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RUI LOJA FERNANDES AND PEDRO FREJLICH
Abstract. We show that a classical result of Gromov in symplectic geometry extends to the context of symplectic foliations, which we regard as a
h-principle for (regular) Poisson geometry. Namely, we formulate a sufficient
cohomological criterion for a regular bivector to be homotopic to a regular
Poisson structure, in the spirit of Haefliger’s criterion for homotoping a distribution to a foliation. We give an example to show that this criterion is not
too unsharp.

1. Introduction
The purpose of this paper is to show that the classical h-principle in symplectic
geometry due to Gromov can be extended to prove a more general assertion in
the context of (regular) symplectic foliations. Let us start by recalling Gromov’s
theorem:
2
Theorem (Gromov [6],[7]). Let V be an open manifold, ξ ∈ HdR
(V ; R) and ω0 a
non-degenerate 2-form on V . Then there is a path of non-degenerate 2-forms ωt ,
starting at ω0 and ending at a closed 2-form ω1 with [ω1 ] = ξ.

The result shows that any non-degenerate 2-form on an open manifold is homotopic (through non-degenerate 2-forms) to a symplectic form. Hence, on an open
manifold the obstruction to the existence of a symplectic form is the same as the
obstruction to the existence of a non-degenerate 2-form (a pure topological condition). For closed manifolds the situation is infinitely more complicated. We refer
to Gromov’s landmark monograph [7] for details about the h-principle and to [10]
for a brief historical survey.
It is natural to try to extend Gromov’s result to the foliated setting: suppose V
is an open manifold of dimension (2n + q), F0 is a regular, codimension-q, smooth
foliation on V , and ω0 is a non-degenerate F0 -foliated 2-form.
Question A. Is there a path t 7→ ωt consisting of non-degenerate F0 -foliated 2forms starting at ω0 and ending at F0 -foliated symplectic form ω1 ?
Gromov’s theorem corresponds to the special case q = 0. The general case has
been studied by M. Bertelson and the answer in general is no: counterexamples for
open manifolds and/or foliations with open leaves are given in [1] and a h-principle
is proved in [2] for foliations whose leaves satisfy a (rather strong) uniformity condition.
Notice that a foliated symplectic form is the same thing as a (regular) Poisson
structure. However, if we take the point of view of Poisson geometry, Question 1
is not so natural anymore: a Poisson structure on a manifold V is defined by a
bivector π that satisfies an integrability condition, which can be written using the
Schouten bracket as [π, π] = 0. Hence, if we are given some bivector π0 on V , we
can reformulate the question above by asking:
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Question B (preliminary version). Is there a path t 7→ πt of bivectors on V starting
at π0 and ending at a Poisson bivector π1 ?
This question has a rather trivial answer: πt := (1−t)π0 gives a trivial homotopy
to the zero Poisson structure. A much more interesting and natural problem arises
if one requires the bivectors to be regular (i.e., to have constant rank) and this is
precisely the question we are interested here. Given some regular bivector π0 on V
of rank n − q, we ask:
Question B. Is there a path t 7→ πt of regular bivectors of rank n − q on V starting
at π0 and ending at a Poisson bivector π1 ?
Note that by “a homotopy of regular bivectors” we always mean a homotopy
formed by bivectors of the same constant rank, so the homotopy (1 − t)π0 , for a
non-zero regular bivector π0 , is excluded.
If we view a bivector π on V as a bundle map π ♯ : T ∗ V → T V , then any regular
bivector defines a distribution, namely its image D = Im π ♯ . Our main theorem
states that:
Theorem 1. Let π0 be a regular bivector on an open manifold V . Then there is
a path t 7→ πt of regular bivectors on V starting at π0 and ending at a Poisson
bivector π1 if and only if the distribution D0 = Im π0♯ is homotopic to an integrable
distribution.
