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» A 2-group is a 2-category with one object where all the
1-morphisms and all the 2-morphisms are invertible.

» Equivalent to a pair of groups (G, H) with a group action
>: G x H— H and a homomorphism 9 : H — G such that

(g h)=g(dh)g™t, (Oh)>H =hht.

» The morphisms are the elements of G, while the 2-morphisms
are the elements of the semi-direct product group G xs H.

» Poincaré 2-group: G = SO(3,1), H=R*,
goh="H < Ng)v(h) = v(H)

and Oh = Ide.
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2-connection

» If (G, H) is a 2-Lie group and M a manifold, then a
2-connection on M is a pair of forms (A, 3) on M such that A
is a one-form taking values in g, and 5 is a two-form taking
values in h,

A—gl(A+d)g, B—g'ep
forg: M — G and
A—A+0e, B—B+det+AN e+eNe
where € is a one-form from h and
AN e=Al A A] Ty

» A are the structure constants defined by the group action >
for the corresponding Lie algebras. Hence X;> T, = A’,Ba T3,
where X is a basis for g and T is a basis for h.
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2-connection

> In the Poincaré 2-group case

A(x) = w(x) Lp,  B(x) = B(x) P,,

where J are the Lorentz group generators and P are the
translation generators.

> Infinitesimal gauge transformations
Sw® = dA? 4wl ABIE 6,57 = A2 5.
> Infinitesimal 2-morphism gauge transformations

dew =0, 6% =de?+wINe.
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2-curvature

» The curvature for a 2-connection (A, 3) is a pair of a 2-form
F € g and a 3-form G € h, given by

F=dA+ANA-0B, G=dB+AAN (.
» In the Poincaré 2-group case, we have
Fob = Rab — g 1 07 A web
G = G* = VB = df* + W' A B°,

so that R?" is the usual spin-connection curvature. The 93
term does not appear in R?? beacuse 98 = 0 for the Poincaré
2-group.
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BFCG theory

» The dynamics of flat 2-connections for the Poincaré 2-group is
given by the BFCG action

5:/M<Bab/\Rab+ea/\Ga>

where B30 is a 2-form and e, are the tetrads.

» The Lagrange multipliers B and e transform under the usual
gauge transformations as

B—>glBg, e—gnpe,
while the 2-morphism transformations are given by

Bab_>Bab+e[a/\€b]7 €3 — €;.
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BFCG theory

» If a constraint
Bab = €abcd e A ed 5

is imposed in the BFCG action, one obtains a theory which is
equivalent to the Einstein-Cartan formulation of General
Relativity

Sec = / ¢2bed esNep N\ Reg .
M

» More precisely, the action
Sopc = / |:Bab AR 4 es N G7 — ¢ab A <Bab — €abcd € N edﬂ .
M

is dynamically equivalent to Sgc.
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Canonical formulation

» Dirac: Given an action for variables @ : R — R”
b .
s _/ 1(Q, Q) dt,
a

where Q = dQ/dt, then S is dynamically equivalent to

So= [t [P~ Ho(P. Q) ~ X Gi(P.Q) ~ " 0u(P. Q)]
> The firsé"c—class constraints| satisfy
{Ga, Go}p = £25°(P, Q) Gc,  {Ga, Hoyp = h7(P, Q) G,
where
{(X,Y}p={X, Y} = {X,0,0%{05, Y},
A=1{0,01"" and

oX 9y 09X oY
OQk P, 0P, QK"

{Xv Y}:
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Canonical formulation

> If L(Q, Q) = pig" — \°Gc(p, q) and
{GC7 Gd}* = fcde(pa q) Ge:
where {, }* is the (p, q) Poisson bracket, then S is a
gauge-fixed form of Sp where the second-class constraints
have been eliminated and some of the phase-space
coordinates have been set to zero.
> In the Poincare BFCG case, let M = ¥ x R, and
X Y = Xo. YO £ X Y,
so that
L =7hpif? + NIBE — MC1 — XoC2 — MG1 — A2G2
where
1 ijk a 1 ijk a
5€" Rabjic; €3 = Z€7 Vi,
Grab = Vimhy — Blali I'IZ] . G¥=v;nY,

i
Clab -
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Canonical formulation

and

1 ) 1 .
b k pab k
7 'zie'f B, ﬂaU:—EeU er.

» Constraint algebra

{G(x), Cu)} = flf C(x) o(x — ).

» Poincare BFCG is dynamically the same as the Poincare BF
theory

/M (Bab A Rap + €@ A V@—,) = /M <B°"‘b ARy + Ve A Ba)

:/ (B AR+ AT,) .
M
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Canonical formulation

» Canonical formulation for BF Poincare:

Al = (w?ba e?)v Eli = (ﬂ-;ba P;),

I

and the constraint algebra is the same as in the 2-Poincare
case.

» Relation to the CF for 2-Poincare: (e, p) — (5, 11) such that

a ak i ijk
Bi =eiuwp®™, MNj=—¢
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Canonical quantization

» (p,q) € R" x Q, — (P, §) acting on La(Qp) such that

. .oV N
pov(e) =1 S av(a) = av(a).
» Constrained CQ: solve C;®(g) = 0 such that ®(q) € L2(Q*)
and Q* C Q.

» In the BF case Q* is the space of flat connections on
modulo gauge transformations, i.e. Q* = M(X). Hence

Qper = Miso,1)(E) = VB(Mso 1)) »

where the fibers are solutions of de + w A e = 0 and
w € MSO(3,1) .
» Because of the dynamical equivalence

* *
Q2pr =~ QppF -
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Loop quantization

» Instead of (Al, E}) use (Hol,(A), ®,(B)) to quantize, where
Y= do and B,'J' = eijkEk.
» Represent the flux-holonomy algebra in the spin-network basis

Ws(A) = Tr | [T I T D™M(A) | = (A1),

vey lery

where 4 = (v, A\, ) denotes a spin network associated to a
closed graph ~.

» When A is a flat connection, than W is invariant under a
homotopy of the graph -, so that we can label the
spin-network wavefunctions by combinatorial (abstract)

graphs 7.
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Loop quantization

» By requiring that Wj5(A) form a basis in #, we obtain

w) = [ DAl - Zw
where
(4w) = / DA (5] A) (W) = / DA W (A) W(A)

is the loop transform.
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2-holonomy quantization

» How to generalize the spin-network basis W;(A) to a
spin-foam basis Wi (A, 8) where " = (I, L,A,¢) ?

» Conjecture
W (wr, Br) = (H T D™ ) [T 0w, 8 )
ver ler fer

where
D) (w, B) = DU (gyey v hr) |

and f € Jp such that

hp = H 8i(r)> hr
feop

is a 2-holonomy.
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Conclusions

» |In the 2-Poincare case one can also use
We(wi, Br) ~ Ws(wy, ) ~ Wy(wy, Ba) ,

where W@ is the Fourier transform of Ws. This may give clues
about a Peter-Weil theorem for 2-groups.

» Quantum Gravity implications: SU(2) spin-network basis can
be generalized to a spin-foam basis (edge lengths and face
areas) for the 3d Euclidean 2-group.
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