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2-group

I A 2-group is a 2-category with one object where all the
1-morphisms and all the 2-morphisms are invertible.

I Equivalent to a pair of groups (G ,H) with a group action
. : G × H → H and a homomorphism ∂ : H → G such that

∂(g . h) = g(∂h)g−1 , (∂h) . h′ = hh′h−1 .

I The morphisms are the elements of G , while the 2-morphisms
are the elements of the semi-direct product group G ×s H.

I Poincaré 2-group: G = SO(3, 1), H = R4,

g . h = h′ ⇔ Λ(g)v(h) = v(h′)

and ∂h = Ide.
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2-connection

I If (G ,H) is a 2-Lie group and M a manifold, then a
2-connection on M is a pair of forms (A, β) on M such that A
is a one-form taking values in g, and β is a two-form taking
values in h,

A→ g−1(A + d) g , β → g−1 . β

for g : M → G and

A→ A + ∂ε , β → β + dε+ A ∧. ε+ ε ∧ ε

where ε is a one-form from h and

A ∧. ε = AI ∧ εα ∆β
IαTβ .

I ∆ are the structure constants defined by the group action .
for the corresponding Lie algebras. Hence XI . Tα = ∆β

IαTβ,
where X is a basis for g and T is a basis for h.
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2-connection

I In the Poincaré 2-group case

A(x) = ωab(x) Jab , β(x) = βa(x) Pa ,

where J are the Lorentz group generators and P are the
translation generators.

I Infinitesimal gauge transformations

δλω
ab = dλab + ω

[a
c λ

b]c , δλβ
a = λac β

c .

I Infinitesimal 2-morphism gauge transformations

δεω = 0 , δεβ
a = dεa + ωa

c ∧ εc .
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2-curvature

I The curvature for a 2-connection (A, β) is a pair of a 2-form
F ∈ g and a 3-form G ∈ h, given by

F = dA + A ∧ A− ∂β , G = dβ + A ∧. β .

I In the Poincaré 2-group case, we have

Fab ≡ Rab = dωab + ωa
c ∧ ωcb

Ga ≡ G a = ∇βa = dβa + ωa
c ∧ βc ,

so that Rab is the usual spin-connection curvature. The ∂β
term does not appear in Rab beacuse ∂β = 0 for the Poincaré
2-group.
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BFCG theory

I The dynamics of flat 2-connections for the Poincaré 2-group is
given by the BFCG action

S =

∫
M

(
Bab ∧ Rab + ea ∧ G a

)
where Bab is a 2-form and ea are the tetrads.

I The Lagrange multipliers B and e transform under the usual
gauge transformations as

B → g−1 Bg , e → g . e ,

while the 2-morphism transformations are given by

Bab → Bab + e[a ∧ εb] , ea → ea .
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BFCG theory

I If a constraint
Bab = εabcd ec ∧ ed ,

is imposed in the BFCG action, one obtains a theory which is
equivalent to the Einstein-Cartan formulation of General
Relativity

SEC =

∫
M
εabcd ea ∧ eb ∧ Rcd .

I More precisely, the action

S2PC =

∫
M

[
Bab ∧ Rab + ea ∧ G a − φab ∧

(
Bab − εabcdec ∧ ed

)]
.

is dynamically equivalent to SEC .
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Canonical formulation

I Dirac: Given an action for variables Q : R→ Rn

S =

∫ b

a
L(Q, Q̇) dt ,

where Q̇ = dQ/dt, then S is dynamically equivalent to

SD =

∫ b

a
dt
[
PkQ̇k − H0(P,Q)− λa Ga(P,Q)− µα θα(P,Q)

]
.

I The first-class constraintsl satisfy

{Ga,Gb}D = f c
ab (P,Q) Gc , {Ga,H0}D = h b

a (P,Q) Gb ,

where

{X ,Y }D = {X ,Y } − {X , θα}∆αβ{θβ,Y } ,
∆ = {θ, θ}−1 and

{X ,Y } =
∂X

∂Qk

∂Y

∂Pk
− ∂X

∂Pk

∂Y

∂Qk
.
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Canonical formulation

I If L(Q, Q̇) = pi q̇
i − λcGc(p, q) and

{Gc ,Gd}∗ = f e
cd (p, q) Ge ,

where {, }∗ is the (p, q) Poisson bracket, then S is a
gauge-fixed form of SD where the second-class constraints
have been eliminated and some of the phase-space
coordinates have been set to zero.