Note that Gromov’s result concerns the special case where the rank equals dim V .
The problem of deforming a distribution to an integrable distribution is, of
course, a classical problem. Haefliger in [8] developed an obstruction theory for
open manifolds which, in some sense, completely solves the problem. A result of
Haeflieger allows one to obtain the following corollary of Theorem 1:
Corollary. On an open n-manifold V satisfying H i (V ; Z) = 0, for all i > q + 1,
any regular bivector of rank n − q is homotopic, through regular bivectors, to a
Poisson structure.
It should be noted that Theorem 1 also leads to some interesting conclusions concerning Question A, since regular bivectors are the same as distributions carrying
a non-degenerate 2-form. In fact, as a corollary we have the following h-principle
for symplectic foliations:
Theorem 2. Given a foliation F0 of an open manifold V and a F0 -foliated nondegenerate 2-form ω0 , there is a path t 7→ (Ft , ωt ), consisting of a foliation Ft
and a Ft -foliated non-degenerate 2-form ωt , starting at (F0 , ω0 ) and ending at a
F1 -foliated symplectic form ω1 .
Actually the proof of Theorem 1 can be reduced to the proof of Theorem 2,
and this follows by slightly modifying a proof of Gromov’s classical result due to
Eliashberg and Mishachev [5].
In conclusion, we have:
(1) even on an open manifold, in general one cannot homotope a foliated nondegenerate 2-form (through such structures) to a foliated symplectic structure if we insist that the underlying foliation remains fixed, and yet
(2) on an open manifold this homotopy can always be found if we allow our
foliation to be deformed as well.
This paper is organized as follows. In Section 2, we briefly recall some basic
concepts and results. In Section 3, we prove the h-principle for symplectic foliations
(Theorem 2). Section 4 is dedicated to Haeflieger’s obstruction theory and we show
that the criterion (Theorem 1) for integrability for regular bivectors holds. In the
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closing section we modify an example of Bott to construct a regular bivector on an
open manifold which is not homotopic to a regular Poisson structure.
2. The Setting
Let us first establish some basic notations and definitions. All manifolds are
assumed to be smooth and to carry suitable Riemannian metrics.
Throughout this paper V will denote an open n-manifold, by which we mean
that V admits a proper, positive, Morse function f : V −→ R with no critical
points of maximal index n. Equivalently, V is a smooth manifold, none of whose
connected components is a closed manifold. The particular feature of open manifolds that will be of interest to us (cf. [5, Sec. 4.3], [7]) is that they admit a smooth
triangulation inside which there exists a subcomplex V0 ⊂ V (a subpolyhedron
of V by definition) of positive codimension such that, for an arbitrarily small open
neighbourhood U of V0 , there is a diffeotopy of idV to a map V −→ U which is fixed
on V0 ; by this we mean that there is a one-parameter family of open embeddings
gt : V −→ V
with g0 = idV , g1 (V ) ⊂ U and gt |V0 = idV0 . The family gt is called a compression
of V into U . In fact, note that the Morse CW-complex V (f ) ⊂ V associated to f
has positive codimension by the absence of of local maxima, and thus the gradient
flow of f compresses V into an arbitrarily small neighbourhood of V0 := V (f ).
Any subpolyhedron A of V of positive codimension which admits arbitrarily
small neighbourhoods into which V can be compressed will be called a core of V .
The Morse CW-complex V (f ) of the Morse function f described above (in which
no n-handles occur) is a core for V .
Examples. Take V = Sn − pt. Then any point in V is a core. Z1 ∨ Z2 is a core
for S1 × S1 − pt, where Z1 , Z2 are generators for π1 (S1 × S1 ).
Throughout the text by a smooth fibration p : X → V we will mean a locally
trivial smooth fibre bundle. Associated to it we have the the jet fibrations
pr : X (r) → V
and its associated fibrations (see, e.g., [9, Sec. 2.4]):
prs : X (r) −→ X (s) for 0 ≤ s ≤ r,

