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1 Resumo

Khovanov construiu uma teoria que categorifica o Polinémio de Jones. A categoria de que se serviu para
construir o seu complexo foi considerada, algum tempo, como tnica visto que o TQFT-(1+1) associado
¢é determinado por uma algebra de Frobenius especifica. Mais tarde, Ozsvath, Rasmussen e Szabo (ORS)
construiram uma nova categorificacao para o Polinomio de Jones com a Teoria de Homologia Odd Kho-
vanov. A estrutura algébrica por detrds da categoria utilizada ndo poderd ser descrita em termos de uma
algebra de Frobenius, nao entrando assim em conflito com a prévia unicidade.

Beliakova e Wagner discutiram que a estrutura algebrica apropriada para esta nova categoria é dada
por uma EQFT - Extended Quantum Field Theory.

O nosso objectivo foi o de pegar na estrutura definida por Beliakova e Wagner e extender a Teoria de
Homologia Odd Khovanov a nés virtuais seguindo o trabalho realizado por Turaev e Turner que mostra
como extender a Teoria de Homologia Khovanov.

Nao conseguimos concretizar o nosso objectivo, mas conseguimos mostrar que a classificacao dada por
ORS para Cubos e Faces de cubos para a Homologia Odd Khovanov nao se extende, tal como estd, aos
nos virtuais. Pelo menos nao de uma forma que nos permita definir o complexo nesta nova teoria, eles o
fizeram.

Este documento introduzird algumas nogoes bésicas sobre cada uma destas teorias alertando para as

dificuldades que encontram e que conseguem, ou nao, ultrapassar.

Palavras-chave:
Homologia Khovanov, Homologia odd Khovanov, Homologia Khovanov para nés virtuais, Homologia

odd Khovanov para nds virtuais






2 Abstract

Khovanov constructed a Homology theory that categorifies the Jones Polynomial. The category in which
he constructs his complex was for some time considered as unique since the associated (1+1)-TQFT was
determined by a specific Frobenius system. Later Ozsvath, Rasmussen and Szabo (ORS) constructed a
new categorification for the Jones Polynomial using the Odd Khovanov Homology theory. The algebraic
structure behind this category cannot be described in terms of a Frobenius Algebra and thus does not
conflict with the previous uniqueness.

Beliakova and Wagner argued that the appropriate algebraic structure for this new category is given
by an EQFT - Extended Quantum Field Theory.

Our objective was to extend, with the structure defined by Beliakova and Wagner, the Odd Khovanov
Homology to Virtual knots following the work done by Turaev and Turner who showed how to extend the
Khovanov Homology.

We did not accomplish this task but we can show that the way ORS classified faces and cubes in Odd
Khovanov Homology does not extend to virtual knots in a straightforward fashion, at least not in a way
that will enable us to define the complex as they did.

This document will, hopefully, provide the reader with some basic notions about the subject, pointing

out some of the difficulties which arise and are solved in each of these theories.

Keywords:
Khovanov homology, Odd Khovanov homology, Khovanov homology for virtual knots, Odd Khovanov

homology for virtual knots
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3 Basic Definitions

3.1 Knots

Knot theory studies the embeddings of curves in three-dimensional space. We can think informally of a
knot as a single closed loop of rope and of a link as composed of a number of such loops. We call the
standard ring the canonical unknot. A knot that can be continuously deformed into the unknot (without
tearing the rope apart) is said to be unknotted.

Bear in mind that a knot is a closed tube in three dimensional space, but if we overlook the tube

thickness we can represent it schematically turning to segments of planar curves meeting at crossings.

@ @D O

Knot Link Unknot

Definition 1 (Knot) A knot K is the image of a smooth embedding of the circle St in the three dimen-

sional space R>.

Definition 2 (Link) A link L is a finite union of knots.

We now need some sort of mathematical platform that will allow us to prove or disprove notions like

knottedess or unknottedness. One way to build such a platform is through the use of diagrams and moves.

Definition 3 (Shadow and Diagram of a knot) If we take a regular injective projection, except at a

finite number of double points where a transversal crossing occurs, of a given knot K into the plane we get

the shadow of the knot K. That is a 4-valent planar graph where each vertex is of the form >< If this
shadow is equipped with some extra structure, showing which is the undercrossing and the overcrossing at

each vertex, we then have a diagram of the knot K. This time we have a 4-valent planar graph where

ve \/
each vertex is of the form /\ or N

Trefoil diagram Trefoil shadow

Notice that if we take a shadow of a knot with n crossings there can be 2" corresponding diagrams.

However, given a diagram of a knot, there is only one shadow that matches it.

Two knots in three dimensional space are said to be equivalent (that is we can deform one into the
other without cutting the rope) iff we can deform the diagram of one of them into the other, using only

a set of specific moves - The Reidemeister Moves.

11
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The figure above shows us the Reidemeister moves - we added, like Louis Kauffman in [1], the Move

0 which stands for any basic topological deformation of a plane curve. This means that knots that

differ by planar isotopies are equivalent. We also say that knots that differ by Mowves of type 0, II

and III are regular isotopic and the overall notion of equivalence given by Moves 0,11l and III is called

ambient isotopy. These moves permit us to change the diagrams of the knots maintaining their topological

properties, hence the notion of invariance.

Definition 4 (Oriented knot, Oriented crossing sign) A knot or link is said to be oriented if it is

the image of a smooth oriented embedding. We can represent this by assigning a direction to each arc in

its diagram, compatible at each crossing in the obvious way. Given an oriented knot/link, we can then

attribute a sign at each crossing:

7
% \*\

Positive crossing Negative Crossing

Definition 5 (Writhe) Let K be an oriented link diagram. The writhe will be defined by the formula

w(K) = > sign(p)
peC(K)

12
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where

C(K) s the set of crossings in the diagram of K
p is a given oriented crossing in the diagram of K

sign(p)  is the sign of the oriented crossing p

So the writhe of K is equal to the number of positive crossings minus the number of negative crossings

in K. It is a link invariant by reqular isotopies.

3.2 The Bracket Polynomial

If we think of a crossing in an unoriented diagram of a link K, we can associate two new diagrams by

splitting the crossing.

