this becomes

0 = [xo, 4] — 2[x2, 4] + —[m0, 2] + [T0, T4 + |22, T3]
— ([0, 2] — [0, 3] + [T2, T3] + [y2,Y]) — [0, T3] + [y2, Y]

= 2[xg, 4] — 2[x2, 4] — 2[x0, 2]

We thus obtain the relation 3.4.1} [xg, 4] = [z, 2a] + [22, 24

To understand this new relation geometrically, we recall the circle actions (Figures

5.5 and [-0).
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-» 0,/—c—c L O,p—c1 -» (/-0 -—c

° —c3 ° —C1 ° —C2
° —C1 ° —14co ° —C1
° —1 4 co ° —1+c3 ° —1+c3
- i -» li—c-—c --» 1p-c
o T2 L4

Figure 3.17: The Sl-actions xy, x5 and x4

Looking at the Figure|3.17, we see that the roles of ¢ and c3 are interchanged in the
actions xo and x4, and relation tells us that these “commute” up to x,. As in
Section looking at the graphs, we note that this relation does not depend on
the value of p. Since the map T;; — G, e, allowing us to see these actions as

elements of 71 (G, ¢, c.c5) 15 injective, the relation must hold for x4 =1 too.

Interchanging the roles of B and F' (and multiplying the graphs of xg, xo and x4 by
—1) we see that we obtain the graphs of y,, yo and y7, respectively.

> py 1l —co -» l-—c-—c L p, 1 —c3
° w—c2 ° n—c3 ° Hw—c3
o c . T o 1
° c3 ° C1 ° C2
a» 01-c —c3 L 0,1-¢ -a» 01-c-—c
Y2 Yo Y7

Figure 3.18: The S'-actions s, o and y;

Hence, by symmetry, a similar result has to hold for these actions, namely: [y, y7] =

[0, Y] + [Yo, yr)-
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Therefore, we can update Table [3.3] adding these two relations to reach the relations
in the statement of the theorem. The following elements form a basis for ma(Ge, ¢y .c5)
as a vector space: [zg,x1|, [xo, T2, [To, T3], [To, 2], [T1, 2], [x1, 23], [21, 7], [T2, 23],
(w2, 4], (3, 2], [24,97], [Yo, 2, [Yo. y7]s [0, 2]

Let A denote the algebra defined in the statement of the theorem, that is, the Lie
graded algebra generated by xg, x1, T2, T3, 4, Yo, Yo, Y7, 2, Where all generators have
degree 1 and the relations between the Samelson products of the generators hold as
listed in the theorem. Let Xn be the rank of A in dimension n. We now show that
indeed A is isomorphic as an algebra to T, (G, ¢y.c5) @ Q. First we will show that they

have the same rank in each dimension.
We need to recall a theorem due to Milnor and Moore. Let L be a graded Lie algebra
and T'L the tensor algebra on the graded vector space L. Take the ideal

I={z®@y — (-1)*erdevy @ o — [z,y] : z,y € L},

where |-, -] denotes the Lie bracket on L. We define the universal enveloping algebra

UL of L as TL/I.

Theorem 3.4.2. (Milnor-Moore, [26]) If X is a simply-connected topological space
then

(1) m.(QX) ® Q is a graded Lie algebra, Lx;
(2) The Hurewicz homomorphism extends to an isomorphism of graded algebras

ULy — H.(QX;Q)

Then, combining this result with the Poincaré-Birkoff-Witt Theorem (see [9] Section

33, as applied to topological spaces) yields that Xn satisfies

+oo o8} 2n+1 Y

ST\ L e

B2 — o= _ 3.4.7
21 T 347
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where the left hand side of the equation is the Poincaré series of the universal en-

veloping algebra of /N\, as described in the Milnor-Moore theorem.

In order to calculate Xn, we first establish some notation. Let

T = dim 7, (M., ) ® Q = dim 7,11 (M., o,) ® Q,

En = dim HTL(Q(]/—\Z/CLC2)7 Q)=

the latter of which, as explained earlier in Section , satisfies %0 =1, El =4 and

hn = 4%71_1 — ?Ln_g for n Z 2.

We also need to recall some notation and results from [5]. Let
hy, = dim H, (Q(M,,), Q).

Recall from [5] Section 4 that hg = 1, hy = 3, and h, = 3h,_1 — hy,_o for n > 2.
Let A denote the Lie graded algebra m.(G ., ¢,) ® Q, where G, .,, for > 1, is the
symplectomorphism group of the 2-point blow-up M, ., ., of 5% x S? with capacities
c1,¢o. Let Rl denote the coefficient of 2" of the Poincaré series of the universal
enveloping algebra of A. As also explained in Section 4 of [5], these satisfy hy = 1 and
h! = b5h,_1 for n > 1. Finally, let A\, denote the rank of the algebra A in dimension

n.

Proposition 3.4.3. We have dim 1 (G¢, ¢y.c5) = 9, and
dim 7, (Gey e9.e5) = AimM 7m,(Ge, ¢, ) + dim 7rn+1(]\f7[61702), forn > 1.

Proof. We recall the long exact sequence in the proof of Proposition [3.2.2

B * * * -
L= 7T*+1<Mcl,cz) u) W*(GCLC%CS) = 7T"‘(Gcl:Q) ﬁ—> W*<M01’C2) =

We now revisit Remark [3.4.1] Indeed the Lie algebra m,(G¢, c,.,) contains a subalge-
bra, generated by s, x4, 2, y7 and z, that is isomorphic to the Lie graded algebra
of G,—1,6,.¢, (described in [5]). The underlying reason for this is that the S'-actions
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on the manifold Mu=1,c1702,63 are lifts of S'-actions on ]f\\f“:l,chcg. One easy way to see
this is to consider the configurations #1.4, #2.2, #3.1, #4.1 and #5.1 in Section
These configurations correspond to toric pictures ﬁ](()) with the same labelling and

thus yield, respectively,

(22, y2] = [24,y2] = |24, 2] = [y7, 2] = [12,97] = 0.

