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Cyclic Polytopes and Oriented Matroids

RAUL CoRDOVILT AND PIERRE DUCHET

Consider the moment curve in the real euclidean s;ﬁ&defined parametrically by the map
y:R> Ryt y) = t,t2,..., t9). The cyclicd-polytopeCqy(ty, ..., tn) is the convex hull
of n > d different points on this curve. The matroidal analogs are the alternating oriented uniform
matroids. A polytope (resp. matroid polytope) is called cyclic if its face lattice is isomorphic to that
of Cq(ty, ..., tn). We give combinatorial and geometrical characterizations of cyclic (matroid) poly-
topes. A simple evenness criterion determining the face€ ¢, . . ., tn) was given by GaleZ1].
We characterize the admissible orderings of the vertices of the cyclic polytope, i.e., those linear or-
derings of the vertices for which Gale’s evenness criterion holds. Proofs give a systematic account on
an oriented matroid approach to cyclic polytopes.

(© 2000 Academic Press

1. INTRODUCTION

Thestandard dh cyclic polytopewith n vertices (whera > d), denoted byCq(t1, to, .. .,
th), was discovered by Caratbdory B, 9] in the context of harmonic analysis, and has been
rediscovered many times; it is defined as the convex huldnof n > d different points
y(t1), ..., y(ty) on themoment curver : R — RY t — p(t) = (t,t2, ..., t%). dth cyclic
polytopes are the simplest examplesdeflimensionalneighborly polytopesi.e., in which
every subset ok, k < [d/2], vertices is the vertex set of a face of the polytope. Neighborly
d-polytopes play a prominent role in the theory of polytopes since, ardgmglytopes with
n vertices, they have the greatest number of facets (‘Upper bound theorem’, conjectured by
Motzkin [28] and proved by McMullen 26,27].) Recent and quite unexpected additional
applications of cyclic polytopes may be found ) 24, 29, 39]. Moment curves offer a rich
spatial structure that occurs in various domains: let us mention, for instance, the ugthof a
moment curve for embedding-dimensional simplicial complexes iR2™1, existence of
mutually adjacent convex bodiesit? [13], or for constructingn ‘neighborly’ convex bodies
in RY (any two of them share a common faceit}

Let us recall that the set of all the faces (including the improper faces) of a (convex) polytope
P, when partially ordered by inclusion, is a finite lattice called thee lattice of P. Two
polytopes are said to lmmbinatorially equivalenor of the sameombinatorial typeif they
have isomorphic face lattice€yclic polytopesre precisely those which are combinatorially
equivalent to the standard cyclic polyto@g(ts, to, . . ., tn).

As Griunbaum notedZ2], it is not surprising that many other curves can take the place of
the moment curve for developing the theory of cyclic polytopes: examples can be found in
[12 20,21, 33. A parameterized curve : R — RY, t > «(t) is called adth cyclic curve
(resp.dth order curvg when the convex hull of any > d+1 different pointsx(t), .. ., a(ty)
are a cyclicd-polytope (resp. no affine hyperplahtin RY meets the curve in more thah
points). Answering an implicit question in Gmbaum 2] we prove that a curve is cyclic if
and only if it is an order curve. Gal]], for instance, chooses thteEgonometric moment
curvea : R — R, defined by (t) = (cost, sint, ..., cosdt, sindt) € R2d, The convex
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hull of then > 2k + 1 points{e(27j/n), j = 0,1,...,n — 1} is theregular cyclic2d-
dimensional polytope with n verticek this sense, the cyclic polytopes are a satisfactory
d-dimensional analog of a plane convagon.

A more restricted notion of equivalence of polytopes is the concept of ‘geometrical type’.
Two polytopes are said to lgeometrically equivalenbor of the samaeometrical typeif
there is a one-to-one correspondence between vertex sets that preserve not only the affine
dependencies of the points, but also preserves the bipartition of the coefficients of any such
minimal dependence into positive and negative ones (for details see Section 2). Geometri-
cal equivalence extends to any finite point sefRift the corresponding equivalence class
describes the ‘geometry of the set’ and is usually called its ‘geometrical type’.

Oriented matroids constitute an unifying and efficient setting for modeling geometrical
types and also their interplay with combinatorial types. The present paper adopts this point of
view. Investigating the geometry of cyclic polytopes, we review and renovate known results,
and obtain new ones. Several tools, introduced in an earlier version of our manuscript (quoted
as [LQ] by various authors), have received, afterwards, more general interest.