X (0) = X,

prt = prs ◦ pst for t ≤ s ≤ r
together with a sequence of jet maps at the level of its sections:
j r : Γ(V, X) −→ Γ(V, X (r) ),
prs ◦ j r = j s .
Elements in the image of j r are called holonomic sections of pr : X (r) → V ; these
form a very thin subspace inside Γ(V, X (r) ). So it is all the more remarkable that
the following theorem of Eliashberg and Mischachev holds:
Theorem 3 (Holonomic Approximation [5] ). Given a polyhedron A ⊂ V of positive
codimension, U0 an open neighbourhood of A, a section F ∈ Γ(U0 , X (r) ), and two
positive functions ε, δ : V −→ R+ , there exist
(i) An isotopy ht : V −→ V which is δ-small in the C 0 -sense – i.e., it is such
that
dist(y, ht (y)) < δ(y) for all t;
(ii) A neighbourhood U1 ⊂ U0 of h1 (A);
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(iii) A section f ∈ Γ(U1 , X (r) ) whose r-jet is ε-close to F over U1 – i.e., such
that
dist(F (y), j r f (y)) < ε(y) for all y ∈ U1 .
Next observe that the exterior derivative
d : Γ(V, ∧p−1 T ∗ V ) −→ Γ(V, ∧p T ∗ V )
factors as d = D ◦ j 1 , where D is the mapping (at the level of sections) induced by
the symbol of d
(1)
D : ∧p−1 T ∗ V
−→ ∧p T ∗ V
which is an affine fibration. This means that given a p-form ω ∈ Γ(V, ∧p T ∗ V ), there
(1)
is a section Fω ∈ Γ(V, ∧p−1 T ∗ V
), called a formal primitive of ω, projecting
to it : DFω = ω. This formal primitive is unique up to homotopy since the fibration
has contractible fibres; furthermore, given any (p − 1)-form α ∈ Γ(V, ∧p−1 T ∗ V ) one
can choose p10 ◦ Fω = α.
From Holonomic Approximation and the above remarks, one deduces the following result (see [5, Thms. 4.7.1 and 4.7.2]), which is actually what we need:
Theorem 4 (Approximation by closed forms). Let ω be a p-form on the open
manifold V . Then given a positive function
ε : V −→ R
and a cohomology class ξ
φ ∈ ξ which is ε-close to

p
∈ HdR
(V ; R), there exist : (1) a core A of
ω|U on some open neighborhood U of A.

V ; (2) a p-form

3. h-principle for symplectic foliations
In this section we will prove the h-principle for symplectic foliations on open
manifolds (Theorem 2).
Given a foliation F on a manifold V , by an F -foliated form ω of degree p we mean
a section ω ∈ Γ(V, ∧p T ∗ F ). We can always extend ω to a p-form ω
e ∈ Γ(V, ∧p T ∗ V )
(not uniquely) and often we will not distinguish between ω and an extension ω
e.
The de Rham differential induces a differential dF on foliated forms, the leafwise
de Rham differential, which is such that a form ω is dF -closed if and only if de
ω
pulls back to zero on each leaf of F .
A pair (F , ω) where ω is an F -foliated, non-degenerate, 2-form will be called an
almost symplectic foliation. If, additionally, ω is dF -closed then we call (F , ω)
a symplectic foliation.
Theorem 5. Let V be an open manifold of dimension, let (F0 ,ω0 ) be a codimension2
q almost symplectic foliation and fix a cohomology class ξ ∈ HdR
(V ; R). Then there
is a homotopy (Ft , ωt ) of almost-symplectic, codimension-q foliations, such that:
(i) (F1 , ω1 ) is a symplectic foliation and
(ii) ω1 can be represented by a global closed 2-form lying in ξ.
The homotopy (Ft , ωt ) can be taken to be smooth in t.
Proof. A codimension-q distribution on V is simply a section of the Grassmannian
bundle Gr2n (T V ), so we can topologize the space Distq V of codimension-q distributions on V with the compact-open topology. We also topologize Γ(V, ∧2 T ∗ V )
with the compact-open topology and we consider the subspace topology on the
space of almost symplectic, codimension-q distributions :
∆q ⊂ Distq (V ) × Γ(V, ∧2 T ∗ V ),
n

