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Chapter 1

Introduction

In this chapter we will give an outline of the results presented in this thesis. We
then describe the content of each chapter. We end this introduction by stating
the conventions that will be in force throughout the thesis.

1.1 Outline of the Main Results

This thesis deals with symmetries, invariants and moduli spaces of geometric
structures of finite type. By a geometric structure of finite type, we mean any
object on a smooth manifold which determines, and is determined by a coframe
on a (possibly different) manifold. Recall that a coframe on an n-dimensional
manifold M is a set

{
θ1, . . . , θn

}
of everywhere linearly independent 1-forms on

M . Examples of these geometric structures include:

1. Finite type G-structures (Definition 3.3.5), which are determined by the
tautological form of its last non-trivial prolongation;

2. Cartan geometries (Definition 6.2.4), which are determined by a Cartan
connection, viewed as a coframe, on a principal bundle P →M ;

3. Linear connections ∇ on the tangent bundle TM of a manifold, which
might be assumed to preserve some tensor (or a G-structure) on M . These
connections are characterized by the coframe on the frame bundle B(M)
of M (or a G-structure BG(M) over M) given by its tautological form and
the connection form associated to ∇.

The first problem that we will be interested in is that of determining when
two such geometric structures are (locally) isomorphic. This problem is known
as the equivalence problem. When two geometric structures of the same kind
have been properly characterized by coframes

{
θi
}

and
{
θ̄i
}

on n-dimensional
manifolds M and M̄ , the (local) equivalence problem takes the form:

Problem 1.1.1 (Equivalence Problem) Does there exist a (locally defined)
diffeomorphism φ : M → M̄ satisfying

φ∗θ̄i = θi

for all 1 ≤ i ≤ n?
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The solution to this problem is based on the fact that exterior differentiation
and pullbacks commute. Taking exterior derivatives and using the fact that {θi}
is a coframe, we may write the structure equations

dθk =
∑
i<j

Ckij(x)θi ∧ θj (1.1.1)

for uniquely defined functions Ckij ∈ C∞(M) known as structure functions.
Analogously, we may write

dθ̄k =
∑
i<j

C̄kij(x̄)θ̄i ∧ θ̄j .

It is then clear from
φ∗dθ̄k = dφ∗θ̄k,

that a necessary condition for equivalence is that

C̄kij(φ(x)) = Ckij(x).

Thus, the structure functions can be seen as invariants of the coframe.
In the opposite direction, we may consider the problem of determining when

a given a set of functions can be realized as the structure functions of some
coframe. This problem was proposed and solved by Cartan in [9] (see also the
Appendix of [5]). Its precise formulation can be stated as:

Problem 1.1.2 (Cartan’s Realization Problem) One is given:

• an integer n ∈ N,

• an open set X ⊂ Rd,

• a set of functions Ckij ∈ C∞(X) with indexes 1 ≤ i, j, k ≤ n,

• and a set of functions F ai ∈ C∞(X) with 1 ≤ a ≤ d

and asks for the existence of

• an n-dimensional manifold M ;

• a coframe {θi} on M ;

• a map h : M → X

satisfying

dθk =
∑
i<j

Ckij(h(m))θi ∧ θj (1.1.2)

dha =
∑
i

F ai (h(m))θi. (1.1.3)

We will also be interested in answering the following questions:

Local Classification Problem What are all germs of coframes which solve
Cartan’s realization problem?
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Local Equivalence Problem When are two such germs of coframes equiva-
lent?

We will present complete solutions to both os these problems.
Before we proceed with the outline of the problems treated in this thesis, let

us present a simple, but motivating example:

Example 1.1.3 Suppose that we are interested in the equivalence and classifi-
cation problem for coframes whose structure functions are constant. In terms of
Cartan’s realization problem, this setting corresponds to the case where d = 0,
so that X is a point (in particular, the functions F ai vanish identically).

Necessary conditions for the existence of a solution to the realization problem
are obtained by

d2θk = 0 (k = 1, . . . n).

They imply that −Ckij are the structure constants of a Lie algebra g, i.e., there
exists a Lie algebra g with a basis {e1, ...en} such that

[ei, ej ] = −
∑
k

Ckijek.

This condition is also sufficient. In fact, if G is any Lie group which has g
as its Lie algebra, then the components of its g-valued right invariant Maurer-
Cartan form ωMC, when written in terms of the basis {e1, . . . , en}, have Ckij as
its structure functions.

Now let (M, θi, h) be any other solution of the realization problem. If we
define a g-valued 1-form on M by

θ =
∑
i

θiei,

then the structure equation (1.1.1) for the coframe {θi} implies that θ satisfies
the Maurer-Cartan equation

dθ +
1
2

[θ, θ] = 0.

It is then well known that, by the universal property of the Maurer-Cartan forms
on Lie groups, there exists a locally defined diffeomorphism onto a neighborhood
of the identity

ψ : M → G

such that
θ = ψ∗ωMC.

Thus, at least locally, there is only one solution to the realization problem, up
to equivalence.

In general, when the structure functions are not constant, they cannot deter-
mine a Lie algebra. Instead, it will be shown that solutions to Cartan’s problem
exist if and only if the initial data to the problem determines a Lie algebroid,
which will be called the classifying Lie algebroid of the realization problem.

A Lie algebroid is vector bundle A→ X which generalizes both Lie algebras
and tangent bundles of manifolds. Its global counterpart is a Lie groupoid,

4



which is a manifold G equipped with two surjective submersions s and t to X,
as well as a partially defined smooth multiplication for which there are identity
elements and such that each element of G has an inverse (see Chapter 2 for
precise definitions). Two important features of a Lie algebroid are that (i) it
determines an integrable (singular) distribution on X, whose integral manifolds
are called leaves or orbits of A, and (ii) that over each point x in X there is
a Lie algebra called the isotropy Lie algebra at x.

Inspired by the example presented above, we propose the following solution
to Cartan’s realization problem. A necessary condition for the existence of a
realization is the existence of a classifying Lie algebroid. Assume, for simplicity,
that this Lie algebroid comes from a Lie groupoid G (see Section 2.3). In order
to prove that this necessary condition is also sufficient, we introduce Maurer-
Cartan forms on Lie groupoids. It then follows that the Maurer-Cartan form
ωMC induces a coframe on each s-fiber which gives a solution to the realization
problem. Moreover, we deduce a universal property of the Maurer-Cartan form
on Lie groupoids which implies that every solution to Cartan’s problem is locally
equivalent to one of these. This settles the questions proposed so far in this
introduction.

One of the main advantages of using our Lie algebroid approach, instead
of Cartan’s original methods, is that, while Cartan only obtains an existence
result, the classifying Lie algebroid (or its local Lie groupoid) gives rise to a
recipe for constructing explicit solutions to the problem. These solutions are
the s-fibers of the groupoid, equipped with the restriction of the Maurer-Cartan
forms.

It turns out that the classifying Lie algebroid of a realization problem satisfies
some very interesting properties. To state a few:

1. To every point on X there corresponds a germ of a coframe which is a
solution to the realization problem;

2. Two such germs of coframes are equivalent if and only if they correspond
to the same point in X;

3. The isotropy Lie algebra at a point x of the classifying Lie algebra is
isomorphic to the symmetry Lie algebra of the corresponding germ of
coframe, i.e., to the Lie algebra of germs of vector fields which preserve
the germ of coframe.

So far we have only discussed local aspects of the theory. We will also be
interested in global issues. The first of these problems that we will solve is the
globalization problem:

Problem 1.1.4 (Globalization Problem) Given a Cartan’s problem with ini-
tial data (n,X,Ckij , F

a
i ) and two germs of coframes θ0 and θ1 which solve the

problem, does there exist a global connected solution (M, θ, h) to the realization
problem for which θ0 is the germ of θ at a point p0 ∈ M and θ1 is the germ of
θ at a point p1 ∈M?

Of course, the solution to this problem relies, again, on understanding the
classifying Lie algebroid. What we will show is that two germs of coframes
which belong to the same global connected realization correspond to points in
the same orbit of A. Moreover, if the Lie algebroid comes from a Lie groupoid,

5



then the converse is also true, namely, if two germs of coframes correspond to
the same orbit of A, then they belong to the same global connected realization.
It follows that the classifying Lie algebroid also gives us information about the
moduli space of global solutions of a realization problem.

Another global problem that we will deal with is the global equivalence
problem. In general, the classifying Lie algebroid does not distinguish between
a realization and its universal covering space. If (M, θ, h) is a realization and
π : M̃ →M is a covering map, then (M̃, π∗θ, π∗h) is also a realization called the
induced realization. It will also be called a realization cover of (M, θ, h).

It is then natural to consider the following equivalence relation on the set of
realizations of a Cartan’s problem. Two realization (M1, θ1, h1) and (M2, θ2, h2)
are said to be globally equivalent, up to covering if they have a common
realization cover (M, θ, h), i.e.,

(M, θ, h)
π1

xxppppppppppp
π2

''NNNNNNNNNNN

(M1, θ1, h1) (M2, θ2, h2).

This leads to:

Problem 1.1.5 (Global Classification Problem) What are all the solutions
of a Cartan’s realization problem up to global equivalence, up to covering?

Again, in order to solve this problem we will need an integrability assump-
tion, namely that the classifying Lie algebroid for the realization problem (or,
more precisely, its restriction to each orbit) comes from a Lie groupoid. In this
case, we will show that any solution to Cartan’s problem is globally equivalent,
up to covering, to an open set of an s-fiber of the Lie groupoid. This result
generalizes both of the main theorems concerning global equivalences presented
in [27].

The classifying Lie algebroid can also be used to produce invariants of a geo-
metric structure of finite type, as well as to recover classical results about their
symmetry groups. In fact, with a suitable regularity assumption, any coframe θ
on a manifold M gives rise to a Cartan’s realization problem (n,X,Ckij , Fi) and
a map h : M → X which makes (M, θ, h) into a realization problem. In this
case, however, we must allow X to be a manifold instead of simply an open set
of Rd. This does not impose any extra difficulties to the problem, and we still
obtain a classifying Lie algebroid A over X, which turns out to be transitive.
We can then see the coframe θ as a Lie algebroid morphism θ : TM → A which
covers h.

On the one hand, we can use the classifying Lie algebroid of a fixed coframe to
furnish simples proofs of classical results about the dimension of the symmetry
Lie group of the geometric structure being studied. These are all immediate
corollaries of the fact that the Lie algebra of the symmetry group is isomorphic
to the isotropy Lie algebra at a point of the classifying Lie algebroid. As an
example, we prove three theorems which are present in [21].

On the other hand, we will advocate the general philosophy that the coframe,
viewed as a morphism, should pullback invariants of the classifying Lie algebroid
to invariants of the coframe. We will illustrate this point of view with two
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examples of cohomological invariants: the basic cohomology of a coframe and
the modular class of a coframe.

We can summarize this outline of the thesis by saying that there are essen-
tially two ways in which we use the existence of a classifying Lie algebroid for a
Cartan’s realization problem.

• For a class of geometric structures of finite type whose moduli space (of
germs) is finite dimensional, we can set up a Cartan’s realization problem
whose classifying Lie algebroid gives us information about its local equiv-
alence and classification problems, as well as its globalization and global
classification problems.

• For a single geometric structure of finite type, we can set up a Cartan’s
realization problem whose classifying Lie algebroid describes the symme-
tries of the geometry, and also provides a recipe for producing invariants
of the structure.

To conclude this thesis we will present a series of examples which illustrate
the results obtained before.

1.2 Contents

We now give a brief discussion of the content of each chapter.

Chapter 2 In Chapter 2, we will introduce the concepts of Lie algebroids and
Lie groupoids. Since these objects will play a fundamental role throughout
the thesis, we have decided to state all the results that will be used.
We begin by defining Lie algebroids and then proceed to present several
examples. Instead of presenting an extensive list, we focus on the examples
which will be relevant for this thesis. We then give a thorough description
of Lie algebroid morphisms in two equivalent ways, both of which will
be useful. The second section contains the definition of a Lie groupoid
and its basic properties. Section 2.3 deals with the Lie theory for Lie
algebroids and Lie groupoids. We begin by showing how to obtain a Lie
algebroid out of a Lie groupoid. It turns out that not every Lie algebroid
arises in this way, and the obstructions obtained in [12] for this to happen
are described at the end of the section. Along the way, we state the Lie
algebroid versions of Lie’s first and second theorems. The chapter ends
with a list of all the examples of Lie groupoids which will be needed in
the rest of the thesis.

Chapter 3 The third chapter of this thesis is about G-structures. These will
be the main source of examples of geometric structures to be considered.
The chapter begins with the definition and some examples of G-structures.
We then describe their equivalence problem and find a necessary condition
to solve it. To be able to obtain more refined necessary conditions for
equivalence, we introduce in Section 3.3 the method of prolongation. This
will lead us to the concept of G-structures of finite type, for which our
results are valid. We finish the chapter with a description of the structure
functions and structure equations for G-structures of finite type. We first
deal with the case of G-structures of type 1, and then we go on to the
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general case of G-structures of type k. The results obtained here will be
the key ingredients for stating and solving classification problems for these
geometric structures.

Chapter 4 While the previous chapters included mostly background material,
this chapter is the core of the thesis. We begin by describing the equiv-
alence problem for coframes, as stated in [27] and [33]. The analyses of
necessary conditions for solving this problem will lead us to Cartan’s re-
alization problem. We will then show that if a solution to the realization
problem exists, then its initial data determines a Lie algebroid which we
call the classifying Lie algebroid. In order to solve Cartan’s problem, we
introduce Maurer-Cartan forms on Lie groupoids and prove their local
universal property. By adding an extra topological hypothesis, we are
also able to obtain a global universal property of these forms. When this
is established, we proceed to solve the local classification problem and to
describe the symmetries of a realization. The chapter finishes with a dis-
cussion of some global issues. In fact, we solve the globalization problem
and the global equivalence problem.

Chapter 5 In Chapter 5 we specialize to the case where the coframe comes
from a finite type G-structure. In this case, the structure equations of the
coframe have the particular format described at the end of Chapter 3. It
follows that the classifying Lie algebroid also has the particular feature
that it comes equipped if an infinitesimal action of g, the Lie algebra of
G, by inner algebroid automorphisms. We begin by describing the case of
G-structures of type 1. This case will be used, at the end of the chapter, to
solve the realization problem for general finite type G-structures. Before
we do so, however, we give a geometric description of what happens in
the best possible scenario, i.e., when the classifying Lie algebroid A is
integrable by a Lie groupoid G, and when the infinitesimal action of g on
A can be integrated to a free and proper action of G on G. This is the
content of Section 5.3.

Chapter 6 This chapter presents several applications of the existence of a clas-
sifying Lie algebroid associated to a realization problem. It begins with
a slight generalization of the realization problem presented before, to the
case where X is a manifold, instead of an open set of some Rd. This gen-
eralization will be shown to be useful in concrete examples, and in proving
classical results about the symmetry group of geometric structures. We
focus on three theorems which are present in [21]. The chapter ends with
a discussion of how to obtain invariants of geometric structures out of
invariants of the classifying Lie algebroid.

Chapter 7 The final chapter is dedicated to several examples which illustrate
the results obtained throughout the thesis. We begin by deducing the
structure equations and structure functions of an arbitrary torsion-free
connection on a G-structure. It turns out, however, that the moduli space
of all torsion-free connections on a fixedG-structure may be infinite dimen-
sional, and thus, not treatable by our methods. On the other hand, there
are many interesting classes of these connections which can be treated.
The first example we present is that of constant curvature torsion-free
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connections. In particular, we exhibit the classifying Lie algebroid for flat
torsion-free connections on arbitrary G-structures and for constant cur-
vature Riemannian metrics on R2. We then look at the space of locally
symmetric torsion-free connections. The existence of a classifying Lie al-
gebroid for these connections can be used to show that every symmetric
Berger Lie algebra is the holonomy Lie algebra of some torsion-free con-
nection. This will be discussed in Section 7.4. Our main class of examples,
however, are the special symplectic manifolds. We will give a detailed de-
scription of the classifying Lie algebroid for these manifolds and use it to
prove results about their symmetries and moduli space. We also show how
to find examples of such manifolds. We remark that even though most of
the results presented about special symplectic connections are not new,
our approach differs from the original one. Our starting point is the con-
struction of the classifying Lie algebroid from where all other properties
are deduced, thus making the results more natural and less mysterious.

1.3 Conventions

This thesis takes place in the C∞ category. Thus, unless explicitly stated other-
wise, all our manifolds are smooth, second countable, and Hausdorff, and all our
maps are also smooth. The only exception is the total space G of a Lie groupoid,
for which important examples force us to allow it to be a non-Hausdorff mani-
fold. On the other hand, the s-fibers and t-fibers of a Lie groupoid, as well as
the base manifold X are always assumed to be Hausdorff.
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Chapter 2

Lie Algebroids and Lie
Groupoids

This chapter is devoted to the study of Lie algebroids and Lie groupoids. Since
these will play an important role, we have decided to state all the results that
will be needed. For more details and proofs, we refer the reader to [8], [26], [23],
[24] or [15].

2.1 Lie Algebroids

This section is about Lie algebroids. A Lie algebroid should be thought of as
a substitute to the tangent bundle of manifold, whenever a (possibly singular)
geometric structure is present.

2.1.1 Definition and First Examples

Definition 2.1.1 A Lie algebroid over a manifold X is a (real) vector bundle
A → X equipped with a Lie bracket [·, ·] on it’s space of sections Γ(A) and a
bundle map # : A→ TX called the anchor of A satisfying

[α, fβ] = f [α, β] + (#(α)f)β for all α, β ∈ Γ(A) and f ∈ C∞(X).

The second condition above is known as the Leibniz identity. It implies
that the anchor, seen as a map from Γ(A) to X(X), is a Lie algebra homomor-
phism, i.e.,

#([α, β]A) = [#(α),#(β)]X(X) for all α, β ∈ Γ(A).

From this identity, it follows also that the kernel of # over a point x ∈ X is
a Lie algebra with the induced bracket. It is called the isotropy Lie algebra
at x. Another important property of Lie algebroids is that the image of # is
always an integrable distribution in the sense of Sussman [34]. In general, this
distribution may be singular, i.e., its rank is not constant on X. It’s maximal
integral leaves are known as orbits or leafs of A.
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For any Lie algebroid A → X, we can define a differential dA : Γ(∧•A∗) →
Γ(∧•+1A∗) by

dAη(α0, . . . αk) =
k∑
i=1

(−1)i#(αi) · η(α0, . . . , α̂i, . . . , αk)+

+
∑

0≤i<j≤k

(−1)i+jη([αi, αj ], α0, . . . , α̂i, . . . , α̂j , . . . , αk)

which makes Γ(∧•A∗) into a complex. In fact, there is a one-to-one correspon-
dence between Lie algebroid structures on a vector bundle E → X and degree
one derivations of the algebra Γ(∧2E∗). The cohomology H•(A) of the complex
(Γ(∧•A∗),dA) will be called the Lie algebroid cohomology of A.

It will be useful to have a description of Lie algebroids in terms of local
coordinates and local basis of sections. So let (x1, ..., xd) be a local coordinate
system on U ⊂ X and α1, ..., αr a local basis of sections of A over U . We define
the structure functions Ckij , F

a
i ∈ C∞(U) of A relative to these local coordinates

and basis of sections by

[αi, αj ] =
∑
k

Ckij (x)αk (2.1.1)

#αi =
∑
a

F ai (x)
∂

∂xa
. (2.1.2)

Then, the conditions defining a Lie algebroid are translated into the following
partial differential equations

d∑
b=1

(
F bi

∂F aj
∂xb

− F bj
∂F ai
∂xb

)
=

r∑
l=1

ClijF
a
l (2.1.3)

for all 1 ≤ i, j ≤ r, 1 ≤ a ≤ d and

d∑
b=1

(
F bj

∂Cikl
∂xb

+ F bk
∂Cilj
∂xb

+ F bl
∂Cijk
∂xb

)
=

r∑
m=1

(
CimjC

m
kl + CimkC

m
lj + CimlC

m
jk

)
(2.1.4)

for all 1 ≤ i, j, k, l ≤ r.
We now present a few examples of Lie algebroids. Our purpose here is not

to present an extensive list of examples, but to describe those that will be used
elsewhere in this thesis.

Example 2.1.2 (Tangent Bundles) The simplest example of a Lie algebroid
is the tangent bundle TX of a manifold X, equipped with its Lie bracket of
vector fields, and the identity map as the anchor.

Example 2.1.3 (Lie Algebras) Another extreme example of a Lie algebroid
occurs when X is a point. In this case, A is simply a vector space equipped with
a Lie bracket, i.e., a Lie algebra.
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Example 2.1.4 (Foliations) Let F be a (regular) foliation on X, so that
TF ⊂ TX is an involutive distribution of constant rank. Then TF is a Lie
algebroid over X whose bracket is the Lie bracket of vector fields on X, and
whose anchor is the inclusion i : TF → TX. Note that the orbits of this Lie
algebroid are precisely the leafs of F .

Example 2.1.5 (Atiyah Algebroid) Let

P

π

��

G
||

X

be a principal G-bundle. We obtain a Lie algebroid, known as the Atiyah
algebroid of the principal bundle as follows: Take A to be the quotient TP/G,
which is a vector bundle over X. We can identify the sections of A with right
invariant vector fields on P . Since the Lie bracket of invariant vector fields is
again invariant, we obtain a bracket on Γ(A). The anchor of A is simply the
map [π∗] : A→ TX induced by π∗.

Note that this Lie algebroid is transitive (i.e., the orbit of a point x is the
whole base X of A), and its isotropy Lie algebras are isomorphic to g, the Lie
algebra of G.

Example 2.1.6 (Infinitesimal Actions) Let

ψ : g→ X(X)

be an infinitesimal action of a Lie algebra g on X. We obtain a Lie algebroid,
called the transformation Lie algebroid associated to the action by setting A
to be the trivial vector bundle X × g, with anchor #(x, α) = ψ(α)|x and bracket

[α, β](x) = [α(x), β(x)]g + (ψ(α) · β)(x)− (ψ(β) · α)(x),

where we are regarding a section of A as a smooth map X → g.
In this case, the leafs of A coincide with the orbits of the g-action and the

isotropy Lie algebras coincide with the isotropy of the action.

Example 2.1.7 (Poisson Manifolds) A Poisson structure on a manifold
X is a Lie bracket { , } on the space of smooth functions on X, C∞(X), which
satisfies the Leibniz identity

{f, gh} = g {f, h}+ {f, g}h for all f, g, h ∈ C∞(X).

Equivalently, we may define a Poisson structure as a bivector field Π ∈ Γ(∧2TX)
such that [Π,Π] = 0, where [ , ] denotes the Schouten bracket on multi-vector
fields. The correspondence between both definitions is given by Π(df, dg) =
{f, g}. A Poisson manifold is a manifold X equipped with a Poisson structure
Π.

Given a Poisson manifold (X,Π), we can construct a Lie algebroid, called
the cotangent Lie algebroid as follows: We take A to be the cotangent bundle
of X, T ∗X. The Poisson structure then determines a map

Π] : T ∗X → TX, Π](α)(β) = Π(α, β) for all α, β ∈ T ∗X,

12



which we take to be the anchor of A. The Lie bracket on Γ(A) = Ω1(X) is then
defined by

[α, β] = LΠ](α)β − LΠ](β)α− d(Π(α, β)).

It is the unique bracket on Ω1(X) such that [df, dg] = d {f, g}.
It is important to note that the restriction of the Poisson bivector Π to each

leaf of A is non-degenerate, and thus induces a canonical symplectic form on
each leaf. Explicitly, if L is a leaf of A, we have

ωL(ξ1, ξ2) = ((Π|L])−1(ξ1))(ξ2) for all ξ1, ξ2 ∈ X(L).

For this reason, the foliation on X induced by a Poisson structure is called a
symplectic foliation.

There are two examples of Poisson manifolds that will appear in this thesis,
which we now present.

Example 2.1.8 (Lie-Poisson Manifolds) Let g be a Lie algebra. Then g∗

carries a natural Poisson structure, known as its Kostant-Kirilov-Souriau
Poisson structure, by setting

{f, g} (ρ) = ρ([dρf, dρg]) for all f, g ∈ C∞(g∗),

where we have identified T ∗ρ g∗ with g. The Poisson manifold (g∗, { , }) is called a
Lie-Poisson manifold. Its cotangent Lie algebroid A = T ∗g∗ can be identified
with the transformation Lie algebroid induced by the co-adjoint action of g on
g∗.

Example 2.1.9 (Cosymplectic Submanifolds) Let (X,Π) be a Poisson man-
ifold. A submanifold Y is called a cosymplectic submanifold if it intersects
each leaf L of A = T ∗X transversely, and the restriction of the symplectic form
ωL to TyY ∩TyLy is non-degenerate for all y ∈ Y . Equivalently, we may express
this condition as

TX|Y = TY ⊕ (TY )⊥Π ,

where TY ⊥Π ⊂ TX denotes the image by Π] of the annihilator of TY .
If Y is a cosymplectic submanifold of (X,Π) then it carries a natural Poisson

bivector, called the coinduced Poisson structure, which may be defined as

ΠY (ξ1, ξ2) = Π(ι−1(ξ1), ι−1(ξ2)),

where ι denotes the restriction to W of the natural projection T ∗X → T ∗Y .

2.1.2 Lie Algebroid Morphisms

Let A → X and B → Y be Lie algebroids. We will now give two equivalent
definitions of Lie algebroid morphism. The first one appeared in [20] to which
we refer for a detailed exposition on Lie algebroid morphisms.

Definition 2.1.10 A morphism of Lie algebroids is a bundle map

A

��

F // B

��
X

f
// Y

that is compatible with the anchors and the brackets.

13



Let us explain what we mean by compatibility. A bundle map (F, f) from
A to B is compatible with the anchors if

A

#

��

F // B

#

��
TX

f∗

// TY.

The problem of defining compatibility with the brackets is that in general
the bundle map (F, f) does not induce a map at the level of sections. The way
to overcome this difficulty is to work on the pullback bundle f∗B. Note that
each α ∈ Γ(A) can be pushed forward to a section F (α) ∈ Γ(f∗B). Also, each
section β ∈ Γ(B) can be pulled back to f∗β ∈ Γ(f∗B). Now, if α and α̃ belong
to Γ(A), their image in Γ(f∗B) can be written (non-uniquely) as

F (α) =
∑
i

ui(f∗βi)

F (α̃) =
∑
j

ũj(f∗β̃j)

where ui, ũj ∈ C∞(X) and βi, β̃j ∈ Γ(B).
We will say that (F, f) is compatible with the brackets if

F ([α, α̃]A) =
∑
i,j

uiũj(f∗[βi, β̃j ]B)+

+
∑
j

(#α)(ũj)f∗β̃j −
∑
i

(#α̃)(ui)f∗βi (2.1.5)

for all α, α̃ ∈ Γ(A). We observe that the definition above doesn’t depend on the
choice of decomposition of F (α) and F (α̃).