The content of this paper is as follows. In Sect®nve introduce prerequisites dealing
with oriented matroids, polytopes, and their matroidal analogs, i.e., ‘matroid polytopes’. We
present in Section 3 the geometry type of the standard cyclic polyigie . .., tn), known
in the literature as the ‘alternating oriented uniform matroid of rdrk1 onn elements’. We
give a short proof of an unpublished ‘folklore’, stating that sarpé, to, .. ., ty) appear in
every sufficiently large set of points in general positiof&f In Sectiond, we examine the
facial structure of the cyclic polytopes. A simple ‘evenness criterion’ determining the facets
(resp. faces) o€y (ty, to, . .., th), was given by GaleZ1] (resp. Shephard3f]). We give a
direct short proof of an extension of Gale’s and Shephard’s criteria to ‘cyclic matroid poly-
topes’. Cyclic matroid polytopes are thoroughly investigated in Seétidti cyclic (matroid)
polytopes of even dimension (odd rank) are geometrically equivalent. A short direct proof of
this ‘rigidity property’, proved more generally for even dimensional neighborly polytopes by
Shemer 84), is given here. For odd dimension (even rank), rigidity fails, in a strong sense:
there are polytopes combinatorially equivalent to cyclic polytopes but of a different geomet-
rical type. We describe a possible construction of all these odd dimensional cyclic polytopes.
Making use of the some results on ‘inseparability graphs’ of oriented matrbici87], we
prove two results that emphasize the very special place of alternating oriented matroids among
realizable cyclic matroid polytopes of even rank. To conclude, we provide a characterization
of the admissible orderingsi.e., the linear orderings of the vertices of a cyclic (matroid)
polytope such that Gale’s evenness criterion holds.

A full understanding of the text supposes the reader is familiar with matroid thé@rg1]
and oriented matroid theorg]; nevertheless, the paper is essentially self-contained and may
support an introductory course on oriented matroids and/or polytopes. Additional information
concerning polytopes may be found i ¥, 19, 26, 30, 35, 37, 38,42, 43] and their references.

2. ORIENTED MATROIDS AND POLYTOPES

We remember that a finite non-empty sub¥et RY is affinely dependerit there are reals
Ax, X € X, with ), .« Ax = 0 and somewy # 0, satisfying) , .y Axx = 0. LetSbe a
fixed finite set of points iiRY. Let ¢ be the set of the minimal (to inclusion) affine dependent
subsets ofS. The pair(S, €) is called thematroid of the affine dependencies on the ground
set S and denoted AffS). We say thatt is the set of theircuits of the matroid Af(S). The
natural ordering oR induces a canonicalircuit signatureof the circuits of¢. Observe that
if C € €, thenthe map : C — R, X — Ay, iS unique up to multiplication by a non-zero real
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number. ThugC, A) determines a pair of opposite signed sets:
C:=CT={XeC:Aax>0}, CT={xeC:Ar <0}

and
—C:=({(-0)T=C", (=0O)” =CMh).

We say thafC, —C} is a pair of oppositsigned circuitsdetermined by the finite s& The
underlying set := C* UC~[= C] is called thesupportof the opposite signed circuitg —C.
For everyx e C set
_J+ ifxect

54,00 = { ~ ifxec .
Let € be the collection of signed circuits determined by the set of circuib Aff (S). The
pair (S, €) is called theoriented matroid of the affine dependencies on the ground sedS
is denoted by AffS). Note that the elements df satisfy the followingsigned elimination

property.

e ForallCq,Co € €, anda € Cf N C, there is a signed circuifs € € such thaﬂgr -
CyucCy\{a}andC; c C; UC;, \ {a}.

By forgetting the signs we recover thaderlying matroidAff (S). Consider a paifA, B}, AN

B =@, AUB C S whereSis a finite subset oRY. The pair{A, B} is called aRadon
partition in S provided conyA) N conyB) # ¢J. We say thaf A, B} is a primitive Radon
partition in Sif it is minimal in the sense that it does not extend any other Radon partition
in S, see R3]. Then it is clear that the palrA, B} is a primitive Radon partition irg if and
only if (CT = A,C~ = B) is a signed circuit of AffS). We observe that the pajs, B} is

a non-Radon partition in Si.e., conf(A) N conyB) = ) if and only if there is an affine
hyperplaneH in RY with the associated open halfspadé$ and H~ such thatA ¢ H,

B ¢ H™. The reader is referred td4, 16, 17] for a discussion of Radon partitions. Note
that the set of the ‘different Radon types determined by a satpafints inRY’ studied by
Eckhoff [16, 17], coincides with the set of ‘non-isomorphic oriented matroids of the affine
dependencies determined by a set @bints inRY .

The cardinality of the maximal affinely independent subsetg,of c S, is said to be the
rank of Y in Aff (S). Set rankAff (S)) = rank(Aff (S)) = rank(S). A subsetF C Sis called a
flat of Aff (S) (or Aff(9)) if rank(F) < rank(F U {x}) for all x € S\ F. The flats of rank 1,

2, and corank 1 are callgmbints, linesandhyperplaneof the matroid Af{S), respectively.
Suppose rantd) = d + 1. (This restriction is not a handicap; we can reduce the general case
to this case.) LeH be a hyperplane of the matroid A8). The affine subspadd = (H) of

RY generated by the elements dfis an affine hyperplane. For every affine hyperpl&hef

this type we choose a positivét and a negativéd ~ halfspace. Thus, the hyperplakeof

Aff (S) determines a pair of opposite signed sets:

C*:=(CHT={S\HINH™, (¢ ={S\H}NnH)
—C* i =((=CHT =(CH", € =CHD).