∆q = {(D, ω) : (ι∗D ω) 6= 0} .
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On the space Φq of almost symplectic, codimension-q foliations and on the space
Ωq of symplectic, codimension-q foliations we take also the induced topologies :
Φq := Folq (V ) × Γ(V, ∧2 T ∗ V ) ⊂ ∆q ,
Ωq := {(F , ω) ∈ Φq : ω is F − symplectic} ⊂ Φq .
Thus our initial data (F0 , ω0 ) lives in Φq .
Let us observe that, since non-degeneracy of a form is an open condition, there
exists a positive function
ε : V −→ R
such that
dist(ω(y), ω0 (y)) < ε(y), ∀y ∈ V

=⇒ ω is F0 -leafwise non-degenerate.

Hence, applying approximation by closed forms (Theorem 4) we can choose some
ρ > 0 and a closed form φ such that [φ] = ξ and which is ε-close to ω0 on the
ρ-neighbourhood Uρ of a core A of V .
Next, we choose a smooth function χ : V −→ [0, 1], which is identically zero
outside Uρ and identically 1 on Uρ/2 , and we define a homotopy of 2-forms by
setting:
ω : [0, 1/2] −→ Γ(V, ∧2 T ∗ V )
t 7→ ω0 + 2t(φ − ω0 )χ.
Then ω is a continuous map such that :
(i) ω(0) = ω0 ;
(ii) ω(t) is F0 -leafwise non-degenerate for all t ∈ [0, 1/2];
(iii) ω(1/2) is closed on Uρ/2 .
Hence, if for t ∈ [0, 1/2] we let F (t) be the stationary homotopy at F0 , then
t 7→ (F (t), ω(t)) takes values in Φq .
In order to define the second half of the homotopy, we choose a compression
gt : V → V between g0 = 1V and g1 : V → Uρ/2 and we define a continuous path
(F (t), ω(t)) ∈ Φq for t ∈ [1/2, 0] by setting:
t 7→ ((g2t−1 )∗ F (1/2), (g2t−1 )∗ ω(1/2))

(t ∈ [1/2, 1]).

The concatenated homotopy
t 7→ (F (t), ω(t))

(t ∈ [0, 1]),

is the one we sought, since (F (1), ω(1)) is a symplectic foliation and the 2-form
ω(1) lies in g1∗ ξ = ξ.
Note that the homotopy is only continuous in t, but a standard argument involving reparameterization with vanishing derivatives at the end points makes it
smooth.

4. Obstructions to integrability
Recall that ∆q denotes the space of almost symplectic, codimension-q distributions and that Ωq denotes the space of symplectic, codimension-q foliations on the
manifold V . In this section, we wish to address the following
Question. Are there strictly topological conditions that one can impose upon V so
as to ensure that π0 (Ωq ) −→ π0 (∆q ) is an isomorphism ?
Notice that the previous theorem implies that Ωq ֒→ Φq induces an isomorphism
at the level of π0 . To handle the map
π0 (Φq ) −→ π0 (∆q )
we will invoke A. Haefliger obstruction theory (see [8]).
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For any topological groupoid G we will denote by BG its classifying space. Also,
we let Γq denote the topological groupoid of germs of local diffeomorphisms of Rq
fixing the origin. The operation of taking the differential at the origin gives a
homomorphism of topological groupoids
d : Γq → GLq
and, hence, a map at the level of the classifying spaces:
ν : BΓq −→ BGLq .
This map is the key to solve the problem of deforming a distribution to an integrable
one:
Theorem 6 (Haefliger [8]). Let D0 be a a codimension-q distribution in an open
n-manifold V and let τ : V → BGLn , ξ : V → BGLn−q and α : V → BGLq
denote the classifying maps for the bundles T V , D0 and T V /D0 , respectively. Then
there exists a homotopy Dt of distributions starting at D0 and ending at a foliation
D1 = T F if and only if the following commutative diagram can be solved :
BΓq × BGLn−q
x;
x
ν×1
x
x