Moreover, if we blow-down the exceptional curve E3 in those configurations, we ob-
serve that the ones obtained downstairs, in Muzl,q,cw give the circle actions %, 9o, 21,
Z, y1 (in accordance with the notation in [5]) which generate the algebra 7, (G =1 ¢ ¢, )-
Therefore, we can conclude that the homotopy Lie algebra of G, ., ., lifts as a sub-

algebra of (G, ¢.cs)-

This shows that the maps «, are surjective and hence the maps 3, are zero, and this

makes the maps v, injective. Hence we can update Proposition to equality. W

Lemma 3.4.4. With the above notation, we have Xn =7+ A\

Proof. First we prove that f?n = hl + 4;;’”_1 — i;/n_g for n > 2: to compute E’n
for n > 2, we begin with A/ elements coming from the enveloping algebra of A plus
4;;’”,1 elements: the number of classes in dimension n — 1 times the four remaining
generators (we should add Qg’n_l elements because, by Proposition we have 9
generators in total, but 55’”_1 are already counted in h). Then, due to the relations,

we can check that we have to remove h/,,_ elements.

Next, we show f?n = Ziﬂ.:n Tzlh; by induction. It clearly holds for n = 0. For n =1,
the afore-mentioned results yield hoh/ + Elhg =1-5+4+4-1=29, which is indeed the

number E’l of generators of ;. For the inductive step, we use f?n = h;+4f7’n_1—f7’n_27
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as follows:

Wy =hl 4 4h'y_y — Wy
=1+ A(hp1hly + hnshl, + hshly 4+ ... + hah_, + hoh.,_})
— (R—shly + ho_shly 4 hp_shly + ... + hohl, )
= hoh!, + 4h!,_, + (4hy — ho)R,_, + ..
+ (4hng — hnea)hhy + (g — h3)R) + (41 — hyy_s) R,
= hoh!, + AR, + holl, o+ ... 4 hnshly + hu_1 ) + hohly

= hoh, + bl _| + holt, o + ... + hohl

SN

i+j=n

so that
H (1 4 22n+1 X2nt1 ,
= h,z" = h; h z"
Hn:l(l ZZ” /\Qn Z nZO z—;n
. (Zﬁnzn> (Z h’TLz”)
n=0
(Mgl ([ e
BN I AN T
H (1 + Z2n+l)r2n+1+)\2n+1
o Hn 1(1 — an)TQnJF)\Zn
This gives the desired result. |

Combining Proposition [3.4.3| and Lemma [3.4.4] we obtain
dim Wn(Gclycmczs) = dim ﬂ—n(GChCz) + dim 7rn+1(]/\>[—/c1,02) =M+ 7 = Xn

So we proved that the algebras 7,(G., ¢,.;) and A have the same rank in each dimen-
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sion.

In order to see that they are indeed isomorphic, it suffices to note that we already com-
puted the relations in 7, (G, ¢,.c;) S0 that there is a homomorphism A— TGy cpes)-

As the ranks of these algebras match, this homomorphism is in fact an isomorphism.
[

Remark 3.4.5. We note that the generators and the relations stated in Theorem
do not depend on assumptions as 1 > ¢y 4+ ¢co + c3 and ¢y > co + c3, although
there are some S*-actions and therefore some toric pictures that do not exist in those
cases. They hold also when 1 < ¢; 4+ co + ¢c3 and ¢; < ¢co + c3, so the fundamental
group and the rational homotopy Lie algebra of the group G, ., ., do not depend on
these conditions.

Remark 3.4.6. When we allow equalities in 1 > c1+co > c1+c3 > ¢ > ¢ > ¢3, some
of our calculations work while others fail. For instance, in the case ¢; = co = 1/2,

the evaluation fibration
Sympp(ﬁuzg/z) — Symp(ﬁumﬂ) — M1/2,1/2

can be still used as the space G1/2,1/2.c, 15 homotopy equivalent to Sympp<j\\4/1/271/2).
Since Symp(ﬂl/zl/g) 1s a torus, the long exact sequence yields that the rank of the

Jundamental group of Gi/21/2., 15 6 in this case.

However, in other cases the computations are more complicated. In particular, when
co = c3, the symplectomorphism group is not the stabilizer of a single point so we

cannot retrieve information using the previous calculations.

The analysis of these special cases is still a work in progress.
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3.5 Some applications

In this section, we will give some corolaries of Theorem[1.3.2] The first is the Pontrya-
gin ring of the space G, ., .,. We recall that for a topological group G, the Pontryagin
product in H,(G;Z) is related to the Samelson product in 7.(G) by the formula

[, y] = zy — (—1)%eevyz for z,y € m.(G),

where we simplify the notation by suppressing the Hurewicz homomorphism p :
m.(G) — H.(G;Z). We denote by Q(xy,...,x,) the free non-commutative algebra
over Q with generators x;. Then, applying Milnor-Moore theorem (Theorem |3.4.2))

to the classifying space BG, , c, of the space of symplectomorphisms of ]\Z we

1,€2,C3»
obtain the following consequence of Theorem [1.3.2]

Corollary 3.5.1. Let 1 > ¢; +c¢c3 > ¢1 +c¢3 > ¢ > cg > c3. Let G, ¢,y denote
the group of symplectomorphisms of M01,02,03 that act trivially on homology. Then the

Pontryagin ring of G, cp.c5 15 given by

H*(Gcl,cQ,cS;@) = Q<I07I1,$271¢37I4>y0;y27y77 Z>/R

where all generators have degree 1, and R consists of the relations in Table[3.3 together
with 3 =2t =23 =13 =23 =y2 =yd =y? =22 = 0.

We can also deduce information about the rational cohomology algebra of G, ., c,.
Corollary 3.5.2. Let 1 > ¢; + ¢y > ¢1 +c¢3 > ¢ > co > c3. Let G, ¢,y denote
the group of symplectomorphisms of Mcl,c,bcg that act trivially on homology. Then the

rational cohomology algebra of G, ¢, 1S infinitely generated.