We say tha{C*, —C*} is a pair of oppositsigned cocircuitsletermined by the s& c RY.

The underlying se€* = CT UC~ = S\ H is called thesupportof the opposite signed
cocircuitsC*, —C*. Let €* be the collection of all signed cocircuits determined by the point
setS. The oriented matroid AfS) can also be encoded by the p&; ¢*). Indeed, the setd
ande* satisfy theorthogonality property
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(%) For allC e ¢ andC* e ¢* such thaiC N C*| > 2, both the set$C*t N (C*)*} U
{C-Nn(ECH }and{CT N (C*™}U{C™ N (C*) T} are non-empty.

¢ (resp.€*) is the set of minimal signed subsets®éatisfying(x) relative to the set* (resp.
¢), and(¢*)* = €. The pair(S, ¢*) is also a new rankn — r) oriented matroid called the
orthogonalor dual of Aff (S) and denotedAff (S))* or Aff*(S). The restriction of Aff(S)
to the ground se8\ {s} is denoted by AffS) \ s. Set Aff(S)/s := (Aff*(S) \ s)*. We say
that Aff(S)/s is the contractionof Aff (S) by the elemenst. Note that(Aff(S) \ s) \ §' =
(Aff(S)\ s') \ sand foralls,s’ € S.

The notion of ‘signed circuit’ can be axiomatized (s8gljefinition 3.2.1]). Thus, we obtain
a general class, where there are many non-realizable oriented matroids, i.e., non-isomorphic
to matroids of type AffS). For many combinatorial purposes the class of all oriented matroids
can be seen as an useful completion of the class of realizable oriented matroids. In particular,
the class of all oriented matroids is closed for the important operation of ‘local perturbation’
(see B] for details).

A (convex)d’-polytopeis the ordinary convex hull of a finite subset Bf whose affine
dimension isd’. The matroidal analog notion is the concept of ‘matroid polytope’, Consider
an acyclic oriented matroidM, i.e., suppose that all its signed circuits have positive and
negative elements. facetof M is a hyperplanéd (of M) such thatS(M) \ H supports a
positive cocircuibf M, i.e., a cocircuit whose negative part is emptyadeis an intersection
of facets, i.e., a subsét of Ssuch thatS\ F is a union of (the supports of) positive cocircuits
of M. By convention, the ground s& M) is the empty intersection of the facets .bf.

The collection of all faces oM ordered by inclusion is a finite lattic§ac(M), called the
(Las Vergnajface latticeof M. Note that§ac(M) has theDedekind chain conditian.e., all
maximal (to inclusion) chains between elemetand F’ have the same length, for all pairs
of facesF, F’ € Fac(M). Therank, rank=5.(F), of a faceF € Fac(M) is the length of a
maximal chain between elememtandF. Note that ranka.(F) = ranky(F) for every face
F € Fac(M). Let P be ad-polytope of dimension iR, and letV := vert(P) be its vertex
set. Consider the (realizable) matroid polytope of the affine dependencies of its vertex set
Aff (V). Note that there is a natural isomorphigm Fac(P) — Fac(Aff (V)), F — ¢(F) :=
vert(F). For this reason, an acyclic oriented matrgidl such that all the elements & M)
are vertices (i.e., rank 1 faces) of the face latee(M) will be called amatroid polytope
The oriented matroids that are also matroid polytopes will be denoted by a bold symbol.

Let S, S be two finite subsets &Y. We say thaS andS aregeometrically equivalenbr
have the samgeometrical typgif the oriented matroids AffS) and Aff(S) are isomorphic.

We say that two matroid polytopest and M’ are combinatorially equivalentor have the
samecombinatorial typeif the corresponding face lattices are isomorphic. fdwientation

on Aof the signed circui€ is the signed setC := ((zO)* = {CT\ AJU{ANC}, (z0)~ =
{C"\AJU{ANCT}). Note that we havg M = m/\/l, for every oriented matroid1t = (S, €).
The concept of ‘reorientation’ is the matroidal analog of the notion of ‘non-singular projective
permissible transformation’, for details see, for exam@&].[Suppose that the reorientation
on A of (all the signed circuits of)M, denoted by zM, is also a matroid polytope. The
partition{A, S\ A} of the ground se8(M) is called anon-Radon patrtitior(relative to M)

of the ground se. We observe that iiM = Aff (S), then the two notions of non-Radon
partition here defined, coincide. With the language of primitive Radon partitions, Bsgen [
has observed:

PropPoOsITION2.1 ([5]). The combinatorial type of a polytope is determined by its geo-
metrical type.