A
<8

B
N ‘A' >_ E--(
_._,_.—l—-__‘\
A-smoothing B-smoothing

Smoothing types

How can we specify the A-regions and the B-regions?

The A-regions are the ones that disappear when we turn the overcrossing line counter-clockwise.

S,

Distinguishing

regions

If, given an unoriented diagram of a link K, we repeat this process for each crossing, we get a tree
of related diagrams for which the patriarch is the original link diagram and the final diagrams in each
branch (consisting of labelled Jordan curves in the plane) are called states of K. We can use each state

to reconstruct the original diagram of the link K.

13
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Let K be an unoriented diagram of a link. We define the Bracket Polynomial by the formula

(K) = (K) (A, d) = A7"d Yy _ Ar+()=n-(o)glleli=1 (2)

A and d are the commuting algebraic variables
o is a state of K (the summation runs over all the states of K)
|le]]  is the number of loops in o
n is the number of crossings in the diagram K
n4 (o) is the number of open A — smoothings in o

n_(c) is the number of open B — smoothings in o

Remark 6 The definition we provide here of the Bracket polynomial is not the normal one, it is a slightly
modified version of what is commonly known as the Bracket polynomial. In Appendix A on page 44 we
explain the changes we made to the normal definition and how they will help us later on in Chapter 4.2.

The Bracket, as defined is a link invariant by regular isotopies. We can also check that (K) satisfies

the axioms:

Axiom 7 ( X)) = (X )+42( D)= X )-a(DC)
Axiom 8 (OK) =d(K) = (¢~ + q) (K)

Axiom 9 (O) =d

Here, we are considering that: ¢= —A4"2
d=ql4+qg=-A2-A"2

14



3.3 The Jones Polynomial

The one-variable Jones Polynomial J(g) is defined for an oriented link K and it is invariant under ambient

isotopies.

We can define the Jones polynomial from the bracket. First we consider the Unnormalized Jones

Polynomial given by:

T(g) = (=1)"~¢"+ 7" (K) (3)

where n_ is the number of negative crossings in K

ny is the number of positive crossings in K

The Jones Polynomial is then given by:

3.4 Virtual Knots

In 1996 Kauffman discovered a new theory - The Virtual Knot Theory. He came across a new kind of

knot, the Virtual Knot. We will follow his paper [2] and provide the basic notions about this theory.

A virtual knot will have a new kind of diagram, which will be different from the previous ones because

it allows for two types of crossings: the real ones and a new kind of crossing - the virtual crossing.

X

Virtual

Crossing

Its main property is that you cannot switch over or under a virtual crossing. If you think of a projection
of a non-planar knot in the plane, these virtual crossings will eventually appear depending on the way
you draw the knot. They are not really there, they are not part of the structure of the graph itself, they

are artifacts created by the way you draw the diagram in the plane.

There is also a notion of equivalence for such virtual knots, which is provided by the following set of

moves:

15
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Reidemeister Reidemeister

Classical Moves Virtual Moves Mixed move

This new theory, although it doesn’t require the use of a particular surface embedding, can be applied
when such an embedding exists as you can see in the Virtual Knot figure below where we have a knot
diagram drawn on the surface of a torus. When we consider the projection of this knot in the plane we
will have two kinds of crossings: the ones that come from the knot diagram itself (drawn on the surface of
the torus), and the crossings that arise because the surface of the torus in the plane overlaps itself when
we consider its projection in the plane. These last ones are not really there, they are not real crossings,
they seem to be crossings due to the overlapping of the torus surface - they are virtual crossings. This
does not, however, mean that the surface is unique to the virtual knot, we can add or remove handles

from the surface without changing the knot.

Virtual Knot

If the reader is familiar with Gauss codes carry on reading, if not please consult [2] for some basic
information on that subject. Gauss codes can be used to represent knots and links. Non-planar gauss
codes give rise to an infinite collection of virtual knots. Signed Gauss codes can help us identify virtual
crossings in the diagrams of a knot or link. Kauffman defines a virtual knot as an equivalence class of
signed Gauss codes under the extension of the Reidemeister moves defined for these codes. This theory

can also tell which virtual knots are, in fact, classical:

Theorem 10 If K is a virtual knot with a planar Gauss code whose sign sequence is standard, then K

18 equivalent to a classical knot.

16



We will not discuss this part of the theory in detail but it will be helpful later when we analyze virtual

knots.

The bracket polynomial and the Jones polynomial also extend to virtual knots and links. We still build
our tree from the original diagram of the link L to find the states of L, but throughout we do not touch
or move our virtual crossings. The states will be 4-valent planar graphs, where the vertices represent the

virtual crossings, with labels for the smoothings, as before.

Virtual knot tree

17



4 Khovanov’s Homology Theory

In 1999, Khovanov in [4] defined a new bracket on a link projection L - the Khovanov Bracket [[L]] -
which is different, by construction, to any other already seen. It is a chain complex of graded vector
spaces introducing a newborn ’Link Homology Theory’. By computing the Khovanov homology of a link
we get a link invariant whose Euler characteristic is proven to be the unnormalized Jones Polynomial.
In [6], Dror Bar-Natan gives a very diagrammatic approach to the construction of the Khovanov
homology of a link and proves that it is a stronger invariant than the Euler characteristic.
In this chapter we will follow [6], presenting the main theorems of invariance as we construct the

Khovanov homology of the trefoil as an example.

4.1 Introduction

The reader should review the notions given in Chapter 3.2, about the Bracket polynomial, and in Chapter
3.3, about the Jones polynomial. In particular, the reader should understand how we obtain the latter
from the former. These notions will be needed in this chapter since Khovanov’s idea is, basically, to
replace the bracket [L] with the Khovanov bracket [[L]].

The Khovanov bracket is defined by the axioms (the reader might want to compare them to the axioms
satisfied by the Bracket defined in formula (2)):

Axiom 11 [[©]]=0—Z —0
Axiom 12 [[OL]] =V @ [[L]]

Axiom 13 [[ X ]| = F (0= [ X 1 % [[ 5 [1{1} —0)

where: 14 - Vector space of graded dimension (q + ¢~!)
{1} - Operator that replaces multiplication by ¢ in Axiom 7
F - Flatten operation that takes a double complex to a

single complex by taking direct sums along diagonals

d - Differential (yet to be displayed)

The Khovanov invariant H(L) will be the homology of a renormalization of the Khovanov bracket
[[L]] [-n-]{n+ — 2n_} where {-} stands for the degree shift operation in graded vector spaces and
['] stands for the height shift operation on chain complexes.