Proof. By the Cartan-Serre theorem (see [27] Theorem 1.1 and Theorem 1.2), if the
rational homology of G, , ., is finitely generated in each dimension, then its rational
cohomology is a Hopf algebra for the cup product and the coproduct induced by
the product in G, ., ., and it is generated as an algebra by elements that are dual
to the spherical classes in homology. Furhermore, the number of generators of odd

dimension d appearing in the anti-symmetric part of the rational cohomology algebra
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is equal to the dimension of m;(Ge, cy.c;) ® Q, and the number of generators of even
dimension d appearing in the symmetric part of the rational cohomology algebra is
equal to the dimension of m4(G., ¢.c;) @ Q. Therefore, we conclude that the rational

cohomology algebra of G, ., ¢, is infinitely generated. [ |
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Chapter 4

Further discussion and some results

for the case u > 1

Many results that we demonstrated for i = 1 also hold for p > 1, whereas some of the
calculations become significantly cumbersome. Namely, the combinatorics becomes
much more complex as p increases, since the possible configurations of .J-holomorphic
curves increases rapidly, see Lemma [4.1.4] and Remark Furthermore, when
p > 1, not all symplectomorphism groups can be seen as stabilizers, see Theorem

and Remark

In this chapter, we will briefly highlight some of the results that hold for 1 > 1 while

at the same time pointing out the differences.

4.1 The structure of J-holomorphic curves for py > 1

The proofs of the following statements are similar to their counterparts in Chapter
Lemma 4.1.1. (See Lemma m FEvery symplectic form on ]\7#,61702163 is, after
rescaling, diffeomorphic to a form Poincaré dual to uB + F — ciEy; — coFEy — c3E3

with0<c3<c<c<c+c3<cr+ce <1<
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Lemma 4.1.2. (See Lemma Let J € Jyercocs- Suppose A = pB + qF —

rEy —roEy —r3ls € Ho(Myc, coc5,Z) has a simple J-holomorphic representative.
Then p > 0. Moreover

o if p =0, then A is one of the followings: F', ' — FE;, F - E,— F;, E;, &, — Ej,
E1 — E2 — Eg, 7/,] € {1,2,3} and 1 < j,'

e if p=1, then ri,ro,r3 € {0,1}.
Lemma 4.1.3. (See Lemma Let J € Jyuereoes- Then Es is represented by a
unique embedded J-curve. Hence, if A = pB + qF —r1Ey —roFs —r3E3 has a simple

J-representative, then r3 > 0.

—

We now define the classes Dy, € Hy(M,, ¢, c0.05,2), k € Z, by Doy = B+kF, Doj_1,; =
B+ kF —E;, Dy_9;; =B+ kF — E;— Ej and Dy,_3 = B+ kF — Ey — Ey — Ej.
Suppressing the indices ¢ and j, we have Dy - Dy, =k, ¢1(Dy) = k+ 2 and k(Dy) =
%(Dk Dy +c1(Dy)) = k+1, so that the adjunction formula g,(Dy) = 1+ %(Dk - Dy, —
c1(Dy)) = 0 implies that any J-holomorphic sphere in class Dy must be embedded.

Lemma 4.1.4. (Compare with The set of tamed almost complex structures on

M,

wereacs Jor which the classes B — E;, © = 1,2,3 are represented by an embedded

J-holomorphic sphere is open in dense in J € Jye,e0,05-

If for a given J there are no such spheres, then either one of the classes B — E; — E;
1< j or B—FE|— FEy— FEj3 s represented by a unique embedded J-holomorphic sphere,
or there is a unique integer 1 < m < [ such that one of the classes D_s,, = B—mF
D—Qm—l = B—mF—E“ D—2m—2 = B—mF—EZ—EJ, D—2m—3 = B—mF—El—EQ—E3

15 represented by a unique embedded J-holomorphic sphere.

We thus get a set of possible configurations of J-holomorphic curves. This gives a lot

of configurations, and we will not list them here.
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4.2 Homotopy type of symplectomorphism groups
for y > 1

The space G, cs.c5 18 connected, by [18].
Remark 4.2.1. Keeping Theorem|5.1.1 in mind, it would be reasonable to conjecture
the following statement:
Let y =1+ X withl e Nand 0 < A < 1. Given p' € (I,1+ 1], write /' =1+ N with
0 < X < 1. Consider cy,ca, 3, ¢y, ¢4, ¢4 such that either
e N <un<ag<at+ceag<ateandN<d<d<d<d+dd+d;
or
e 3< A << <catceg<cateandd, <N <c,<d <cd+d <+
or
e 3< <A A<cag<cat+c<catcandd,<cyb<\N<d <+ <+
or
e 3< < <A<+ <catcandd, <cy<cd <N+ <d 4+

or

IN

e 3< <<t <A<atceandd,<d<d<d+d<N<d+d.

e 3< < <ca+tes<c+ea<\andd

IN

h<d<d+d<d+d <N
Then the symplectomorphism groups G, e, cy.c5 and G o o o are homotopy equivalent.

The proof of such a statement would rely on inflation, as is detailed in Appendiz [A]
for the case u = 1, which would require the list of all possible configurations of J-
holomorphic spheres for each of the cases above and a selection for each configuration
of a set of curves to apply the inflation procedure.

Theorem 4.2.2. (See Theorem Consider ¢y, c2,c3 € (0,1) such that either

(1) C3<)\§CQ<01<C1+63<C1—|—C2<1;
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(2) 03<CQ<)\§(31<Cl+63<61—|—62<1;
(8) cs<ca<ci<ci+e3<A<ci+c<]1;or

(4) 3<cp<c<ctez<cte <A<l

Then G, co.c5 18 homotopy equivalent to Symp,(M.c, c,)-

Remark 4.2.3. The proof of Theorem [3.1.4] does not hold if A < c¢5. When A < cs,
the group does not have the homotopy type of a stabilizer, because we cannot use
Theorem to make cg very small. (This step in the proof is crucial to approximate
symplectomorphisms that act linearly in a small neighborhood of the exceptional fiber
whose cohomology class is E3 by symplectomorphisms that fiz a point p). The same

s true when ¢; < A < ¢1 + c3. We therefore excluded these cases above.

As for the homotopy groups of G, c,, We can still implement the same tools
(Poincaré series, Poincaré-Birkoff-Witt Theorem, spectral sequence) as in Section

to calculate 7, = dim 7, (QM,, ¢, cye) @ Q = dim Ty (Myuc, cp.00) @ Q.