The next two results extend polytopal theorems5f [
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PrROPOSITION2.2 ([25]). The combinatorial type of a matroid polytope is determined by
its geometrical type. More precisely, consider a matroid polytépe= (S, €) and let F be a
subset of the ground set S. Then the following two assertions are equivalent:

e F is aface ofM.
e For all signed circuitC e ¢, C* c F = C~ C F.

A rankr matroid M is calleduniformif its independent sets are exactly those subsets of the
ground setS(M) whose cardinality is at most A matroid polytopeM is calledsimplicial
if every faceF, F # S(M), is an independent set. From PropositbAwe conclude:

COROLLARY 2.3. Let M be a simplicial matroid polytope. Let F be a proper subset of the
ground set &M). The following three assertions are equivalent:

e F isaface ofM.
e {A, S\ A}is anon-Radon partition of S, for every&AF.
e CT ¢ F, for every signed circuif of M.

Even for uniform matroid polytopes, combinatorial equivalence does not imply geometrical
equivalence.

3. ALTERNATING ORIENTATIONS AND dTH CycLIC CURVES

Set[n] := {1,2,...,n} for everyn € N,, and set0] := . When necessary, we also
consider[n] as the linear ordered s¢t < 2 < --- < n}. Let [, ([n]) be the rank uni-
form matroid on the ground sét]. It is well known @4, Corollary 3.9.1] that amlternating
orientation¢ of the circuits ofU, (n) can be associated with the linear ordered st

e Every circuitC = {i1 < --- < ir41} of U, (n) is the support of a pair of opposite signed
circuits,C, —C of ¢, determined by the signature 8§j11) = —sg.(ij), j € [r].

The oriented matroid so obtainedi; ([n]) := ([n], €), is called thealternating oriented (uni-
form) matroidof rankr on the linear ordered sgt]. Note thatA, ([n]) is a matroid polytope

if r > 3. Properties of alternating oriented matroid have a nice simple translation in terms of
basis orientation. Aasis orientatiorof an oriented matroid\ = (S, €) is a mappingy of

the set of ordered bases.f to {—1, 1} satisfying the following two properties:

e x isalternating i.e., x (by1) <" -+ <" b)) = signo) x (b1 < -+ < by () for all
basedbs, ..., by} of M and every permutatios of [r].

e For any two linear ordered bas@s = {a < s1 < --- < §}andBy = {b <’ 51 <’
... <"s},a# b, of M, we havey (B;) = —sg, (a)sg, (b)x (B2), whereC denotes one
of the two opposite signed circuits 8ff such that, b € C c By U {b} = By U {a}.

If x(B) = 1 we say thaB is apositivebasis ofM. Note that the mag’ of the linear ordered
bases of AftS), B — x'(B) = sign(det(B)) is a basis orientation of AfS).

PrROPOSITION3.1 ([4]). Arankr > 1 uniform oriented matroidJ; (S) is an alternating
oriented matroid if and only if, for some linear ordering 8f the ground set S, every ordered
basis B, C S, is positive.

The geometrical type of the standard cyclic polytopes are the alternating oriented matroid
polytopes. More precisely we have:
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THEOREM 3.2 ([4, 6]). Consider the pointy (t1),...,y({tn), 1 < --- <ty N >d > 2,
of the moment curve : R — RY, t > y(t) = (t,t2,...,t%). Then

Aff ({y(ty), y(t2), ..., y(t)}) = Agr1({y (t) < y(t2) < --- < y(ta)}).

Breen’s proof §] of Theorem3.2uses Gale’s evenness criterion (see Propositidbelow).
In fact, as suggested id], an effective simple calculus using Vandermonde’s determinants
suffices (seed, Proposition 9.4.1] for details).

LEMMA 3.3 (SGNATURE LEMMA). Let € (resp.€*) be the set of signed circuits (resp.
cocircuits) of an oriented uniform matroid, ([n]). Suppose that one the following two con-
ditions is verified:

elf Ce€andii+1e(, thensgc(i +1) = —sgc(i).
o If C*e¢* andi i +1eC* thensgc*(i +1) = sgc*(i).
ThenUy ([n]) is the alternating oriented matroid, ([n]).

PROOF Itis well known that given any circué of a matroidM = (S, €) and two elements
a,b,a # b,a,b € C, there is a cocircui* of M such thatC N C* = {a, b}, see, for
example, B, Lemma 3.4.2]. Thus, by the orthogonality propeity, the assertions relative to
circuits and to cocircuits are equivalent. We establish the lemma for circuits, proving that, for

every signed circui€ with supportC = {i1,...,ir+1},11 < --- < ir41, and for every pair of
natural numberp, g, 1 < p<q=<r +1, we have
sq.(iq) = (=197 Psg, (ip). (3.3.1)