~

The main theorem will state that H(L) is a link invariant and its graded Euler characteristic is J(L).

4.2 Constructing the Cube

Here we will construct a cube from a link diagram that will help us build the chain complex in the next
section.

Assume all our links are oriented. Let

e L be the link diagram

18



X be the set of crossings in L

n=|X=ny +n_

n4 be the number of positive crossings

n_ be the number of negative crossings

2_ 1 X =1{123}
&)
3 ne =20
n_ =3

In constructing the n-dimensional cube {0, 1})(7 each vertex corresponds to a state S, of L, which is
just a union of planar circles.

Each vertex will be labelled by a sequence « of 0's and 1’s of length |a| = n = |X|, where the number
displayed at the entry ¢ of the sequence - «; - represents the smoothing chosen at the crossing ¢ of the

link diagram L.

Here we consider that:
a 0 — smoothing is equal to a A — smoothing already defined

a 1 — smoothing is equal to a B — smoothing already defined

0 @
100 110
000 010 101 1
001 011
l ] ] ] |
I r=0 : r=1 : r=2 : r=3 :
k=3 k=2 k=1 k=2

The cube

19



We will now illustrate how to compute the Bracket polynomial from this cube.

First, we associate each vertex «, of the cube (bear in mind that a vertex a corresponds to a state S,
of L), with a term of the form (—1)" ¢"(q + ¢~ 1)*.

Here r is the height of the smoothing

k is the number of components in S,

The height of the smoothing is just the number of 1 — smoothings in the state S,, that is, r = ||a| =

n
Z Q.
i=1

Remark 14 Recall definition 2 for the Bracket polynomial:

(K)

(A)d S A+ @) =n-@)glel-1

Z Aty (o)—n_ (U)dHUH

o

= ZA*Z"*(”)d””“, since for each o :n=ny (o) +n_(o)

= Y (1)@ (—ayr-@glel

o

= Y D)@ (g+q "

o

What we are trying to do is to identify and associate to each state 0 = S, of L the term that contributes
to the Bracket polynomial — (A~™)d x An+(@)=n-(o)glol-1,

By using the previously defined conventions q = —A~2 andd = —A~2— A% = q+q~! (and the fact that
r=n_(0) and k = ||o||), we can verify that each state 0 = S, of L contributes to the Bracket polynomial
with a term of the form (—1)" ¢" (¢ +q~1)*, as defined.

So now, it should be obvious that if we sum the terms associated to the vertices we obtain the Bracket
for the given link.

Then, following what we said in Chapter 3.3, if we multiply the result by the normalizing factor

(=1)"- ¢+ =2n-) e will obtain the unnormalized Jones Polynomial, J(L).

To get J(L) just divide the latter result by (¢ + ¢~ 1).

20
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3 . .
<q+q_]J @ ~30(g+q7") @ 3¢%(g+q¢7") @ —¢3(q+q_]}D ® —q76
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The cube and the Jones polynomial

4.3 Khovanov’s Categorification Idea

With the cube, constructed above, in mind we will now make the necessary arrangements that will permit
us to construct the chain complex that will substitute the bracket in this new perspective. We will
maintain the same notation used in the previous section. Please refer to [6] for proofs and more detailed

explanations.

Let V be a graded vector space with two basis elements v+ with respective degrees +1, so that the

graded dimension of V becomes qdim(V) = ¢+ ¢~ 1.

Definition 15 (Graded dimension) Let W = &,,W,, be a graded vector space with homogeneous com-
ponents {W,,}. The graded dimension of W' is given by qdim(W) =5, ¢ dim W,.

Definition 16 (Degree shift operation) Let -{l} be the "degree shift” operation on graded vector
spaces. That is W{l}p, := W1 so that qdim(W{l}) = ¢'x qdim(W)

21



Definition 17 (Height shift operation) Let -[s] be the "height shift" operation on chain complezes.
That is, if C is a chain complex ... — LT S of vector spaces and if C = C[s] then C" = ¢’

with all differentials shifted accordingly. This also applies to complexes of graded vector spaces.

We now associate to each vertex of the cube o (and to the state of L to which it corresponds), the
graded vector space V(L) := V®*{r}. Notice that, in this way qdim(V, (L)) will be equal to the term

we associated to the vertex « in the previous section.

The 7" chain group will be defined by [[L]]" := @ae{a:r=|al} Va(L); this is just the direct sum of all

vector spaces associated to vertices with height r.

Now let C(L) := [[L]] [-n-]{n+ — 2n_}. The reader will probably have noticed that [[L]] is not yet a

chain complex since we have not yet defined a differential for it, but we will get to that in a moment.

|
DNy
100 110

ver {1} v{z}

P D D D

a
000 010 101 11
123 vez{1} v{z} ver{z}

a
) ——

001 011

ve2 {1} v{z)

r=1
k=2

1zn’® [zt [n? 3
C(L) = [[Ll[-3]{-8}

The cube and the Khovanov chain complex

22



~

Theorem 18 X,(C(L)) = J(L)

The Graded Euler characteristic X, of the chain complex C(L) is the alternating sum of the graded

dimensions of its homology groups and, since it is endowed with a degree 0 differential and all its chain

groups have finite dimension, it is also equal to the alternating sum of the graded dimensions of its chain

groups and thus to the unnormalized Jones polynomial. (Again, I remark we have not yet endowed [[L]]

with a differential, so [[L]] is not yet a chain complex, but we will do that shortly).

A differential d for [[L]] must satisfy:

- dod =0, which will be satisfied if we get all the square faces of the cube to anti-commute.

- d must be of degree 0.