I In the Poincare BFCG case, let M = Σ× R, and

Xµ··· Y
µ··· = X0··· Y

0··· + Xi ··· Y
i ··· ,

so that

L = πiabω̇
ab
i + Πij

a β̇
a
ij − λ1C1 − λ2C2 − Λ1G1 − Λ2G2 ,

where

C i1ab =
1

2
εijk Rab jk , Ca2 =

1

2
εijk∇iβ

a
jk ,

G1ab = ∇iπ
i
ab − β[a|ij Πij

b] , Gai2 = ∇jΠ
aji ,
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Canonical formulation

and

πab i =
1

2
εijkBab

jk , Πa ij = −1

2
εijk eak .

I Constraint algebra

{CI (x),CJ(y)} = f K
IJ CK (x) δ(x − y) .

I Poincare BFCG is dynamically the same as the Poincare BF
theory∫

M

(
Bab ∧ Rab + ea ∧∇βa

)
=

∫
M

(
Bab ∧ Rab +∇ea ∧ βa

)
=

∫
M

(
Bab ∧ Rab + βa ∧ Ta

)
.
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Canonical formulation

I Canonical formulation for BF Poincare:

AI
i = (ωab

i , e
a
i ) , E i

I = (πiab, p
i
a) ,

and the constraint algebra is the same as in the 2-Poincare
case.

I Relation to the CF for 2-Poincare: (e, p)→ (β,Π) such that

βaij = εijk pak , Πij
a = −εijk eak .
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Canonical quantization

I (p, q) ∈ Rn × Qn → (p̂, q̂) acting on L2(Qn) such that

p̂k Ψ(q) = i
∂Ψ(q)

∂qk
, q̂k Ψ(q) = qk Ψ(q) .

I Constrained CQ: solve ĈIΦ(q) = 0 such that Φ(q) ∈ L2(Q∗)
and Q∗ ⊂ Qn.

I In the BF case Q∗ is the space of flat connections on Σ
modulo gauge transformations, i.e. Q∗ =M(Σ). Hence

Q∗PBF =MISO(3,1)(Σ) = VB(MSO(3,1)) ,

where the fibers are solutions of de + ω ∧ e = 0 and
ω ∈MSO(3,1) .

I Because of the dynamical equivalence

Q∗2PF ' Q∗PBF .
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Loop quantization

I Instead of (AI
i ,E

i
I ) use (Holγ(A),Φσ(B)) to quantize, where

γ = ∂σ and Bij = εijkE k .

I Represent the flux-holonomy algebra in the spin-network basis

Wγ̂(A) = Tr

∏
v∈γ

C (ιv )
∏
l∈γ

D(Λl )(A)

 ≡ 〈A|γ̂〉 ,
where γ̂ = (γ,Λ, ι) denotes a spin network associated to a
closed graph γ.

I When A is a flat connection, than W is invariant under a
homotopy of the graph γ, so that we can label the
spin-network wavefunctions by combinatorial (abstract)
graphs γ.
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Loop quantization

I By requiring that Wγ̂(A) form a basis in H, we obtain

|Ψ〉 =

∫
DA |A〉〈A|Ψ〉 =

∑
γ̂

|γ̂〉〈γ̂|Ψ〉

where

〈γ̂|Ψ〉 =

∫
DA 〈γ̂|A〉〈A|Ψ〉 =

∫
DA W ∗

γ̂ (A) Ψ(A)

is the loop transform.
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2-holonomy quantization

I How to generalize the spin-network basis Wγ̂(A) to a

spin-foam basis WΓ̂(A, β) where Γ̂ = (Γ, L,Λ, ι) ?

I Conjecture

WΓ̂(ωl , βf ) = Tr

(∏
v∈Γ

C (ιv )
∏
l∈Γ

D(Λl )(ω)
∏
f ∈Γ

D(Lf )(ω, β)

)

where
D(Lf )(ω, β) = D(Lf )(gl(f ) . hf ) ,

and f ∈ ∂p such that

hp =
∏
f ∈∂p

gl(f ) . hf ,

is a 2-holonomy.
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Conclusions

I In the 2-Poincare case one can also use

WΓ̂(ωl , βf ) ∼Wγ̂(ωl , el) ∼ W̃γ̂(ωl , β∆) ,

where W̃γ̂ is the Fourier transform of Wγ̂ . This may give clues
about a Peter-Weil theorem for 2-groups.

I Quantum Gravity implications: SU(2) spin-network basis can
be generalized to a spin-foam basis (edge lengths and face
areas) for the 3d Euclidean 2-group.
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