There is a more invariant way of expressing the bracket compatibility (2.1.5)
which will serve as inspiration for the main results of this thesis. Let ∇ be an
arbitrary connection on the vector bundle B → Y , and denote by ∇̄ the induced
connection on f∗B defined by

∇̄ξ

(∑
i

ui(f∗βi)

)
=
∑
i

uif
∗(∇f∗ξβi) +

∑
ξ(ui)f∗βi. (2.1.6)

Define the torsion of the pullback connection ∇̄ by

T∇̄

(∑
uif
∗βi,

∑
ũjf
∗β̃j

)
=
∑
i,j

uiũjf
∗T∇(βi, β̃j) (2.1.7)

where the torsion of a connection on a Lie algebroid is defined by

T∇(βi, β̃j) = ∇#βi β̃j −∇#β̃j
βi − [βi, β̃j ]. (2.1.8)

Finally, for a bundle map (F, f) : A→ B we define a tensor RF ∈ Γ(∧2A∗⊗f∗B)
by

RF (α, α̃) = ∇̄#αF (α̃)− ∇̄α̃F (α)− F ([α, α̃])− T∇̄(F (α), F (α̃)). (2.1.9)
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A straight forward calculation shows that whenever (F, f) is compatible with
anchors, then RF does not depend on ∇. Moreover, (F, f) is a morphism of Lie
algebroids if and only if RF ≡ 0.

The second equivalent definition of a morphism of Lie algebroids that we
will now present is due to Vaintrob [35] and is based on viewing a Lie algebroid
as a certain kind of supermanifold.

A bundle map

A

��

F // B

��
X

f
// Y

induces a pullback map F ∗ : Γ(B∗)→ Γ(A∗) defined by

〈(F ∗φ)x, αx〉 = 〈(φ ◦ f)(x), F (αx)〉

for φ ∈ Γ(B∗), x ∈ X and α ∈ Γ(A). We can extend this map to

F ∗ : Γ(∧•B∗)→ Γ(∧•A∗)

where we set in degree zero F ∗(h) = h ◦ f for h ∈ C∞(X).

Proposition 2.1.11 (Văıntrob [35]) A bundle map (F, f) from A to B is a
Lie algebroid morphism if and only if the map

F ∗ : (Γ(∧•B∗),dB)→ (Γ(∧•A∗),dA)

is a chain map.

2.2 Lie Groupoids

The global counterpart to Lie algebroids are Lie groupoids. A concise definition
of a groupoid is a small category in which all morphisms are invertible. We can
expand this definition into:

Definition 2.2.1 A Lie groupoid (denoted by G ⇒ X) over a manifold X
consists of two manifolds: X, called the base of the groupoid, and G (in general
non-Hausdorff), called the total space of the groupoid and the following smooth
structure functions:

1. two surjective submersions s, t : G → X called source and target respec-
tively. Each point g in G should be seen as an arrow joining s(g) to t(g)

•
t(g)

•
s(g)

g

zz
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2. a smooth multiplication m defined on G(2) = {(g, h) ∈ G × G : s(g) = t(h)}
and denoted by m(g, h) = gh satisfying s(gh) = s(h) and t(gh) = t(g)

•
t(g)

•
s(g) = t(h)

g

yy •
s(h)

h

ww

gh

{{

This multiplication is required to be associative, i.e., the product (gh)k is
defined if and only if g(hk) is defined and in this case (gh)k = g(hk).

3. an embedding 1 : X → G called identity section which satisfies 1xg = g
for all g in t−1(x) and g1x = g for all g in s−1(x) (in particular s ◦ 1 =
IdM = t ◦ 1)

•
x

1x

��

and

4. a diffeomorphism i : G → G , g 7−→ g−1 called inversion which satisfies
s ◦ i = t, t ◦ i = s and g−1g = 1s(g), gg

−1 = 1t(g)

•
t(g)

g−1

::
•

s(g)

g

zz

We define the isotropy Lie group at x ∈ X as the set of arrows in G that
start and end at x, i.e.,

Gx = {g ∈ G : s(g) = x = t(g)}.

We also define the orbit of x as the set of points that can be reached from x by
an arrow in G, i.e.,

G · x = {t(g) : g ∈ s−1(x)}.

The orbits of G are immersed, not necessarily connected submanifolds.
We shall call a Lie groupoid s-connected if its s-fibers are connected, and

s-simply connected if its s-fibers are connected and simply connected.
We shall describe several examples of Lie groupoids in Section 2.4.

2.3 Lie Theory

To every Lie groupoid there is an associated Lie algebroid. As a vector bundle,
take A to be the restriction to the identity section (which we identify with X) of
the vector bundle formed by vectors tangent to the s-fibers of G, i.e., denoting
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ker s∗ = T sG then A = T sG |X . The sections of A are then identified with right
invariant s-vertical vector fields on G

Γ(A) ∼= Xsinv(G). (2.3.1)

A simple computation shows that

[Xsinv(G),Xsinv(G)]X(G) ⊂ Xsinv(G). (2.3.2)

Thus, the Lie bracket of vector fields on G induces a Lie bracket on Γ(A). Finally,
defining the anchor # of A as the restriction to A of t∗ one obtains on A the
structure of a Lie algebroid. The isotropy Lie algebra of A at a point x is the Lie
algebra of the isotropy Lie group Gx of G. Moreover, if G is source connected,
then it’s orbit’s coincide with the orbits of A.

Unlike Lie algebras, not every Lie algebroid arises as the Lie algebroid of a
Lie groupoid. When this occurs, we say that A is integrable. Obstructions to
integrability are well known. We briefly summarize these results at the end of
this section, and we refer the reader to [12] for a detailed discussion of the inte-
grability problem for Lie algebroids, and [13] for the particular case of Poisson
manifolds. Other aspects of Lie theory do however apply to Lie groupoids and
Lie algebroids. We now state two of these results that will be used in this thesis.
For proofs, see [26] or [12].

Proposition 2.3.1 (Lie I) Let G be a Lie groupoid with Lie algebroid A. Then
there exists a unique s-simply connected Lie groupoid G̃ whose Lie algebroid is
also A.

Proposition 2.3.2 (Lie II) Let A → X and B → Y be integrable Lie alge-
broids. Denote by G(A) the source simply connected Lie groupoid integrating
A and by H any Lie groupoid integrating B. If Φ : A → B is a morphism of
Lie algebroids covering f : X → Y , then there exists a unique morphism of Lie
groupoids F : G(A)→ H also covering f such that

d1xF (v) = Φ(v) (2.3.3)

for all x ∈ X and v ∈ T s
1xG(A). In this case we say that F integrates Φ.

Lie’s third theorem for Lie algebras, which states that every finite dimen-
sional Lie algebra is integrable, does not hold for Lie algebroids. We now give a
brief description of the obstructions to integrate a Lie algebroid, and state the
criteria for integrability that will be used in this thesis.

We begin by describing a canonical source connected and source simply
connected topological groupoid G(A) associated to any Lie algebroid A, called
the Weinstein groupoid of A.

Definition 2.3.3 • An A-path on a Lie algebroid A is a path a : I → A
such that

d
dt
π(a(t)) = #a(t).

We will denote the space of A-paths by P (A).

• An A-homotopy between A-paths a0 and a1 is a Lie algebroid morphism
T (I × I) → A which covers a (standard) homotopy with fixed end-points
between the base paths π(ai(t)).
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• The Weinstein groupoid of A is the topological groupoid

G(A) = P (A)/ ∼,

where ∼ denotes the equivalence relation of A-homotopy. The multiplica-
tion on G(A) is given by concatination of paths and the source and target
maps are the projections of the end-points of the A-path.

Remark 2.3.4 The set of A-paths can be identified with the Lie algebroid mor-
phisms TI → A. It has the structure of an infinite dimensional Banach mani-
fold.

In order to describe the obstruction for G(A) to be a Lie groupoid, and hence
of A being integrable, denote by gx the isotropy Lie algebra of A at x, and by
Z(gx) its center.

Definition 2.3.5 The monodromy group of A at x is the set

Nx(A) = {v ∈ Z(gx) : v is A-homotopic to the constant zero path} ⊂ Ax.

It is a remarkable fact that there is a monodromy map

∂ : π2(L, x)→ G(gx)

whose image is precisely the monodromy subgroup Nx(A), where L is the leaf of
A through x, G(gx) is the simply connected Lie group integrating the Lie algebra
gx and where we have identified Nx(A) ⊂ Z(gx) with an abelian subgroup of
G(gx). We are now able to state Lie’s third theorem for Lie algebroids [12].

Theorem 2.3.6 (Lie III) Let A→ X be a Lie algebroid. The following state-
ments are equivalent:

1. A is integrable.

2. The Weinstein groupoid G(A) is a Lie groupoid.

3. The monodromy groups are uniformly discrete.

Although we will not use this theorem in its full strength, it will be useful
to have some simple criteria for deciding when a Lie algebroid is integrable. We
now state, in the form of corollaries, the ones that will be used in this thesis.

Corollary 2.3.7 Let A be a Lie algebroid whose leafs are all 2-connected. Then
A is integrable. In particular, any transitive Lie algebroid over a contractible
base is integrable.

Corollary 2.3.8 Let A be a Lie algebroid whose isotropy Lie algebras all have
trivial center. Then A is integrable. In particular, any Lie algebroid with injec-
tive anchor is integrable.

Corollary 2.3.9 let g be a Lie algebra and let g∗ be its dual Lie-Poisson man-
ifold. Then its cotangent Lie algebroid T ∗g∗ is integrable.

Corollary 2.3.10 Let A be a Lie subalgebroid of an integrable Lie algebroid B.
Then A is integrable.

Corollary 2.3.11 Let (X,Π) be an integrable Poisson manifold and let Y ⊂ X
be a cosymplectic submanifold. Then the induced Poisson structure on Y is
integrable.
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2.4 Examples of Lie Groupoids

In this section we will describe several examples of Lie groupoids. In each
example, we will indicate the corresponding Lie algebroid, but we will, however,
omit the proofs.

Example 2.4.1 (Fundamental Groupoid) Let X be a manifold and let Π1(X)
denote the manifold consisting of all homotopy classes (with fixed end points)
of curves in X. Then Π1(X) ⇒ X can be endowed with the structure of a
Lie groupoid as follows: let γ : I → X be a curve in X, and denote by [γ] its
homotopy class. The source and target maps associate to [γ] its end points,
i.e., s([γ]) = γ(0), and t([γ]) = γ(1). If γ1 and γ2 are two curves such that
γ1(1) = γ2(0) then we define their product by concatenation of curves,

[γ2][γ1] = [γ2 ∗ γ1].

The identity element at a point x ∈ X is the class of the constant path x, and
the inverse of [γ] is the class of γ̄ : I → X, where γ̄(t) = γ(1− t).

Note that the orbits of the fundamental groupoid are the connected compo-
nents of X, while the isotropy group at x is the fundamental group of X with
base point x. The Lie algebroid of Π1(X) is the tangent bundle TX. In fact,
Π1(X) is the unique s-simply connected Lie groupoid which has TX as its Lie
algebroid.

Example 2.4.2 (Pair Groupoid) Another groupoid which has the tangent
bundle of X as its Lie algebroid is the pair groupoid X × X ⇒ X, whose
structure is given by:

s(x1, x2) = x2,
t(x1, x2) = x1,

(x1, x2)(x2, x3) = (x1, x3),
1x = (x, x), and

(x1, x2)−1 = (x2, x1).

Example 2.4.3 (Lie Groups) Every Lie group can be seen as a Lie groupoid
over a point, with the obvious structure.

Example 2.4.4 (Monodromy Groupoid of a Foliation) Let F be a regu-
lar foliation on X. The monodromy groupoid of the foliation is the unique
Lie groupoid Π1(F) ⇒ X whose Lie algebroid is TF , and whose s-fibers are
connected and simply connected. It can be described as the space of homotopy
classes of curves contained in the leafs of F , where we only allow homotopies
which are also contained in the leaves. As with the fundamental groupoid, its
multiplication is given by concatenation of paths, its identity elements are given
by the class of constant paths, and inversion is given by reversing the direction
of the curve.

The orbits of the monodromy groupoid of F are precisely the leafs of the
foliation. The isotropy Lie group of a point x is the fundamental group of the
leaf through x, with base point x, i.e., π1(Lx, x).
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Example 2.4.5 (Holonomy Groupoid of a Foliation) If in the previous ex-
ample, instead of taking the homotopy class of curves, we take its holonomy
class, we obtain another Lie groupoid, called the holonomy groupoid of the
foliation Hol(F) ⇒ X whose Lie algebroid is also TF .

This Lie groupoid has the property that any Lie groupoid G whose Lie alge-
broid is TF fits into the exact sequence of groupoid covering maps

Π1(F) −→ G −→ Hol(F),

where by a groupoid covering map we mean a Lie groupoid morphism whose
restriction to each s-fiber is a covering map.

Example 2.4.6 (Gauge Groupoid) Let

P

π

��

G
||

X

be a principal G-bundle. The gauge groupoid of P , G(P ) ⇒ X is defined as

G(P ) =
P × P
G

where the quotient refers to the diagonal action of G on P×P , (p, q)·g = (pg, qg).
Let us denote by [p, q] the class of (p, q). Then the structure of G(P ) is given
by:

s[p, q] = π(q),
t[p.q] = π(p),

[p1, q1] [q1, p2] = [p1, p2] ,
1x = [p, p] for some p ∈ π−1(x), and

[p, q]−1 = [q, p] .

Note that we can identify a point [p, q] ∈ G(P ) with the G-equivariant dif-
feomorphism φp,q : π−1(π(q)) → π−1(π(p)) which maps q to p. It follows that
a section σ of the source map can be identified with an automorphism of the
G-bundle which covers t ◦ σ : X → X. A gauge transformation of P is the
special case where t ◦ σ = IdX .

The gauge groupoid of P is a transitive Lie groupoid hose isotropy Lie group
at any point x is isomorphic to G. Conversely, if G ⇒ X is a transitive Lie
groupoid, then for each x ∈ X,

s−1(x)

t

��

Gx
||

X

is a principal Gx-bundle whose gauge groupoid is isomorphic to G, where Gx
denotes the isotropy Lie group of G at x.
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Example 2.4.7 (Group Actions) Let G be a Lie group acting on a manifold
X. We define the transformation groupoid G = G ×X ⇒ X to be the Lie
groupoid whose structure is given by:

s(g, x) = x,

t(g, x) = gx,

(h, gx)(g, x) = (hg, x)
1x = (e, x), and

(g, x)−1 = (g−1, gx),

where e is the identity element of G.
The orbits of the transformation groupoid coincide with those of the action.

Also, the isotropy groups of G coincide with those of the action. The Lie alge-
broid of the transformation groupoid is the transformation Lie algebroid of the
infinitesimal g-action associated to the G-action.

Example 2.4.8 (Symplectic Groupoids) A symplectic groupoid is a pair
(G, ω), where G ⇒ X is a Lie groupoid, and ω is a symplectic form on G which
is compatible with the groupoid structure, in the sense that,

m∗ω = π∗1ω + π∗2ω, (2.4.1)

where m : G(2) → G denotes the multiplication of G and π1 and π2 denote the
projections of G(2) ⊂ G×G onto the first and second components. A differential
form on G satisfying (2.4.1) is called a multiplicative form. Note that the
existence of a multiplicative symplectic form on G imposes that dimG = 2 dimX.

If (G, ω) is a symplectic groupoid over X, then there exists a unique Poisson
structure on X such that s is a Poisson morphism and t is an anti-Poisson
morphism. Here we are viewing G as a Poisson manifold with its non-degenerate
Poisson structure induced by ω. The Lie algebroid of G is then canonically
isomorphic to T ∗X. In particular, all orbits of G carry a natural symplectic
structure.

Example 2.4.9 (Cotangent Bundle of a Lie Group) A particular exam-
ple of a symplectic groupoid is the cotangent bundle of a Lie group G = T ∗G ⇒
g∗ equipped with its canonical symplectic structure, seen as a groupoid over g∗.
If we identify T ∗G with G×g∗ then the Lie groupoid structure on T ∗G is simply
that of the transformation groupoid associated to the coadjoint action of G on
g∗.
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Chapter 3

G-Structures

In this section we recall the basic facts from the theory of G-structures that we
will use. We refer to [21, 32, 33] for details.

3.1 Definition and First Examples

Denote by
B(M)

π

��

GLn
||

M

the bundle of frames on M . This principal bundle carries a canonical 1-form
with values in Rn, denoted by θ ∈ Ω1(B(M); Rn), and which is defined by

θp(ξ) := p−1(π∗ξ), (ξ ∈ TpB(M)).

This form is called the tautological form (or soldering form) of B(M). It
is a tensorial form, i.e., it is horizontal and GL(n)-equivariant (with respect
to the defining action on Rn). A subspace Hp ⊂ TpBG(M) is horizontal if
the restriction dpπ : Hp → Tπ(p)M is an isomorphism. When we say that θ is
horizontal, we mean that θ(ξ) = 0 if and only if ξ is tangent to the fibers of π.
Note that a subspace Hp is horizontal if and only if the restriction θ : Hp → Rn
is an isomorphism.

Every diffeomorphism ϕ between two manifolds M and N lifts to an isomor-
phism (a GLn-equivariant diffeomorphism) of the associated frame bundles:

B(ϕ) : B(M)→ B(N).

The correspondence which associates to each manifold its frame bundle and to
each diffeomorphism its lift is functorial.

Definition 3.1.1 Let G be a Lie subgroup of GLn. A G-structure on M is a
reduction of the frame bundle B(M) to a principal G-bundle BG(M) .

This means that BG(M) ⊂ B(M) is a sub bundle such that for any p ∈ BG(M)
and a ∈ GL(n) we have pa ∈ BG(M) if and only if a ∈ G. Given a G-structure
BG(M), we will still denote by θ the restriction of the tautological form to
BG(M).
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Remark 3.1.2 If G is a closed subgroup of GLn then B(M)/G is a fiber bundle
over M with fiber GLn /G. Moreover, πG : B(M)→ B(M)/G is a principal G-
bundle. In this case, a G-structure on M is the same as a section σ : M →
B(M)/G, where the G-structure associated to the section σ is

BG(M) = π−1
G (σ(M)) ⊂ B(M).

Under the action of G, the tautological form behaves as

(R∗aθ)(ξ) = a−1 · (θ(ξ)) (3.1.1)

where the action on the right hand side is the natural action of G ⊂ GLn on Rn.
If A ∈ g and Ã ∈ X(BG(M)) denotes the fundamental vector field generated by
A, then the infinitesimal version of equation (3.1.1) is

LÃθ = −A · θ. (3.1.2)

It then follows from Cartan’s magic formula that

ιÃdθ = −A · θ. (3.1.3)

Definition 3.1.3 Two G-structures BG(M) and BG(N) are said to be equiv-
alent if there exists a diffeomorphism ϕ : M → N such that

B(ϕ)(BG(M)) = BG(N).

A symmetry of a G-structure is a self-equivalence map ϕ : M →M .

In the case where G is a closed subgroup of GLn we can give another descrip-
tion of this equivalence relation. If we use the diffeomorphism ϕ to identify M
with N , we can also identify B(M)/G with B(N)/G. Then ϕ is an equivalence
if and only if ϕ∗σN = σM , where σM is the section determining the G-structure
over M and σN is the section determining the G-structure over N .

For a given manifold M and a Lie subgroup G of GLn, there may or may
not exist a G-structure on M . We now present some examples:

Example 3.1.4 If G = {e} is the identity subgroup, then a G-structure on M
is the same as a section of B(M), i.e., a complete parallelization of TM . Thus,
if M is the 2-sphere, there does not exist an {e}-structure over it.

Example 3.1.5 When G = On, a G-structure on M is the same as a Rieman-
nian metric on M . To see this, let 〈 , 〉 denote the euclidean inner product of
Rn. Given an On-structure on M , we can define on M the Riemannian metric
given by

(v, w)TmM =
〈
p−1v, p−1w

〉
where v, w ∈ TmM and p ∈ BOn(M) is a frame over m. Clearly, since any
two frames differ by an element of On, this definition does not depend on the
choice of p. Conversely, given a Riemannian metric on M , the set of frames
p : Rn → TmM for which the canonical base of Rn is mapped to a orthonormal
base of TmM forms an On-reduction of the frame bundle. It follows that any
manifold M admits an On-structure.

23



The table below contains some more examples of G-structures. We leave the
details of its verification, which is very similar to the On case described above,
to the reader.

G Geometric Structure
GL+

n (R) ⊂ GLn(R) Orientation

SLn(R) ⊂ GLn(R) Volume Form

Spn(R) ⊂ GL2n(R) Almost Symplectic Structure

GLn(C) ⊂ GL2n(R) Almost Complex Structure

Remark 3.1.6 We have defined G-structures in the setting of real differential
geometry. We remark that the same definitions could be used to define geome-
tries over other fields. For example, one can define the complex frame bundle,
the Cn-valued tautological form, and so on.

3.2 The Equivalence Problem

One of the basic problems we will be interested is deciding if twoG-structures are
equivalent. The tautological form is the clue to the solution of this equivalence
problem. In fact, if ϕ : M → N is an equivalence between G-structures BG(M)
and BG(N), then it is clear that B(ϕ) : BG(M) → BG(N) is a diffeomorphism
satisfying B(ϕ)∗(θN ) = θM . Moreover, we have:

Proposition 3.2.1 A diffeomorphism ψ : BG(M) → BG(N) is the lift of an
equivalence map if and only if ψ∗θN = θM .

Proof. It is clear that the lift of an equivalence map preserves the tautological
forms.

Conversely, let ψ : BG(M)→ BG(N) be a diffeomorphism satisfying ψ∗θN =
θM . First of all, we prove that ψ is a G-bundle isomorphism. Note that since
ψ preserves the tautological forms, it follows that ψ∗ maps vertical vectors to
vertical vectors. Thus, ψ maps fibers to fibers and covers a diffeomorphism
ϕ : M → N . Now, for a ∈ G, denote by a · θN the Rn-valued form on BG(N)
defined by (a · θN )(ξ) = a · (θN (ξ)). Then

ψ∗(a−1 · θN )(ξ) = (a−1 · θN )(ψ∗ξ)

= a−1 · (θN (ψ∗ξ))

= a−1 · (θM (ξ))

= (a−1 · θM )(ξ),

and thus
(Ra ◦ ψ)∗θN = (ψ ◦Ra)∗θN

It follows that ψ is G-equivariant. In fact, let p, q ∈ BG(M) be points on the
same fiber of πM . Thus, q = pa for a unique a ∈ G. Since ψ maps fibers to fibers,
it follows that ψ(p) belongs to the same fiber as ψ(q), and thus ψ(q) = ψ(p)b
for a unique b ∈ G. Let v ∈ Rn and let ξv ∈ X(BG(M)) be a right invariant
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vector field such that (θM )p(ξv) = v. Then

a−1v = (θM )pa(ξv)
= (θN )ψ(q)(ψ∗ξv)
= (θN )ψ(p)b(ψ∗ξv)
= (Rb)∗((θN )ψ(p)(ψ∗ξv))

= b−1((θN )ψ(p)(ψ∗ξv))

= b−1v.

Since this is true for all v ∈ Rn it follows that a = b, i.e., ψ is G-equivariant.
We conclude by proving that ψ coincides with the lift B(ϕ) of the diffeo-

morphism ϕ : M → N that it covers. Let ψ̃ : BG(M) → BG(M) be the map
ψ̃ = B(ϕ)−1 ◦ ψ. It is clear that

ψ̃∗θM = θM .

Thus, by an argument completely analogous to the one just given, it follows
that, ψ̃ is a G-bundle isomorphism which covers the identity map. It follows
that ψ̃ must be of the form

ψ̃ = Rg(π(p)),

for some smooth map g : M → G. But then, at any point p ∈ BG(M), we have

θM = R∗gθM = g−1 · θM ,

from where we conclude that

g(π(p)) = e for all p ∈ BG(M),

which proves the proposition.
In order to obtain an invariant of equivalence of G-structures, let us choose

some horizontal space Hp at p ∈ BG(M). Given v ∈ Rn there exists a unique
ξv ∈ Hp such that θ(ξv) = v, so one defines:

cHp : ∧2Rn → Rn, (3.2.1)
cHp(v, w) := dθ(ξv, ξw).

This depends on the choice of horizontal space, so it does not define an invariant
yet. If Hp and H ′p are two distinct horizontal spaces at p ∈ BG(M), and ξv ∈ Hp

and ξ′v ∈ H ′p are the unique vectors such that θ(ξv) = v = θ(ξ′v) then ξv − ξ′v is
a vertical vector, and thus determines an element of g, the Lie algebra of G. In
this way, we obtain a map, SHp,H′p : Rn → g. We now calculate:

cHp(v, w)− cH′p(v, w) = dθ(ξv, ξw)− dθ(ξ′v, ξ
′
w)

= dθ(ξv − ξ′v, ξw) + dθ(ξ′v, ξw − ξ′w)
= (ι ˜SHp,H′p

(v)
dθ)(ξw)− (ι ˜SHp,H′p

(w)
dθ)(ξ′v).

Using equation (3.1.3) we obtain

cHp(v, w)− cH′p(v, w) = SHp,H′p(w)v − SHp,H′p(v)w.
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It follows that
cHp − cH′p ∈ A(Hom(Rn, g)),

where A denotes the anti-symmetrization operator:

A : Hom(Rn, g)→ Hom(∧2Rn,Rn),
A(T )(u, v) := T (u)v − T (v)u.

Hence, we can set:

Definition 3.2.2 Given a G-structure BG(M) one defines its first order struc-
ture function:

c : BG(M)→ Hom(∧2Rn,Rn)
A(Hom(Rn, g))

, c(p) := [cHp ].

Since an isomorphism ψ : BG(M) → BG(N) maps horizontal spaces to
horizontal spaces and it is an equivalence if and only if ψ∗θN = θM , we see that

Proposition 3.2.3 Let BG(M) and BG(N) be G-structures. If φ : M → N is
an equivalence then

cN ◦ B(φ) = cM .

3.3 Prolongation

In order to obtain more refined invariants of equivalence of G-structures one
needs to look at higher order terms. This process is known as prolongation
and takes place on the jet bundles JkBG(M).

Let π : E → M be a fiber bundle. We denote by π1 : J1E → M its first jet
bundle, which has fiber over m ∈M :

(J1E)m =
{
j1
ms| s a section of E

}
.

This bundle can also be described geometrically as:

J1E = {Hp : p ∈ E and Hp ⊂ TpE horizontal} .

If s is a local section of E such that s(m) = p then the correspondence above is
given by

j1ms 7→ Hp = dms(TmM).

If one defines the projection π1
0 : J1E → E by π1

0(Hp) = p, then J1E is an affine
bundle over E.

Example 3.3.1 For a G-structure BG(M) the first structure function can also
be described as a function c : J1BG(M)→ Hom(∧2Rn,Rn) by formula (3.2.1).

It is easy to see that in the case of the frame bundle π : B(M) → M its
first jet bundle π1

0 : J1B(M) → B(M) can be identified with a sub bundle of
B(B(M)): to a horizontal space Hp ⊂ TpB(M) we associate a frame in B(M)
(which we view as an isomorphism φ : Rn × gl(n)→ TpB(M)):

Rn × gl(n) 3 (v, ρ)
φ7−→ (π|Hp ◦ p)−1(v) + ρ · p ∈ TpB(M).

26



Note that if Hp and H ′p are two horizontal spaces at p ∈ B(M), the correspond-
ing frames φ, φ′ : Rn × gl(n)→ TpB(M) are related by:

φ′(v, ρ) = φ(v, ρ) + T (v) · p,

for some T ∈ Hom(Rn, gl(n)). Conversely, given a frame φ associated with some
horizontal space Hp and T ∈ Hom(Rn, gl(n)), this formula determines a frame
φ′ which is associated with another horizontal space H ′p. It follows that J1B(M)
is a Hom(Rn, gl(n))-structure, where we view Hom(Rn, gl(n)) ⊂ GL(Rn⊕gl(n))
as the subgroup formed by those transformations:

(v, ρ) 7→ (v, ρ+ T (v)), with T ∈ Hom(Rn, gl(n)).