To construct this differential we will use the following figure:

s>

C@ 4o

s>

X

'.,«02{1} ><*]0 V{z}
8 d, RN
OH—0 ) )
000 010 #01 =
ves ez v ves {3}
! 00 d01 * 1
. O ,
! I
a0
: 001 0+ 011 !
1 ]'"'@2{1} '."'{2} 1
L I I I I
! r=10 I r=1 I r=2 I r=3 !
k=3 k=2 k=1 k=2
| 1 1 1
1 2" 1 . I . I
(9] — [} d—»uLnZ% 1z
(L) = [ [-31{—s}

The cube and the differential

In this figure we consider each arrow d* to be d' = 2e=i(—1

edges d¢ with |¢] = i.

23
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We've labelled the edges de where £ is a sequence in {0, 1, *}% with just one *, meaning that the tail
of the edge is obtained by setting * = 0 and the head of the edge is obtained by setting * = 1. We've
also defined the height |¢] of the edge d¢ to be the height of its tail and have set (—1)¢ := (—1)2i<i &

where j is the position of * in £ and ¢, is the element of £ at position i.

On doing the math one finds that the edges di.0,d10«,do1x and dp.1 are the only ones that have
(—=1)¢ = —1, and each square face of the cube has only an odd number of such edges (the required

anti-commutativity).

Now we only need to define the mappings d¢ that make the cube commutative when taken without

signs and have degree 0 so as to ensure that the differential d will have degree 0.

For each vertex a, there are as many tensor factors in the associated space V,, as there are circles in
the associated smoothing S, inducing therefore a bijective correspondence. If we look at each edge d¢ its
tail differs from its head by a circle: either two circles merge into one or one circle splits into two. Taking
this into account, we define the mapping d¢ to be the identity between the circles that don’t change (from

tail to head) and to be either A or m between the circles that change where:

m: VeV — V AV — VRV
vy QUuy > U4 Vy U QU_ +U- Quy
v ®uy > v v - Q®u_
Uy QU —— v
- Q@u- +— 0

These maps must be of degree —1 so as to ensure that d is of degree 0. We have now successfully
defined the differential for [[L]].

Theorem 19 (Khovanov) The graded dimensions of the homology groups H"(L) of the complex C(L)

are link invariants.

Remark 20 The triple (V, m,A) above forms a Frobenius Algebra. As is well known, Frobenius algebras
correspond to (1+1)-dimensional Topological Quantum Field Theories: to a bunch of k circles one asso-
ciates VEF and to a pair of pants one associates m, if it merges two circles into one, and A, if it splits
one circle into two. Therefore it is possible to give a topological definition of Khovanov homology using
pairs of pants to define the differentials. In this topological setting one cannot take homology, instead one
considers complezes up to homotopy equivalence. To guarantee homotopy equivalence under the Reide-
meister moves Bar-Natan modded out the category of 2-dimensional cobordisms by certain relations which

we introduce below. We will now proceed to give precise definitions following [7].

24



4.4 The Relation with Cobordisms

Here we will follow [7] and try to provide a topological approach to this theory as well as introduce
its innate relation to cobordisms. We will again refer the reader to [7] for proofs and more detailed

explanations, as we will only present the results.

Khovanov Homology, like all homologies, has functor-like properties. Here 4D cobordisms between

links induce maps between their homology groups.

Recall the cube defined in Chapter 4.2 for the link diagram L, we can assign to each edge of this cube
a cobordism between the smoothing (state) at the tail of that edge and the smoothing at the head. Why?
Because this cube is associated with a (141)-TQFT, determined uniquely by its underlying Frobenius
Algebra, that maps each vertex (a 1-manifold, a union of circles) to a vector space and represents each
edge by the obvious saddle cobordism between the 1-manifold at its tail and the one at its head (a product
or coproduct map depending on the number of circles at the head and the tail), getting in this way a map

between vector spaces using the TQFT.

Our purpose is to be able to interpret such a cube as a complex [[L]] by thinking of the smoothings
as spaces and of the cobordisms as maps between those spaces. The problem is that smoothings are not
really spaces and cobordisms are not really maps. We have somehow to come up with a structure that can
sustain this point of view. This structure will be a specific category - we will now construct the category

in which the complex [[L]] will be a knot invariant.
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The Cube and Cobordisms
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Definition 21 (Cob*(@)) Cob3(2) is the category whose objects are smoothings and whose morphisms
are cobordisms between these smoothings up to boundary-preserving isotopies. The composition of such

morphisms is given by putting one on top of the other.

IS

Cobordism composition

Definition 22 (Cob*(@),,) Cob*(@),, is the pre-additive category obtained from Cob*(2) by quotienting

the morphisms by the local relations given by S,T and 4Twu and where the objects remain the same.

Remark 23 A pre-additive category, is a category where morphisms are abelian groups and compo-
sitions of morphisms are bilinear functions. Any category C can be turned into a pre-additive one, by
extending every set of morphisms to also allow Z—linear combinations of the original morphisms and by

extending the composition maps in the natural bilinear way.

TN e —. AN N
=== 7 _ ™ - =

L 14=0 L~ ) =2 NS/

N’ T G

S relation T relation 4Tu relation

Please consult [7] for proper definitions of these relations.

Definition 24 (Mat(Cob*(@),,)) Mat(Cob*(2),,) is the pre-additive category whose objects are direct
sums of the objects of Cob®(2),, with equal smoothing height. [[L]]" : = @&}, L; where L; is an object

?

of Cob®(@) ;. that is, a smoothing with height r. A morphism in Mat(Cob*(@),,) is of the form F :
(L))" = [[L))" where F =[Fij] ,where Fy; : Lg.r_l) — LET) is a morphism in Cob*(2) ;.

Remark 25 We can picture these objects as column vectors of objects of Cob® (@) /1, and in this way it

will be easier to picture its morphisms which are matrices of morphisms in C’ob3(®)/l.

We can now interpret a n—cube associated to a link L as a morphism chain

2] = (L) = (272 = ()~ = 1z)°) -

Definition 26 (Kom (Mat(Cob*(2),))) Kom (Mat(Cob*(2),,)) is the category of the complexes over
Mat(Cobg(Q)/l) whose objects are finite chains of the form:

o L) ) S L) — - such that & = 0
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The morphisms are maps F : ([[L]],dr) — ([[T]],dr) between these objects that make the following

diagram commute:

U
3
|
-
Y
3

177) R 77 L P ) A 1) (s
lF lFrfl lFT lFT+1
- oyt oy 4 oyt -

where FC), dg)cmd dg) are morphisms in Mat(Cob*(2) ;). The composition (F o G) is defined by
(FoG) :=F"oG".