We use induction oiy —ip. If ig = ip+1, Eqn. @.31) is the hypothesis. Suppadge-ip > 1
and that 8.31) is true for all the integergy andiq such that 1< iy — iy < ig —ip. If
p+1<q,thereispy; € Csuchthatp < ipy1 < ig; thenthe result follows by the induction
hypothesis. Now suppose= p+1. Letj be some element @\C withi, < j <ipy1. Letl’
(respC”) be the signed circuit df; ([n]) supported bYC\{i p}}U{j} (resp{C”\{i p+1}}U{}}).
By the induction hypothesis, Cs,qi p+l) = —sgc,(j) and sg,,(j) = —sg,, (ip). Hence, by
the signed elimination property, $Gp+1) = — Sg, (ip)- O

Let us give two consequences of Signature Len3n3a
COROLLARY 3.4 ([4]). Let €* be the set of signed cocircuits of the rank r alternating

oriented matroidA, ([n]). Set E:= {i € [n] : i ever}. Then g€* := {gC* : C* € T*} is the
set of the signed circuits of the raigk — r) alternating oriented matroidA,_ ([n]).

PROOF Let C* be a signed cocircuit ol ([n]). SetC* = {ia, ..., in—ry1}, i1 < -+ <
in—r+1- Applying (3.31) and the orthogonality property) we obtain, for every pair of inte-
gersp,q,l<p<g=<n-r+1

sq,. (iq) = (—D)@PHla=lolsg (ip). (3.4.1)
We have(—1)'a—'r = —1 if and only if exactly one of the numbers, iq is even. Hence
Corollary 3.4 follows. O

COROLLARY 3.5. Let P be a d-polytope inRY, d > 2. ThenP is geometrically equiv-
alent to the alternating oriented matroid (polytop&)1([n]) if and only if its vertex set V
fulfills both the conditions:
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(3.51) No affine hyperplane H iR meets V in more than d points.

(3.52) There is alinear ordering V := {vj; < vi, < --- < vj,} of the elements of V such
that no affine hyperplane H ifR9, affine hull of d points of V, strictly separates
fromv,,, for every ke [n — 1].

PROOF The conditions are trivially necessary. We prove that they are sufficient. From
(3.5.1) we conclude that AfV) is a matroid uniform of rankl + 1. Pickk € [n — 1]. LetC*
be a signed cocircuit of Aflv). ThenV \ C* is a set ofd elements. From35.2) we know that
Sq.. (Viy) = S, (Vig,1), if vy, vi,, € C*. From LemmeB.3we conclude the isomorphism of
oriented matroids AfiV) = Ag+1([n]), vi — 1,1 € [n]. O

The next Proposition answers a question implicitly raise@8j. [

PROPOSITION3.6. Leta : R — RY, t > a(t) = (a1(t), ..., aq(t)) be a parameterized
curve. Then is a dth cyclic curve if and only it is a th order curve.

PROOF If « is adth cyclic curve, then it is clear that it is alsal¢h order curve. To prove
the converse assertion, let us consider an arbitrary setrof d + 1, pointsx (t1), ..., a(tp)
on thedth order curven. We supposd; < to < --- < ty. No affine hull ofd of those
points can strictly separate two points of the fostix) anda (tx+1) for anyk € [n — 1];
otherwise such a hyperplane would contaift) for somet € R, tx < t < txy1. Then
Aff {ar(t), ..., ad(t)}) = Agr1({er(t) < --- < ag(t)}) is a cyclic matroid polytope, by
Theorem3.2and Corollary3.5. So« is also a cyclic curve, as required. |

The following ‘existence theorem’ of Sturmfels, is closely related with our results and must
be mentioned.

THEOREM3.7 ([37]). Let V be a finite subset &9, d > 2, of at least d+ 1 points,
and suppose that there is a linear ordering Such thatAy,1(V<) is an alternating oriented
matroid polytope. Then V is on atdorder curve.

The next result, a generalization ®' of the classical ‘Ramsey type theorem’ of Bsd
and SzekeredlB]; see Giinbaum P2, Exercise 7.3.6] and Duchet and Roudnéf|[(cf. [3,
Proposition 9.4.7]).

COROLLARY 3.8 ([15]). For every natural number ¢ 2 there is a natural number d)
that every set of k) points in general position iR contains the vertices of a cyclic poly-
tope of dimension d.

PROOF. Choose a linear ordered set of poiNs, in general position ilRY, and fix an
orientation ofRY. A linear orderedd + 1)-subsetS. c N. is colored blue or red depend-
ing on the sign ofS., viewed as an oriented-simplex inRY. If N is large enough, then
N contains a linear orderastsubsetV_. whose linear ordere@ + 1)-subsets are colored
the same, by the Ramsey theorem. From Proposgigémand Theoren8.2 we conclude that
Aq11(V<) = Aff (V) is a cyclic polytope. |

Obviously, every submatroid of an alternating oriented matroid is again an alternating oriented
matroid with respect to the induced linear order. More generally, passing to matroid minors
can be handled as follows.
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COROLLARY 3.9 ([4]). For every pair of natural numberg, r}, n > r > 1, and every
i € [n], we have the equalities:

ArInD\i=Ar({1<2- <T<---<n} (3.9.1)
and
Ar ([n])/| :m&rfl({l <2 <T< e < n}) (392)
ZmAl’fl({l <2--- <T< ce<n)).