Assume now that BG(M) is a G-structure so that J1BG(M) ⊂ J1B(M) is a
sub-bundle. An argument entirely similar to one just sketched gives:

Proposition 3.3.2 If BG(M) is a G-structure then J1BG(M) → BG(M) is a
Hom(Rn, g)-structure.

In order to motivate our next definition we look at a simple example.

Example 3.3.3 Let us consider the flat G-structure on Rn:

BG(Rn) := Rn ×G ⊂ B(Rn) = Rn ×GL(n).

Given a vector field ξ in Rn denote by φtξ : Rn → Rn its flow. Observe that ξ
is an infinitesimal automorphism of the G-structure BG(Rn) iff φtξ lifts to an
automorphism B(φtξ) : BG(Rn) → BG(Rn). The lifted flow B(φtξ) is the flow of
a lifted vector field on BG(Rn): in coordinates (m1, . . . ,mn), so that ξ = ξi ∂

∂mi ,
the lifted vector field is given by:(1)

ξ̃ =
∂ξi

∂mj

∂

∂pij
,

where (pij) are the associated coordinates in B(Rn) so that a frame p ∈ B(Rn)
is written as:

p = (pi1
∂

∂mi
, . . . , pin

∂

∂mi
).

It follows that ξ is an infinitesimal automorphism iff:[
∂ξi

∂mj

]
i,j=1,...,n

∈ g ⊂ gl(n).

Let us assume now that the lifted flow fixes (0, I) ∈ Rn × GL(n), i.e., the
lifted vector field ξ̃ vanishes at this point. If we now prolong to the jet bundle
J1BG(Rn), we obtain a flow which is generated by a vector field:

j1ξ̃ =
∂ξi

∂mj1∂mj2

∂

∂pij1,j2
,

1We use the convention of summing over repeated indices.
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where (mi, pij , p
i
j1,j2

) are the induced coordinates on the jet bundle. Note that

the coefficients aij1,j2 = ∂ξi

∂mj1∂mj2
of j1ξ̃ satisfy:[

aij1,j2
]
i,j1=1,...,n

∈ g ⊂ gl(n),

and are symmetric in the indices j1 and j2. Hence, we conclude that:

Lemma 3.3.4 The lifts of the symmetries of the flat G-structure BG(Rn) =
Rn × G, whose lifted flow fixes (0, I) ∈ Rn × G, to the jet space J1BG(Rn)
generate a Lie subgroup G(1) ⊂ Hom(Rn, g) with Lie algebra:

g(1) := {T ∈ Hom(Rn, g) : T (u)v = T (v)u,∀u, v ∈ Rn} .

This motivates the following definition:

Definition 3.3.5 Let g ⊂ gl(V ) be a Lie algebra. The first prolongation of
g is the subspace g(1) ⊂ Hom(V, g) consisting of those T : V → g such that

T (v1)v2 = T (v1)v2, ∀v1, v2 ∈ V.

The k-th prolongation of g is the subspace g(k) ⊂ Hom(V, g(k−1)) defined
inductively by

g(k) = (g(k−1))(1).

A Lie algebra g ⊂ gl(V ) is said to be of finite type k if there exists k ∈ N such
that g(k−1) 6= 0 and g(k) = 0.

Similarly, at the group level, one introduces:

Definition 3.3.6 Let G be a subgroup of GL(V ). The first prolongation of
G is the abelian subgroup G(1) of GL(V ⊕g) consisting of those transformations
of the form:

(v, ρ) 7→ (v, ρ+ T (v)), with T ∈ g(1).

Similarly, the k-th prolongation of G is the subgroup G(k) of GL(V ⊕g⊕g(1)⊕
· · · ⊕ g(k)) defined inductively by

G(k) := (G(k−1))(1).

Now, to each G-structure BG(M) we can always reduce the structure group
of J1BG(M) to G(1), obtaining a G(1)-structure:

Proposition 3.3.7 (Singer and Sternberg [32]) Let BG(M) be a G-structure
over M with first structure function c : J1BG(M) → Hom(∧2Rn,Rn). Each
choice of a complement C to A(Hom(Rn, g)) in Hom(∧2Rn,Rn) determines a
sub bundle:

BG(M)(1) =
{
Hp ∈ J1BG(M) : cHp ∈ C

}
,

which is a reduction of J1BG(M) with structure group G(1). Different choices of
complements determine sub bundles which are related through right translation
by an element in Hom(Rn, g).
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Remark 3.3.8 There is in general no canonical choice of complement C and
choosing a ’good’ complement is part of the work in solving an equivalence prob-
lem. When possible, we look for a complement C which is invariant under
the action of G. When such a complement exists we say that the group G is
reductive (WARNING: do not confuse this with the concept of reductive Lie
algebras).

The G(1)-structure BG(M)(1) → BG(M) is called the first prolongation of
BG(M). Similarly, working inductively, one defines the k-th prolongation of
BG(M):

BG(M)(k) = (BG(M)(k−1))(1),

which is G(k)-structure over BG(M)(k−1).
The relevance of prolongation for the problem of equivalence is justified by

the following basic result:

Theorem 3.3.9 (Singer and Sternberg [32]) Let BG(M) and BG(N) be G-
structures. Then BG(M) and BG(N) are equivalent if and only if their first
prolongations BG(M)(1) and BG(N)(1) (corresponding to the same choice of
complement C) are equivalent G(1)-structures.

One can now obtain new necessary conditions for equivalence by looking at
the structure function of the prolongation BG(M)(1) which is a a function

c(1) : BG(M)(1) → Hom(∧2(Rn ⊕ g),Rn ⊕ g)
A(Hom(Rn ⊕ g, g(1)))

called the second order structure function of BG(M). Then one can con-
tinue this process by constructing the second prolongation and analyzing it’s
structure function and so on.

Thus, the importance of structures of finite type is that we can reduce the
set of necessary conditions for checking that two G-structures are equivalent to a
finite amount. In fact, by the method of prolongation, the equivalence problem
for finite type G-structures reduces to an equivalence problem for {e}-structures
(coframes). Moreover, one can show that G-structures of finite type always have
finite dimensional symmetry groups (see Section 6.2).

3.4 Second Order Structure Functions

We now describe the second order structure functions. Assume that we have
fixed a complement C to A(Hom(Rn, g) in Hom(∧2Rn,Rn). Let z = Hp ∈
B(1)
G = BG(M)(1) and let Hz be a horizontal subspace of TzB(1)

G . Then c
(1)
Hz ∈

Hom(∧2(Rn ⊕ g),Rn ⊕ g) and we decompose it into three components:

Hom(∧2(Rn ⊕ g),Rn ⊕ g) = Hom(∧2R,Rn ⊕ g)⊕Hom(Rn ⊗ g,Rn ⊕ g)⊕
⊕Hom(∧2g,Rn ⊕ g)

Let us describe each of the components of the (representative of the) second
order structure function. We denote by u, v elements of Rn and by A,B elements
of g:
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• The first component of c(1)
Hz includes the structure function of BG(M):

c
(1)
Hz (u, v) = cHp(u, v) +RHz (u, v),

for some RHz ∈ Hom(∧2Rn, g).

• The second component of c(1)
Hz has the form:

c
(1)
Hz (A, u) = −Au+ SHz (A, u)

for some SHz ∈ Hom(Rn ⊗ g, g).

• The last component of c(1)
Hz is given by

c
(1)
Hz (A,B) = −[A,B]g.

An important special case occurs when G(1) = {e}. In this case, a G(1)-
structure amounts to choosing a horizontal space at each p ∈ BG(M), which in
turn is the same as picking a g-valued (not necessarily equivariant) form η on
BG. The pair (θ, η) is a coframe on BG. Now, in this case, the projection from
BG(1) onto BG is a diffeomorphism, so we may view the second order structure
functions as functions on BG. If we do this, we obtain the structure equations
of the pair (θ, η):  dθ = c(θ ∧ θ)− η ∧ θ

dη = R(θ ∧ θ) + S(θ ∧ η)− η ∧ η
(3.4.1)

where η∧ θ is the Rn-valued 2-form obtained from the g-action on Rn and η∧ η
is the g-valued 2-form obtained from the Lie bracket on g.

If, additionally, the horizontal spaces can be chosen right invariant (so that
Ra∗Hp = Hpa for all a ∈ G), we obtain a principal bundle connection on BG
with connection form η. In this case, we find that:

• S vanishes identically;

• R is the curvature of the connection;

so we see that, in this case, equations (3.4.1) reduce to the usual structure
equations for a connection.

In Chapter 5, we will how to use the structure equations (3.4.1) to solve
classification problems for G-structures of type 1, i.e., such that G(1) = {e}.

3.5 Higher Order Structure Functions

In this section, we will deduce the structure equations of a G-structure such
that G ⊂ GLn is a Lie group of type k, i.e., such that G(k) = {e}. We will do
this in an inductive manner. We will see in chapter 5 how to use these structure
equations to solve classification problems for G-structures of type k.
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Let M be a manifold, BG(M) be a G-structure over M and (BG(M))(k) its
k-th prolongation. Then,

(BG(M))(k)

π(k)

��

G(k)
||

(BG(M))(k−1)

is a G(k)-structure over (BG(M))(k−1). Its tautological form θ(k) takes values
in the vector space V ⊕ g⊕ · · · ⊕ g(k−1). It is easy to see that

θ(k) = (π(k))∗θ(k−1) + η(k−1)

where η(k−1) is a g(k−1)-valued differential form and θ(k−1) is the tautological
form on (BG(M))(k−1), which takes values in V ⊕ g⊕ · · · ⊕ g(k−2). In order to
simplify the notation, we will omit the pullback by π(k) and write

θ(k) = (θ(k−1), η(k−1)).

From now on, we will use the notation

gl = g⊕ g(1) ⊕ · · · ⊕ g(l), for each l ≥ 1.

Remember that points in (BG(M))(k) are pairs (p,Hp) where p ∈ (BG(M))(k−1)

and Hp is a horizontal subspace of Tp(BG(M))(k−1) such that the k−1-th order
structure function c

(k−1)
Hp

lies in a fixed subspace

C ⊂ Hom(∧2(V ⊕ gk−2), V ⊕ gk−2),

which is complementary to A(Hom(V ⊕ gk−2, g(k−1)). The k-th order struc-
ture function is a map

c(k) : (BG(M))(k) → Hom(∧2(V ⊕ gk−1), V ⊕ gk−1)
A(Hom(V ⊕ gk−1, g(k))

.

Let z = (p,Hp) ∈ (BG(M))(k) be a frame over p ∈ (BG(M))(k−1) and let Hz ⊂
Tz(BG(M))(k) be a horizontal subspace. We now describe the representative
c
(k)
Hz of c(k)(z). In complete analogy with the discussion in the previous section,

we decompose c(k)
Hz ∈ Hom(∧2(Rn⊕gk−2⊕g(k−1)),Rn⊕gk−2⊕g(k−1)) into three

components:

Hom(∧2(Rn ⊕ gk−2 ⊕ g(k−1)),Rn ⊕ gk−2 ⊕ g(k−1)) =

= Hom(∧2(Rn ⊕ gk−2),Rn ⊕ gk−2 ⊕ g(k−1))⊕
⊕Hom((Rn ⊕ gk−2)⊗ g(k−1),Rn ⊕ gk−2 ⊕ g(k−1))⊕

⊕Hom(∧2g(k−1),Rn ⊕ gk−2 ⊕ g(k−1))

Let us describe each of the components. We denote by u, v elements of Rn⊕gk−2

and by A,B elements of g(k−1):
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• The first component of c(k)
Hz includes the structure function of (BG(M))(k−1):

c
(k)
Hz (u, v) = c

(k−1)
Hp

(u, v) +R
(k−1)
Hz (u, v),

for some R(k−1)
Hz ∈ Hom(∧2(Rn ⊕ gk−2), g(k−1)).

• The second component of c(k)
Hz has the form:

c
(k)
Hz (A, u) = −Au+ S

(k−1)
Hz (A, u)

for some S(k−1)
Hz ∈ Hom(Rn ⊗ gk−2, g(k−1)). The first term on the right

hand side above refers to the action of A ∈ g(k−1) ⊂ gl(Rn ⊕ gk−2) on
u ∈ Rn ⊕ gk−2.

• The last component of c(k)
Hz is given by the bracket of g(k−1)

c
(k)
Hz (A,B) = −[A,B]g(k−1) ,

which vanishes whenever k ≥ 1.

WhenG(k) = {e}, aG(k)-structure amounts to choosing a horizontal space at
each p ∈ (BG(M))(k−1), which in turn is the same as picking a g(k−1)-valued (not
necessarily equivariant) form η(k−1) on (BG(M))(k−1). The pair (θ(k−1), η(k−1))
is a coframe on (BG(M))(k−1). Note that the tautological form on (BG(M))(k)

is
θ(k) = (π(k))∗θ(k−1) + η(k−1).

Now, in this case, the projection from (BG(M))(k) onto (BG(M))(k−1) is a dif-
feomorphism, so we may view the k-th order structure functions as functions on
(BG(M))(k−1). If we do this, we obtain the structure equations of the pair
(θ(k−1), η(k−1)): dθ(k−1) = c(k−1)(θ(k−1) ∧ θ(k−1))− η(k−1) ∧ θ(k−1)

dη(k−1) = R(k−1)(θ(k−1) ∧ θ(k−1)) + S(k−1)(θ(k−1) ∧ η(k−1))
(3.5.1)

Remark 3.5.1 We can continue the process of decomposing the structure func-
tions and the structure equations of (BG(M))(k). In fact, the tautological form
θ(k−1) of (BG(M))(k−1) takes values in Rn ⊕ gk−3 ⊕ g(k−2) and can be written
as

θ(k−1) = (π(k−1))∗θ(k−2) + η(k−2)

where π(k−1) is the projection of (BG(M))(k−1) onto (BG(M))(k−2), θ(k−2) is
the tautological form of (BG(M))(k−2) and η(k−2) is a g(k−2)-valued 1-form.

If we continue this process, we can decompose θ(k) into

θ(k) = (θ, η(0), η(1), . . . , η(k−1))

where η(0) = η, θ is the tautological form on BG(M) and each η(l) is a g(l)-
valued differentiable form. In this way, the structure equations (3.5.1) can also
be decomposed into k + 1 equations involving the components of θ(k).
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Example 3.5.2 Let BG(M) be a G-structure, where G ⊂ GLn is a Lie group
of type 2, i.e., G(2) = {e}. In this case, the structure equations (3.5.1) take the
form  dθ(1) = c(1)(θ(1) ∧ θ(1))− η(1) ∧ θ(1)

dη(1) = R(1)(θ(1) ∧ θ(1)) + S(1)(θ(1) ∧ η(1))
(3.5.2)

Now, in order to further decompose these structure equations in terms of
θ(1) = (θ, η), we must analyze each one of its summands. The first term,
c(1)(θ(1) ∧ θ(1)) was described in details in Section 3.4, where we obtained

c(1)(θ(1) ∧ θ(1)) = (c (θ ∧ θ)− η ∧ θ,R (θ ∧ θ) + S (θ ∧ η)− η ∧ η) .

The second summand of dθ(1) is given by the action of g(1) on Rn ⊕ g. Recall
that g(1) ⊂ Hom(Rn, g) was embedded into gl(Rn ⊕ g) as the subalgebra formed
by the transformations:

(u,A) 7→ (0, T (u)), with T ∈ g(1).

Thus, we may write
η(1) ∧ θ(1) = (0, η(1) ∧ θ).

Finally, in order to decompose the equation for dη(1), we simply write down
the components of R(1) ∈ Hom(∧2(Rn ⊕ g), g(1)) and S(1) ∈ Hom((Rn ⊕ g) ⊗
g(1), g(1)), i.e.,

Hom(∧2(Rn ⊕ g), g(1)) = Hom(∧2Rn, g(1))⊕Hom(Rn ⊗ g, g(1))⊕Hom(∧2g, g(1))

R(1) = R
(1)
1 +R

(1)
2 +R

(1)
3

and

Hom((Rn ⊕ g)⊗ g(1), g(1)) = Hom(Rn ⊗ g(1), g(1))⊕Hom(g⊗ g(1), g(1))

S(1) = S
(1)
1 + S

(1)
2 .

The structure equations (3.5.2) become

dθ = c(θ ∧ θ)− η ∧ θ

dη = R(θ ∧ θ) + S(θ ∧ η)− η ∧ η − η(1) ∧ θ

dη(1) = R
(1)
1 (θ ∧ θ) +R

(1)
2 (θ ∧ η) +R

(1)
3 (η ∧ η)+

+S(1)
1 (θ ∧ η(1)) + S

(1)
2 (η ∧ η(1)).

(3.5.3)
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Chapter 4

The Classification Problem
for Coframes

In this chapter, we begin by introducing the equivalence problem for coframes,
as presented in [33] and [27]. The analysis of necessary conditions to solve it will
lead us to Cartan’s realization problem. In order to solve this problem, it will
be natural to introduce Maurer-Cartan forms on Lie groupoids, and consider
their universal properties. We will then be able to classify all solutions of the
realization problem. We then turn to the global equivalence problem. Finally,
we describe the symmetries of a realization, as stated in the appendix of [5].

4.1 Equivalence of Coframes

A coframe on an n-dimensional manifold M is a set of everywhere linearly
independent 1-forms {θ1, ..., θn} on M . There are well known topological ob-
structions for the existence of global coframes on a given manifold, but we shall
not deal with them here. We will however present some results about the global
equivalence problem.

Let M̄ be another n-dimensional manifold and {θ̄i} a coframe on M̄ . Through-
out this text we will use unbarred letters to denote objects on M and barred
letters to denote objects on M̄ . The (local) equivalence problem then asks:

Problem 4.1.1 (Equivalence Problem) Does there exist a (locally defined)
diffeomorphism

φ : M → M̄

satisfying
φ∗θ̄i = θi?

We now discuss some necessary conditions for equivalence of coframes. As
discussed in the example of the introduction, the structure equations (1.1.1)

dθk =
∑
i<j

Ckij(m)θi ∧ θj

and the structure functions Ckij ∈ C∞(M) play a crucial role in the study of the
equivalence problem. For example, since any coframe θ̄ equivalent to θ must
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satisfy
C̄kij (φ(m)) = Ckij(m),

the structure functions may be used to obtain a set of necessary conditions for
solving the equivalence problem and thus are examples of invariant functions.
By this we mean:

Definition 4.1.2 A function I ∈ C∞(M) is called an invariant function of
a coframe {θi} if for any locally defined self equivalence (symmetry) φ : M →
M one has

I ◦ φ = I.

Now, for any function f ∈ C∞(M) one can define it’s coframe derivatives
∂f
∂θk

as being the coefficients of the differential of f when expressed in terms of
the coframe {θi},

df =
∑
k

∂f

∂θk
θk.

Using the fact that dφ∗ = φ∗d, it follows that if I ∈ C∞(M) is an invariant
function, then so is ∂I

∂θk
for all 1 ≤ k ≤ n. It is then natural to consider the

following sets

F0 =
{
Ckij
}

F1 =

{
Ckij ,

∂Ckij
∂θl

}
...

Ft =

{
Ckij ,

∂Ckij
∂θl

, . . . ,
∂sCkij

∂θl1 · · · ∂θlt

}
...

which give us necessary conditions to solve an equivalence problem. Schemati-
cally, we may write

φ∗F̄t = Ft
for all t ≥ 0.

To be able to find effective criteria for equivalence, we must reduce this infi-
nite set of necessary conditions to a finite number. To accomplish this, we first
note that the elements in Ft in general are not functionally independent, mean-
ing that we can find elements f1, ..., fl in Ft such that there exists a function
H : Rl−1 → R satisfying

fl = H (f1, ..., fl−1) .

Locally, in a neighborhood of a point m ∈ M , f1, ..., fl are functionally inde-
pendent if and only if their differentials are linearly independent at m.

Next, we observe that if {θi} and {θ̄i} are equivalent coframes, and fl =
H(f1, ..., fl−1) then the corresponding elements f̄1, ..., f̄l in F̄s with the same
indexes must satisfy the same functional relation

f̄l = H
(
f̄1, ..., f̄l−1

)
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for the same function H. This shows that we do not need to deal with all the
invariant functions in Ft, but only with those that are functionally independent.

To be able to make this more precise and work with some generality, we will
impose a regularity hypothesis. For this, let C ⊂ C∞(M) be any set of functions
on M , and define:

Definition 4.1.3 The rank of C at m ∈M , denoted by rm(C) is the dimension
of the vector space spanned by {dfm : f ∈ C}. C is called regular at m if
rm′(C) = rm(C) for all m′ near enough to m in M .

By the implicit function theorem, if C is regular of rank k at m then we can
find a coordinate system (m1, ...,mn) around m such that

m1 = f1, ...,mk = fk

and every f ∈ C can be written as

f = f(m1, ...,mk)

in a neighborhood of m

Definition 4.1.4 A coframe θ is called fully regular at m ∈M if the sets Ft
are regular at m for all t ≥ 0.

We observe that the set of points m ∈M on which a coframe is fully regular
forms an open dense set. Now, define the integers

kt(m) = rm(Ft).

Since Ft ⊂ Ft+1 for all t it follows that

0 ≤ k0(m) ≤ k1(m) ≤ · · · ≤ kt(m) ≤ · · · ≤ n.

Finally, it is not hard to show ([27] or [33]) that if {θi} is fully regular at m,
then there exists an integer s such that

ks−1(m) < ks(m)

and
ks(m) = ks+1(m) = ks+2(m) = · · · .

We call s the order of θ at m and ks(m) the rank of θ at m.
For fully regular coframes, we can now reduce our necessary conditions for

local equivalence to a finite number. Suppose θ is a fully regular coframe at
m of order s and rank d at m. Then we can find a set {h1, ..., hd} of invariant
functions in Fs that ’generate’ Ft in a neighborhood of m, for all t ≥ 0. It is clear
that if another fully regular coframe θ̄ is locally equivalent to θ at m through
φ : M → M̄ then necessarily it’s order is s and it’s rank is d at m̄ = φ(m).
Furthermore, the set {h̄1, ..., h̄d} of invariant functions in F̄s with corresponding
index also ’generate’ F̄t in a neighborhood of m̄, for all t ≥ 0. Finally, if

hi(m) = h̄i(φ(m))

then
φ∗F̄t = Ft (4.1.1)

36



for all t ≥ 0.
We can now summarize all essential data obtained from a fully regular

coframe of order s and rank d, in a neighborhood of a point, in the follow-
ing convenient manner. First of all we have a set of invariant functions which
determine a map

h : M → Rd

h(m) = (h1(m), ..., hd(m))

Next, since {hi} are independent and generate Ft for all t ≥ 0 (in particular
F0), if we see h1, ..., hd as coordinates on an open set X ⊂ Rd, then the structure
functions may be seen as Ckij ∈ C∞(X). Finally, differentiating ha we obtain

dha =
∑
i

F ai θ
i. (4.1.2)

Again, for the same reason, F ai can be seen as elements of C∞(X). These
functions are all related through

dθk =
∑
i<j

Ckij(h)θi ∧ θj (4.1.3)

dha =
∑
i

F ai (h)θi. (4.1.4)

We have thus obtained the initial data of Cartan’s realization problem 4.2.1
which we shall study in detail below.

4.2 Cartan’s Realization Problem
and Global Equivalence

In Cartan’s realization problem, one is given a set of functions and wants to
determine what are all coframes which have these functions as their structure
functions. More precisely,

Problem 4.2.1 (Cartan’s Realization Problem) One is given:

• an integer n ∈ N,

• an open set X ⊂ Rd,

• a set of functions Ckij ∈ C∞(X) with indexes 1 ≤ i, j, k ≤ n,

• and a set of functions F ai ∈ C∞(X) with 1 ≤ a ≤ d

and asks for the existence of

• an n-dimensional manifold M

• a coframe {θi} on M

• a function h : M → X
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satisfying

dθk =
∑
i<j

Ckij(h(m))θi ∧ θj (4.2.1)

dha =
∑
i

F ai (h(m))θi. (4.2.2)

This problem was proposed and solved by Cartan in [9]. The exposition of
the problem that we presented here is inspired on the appendix of [5].

We will also be interested in answering the following questions:

Local Classification Problem What are all germs of coframes which solve
the realization problem?

Local Equivalence Problem When are two of these germs of coframes equiv-
alent?

Globalization Problem When can two of these germs be realized by the same
global coframe?

There is also a global classification problem that we can deal with once we
know how to solve Cartan’s realization problem. In order to state it, we first
make some definitions.

Definition 4.2.2 Let (M1, θ1, h1) and (M2, θ2, h2) be two realizations of
(n,X,Ckij , F

a
i ).

• A morphism of realizations is a local diffeomorphism φ : M1 → M2

such that φ∗θ2 = θ1 (and in particular, h2 ◦ φ = h1).

• A covering of realizations is a surjective morphism of realizations φ :
(M1, θ1, h1)→ (M2, θ2, h2). In this case, we say that M1 is a realization
cover of M2.

If (M, θ, h) is a realization, and π : M̃ → M is a covering map, then
(M̃, π∗θ, h ◦ π) is also a realization, called the induced realization, and the
covering map is a morphism of realizations.

The difficulties in stating and solving the global equivalence problem are due
to the fact that the invariants we can construct do not distinguish between a
realization and the induced realization on its universal cover. Thus, in order to
deal with global aspects, we make the following definition:

Definition 4.2.3 Let (M1, θ1, h) and (M2, θ2, h2) be realization of a Cartan’s
problem. We will say that M1 and M2 are globally equivalent, up to cover-
ing, if they have a common realization cover M , i.e., if there exists a realization
(M, θ, h) and surjective realization morphisms

M
φ1

}}{{
{{

{{
{{ φ2

!!D
DD

DD
DD

D

M1 M2.

We then have:
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Problem 4.2.4 (Global Classification Problem) Given a realization prob-
lem, what are all of its solutions up to global equivalence, up to covering?

The remainder of this chapter is devoted to answering the questions proposed
in this section, and analyzing its consequences.

4.3 Necessary Conditions for Existence
of Solutions

Obvious necessary conditions for solving the realization problem are obtained
by using d2 = 0. In fact we have the following proposition.

Proposition 4.3.1 For a Cartan’s realization problem to have a solution it is
necessary that −Ckij , F ai ∈ C∞(Rd) be the structure functions of a Lie algebroid
A over X.

Proof. If one differentiates equations (4.2.1) and (4.2.2), and sets them equal
to zero, one obtains

d∑
b=1

(
F bi

∂F aj
∂xb

− F bj
∂F ai
∂xb

)
= −

r∑
l=1

ClijF
a
l (4.3.1)

for all 1 ≤ i, j ≤ r, 1 ≤ a ≤ d and

−
d∑
b=1

(
F bj

∂Cikl
∂xb

+ F bk
∂Cilj
∂xb

+ F bl
∂Cijk
∂xb

)
=

r∑
m=1

(
CimjC

m
kl + CimkC

m
lj + CimlC

m
jk

)
(4.3.2)

for all 1 ≤ i, j, k, l ≤ r. Note that these are exactly the differential equations
(2.1.3) and (2.1.4) that define a Lie algebroid in local coordinates, with a minus
sign on the right hand side, thus proving the proposition.

Definition 4.3.2 The Lie algebroid constructed out of the initial data of a Car-
tan’s realization problem will be called the classifying algebroid of the problem.

It turns out that the reciprocal is also true, but before we plunge into its
proof, let us present the simplest example, which serves as inspiration for the
more general results.