Proposition 27 For any link L, [[L]] is a chain complex in Kom (Mat(Cob*(2),,))

However, it is not a knot invariant, not yet.

Definition 28 (Kom ,Mat(Cob*(2),)) Kom, (Mat(Cob®(@),,)) is the category
Kom (Mat(Cob®(2) ;) modulo homotopies.

That is, homotopic morphisms in Kom (Mat(Cob®(2) ;) correspond to the same morphism in
Komyy, (Mat(Cob®(2) ;) . Please note that two complexes in Kom (Mat(Cob*(2),,)) are homotopy
equivalent if they are isomorphic in Kom,;, (Mat(Cob*(2),)) .

Theorem 29 The isomorphism class of the complex [[L])
in Kom, (Mat(Cob®(@) 1)) is a link invariant of L.

We refer to [6] for a very interesting proof of this theorem. The reader should also check [6] for further
information on how to insert the gradings into this picture giving the relation between [[]] and the Jones
Polynomial. Since we have already discussed this relation in the previous section, we won’t pursue the

matter further.
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5 0Odd Khovanov Homology

5.1 Ozsvath, Rasmussen and Szabo’s approach

Ozsvath, Rasmussen and Szabo (ORS) found a modified version of Khovanov homology - the Odd Kho-
vanov Homology - which associates to a collection of embedded planar circles the exterior algebra of the

vector spaces generated by them instead of a tensor product of Frobenius Algebras as before.

They build a category C where the objects are disjoint unions of circles and the morphisms are generated
by births (zero-handle additions), merges (one-handle additions where the feet of the one-handle lie on
two different components), splits (one-handle additions where the feet of the one-handle lie on the same

component) and deaths (two-handle additions).

This category C has a projective functor F' from C to the category of graded Z—modules. Given

an object S of C we let V(S) denote the free abelian group generated by its components and we define

F(S) = \"V(S).

If M:S; — S5 is a Merge Cobordism that joins the circles a; and as in S,
then there is a natural identification V' (S2) ~ V' (S51)/(a1 — az2), and we define
Fur. N"V(S1) — A* V(S2) to be the map induced by the projection V(S1) — V(S1)/(a1—asz) ~ V(Ss).

If M:S, — Sy is a Split Cobordism that splits a in S into two circles a; and as in So,
then there is a natural identification V(S7) ~ V(S3)/(a1 — az), that induces the identification
N V(S1) = N*(V(S2)/(ar — a2)) = (a1 — az) A \" V(Sa).

We define Far. A"V (S1) — A" V(S2) to be the composition

N V(S1) = A" (V(S2)/(a1 — a2)) — (a1 —a2) ANV (S2) = N V(S2).

If L is an oriented link diagram we can associate to it, as we’ve seen in Chapter 4.4, a cube of oriented
resolutions, where each crossing can be thought of as giving a cobordism from a 0-smoothing resolution
to a 1-smoothing resolution, consisting of a single one-handle. Each vertex in the cube corresponds to an

object in the category above and each edge to a morphism.

We will call each square in the cube, a face. There are 4 types of faces:
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The reader should interpret these figures as follows:

1) Each circle represents a component in the diagram.

2) Each arrow represents an oriented Merge or Split, and a line means we can take the arrow in
either direction. (The orientation comes from choosing an orientation of the crossing that gives rise to
the smoothing represented by the diagram. ORS ultimately show that their construction is independent
of this choice).

3) Each figure, consisting of one or more circles and two lines, represents a face, i.e. a square of
cobordisms as follows: a line in a diagram encodes a cobordism between the diagram without any lines and
the diagram obtained by making the connected sum of circles along that line. Since the two cobordisms

can be taken in either order, we get a square of cobordisms as in the example below:
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Definition 30 (Edge assignments) An edge assignment for a diagram L is a map that assigns a pos-
itive or a negative sign to each edge of the cube. Given an edge assignment, we say that a face is even or
odd, depending of the number of negative edges it contains.

A type X edge assignment is one where all faces of types A and X are even and all faces of type C
and 'Y are odd.

A type Y edge assignment is one where all faces of types A and Y are even and all faces of type C
and X are odd.

Theorem 31 (ORS) Any diagram D has an edge assignment of type X, and one of type Y.

How do we define the chain complex?

Consider the vector space C(D)= & A" V(D))
1eV(D)
where V(D) is the set of vertices in the cube of D, each vertex I corresponds to an object D(I) in C.

We now need to endow this vector space with a differential as before. Given a type X or a type Y
edge assigment ¢ : £(D) — {£1}, where £(D) is the set of edges in the cube of D, we can define an
endomorphism 0. of C(D) by the formula:

0 (v) = 3 ele) - F.(v), forve \ V(D(I))
{e€&(D),}JeV(D): e goes from I to J}

Now, 82 = 0 if e(e1)e(ea)Fe, oF., +e(e3)e(es)Fe,0F., = 0 whenever we have four edges {e1, €2, €3, €4}

bounding a square so that ejes and egey are the two available paths from the initial to the final point.

For squares of type A or C' this holds since Fiz, o F'z, = ¢-Fyz o Fz, where ¢ = —1 for squares of type
A, e =1 for squares of type C and {Z1, Zy} are two one-handles.

For squares of type X or Y, this also holds since for these F,, o F,, = F,, o F,, =0.
So (C(D), 0.) defines a Chain complex.
Theorem 31 , derives from the following Lemma:

Lemma 32 Fach cube in the cube of resolutions contains an even number of squares of type A+ X and

an even number of squares of type A+Y.

Remark 33 By an even number of squares of type A+ X we mean that: the number of faces of type A
plus the number of faces of type X, is an even number. In the same manner, an even number of squares
of type A+Y means that the number of faces of type A plus the number of faces of type Y, is an even

number.
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All possible cubes and their possible classifications in terms of faces of type A,C, X and Y.