Proposition 4.2 of [5], together with Remark and the evaluation fibration

Sympy(Mpuer.e5) = SYmMp(Mpuer ) = Miyiey o
would give us information on the homotopy groups of G, ¢, ¢, ,cs-

The remaining discussion on the “‘jumping generator" (coined by Abreu-McDuff in
[3]) and the calculation of homotopy groups of G, ¢, ¢, .c; is beyond the scope of this
work. We expect that it requires not only a more profound study but also a more
robust approach, for the following reasons. Firstly, each time p crosses an integer,
the number of actions (and strata) to consider increases by about 60. Thus, labels
for the configurations and isometry groups produce a rather cumbersume presenta-
tion. Secondly, depending on the relation of A to the ¢;, only a selection of these
configurations would be allowed. This implies a case study with six cases every time
1 crosses an integer value. Thirdly, all these bulky lists make the inflation procedure

even harder to follow.
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Appendix A

Proof of Theorem 3.1.1

This section is dedicated to complement the proof of Theorem As the calcula-
tions are similar in all cases, we will confine ourselves with listing the curves used in
inflation.

. — /
Step 1: Ay cyes = Aeyeaies fOr €1 < €]

The inclusion Ay ¢, c; C Acy cpe5 Was proved previously. To show Ac, ¢, c; C Ac ey cs0

we use Table to pick the curves for each configuration.

Configurations Curves

#12 1—13, #2 172,3,677,9,10 B+F—E1, B+F—E2, QB+2F—E1—E2—E3
#21 4,5,8 B+F—E1,B+F—E2, BB+3F—E1—E2—E3
#31 1,2,6, #6 1,2,7 B+F—E1, B+F—E3, ZB+2F—E1—E2—E3
#33 3,#63 B+F_E172B+2F_E1_E27F_E1_E3
#31 4,8, #6 476 B+F—E17 QB—FQF—El—Eg, El—EQ—Eg

B+ F —Ey, 2B+ 2F — E, — By, 3B + 3F —

#3: 5,T; #6: 5 By — By — Es

Table A.1: Inflation process to show Ac, ¢, c; C Ae e

Remark A.0.1. Note that in the above table the first two rows look quite similar.
However, we cannot simply interchange their roles, as the configurations in the second
row have B — Ey — Ey — E3 represented by a J-holomorphic curve and indeed the proof

wn this case uses the inequality c; + co + c3 < 1. In the first row, on the other hand,
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there s no a priori reason to assume this inequality.

Since interchanging the roles os B and F' in the configurations #2 and #3 yield the

configurations #5 and #4, respectively, Table implies all the cases.

. — /
Step 2: Ay s = Aeyeaies TOT Ca < 03,

Starting with the inclusion A, o s C Ag crc5, USing negative inflation along the

curve Fy suffices for the following configurations: #1: 1,4-8,10-13; #2: 1-4,7,8,10;

#3: 1,2,3,6,8; #6: 1,2,3,6,7. For the remaining cases, we use B+ F + E;, B+ F and

Ey — Es.

For the reverse inclusion, we use Table Here too, since interchanging the roles

of B and F yield #4 and #5 too, this table covers all the possible configurations.

Configurations

Curves

#1: 1-13; #2: 1-3,6,7,9,10

B+F—FE, B+ F— Fy, 2B+
OF — F), — By — B4

42: 458

B+F—FE, B+ F—Fy, 3B+
3F — F, — By — Ej

B+ F,2B + 2F — Fy — By,

43: 12,7 #6: 1,2,5,7 2a<l \opior_E — B - E
oo 1 | B+F—FE,2B+2F— B — B,
€= 9B +2F — F, — Fy — Fs
B+ F.2B + 2F — By — B,
43 3.4.8: #6: 3.4.6 2at2a<llp _p g
B+ F —Ey, 2B +2F — By — By,
>
201—|—2C3_1 El—EQ—E3

#3: 5,6

B+F—F,, 3B+3F —F,—Fy— s,
E, — B,

Table A.2: Inflation process to show A, c,.c; C Acy ) cs

. _ /
Step 3. ~/401,(:2,c’3 - Acl,62,03 for c3 < C3.

To show the inclusion A%Q’cg C A¢, 0,05, it suffices to use negative inflation over Ej,

for, by Lemma Ej5 is represented by an embedded J-curve for all J.

For the reverse inclusion, we pick the curves in Table [A.3]
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Configurations Curves

1: 1,4,7,8,10,11,13;
12-1271707-%&37172-7 B+ F—E, B+ F —FE3 2B+2F —

46: 12,7 By = o — B

oo -1 | B+F-E2B+2F - B - B, - By,

410 2,3,9; #2: 6,9 “ By — By
oo 5| | B+F—FEi,2B+2F - —E— B,

o= Ey — B3
. N B+ F—F,, 2B+ 2F — I, — Ey — B,

410 5,6,12; #2: 3.7 P
B+ F—Fy, 3B+ 3F — I, — Ey — E,

49: 48 at2e<lip g
o 490,51 | BFF - B 3B43F B B~ B,

2B+ 2F — E, — E,
725 B+F—Ey, B+ F — By, Es— E5
2%, +2c <1 | B+F,2B+2F—E,—Ey, E,— Ey— B3
73: 3,8; 76: 3,6 B+ F — Ey, 2B + 2F — Ey, — Ej,
El—EQ—Eg
2c0<1 | B+ F,2B+2F — E| — Es, E, — F4
2, >1 | B+F—E,, 2B+2F —FE,—E,, By— F4
B+ F —Ey, 3B+3F — E, — B> — Ej,
B+ F — F;
B+F—Fy, 3B+3F —E, — Ey— Ej,
2B +2F — E, — E,

261 -+ 2C2 2 1

#3: 4,5,7; #6: 4,5

1+ 2c5 <1

#3: 6

c1+2c>1

Table A.3: Inflation process to show Ac, o, cs C Aeyeper

Finally, as noted previously, Table covers the configurations #4 and #5 as well.
This finishes Step 3 and the proof of the theorem.
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Appendix B

The correspondence between

1Isometry groups and configurations

In this section, we will state some of the basic results on the differential and topolog-
ical aspects of the space J, = jch%cs of compatible almost complext structures on

M., cy.cs- Our main goal is to illustrate the correspondence between isometry groups

and configurations, as was used in Section [3.3]

By Chapter [2| we know that the space 7, is a disjoint union of finitely many strata,
each of which is characterized by the existence of a unique chain of holomorphic
spheres (configurations). Our first remark is that these sets indeed give a stratification
of 7, into Fréchet manifolds.

Proposition B.0.1. Let U4y C J,, be a stratum characterized by the existence of a
configuration of J-holomorphic embedded spheres C; U Cy U ... U Cy representing a
given set of distinct homology classes, A = {A1, ..., An} of negative self-intersection.
Then Uy is a cooriented Fréchet submanifold of J,, of real codimension 2N —2cy (A +
o+ AN).