ProOF Equality 3.9.1) is clear. SeE := {j € [n] : j ever andE’ := {j € [i — 1] :
jeverr | J{j :joddi < j < n}. By the orthogonality propertg), and using Corollar.4,
we have R

Ar(InD/D* = AF(IND\i =gAnr({l<---<i<---<n}).

Applying Corollary3.4again, we obtain
Ar(nD)/i = (Ar(IND/DH* = g (A1l < -+ <T < -+ < n}),

which is equality 8.9.2). O

4, CvycLIC MATROID POLYTOPES FACIAL STRUCTURE

In order to describe in a matroidal way the facial structurégfs, ..., ty), we introduce
some terminology. The matroid polytopes combinatorially equivalent to the alternating ori-
ented matroids of rank > 3 are callectyclic matroid polytopesie will denote byCm, (S)

a rankr cyclic matroid polytope on the ground st We remember that a linear ordering
S =1{s1 < & < -+ < s} of the elements of is an admissible ordering fatm; (S),

if Fac(Cmy(S)) = Fac(Ar({s1 < & < -+ < $})). In the following we suppose that the
natural orderindl < 2 < --- < n} is an admissible order for the matroid polytape, ([n]).
Generalizing similar concepts for polytopes, we say that a matroid polytdpe said to be
k-neighborlyif every subset ok points of the ground seb(M) is a proper face of\. A
rankr matroid polytopeM is calledneighborlyif it is [(r — 1)/2]-neighborly. The proof
of the following proposition easily follows from the definitions and Proposifidh) and it is
omitted.

PrROPOSITION4.1. A matroid polytopeM is k-neighborly if and only ifC*™| > k + 1 for
all signed circuitC of M. A rank 2k + 1 matroid polytopeM is neighborly if and only iiM
is uniform and|C*| = |C~| = k + 1 for every signed circuif of M.

We present a matroidal version of Gale’s evenness criterion:

PROPOSITION4.2 (GALE’S EVENNESS CRITERION FOR FACET,921]). Let n and r be
two integers with n> r > 2. Then a(r — 1)-subset FcC [n] is a facet of the alternating
matroid polytopéed, ([n]) if and only if every two elements pf] \ F are separated ofn] by
an even number of elements of F.

PROOF Put[n]\ F ={i1 <--- <ip--- <ig <--- <in-r41}. The number of elements
of F betweenip andiq isiq —ip — (g — p). F is a facet ofA, ([n]) if and only if [n] \ F
supports a positive cocircuit*. From Eqgn. 8.4.1) we know that , andig have the same sign
inC* ifand only ifiq —ip — (g — p) is even. Hence the proposition holds. O
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Shephard36] gives an extension of Gale’s criterion to faces of any dimension. Fix a subset
W of the linear ordered sé¢h]. A subsetX c W is called acontiguous subsedf W if there
isapair{i,j}, 1 <i <j <nsuchthatX = {i <i+1<.-- <j—1< j},and
i—1,j+1¢W. Xis said to beeven(resp.odd) when|X| is even (resp. odd).

COROLLARY 4.3 (GALE'S EVENNESS CRITERION FOR FACEJ 36]). Consider the alter-
nating matroid polytopé\, ([n]), and suppose & r > 2. Then a k-element subset W[nof,
1<k <r —1,isaface of rank k ofA, ([n]), if and only if W admits at most+ 1 — k odd
contiguous subsets.

PrROOF The result easily follows from Gale’s criterion and from the next simple lemma
whose proof is left to the reader. |

LEMMA 4.4. Let W be a k-element subset[of. Let m be the number of odd contiguous
subsets of W. Then there igla+ m)-element subset F ¢h] containing W and such that
every contiguous subset of X is even.

An immediate consequence of CorollahBis:
COROLLARY 4.5 ([28]). Any cyclic matroid polytope is simplicial and neighborly.

Note that Corollary.5is also a simple consequence of Corolldr§and Theoren3.2

Let us now examine the role of vertices in the face lattice of cyclic (matroid) polytopes.
Suppose thaH is an affine hyperplane @ strictly separating the vertaxe vert(P) of the
other vertices of. The face lattice of the polytopge NP does not depend on the choicetbf
and is called theombinatorial vertex figuref P atv. The combinatorial vertex figurg atv
is isomorphic to the intervdb, P] in the face latticesac(P). It is not difficult to see that the
combinatorial vertex figure gP atv is isomorphic to the face latticgac(Aff (V)/v), where
V is the vertex set of the polytoff@. More generally, we say that tleombinatorial vertex
figure of the matroid polytopeM ats € S(M) is the face latticgac(M/s) (or equivalently
is isomorphic to the intervdb, S] in the face lattic€Fac(M)).