Example 4.3.3 Suppose X = {pt}, i.e., d = 0. Then Ckij are all constant and
F ai ≡ 0. The necessary condition for finding a realization is that −Ckij form
the structure constants of a Lie algebra g. An obvious realization is to take
any Lie group G integrating g and consider a basis of right invariant Maurer-
Cartan forms ωMC. Moreover, the universal property of Maurer-Cartan forms
implies that any other realization is obtained locally by taking pullback of ωMC.
This means that locally, this realization problem has only one solution up to
equivalence.
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4.4 Maurer-Cartan Forms

To be able to extend the preceding example to the general case, we will generalize
the usual Maurer-Cartan equation for Lie algebra valued differential forms to
Lie algebroid valued differential forms. We begin by defining Maurer-Cartan
forms on Lie groupoids.

Let F be a foliation on M . Recall that an F-foliated k-form on M is a
section of ∧k(TF)∗, i.e., it is a k-form on M which is only defined on k-tuples
of vector fields which are all tangent to the foliation.

Definition 4.4.1 An F-foliated differential 1-form on M with values in a Lie
algebroid A→ X is a bundle map

TF

��

θ // A

��
M

h
// X

(4.4.1)

which is compatible with the anchors, i.e., such that # ◦ θ(ξ) = h∗ξ for all
ξ ∈ X(F) = Γ(TF).

On every Lie groupoid we may define a canonical s-foliated differential 1-
form with values in its Lie algebroid (covering the target map)

Definition 4.4.2 The Maurer-Cartan form of a Lie groupoid G is the
Lie algebroid valued s-foliated 1-form

T sG
ωMC //

��

A

��
G

t
// X

defined by
ωMC(ξ) = (dRg−1)g(ξ) ∈ At(g) (4.4.2)

for ξ ∈ T s
gG.

Let G be a Lie groupoid. Since right translation by an element g ∈ G is a
map

Rg : s−1(t(g))→ s−1(s(g)) (4.4.3)

it does not make sense to say that a form on G is right invariant. We must
restrict ourselves to s-foliated differential forms.

We will say that an s-foliated differential form ω on G is right invariant if

ω(ξ) = ω((Rg)∗(ξ)) (4.4.4)

for every ξ tangent to an s-fiber and g ∈ G. Equivalently we will write

(Rg)∗ω = ω. (4.4.5)

Clearly, the Maurer-Cartan form of a Lie groupoid is right invariant.
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We now proceed to define the generalized Maurer-Cartan equation for Lie
algebroid valued F-foliated differential forms. Since there is no canonical way of
differentiating forms with values in a vector bundle, we introduce an arbitrary
connection ∇ on the vector bundle A→ X. Let θ ∈ Ω1

fol(M ;A) be an A-valued
foliated form. For ξ1, ξ2 ∈ X(F ) define d∇θ(ξ1, ξ2) to be the section of Γ(h∗A)
given by

d∇θ(ξ1, ξ2) = ∇ξ1θ(ξ2)−∇ξ2θ(ξ1)− θ([ξ1, ξ2]) (4.4.6)

where we have written ∇ for the pullback connection on h∗A. At this step the
reader should be warned that d2

∇ 6= 0 so that d∇ is not an exterior differential
operator.

Next, given another A-valued foliated 1-form φ : TM → A over the same
base map h, we want to make sense to [θ, φ]. Before we do so, in order to
motivate our definition, let us present an example.

Example 4.4.3 Recall that if ∇ is a connection on a Lie algebroid A→ X, we
can define the torsion of ∇ by

T∇(α, β) = ∇#αβ −∇#βα− [α, β].

Now let g be a Lie algebra seen as a Lie algebroid over a point. Let ∇ be the
trivial zero connection on g. Then for any α, β ∈ g we have

[α, β]g = −T∇(α, β).

It is then natural to define

[θ, φ]∇(ξ1, ξ2) = −(T∇(θ(ξ1), φ(ξ2)) + T∇(φ(ξ1), θ(ξ2))) (4.4.7)

where T∇ is the torsion of the pullback connection ∇, as described in (2.1.7).

Definition 4.4.4 The generalized Maurer-Cartan equation for foliated
Lie algebroid valued differential 1-forms (θ, h) is

d∇θ +
1
2

[θ, θ]∇ = 0. (4.4.8)

Since this equation is just Rθ ≡ 0 (equation (2.1.9)) we obtain:

Proposition 4.4.5 The generalized Maurer-Cartan equation is independent of
the choice of connection. Moreover, an A-valued F-foliated 1-form (θ, h) satis-
fies the generalized Maurer-Cartan equation if and only if it is a Lie algebroid
morphism TF → A.

As should be expected by the reader, we have the following proposition:

Proposition 4.4.6 The Maurer-Cartan form ωMC of G satisfies the generalized
Maurer-Cartan equation.

Proof. This proposition is a consequence of the following calculation:

d∇ωMC(ξ1, ξ2) = ∇t∗ξ1ωMC(ξ2)−∇t∗ξ2ωMC(ξ1)− ωMC([ξ1, ξ2])
= ∇#αβ −∇#βα− [α, β]
= T∇(α, β)
= T∇(ωMC(ξ1), ωMC(ξ2)) (4.4.9)

where ξ1 and ξ2 are right invariant vector fields on G and α, β ∈ Γ(A) are their
generators.
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4.5 The Local Universal Property

What we will now show is that any 1-form on a differentiable manifold, with
values in an integrable Lie algebroid A, satisfying the generalized Maurer-Cartan
equation is locally the pullback of the Maurer-Cartan form on a Lie groupoid
integrating A. We will need the following lemma.

Lemma 4.5.1 Let F be a foliation on a manifold M and let Ω be an F-foliated
1-form (over h) on M with values in a Lie algebroid A → X equipped with
an arbitrary connection ∇. Assume that the distribution D = {ker Ωx : x ∈
M} ⊂ TF ⊂ TM has constant rank. Then D is integrable if and only if
d∇Ω(ξ1, ξ2) = 0 whenever ξ1, ξ2 ∈ D.

Proof. Choose a local basis ξ1, ..., ξr ∈ X(F) of D in an open set of M . Then
by Frobenius Theorem, D is integrable if and only if [ξi, ξj ] ∈ span{ξ1, ..., ξr} for
all 1 ≤ i, j ≤ r, which happens if and only if Ω([ξi, ξj ]) = 0 for all 1 ≤ i, j ≤ r.
Since Ω(ξi) = 0 for all 1 ≤ i ≤ r we have

d∇Ω(ξi, ξj) = ∇̄ξiΩ(ξj)− ∇̄ξjΩ(ξi)− Ω([ξi, ξj ]) = −Ω([ξi, ξj ]) (4.5.1)

from which the result follows.

Proposition 4.5.2 Let θ be a 1-form (over h) on a manifold M , with values in
a Lie algebroid A, that satisfies the generalized Maurer-Cartan equation. Let G
be a Lie groupoid integrating A and denote by ωMC its right invariant Maurer-
Cartan form. Then for each m ∈ M and g ∈ G such that h(m) = t(g), there
exists a unique locally defined (in a neighborhood of m) diffeomorphism φ : M →
s−1(s(g)) satisfying

φ(m) = g (4.5.2)

and
φ∗ωMC = θ. (4.5.3)

Remark 4.5.3 We can summarize the proposition by saying, that at least lo-
cally, there is a unique map φ : M → G which makes the diagram of Lie algebroid
morphisms

TM
φ∗ //_______

��

θ !!D
DD

DD
DD

D T sG

��

ωMC
}}zz

zz
zz

zz

A

��

M
φ //________

h !!D
DD

DD
DD

D G

t}}zz
zz

zz
zz

X

commute.

Proof. To prove this proposition we will construct the graph of φ by integrating
a convenient distribution. Uniqueness will then follow from the uniqueness of
integral submanifolds. Let M ×h,t G = {(m, g) ∈ M × G : h(m) = t(g)}
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denote the fibered product over X (which is a manifold because t is a surjective
submersion) equipped with the foliation F given by the fibers of s ◦ πG . On
M ×h,t G consider the A-valued F-foliated 1-form

Ω = π∗Mθ − π∗GωMC. (4.5.4)

Let D = ker Ω denote the associated distribution on M ×h,s G.
In order to apply the previous lemma, we must first show that D has constant

rank. We will do this by showing that

(dπM )(m,g)|D(m,g) : D(m,g) → TmM (4.5.5)

is an isomorphism for each (m, g) ∈ M ×h,t G. Note that this already implies
that if D is integrable then its leaf through (m, g) is locally the graph of a locally
defined diffeomorphism from M to the s-fiber containing g of G.

Suppose that (dπM )(m,g)(v, w) = 0 for some (v, w) ∈ D(m,g). Since D is
contained in TF , it follows that w is s-vertical and ωMC(w) is simply the right
translation of w to 1t(g) and thus,

(dπM )(m,g)(v, w) = 0 =⇒ v = 0
=⇒ ωMC(w) = 0 (= θ(v))
=⇒ w = 0
=⇒ (v, w) = 0

so that (dπM )(m,g) is injective. Now, if v ∈ TmM then (v, (Rg)∗θ(v)) is an
element of D(m,g) so (dπM )(m,g) is also surjective.

Having accomplished this, we may use the preceding lemma to complete the
proof. We compute omitting the pullbacks for simplicity,

d∇Ω = d∇θ − d∇ωMC

= −1
2

[θ, θ] +
1
2

[ωMC, ωMC].

Replacing θ = Ω + ωMC we obtain

d∇Ω = −1
2

[Ω + ωMC,Ω + ωMC] +
1
2

[ωMC, ωMC]

= −1
2

[Ω,Ω]− 1
2

[Ω, ωMC]− 1
2

[ωMC,Ω].

So d∇Ω(ξ1, ξ2) = 0 whenever Ω(ξ1) = 0 = Ω(ξ2) and D is integrable which
concludes the proof.

Remark 4.5.4 With a slight modification, the proposition above is still valid
even when A is not integrable. In fact, since an A-valued Maurer-Cartan form
on M

(θ, h) ∈ Ω1(M,A)

is the same as a Lie algebroid morphism

TM

��

θ // A

��
M

h
// X
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it follows that h(M) lies in a single orbit of A in X. By restricting h to a small
enough neighborhood, we may assume that it’s image is a contractible open set
U ⊂ L in an orbit L of A in X. Then, the restriction of A to U is integrable
[12] and we may proceed as in the proof of the proposition.

As a consequence of the proposition we obtain the following useful corollary:

Corollary 4.5.5 Let G be a Lie groupoid with Maurer-Cartan form ωMC. If
φ : s−1(x) → s−1(y) is a symmetry of ωMC (i.e., φ∗ωMC = ωMC) then x and
y belong to the same orbit of G and φ is locally of the form φ = Rg for some
g ∈ G.

Proof. All we must show is that x and y belong to the same orbit of G, and the
corollary then follows from the uniqueness part of Proposition 4.5.2. For this,
note that (ωMC)1x takes values in Ax. On the other hand, (φ∗ωMC)1x takes
value in At(φ(1x)). Since φ∗ωMC = ωMC it follows that x = t(φ(1x)) and thus
φ(1x) is an arrow joining y to x.

4.6 The Global Universal Property

There is a more conceptual proof of Proposition 4.5.2 that will lead us to a
global version of the universal property of Maurer-Cartan forms. Since the
proposition above is a local result we may assume for a moment that M is
simply connected. The source simply connected Lie groupoid integrating TM
is then the pair groupoid M ×M ⇒ M .

By Lie II (Proposition 2.3.2), there exists a unique morphism of Lie groupoids

M ×M

����

H // G

����
M

h
// X

(4.6.1)

integrating θ. However, after fixing a point m0 in M we may write

H(m,m′) = φ(m)φ(m′)−1 (4.6.2)

where φ : M → s−1(h(m0)) ⊂ G is defined by

φ(m) = H(m,m0). (4.6.3)

But then, φ satisfies

φ(m0) = 1h(m0) (4.6.4)
φ∗ωMC = θ. (4.6.5)

In general, when M is not simply connected, the Lie algebroid morphism θ
integrates to a Lie groupoid morphism

Π1(M)

����

F // G

����
M

h
// X

(4.6.6)
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where Π1(M) denotes the fundamental groupoid of M . The problem of de-
termining when θ is globally the pullback of the Maurer-Cartan form on a Lie
groupoid G integrating A is reduced to determining when the morphism F above
factors through the groupoid covering projection

p : Π1(M) → M ×M (4.6.7)
p([γ]) = (γ(1), γ(0)),

as will be shown bellow.

Theorem 4.6.1 Let A be an integrable Lie algebroid with source simply con-
nected Lie groupoid G(A) and (θ, h) ∈ Ω1(M,A) be an A-valued differential
1-form on M . Then, there exists a globally defined local diffeomorphism

φ : M → s−1(h(m0))

satisfying {
φ(m0) = 1h(m0)

φ∗ωMC = θ
(4.6.8)

if and only if

1. (local obstruction) θ satisfies the generalized Maurer-Cartan equation and

2. (global obstruction) the Lie groupoid morphism F integrating θ is trivial
when restricted to the fundamental group at m0, that is, the isotropy group
at m0.

Proof. We begin by proving that both conditions are necessary. It is clear that
if θ = φ∗ωMC then θ satisfies the generalized Maurer-Cartan equation. So all
we have to prove is that F is trivial on the isotropy group π1(M,m0). Suppose
that φ exists. Then the map

H : M ×M → G (4.6.9)

given by
H(m,m′) = φ(m)φ(m′)−1.

defines a Lie groupoid morphism over the map t ◦ φ.
It then follows from φ∗ωMC = θ that t ◦ φ = h and that H integrates θ. To

see this, notice that if f and g are maps from M to G such that ϕ(m,m′) =
f(m) · g(m′) is well defined then

(dϕ)(m,m′)(v, w) = (dLf(m))g(m′)(dg)m′(w) + (dRg(m′))f(m)(df)m(v) (4.6.10)

for v, w ∈ T(m,m′)(M ×M). Thus, in our case we obtain

(dH)(m,m)(0, v) = (dRφ(m)−1)φ(m)(dφ)m(v)
= ωMC(φ∗v)
= φ∗ωMC(v)
= θ(v). (4.6.11)

where v ∈ TmM .
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Finally, since H integrates θ we obtain the commutative diagram

Π1(M)

p

��

F // G

M ×M
H

;;xxxxxxxxx

(4.6.12)

where p denotes the covering projection p([γ]) = (γ(1), γ(0)). Thus, F only
depends on the endpoints of γ and not on it’s homotopy class, proving the
claim.

Reciprocally, suppose both conditions are satisfied. Then by Proposition
4.5.2 and condition (1), it follows that θ is locally the pullback of ωMC by a map
φloc. However, since F only depends on the end points of paths γ and not on
their homotopy class, F factors through

Π1(M)

p

��

F // G

M ×M
H

;; (4.6.13)

Thus, by defining
φ(m) = H(m,m0) (4.6.14)

we obtain a global map which, by the uniqueness result in Proposition 4.5.2,
restricts to the locally defined maps φloc. It follows that φ∗ωMC = θ and
φ(m0) = 1h(m0) proving the theorem.

Remark 4.6.2 By the results quoted in Section 2.3, we observe that we can
express the global obstruction condition of the preceding theorem at the infinites-
imal level, i.e., without any mention to the Lie groupoid G integrating A. In
fact, given any curve γ : I →M , the path θ ◦ γ̇ : I → A satisfies

#(θ ◦ γ(t)) =
d
dt

(h ◦ γ)(t) for all t ∈ I

and thus, is an A-path (see Definition 2.3.3). We can then rewrite the condition
as (see Section 2.3):

• (Global Obstruction) For every loop γ in M , homotopic to the constant
curve at m, the A-path θ ◦ γ̇ is A-homotopic to the constant zero A-path
at h(m).

Note also that this last condition can be expressed in terms of a differential
equation. It can be stated as [12]:

• (Global Obstruction) For every homotopically trivial loop γ in (M,m),
there exists a variation aε(t) = a(ε, t) of A-paths joining a0 = θ ◦ γ̇ to
the constant zero path a1 = 0h(m) such that the solution b(ε, t) of the
differential equation

∂tb− ∂εa = T∇(a, b), b(ε, 0) = 0

satisfies b(ε, 1) = 0 for all ε ∈ I, where ∇ is an arbitrary connection on
A.
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4.7 Solving the Local Classification Problem

We now return to Cartan’s realization problem. We have seen that the neces-
sary conditions for solving Cartan’s problem, obtained by d2 = 0, imply that
−Ckij and F ai form the structure functions of a Lie algebroid A → X writ-
ten in some coordinates x1, . . . , xd and sections α1, . . . , αn. Let us suppose for
a moment that A is integrable and that G is a Lie groupoid integrating A.
Denote by ωMC the Maurer-Cartan form of G and by (ω1

MC, . . . , ω
n
MC) its com-

ponents with respect to the basis α1, . . . , αn. Then, it is clear that for each
x0 ∈ X, (s−1(x0), ωiMC, t) is a realization of Cartan’s problem with initial data
(n,X,Ckij , F

a
i ). A similar argument still holds when A is not integrable. In this

case, for each x0 ∈ X we can find a neighborhood U ⊂ L of x0 in the leaf L
containing it such that the restriction of A to U is integrable to a Lie groupoid
G ⇒ U . The Maurer-Cartan form of G takes values in A|U ↪→ A so we can see
it as an A-valued Maurer-Cartan form. It is again clear that (s−1(x0), ωiMC, t)
is a realization of (n,X,Ckij , F

a
i ).

Notice also that if (M, θi, h) is another realization of (n,X,Ckij , F
a
i ) then the

A-valued 1-form θ ∈ Ω1(M,A) defined by

θ =
∑
i

θi(αi ◦ h) (4.7.1)

satisfies the generalized Maurer-Cartan equation. This is a consequence of the
following computation

d∇θ(
∂

∂θi
,
∂

∂θj
) = ∇̄( ∂

∂θi
)θ(

∂

∂θj
)− ∇̄( ∂

∂θj
)θ(

∂

∂θi
)− θ([ ∂

∂θi
,
∂

∂θj
])

= ∇#αiαj −∇#αjαi − [αi, αj ]
= T∇(αi, αj)

= T∇̄(θ(
∂

∂θi
), θ(

∂

∂θj
)) (4.7.2)

where ∇̄ denotes the pullback connection on h∗A. Thus, if m0 ∈ M is such
that h(m0) = x0 then, by the universal property of Maurer-Cartan forms, we
can find a neighborhood V of m0 in M and a unique diffeomorphism φ : V →
φ(V ) ⊂ s−1(x0) such that φ(m0) = 1m0 and φ∗ωMC = θ. This means that
any realization of Cartan’s problem is locally equivalent to a neighborhood of
the identity of an s-fiber of G equipped with the Maurer-Cartan form. We
have proved the following existence and uniqueness result which solves the local
equivalence and classification problems.

Theorem 4.7.1 Let (n,X,Ckij , F
a
i ) be the initial data of a Cartan’s realization

problem. Then for each x0 ∈ X there exists a realization (M, θi, h) and m0 ∈M
satisfying h(m0) = m0 if and only if

d∑
b=1

(
F bi

∂F aj
∂xb

− F bj
∂F ai
∂xb

)
= −

r∑
l=1

ClijF
a
l (4.7.3)
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for all 1 ≤ i, j ≤ r, 1 ≤ a ≤ d and

d∑
b=1

(
F bj

∂Cikl
∂xb

+ F bk
∂Cilj
∂xb

+ F bl
∂Cijk
∂xb

)
=

−
r∑

m=1

(
CimjC

m
kl + CimkC

m
lj + CimlC

m
jk

)
(4.7.4)

for all 1 ≤ i, j, k, l ≤ r.
Moreover, any realization is locally equivalent to a neighborhood of the iden-

tity of an s-fiber of a groupoid G equipped with the Maurer-Cartan form. Two
realizations are locally equivalent if and only if they correspond to the same
point x0 ∈ X, in which case they differ by right translation by an element in the
isotropy group Gx0 .

4.8 Symmetries of Realizations

In this section we prove a few results about symmetries of a realization. Many of
these results can be traced back to Cartan [9]. The present formulation, however
is based on [5]. The purpose of this section is to show how the classifying Lie
algebroid can be used to give very simple proofs of these facts.

Definition 4.8.1 Let (M, θ, h) be a realization of a Cartan’s problem. A sym-
metry of (M, θ, h) is a diffeomorphism φ : M → M such that φ∗θ = θ. An
infinitesimal symmetry is a vector field ξ ∈ X(M) such that Lξθ = 0.

We note that it follows from the Local Classification Theorem 4.7.1 that
φ : M →M is a symmetry if and only if

h ◦ φ = h,

and that ξ ∈ X(M) is an infinitesimal symmetry if and only if h∗(ξ) = 0.

Proposition 4.8.2 (Theorem A.2 of [5]) Let (M, θ, h) be a connected and
simply connected realization of a Cartan’s problem with classifying Lie algebroid
A→ X, such that h(M) is contained in a leaf L of A. Then the set s ⊂ X(M) of
infinitesimal symmetries of the realization is a Lie algebra of dimension dim g =
dimM − dimL.

Proof. In order to prove the proposition, we will show that s is isomorphic to
the isotropy Lie algebra gx of A at some (and hence any) point x ∈ L.

To begin with, notice that the coframe θ on M determines a pair of connec-
tions, which we denote by ∇ and ∇̄ on TM . The first one is the canonical flat
connection associated to the trivialization of TM = M ×Rn induced by θ. The
second connection is defined by

∇̄ξ1ξ2 = ∇ξ2ξ1 + [ξ1, ξ2].

After long, but straightforward calculations, one can show that

1. the connection ∇̄ is also flat;
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2. a vector field ξ preserves θi, for all 1 ≤ i ≤ n, if and only if ξ is ∇̄-parallel,
i.e., ∇̄ξ′ξ = 0 for all ξ′ ∈ X(M).

It follows from the fact that a parallel vector field depends only on its value at
one point that s is finite dimensional.

Now, since a vector field ξ ∈ X(M) is an infinitesimal symmetry of the
realization if and only if it preserves h, i.e., h∗(ξ) = 0, we obtain a map

ψ : s→ gx, ψ(ξ) = θ(ξ(p)),

where p ∈M is any point such that h(p) = x.
Now, note that s is closed by the bracket of vector fields. In fact, if ξ1, ξ2 ∈ s,

then

h∗[ξ1, ξ2] = # ◦ θ([ξ1, ξ2]) = [# ◦ θ(ξ1),# ◦ θ(ξ2)] = [h∗(ξ1), h∗(ξ2)] = 0

shows that s is a Lie algebra.
Moreover, since θ is a Lie algebroid morphism, it follows that ψ is a Lie

algebra homomorphism. We shall show that it is an isomorphism. To see that
it is injective, we observe that θ is a fiber wise isomorphism and that if a parallel
vector field that vanishes at a point, then it vanishes identically. Thus, kerψ = 0.

Finally, let α be any element in gx. Denote by α̃ ∈ X(M) the vector field
on M obtained by ∇̄-parallel translation along any curve of the vector θ−1(α).
This is well defined because ∇̄ is flat, and M is assumed to be simply connected.
But then it is clear that ψ(α̃) = α, thus proving the proposition.

Remark 4.8.3 If M is not simply connected, then the isotropy Lie algebra gx
can be identified with the Lie algebra of germs of vector fields on M at a point
p such that h(p) = x, which preserve the germ of θ at p.

We can also state the following semi-global symmetry property of a realiza-
tion:

Proposition 4.8.4 (Theorem A.3 of [5]) Let (n,X,Ckij , F
a
i ) be the initial data

of a realization problem for which −Ckij , F ai are the structure functions of a Lie
algebroid A→ X. Let L ⊂ X be a leaf of A whose isotropy Lie algebra is g, and
let G be any Lie group with Lie algebra g.

Then over any contractible set U ⊂ L, there exists a principal G-bundle
h : M → U and a G-invariant coframe θ of M such that (M, θ, h) is a realiza-
tion of the Cartan’s problem. Moreover, this realization is locally unique up to
isomorphism.

Proof. This proposition is just an immediate consequence of our classification
result, Theorem 4.7.1. In fact, since U is contractible and the restriction of A to
U is transitive, it follows that A|U is integrable. Moreover, for any Lie group G
with Lie algebra g, there exists a Lie groupoid G integrating A whose isotropy
Lie group is isomorphic to G. But then, the restriction of the Maurer-Cartan
form of G to any s-fiber furnishes the locally unique G-invariant coframe we
were seeking for.
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4.9 The Globalization Problem

We are now able to solve the globalization problem. Suppose that we are given
two germs of coframes θ0 and θ1 which solve he realization problem and we
want to know if they are the germs of the same global realization. We have the
following result:

Theorem 4.9.1 Suppose that A is integrable. Then θ0 and θ1 are germs of
the same global connected realization (M, θ, h) if and only if they correspond to
points on X in the same orbit of A.

Proof. Suppose that two germs of coframes θ0 and θ1 correspond to points x0

and x1 on the same orbit of A and let G be a Lie groupoid integrating A. Then
the s-fiber at x0 contains a point g with t(g) = x1. Thus, θ0 can be identified
with the germ of ωMC at 1x0 and θ1 can be identified with the germ of ωMC at g.
We conclude that θ0 and θ1 are both germs of the realization (s−1(x0), ωMC, t).

Conversely, suppose that there exists a connected realization(M, θ, h) such
that θ0 and θ1 are the germs of θ at points m0 and m1 of M , respectively. Let
γ be a curve joining m0 to m1 and cover it by a finite family U1, . . . , Uk of open
sets of M with the property that the restriction of θ to each Ui is equivalent to
the restriction of the Maurer-Cartan form to an open set of some s-fiber of G,
i.e., θ|Ui = φ∗iωMC for some diffeomorphism φi : Ui → φi(Ui) ⊂ s−1(xi).

We proceed by induction on the number of open sets needed to join m0 to
m1. Suppose that both m0 and m1 belong to the same open set U1. Then
φ1(m0) and φ1(m1) are both on the same s-fiber. Thus, h(m0) = t ◦ φ1(m0)
belongs to the same orbit as h(m1) = t ◦ φ1(m1). Now assume that the result
is true for k − 1 open sets. Then any point q in Uk−1 is mapped by h to the
same orbit of h(m0). Let q be a point in Uk−1 ∩ Uk. Then, on one hand, since
q and m1 belong to Uk it follows that h maps them both to the same orbit of
A. On the other hand, by the inductive hypothesis, it follows that h also maps
m0 and q to the same orbit of A, from where the result follows.

Remark 4.9.2 The proposition above may not true when A is not integrable.
The problem is that in this case, the global object associated to A is a topological
groupoid which is smooth only in a neighborhood of the identity section. Thus,
if x, y ∈ X are points in the same orbit which are ’too far away’, then we might
not be able to find a differentiable realization ’covering’ both points at the same
time.

Motivated by this remark, it is natural to consider the problem of existence
of realizations (M, θ, h) of a Cartan’s problem, such that the image of h is the
whole leaf of the classifying Lie algebroid.

Definition 4.9.3 A realization (M, θ, h) is full if h is surjective onto the orbit
of A that it ’covers’.

Before we proceed, let us present an example.

Example 4.9.4 Assume that the classifying Lie algebroid A is integrable and
let G be any Lie groupoid integrating it. Then the s-fibers of G equipped with the
Maurer-Cartan form are full realizations.
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We can state a partial converse to the example, namely, that if there exists
a complete realization covering an orbit L of the classifying algebroid , then the
restriction A|L is integrable. An analogous situation occurs in [29].

Definition 4.9.5 A realization (M, θ, h) of a Cartan’s problem is complete if
it is a full realization such that all of its infinitesimal symmetries ξ ∈ X(M) are
complete vector fields.