Proof. The proof of this proposition is identical to the proof of Proposition 7.1 in
[5]. [ |
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Consider the subspace J™ C J, of compatible, integrable, complex structures.
Given a stratum U, set V; = U; N J'™,
Lemma B.0.2. For any J € J'™, the complex surface (Xy, J) is the 3-fold blow-up

w

of a Hirzebruch surface.

Proof. Given J € J™, the class F3 is always represented by an exceptional curve.
Blowing it down yields a surface (X3, J), which is a twofold blow-up of a Hirzebruch
surface by Lemma 7.2 in [5]. See Chapter |2 for an explanation of how these configu-

rations appear. |

Remark B.0.3. As detailed in [2] (Theorem 2.3) and [3] (Lemma 7.5), the space
T s in fact a Fréchet submanifold of J.,.

We denote the group of diffeomorphisms of X, acting trivially on homology by Diffy,
let Aut,(J) C Diff, be the subgroup of complex automorphisms of (M,J) and
Isop(w, JJ) C Auty(J) be the Kéahler isometry group of (M, w, J).

Proposition B.0.4. Let Ji,Jo € V; be two integrable compatible structures in the

same stratum. Then there exists ¢ € Diff, such that Jy = ¢, J1. Hence we have

Vi =U; N J"™ = (Diff, - J;) N Ty, for any J; € V.
Proof. The proof is similar to Proposition 7.3 in [5] with the only difference being
that in our case the construction of compatible complex structures on X, can be made

in more numerous ways, resulting in a total of 56 types that yield the configurations

listed at the end of Chapter 2]

Briefly, for X3, the one-point blow-down of our space, we have exactly 6 types of

compatible complex structures:

(1) Twofold blow-up of Fy at two generic points (not lying on the same fiber F nor

on the same section B).
(2) Twofold blow-up of Fy at two distinct points on the same fiber F.

(3) Twofold blow-up of Fy at two distinct points on the same section B.
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(4) Twofold blow-up of Fy at two “infinitely near" points on a fiber, that is, the
blow-up of Fy at p followed by the blow-up of ﬁo at the line [, = T,F' C T,F,

on the exceptional divisor.

(5) Twofold blow-up of Fy at two “infinitely near" points on a flat section B, that
is, at (p,l, = T, B).

- 0 1 ] ! ,
(6) Twofold blow-up of Fy at two “infinitely near" points (p,l,) with the direction
l, transverse to T,F' and T, B.

To get X4, we consider a third blow-up on each of these types. This produces the 56
types mentioned above, and we refer the reader to the Hirzebruch surfaces in Section

to observe where the last blow-up may take place.

For instance, consider the toric picture @(iv).

n—cC2

C1

C3

Figure B.1: Toric action 1(iv)

This figure is obtained by blowing up Fy at three distinct points p;, ps and ps such
that p; and p, lie on the same fiber F', and p, and p3 lie on the same section B. Since

the complex automorphism group of [F is isomorphic to
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Aut(Fy) ~ (PSL(2,C) x PSL(2,C)) x Zs,

it follows that the automorphism group of the 3-point blow-up must act transitively

on the triple (p1, p2, p3) that defines the almost complex structure.

Now, to prove the correspondence between isometry groups and configurations, we
start by recalling the following fact due to Abreu-Granja-Kitchloo:
Theorem B.0.5. ([2], Corollary 2.6) If J € J™ is such that the inclusion

Isop(w, J) — Auty(J)
is a weak homotopy equivalence, then the inclusion of the Symp,(M,w)-orbit of J in
(Diff, - J) 0 T
Sympy,(M,w)/Iso(w, J) < (Diff,, - J) N T
15 also a weak homotopy equivalence.

Lemma B.0.6. For any J € j"”t(ﬁcmm), the inclusion Isop(we, cy.cq, J) — Auty(J)

15 a weak homotopy equivalence.

Proof. We start by recalling that if (]\N/[, j) is the blow-up of (M, J) at a point p, then
the complex automorphism group of J is isomorphic to the stabilizer subgroup of p

in the automorphism group of J.

Going through all possible types of compatible almost complext structures, we can
see that the space Auty,(Xy, J) is homotopy equivalent to either a point, S* or T2
More specifically, looking at the configurations in Chapter [2, we get:

x if J corresponds to #1:13

Auty(Xy, J) = S T2 if J corresponds to #1:1-6, #2:1-6, #3:1-6, #4:1-6, #5:1-6

S if J corresponds to one of the remaining configurations
\
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On the other hand, the isometry groups of the Hirzebruch surfaces are the maximal

compact Lie subgroups of their complex automorphism groups:

Iso(FF;, w) ~ (SO(3) x SO(3)) x Zy fori=0

U(2) fori=1
In particular, they are deformation retracts of Aut(F,,), and after blow-up they induce

isometry groups Isop,(Xy,w, J) that are homotopy equivalent to the cases designated

above.

For instance, recalling Figure [B|in the proof of Proposition |Bl we see that its auto-
morphism group is homotopy equivalent to the isometry group of the almost complex

structure in the stratum characterized by # 1.4:

B — FEy — E3
E3
E>
F—FE, — E3
F — E5
Eq
B — Eq

Figure B.2: Configuration 1.4 revisited

Combining the last three results, we get:

Corollary B.0.7. Given J € V; C J™, there is a weak homotopy equivalence

w

Sympy (Me, cp.c5,w)/Is0p(w, J) >~ V.
Proposition B.0.8. The action of Symp(ﬂclmm) on J, s homotopy equivalent to
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its restriction to J'™

Proof. As in [5], Lemma 7.11, given a set A = {A;,..., Ay} of distinct spherical
homology classes of negative self-intersections, U4 its stratum in J,, C' the unique
configuration of J-holomorphic spheres of type A, and v = (uy, ...ux) a J-holomorphic
parametrization of C| it is possible to show that the induced map ux : H*Y(TX,) —
H%Y(u  (T'Xy)) is surjective. The result then follows from a result due to Abreu-

Granja-Kitchloo ([2], Theorem 2.9). |

Corollary B.0.9. The space J'™ of compatible integrable almost complex structures

0N My, cy.cq 05 contractible.
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Appendix C

The possible toric actions for p > 1

Following a similar line of thought to that of Section we can draw the possi-
ble Delzant polytopes for Mmcl,%%. In this chapter, we will briefly summarize this
construction and use Karshon’s classification of Hamiltonian circle actions to list the

relations between these actions.