PROPOSITION4.6. Ifr is even (resp. odd), the combinatorial vertex figureh, ([n]) at
i,i €{1,n}(resp.ie [n]),isisomorphic to the (face) latticgac(Ar_1([n — 1])).

ProOEF It suffices to consider the caen, ([n])f A ([n]). Itis clear that
the acyclic oriented matroiﬁiq]Ar_l({l <.+ <i < .-~ <n}) coincides with A, _1({i +
l1<.--<n<1<-...<i—1}). Thusthe proposition is a consequence of Coroltagy O

Proposition4.6 shows the strong regularity of cyclic matroid polytopes of odd rank. The
special role of the vertices in the case of even rank will be illustrated by the construction of
cyclic matroid polytopes of even rank proposed in the next section.

5. CvcLic MATROID POLYTOPES NEW RESULTS

We say that a matroid polytop! is rigid if its face latticegac(M) determines\.

THEOREM5.1 (CrCLIC MATROID POLYTOPES OF ODD RANR. The cyclic matroid poly-
topes of odd rank are rigid. More precisely, the geometrical typ&€oby1([n]), k > 1, is
Agra([nD).
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Note that Theoremd.1is a particular case of the following remarkable result of She®4r [
(see B, Theorem 9.4.13] for a matroidal proof):

THEOREMS.2 ([34]). Every neighborly rani2k + 1 (matroid) polytope is rigid.
We present here a short direct proof of Theofeih

PrROOFE The casen = 2k + 1 is trivial. We suppos@ > 2k + 1 > 3. We know that
Cmk+1([n]) is neighborly, see Corollarg.5 above. From Propositiof.1 we conclude that
Cmy1([n]) is a uniform matroid andC*| = |C~| = k + 1 for every signed circuif <
C(Ax+1([n])). Let § be the set of facets @myk1([n]). Gale’s criterion can be stated as
follows (see Corollary.3):

e F e §ifand only if every contiguous subset X of F is even.

Suppose there are consecutive elemerasdi + 1 contained in a positive part of a signed
circuit C*. Then the number of odd contiguous subsetg dfis at most|CT| — 2 = k —

1. From Corollary4.3 we conclude tha€™ is a face ofCmyk,1([n]), a contradiction with
Corollary3.4. Thus, sg(i) = —sg, (i + 1) for everyi € [n — 1] and every signed circu,

C € €(Cmy+1([n]), such thai,i + 1 € C. Then the equalitmp,1([n]) = Ax+1([n])
follows from Lemma3.3. O

We remark that for even rank, only a partial structure theorem holds. In particular, there are
non-realizable rankkRcyclic matroid polytopes. Two elemendss’, s # s/, of the ground set

Sof an oriented matroicM are said to form aign-invariant pair or briefly aninvariant pair,

if sands’ always have the same sign or always opposite sign in all the signed circuis of
containing them. In the first case the p@rs’} is calledcovariant in the lattercontravariant

Note that a covariant (resp. contravariant) pailfis a contravariant (resp. covariant) pair of
M*. Theinseparability graphof M [32] (invariance graphin [11]) is the graph] G (M), on

the vertex se6 whose edges are all the invariant pairshdf. Observe that the inseparability
graph | G (M) is invariant under orthogonality and reorientatioh&(M) = IG(M*) =
IG(xM) forall X C S.

REMARK 5.3. Let P be a neighborly polytope of dimensiok 2 4. LetV be its vertex
set. Then the following two notions are equivalent (we leave the proof to the reader):

e {s, §'} is a contravariant pair of the affine matroid polytope (Afj.

e Setconys, s') = ¢. ThenP /¢ is a neighborly polytope of dimensiok 2 2 on a vertex
setV’ with |V| — 2 elements: i.e.£ is anuniversal edgeof the polytopeP, in the
notation of Shemer34).

THEOREM5.4 (CyCLIC MATROID POLYTOPES OF EVEN RANK. Arank2k, k > 2, ma-
troid polytopeM, on a ground set &) with n,n > 2k + 2, elements is a cyclic matroid
polytope if and only if there is a covariant pdjs, s’} of M such that both the contractions
M /s andM /s are cyclic matroid polytopes.

PROOF Let us begin with the ‘only if’ part: letM = (S, €) be a rank R cyclic matroid
polytope with admissible orderin§. := {S = s < --- < S = §'}. Then bothM/s and
M/s are rank & — 1 cyclic matroid polytopes by Propositign6. To obtain a contradiction
suppose thats, s'} is not a covariant pair: i.e., there is a signed circiitt ¢ such that
s e Ct,andsy, e CT. As|C| = |ICT| + |C™| < 2k + 1, we necessarily hay€™| < k or
|C™| < k. If we have|CT| < k (resp.|C™| < k), then the se€™ \ {s;} (resp.C™ \ {sn}), of
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sizek — 1 would be a face of the rank2- 1 neighborly matroid polytopa1/s (resp.M/s');
consequentlyC™ (resp.C~) would also be a face of the simplicial matroid polytapé, a
contradiction with Corollang.4. We conclude thafs, s’} is a covariant pair.