For a more detailed view on these classifications please consult Appendix B on page 46.
With just these few rules ORS construct the edge assignments needed to build the chain complex
and show that the complex is independent of the edge assignment chosen and the orientations. The Odd

Khovanov homology derived from this complex will also prove to be independent of the link projection.

5.2 Beliakova and Wagner’s idea

Recall that we explained two approaches to the original Khovanov homology: the algebraic one, due to
Khovanov himself, and the topological one, due to Bar-Natan. The relation between the two comes from
the well known relation between Frobenius Algebras and (141)-TQFT’s.

However, as we’ve seen in the previous chapter, ORS in [5] constructed a new categorification for the
Jones Polynomial which is equal to the one from Khovanov when the coefficients are taken mod 2. The
algebraic structure behind this category cannot be described in terms of a Frobenius Algebra therefore,
so one cannot expect there to be a topological approach using TQFT’s.

Beliakova and Wagner in [9] argued that the appropriate algebraic structure is given by an EQFT -
Extended Quantum Field Theory. This EQFT is a 2-functor from a semistrict monoidal 2-category of
cobordisms, called an extension, to an abelian category. It is called an extension because after we replace
the original category by a group we get a normal extension of that group. In [9] they construct extensions
of the category Cob(@) and recover the Odd Khovanov homology as a semistrict extension.

The reader can check [9] to understand how this extension is constructed; here we will simply register

the results.
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5.2.1 The OddCob extension

The Odd Cobordism category is defined as the ordinary Cobordism category, but the circles are ordered
and some isotopies between surfaces now have a sign.

Definition 34 (OddCob) The extension OddCob of Cob®(D) has finite ordered sets of circles for objects
and the morphisms are generated by

LI
Merge Birth Split Death

Permutation

and are subject to the following relations:

U . ] S O
XY 0=27 < ] <>”
XT o NN
Commutativity Anti-commutativity
relation relation

.
L

Ian
L

~
y

Associativity relation

Unit relation Co-unit relation
.\\/ O 0D \/ ) ( \/u, -’
</p§3< _ <, <§O:
"/\O VY "/\O\/O/\uiz )?/Q/\Q\/.J
1st Permutation :O (:; 0/ \O:O
relation 2nd Permutation relation
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Merge permutation relation Split permutation relation
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3rd Commutation

1st Commutation

relation 2nd Commutation relation relation

All other commutation relations hold with a plus sign.

If we think of the classifications given by ORS to the faces of the cubes, we can check that the st
Commutation relation and the Co-associativity relation fall under A-type classification. Since faces of type
A are anti-commutative, both perspectives seem to be consistent. On the other hand the Associativity
relation, the Frobenius relation, and the other Commutations that hold with plus sign should be classified
as type C faces and since type C faces are commutative this reinforces the consistency.

This EQFT gives rise to the Odd Khovanov homology when applied to the Khovanov cube (when we

mod out the cobordisms by the S relation, the T relation and the 4Tu relation introduced in chapter 4.4).
The reader should check [5] to learn more about it.
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6 Khovanov Homology for Virtual Knots

Turaev and Turner in [9] investigated how to extend the Khovanov Homology theory to virtual knots. The
problem resided in the fact that the Khovanov complex for classical links of n crossings was obtained, as
we saw, by organizing the 2" smoothings in a cube where each edge made a contribution to the differential.
These edges connect smoothings with a different number of components and the edge can be seen as a
merge or a split. When applied to diagrams of links in oriented surfaces, the Khovanov cube will admit
a new kind of edge. This one comes from the fact that we will have edges that connect smoothings with

the same number of components, in which case the edge is represented by a Mébius cobordism.

£
7
3

M= | &

]

The Mobius

cobordism Khovanov cube for a 2-virtual knot

Turner and Turaev’s idea was to extend the category of cobordism used by Bar-Natan to allow unori-
ented cobordisms and then apply an unoriented TQFT , Topological Quantum Field Theory, in order to

obtain the desired Homology theory for the equivalence class of links on oriented surfaces.

This new category is essentially the same as the one of Bar-Natan, but it allows for a new kind of
cobordism - the Mobius cobordism - and factors out the cobordisms that are equivalent up to the Mébius

relation.

friree

‘% = f / :
7\

The Mobius

relation

With their construction they can prove the necessary results:
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Theorem 35 Let L be a link diagram on a closed oriented surface. The isomorphism class of [[L]] in
Komyy, (Mat(UC’ob/r)) is an invariant of the stable equivalence class of L. Here Komy, (Mat(UC’ob/T))
is a new category defined following ezactly the same construction as we did for Kom ;, (Mat(Cob®(2) 1))
in which we replace the initial category C’ob?’(@)/l by the new initial category UCob,,.. This one has the
same objects and cobordisms as C’obs(g)/l but it also contains the Mdobius Cobordism as a generator and

also mods out the morphisms related by the Mobius relation.

Then they show how we just need to find an unoriented (141)-TQFT over a ring R that satisfies the
S, T,4Tw and M obius relations, to get a Link homology theory for stable equivalence classes of diagrams
on oriented surfaces.

However we don’t always have such luck. Turaev and Turner showed that we can only extend Khovanov

homology to virtual knots over fields with characteristic 2.
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7 Our Conjecture

Our initial motivation was to pick up on the work of Wagner and Beliakova in [8] and take the Odd
Khovanov Homology theory, derived from the constructed EQTF extension OddCob, apply the work done
by Turaev and Turner in [9] and try to extend this homology to virtual links.

We know that Odd Khovanov homology is equal to Khovanov Homology when coefficients are taken
modulo 2 and, from Turaev and Turner, we know that in this case, and only in this case, we can extend

Khovanov Homology to virtuals. Our question is: is it possible to extend Odd Khovanov homology to

virtual knots over the rationals?

