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Crossed modules of Lie algebras

Definition

A crossed module of Lie algebras is a homomorphism 1 : m — n
together with an action of n on m by derivations such that

(a) forallne N, me M: u(n-m) = [n,u(m)], and
(b) forall mm' € M: pu(m)-m'" = [m, n'].

Main features of crossed modules include the realization of
3-cohomology classes and the interpretation of m xn — n as a
strict Lie 2-algebras with target map 5(m, n) = u(m) + n.
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Construction of abelian representatives

Given a short exact sequence of g-modules
05 Vi Vo5 V50
and an abelian extension
0—Vzs—= Vaxag—9g—0,
their Yoneda product is a crossed module
Vo = V3 Xa 0

with 3-cohomology class d[a] € H3(g, V4). It is called an abelian
representative of the equivalence class of crossed modules
associated to the 3-cohomology class d[a] = [4].
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Construction of the connecting homomorphism

Let o : V3 — V5 be a linear section of 7.

~ ™
a:__O'OH—>9

C%(g, V1) ——= C%(g, Vo) —> C?(g, V3)

id d d

C3(g, Vi) —> C3(g, Vo) — C3(g, Vs)

da=0—>da=b—">0=da
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Example of an abelian representative

Let Wi =[], (Cz"“% Lie algebra of formal vector fields in
one variable, F; the Wi-module of formal i-forms (i = 0, 1), then

Fo—)Fl Xa W1

is a crossed module representing the Godbillon-Vey 3-class
[0] € H3(W4, C) with

f! g/ f g h
Oz(ﬂg) = 1 " (dz)lv H(f,g, h) =|f g/ iy
" g g

For the subalgebra slo(C) C Wi, we get a crossed module
representing the Cartan cocycle ([,],) € Z3(sl(C),C).
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Explicit formula for the cochain «

Let g be a Lie algebra and Ug its universal enveloping algebra.

Furthermore
1 n
pr(x) =Y (k+)1 (14 = ey (), 6e(x) 1= 3 pr(x),
k>0 n>0

Z¢ ¢t(X(2 g)-

Define a for g1,8> € g and x € Ug by

1
a(x, g1, 82) = Z/o dt 0 (pr(xM), A:(x?, g1), A(x®), g2)).
(x)

Proposition

If 6 is a 3-cocycle with values in C, then « is a 2-cocycle in
C?(g; Ug™) and [0] = 9[a] in H3(g; C).
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Application: quasi-invariant tensors

A quasi-invariant tensor for ;1 : m — n is a triple (r, c,§) where:

(a) r=23_,5q® tq is a symmetric tensor;

(b) £:n— (n®@m) & (m®n) is a linear map whose image is
symmetric,

(c) c is an n-invariant element in ker(p) C m.

This data is supposed to satisfy the following conditions:

(a) X-r = B(&(X)) for all X € n,

(b) u-r = &(u(w)) for all u € m,

(c) &([X,Y]) = X-&Y) =Y -&(X) forall X, Y € n.
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Construction of quasi-invariant tensors

(a) Let 7 be a lift of r to V3 x4 g=:E,

(b) let 6 =—¢—C: E— (E® Vo) & (Vo ® E) where
(i) &(X) = > a(si, X) @t 45 ® a(t;, X) and
(ii) &(h) = Xi(si-a(h) @t +5, @ (t; - o(h)), and
(i) C(hX) =1y, ® X+ X ®1y,.

(c) and let ¢ € ker(u) = C C Va.
Compatibility condition: We have for all X, Y € g

D 0(si, X, V)Rt = 1,®[X, Y], Y s5@0(t, X, Y) = [X, Y]®ly,.

1

Theorem (RW 2015)

Suppose that in the above situation the compatibility condition is
satisfied. Then the triplet (7,&, ¢) is a quasi-invariant tensor for
the crossed module v : Vo — V3 X4 g.
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