x
x BGLq × BGLn−q
x
k5
x
kkk
x kkkkkk
⊕
x kkk ξ×α

k
x
k
k
/ BGLn
V
τ
where ⊕ denotes the arrow (in the homotopy category hTop) inducing direct sum of
vector bundles.
This result shows that the integrability problem for distributions on open manifolds can be completely reduced to one in obstruction theory. Moreover, it can be
shown that the map ν : BΓq −→ BGLq is (q + 1)-connected, hence:
Corollary 7. On an open n-manifold V with H i (V ; Z) = 0 for all i > q + 1, any
codimension-q distribution is homotopic to a foliation.
In order to apply this to our setting, let us spell out what Haefliger’s theorem
says: given a distribution D0 such that the diagram above can be solved one can
find a path of bundle isomorphisms
ϕt : T V −→ D0 ⊕ (D0 )⊥
where ϕ1 maps T F onto D0 for some codimension-q foliation F . That is, the path
t 7→ ϕ∗t D0 =: Dt
ends at T F . If an almost-symplectic D0 -form ω0 has been provided, one can transport this 2-form along the path ϕt by setting
ωt := ϕ∗t ω0
so that, at all times we have (Dt , ωt ) ∈ ∆q and at the end-point (D1 , ω1 ) ∈ Φq .
Now we can use Theorem 5 to construct a continuous path starting at (D1 , ω1 ) and
ending at some element in Ωq . This yields:
Proposition 8. Given a distribution D0 on an open manifold V with a nondegenerate 2-form ω0 , there is a homotopy (Dt , ωt ) ∈ ∆q starting at (D0 , ω0 ) and
ending at a F1 -foliated symplectic form ω1 if and only if the distribution D0 is
homotopic to a foliation.
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Let us recast the previous result in terms of Poisson geometry. Any bivector
π ∈ Γ(V, ∧2 T V ) defines a bundle map
π ♯ : T ∗ V −→ T V.
We say that π is regular of rank k if its image D := π ♯ (T ∗ V ) is a subbundle of T V
of rank k. Notice that π endows its image D with an almost symplectic structure
ω ∈ Γ(V, ∧2 D∗ ), defined by
ω(π ♯ (ξ), π ♯ (η)) := π(ξ, η).
Conversely, any subbundle D ⊂ T V together with a nondegenerate 2-form ω ∈
Γ(V, ∧2 D∗ ) defines a regular bivector π: it is the unique bivector such that the
following diagram commutes:
T ∗V

π♯

i

i∗


D∗

/ TV
O

ω −1

/D

where i : D ֒→ T V denotes the inclusion and i∗ its transpose.
It is well known that a regular bivector π is a Poisson structure (i.e., [π, π] = 0)
if and only if D is the tangent bundle of a foliation F and the foliated 2-form ω is
dF -closed (in other words, it is a foliated symplectic structure). Hence, Proposition
8 is equivalent to
Theorem 9. Let π0 be a regular bivector on an open manifold V . Then there is
a path t 7→ πt of regular bivectors on V starting at π0 and ending at a Poisson
bivector π1 if and only if the distribution D0 = Im π0♯ is homotopic to an integrable
distribution. Moreover, the Poisson structure π1 can be choosen so that its leafwise
symplectic form extends to a global closed 2-form.
Remark 10. According to [4, Corollary 14], if the leafwise symplectic form of
a regular Poisson stucture extends to a global closed 2-form, then its leaves are
submanifolds of a very special type, called Lie-Dirac submanifolds, and the Poisson
manifold is integrable to a smooth symplectic groupoid. See [4] for more details.
Also, we have:
Corollary 11. On an open n-manifold V satisfying H i (V ; Z) = 0 for all i > q + 1,
any regular codimension-q bivector is homotopic, through regular bivectors, to a
Poisson structure.
5. An Example
Our main result states that the integrability of a regular bivector is controlled
by the integrability of the underlying distribution. However, it could still be the
case that the existence of a non-degenerate 2-form on this distribution would force
its integrability. In other words, one might wonder whether we are any closer to
solving the obstruction problem pertaining to integrability of subbundles if we have
already solved that of providing an almost symplectic structure (which amounts to
lifting the classifying map of the bundle to BSp). In this last section we modify a
classical example of Bott to construct an example of a regular bivector on an open
manifold which is not homotopic to a regular Poisson structure, showing that not
all the integrability obstructions are encoded in the sympletic ones.
Let E be a vector bundle over the manifold V and denote by Pont(E) ⊂
•
(V ; R) the Pontryagin ring of E. Bott’s obstruction to integrability of disHdR
tributions can be stated as follows:
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Theorem 12 (Bott [3]). If a codimension-q distribution D on V is homotopic to
an involutive distribution T F , then its normal bundle ν(D) satisfies:
Pontk (ν(D)) = 0,