To do this we started by building the Khovanov cubes associated with the virtual knots with 3 classical
crossings (we consulted [10] to obtain these knots), and tried to understand if the face classifications and

results introduced by ORS in [5] would still apply on these new cubes. We’ll leave you the cubes:
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In Appendix C we added the tables with all possible classifications of these cubes in terms of face
types, as we did in Appendix B where for all possible cube diagrams of classical knots, we added all their

respective allowed classifications in terms of faces of type A,C, X and Y:

We tried to apply the face classifications introduced by ORS in Chapter 5.1 to the faces that appear
in Virtual Knot cubes. The problem is that now, faces appear with virtual knots, so they are not quite
the same as the faces that appear in Classical Knot cubes. Our idea was to deliberately "forget" the
virtual knot appearances in the faces and try to think of them as classical ones when classifying them.
For example, the Posterior face on the Virtual 3.7 inverse Cube figure above is given below. If we overlook
the virtual knots crossings what we have (in one order) is just a circle (one component) merging with
another circle (another component), where the latter one will be split in two. If we compare this with the

face classifications introduced in Chapter 5.1, we can classify this face as a face of type C.

Posterior face of Face of type C
the 3.7 inverse

cube

On a first analysis we came up with the following classification:
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Virtual Knots

3.1 3.1 INV 3.2 3.2 INV 3.3 3.3 INV
3.1 Front 3.2 Base 20N [ 321NV | 3.3 Top
Left Lat. |Posteriar
A A A A A
31N 3.2 Frant |3.2 Right | 3.2 INY 3.3 INY
4 Posterior Lat. Top Base
Coufl Coufh | Coufh | Couhr Coufl
37 Left | 3.1 Top | 31INY | 3.1 1NV 3.3 Frant | 3.3 Right [ 3.3 INY | 3.3 INY
Lat. Base Right Lat. Left Lat. |Posterior
X X XY Xy A A A A
3.1 Right 31N 3.2 Lett 3.2 3.3 Left 3.3
4 Lat. Front Lat.  |Posterior Lat.  |Posterior
A A A A A A
31 31N 32N | 3.2 1INV JIINY | 3.3 1INV
Posterior Left Lat. Front Right Front Right
C C C C C C
3.1 Base 31 1INV
Top
XY Xy
3.2 Top 3.2 1INV 3.3 Base 3.3 INY
Base Top
Coud Coud Couh Coud
Classification results - 1st table
Yirtual Knots
3.4 3.4 INY 35 3.5 INY 37 3.7 INY
34 INY | 3.4 N
Left Lat. |Posterior
A A
3.4 Front | 3.4 Right 3.4 N
Lat Taop
Coull [Coud Couf
3.4 Basze| 3.4 Left 34
Lat Posterior
A A A
34NV | 3.4 1N
Front Right
C C
3.7 Left 37 3FINY | 3.7 INY
Lat Posterior] Front Right
XY bl g XY b4 g
3.5 Frant [3.5 Right | 3.5 Top 3.7 Base
Lat
C C C C
3.4 Top 3.4 N 3.5 Base | 3.5 Left 35 351NV | 351NV | 3EINY | 3.7 Top 3.7 N
Base Lat Posterior] Front Right Top Base
Coud CouA CouA |Coul | CoulA | CouA |Coud | CoudA | Coud Cou A
JEINY | 3.5 MY | 3.5 Ny 3.7 INW
Base | Left Lat. |Posterior Top
A A A
3.7 Front |3.7 Right| 3.7 [NV | 3.7 NV
Lat. Left Lat. |Posterior
C C C C

Classification results - 1st table continued
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How to understand these tables?

The labels on the top (2nd classifying row) represent the virtual knots with 3 classical crossings. The
two columns on the left represent the cobordisms in a given square of the cube. So, for example, the
first square inside the table, the one that says "3.1 Front" and "A", means that the front square of
the Khovanov cube we built for the 3.1 virtual knot has, as edges, the cobordisms given in the respective
column on the left. The "A" means that, following the classification given by ORS, shown in Chapter
5.1, of face types, this face should be of type A.

The global results are presented in the table as follows:

A knot in a green square, means that this knot satisfies the ORS lema 32, under the underlying
classification of faces for its cube. A knot in a red square means the opposite. Yellow squares are faces
in which there are no Mobius cobordisms (so we conjecture that the ORS classification of faces is always

correct in these squares).

Analysing this first table we immediately see that there are 3 knots for which the classifications given
don’t work, that is, the number of faces A + X and A 4+ Y in their cubes are not even. So we will try a
different approach, some faces might be badly classified because we didn’t consider Gauss codes on them.

From this approach, the table will become:
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In this new table you can see the faces that changed classification in the orange squares. A knot in a
blue square, means a knot that under this classification can still obey the lemma 32 under an appropriate
choice of, yet undetermined, face classifications.

So, from the first table to the second one we made things a little worse. Now it seems that only the
knots 3.5, 3.5 inverse, 3.7 and 3.7 inverse satisfy the lemma. There is still hope for knots 3.1 and 3.2

inverse but all others seem not to obey the lemma at all.

)

We have not yet been able to determine a classification that makes the cubes of all these knots satisfy
the lemma but we came across some curious facts. For example, the reason why there are still faces in
this last table for which we can choose which specific classification they should have under an underlying
orientation is because of the classification of faces of type X and Y.

If you think of a face of type X and reverse the inside with the outside, this face will become a face
of type Y (and vice-versa). More importantly there are faces whose Gauss-code suggest they are of X/Y
(X or Y) type, but under specific orientations we can’t make out if they’re X, Y, both or neither. For

example, take the classification of the oriented faces of the 3.3 cube
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Face classifications for the 3.3 Virtual knot cube

Here, the green squares are the faces in which we can’t really make out which classification to attribute.

Another interesting fact is that the Gauss-code diagram assigned to the 3.3 cube cannot have a planar
realization, whereas for all other examples it can.

Returning to our main objective, all we can say for now is that the face classifications as given in [5]
do not fully extend to the faces obtained in virtual knot cubes or, at least, they don’t satisfy Lemma 32

from which ORS derive their theorem 31 , and with it construct the complex.
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8 Appendix A: The Bracket polynomial

The proper definition of the Bracket polynomial is:

[K] = [K](A,B,d) =) (K, 0)dl"I"! (5)

o

or equivalently:

(K] = [K] (4, Bod) = Y0 4™ @) pr-(0)dlel =1 )

o

A,B and d are the commuting algebraic variables
o is a state of K (the summation runs over all the states of K)
(K,o) is the product of the labels attached to the state o (the labels are commutative)
|le]]  is the number of loops in o
ni(o) is the number of open A — smoothings in o

n_(o) is the number of open B — smoothings in o

The bracket polynomial, as defined, is not a topological invariant. In [1] the reader can check how we

can build the conditions for it to become an invariant, here we will simply give the result.