Proposition 4.9.6 Let A → X be the classifying Lie algebroid of a Cartan’s
realization problem, and let L ⊂ X be an orbit of A. Then there exists a complete
realization over L if and only if the restriction A|L is integrable.

Proof. Assume that A|L is integrable by G ⇒ L. Then clearly, for any x ∈ L,
the realization (s−1(x), ωMC, t) is complete.

Conversely, let (M, θ, h) be a complete realization which covers L. By (the
proof of) Proposition 4.8.2, the symmetry Lie algebra of θ is the isotropy Lie
algebra g of A at a point x ∈ L. Now, since (M, θ, h) is complete, we can
integrate the infinitesimal g-action on M to a G̃-action, where G̃ denotes the
simply connected Lie group with Lie algebra g. But then,

M

h

��

G̃
||

L

is a principal bundle. Its Atiyah algebroid is isomorphic to A|L. Thus, A|L can
be integrates by the gauge groupoid of M → L.

4.10 The Global Classification Problem

In this section, we solve the global classification problem 4.2.4. Throughout this
section, (n,X,Ckij , F

a
i ) is a realization problem with classifying Lie algebroid

A→ X, and (M, θ, h) is a realization.
The global equivalence problem for realizations of a Cartan’s problem is

much more delicate then the local one. The reason is that the classifying Lie
algebroid will not distinguish between a realization and its covering.

Example 4.10.1 In order to illustrate the difficulty, we now explain an exam-
ple presented in [27] (see also [28]) of a simply connected manifold, equipped
with a Lie algebra valued Maurer-Cartan form which cannot be globally embed-
ded into any Lie group, but which is locally equivalent at every point to an open
set of a Lie group.

Let M = R2 − {(−1, 0)} be the punctured plane equipped with its canonical
coframe {dx, dy}. Let M̃ be its universal covering space. Then M̃ is an heli-
coid which we can identify with the half plane

{
(r, ϕ) ∈ R2 : r > 0

}
. With this

identification, the covering map π : M̃ →M becomes

π(r, ϕ) = (r cosϕ− 1, r sinϕ)

Let
θ1 = cosϕdr − r sinϕdϕ, θ2 = sinϕdr + r cosϕdϕ
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be the pullbacks of dx and dy by π. Then θ = (θ1, θ2) is an R2-valued Maurer-
Cartan form on M̃ , where we view R2 as an abelian Lie algebra.

It follows that θ is locally equivalent at every point of M̃ to the Maurer-
Cartan form of the abelian Lie group R2. On the other hand, θ cannot be
globally equivalent to the Maurer-Cartan form on any open set of R2. In order
to see this, note that θ induces the structure of a local Lie group on M̃ as follows.
If we fix the point (1, 0) ∈ M̃ to be the identity element, we can define a product
w = u · v of two points u, v ∈ M̃ so that it projects onto the ordinary sum, i.e.,
π(w) = π(u) +π(v). Moreover, this product can be taken to be smooth, provided
that at least one of the summands belongs to the same sheet of the covering space
as the identity element (1, 0).

This product, however, fails to be associative. In fact, the product u · v ·w is
only well defined if the triangle with vertices π(u), π(u)+π(v) and π(u)+π(v)+
π(w) does not contain the point (−1, 0) in its interior. Otherwise, the products
(u ·v) ·w and u · (v ·w) will lie on different sheets of the covering space M̃ . Even
if one restricts to the subset of M̃ where the threefold product of any elements
is defined, one will face the same problem for defining fourfold products, and
so on. It follows that the coframe θ on M̃ cannot be globally equivalent to the
Maurer-Cartan form on a subset of the Lie group R2.

We have the following theorem (compare with Theorem 14.28 of [27]):

Theorem 4.10.2 Let (M, θ, h) be a full realization of a Cartan problem and
suppose that the classifying Lie algebroid A → X is integrable. Then M is
globally equivalent up to cover to an open set of an s-fiber of a groupoid G
integrating A.

Proof. Let D be the distribution on M ×h,t G as in the proof of Theorem 4.5.2
and let N be a maximal integral manifold of D. Let πM : M ×h,t G → M
and πG : M ×h,t G → G denote the natural projections. Then πG(N) is totally
contained in a single s-fiber of G, say, s−1(x). Moreover, the restrictions of the
projections to N , πM : N →M and πG : N → s−1(x) are local diffeomorphisms.

We claim that N , equipped with the coframe π∗Mθ = π∗GωMC, is a common
realization cover of M and an open set of an s-fiber of G. To show this, all
we must show is that πM (N) = M . In fact, if this is true, M will be globally
equivalent up to cover to πG(N) ⊂ s−1(x).

To prove this, suppose that πM (N) is a proper submanifold of M and let
m0 ∈M−πM (N) be a point in the closure of πM (N) (remember that πM |N is an
open map). Then, by the local universal property of Maurer-Cartan forms, there
is an open set U of m0 in M and a diffeomorphism φ0 : U → φ(U) ⊂ s−1(h(m0))
such that φ∗0ωMC = θ and φ0(m0) = 1h(m0). It follows that the graph of φ0 is
also an integral manifold N0 of the distribution D on M ×h,t G which passes
through (m0,1h(m0)). Now let m = πM (m, g) be any point in U ∩πM (N) where
(m, g) ∈ N . Then φ0(m) ∈ G is an arrow from h(m0) to h(m) and g is an arrow
from m to h(p) and thus g0 = φ0(m)−1 · g is an arrow from x to h(m0), i.e.,

•
m0

•
m

φ0(m)−1

{{
•
m0

g

{{

g0=φ0(m)−1·g

~~
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Now, by virtue of the invariance of the Maurer-Cartan form, the manifold

Rg0N0 = {(m̄, ḡ · g0) : (m̄, ḡ) ∈ N0}

is an integral manifold of D. But then, the point (m, g) = (m,φ0(m)·g0) belongs
to Rg0N0 and to N , and thus, by the uniqueness and maximality of N it follows
that N contains Rg0N0. But then, (m0, φ0(m0) · g0) is a point of N which
projects through πM to m0, which contradicts the fact that m0 ∈M − πM (N),
proving the theorem.

As a consequence of of this theorem, we recover the two main results of the
section on global equivalence of [27]. Namely,

Corollary 4.10.3 1. If θ is a coframe of rank 0 on M , then M is globally
equivalent, up to covering, to an open set of a Lie group.

2. If (M1, θ1, h1) and (M2, θ2, h2) are full realizations of rank n over the same
leaf L ⊂ X of A, then M1 and M2 are realization covers of a common
realization (L, θ, h), i.e.,

M1

h1   A
AA

AA
AA

A M2

h2~~}}
}}

}}
}}

L

Proof.

1. The first part of the corollary is trivial. The restriction of the classifying
Lie algebroid to h(M) = {pt} is a Lie algebra and thus is integrable by
Lie group. It follows that M is globally equivalent, up to covering, with
an open set of this Lie group.

2. To prove the second statement, let A→ X be the classifying Lie algebroid
of the realization problem and let L be the n-dimensional leaf of A for
which h1(M1) = L = h2(M2). Since A has rank n, it follows that the
anchor of the restriction of A to L is injective, and thus A|L is integrable.
Moreover, its Lie groupoid G is étale, i.e., its source and target maps are
local diffeomorphisms.

We can then make L into a realization by equipping it with the pullback
of the Maurer-Cartan form by the local inverses of t. More precisely, let
U be an open set in s−1(x) for which the restriction of t is one-to-one and
let V = t(U) be the open image of U by t. Define θU to be the coframe
on V given by

θU = (t|−1
U )∗ωMC.

Then θU is the restriction to V of a globally defined coframe on L. In fact,
suppose that Ū is another open set of s−1(x) for which t|Ū is one-to-one
and such that V̄ = t(Ū) intersects V . Denote by θŪ the coframe on V̄
defined by

θŪ = (t|−1
Ū

)∗ωMC.

We will show that θU and θŪ coincide on the intersection V ∩ V̄ . After
shrinking U and Ū , if necessary, we may assume that V = V̄ . But then,
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since G is étale, it follows that the isotropy group Gx is discrete, which
implies that U is the right translation of Ū by an element g ∈ Gx, i.e.,

U = Rg(Ū).

Thus,

θU = (Rg ◦ t|−1
Ū

)∗ωMC

= (t|−1
Ū

)∗(R∗gωMC)

= (t|−1
Ū

)∗ωMC

= θŪ ,

and θ is a well defined global coframe on L.

Now, since both M1 and M2 are globally equivalent, up to covering, to
open sets in s−1(x), it follows that the surjective submersions hi : Mi → L
are realization covers.

If the reader prefers, there is a direct argument to see that hi is a realiza-
tion morphism. In fact, the coframe θ1 on M1 is locally the pullback of
the Maurer-Cartan form on an s-fiber of G by a locally defined diffeomor-
phism φ1 : W1 ⊂M1 → s−1(x). After shrinking W1, we may assume that
the restriction of t to U1 = φ1(W1) is one-to-one. But then,

h∗1θ = (t ◦ φ1)∗θ

= φ∗1(t∗ ◦ (t|−1
U )∗ωMC)

= φ∗1ωMC

= θ1.

Obviously, the very same argument can be given to show that h2 is also a
realization cover. We summarize this proof by the diagram

s−1(x)

t

��

M1

φ1

;;xxxxxxxx

h1 ##H
HHHHHHHH M2

φ2

ccFFFFFFFF

h2{{vvvvvvvvv

L� _

��
X.
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Chapter 5

The Classification Problem
for Finite Type
G-Structures

This chapter is devoted to the study of realization problems for finite type G-
structures. In particular, we shall describe the structure of the classifying Lie
algebroid and describe some of its propeties.

We begin by explaining the case where G(1) = {e}. The general case will
then follow almost immediately from the fact that the k-th prolongation BG(k)

of a G-structure BG coincides with the first prolongation of BG(k−1) .

5.1 The Realization Problem for G-Structures
of type 1

Consider a G-structure with G a subgroup of GLn such that G(1) = {e}. We saw
in chapter 3 that there are structure functions which determine the G-structure
up to equivalence. Conversely, suppose that we are given a set of functions
and we want to determine all G-structures for which these are the structure
functions. Then, by virtue of the structure equations (3.4.1) we must solve the
following realization problem:

Problem 5.1.1 (Realization Problem for G-Structures with G(1) = {e})
One is given:

1. An open set X ⊂ Rd,

2. an integer n ∈ N,

3. a Lie subalgebra g ⊂ gln satisfying g(1) = 0,

4. a Lie group G ⊂ GL(n) with Lie algebra g, and

5. maps c : X → Hom(Rn ∧ Rn,Rn), R : X → Hom(Rn ∧ Rn, g), S : X →
Hom(Rn ⊗ g, g), Θ : X → Hom(Rn,Rd), and Φ : X → Hom(g,Rd)
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and asks for the existence of

1. a manifold Mn,

2. a G-structure BG(M) on M with tautological form θ ∈ Ω1(BG,Rn)

3. a vertical one form η ∈ Ω1(BG, g) of maximal rank, and

4. a map h : BG → X

such that  dθ = c(h)(θ ∧ θ)− η ∧ θ
dη = R(h)(θ ∧ θ) + S(h)(θ ∧ η)− η ∧ η
dh = Θ(h) ◦ θ + Φ(h) ◦ η.

(5.1.1)

There is a small variant to this problem that will also be of interest: Instead
of taking a Lie group G such that G(1) = {e} we take an arbitrary subgroup of
GLn. Then the realization problem above gives us the reductions of the G(1)-
structure BG(M)(1) over BG(M) to the subgroup {e}. This kind of problem
arrises, for example, when we want to describe connections on a manifold which
preserve a given geometric structure. An example of this is analyzed in detail
in Chapter 7.

5.2 Existence of Solutions

In order to solve the realization problem, we first look for necessary conditions
for the existence of solutions. For this, note that if (M,BG, θ, η, h) is a realization
to Cartan’s Problem, then, in particular, (BG, (θ, η), h) is a solution to the
associated realization problem for coframes. This means that the initial data to
the realization problem determines a classifying Lie algebroid A→ X such that

TBG
(θ,η) //

��

A

��
BG

h
// X

(5.2.1)

is a Lie algebroid morphism.
Next, we determine what extra properties A possesses due to the fact that

the coframe it classifies correspond to {e}-structures over BG(M), i.e., due to
the format of the structure equations. First of all, note that as a vector bundle,
A ∼= X × (Rn ⊕ g) and it’s Lie algebroid structure may be described explicitly
(on constant sections) by

[(u, ρ), (v, σ)](x) = (w, τ) (5.2.2)

where,

w = −c(x)(u ∧ v) + ρ · v − σ · u
τ = −R(x)(u ∧ v)− S(x)(u⊗ σ − v ⊗ ρ) + [ρ, σ]g

(5.2.3)

and
#(u, ρ) = Θ(x)u+ Φ(x)ρ. (5.2.4)
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It follows that
[(0, ρ), (0, σ)]A = (0, [ρ, σ]g) (5.2.5)

and thus
g ↪→ Γ(A) (5.2.6)

is a Lie algebra homomorphism. In this way, we obtain an inner action of g on
A

ψ(ρ)(α) = [(0, ρ), α]A, (5.2.7)

where α is any section of A.
In summary, we have obtained that a necessary conditions for the existence

of realizations to Cartan’s problem for G-structures satisfying G(1) = {e}, is
that the initial data determines a flat Lie algebroid carrying an inner action of
g. Moreover, the structure of the Lie algebroid is not completely arbitrary: it’s
structure equations take the specific form (5.2.3) and (5.2.4).

Now we describe to what extent the conditions above are also sufficient (at
least locally). What we will show is that if the necessary conditions above are
satisfied, then for each x is the base X of the Lie algebroid, we may construct a
G-structure on Rn with a frame p at the origin such that h(p) = x and such that
the structure equations are satisfied in a neighborhood of p. More precisely,

Theorem 5.2.1 Let G be a subgroup of GLn such that G(1) = {e} and let
(n,X,G, (c, b, S), (Θ,Φ)) be the initial data of a Cartan’s realization problem for
G-structures. Then, for every x ∈ X, there exists a realization (U,BG(U), (θ, η), h)
defined on a neighborhood U of the origin of Rn with a frame p ∈ BG satisfying
h(p) = x if and only if the bracket (5.2.3) and anchor (5.2.4) determine the
structure of a Lie algebroid on A ∼= Rn ⊕ g→ X.

Moreover, in this case, g acts on A infinitesimally by inner automorphisms,
and the action is locally free.

Proof. Suppose that the initial data to the realization problem determines a Lie
algebroid A → X with structure given by (5.2.3) and (5.2.4). Let (P, (θ, η), h)
be a realization to the associated Cartan’s problem for coframes, i.e.,

TP
(θ,η) //

��

A

��
P

h
// X

(5.2.8)

is a Lie algebroid morphism. What we will now show through a series of claims
is that (after restricting to a small enough open set in P ) we may identify P
with an open set of a G-structure on a neighborhood of the origin in Rn.

Claim 1 θ = 0 defines an integrable distribution D on P .

Since dθ = c(θ ∧ θ) − η ∧ θ it follows that dθ(ξ1, ξ2) = 0 whenever θ(ξ1) = 0 =
θ(ξ2). The claim then follows from Frobenius’ Theorem.

Claim 2 Each leaf of D is locally diffeomorphic to a neighborhood of the identity
in G.
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Note that the structure equation for dη when restricted to θ = 0 becomes the
Maurer-Cartan equation

dη + η ∧ η = 0. (5.2.9)

It then follows from the universal property of the Maurer-Cartan form on Lie
groups that every point on the leaf has a neighborhood that is locally diffeo-
morphic to a neighborhood of the identity in G. Moreover, viewing η as a
map

D → X × g,

and since both of these bundles have the same rank and η is fiberwise surjective,
it follows that we may invert η to obtain an infinitesimal action

η−1 : g→ X(D) ⊂ X(P ). (5.2.10)

Claim 3 θ is equivariant relative to the infinitesimal action of g on P .

Of course, this will follow again from the structure equation for dθ. Let ρ̃ =
η−1(ρ) denote the vector field tangent to the leaves of θ = 0 generated by ρ.
Then, by Cartan’s magic formula, we obtain

Lρ̃θ = iρ̃dθ + diρ̃θ
= iρ̃dθ
= iρ̃(c(θ ∧ θ)− η ∧ θ)
= −ρ · θ

(5.2.11)

proving the claim.

Claim 4 P has (locally) a structure of fiber bundle over Rn.

Just restrict (θ, η) to a small enough open set (which we continue to denote by
P ) such that:

1. the leaves of θ = 0 are the fibers of a submersion P → Rn and

2. the restriction of η to each leaf L is the pullback of the Maurer-Cartan
form on G by a diffeomorphism L→ U ⊂ G.

Then P ∼= Rn × U → Rn is a trivial fiber bundle with fiber U .

Claim 5 We may extend P to a G-structure on Rn solving the realization prob-
lem in a neighborhood of a frame.

Let P̃ ∼= Rn ×G be the trivial principal fiber bundle with fiber G. Note that

P
� � i //

  A
AA

AA
AA

A P̃

~~}}
}}

}}
}}

Rn

(5.2.12)

Now define on P̃ the Rn valued one form θ̃ by

θ̃(v,g)(ξ) := g−1 · θ(v,e)((Rg−1)∗ξ) (5.2.13)

which is well defined by virtue of the equivariance of θ. Then θ̃ is a non-
degenerate tensorial form on P̃ and thus determines an embedding of P̃ into
the frame bundle of Rn. It follows that P̃ is a G-structure BG on Rn with
tautological form θ̃.
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Remark 5.2.2 Note that the G-structure constructed above is not globally a
realization to Cartan’s problem. In fact, the existence of the map h and form η
such that the structure equations are satisfied only occur in a neighborhood of a
frame p ∈ BG(M).

However, if the group G is reductive i.e., if we can choose a G-invariant
complement C to A(Hom(Rn, g)) in Hom(∧2Rn,Rn), see Chapter 3, or more
generally, if the structure function S vanishes, then η will be equivariant (a
connection form) and we can also extend it to all of P̃ through

η̃(v,g)(ξ) := Ad g−1 · η(v,e)((Rg−1)∗ξ) (5.2.14)

obtaining a realization in which every point satisfies the structure equation.

5.3 Geometric Construction of Models

In order to get a better understanding of the realization problem forG-structures,
and to obtain semi-global results, we describe in this section what happens in
the best possible case, i.e., when the classifying Lie algebroid A is integrable
and the infinitesimal action of g on A integrates to a free and proper action of
G on G. The realization problem for general finite type G-structures will be left
to the next section.

We begin by recalling the properties of actions of Lie groups and Lie algebras
on Lie groupoids and Lie algebroids that will be needed. For greater details, we
refer the reader to [18] from where this discussion has been extracted.

Definition 5.3.1 1. An action of a Lie group G on a Lie groupoid G
is a smooth action Ψ : G× G → G such that for each a ∈ G, the map

Ψa : G → G, Ψa(g) = a · g

is an automorphism of the Lie groupoid.

2. An action of a Lie group G on a Lie algebroid A is a smooth action
Ψ : G×A→ A such that for each a ∈ G, the map

Ψa : A→ A, Ψa(α) = a · α

is an automorphism of the Lie algebroid.

If Ψ : G× G → G is an action of G on G, then for each a ∈ G, the map

(Ψa)∗ : A→ A

is a Lie algebroid automorphism. Thus, by differentiating at the identity section
of G, we can go from Lie group actions on groupoids to Lie group actions on
algebroids. There is also a way to go from actions on algebroids to actions on
groupoids, but we will not need this here.

We now turn to infinitesimal actions of Lie algebras on Lie algebroids.

Definition 5.3.2 1. A derivation of a Lie algebroid A is a linear op-
erator D : Γ(A) → Γ(A) such that there exists a vector field σD ∈ X(X),
called the symbol of D, for which

D(fα) = fD(α) + σD(f)α
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and such that
D([α, β]) = [D(α), β] + [α,D(β)]

for all sections α, β ∈ Γ(A) and for all functions f ∈ C∞(X).

2. An infinitesimal action of a Lie algebra g on a Lie algebroid A is
a Lie algebra homomorphism ψ : g → Der(A), where Der(A) is the space
of derivations of A.

If we are given an action Ψ : G×A→ A of a Lie group G on a Lie algebroid
A, then for ρ ∈ g,

ψ(ρ)(α) =
d
dt

exp(tρ) · α
∣∣
t=0

defines an infinitesimal action of g on A. In this case, we say that the G-action
on A integrates the infinitesimal g-action.

There is also a concept of infinitesimal action of a Lie algebra g on a Lie
groupoid G, and all four types of actions stated here are related to each other.
However, since this will not be used elsewhere, we will omit its description.

We now return to the realization problem. So A ∼= X × (Rn ⊕ g) → X
is the classifying Lie algebroid for the realization problem of G-structures and
G ⊂ GLn is a Lie group satisfying G(1) = {e}. The inclusion i : g → Γ(A)
determines an infinitesimal action

ψ(ρ)(α) = [(0, ρ), α]A

by inner derivations. This action induces a Lie algebroid morphism

φ : g×X → A, φ(ρ, x) = i(ρ)(x),

from the transformation Lie algebroid g × X to A. Assume that the g-action
on X is complete, that A is integrable by a Lie groupoid G and that the map φ
integrates to a Lie groupoid morphism

Φ : G×X → G,

from the transformation groupoid G ×X to G. We remark that if G is simply
connected, then this is always the case. Then we can describe the associated
G-action on G by

Ψ : G× G → G, Ψ(a, g) = Φ(a, t(g)) · g · (Φ(a, s(g)))−1.

In this case, we obtain a G-action on each s-fiber of G, which can be described
explicitly by

a · g = Φ(a, t(g)) · g.
Moreover, when the G-action on X is proper and ker Φ = {e} × X, then the
G-action on each s-fiber of G is also free and proper. When this happens, we
will denote by Mx the manifold obtained by taking the quotient of s−1(x) by
the orbits of the G-action.

Proposition 5.3.3 The principal G-bundle

s−1(x)

π

��

G
||

Mx

is a G-structure over Mx.
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Proof. Let ωMC be the restriction to s−1(x) of the Maurer-Cartan form and
denote by θ its Rn component. It then follows from the structure equations of
the Lie algebroid A and the fact that G-action on A integrates the infinitesimal
g-action that θ is non-degenerate, horizontal and equivariant. Thus we can find
an embedding s−1(x)→ B(Mx) such that θ is the restriction of the tautological
form of B(Mx) to s−1(x), proving the proposition.

Now, in order to prove a local classification result, we assume that the 1-
form η may be taken to be equivariant (for example if G is reductive). Let
(M,BG(M), (θ, η), h) be a realization of the Cartan problem, and let p ∈ BG(M)
be a frame. Then it follows from the universal property of the Maurer-Cartan
form, that there is a neighborhood U of p in BG(M) and a diffeomorphism φ :
U → φ(U) ⊂ s−1(h(p)) such that φ(p) = 1h(p) and φ∗ωMC = (θ, η). However,
since both (θ, η) and ωMC are G-equivariant, we can extend φ to the open set
π−1π(U) ⊂ BG(M) by also requiring it to be equivariant. We have thus proved
that:

Theorem 5.3.4 (Local Classification) Let A→ X be the classifying Lie al-
gebroid of a realization problem for G-structures, where G is a reductive Lie
group satisfying G(1) = {e}. Suppose that A is integrable and that

1. the infinitesimal action of g on X integrates to a proper action of G on
X;

2. the transformation Lie algebroid g×X ⊂ A integrates to a Lie subgroupoid
of G(A) which is isomorphic to the transformation groupoid G×X ⇒ X.

Then any G-structure BG(M) → M is locally equivalent to s−1(x) → Mx for
some x ∈ X.

Before we proceed, there is one last comment we would like to make. Since we
are assuming that G acts freely and properly on G, and since the induced action
on of G on A is by Lie algebroid automorphisms, it follows that A/G → X/G
is also a Lie algebroid. In fact, it is the Lie algebroid of G/G ⇒ X/G and its
structure is given by

[α ·G, β ·G] = [α, β] ·G, #(α ·G) = #(α) ·G.

It follows from the fact that the classifying map h : BG(M)→ X is equivariant,
i.e., h(p·a) = a−1 ·h(p), that there is a one to one correspondence between points
of X/G and germs of solutions of the realization problem for G-structures.

Moreover, any realization gives rise to an equivariant morphism of Lie alge-
broids

(θ, η) : TBG(M)→ A.

Thus, by passing to the quotient, we obtain a morphism of Lie algebroids

TBG(M)/G //

��

A/G

��
M // X/G

where TBG(M)/G is the Atiyah algebroid of the principal G-bundle BG(M)→
M .
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5.4 The Realization Problem for Finite Type G-
Structures

We now deal with the realization problem for general finite type G-structures.
Its formulation is based on the structure equations (3.5.1) which we deduced in
Section 3.5. We will use the notation

gl = g⊕ g(1) ⊕ · · · ⊕ g(l)

introduced in the section referred to above.

Problem 5.4.1 (Realization Problem for G-Structures with G(k) = {e})
One is given:

1. An open set X ⊂ Rd,

2. an integer n ∈ N,

3. a Lie subalgebra g ⊂ gln satisfying g(k) = 0,

4. a Lie group G ⊂ GL(n) with Lie algebra g, and

5. maps

• c(k−1) : X → Hom(∧2(Rn ⊕ gk−2 ⊕ g(k−1)),Rn ⊕ gk−2),

• R(k−1) : X → Hom(∧2(Rn ⊕ gk−2 ⊕ g(k−1)), g(k−1)),

• S(k−1) : X → Hom((Rn ⊕ gk−2)⊗ g(k−1), g(k−1)),

• Θ : X → Hom(Rn ⊕ gk−2,Rd), and

• Φ : X → Hom(g(k−1),Rd)

and asks for the existence of

1. a manifold Mn,

2. a G-structure BG(M) on M with a prolongation (BG(M))(k−1), whose
tautological form we denote by

θ(k−1) ∈ Ω1((BG(M))(k−1),Rn ⊕ gk−2 ⊕ g(k−1))

3. a vertical one form η(k−1) ∈ Ω1((BG(M))(k−1), g(k−1)) of maximal rank,
and

4. a map h : (BG(M))(k−1))→ X

such that
dθ(k−1) = c(k−1)(h)(θ(k−1) ∧ θ(k−1))− η(k−1) ∧ θ(k−1)

dη(k−1) = R(k−1)(h)(θ(k−1) ∧ θ(k−1)) + S(k−1)(h)(θ(k−1) ∧ η(k−1))

dh = Θ(h) ◦ θ(k−1) + Φ(h) ◦ η(k−1).
(5.4.1)
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Before we describe the solution to the realization problem for general finite
type G-structures, let us look at the particular case when k = 2:

Example 5.4.2 (G(2) = {e}) Suppose that G is a Lie subgroup of GLn such
that G(2) = {e} and let (n,X, g, (c(1), R(1), S(1))(Θ,Φ)) be the initial data of
a realization problem for G-structures. Instead of looking for solutions of this
realization problem, we can pose the question of the existence of:

• a manifold P of dimension n+ dim g,

• a G(1)-structure BG(1)(P ) over P with tautological form

θ(1) ∈ Ω1(BG(1)(P ),Rn ⊕ g)

• a vertical one form η(1) ∈ Ω1(BG(1)(P ), g(1)) of maximal rank, and

• a map h : BG(1)(P )→ X

such that
dθ(1) = c(1)(h)(θ(1) ∧ θ(1))− η(1) ∧ θ(1)

dη(1) = R(1)(h)(θ(1) ∧ θ(1)) + S(1)(h)(θ(1) ∧ η(1))− η(1) ∧ η(1)

dh = Θ(h) ◦ θ(1) + Φ(h) ◦ η(1).