Let T* C U(4) act in the standard way on C*. Given an integer n > 0, the action of
the subtorus 772 := (ns + t,t, s, s) is Hamiltonian with moment map
(21, ceey 24) — (n|21]2 + ‘23’2 + ‘24‘2, ’21|2 + ’22|2).

We identify (S?x S, po@o) with each of the toric Hirzebruch surfaces F>", 0 < k < 1,
defined as the symplectic quotient C*//T3, at the regular value (u + k,1) endowed
with the residual action of the torus T'(2k) := (0,u,v,0) C T%. The image A(2k) of

the moment map is the convex hull of

{(0,0), (1,0), (L, p+ k), (0, — K)}.
Similarly, we identify (S*xS?, w,) with the toric Hirzebruch surface Fy, |, 1 <k </,
defined as the symplectic quotient C*//T3._, at the regular value (u + k,1). The
image A(2k — 1) of the moment map of the residual action of the torus (0,u,v,0) is

the convex hull of
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{(0,0),(1,0), (L, u+ k), (0, — k+1)}.
Since the group Symp,,(M,) of symplectomorphisms acting trivially on homology is
connected, any two identifications of F* with the spaces S? x S? and S%xS? are
isotopic and lead to isotopic identifications of Symp,, (F#) with the respective sym-

plectomorphism groups.

We identify the symplectic blow-up ]TJ/MI at a ball of capacity ¢; with the equivariant

blow-up of the Hirzebruch surfaces F~.

We define the even torus action T'(2k) as the equivariant blow-up of the toric action
of T'(2k) on F%, at the fixed point (0,0) with capacity ¢;. The image of the moment

map then is the convex hull of

{(17 H + k)a (07/’L - k)a (Oa Cl>7 (Cla 0)7 (17 0)}
Similarly, we define the odd torus action f(Zk — 1) as the equivariant blow-up of the
toric action of T'(2k — 1) on F%,_, at the fixed point (0,0) with capacity 1 — ¢;. The
image of the moment map then is the convex hull of
{(1’ po—c1 k)v (Oa H—==0C1 = k+ 1)7 (07 - Cl)? (]- — C1, 0)7 (17 0)}

Note that when ¢; < ¢y == p—1, M,

uer admits exactly 2/ +1 inequivalent toric struc-

tures T(0), ..., T(21), while when ¢; > ¢y, it admits 21 of those, namely T(0), ..., (21—
1).

The Kihler isometry group of F# is N(T2)/T? where N(T?) is the normalizer of T2
in U(4). There is a natural isomorphism N(T2)/T¢ ~ SO(3) x SO(3) := K(0), while
for k > 1, we have N(T%,) /T3, ~ S'x SO(3) := K(2k) and N(T3, ,)/Ts , ~U(2) :=
K (2k — 1) The restrictions of these isomorphisms to the maximal tori are given in

coordinates by
(u,v) = (—u,v) € T(0) := S' x ST € K(0)
(u,v) = (u,ku +v) € T(2k) := S' x ST C K(2k)

(u,v) = (u+v,ku+ (k—1)v) € T(2k — 1) := S* x S C K(2k — 1).
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These identifications imply that the moment polygon associated to the maximal tori
T(n) = S* x S* ¢ K(n) and T(n) are the images of A(n) and A(n), respectively,
under the transformations C,, € GL(2,Z) given by

-1 0 1 0 1-k k
Co = , Cop = and Cop—1 =
0 1 —k 1 1 —1
Under the blow-down map, T(n) is sent to the maximal torus of K (n) for all n > 0.
By [17] Symp(MM, .ci) 1 connected, hence the choices involved in these identifications

give the same maps up to homotopy.

We identify the symplectic blow-up MMIM with the equivariant two blow-up of the
Hirzebruch surfaces [F% and obtain inequivalent toric structures. We define the torus
actions T}(Qk), ﬁ(% —1),i=1,...,5 as the equivariant blow-ups of the toric action
of T'(n) on IA?‘Q‘,C and ﬁg,:i respectively, with capacity c,, at each one of the five fixed

points, which correspond to the vertices of the moment polygon ﬁ(n)

We blow-up each of the resulting toric actions in their six fixed points and obtain
ﬁij(Qk;), ij(Qk —1),i=1,...,5, 7 =1,...,6. These toric pictures arise from the ones
described in Section 4.2 of [5], by blowing up once more at a ball of capacity c3. We
will draw the resulting figures[l] In each case, we will further pick two Hamiltonian

1 . . . .
St-actions, (og—15, Y2k—1,ij) OF (Takij, Yok,ij), as we did in Section .

!The numbering of the figures will register the corresponding configurations of .J-holomorphic
spheres, as depicted in Figures 3-6 in [5].
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X
%
o> \)O
X
AN
X
oy

/\yx (Tok—1,1,» Yor—1,1,)

Figure C.1: The Delzant polytope corresponding to Configuration (10) of [5] for X,
with the next blow-ups plotted
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(T2k—1,3,» Y2k—1,3,.)

Figure C.2: The Delzant polytopes with the next blow-ups plotted, continued
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(Top—14,, Yok—1.4,)

622
N

(To—1,5, Y2k—1,5,)

Figure C.3: The Delzant polytopes with the next blow-ups plotted, continued
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(k1,5 Y2k,1,.)

)

“/'(z’)
p—k o (i)

(iid)

c1+co 1&

c] —2co @ v
1 —kci\\((v))
—k |-~ —e(vi)

(2k.3,., Y2k.3,.)

Figure C.4: The Delzant polytopes with the next blow-ups plotted, continued
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—k

(Tok 4, Y2ka,)
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(k5,5 Y2k,5,)

Figure C.5: The Delzant polytopes with the next blow-ups plotted, continued

Since the maps T;;(n) — G .ccs induce injective maps of fundamental groups
(|25]), we can see the actions ,,; j, Yn.; as elements of m (G, c; cp05). Then, using
Karshon’s classification, we can find several relations between these elements, as listed
below. In fact, an easy but long calculation shows that exactly one more generator,
for instance y; 11, is necessary and sufficient to produce all the other elements.
Remark C.0.1. With the above notation, the auxiliary polytopes used in Section
[5.3.9 for the proof of the new relations should be clear.