If we consider B = A~! and d = —A? — A~2, the bracket becomes invariant under regular isotopies.

(From now on we will consider that B = A= and d = —A? — A~2).

Following the convention given for variables B and d above, we can present an alternative way to

define the Bracket polynomial by modifying formula 6:

K] = [K](A,d) = 3 Am+(@)=n= (@) glol=1 7

o

The reader can check that the Bracket polynomial satisfies the following results (hence is invariant

under regular isotopies):
Proposition 36 1) | X | =4[ X [+a1[>(]
2) [OK]=d[K]
) [3]=]>]]
4) [gj = (=A%) [

0 [x= [
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In Chapter 3.2 we considered a slightly modified version of the Bracket polynomial:
(K)y = A™d|K] = AfndzAm(ﬂ)fn—(o)dl\o\lfl
This modified version will guarantee that the Bracket won’t have positive powers of A, only negative

powers. This will be useful to us in Chapter 4.2, when constructing the cube.

By multiplying the original Bracket by (A~™)d, we can forget the contribution of A — smoothings to
the bracket and focus only on the number of B — smoothings (that is the term r used throughout Chapter
4.2).

This new formula also permits us to consider the full number of components in each state (that is the

term k used throughout Chapter 4.2) instead of discarding one.
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9 Appendix B: Classical knot cube classifications

In Chapter 5.1 we introduced a figure with all possible cube diagrams for classical knots and their respective

allowed classifications in terms of faces of type A,C, X and Y:

(2202¥(2220)(1311) (22200/(2202) (6000 (6000)

—T -~ ™, T~ T~ L
7 ™, 4 ] I 7
i y S A \ P { 1
S S ' A

(60004200 (0420)/(0402) (13119(0420)/(0402) (2400)/(4200) (2400) (2400

N Ny

4 , i R o o . T —~— B sy = -,

| ] 1 - L, T, f N kY 4 T 7 " / Y 4 ) -~ "

| | I Y 1 ! | ) | | | | L —i ) 1 [

| | L F | | \ I J L ) L A \ \ A

\ fa Y ! L vy " S N R B -l ey L o N S

v o

(2400)/0600) (0600)/(2400)

r

—-\ —, —
! — [ i i 3 [ 3
A R A f f f \

All possible cubes and their possible classifications in terms of faces of type A,C, X and Y.

We haven’t yet, however, explained how to obtain these classifications or why they can have these
specific classifications and not others. We will address this matter, here in Appendiz B. We refer to

Chapter 5.1 for the interpretation of the diagrams.

(2202)/(2220)/(1311)

QO

The numbers above the diagram specify all possible classifications the cube of the diagram can have

If we consider the first diagram shown in the above picture:
in terms of faces of type A,C, X and Y. So observing the picture we conclude it can only be classified as

a type 2202 diagram (meaning 2 faces in the cube of type A, 2 of type C,0 of type X and 2 of type V),
a type 2220 or a type 1311.
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The associated cube of the diagram is given by:

The associated diagram that we can see at each edge of the cube, shows us which Merges or Splits
have already been made and which ones remain to be done. We can also associate a diagram to each
square face, showing which Merges and/or Splits are performed at that face of the cube.

The third classifying column of the table below shows us the unoriented initial diagram and, below it,
the diagrams associated to each face of its cube. The fourth classifying column shows us, according to the
face classification presented in Chapter 5.1, how we may classify each face (remember, we haven’t chosen

an orientation for the diagram yet, so in some cases, there can be more than one possible classification).
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il 3 c T C T c ) c ¥ C T c T c e C ¥ c
&

If we now observe the second classifying row, we can see all possible orientations that we can give the
initial given diagram and, below each one of the possible choices, we can see how the chosen orientation
affects the orientation of each of the cube faces determining their classification (presented on the right of
each of the figures in the table itself).

Now, if we consider each of the possible orientations we can give the diagram, and analyse the face
classifications they determine, we will see that, no matter which orientation is given to the diagram, we
will only have cubes with:

- 2 faces of type A, 2 of type C,0 of type X and 2 of type Y hence, a type 2202 cube diagram,

- 2 faces of type A, 2 of type C, 2 of type X and 0 of type Y hence, a type 2220 cube diagram or

- 1 faces of type A, 3 of type C,1 of type X and 1 of type Y hence, a type 1311 cube diagram.

The idea is the same for all other diagrams so we will next present the associated cube and table for

each of the diagrams in the figure at the start of this Appendix.
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10 Appendix C: Virtual knot cube classifications

As we briefly explained in Chapter 7, we resorted to [10] to find the list of all possible virtual knots with

3.3 3.4 3.5 3.6 3.7

3 classical crossings.

~

L
—
[
2

Virtual knots with 3 classical crossings

We present them in the figure above. Since none of them is equivalent to their vertical or horizontal
inverse but the inverses are equivalent between themselves, we also have to consider the inverse of each
one of the knots above. We disregarded the Virtual 3.6 knot since it is a classical knot and wouldn’t help
us in our quest.

So, basically we have 12 virtual distinct knots and for each of them we have drawn their cube diagrams,
which can be found in Chapter 7 or in the figures that will follow this introductory text. Our next step was
to classify the faces of each cube, in the way we explained in Chapter 7, and figure out if the classifications
obtained would obey the ORS Lemma 32. That is, we wanted to know if the number of A+ X and A+Y
faces is even, regardless of the orientation given to the knot, for each virtual knot cube.

In the following pages we present the cube for each virtual knot and the table that classifies each face
of the cube in terms of faces of type A,C, X and Y, just as we have done in Appendix B for classical
knots.

Just one last remark: as we explained in Chapter 7, yellow squares in the table are faces that don’t
have Mobius Cobordisms (therefore can be found in classical knot cubes as well), green squares in the
tables are faces that we can either classify as faces of type X or faces of type Y (these faces appear to be
either type X or type Y, but when we consider their Gauss code it doesn’t fit the Gauss code that a face
of type X or Y would typically have).
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