We will call this problem the underlying realization problem for the G(1)-
structure.

Now, suppose that for each x ∈ X there exists a realization BG(M) with a
1-frame p ∈ (BG(M))(1) such that h(p) = x. Then it is clear that (BG(M))(1) →
BG(M) is a solution of the underlying realization problem for the G(1)-structure.
It then follows from Theorem 5.2.1 that ((c(1), R(1), S(1))(Θ,Φ)) are the structure
functions of a Lie algebroid A ∼= X×(Rn⊕g⊕g(1)) over X. Moreover, A comes
equipped with an infinitesimal action of g(1) be inner automorphisms.

Conversely, assume that the initial data of the realization problem determines
a Lie algebroid structure on A ∼= X × (Rn ⊕ g ⊕ g(1)), and let BG(1)(P ) be a
solution of the underlying realization problem for the G(1)-structure, which exists
by virtue of Theorem 5.2.1. The problem now becomes to determine whether
BG(1)(P ) is locally equivalent at each point to the prolongation of a G-structure
BG(M).

We saw that for an arbitrary G-structure BG(M), its structure equations
must decompose as (3.5.3)

dθ = c(θ ∧ θ)− η ∧ θ

dη = R(θ ∧ θ) + S(θ ∧ η)− η ∧ η − η(1) ∧ θ

dη(1) = R
(1)
1 (θ ∧ θ) +R

(1)
2 (θ ∧ η) +R

(1)
3 (η ∧ η)+

+S(1)
1 (θ ∧ η(1)) + S

(1)
2 (η ∧ η(1)).

It follows that the functions given in the initial data of the realization prob-
lem cannot be arbitrary. They must be decomposable in the form described in
Example 3.5.2. From now on, we assume that this is the case.
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The first two structure equations above imply that the distribution

D = {ξ ∈ X(BG(1)(P )) : θ(ξ) = 0 = η(ξ)}

is integrable. Thus, after restricting to an open set if necessary, we may assume
that

P ∼= BG(1)(P )/D.

The first equation implies that the distribution

D′ = {ξ ∈ X(BG(1)(P )) : θ(ξ) = 0}

is also integrable, and again, after restricting to an open set, we may assume
that

M = BG(1)(P )/D′

is a manifold. Moreover, since D ⊂ D′, it follows that P fibers over M .
Now, let σ : P → BG(1)(P ) be a section (again, if necessary, restrict to a an

open set of P ), and denote by θ′ = σ∗θ and η′ = σ∗η the pullbacks of θ and η
by σ. Then θ′ and η′ form a coframe on P whose structure equations take the
form {

dθ′ = c′(θ′ ∧ θ′)− η′ ∧ θ′
dη′ = R′(θ′ ∧ θ′) + S′(θ′ ∧ η′)− η′ ∧ η′ (5.4.2)

where c′, R′, and S′ are the pullbacks of c,R, and S by σ.
By the very same arguments given in the proof of Theorem 5.2.1, it follows

that there is an infinitesimal action of g on P for which θ is equivariant and
horizontal, and thus, at least locally, P can be embedded into a G-structure over
M which satisfies the structure equations (5.4.2). But since two G-structures
are equivalent if and only if there prolongations are equivalent, it follows that
(BG(M))(1) is locally equivalent to BG(1)(P ), which proves the existence of a
realization.

We can summarize this example by saying that a solution for the realization
problem for G-structures of type 2 with initial data (n,X, g, (c(1), R(1), S(1))(Θ,Φ))
exists if and only if:

1. The functions ((c(1), R(1), S(1))(Θ,Φ)) decompose as if they were the struc-
ture functions of the first prolongation of a G-structure, and

2. the functions ((c(1), R(1), S(1))(Θ,Φ)) determine the structure of a Lie al-
gebroid on the trivial vector bundle A→ X with fibers Rn ⊕ g⊕ g(1).

The solution of the realization problem in the general case of type k G-
structures is very similar to the solution of the problem in the case of type 2 G-
structures discussed in the preceding example. The functions (c(k−1), R(k−1), S(k−1))
cannot be completely arbitrary. In fact, there are components of these functions
which must be constant. As an illustration, we note that the component of c(k−1)

which lies in Hom(Rn⊗g,Rn) must be constant and given by the action of g on
Rn and the component in Hom(∧2g, g) must also be constant and given by the
Lie bracket on g. Let us call the functions (c(k−1), R(k−1), S(k−1)) admissible
if they decompose as if they were the structure functions on the prolongation of
an arbitrary G-structures. We have the following theorem:
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Theorem 5.4.3 Let (n,X, g, (c(k−1), R(k−1), S(k−1))(Θ,Φ)) be the initial data
of a Cartan’s realization problem for a G-structure of type k. Then, for every
x ∈ X, there exists a realization (M, (BG(M))(k−1), (θ(k−1), η(k−1)), h) with a
frame p ∈ (BG(U))(k−1) satisfying h(p) = x if and only if

1. the functions (c(k−1), R(k−1), S(k−1)) are admissible, and

2. ((c(k−1), R(k−1), S(k−1))(Θ,Φ)) are the structure functions of a Lie alge-
broid on

A ∼= X × (Rn ⊕ g⊕ · · · ⊕ g(k−1))

over X.

Moreover, in this case, g(k−1) acts on A infinitesimally by inner automor-
phisms, and the action is locally free.

Proof. Assume that for each x ∈ X we can find a solution

(M, (BG(M))(k−1), (θ(k−1), η(k−1)), h)

of the realization problem, with a frame p ∈ (BG(M))(k−1) such that h(p) =
x. Then (c(k−1), R(k−1), S(k−1)) are the structure functions of the k − 1-th
prolongation of a G-structure, and thus decompose as such, i.e., are admissible.

Moreover, (BG(M))(k−1) is also a realization of the underlying realization
problem for the G(k−1)-structure, and thus, by Theorem 5.2.1, it follows that
((c(k−1), R(k−1), S(k−1)), (Θ,Φ)) are the structure functions of a Lie algebroid
A→ X on which g(k−1) acts locally freely by inner automorphisms.

Conversely, assume that ((c(k−1), R(k−1), S(k−1))(Θ,Φ)) are the structure
functions of a Lie algebroid on

A ∼= X × (Rn ⊕ g⊕ · · · ⊕ g(k−1))

over X, and that the functions (c(k−1), R(k−1), S(k−1)) are admissible. We pro-
ceed exactly as in example 5.4.2. Since A→ X is a Lie algebroid, it follows that
for each x ∈ X we can find a realization (Q,BG(k−1)(Q), (θ(k−1), η(k−1)), h) of the
underlying realization problem for the G(k−1)-structure such that h(pk−1) = x
for some pk−1 ∈ BG(k−1)(Q).

The one form θ(k−1) takes values in Rn⊕g⊕· · ·⊕g(k−2) and we can decompose
it into its components

θ(k−2) = (θ, η, η(1), . . . , η(k−2)).

Since the functions c(k−1), R(k−1), S(k−1) are admissible, the structure equations
for (θ(k−1), η(k−1)) decompose into

θ = c(θ ∧ θ)− η ∧ θ
η = R(η ∧ η) + S(θ ∧ θ)− η ∧ η − η(1) ∧ θ

...
higher order equations

(5.4.3)

The first two equations implies that the distribution D = ker(θ, η) is integrable,
while the first equation implies that D′ = ker θ is integrable. Thus, after re-
stricting to an open set, we may assume that

M = BG(k−1)(Q)/D′ and P = BG(k−1)(Q)/D
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are both manifolds, and that P fibers over M .
Let σ : P → BG(k−1)(Q) be a section of the canonical projection BG(k−1)(Q)→

P (if a global section does not exist, restrict again to a smaller open set), and
denote by θ′ and η′ the pullbacks of θ and η by σ. Then θ′, η′ is a coframe on
P , which satisfies the structure equations{

dθ′ = c′(θ′ ∧ θ′)− η′ ∧ θ′
dη′ = R′(θ′ ∧ θ′) + S′(θ′ ∧ η′)− η′ ∧ η′

where c′, R′, and S′ are the pullbacks of c,R, and S by σ.
By the same arguments as those presented in Example 5.4.2 it follows that P

can be locally embedded into aG-structure BG(M) overM such that (BG(M))(k−1)

is locally equivalent to BG(k−1)(Q). Thus, (M, (BG(M))(k−1), (θ(k−1), η(k−1)), h)
is a realization, from where the theorem follows.
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Chapter 6

Applications

In this chapter we describe several applications of the existence of a classifying
algebroid A for a Cartan’s problem. On one hand, we will show how to use the
classifying Lie algebroid to prove some classical results about the symmetries
of finite type G-structures. On the other hand, we will argue that the classi-
fying Lie algebroid of a fixed geometric structure on a manifold M should be
seen as a basic invariant of the structure. In particular, we indicate how to
define cohomological invariants of a geometric structure out of the Lie algebroid
cohomology of A.

In order to do so, we first explain a slight extension of the realization problem
which is better suited for these purposes.

6.1 Generalized Realization Problem

In this section we will generalize Cartan’s realization problem to the case where
X is a manifold. This will be useful both in practical examples and for proving
classical results in differential geometry.

Recall that in Cartan’s realization problem, one is given as initial data, an
integer n, an open subset X of Rd, and functions Ckij , F

a
i ∈ C∞(X), where

1 ≤ i, j, k ≤ n, and 1 ≤ a ≤ d. If x1, . . . , xd are coordinates on X, then we can
define n vector fields on X by

Fi =
∑
a

F ai
∂

∂xa
.

If (M, θi, h) is a realization of the Cartan problem with initial data (n,X,Ckij , F
a
i ),

then we can interpret
dh =

∑
i

Fiθ
i

as a map TM → TX. Notice that no explicit reference to the coordinate system
xa on X is made. This suggests that we can generalize the realization problem
as follows:

Problem 6.1.1 (Generalized Realization Problem) Given the following set
of data:
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• an integer n,

• a d-dimensional manifold X,

• functions Ckij ∈ C∞(X), with 1 ≤ i, j, k ≤ n, and

• n vector fields Fi ∈ X(X),

does there exist

• an n-dimensional manifold M ,

• a coframe θi on M , and

• a smooth map h : M → X

satisfying

dθk =
∑
i<j

Ckij(h)θi ∧ θj (6.1.1)

dh =
∑
i

Fi(h)θi. (6.1.2)

The solution to this problem is completely analogous to the solution of the
original realization problem. Necessary conditions for the existence of solutions
are obtained by imposing that d2 = 0, which yields

FjC
i
kl + FkC

i
lj + FlC

i
jk = −

∑
m

(CimjC
m
kl + CimkC

m
lj + CimlCjk) (6.1.3)

[Fi, Fj ] = −
∑
k

CkijFk. (6.1.4)

Let us denote by A → X the trivial bundle over X with fiber Rn and let
α1, . . . , αn be a basis of sections of A. Then we can define a bundle map

# : A→ TX, #(αi) = Fi.

We can also define a bracket on Γ(A) by setting

[αi, αj ] = −
∑
k

Ckijαk

and extending it to arbitrary sections by imposing R-linearity and the Leibniz
identity. It then follows that (6.1.3) is equivalent to the Jacobi identity for the
bracket and (6.1.4) is equivalent to # : Γ(A) → X(X) being a Lie algebra ho-
momorphism. Thus, as necessary conditions for the existence of solutions of the
generalized realization problem we obtain that the initial data must determine
the structure of a Lie algebroid on the trivial vector bundle A ∼= X × Rn over
X.

Conversely, if the initial data to the realization problem determines the struc-
ture of a Lie algebroid on A ∼= X ×Rn → X, then (6.1.2) is equivalent to (θ, h)
being a Lie algebroid valued one form, and (6.1.1) is equivalent to the Maurer-
Cartan equations for this one form. Thus, we may apply the universal property
of Maurer-Cartan forms to conclude that realizations exist and that, moreover,
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each realization is locally equivalent to a neighborhood of the identity of an
s-fiber of a local Lie groupoid integrating A, equipped with its Maurer-Cartan
form.

The advantage of introducing the generalized realization problem is that
now, any fully regular coframe will determine such a problem, and thus, a
classifying Lie algebroid. In fact, let θi be a fully regular coframe on M , of
order s and rank d. Let Fs denote the set of all coframe derivatives of order up
to s of the structure functions Ckij of the coframe θi, i.e.,

Fs =

{
Ckij ,

∂Ckij
∂θl

, . . . ,
∂sCkij

∂θl1 · · · ∂θls

}
.

Let us also denote by Fs(M), the image of M by all functions in Fs, i.e.,

Fs(M) = {I(x) : x ∈M and I ∈ Fs} .

Then, since the coframe is assumed to be regular, Fs(M) is a d-dimensional
immersed submanifold (possibly with self intersection) of the euclidean space
RN whose coordinates are given by z = (. . . , zσ, . . .) where σ = (i, j, k, l1, . . . , lr),
0 ≤ r ≤ s.

Recall from Section 4.1 that, locally, we can find invariant functions I1, . . . , Id ∈
Fs which generate Ft for all t ≥ 0, in the sense that any I ∈ Ft can be written
as I = H(I1, . . . , Id) for some smooth function H : Rd → R. Thus, the set
I1, . . . Id can be regarded as local coordinates on Fs(M).

In order to set up a generalized realization problem, we let X = Fs(M).
Then we already know that the structure functions Ckij can be seen as functions
on X. Now let h : M → X be the map

h(x) =

(
Ckij(x),

∂Ckij
∂θl

(x), . . . ,
∂sCkij

∂θl1 · · · ∂θls
(x)

)

and define n vector fields on X by Fi = dh( ∂
∂θi ). Then (n,X,Ckij , Fi) furnish

the initial data to a generalized realization problem.
Finally, we note that the classifying Lie algebroid for the realization problem

above is transitive. In fact, one could see this directly, by observing that the
map h has rank d. We prefer however to give the following argument: We have
seen that each point x on the base of the classifying algebroid corresponds to
a germ of a coframe. Moreover, if two such germs belong to the same global
coframe, then they correspond to points on the same leaf of A in X. However,
by construction, each germ of coframe determined by X corresponds to the germ
of the coframe θi on some point of M , and thus, the classifying Lie algebroid
must be transitive.

6.2 Symmetries of Geometric Structures

In this section we will prove some results about the symmetries of regular geo-
metric structures. Our purpose is to show how the existence of a classifying Lie
algebroid can be used to recover some classical results in differential geometry.
We refer the reader to [21] for more results about transformation groups. We
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note however that the results presented here are slightly weaker then those of
[21] because we must impose a regularity assumption.

We begin by stating the following simple corollary of Proposition 4.8.2:

Corollary 6.2.1 (Theorem I.3.2 of [21]) Let θi be a fully regular coframe
on a manifold M . Then its symmetry group S is a Lie group of dimension
dimS ≤ dimM . Moreover, the orbits of the S-action on M are closed subman-
ifolds.

Proof. Since θi is a fully regular coframe, it follows that its structure functions
and their coframe derivatives of all orders determine a generalized Cartan’s
problem for which (M, θ, h) is realization, where h denotes the map which as-
sociates to each point p of M the value of its derived invariants at p. It then
follows from Proposition 4.8.2 that the symmetry Lie algebra s of M is a Lie
algebra of dimension less than the dimension of M . The symmetry Lie group S
is a Lie group whose Lie algebra is isomorphic to s, which proves the first part
of the corollary.

Now, in order to see that the orbits of S are closed submanifolds of M , we
note that p, q ∈M belong to the same orbit if and only if h(p) = h(q). Thus, the
orbit of S through a point p is h−1(h(p)), which is clearly a closed submanifold.

Let G be a Lie subgroup of GLn, and let BG(M) be a G-structure over M .
Recall that a symmetry of BG(M) is a diffeomorphism ϕ : M → M whose lift
preserves the G-structure.

Definition 6.2.2 Let G ⊂ GLn be a Lie subgroup of finite type k. A G-
structure is called fully regular if the tautological form of its k-th prolongation
(BG(M))(k) (which is a coframe on (BG(M))(k−1)) is fully regular.

Since the symmetries of a G-structure coincide with those of its prolongation
(see Theorem 3.3.9), we obtain:

Corollary 6.2.3 (Theorem I.5.1 of [21]) Let G ⊂ GLn be a Lie subgroup
of type k, and let BG(M) be a fully regular G-structure over M . Then the
symmetry group S of BG(M) is a Lie group of dimension

dimS ≤ dimM + dim gk−1,

where g denotes the Lie algebra of G and gk−1 = g⊕ g(1) ⊕ · · · ⊕ g(k−1).

Finally, we describe a slight generalization of the notion of G-structures
equipped with connections for which our results are still valid. In what follows,
G is an arbitrary Lie group, H ⊂ G is a closed subgroup of G and

P

π

��

H
||

M

is a principleH-bundle over a manifoldM whose dimension is equal to dimG/H.

Definition 6.2.4 A Cartan connection on the principal H-bundle P is a
one form ω ∈ Ω1(P ; g) such that
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1. ω(Ã) = A for all A ∈ h, where Ã denotes the fundamental vector field on
P generated by A,

2. (Rh)∗ω = Ad h−1ω for all h ∈ H, where Ad denotes the adjoint action of
H on g, and

3. ω(ξ) 6= 0 for every nonzero vector ξ tangent to P .

We shall call the n-tuple (P, π,M,G,H, ω) a Cartan geometry on M .

Remark 6.2.5 A Cartan connection is not a connection on the principal bun-
dle P . In fact, by the last condition in the definition, and since dimP = dim g,
it follows that (the components of) a Cartan connection is a coframe on P ,
and thus cannot be a connection form, because it does not vanish on horizontal
vectors.

The curvature of a Cartan connection is the g-valued two form Ω defined
by

Ω = dω +
1
2

[ω, ω].

As we shall see, a Cartan geometry can be thought of as a homogeneous space
deformed by curvature.

We now present a couple of examples of Cartan connections. We refer the
reader to [21] and [30] for other examples of Cartan connections, which include
projective and conformal geometry.

Example 6.2.6 (G-Structures with Connections) Let H ⊂ GLn be a closed
subgroup, BH(M) an H-structure over M with tautological form θ, and η ∈
Ω1(BH(M), h) a connection form. Then the Rn ⊕ h-valued one form ω = (θ, η)
is a Cartan connection on P = BH(M). Here, G is the semi-direct product Lie
group Rn oH.

The curvature Ω of this Cartan geometry takes values in Rn ⊕ h, and its
components are the torsion and the curvature of the connection η.

Example 6.2.7 (Homogenous Spaces) Let M = G/H be a homogeneous
space. The Maurer-Cartan form ωMC of G is a Cartan connection on the H
bundle P = G over M . The curvature Ω of this Cartan geometry vanishes
identically.

Conversely, if the curvature of a Cartan geometry on M vanishes, then it is
a simple consequence of the universal property of the Maurer-Cartan form on
Lie groups that every point of M has a neighborhood which is diffeomorphic to
a neighborhood of eH in the homogeneous space G/H.

Definition 6.2.8 A symmetry of a Cartan geometry on M is an automor-
phism φ of the H-bundle P which preserves the Cartan connection, i.e., φ∗ω =
ω.

Again, we shall call a Cartan geometry fully regular if its Cartan connec-
tion, seen as a coframe on P is fully regular. We then obtain:

Corollary 6.2.9 (Theorem IV.3.1 of [21]) The symmetry group S of a fully
regular Cartan geometry (P, π,M,G,H, ω) is a Lie group of dimension ≤ dimP .
Moreover, its orbits in P are closed submanifolds.
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6.3 Cohomological Invariants of
Geometric Structures

In this section, we argue that the classifying Lie algebroid A of a fixed geometric
structure should be seen as basic invariant of global equivalence up to covering of
the structure. Even though the isomorphism class of the classifying Lie algebroid
does not distinguish coframes which are globally equivalent, up to covering, we
show how to use its Lie algebroid cohomology to obtain invariants of global
isomorphism of coframes.

Let θ be a fully regular coframe on a manifold M and let A → X be the
classifying algebroid of the associated generalized realization problem. Thus,
there is a map h : M → X such that (M, θ, h) can be seen as a realization.

Recall that we denote by Fs(θ) the set of all structure functions of θ and
their coframe derivatives up to order s. The key to what follows is that if θ̄
is a coframe on another manifold M̄ , and π : M̄ → M is a surjective local
diffeomorphism which preserves the coframes, then

Fs(θ̄) = π∗Fs(θ), for all s ≥ 0.

Thus, in particular, (M̄, θ̄, h ◦ π) is a realization of the generalized Cartan’s
problem determined by (M, θ), and π is a realization cover. It is then clear
that:

Proposition 6.3.1 Let θ be a fully regular coframe on M and let θ̄ be an arbi-
trary coframe on M̄ . If (M, θ) and (M̄, θ̄) are globally equivalent, up to covering,
then

1. θ̄ is a fully regular coframe on M̄ , and

2. the classifying Lie algebroid of θ̄ is isomorphic to the classifying Lie alge-
broid of θ.

Remark 6.3.2 The converse to the proposition above is not true. Example
4.10.1 shows that two coframes (M, θ) and (M̄, θ̄) can have isomorphic classi-
fying Lie algebroid without being globally equivalent, up to covering.

It follows that the isomorphism class of the classifying Lie algebroid A of a
fully regular coframe is an invariant of global equivalence up to covering of the
coframe.

The general philosophy we advocate is that a coframe θ on M , viewed as
a morphism of Lie algebroids θ : TM → A should relate invariants of A with
invariants of the coframe. To illustrate this point of view, we will now describe
how to obtain two invariants of coframes by using the Lie algebroid cohomology
of A.

Recall from Section 2.1 that on every Lie algebroid there is a a differential
dA : Γ(∧•A∗) → Γ(∧•+1A∗) which makes (Γ(∧•A∗),dA) into a chain complex
whose cohomology H•(A) is called the Lie algebroid cohomology of A. Explic-
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itly,

dAφ(α0, . . . αk) =
k∑
i=1

(−1)i#(αi) · φ(α0, . . . , α̂i, . . . , αk)+

+
∑

0≤i<j≤k

(−1)i+jφ([αi, αj ], α0, . . . , α̂i, . . . , α̂j , . . . , αk).

Recall also that a Lie algebroid morphism A→ B is a chain map

(Γ(∧•B∗),dB)→ (Γ(∧•A∗),dA)

(see Proposition 2.1.11). It follows that a fully regular coframe θ on M induces a
map θ∗ : H•(A)→ H•dR(M) from the Lie algebroid cohomology of the classifying
algebroid to the de Rham cohomology of M .

Let us denote by

H∗(A) =
n⊕
k=1

Hk(A),

the cohomology ring of A. Then it is clear that:

Proposition 6.3.3 Let (M, θ) and (M̄, θ̄) be fully regular coframes which are
globally equivalent, up to covering. Let (N, η) be a common realization cover,
i.e.,

N
φ

~~}}
}}

}}
}} φ̄

  A
AA

AA
AA

A

M M̄

.

Then the subrings φ∗θ∗(H∗(A)) and φ̄∗θ̄∗(H∗(A)) of H∗dR(N) are isomorphic.
In particular, if (M, θ) and (M̄, θ̄) are globally equivalent coframes, then the

subrings θ∗(H∗(A)) ⊂ H∗dR(M) and θ̄∗(H∗(A)) ⊂ H∗dR(M̄) are isomorphic.

Remark 6.3.4 We can describe the subring θ∗(H∗(A)) in terms of the foliation
on M given by the orbits of the infinitesimal action of the symmetry Lie algebra,
or equivalently, by the fibers of the map h : M → X.

In fact, let us a call a k-form φ on M basic if it is the pullback by θ of a
section ϕ of ∧kA∗, i.e.,

φ = θ∗ϕ.

Then, by definition, every element in θ∗(H∗(A)) has a representative which is
basic.

If we write φ in terms of the coframe θ

φ =
∑

i1<···<ik

fi1,...,ikθ
i1 ∧ · · · ∧ θik ,

then φ is basic if and only if the functions fi1,...,ik ∈ C∞(M) are of the form

fi1,...,ik = ai1,...,ik ◦ h,

where ai1,...,ik ∈ C∞(X). In other words, the function fi1,...,ik must be constant
along the fibers of h, i.e., they are basic functions with respect to the foliation

73



on M given by the fibers of h, or equivalently, the orbits of the infinitesimal
action of the symmetry Lie algebra of θ.

The one forms θk are basic, and since the structure functions of θ can be
written as functions on X, the two forms dθk are also basic. Moreover, since
the coframe derivatives of h can also be written as functions on X, it follows
from the chain rule that the coframe derivatives of a basic function are again
basic. Thus, the set of basic forms on M constitute a subcomplex of (Ω•(M),d).

Let us call a function f ∈ C∞(M) 1-basic if its coframe derivatives are basic
functions. We define also the set of l-basic functions inductively as the set of
functions on M whose coframe derivatives are l − 1-basic. It is then natural to
define the set of l-basic k-forms, Ωl,k(M, θ) as the set of k-forms on M whose
coefficients, when written in terms of the coframe θ, are l-basic. The exterior
differential of forms on M then induce a differential

δ : Ωl,k(M, θ)→ Ωl−1,k+1(M, θ)

which makes (Ω•,•, δ) into a bigraded complex. If we denote the cohomology
of this complex by H l,k(M, θ), then it is clear that θ∗(Hk(A)) is isomorphic to
H0,k(M, θ).

Another way to obtain cohomological invariants of coframes is by looking
at the characteristic classes of A. Let us recall the simplest of these, namely,
the modular class of A. We refer the reader to [16] and [22] for more details
and examples. For other characteristic classes of Lie algebroids, we refer to [17],
[11], and [14].

Definition 6.3.5 A representation of a Lie algebroid A→ X on a vector
bundle E → X is an R-bilinear map

∇ : Γ(A)× Γ(E)→ Γ(E)

which satisfies

• ∇fαs = f∇αs,

• ∇αfs = f∇αs+ #α(f)s, and

• ∇α∇α′s−∇α′∇αs−∇[α,α′]s = 0,

for all sections α, α′ ∈ Γ(A), s ∈ Γ(E) and for all functions f ∈ C∞(X).

When E = L is an orientable line bundle, and λ is a nowhere vanishing
section of L, the section ϕλ of A∗ defined by

ϕλ(α)λ = ∇αλ, for all α ∈ Γ(A)

is dA-closed. Moreover, its Lie algebroid cohomology class is independent of the
choice of λ. It will be called the characteristic class of the representation and
denoted by char(∇).

If L is not orientable, then L⊗ L is. It carries a representaition ∇̄ induced
by ∇. In this case, we define

char(∇) :=
1
2

char(∇̄).
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Every Lie algebroid has a natural representation on the line bundle

L = ∧topA⊗ ∧topT ∗X

defined by
∇α(ψ ⊗ φ) = [α,ψ]⊗ φ+ ψ ⊗ L#αφ,

where [ , ] denotes the Gerstenhaber bracket on Γ(∧•A). The characteristic
class of this representation, denoted by Mod(A) is called the modular class of
the Lie algebroid.

Definition 6.3.6 Let θ be a fully regular coframe on M with classifying Lie
algebroid A. The modular class of the coframe, denoted by Mod(θ), is the
cohomology class

Mod(θ) = −θ∗Mod(A) ∈ H1
dR(M).

Remark 6.3.7 Since the modular class of the tangent bundle to a manifold
vanishes, the definition above is consistent with the definition in [22] of the
modular class of a Lie algebroid morphism.