for k > 2q.

Recall also that the Pontryagin classes pi (E) of a (real) vector bundle E are
related to the Chern classes ci (E ⊗ C) of its complexification E ⊗ C by:
pi (E) = (−1)i c2i (E ⊗ C).
On the other hand, the Euler class and the top Chern class of a complex vector
bundle coincide, so the square of the Euler class e(E)2 = e(E ⊗ C), lies in the
Pontryagin ring of E.
In order to construct our example, we start with the trivial complex vector
bundle C2n = CP 2n−1 × C2n over CP 2n−1 and split it holomorphically as the sum
of the tautological line bundle O(−1) and its orthogonal :
C2n = O(−1) ⊕ O(−1)⊥ ,
where:
O(−1) = {(x, v) ∈ CP 2n−1 × C2n : v ∈ x},
O(−1)⊥ = {(x, v) ∈ CP 2n−1 × C2n : v ⊥ x}.
We use the usual notation O(1) for the line bundle dual to O(−1) and O(2) for its
square O(1) ⊗ O(1). If we let θ1 , ..., θ2n be a basis of (C2n )∗ and define on C2n the
non-degenerate 2-form
θ = θ1 ∧ θ2 + · · · + θ2n−1 ∧ θ2n .
then we obtain a holomorphic surjection
θ∗ : Hom(O(−1), O(−1)⊥ ) −→ O(2),

θ∗ (ϕ)(ξ) = θ(ξ, ϕ(ξ)),

where ϕ ∈ Hom(O(−1), O(−1)⊥ ) and ξ ∈ O(−1).
Now, under the well-known isomorphism T CP 2n−1 ≃ Hom(O(−1), O(−1)⊥ ) we
see that D := ker(θ∗ ) is a holomorphic subbundle of (complex) codimension one.
If ν(D) denotes its normal bundle, then by multiplicativity of the Euler class, one
has
0 6= 2n = e(T CP 2n−1 ) = e(D)e(ν(D)),
so that 0 6= e(ν(D)) ∈ H 2 (CP 2n−1 ; R). Thus e4 (ν(D)) = e(ν(D))2 e(ν(D))2 ∈
Pont8 (ν(D)) as we pointed out above. Since the real cohomology ring of CP 2n−1
is the truncated polynomial ring R[t]/t2n R[t], where t has degree 2, choosing n > 2
guarantees that e(ν(D))4 6= 0. By Bott’s result, we conclude that D is a (real)
codimension-2 distribution which is not homotopic to a foliation.
Finally, we consider the open manifold V := CP 2n−1 × C. The projection in the
first factor p : V → CP 2n−1 gives an injection
•
•
p∗ : HdR
(CP 2n−1 ; R) → HdR
(V ; R),

which maps the Euler class of ν(D) to that of p∗ ν(D), which is the normal bundle
e := p∗ D ⊕ C ⊂ T V . This means
to the holomorphic codimension-1 subbundle D
e also cannot be homotopic to a foliation in V . A metric on D,
e together with
that D
e
its complex structure, yields a non-degenerate 2-form on D. Hence, this gives an
example of a regular bivector on an open manifold which is not homotopic, through
regular bivectors, to a Poisson structure.
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