1. Type #1 relations

L1, 2110 = 2112 = Yo,15 — To,1,5 1.5, @121 = X122 = Y023 — T0,2,3
1.2, 2113 = Yo,1,4 — To,14 1.6. T123 = Y022 — To22
1.3 @114 = Yo,1,1 — To11 1.7, X124 = Y025 — To25
1.4, z115 = 2116 = Yo,12 — T0,1,2 1.8. 125 = Yo,2,6 — T0,2,6
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1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

T1,2,6 = Yo0,2,1 — L0,2,1 1.15. T141 = T142 = T1p2 = T153 =

—x
T1,31 = 21,32 = Yo,54 — L0,5,4 Y033 0,3,3

21,3,3 = Y0,5,3 — L0,5,3

T1,3,4 = Yo,5,2 — L0,5,2

T1,3,5 = Y0,5,6 — L0,5,6

Z1,3,6 = Yo0,5,1 — L0,5,1

2. Type #2 relations

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2.8.

2.9.

2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

(7 — Daok—131 + jyak—131 = (k — 1)xoj_131 + ky2j_131

(7 — Daok—132 + jyak—132 = (k — 1)xgj_132 + ky2j_132

(j—1

(] -1 Tog—1,4,1 1 jy2k—1,4,1 = (k - 1)$2j—1,4,1 + kyzj—1,4,1

)

)
(J = Dzor—133 + Y2133 = (K — 1)z2j-133 + kyzj-133

)Tok-1,34 + JYor-134 = (kK — 1)D2j_134 + ky2j_134

)
(j - 1)I2k—1,4,2 + JY2k-142 = (]C - 1)$2j—1,4,2 + ]fy2j—1,4,2
(J — Dror—1a3 + JY2k-143 = (F — 1)Toj 143 + ky2j_143
(j - 1)-T2k—1,4,4 + JY2k-1,44 = (k - 1)5102]‘—1,4,4 + kij—1,474
(7 — Drop—1s1 + JY2k-151 = (K — D)wgj 151 + kyzjo151
(J— Daor—152 + JYor—152 = (b — D)o 152 + kyzj—152
(J— Dror-153 + Jy2k-153 = (k — 1)zoj 153 + ky2j153
(= Dror—154 + Jy2k-154 = (k — 1)zoj 154 + ky2j-154
(J = Daor—135 + Jy2k-135 = (b — D)o 136 + ky2j-136
(J = Dror—145 + Jy2r-145 = (b — D)Zoj 146 + ky2j-1456
(J— Dror—155 + Jy2k-155 = (b — D)o 156 + ky2j-156

(7 — Daok—111 + jy2k—111 = (k — 1)xgj_121 + ky2j—121
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1.16. w143 = T151 = Y035 — 03,5
1.17. Z144 = T154 = Y032 — L0332
1.18. w145 = T155 = Y0,3.6 — 03,6

1.19. w146 = T156 = Y0,31 — T0,3,1



217, (j — Daop—112 + jy2k—1.1,2 = (K — 1)Toj—122 + kyaj—1,2,2
2.18. (j — Dxog—113 + Jjyou-1,13 = (k — 1)29j_123 + kyoj_123

2.20. (j — Daog—1,14 + Jy2k—1,14 = (K — 1)Toj—126 + kl2j—1,26

) (
) (
2.19. (j — Daop—1,15 + jyar—1,15 = (b — 1)wgj_125 + ky2j—125
) (
2.21. (j — Daog—116 + JY2n-116 = (K — 1)Toj_124 + kY2j_124
3. Type #3 relations
3.1 kwopin + yori1 = (b + 1)ook—116 + kyor—1,16
3.2, krop1o + Yok = (k+ 1)ror—115 + kyor—115
3.3. kwop13+ Yor1s = (k+ 1)2ok—114 + kYok—11.4
3.4. kxop1a+yok1a= (k+1)xok—111 + kyok—111
3.5. kxop1s+ Yok1s = (k+ 1)2xok—112 + kyor—112
3.6. kxon16+ Yorae = (kK + 1)xok—1,13 + kyor—1,13
3.7 kwopon + yoron = (b + 1)Tok_126 + kYor—1,26
3.8. kwoppo + Yorop = (k+ 1)ror_125 + kyor-125
3.9. kxoros + Yor2s = (B + 1)wop_124 + kyor—124
3.10. kxopoa + Yor2a = (b + D)Top—121 + kyar—12.1
311, kxopos + yoros = (K + 1)Tok—122 + kyor—12,2
3.12. kxoroe + Yore = (K + 1)Tak—123 + kY2r—1,23
3.13. kropan + Yoran = (b + D)Zop—146 + kYar—146
3.14. kxopaz + Yarap = (K + 1)Top-145 + kyor—145
3.15. kwokas + Yoras = (b + 1)Tor—1,41 + kY2k-14.1
3.16. kwopaa + yoraa = (b + D)Top—142 + kyor—142

317, kxopas + yoras = (k+ 1) xop_143 + kYok—14,3
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3.18. kxopae + Yorae = (k+ 1)xop_144 + kYor—14.4

1)
3.19. kxopsi1 +yors1 = (k+ Dok 156 + kY2r_156
3.20. kxopso+ yorsze = (k+ D)ok 155 + kYar_155
3.21. kxokss + yorss = (k+ 1)Tor_151 + kYar—151
3.22. kxopsa + yorza = (K + D)xop_152 + kyor—152
3.23. kxogss + yarss = (k+ D)xog_153 + kYok—153
3.24. kxorze + Yorse = (k+ 1)Tor—154 + kYar—154
3.25. kwopsa +yors1 = (K + 1)Tok—136 + kY2r—1,36
3.26. kzorso + Yoks2e = (k+ 1)wop_135 + kYor—135
3.27. kwopss + yorss = (kK + 1)Tok—131 + kYar—1,31
3.28. kwopsa + yorsa = (kK + 1)Top—132 + kyor—13.2
3.29. kxokss + Yorss = (B + 1)xok—133 + kYok—1,33
3.30. kxorse + yorse = (K + 1)Tok—134 + kYor—1,34

4. Type #4 relations

4.1. Top 11 = Tok1,6 = Toks1 = Toks6 4.6, Toroo = Top 34
4.2. Top12 = Tors5 4.7. Topo3 = Toko4 = Tok32 = T2k3,3
4.3. Top13 = Tok14 = Toks2 = Toks3 4.8, Topos = Toras
44, xop15 = Tops4 4.9. Topa1 = Topae

4.5. Topo1 = Tok26 = Tok,31 = Tok,3,64.10. Top a2 = Top a3
5. Type #5 relations

5.1. Yok = kxo2s + Yo2,5 5.3. Yar1,3 = kxo21 + Yo2.1

5.2. Yok,1,2 = ka’o,Q,ﬁ + Yo,2,6 5.4. Yok1,4 = k$0,2,4 + Yo,2,4
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2.5.