It is then clear that:

Proposition 6.3.8 Let (M, θ) and (M̄, θ̄) be fully regular coframes which are
globally equivalent, up to covering. Let (N, η) be a common realization cover,
i.e.,

N
φ

~~}}
}}

}}
}} φ̄

  A
AA

AA
AA

A

M M̄

.

Then
φ∗Mod(θ) = φ̄∗Mod(θ̄).

In particular, if θ1 and θ2 are globally isomorphic fully regular coframes on
the same manifold M , then Mod(θ1) = Mod(θ2).
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Chapter 7

Examples

This chapter is dedicated to a few examples which will illustrate the results
we have obtained through out the thesis. We will exhibit the classifying Lie
algebroid for several examples of geometric structures related to torsion-free
connections on G-structures. We will begin by considering an arbitrary torsion
free connections, on an also arbitrary G-structure. It turns out, however, that
the moduli space of all (germs of) torsion free connections on a G-structure
will in general be an infinite dimensional space, and thus, not treatable by our
methods. On the other hand, there are many interesting classes of connections
whose moduli space are finite dimensional. This is the case of constant curvature
torsion-free connections and locally symmetric torsion-free connections, which
are the first examples to be presented below.

Our main example, though, are the special symplectic connections to which
we devote a substancial part of this chapter. Although most of the results
concerning these connections are not new, our approach to the problems is
slightly different to the original one. Our starting point is the construction of
the classifying Lie algebroid, from where all other properties are deduced, thus
making many constructions natural and less mysterious. Precise references will
be given along the way.

7.1 Structure Equations for Torsion Free
Connections

Let G ⊂ GL(V ) be a Lie group, where V is an n-dimensional (real) vector
space. If the reader prefers, he may fix a basis of V and identify it with Rn. Let
BG(M) be a G-structure over M and let η be a connection on BG(M). Then
(θ, η) is a coframe on BG(M), where θ denotes the tautological form of BG(M).
It’s structure equations take the form{

dθ = −η ∧ θ
dη = R(θ ∧ θ)− η ∧ η (7.1.1)

where R : BG(M)→ ∧2V ∗ ⊗ g is a smooth map.
If we differentiate the first equation and set it equal to 0, i.e., if we impose
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that d2θ = 0 we obtain, for each p ∈ BG(M)

R(p)(u, v)w +R(p)(v, w)u+R(p)(w, u)v = 0 for all u, v, w ∈ V,

which is known as the first Bianchi identity. It follows that the map R takes
values in the space of formal curvatures

K(g) =
{
R ∈ ∧2V ∗ ⊗ g : R(u, v)w + cycl. perm. = 0 for all u, v, w ∈ V

}
,

that is
R : BG(M)→ K(g).

Since K(g) is a vector space, the differential of R is a map

dR : TBG(M)→ K(g).

Using the fact that (θ, η) is a coframe on BG(M), we can express dR in terms
of its horizontal component ∂R

∂θ , its vertical component ∂R
∂η , and the coframe as

dR =
∂R

∂θ
◦ θ +

∂R

∂η
◦ η, (7.1.2)

where

∂R

∂θ
: BG(M)→ V ∗ ⊗K(g), and

∂R

∂η
: BG(M)→ g∗ ⊗K(g).

If we now differentiate the equation for dη and impose that d2η = 0 we
obtain, for each p ∈ BG(M) and for all u, v, w ∈ V and A ∈ g

∂R

∂θ
(p)(u)(v, w) +

∂R

∂θ
(p)(v)(w, u) +

∂R

∂θ
(p)(w)(u, v) = 0

∂R

∂η
(p)(A)(u, v)−R(p)(Au, v)−R(p)(u,Av)− [A,R(p)(u, v)]g = 0.

The first equation above, known as the second Bianchi identity, says that
∂R
∂θ takes values in the space of formal covariant derivatives

K1(g) = {ψ ∈ V ∗ ⊗K(g) : ψ(u)(v, w) + cycl. perm = 0 for all u, v, w ∈ V } ,

that is,
∂R

∂θ
: BG(M)→ K1(g).

On the other hand, the second equation expresses ∂R
∂η as a function of R. If

we define a map Ξ : K(g)→ g∗ ⊗K(g) by

Ξ(R)(A)(u, v) = R(Au, v) +R(u,Av) + [A,R(u, v)]g (7.1.3)

then for any connection η on BG(M), we have

∂R

∂η
(p) = Ξ(R(p)) for all p ∈ BG(M).

It follows that ∂R
∂η (p) is determined by R(p), and thus is irrelevant for the equiv-

alence problem of connections on a given G-structure.

77



In order to proceed, we must now differentiate equation (7.1.2) and impose
the condition d2R = 0. This will impose relations on the coefficients of

d(
∂R

∂θ
) =

∂2R

(∂θ)2
◦ θ +

∂2R

∂η∂θ
◦ η

which must be satisfied. Again, the vertical component, ∂2R
∂η∂θ will be written

as a function of R and ∂R
∂θ , and the relevant invariant function will be ∂2R

(∂θ)2 .
This new invariant will have to satisfy a condition which we will call the third
Bianchi identity.

The final goal of this process of differentiating the structure equations and
imposing d2 = 0 is to obtain at the end, a set of invariant functions for which
all other invariant functions a related to. Whenever this occurs (if it ever does),
we will have d2 = 0 as a formal consequence of the previous equations.

It turns out, however, that for arbitrary torsion free connections on G-
structures, this process will never end, i.e., we will have to introduce at each
step knew invariant functions which are functionally independent to the previ-
ous ones. To see this, we note that there exists connections whose covariant
derivatives of order k at a point coincide for all k, but which are not equivalent.

We will now describe some examples, where after restricting the possible val-
ues of the curvature R of a torsion free connections, we obtain finite dimensional
moduli spaces.

7.2 Constant Curvature Torsion-Free Connec-
tions

In this section we describe the space of torsion-free connections on a G-structure
BG(M) for which the curvature map R : BG(M) → K(g) is constant. Let us
begin with an example:

Example 7.2.1 (Flat Torsion-Free Connections) The most simple exam-
ple that we may consider is that of imposing that the connection η on BG(M)
is flat, i.e., that the curvature R vanishes identically, R(p) ≡ 0.

If η is a flat torsion-free connection on a G-structure BG(M), then it satisfies
the structure equations {

dθ = −η ∧ θ
dη = −η ∧ η (7.2.1)

where θ is the tautological form on BG(M).
Note that these are the structure equations of the semi-direct product Lie

algebra W = V o g, whose bracket is given by

[(u,A), (v,B)] = (Av −Bu, [A,B]g), for all u, v ∈ V, and A,B ∈ g.

The V o g-valued one form (θ, η) is a Lie algebra valued Maurer-Cartan form
on BG(M). It follows that BG(M) must be locally equivalent to the canonical
flat G-structure BG(V ) ∼= V ×G over V .

We now return to the problem of classifying the constant curvature torsion-
free connections. We saw that for any torsion-free connection η, we have

dR =
∂R

∂θ
θ + Ξ(R)η.
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If the curvature is a constant function, then dR = 0, and this imposes restric-
tions on the possible values of R. In fact, we must have Ξ(R) = 0, and thus R
must take values in vector space ker(Ξ) ⊂ K(g). We thus obtain:

Theorem 7.2.2 Let η be a constant curvature torsion-free connection on a G-
structure BG(M). Then η satisfies the structure equations dθ = −η ∧ θ

dη = R(θ ∧ θ)− η ∧ η
dR = 0

(7.2.2)

where R : BG(M)→ ker(Ξ).

Remark 7.2.3 From our perspective, the theorem above should be interpreted
as saying that the classifying Lie algebroid of constant curvature torsion-free
connections is a bundle of Lie algebras over ker(Ξ), whose fiber over a point
R ∈ ker(Ξ) is the Lie algebra V o g equipped with the bracket

[(u,A), (v,B)] = (Av −Bu, [A,B]g −R(u, v)).

Example 7.2.4 (Metrics of Constant Curvature in R2) As a simple ex-
ample, suppose we want to classify all Riemann metrics of constant curvature
in a neighborhood of the origin in R2. The G-structure to be considered is the
orthogonal frame bundle of R2 (G = O2). It is well known that in this case, the
first order structure function vanishes identically and O(1)

2 = {e}. The structure
equation has the following simple form:{

dω = −η ∧ ω
dη = kω ∧ ω (7.2.3)

where η is the connection form corresponding to the Levi-Civita connection and
k is the Gaussian curvature of η. If the curvature k is constant, then dk = 0.
In terms of the canonical base of R2 the structure equation becomes

dω1 = −η ∧ ω2

dω2 = η ∧ ω1

dη = kω1 ∧ ω2

dk = 0

(7.2.4)

The Gaussian curvature is the only invariant function. It follows that the Lie
algebroid we obtain is A→ R with a basis of sections {e1, e2, e3} and structure

[e1, e2] (k) = −ke3

[e1, e3] (k) = e2

[e2, e3] (k) = −e1

#ei = 0.

(7.2.5)

Thus, the Lie algebroid we obtain is a bundle of Lie algebras with fibers isomor-
phic to

sl2 if k < 0 Hyperbolic Geometry

se2 if k = 0 Euclidean Geometry

so3 if k > 0 Spherical Geometry

The inner action of o2 on A is the fiberwise action obtained from the adjoint
representation. It follows that to each value of k ∈ R there corresponds the germ
at 0 of a constant curvature metric on R2.
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7.3 Locally Symmetric Torsion-Free Connections

In the same direction as the examples of the preceding section, we now describe
the torsion-free connections on a G-structure BG(M) for which the covariant
derivative of the curvature vanishes.

Definition 7.3.1 A torsion-free connection η on a G-structure BG(M) will be
called locally symmetric if the covariant derivative of its curvature function
vanishes, i.e., ∂R

∂θ ≡ 0.

If η is a locally symmetric torsion-free connection, then

dR = Ξ(R)η.

Differentiating this equation yields a restriction on the possible values of R. In
fact, if we denote by Ψ : K(g)→ ∧2V ∗ ⊗K(g) the map

Ψ(R)(u, v) = Ξ(R)(R(u, v)),

then d2R = 0, applied to two fundamental horizontal vectors implies that R
must take values in the zero set of Ψ, i.e.,

R : BG(M)→ Z(Ψ) = {R ∈ K(g) : Ψ(R) = 0} .

If we now apply d2R = 0 to two fundamental vertical vectors, we see that R
must take values in the zero set of the map Φ : K(g) :→ ∧2g∗ ⊗K(g),

Φ(R)(A,B)(u, v) = Ξ(Ξ(R)(A))(B)− Ξ(Ξ(R)(B))(A)− Ξ(R)([A,B]).

After a long, but straightforward calculation, one can show that

Φ(R)(A,B)(u, v) = −2[[A,B], R(u, v)].

Finally, applying d2R = 0 to a pair formed by one horizontal and one vertical
fundamental vector yields no knew restrictions on R. We conclude that:

Theorem 7.3.2 Let η be a locally symmetric torsion-free connection on a G-
structure BG(M). Then η satisfies the structure equations dθ = −η ∧ θ

dη = R ◦ θ ∧ θ − η ∧ η
dR = Ξ(R)η

(7.3.1)

where R : BG(M)→ Z(Ψ) ∩ ker Φ and Z(Ψ) is the zero set of the map Ψ.

Remark 7.3.3 We note that the space Z(Ψ) ∩ ker Φ is the intersection of the
zero set of a quadratic function with a linear subspace, and (at least a priori)
is not a manifold. In order to proceed, we must remove all singular points
to obtain a classifying Lie algebroid, or equivalently, a generalized realization
problem. This restriction comes from the fact that we consider only coframes
which are fully regular.
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7.4 Proper Holonomy Groups

In this section we will state some general facts about the holonomy group of a
connection on a principal G-bundle. This section is a collection of some results
from [31] and [33] to which we refer for greater details.

Let
P

π

��

G
||

M

be a principal G-bundle over M , and let η ∈ Ω1(P, g) be a connection form.
Denote by Γ the horizontal distribution on P

Γp = {ξ ∈ TpP : ηp(ξ) = 0}

associated to η. Let Y be a vector field on M . At each p ∈ P there is a
unique vector ξY ∈ Γp such that π(ξY ) = Y . A vector field ξ ∈ X(P ) which is
everywhere tangent to Γ will be called a horizontal vector field.

Now let γ be a curve in M . Using the horizontal lifts of vector fields on M to
horizontal vector fields on P , one can show that given any point p ∈ π−1(γ(0))
there is a unique horizontal curve γ̃p in P such that γ̃p(0) = p and π(γ̃p) = γ.
At a first glance, one should expect that the curve γ̃p should be defined only
for 0 ≤ t < ε. However, it is not hard to see that it in fact can be extended up
to t = 1. We define the parallel translation along γ to be the map Pγ which
associates to each p ∈ π−1(γ(0)) the point γ̃p(1) ∈ π−1(γ(1)), i.e.,

Pγ : π−1(γ(0))→ π−1(γ(1)), p 7→ γ̃p(1).

In particular, if γ is a closed curve in M , then Pγ : π−1(γ(0))→ π−1(γ(0))
is a diffeomorphism of the fiber onto itself. Moreover, Pγ is G-equivariant, i.e.,
Pγ(pa) = Pγ(p)a for all a ∈ G. The set

Holx(η) = {Pγ : γ is a closed curve on M with base point x}

forms a Lie group whose multiplication is inherited from concatenation of paths.
It is called the holonomy group of η at x.

Suppose that M is connected, let y be another point of M and let γ be a
curve joining x to y. Then it is easy to see that

Holy(η) = PγHolx(η)P−1
γ ,

and thus both groups are isomorphic.
Now fix a point p in the fiber of P over x. For any P ∈ Holx(η) we have

P(p) = paP for some aP ∈ G. The map

ψp : Holx(η)→ G P 7→ aP

is an injective group homomorphism. Further more, the conjugacy class of its
image in G is independent of the choices of p and x. By abuse of language, we
will refer to both Hol(η) = ψp(Holx(η)) and its conjugacy class as the holonomy
group of η. If any confusion may arise, we will denote the conjugacy class of
Hol(η) by [Hol(η)].
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The holonomy of a connection is useful when one wants to find reductions
of a principal bundle. In fact, one has the following theorem which is proved in
[33]:

Theorem 7.4.1 Let η be a connection on P with holonomy Lie group Hol(η).
Then there exists a reduction P ′ of P to the group Hol(η). Moreover, η restricts
to a connection form on P ′.

There is a simple way of calculating the Lie algebra of the holonomy Lie
group of a connection. Recall that the curvature of the connection η is the
g-valued two form Ω defined by

Ω(ξ1, ξ2) = dη(ξΓ
1 , ξ

Γ
2 ) = dη(ξ1, ξ2)− [η(ξ1), η(ξ2)], for all ξ1, ξ2 ∈ X(P ),

where ξΓ denotes the horizontal component of ξ. Now, denote by holx(η) the Lie
algebra of Holx(η). If we fix a point p ∈ π−1(x), then we can view the holonomy
Lie algebra at x as the subalgebra deψp(holx(η)) of g, where e denotes the
identity element of Holx(η). One of the main results in the theory of holonomy is
the relation between the curvature of η and holx(η). It is given by the Ambrose-
Singer holonomy theorem [1] which we now state.

Theorem 7.4.2 (Ambrose-Singer Holonomy Theorem) Fix a point p ∈
π−1(x). Then the holonomy Lie algebra of a connection η at x, holx(η), seen
as a subalgebra of g is spanned by elements of the form Ωq(ξ1, ξ2), where q is
any point obtained from p by parallel translation, and ξ1 and ξ2 are horizontal
tangent vectors at q.

We now turn to the case where P = B(M) is the frame bundle of M . It was
shown in [19] that any closed subgroup of GL(V ) can appear as the holonomy
group of some connection. However, if we restrict our attention to torsion-free
connections, the problem of determining the closed subgroups that can appear
as the holonomy group of some connection becomes non-trivial.

Definition 7.4.3 A proper subgroup H ⊂ GLn is a proper holonomy group
if there exists a manifold M and a torsion-free connection η on B(M) whose
holonomy group is (conjugate to) H.

In [2], it was introduced an algebraic criteria to verify if a Lie subalgebra
h ⊂ gln can be the Lie algebra of a proper holonomy group. Recall that K(h) ⊂
∧2V ∗ ⊗ h denotes the space of formal curvatures of torsion free connections on
G-structures and that K1(h) ⊂ V ∗⊗K(h) denotes the space of formal covariant
derivatives. We denote by

h = {R(u, v) ∈ h : R ∈ K(h) and u, v ∈ V }

the subspace of h spanned by all possible values of all formal curvatures. This
leads us to:

Definition 7.4.4 A Lie subalgebra h ⊂ gln is called a Berger algebra if h =
h. A Berger algebra is called symmetric if K1(h) = 0 and non-symmetric
otherwise.

A simple consequence of the Ambrose-Singer holonomy theorem is that:

82



Proposition 7.4.5 If H ⊂ GLn is a proper holonomy group then h is a Berger
algebra. Moreover, if h is a symmetric Berger algebra, then every torsion-free
connection with holonomy Lie algebra h is locally symmetric.

The classification of the irreducible (real and complex) Berger algebras was
started in [2] and was concluded only in [25]. We refer the reader to [31] for a
historical acount and a proof of the classification result.

In order to deal with the classification of the possible proper holonomy groups
one still has to solve the problem of deciding which of the Berger algebras is in
fact the holonomy Lie algebra of a torsion-free connection.

The case of symmetric Berger algebras is easy to solve. Ever such algebra is
the holonomy Lie algebra of a locally symmetric torsion-free connection. This
can be seen as a consequence of the existence of a classifying Lie algebroid for
these connections (Section 7.3).

For non-symmetric Berger algebras, the main efforts were divided into two
cases: the Riemannian and non-Riemannian cases. It was shown that every
Berger subalgebra of sop,q is the holonomy Lie algebra of the Levi-Civita connec-
tion of a pseudo-Riemannain manifold. The last Berger algebras to be realized
as holonomy Lie algebras of a Riemannian manifold were the exceptional Lie
algebras g2 and spin(7). We now give a very brief idea of the solution presented
in [4].

To begin with, we note that if H ⊂ G is a Lie subgroup, then any H-structure
on M also induces a canonical G-structure on M . For this, we take

BG(M) = {BH(M) · a : a ∈ G} ,

which is well defined because BH(M) ⊂ B(M). When G = Op,q is the group
of linear transformations of V preserving a non-degenerate inner product, the
resulting metric on M is called the underlying pseudo-Riemannian struc-
ture induced by H.

It then follows that the set of metrics on M with holonomy a subgroup
H ⊂ Op,q coincides with the set of metrics underlying an H-structure BH(M)
for which the first order structure function vanishes. These, however, can be
described as the solution of an exterior differential system. This system turns
out to be involutive in the case where H is either G2 or Spin(7), and thus
Cartan-Kähler theory can be used to prove the existence of solutions. From our
perspective, this method can be thought of as an ”infinite dimensional version”
of Cartan’s realization problem.

In the next sections, we give a detailed account of the problem of realiz-
ing a Berger subalgebra of sp(V ) as the holonomy Lie algebra of a symplectic
connection on a symplectic manifold (M,ω), for which our methods do apply.

7.5 Special Symplectic Lie Algebras

In this section we describe the holonomy Lie algebras of torsion-free symplectic
connections. We gather here all the algebraic information that will be needed
later on.

Let ω be a symplectic form on a manifold M , and let BSpn(M) be its associ-
ated Spn-structure over M . A symplectic connection on M is a connection
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η on this principal bundle. Such connections correspond to linear connections
∇ on TM for which the symplectic form is parallel

∇ω = 0.

We will sometimes refer to ∇ instead of η as the symplectic connection.

Definition 7.5.1 Let (V, ω0) be a symplectic vector space. A proper irreducible
Lie subgroup H ⊂ Sp(V, ω0) is called a proper symplectic holonomy group
if it is the holonomy group of a torsion-free symplectic connection on some
symplectic manifold (M,ω). Its Lie algebra h ⊂ sp(V, ω0) will be called a proper
symplectic holonomy algebra.

There is a canonical Sp(V )-equivariant isomorphism sp(V ) ∼= S2(V ) given
explicitly by

(u� v) · w = ω0(u,w)v + ω0(v, w)u.

Moreover, the symmetric bilinear form

(u� v, w � z) = ω0(u,w)ω0(v, z) + ω0(u, z)ω0(v, w)

is a multiple of the Killing form on sp(V, ω0). The following lemma was proven
in [25]:

Lemma 7.5.2 Let h be a Lie subalgebra of sp(V ) and consider the h-equivariant
map ◦ : S2(V ) ∼= sp(V )→ h given by

(u ◦ v, T ) = ω0(Tu, v) for all u, v ∈ V and T ∈ h. (7.5.1)

If h is a proper symplectic holonomy algebra, then

(u ◦ v)w − (u ◦ w)v = 2ω0(v, w)u− ω0(u, v)w + ω0(u,w)v. (7.5.2)

This motivates our next definition.

Definition 7.5.3 A Lie subalgebra h ⊂ sp(V ) is a special symplectic Lie
algebra if it satisfies equation (7.5.2).

Special symplectic Lie algebras are very closely related to certain simple Lie
algebras called 2-gradable Lie algebras. This discussion is closely based on [6]
to which the reader should refer for greater details.

Let g be a complex simple Lie algebra, let α be a long root in a Cartan
decomposition of g and let x 6= 0 be an element of the root space gα. The root
cone of g is the adjoint orbit of x, AdG(x). It is independent of the choice
of Cartan decomposition. Any element y ∈ AdG(x) is called a maximal root
element of g.

Definition 7.5.4 Let g be a simple Lie algebra over R. We say that g is 2-
gradable if it contains a maximal root element of gC = g⊗ C.

The reason why these Lie algebras are called 2-gradable is that for each one
of them, we can find a long root α0 ∈ ∆ and a unique element Hα0 ∈ [gα0 , g−α0 ]
satisfying α0(Hα0) = 2 such that, if

gi =
⊕

{β∈∆:〈β,α0〉=i}

gβ
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for i 6= 0 and
g0 = t⊕

⊕
{β∈∆:〈β,α0〉=0}

gβ ,

where 〈β, α0〉 is the Cartan number, then,

g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2.

It follows that
g±2 = g±α0

and
g0 = RHα0 ⊕ h

where
[h, slα0 ] = 0

and
slα0 = span 〈gα0 , g−α0 , Hα0〉

is a Lie subalgebra of g isomorphic to sl2(R).
If we set

gev = g−2 ⊕ g0 ⊕ g2

and
godd = g−1 ⊕ g1

then gev is isomorphic as a Lie algebra to slα0⊕h. Moreover, godd is isomorphic
to R2⊗V as a gev-module and the action of h on V is effective. Thus h ⊂ gl(V ).
The Lie algebra g is isomorphic to gev n godd.

Now fix an area form a ∈ ∧2(R)∗. It induces an sl2(R)-equivariant isomor-
phism

S2(R2) → sl2(R)
(ef) · g = a(e, g)f + a(f, g)e

Under this identification, the Lie algebra structure on sl2(R) ∼= S2(R2) becomes

[ef, gh] = a(e, g)fh+ a(e, g)fg + a(f, g)eh+ a(f, h)eg

We are now able to state the relation between 2-gradable simple Lie algebras
and special symplectic subalgebras.

Proposition 7.5.5 Let g be a 2-gradable simple Lie algebra

g = g−2 ⊕ · · · ⊕ g2 = gev ⊕ godd ∼= (sl2(R)⊕ h)⊕ (R⊗ V ).

Then there exists an h-invariant symplectic form ω0 ∈ ∧2V ∗ and a h-equivariant
product ◦ : S2(V )→ h such that

[·, ·] : ∧2godd → gev

[e⊗ u, f ⊗ v] = ω0(u, v)ef + a(e, f)u ◦ v. (7.5.3)

Moreover, there is a multiple (·, ·) of the Killing form such that

(T, u ◦ v) = ω0(Tu, v) = ω0(Tv, u)

85



and
(u ◦ v)w − (u ◦ w)v = 2ω(v, w)u− ω(u, v)w + ω(u,w)v

for all T ∈ h and u, v, w ∈ V , i.e., h is a special symplectic Lie algebra of
sp(V, ω0).

Conversely, if h is a special symplectic subalgebra of sp(V, ω0) then (7.5.3)
can be used to define the structure of a 2-gradable simple Lie algebra on

g = g−2 ⊕ · · · ⊕ g2 = gev ⊕ godd ∼= (sl2(R)⊕ h)⊕ (R⊗ V ).

We remark that if h ⊂ sp(V ) is a special symplectic Lie algebra with Lie
group H ⊂ Sp(V ) then H is closed and reductive and

h = {T ∈ sp(V ) : [T, u ◦ v] = (Tu) ◦ v + u ◦ (Tv) for all u, v ∈ V } .

The proposition above gives a one-to-one correspondence between special
symplectic subalgebras and 2-gradable simple Lie algebras, which can be used
to classify the special symplectic Lie algebras. We note that all the results
presented here are still valid if we take V to be a complex vector space. The
following table, which was extracted from [6], exhibits all possible (real and
complex) special symplectic Lie groups, as well as their representation space
V , and their associated 2-gradable simple Lie algebras. We use the notation
F = R or C.
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Table 1: Real and Complex Special Symplectic Lie Groups

Type of ∆ G H V

(i) Ak, k ≥ 2 SLn+2(F), n ≥ 1 GLn(F) Fn ⊕ (Fn)∗

(ii) SU(p+ 1, q + 1), p+ q ≥ 1 U(p, q) Cp+q

(iii) Ck, k ≥ 2 Spn+1(F) Spn(F) F2n

(iv) Bk, Dk+1, k ≥ 3 SOn+4(C), n ≥ 3 SL2(C) · SOn(C) C2 ⊗ Cn

(v) SO(p+ 2, q + 2), p+ q ≥ 3 SL2(R) · SO(p, q) R2 ⊗ Rp+q

(vi) SOn+2(H), n ≥ 2 Sp1 ·SOn(H) Hn

(vii) G2 G′2, G
C
2 SL2(F) S3(F2)

(viii) F4 F
(1)
4 , F 4

C Sp3(F) F14 ⊂ ∧3F6

(ix) E6 EF
6 SL6(F) ∧3F6

(x) E
(2)
6 SU(1, 5) R20 ⊂ ∧3C6

(xi) E
(3)
6 SU(3, 3) R20 ⊂ ∧3C6

(xii) E7 EC
7 Spin(12,C) C32

(xiii) E
(5)
7 Spin(6, 6) R32 ⊂ C32

(xiv) E
(6)
7 Spin(6,H) R32 ⊂ C32

(xv) E
(7)
7 Spin(2, 10) R32 ⊂ C32

(xvi) E8 EC
8 EC

7 C56

(xvii) E
(8)
8 E

(5)
7 R56

(xviii) E
(9)
8 E

(7)
7 R56
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7.6 Special Symplectic Manifolds

In this section we will define special symplectic manifolds and give a list of
all possible geometries that arise. We will do this only for real manifolds, but
we note, however, that almost all constructions presented here can be carried
out for complex manifolds as well. Next, we give a description in terms of G-
structures and derive its structure equations. This will lead us to the classifying
Lie algebroid of each special symplectic geometry. Part of this section is based
on [6] and [7].

Let g ⊂ gl(V ) be an arbitrary Lie subalgebra. Recall that the space of formal
curvature maps (for torsion free connections) is

K(g) =
{
R ∈ ∧2V ∗ ⊗ g : R(u, v)w + cycl. perm. = 0, for all u, v, w ∈ V

}
and that the space of formal curvature derivatives is

K1(g) = {ψ ∈ V ∗ ⊗K(g) : ψ(u)(v, w) + cycl. perm. = 0, for all u, v, w ∈ V } .