5.6.

5.7.

5.8.

2.9.

5.11.

5.12.

5.13.

5.14.

Yor,15 = KTo23 + Yo.2,3
Yor1,6 = KTo22 + Yo2,2
Yok21 = kTo11 + Yo,11
Yok22 = kTo12 + Yo,1.2

Yok,2,3 = kTo13 + Yo,1,3

. Yokoa = kTo16 + Yo1,6

Yok25 = kTo15 + Yo,1.5
Yok,2,6 = KTo1,4 + Yo,1.4
Yor,31 = kZo36 + Y036

Yor32 = kxo31 + Yo 3.1

. Yoru33 = kTo3s + Y035

. Yok34 = kTo 34 + Yo3.4

Yor,35 = kTo33 + Yo.3,3

6. Type #6 relations

5.19.

5.20.

5.21.

5.22.

5.23.

5.24.

5.25.

5.26.

5.27.

5.28.

5.29.

9.30.

6.1. j5(72k,1,1 — Yok,11 = k$2j72,3 — Y25,2,3

6.2.

6.3.

6.4.

6.5.

6.6.

6.7.

6.8.

6.9.

JT2k12 — Y2k 1,2 = k$2j72,2 — Y2522

JT2k1,3 — Y2k,1,3 = k$2j,2,1 — Y2521

JX2k,1,4 — Y2k,1,4 = k$2j72,4 — Y2524

JT2k15 — Y215 = ]sz,z,s — Y2525

j$2k,1,6 — Yok,16 = k‘ZEQj,z,G — Y2526

j$2k,3,1 — Yok,31 = kx?j,&? — Y2;5,3,2

JX2k,33 — Y2k,3,3 = k$2j,3,3 — Y2533

JX2k,34 — Y2k,34 = k$2j,3,4 — Y2534
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. Yok3.6 = KkTo32 + Yo,3.2

Yok, = kToae + Youe
Yoka2 = KToa1 + You1
Yora3 = kToas + Y5
Yok = kToaa + Yo
Yoras = kToa3 + Yo.4,3
Yoka6 = kToa2 + You2
Yok5,1 = kZos6 + Yo5.6
Yok52 = kTos1 + Yos1
Yok53 = kZos5 + Yo 5.5
Yok54 = kTos4 + Yo 5.4
Yok55 = kTos3 + Yo5.3

Yok,56 = kTos2 + Yo 5.2



6.10. jxok35 — Y2k,35 = kTaj35
6.11. jxok 36 — Y2k,36 = kTaj36
6.12. jxoga1 — Yaka1 = kToja2
6.13. jworas — Yokaz = kToja3
6.14. jTog a4 — Yokaa = kTaja4
6.15. jworas — Yokas = kTojas
6.16. jrorae — Yaka6 = kT2j46
6.17. jTors1 — Yor5,1 = KT2j52
6.18. jTok 53 — Yok53 = kTajs3
6.19. jTors4 — Yors4 = K254
6.20. jTokss5 — Yok55 = kTajs s

6.21. jTors6 — Yok 56 = KT2j56

7. Type #7 relations

7.1 Top—111 + Yor—1,1,1 = Tok—156 T Y2k—1,5,6 = T2k—1,1,6 T Y2k—1,1,6

Y2k—1,5,1

— Y2435
— Y2436
— Y25,4,2
— Y2543
— Y25,4,4
— Y2545
— Y2546
— Y2552
— Y2553
— Y2554
— Y2555

— Y2556

7.2, Top—112 + Yok—1,1,2 = Tok—1,53 + Yok—1,53

7.3, Top—1,13 T Yok—1,1,3 = Tok—154 T Yok—1,54 = Tok—1,14 T Y2k—1,14

Yo2k—1,55

74, Top—115 + Y2k-1,15 = Tok—1,52 T Yok—1,52

7.5, Top—121 1+ Yok—121 = Tok—136 T Y2k—1,3,6 = T2k—1,2,6 T Y2k—1,2,6

Y2k—1,3,1

7.6. Top_122 + Yok—1,22 = Tok—1,32 + Yok—1,32

7.7, Top—123 1T Yok—123 = Tok—135 T Y2k—1,35 = Tok—1,24 T Y2k—1,24

Y2k—1,3,4
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7.8. Tok—125 + Yok—125 = Tok—1.33 + Yok—1,33

7.9. Tok—1,4,1 + Yok—1,41 = T2k—1,4,6 + Y2k—1,4,6
7.10. Tok-1,44 T Yok—144 = Tok—1,45 + Yok—1,45

8. Type #8 relations

8.1. kTok15 + Yor,1,5 = kTar1,6 + Yok, 1,6

8.2. kTokos + Yor2s = kTar2e + Yor26

8.3. kxorss + Yorss = kTorse + Yok se

8.4. kwopan + Yoran = kTors1 + Yors

8.5. kopao + Yora2 = kToks2 + Yoks2

8.6. kx2k7473 + Yok,a3 = k172k,5,3 + Yok 5,3

8.7. kopau + Yoras = kTorse + Yoks6

8.8. kxokas + Yokas = kTorss + Yorkss = KTorae + Yokae = kTorsa + Yors4

The relations above can be easily calculated by starting with the Delzant polytopes,
transforming them with the appropriate by SL(2,7Z)-actions and comparing the re-
sulting graphs for the S'-actions. In Section we went through this process for
some of the relations.

Remark C.0.2. We further note that the discussion in Appendiz [B are valid for
1> 1, and thus the correspondence between isometry groups and configurations still

holds.
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