When (V, ω) is a symplectic vector space of dim(V ) ≥ 4 and h ⊂ sp(V ) is a
special symplectic Lie algebra, the map

h → K(h)
T 7→ RT

given by
RT (x, y) = 2ω(x, y)T + x ◦ (Ty)− y ◦ (Tx).

is h-equivariant and injective. Here ◦ is the operation introduced in Lemma
7.5.2.

It follows from the Ambrose-Singer holonomy Theorem 7.4.2 that if the
curvature of a connection is contained in h, then its holonomy Lie algebra will
also be contained in h. Let

Rh = {RT : T ∈ h} ∼= h

and,

R(1)
h = {ψ ∈ V ∗ ⊗Rh : ψ(u)(v, w) + cycl. perm. = 0, for all u, v, w ∈ V } .

The later is isomorphic to V with explicit isomorphism

V → R(1)
h

x 7→ ψx = Rx◦−

Definition 7.6.1 A symplectic connection ∇ on (M,ω) is a special symplec-
tic connection associated to a special symplectic Lie algebra h ⊂ sp(V ) if the
curvature of ∇ is contained in Rh. In this case we call (M,ω,∇) a special
symplectic manifold.

We note that there is a map

Ric : K(h)→ V ∗ ⊗ V ∗, Ric(R)(u, v) = trace(R(x, ·)y).
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When h is a special symplectic Lie algebra, we can decompose K(h) into

K(h) = Rh ⊕Wh,

where Wh = ker Ric is the kernel of the Ricci map.
We now list the possible special symplectic geometries according to the dif-

ferent possible special symplectic Lie subalgebras h:

I) Bochner-bi-Lagrangian If H is the Lie group in entry (i) of table 1, M
is equipped with two complementary lagrangian distributions which are
∇-parallel. The condition that the curvature lies in Rh is equivalent to
the vanishing of the Bochner curvature.

II) Bochner-Kähler If H is the Lie group in entry (ii) of the table, then ∇
is the Levi-Civita connection of a (pseudo-) Riemannian Bochner-Kähler
metric, i.e., (M,ω, g) is a Kähler manifold for which the Bochner curvature
vanishes.

III) Ricci Type If H is the Lie group of entry (iii) of the table, then ∇ is a
symplectic connection of Ricci type, i.e., for which the Ricci flat component
of its curvature vanishes.

IV) Proper Symplectic Holonomy If H is one of the Lie groups in entries
(iv) to (xviii) of table 1, then K(h) = Rh and thus ∇ is a symplectic
connections whose holonomy is a proper irreducible subgroup of Sp(V ).

In what follows, we deduce the structure equations of a special symplectic
manifold. In order to do so, we will need the following lemma (see [7] for a
proof).

Lemma 7.6.2 Let h ⊂ sp(V ) be a special symplectic Lie algebra, and let dimV ≥
4. Suppose that ϕ ∈ h is a linear map ϕ : V → V satisfying

ϕ(x) ◦ y = ϕ(y) ◦ x.

Then ϕ is a multiple of the identity map.

The structure of a special symplectic manifold is given by the following
theorem. The proof given here is based on [7].

Theorem 7.6.3 Let (M,ω,∇) be a special symplectic manifold associated to a
special symplectic Lie algebra h, with dimM ≥ 4. Then there is an H-structure
on M compatible with ∇,

BH(M)

π

��

H
||

M

and maps ρ : BH(M)→ h, u : BH(M)→ V and f : BH(M)→ R such that the
tautological form θ ∈ Ω1(BH(M), V ) and the connection form η ∈ Ω1(BH(M), h)
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satisfy the structure equations:
dθ = −η ∧ θ
dη = Rρ(θ ∧ θ)− η ∧ η
dρ = u ◦ θ − [η, ρ]
du = (ρ2 + f)θ − ηu
df = −2ω(ρu, θ) (= −d(ρ, ρ))

(7.6.1)

where
Rρ(x, y) = 2ω(x, y)ρ+ x ◦ (ρy)− y ◦ (ρx).

Proof. First of all, we note that since the curvature of ∇ is contained in Rh

it follows from the Ambrose-Singer holonomy theorem that the holonomy Lie
algebra hol(∇) is also contained in Rh

∼= h. Thus there exists an H-reduction
of the frame bundle

BH(M)

π

��

H
||

M

that is compatible with ∇, in the sense that the gl(V )-valued connection form
corresponding to ∇ restricts to an h-valued connection form η on BH(M).

The assumption that η is torsion free is the same as

dθ = −η ∧ θ.

Also by hypothesis, there exists an equivariant map ρ : BH(M) → h such that
the curvature of η is Rρ. Thus,

dη = Rρ(θ ∧ θ)− η ∧ η

Now, for x ∈ V and T ∈ h, let ξx, ξT ∈ X(BH(M)) be vector fields satisfying

θ(ξx) = x, θ(ξT ) = 0, η(ξx) = 0, and η(ξT ) = T.

Since ρ is equivariant, it follows that

ξT (ρ) = −[T, ρ].

In fact, fix p ∈ BH(M) and let α : I → h be the curve

α(t) = ρ(Rexp(tT )(p)) = Ad (exp(−tT )) · ρ(p).

Then, by differentiating at t = 0 we obtain

dρp(ξT (p)) = −[T, ρ(p)].

Note that
ξx(Rρ) = Rξxρ.

It follows that ξxρ represents the covariant derivative of Rρ, which implies that
ξxρ ∈ R(1)

h . Thus, there exists an equivariant map u : BH(M)→ V such that

ξxρ = u ◦ x.
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We conclude that
dρ = u ◦ θ − [η, ρ]. (7.6.2)

Next, since u : BH(M)→ V is equivariant, it follows that

ξTu = −Tu.

Now, by differentiating both sides of (7.6.2) we obtain

[dη, ρ]− [η,dρ] = du ◦ θ + u ◦ dθ.

Applying both sides to ξx, ξy yields

(ξxu− ρ2x) ◦ y = (ξyu− ρ2y) ◦ x.

It then follows from Lemma 7.6.2 that there exists a function f : BH(M) → R
such that

du = (ρ2 + f)θ − ηu. (7.6.3)

We proceed by differentiating both sides of (7.6.3) and imposing d2 = 0. We
obtain

0 = (ρdρ+ (dρ)ρ) ∧ θ + (ρ2 + f)dθ − (dη)u+ η ∧ du+ df ∧ θ
= ρ(u ◦ θ) ∧ θ − ρ[η, ρ] ∧ θ + (u ◦ θ)ρ ∧ θ − [η, ρ]ρ ∧ θ − ρ2(η ∧ θ) +
−fη ∧ θ −Rρ(θ ∧ θ)u+ η ∧ (ρ2 + f)θ + (η ∧ η)u− η ∧ (ηu) + df ∧ θ

If we apply this last equation to (ξT , ξx) we obtain that

ξT f = 0.

Applying it to (ξx, ξy) gives us (after a long but straight forward calculation)

(ξx(f) + 2ω(ρu, x))y − (ξy(f) + 2ω(ρu, y))x = 0.

It follows that
df = −2ω(ρu, θ). (7.6.4)

Finally, after a tedious computation using the structure equation for dρ and
the identities (7.5.1) and (7.5.2), it can be shown that the right hand side of
(7.6.4) is equal to d(ρ, ρ). It follows that d2f = 0 is an identity.

We may use the structure equations from the preceding theorem to con-
struct for each special symplectic Lie algebra h the classifying Lie algebroid
that controls the moduli space of the corresponding geometric structure.

As a vector bundle, A is the trivial bundle over X ∼= h ⊕ V ⊕ R with fiber
type V ⊕ h. Its bracket and anchor are defined on constant sections by

[(x, T ), (y, U)](ρ, u, f) = (Ty − Ux, [T,U ]−Rρ(x, y))
#(x, T )(ρ, u, f) = (u ◦ x− [T, ρ], (ρ2 + f)x− Tu,−2ω(ρu, x))

and then extended by imposing linearity and the Leibniz identity.
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7.7 Associated Deforming Maps

In this section we will begin to describe the structure of the classifying Lie al-
gebroid A → X for special symplectic connections. In particular, we will show
that X can be decomposed into saturated subsets over which the restriction of
A is isomorphic to a quadratic deformation of a linear Poisson manifold. This
will in turn provide a tool for understanding the structure of the classifying Lie
algebroid, and thus for obtaining explicit models for special symplectic connec-
tions (see Section 7.8). All of the results of this section are present in many of
the papers of Schwachhöfer et al. (see for example [10]). Our approach, which
is based only on the analysis of the classifying Lie algebroid, differs from that
of the reference cited above.

To begin with, note that the last structure equation satisfied by all special
symplectic connections,

df = −d(ρ, ρ),

implies that F = f + (ρ, ρ) is constant. Thus,

Fc = {(ρ, u, f) ∈ h⊕ V ⊕ R : f + (ρ, ρ) = c} ⊂ h⊕ V ⊕ R

is a submanifold saturated by the leaves of A. Let us denote by Ac → Fc the
restriction of the classifying Lie algebroid A to Fc.

The map (ρ, u) 7→ (ρ, u, c− (ρ, ρ)) is a diffeomorphism of h⊕ V to Fc. If we
now identify h with h∗ using ( , ) and V with V ∗ using ω( , ) we may see Ac as
a Lie algebroid structure on T ∗(h∗ ⊕ V ∗). We will use the notation (ρ, u)∗ to
denote ((ρ, ·), ω(u, ·)) ∈ h∗ ⊕ V ∗.

Proposition 7.7.1 The Lie algebroid Ac → h∗⊕V ∗ is isomorphic to the cotan-
gent Lie algebroid associated to a Poisson structure { , }c on h∗ ⊕ V ∗.

Proof. We can use the anchor of Ac to define a Poisson structure on h∗ ⊕ V ∗.
In fact, for (T, x), (U, y) ∈ h⊕ V , seen as functions on h∗ ⊕ V ∗ we define

{(T, x), (U, y)}c(ρ, u)∗ =
〈
#Ac(T, x)(ρ,u)∗ , (U, y)

〉
If we open up this expression we obtain

{(T, x), (U, y)}c(ρ, u)∗ =
〈
#Ac(T, x)(ρ,u)∗ , (U, y)

〉
=

〈(
u ◦ x− [T, ρ], (ρ2 − (ρ, ρ) + c)x− Tu

)∗
(U, y)

〉
= (u ◦ x, U)− ([T, ρ], U) + ω((ρ2 − (ρ, ρ) + c)x, y)
−ω(Tu, y)

= −ω(u, Ux) + (ρ, [T,U ]) + ω((ρ2 − (ρ, ρ) + c)x, y)
+ω(u, Ty)

= (ρ, [T,U ]) + ω(u, Ty − Ux) + ω((ρ2 − (ρ, ρ) + c)x, y)

It is straight foreword to verify that the bracket above defines a Poisson
structure on h∗ ⊕ V ∗. In fact, it is a Lie Poisson structure deformed by a
quadratic term.

We now calculate the induced Lie algebroid bracket on T ∗(h∗ ⊕ V ∗). It is
obtained by differentiating the Poisson bracket { , }c, i.e.,
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[(T, x), (U, y)]c(ρ, u)∗ = d(ρ,u)∗{(T, x), (U, y)}c
Thus, If (ρ′, u′)∗ ∈ T(ρ,u)∗(h∗ ⊕ V ∗) ∼= h∗ ⊕ V ∗ we obtain

〈(ρ′, u′)∗, [(T, x), (U, y)]c〉(ρ,u)∗ = (ρ′, [T,U ]) + ω(u′, T y − Ux) +

+ω((ρρ′ + ρ′ρ− 2(ρ′, ρ))x, y) (7.7.1)

Finally, to conclude the proposition, we calculate

〈(ρ′, u′)∗, [(T, x), (U, y)]Ac〉(ρ,u)∗ = 〈(ρ′, u′)∗, ([T,U ]−Rρ(x, y), T y − Ux)〉
= (ρ′, [T,U ]) + ω(u′, T y − Ux)− (ρ′, Rρ(x, y))
= (ρ′, [T,U ]) + ω(u′, T y − Ux)− (ρ′, 2ω(x, y)ρ+ x ◦ (ρy)− y ◦ (ρx))
= (ρ′, [T,U ]) + ω(u′, Ty − Ux)− (ρ′, ρ)2ω(x, y)− (ρ′, x ◦ (ρy)) + (ρ′, y ◦ (ρx))
= (ρ′, [T,U ]) + ω(u′, Ty − Ux) + ω(−2(ρ′, ρ)x, y)− ω(ρ′x, ρy) + ω(ρ′y, ρx)
= (ρ′, [T,U ]) + ω(u′, Ty − Ux) + ω((ρρ′ + ρ′ρ− 2(ρ′, ρ))x, y)

We observe that the two first terms of the Poisson bracket

{(T, x), (U, y)}c (ρ, u)∗ = (ρ, [T,U ]) + ω(u, Ty − Ux) + ω((ρ2 − (ρ, ρ) + c)x, y)

are linear, and correspond to the Lie-Poisson bracket on the dual of the semi-
direct product Lie algebra h n V , while the last term is a function which is
quadratic on ρ.

The map φc : h∗ → ∧2V ∗ given by

φc(ρ∗)(x, y) = ω((ρ2 − (ρ, ρ) + c)x, y)

is an example of a deforming map.

Definition 7.7.2 Let G ⊂ GL(V ) be a Lie subgroup with Lie algebra g. A
smooth map φ : g∗ → ∧2V ∗ is called a deforming map if

1. φ is G-equivariant, and

2. for every ρ ∈ g∗, the dual map (dρφ)∗ : ∧2V → g is contained in K(g).

Deforming maps were introduced in [10], with the purpose of showing the
existence of an infinite series of proper holonomy groups which did not appear
in Berger’s original list of Berger groups. They provide a recipe for constructing
torsion-free connections on G-structures as follows.

Let W = V o g be the semi-direct product Lie algebra, denote by pr :
W ∗ → g∗ the natural projection and let Φ = φ ◦ pr. It follows easily that if
φ : g∗ → ∧2V ∗ is a deforming map, then

{f, g}φ (p) = p([(x,A), (y,B)]) + Φ(p)(x, y)

is a Poisson bracket on W ∗, where dfp = (x,A) and dgp = (y,B). In fact, for
a G-equivariant map φ : g∗ → ∧2V ∗, the bracket { , }φ is a Poisson bracket if
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and only if φ is a deforming map. We observe that when φ = 0 we recover the
linear Poisson bracket {·, ·} on W ∗.

The Lie algebroid T ∗W ∗ → W ∗ of (W ∗, { , }φ) is a flat vector bundle on
which g acts infinitesimally by inner algebroid automorphisms. It follows that
we may view it as the classifying Lie algebroid for a class of connections on G-
structures. Connections belonging to this class are called connections induced
by the deforming map φ.

We note that we can use the Lie algebroid structure of T ∗W ∗ to write down
the structure equations satisfied by a connection induced by a deforming map:

Proposition 7.7.3 Let G ⊂ GL(V ) be a Lie subgroup with Lie algebra g and let
BG(M) be a G-structure, whose tautological form we denote by θ. Then, for any
connection η on BG(M) which is induced by a deforming map φ : g∗ → ∧2V ∗,
there exist equivariant maps ρ : BG(M) → g∗ and µ : BG(M) → V ∗ such that
the structure equations 

dθ = −η ∧ θ
dη = Rρ ◦ θ ∧ θ − η ∧ η
dρ = j(µ⊗ θ)− η · ρ
dµ = φ(ρ)](θ)− η · µ

(7.7.2)

are satisfied. Here, the dots denote the natural actions of g on g∗ and V ∗,
Rρ = (dρφ)∗, j : V ∗ ⊗ V → g∗ is the natural projection j(µ ⊗ u)(A) = µ(Au),
and φ(ρ)] : V → V ∗ is the map φ(ρ)](u)(v) = φ(ρ)(u, v).

It then follows from the first equation in the proposition above that every
connection induced by the deforming map φ is torsion-free. The second equation
tells us that the connections curvature is Rρ = (dρφ)∗.

In summary, it is a consequence of Proposition 7.7.1, that every special
symplectic connection is a connection induced by one of the deforming maps φc.

7.8 Moduli, Symmetries and Models of Special
Symplectic Connections

In this section, we describe the structure of the cotangent Lie algebroid of a
Poisson structure on h⊕ V ⊕ R as an extension of the classifying Lie algebroid
A, of special symplectic connections. This will allow us to describe the isotropy
Lie algebras of this Lie algebroid as an extension of the symmetry Lie algebra
of a special symplectic connection by a 1-dimensional Lie algebra. We also
describe how to construct explicit examples of special symplectic manifolds and
give results about their moduli space.

We begin by recalling some basic properties of extensions of Lie algebroids.
These results are standard, and we refer the reader to [11] for proofs.

Definition 7.8.1 Let A and Ã be Lie algebroids and let E be a bundle of Lie
algebras all over the same base X. We say that Ã is an extension of A by E
if there is an exact sequence of Lie algebroids

0 −→ E −→ Ã
π−→ A −→ 0.

The extension is called central if [s, α̃] = 0 for all s ∈ Γ(E) and α̃ ∈ Γ(Ã) (in
this case, E must be abelian, i.e., just a vector bundle).
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Remark 7.8.2 There is a more general notion of extension for the Lie alge-
broids over different bases [3]. However, we will not need this here.

Every central extension induces a representation of A on E (see Definition
6.3.5). In fact, we have:

Lemma 7.8.3 If Ã is a central extension of A by E then, for α ∈ Γ(A) and
s ∈ Γ(E),

∇αs = [α̃, s]

defines a representation of A on E, where α̃ ∈ Γ(Ã) is an arbitrary lift of α.

Now, let σ : A→ Ã be an arbitrary splitting of π. The curvature of σ is the
E-valued 2-form Ωσ ∈ Γ(∧2A∗ ⊗ E) defined by

Ωσ(α, β) = σ([α, β]A)− [σ(α), σ(β)]Ã.

Lemma 7.8.4 If Ã is a central extension of A by E, ∇ is the associated repre-
sentation of A on E, and σ is an arbitrary splitting of π : Ã→ A, then Ã is iso-
morphic to the Lie algebroid Aσ = A⊕E with anchor given by #σ(α, v) = #A(α)
and bracket given by

[(α, s), (α′, s′)]σ = ([α, α′]A,∇αs′ −∇α′s+ Ωσ(α, α′)). (7.8.1)

Remark 7.8.5 Given a representation of A on E, we can define a cohomology
with coefficients in E, which we denote by H•(A;E). This is the cohomology
of the complex of differential forms on A with values in E, whose differential
dA,E : Γ(∧•A∗ ⊗ E)→ Γ(∧•+1A∗ ⊗ E) is given by

dA,Eη(α0, . . . αk) =
k∑
i=1

(−1)i∇αiη(α0, . . . , α̂i, . . . , αk)+

+
∑

0≤i<j≤k

(−1)i+jη([αi, αj ], α0, . . . , α̂i, . . . , α̂j , . . . , αk).

With this differential, the 2-form Ωσ is a cocycle. In fact, given any 2-form on
A with values in a representation E, the bracket (7.8.1) is a Lie bracket if and
only if the 2-form is a cocycle.

We return from this short detour to the study of special symplectic connec-
tions. The one parameter family of Poisson structures { , }c on h∗⊕V ∗ may be
put together into a Poisson structure on h∗ ⊕ V ∗ ⊕ R by letting

{(T, x, t), (U, y, s)}(ρ∗, u∗, c) = (ρ, [T,U ])+ω(u, Ty−Ux)+ω((ρ2−(ρ, ρ)+c)x, y).

Proposition 7.8.6 The inclusions

ic : (h∗ ⊕ V ∗, { , }c)→ h∗ ⊕ V ∗ ⊕ {c} ⊂ (h∗ ⊕ V ∗ ⊕ R, { , })

of the Poisson structures induced by each of the deforming maps φc is a Poisson
morphism.
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Proof. This is just a simple calculation. If f ∈ C∞(h∗ ⊕ V ∗ ⊕ R) is a linear
function and if we denote by fh∗⊕V ∗ and fR its h∗⊕V ∗ and R components, then

f ◦ ic(ρ∗, u∗) = f(ρ∗, u∗, c) = fh∗⊕V ∗(ρ∗, u∗) + fR(c).

The last term is constant, and thus will not alter the Poisson bracket. It then
follows that

{(T, x, t), (U, y, s)} ◦ ic(ρ∗, u∗) = {(T, x, t), (U, y, s)} (ρ∗, u∗, c)
= {(T, x), (S, y)}c (ρ∗, u∗)
= {(T, x, t) ◦ ic, (U, y, s) ◦ ic}c (ρ∗, u∗),

from where the proposition follows.
The result to be presented next should be seen as an infinitesimal version of

Theorem B of [6]. Throughout what follows, we identify h with h∗ and V with
V ∗ without further notice.

Proposition 7.8.7 The cotangent Lie algebroid of the Poisson manifold (h∗ ⊕
V ∗ ⊕ R, { , }) is a central extension of the classifying Lie algebroid A by a line
bundle L.

Proof. First of all, note that the natural projection π : T ∗(h∗ ⊕ V ∗ ⊕ R)→ A
is a Lie algebroid morphism. In fact, a simple computation shows that〈

(ρ′, u′)∗, π([(T, x, t), (U, y, s)]T∗(h∗⊕V ∗⊕R))
〉

(ρ,u,f)∗

= (ρ′, [T,U ]) + ω(u′, T y − Ux) + ω((ρρ′ + ρ′ρ− 2(ρ′, ρ))x, y)

from where it follows that

π([(T, x, t), (U, y, s)]T∗(h∗⊕V ∗⊕R)) = ([π(T, x, t), π(U, y, s)]A)

for all (T, x, t), (U, y, s) ∈ h⊕ V ⊕ R. Obviously,

L(ρ,u,c) = kerπ(ρ,u,c) = {(0, 0, t) : t ∈ R}

and thus L is a line bundle. The proposition then follows from the fact that

[(0, 0, t), (U, y, s)]T∗(h∗⊕V ∗⊕R) = 0

which shows that the extension is central.
As explained above, the extension induces a representation of A on L. How-

ever, there is nothing new here. This representation is just the canonical one,
i.e.,

∇αf = #α(f)

where f ∈ C∞(h⊕ V ⊕ R) ∼= Γ(L).
What is interesting is the two cocycle Ωσ ∈ Γ(∧2A∗) induced from the

obvious splitting
σ : (T, x) 7→ (T, x, 0)

of π. A straight forward computation shows that

Ωσ((T, x), (U, y)) = ω(x, y),
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so that Ωσ = ω(θ ∧ θ) is given by the symplectic form.
It follows from equation 7.8.1 that the Lie algebroid structure on T ∗(h∗ ⊕

V ∗ ⊕ R) can be written as

[(T, x, t), (U, y, s)](ρ, u, f) = ([T,U ]−Rρ(x, y), Ty − Ux,−ω(x, y))
#(T, x, t)(ρ, u, f) = (u ◦ x− [T, ρ], (ρ2 + f)x− Tu,−2ω(ρu, x)),

or equivalently, its structure equations are given by

dθ = −η ∧ θ
dη = Rρ(θ ∧ θ)− η ∧ η
dκ = ω(θ ∧ θ)
dρ = u ◦ θ − [η, ρ]
du = (ρ2 + f)θ − ηu
df = −2ω(ρu, θ)

(7.8.2)

The following consequences are now clear.

Corollary 7.8.8 The leafs of A in h⊕V ⊕R coincide with the symplectic leafs
of T ∗(h∗ ⊕ V ∗ ⊕ R).

Corollary 7.8.9 Let sλ0 be the isotropy Lie algebra of A at λ0 = (ρ, u, f) ∈
h⊕V ⊕R, i.e., the symmetry Lie algebra of the corresponding special symplectic
connection, and let

gλ0 = {α̃ ∈ h⊕ V ⊕ R ⊂ g : ad ∗α̃λ0 = 0}

be the isotropy Lie algebra of T ∗(h∗ ⊕ V ∗ ⊕ R). Then

0 −→ Rλ0 −→ gλ0 −→ sλ0 −→ 0

is an extension of Lie algebras. In particular,

dimsλ0 = dimgλ0 − 1.

The infinitesimal information gathered here also helps in the construction of
models of special symplectic manifolds.

As shown in [6], the Poisson structure on h∗ ⊕ V ∗ ⊕R is integrable. In fact,
let g be the 2-gradable simple Lie algebra associated to h and let a ∈ ∧2R∗ be
the area form used to identify sl2(R) with S2(R2) (see Section 7.5). We fix a
basis e+, e− of R2 such that a(e+, e−) = 1. If we identify g with g∗ using the
bi-invariant form ( , ) and let Q be the submanifold of g∗ defined by

Q =
{

1
2

(e2
− + fe2

+) + ρ+ (e+ ⊗ u) : f ∈ R, ρ ∈ h, and u ∈ V
}
⊂ g ∼= g∗,

then we have the following crucial theorem, (for the proof we refer to [6]).

Theorem 7.8.10 The diffeomorphism Φ : Q→ h⊕ V ⊕ R defined by

1
2

(e2
− + fe2

+) + ρ+ (e+ ⊗ u) 7→ ρ+ u+ (f + (ρ, ρ))

is a Poisson isomorphism. Moreover, Q is a cosymplectic submanifold of g∗

which has a symplectic groupoid given by

Σ(Q) =
{

(λ, g) ∈ Q×G : Ad ∗gλ ∈ Q
}

⇒ Q

where G is a Lie group integrating g.
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Remark 7.8.11 The groupoid structure on Σ(Q) is the one inherited by the
groupoid T ∗G ∼= g∗ ×G integrating the linear Poisson manifold g∗.

We can thus identify Σ(h⊕ V ⊕ R) with the symplectic subgroupoid{
(λ, g) ∈ (h⊕ V ⊕ R)×G : Ad ∗gλ ∈ h⊕ V ⊕ R

}
⇒ h⊕ V ⊕ R

of Σ(g∗) = T ∗G.
Now, since the special symplectic Lie group H of h coincides with the identity

component of (see [6])

stab(h⊕ V ⊕ R) =
{
g ∈ G : Ad ∗g(h⊕ V ⊕ R) ⊂ h⊕ V ⊕ R

}
it follows that Σ(h⊕V ⊕R) is invariant by the free action of H on T ∗G through
right multiplication. Moreover, the s-fibers of Σ(h⊕ V ⊕ R) are also invariant.

On the other hand, the one parameter subgroup exp(Rλ) of G also acts
locally freely on s−1(λ) for each λ ∈ h⊕ V ⊕ R and this action commutes with
the H action. Thus, by ”integrating” the extension

0 −→ L −→ T ∗(h∗ ⊕ V ∗ ⊕ R) −→ A −→ 0,

we obtain:

Theorem 7.8.12 If s−1(λ)/ exp(Rλ) is smooth then each of its points has a
neighborhood which can be embedded into the total space BH(M) of an H-
structure corresponding to a special symplectic manifold. Moreover, if

Mλ =
(s−1(λ)/ exp(Rλ))

H

is smooth, then it is itself a special symplectic manifold.

Proof. This theorem is a straightforward consequence of Theorem 5.2.1. If
s−1(λ)/ exp(Rλ) is smooth then the restriction of A to the orbit of λ is integrable
and it has a Lie groupoid whose s-fiber coincides with s−1(λ)/ exp(Rλ).
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