We will prove the ‘if part’ of the theorem. Letl be a facet of\1. As{s, s'} is a contravariant
pair of the dual oriented matroid1* we haveH N {s,s'} # @. Observing that both the
matroids.M /s and M /s’ are uniform (see Theoref.]) it follows that rankH) = |H]|,
and henceM is a simplicial matroid polytope. Any rankk2- 2 face of M is contained in
exactly two facets. Therefore the substitut®r> s’ maps a facet to a facet, §ac(M/s) =
Fac(M/s)). Let us denote bg, i € [n— 1], the vertex ofM /s corresponding to the lings
joining sands . Every cyclic permutation of an admissible ordering of odd rank cyclic matroid
polytope is also an admissible order, by Gale’s evenness criterion. Then there is an admissible
orderSz = {5,<---<Si,_, = s’} of the vertices of the rankk2— 1 cyclic matroid polytope
M/s. The reader can easily check that the facetd bgatisfy Gale’s criterion relative to the
orderingSs = {s< s, <--- < S, , < §'}. SoM is a cyclic matroid polytope, as required.
|

COROLLARY 5.5. The contractio®my([n])/i,i € [n], is a cyclic matroid polytope if and
only if i € {1, n}. Furthermore, the cyclic matroid polytogkny([n]), n > 2k + 2 > 4, has
a unique covariant paif1, n}. These elements are necessarily the extrema of any admissible
ordering.

PrROOFE We claim that ifS, = {j1 < --- < jn} is an admissible ordering fafmy([n]),
thenCmy([n])/i,i € [n], is a cyclic matroid polytope if and onlye {j1, jn}. By hypothesis,
Cmyk([n]) is combinatorially equivalent tdx(S.), i — jj. From equality 8.9.2) we know
that:

. Cm2k([n])/A1 is combinatorial equivalent to the alternating oriented ma#ojidS.)/j1
=Ax-1({j1<ja<--<-<jnh.
e Foreveryi,2 <i <n,Cmx([n])/i is combinatorially equivalent to

Ax(S)/ii = grghaadin < - < Ji < -+ < D

By Theorem5.1, mAzk,l({jl << ]f < --- < jn}), Where 2<i < n,is a cyclic
matroid polytope if and only if it is an alternating oriented matroid, hence if and onlyih.
Then Corollary5.5is a consequence of Theordinl. a

PROPOSITIONS.6. A rank 2k, k > 2, simplicial matroid polytopeM is a cyclic matroid
polytope if and only if it has a covariant pafs, s’} such that the contraction /s is a cyclic
matroid polytope.

PrROOF The proofis similar to that of TheoreB4 and left to the reader. o

Admissible orderings of cyclic matroid polytopés, ([n]) are characterized in the next the-
orem. The cases =r,r + 1 are trivial and omitted. As the matroid polytopgés, ([n]) and
A ([n]) are combinatorially equivalent, we can reduce our study to the admissible orderings
of alternating oriented matroid polytopes.
We define a grapi®(n; r), called theGale graphof A, ([n]), whose vertex set ifn], and
such thatthe palffi, j} € [n]x[n]is an edge if and only if the elemeritandj are consecutive
for some admissible ordering @f; ([n]). We say that the hamiltonian pafth, io, ..., iy] of
the Gale grapl®(n; r) determineghe linear orderingi; < is < --- < ip}.
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THEOREMb5.7 (ADMISSIBLE ORDERINGS OF CYCLIC MATROID POLYTOPEJ

(5.7.1) The Gale grap®(n; 2k + 1), n > 2k + 2 > 3, is the hamiltonian cyclél, ..., n, 1].
Aoi1([n]) has2n admissible orderings determined by tBre hamiltonian paths of

&(n; 2k + 1).
(5.7.2) The Gale grap®(n; 2k), n > 2k+1 > 3, is the union of the two cycl¢g, 3, ..., n, 2]
and[1, 2,...,n—1, 1]. Ax([n]) has four admissible orderings determined by the four

hamiltonian paths o (n; 2k) whose extrema are the elemeftand n.

PROOF We say that alZ-elementH C [n] is aspecial facebf A 1([n]) if it is a facet,
and there are exactly two elemertitg, h, € [n] \ H such that, for everx € H, either
H \ {x} U {hi} or H \ {x} U {hy} is again a facet of\y1([Nn]). It is clear that the set of
special facets ahok1([N]) is determined by the face latti§ac(Ax1([n])). Moreover, and
making use of Gale’s evenness criterion for facets, it is straightforward to prove that there

are exactlyn special facets ofo1([n]): Hi :={i,i +1,...,i +2k}, (modn),i € [n].
Then the unique admissible orderingsAdk1([n]) are of type{w (D) <, -+ <ou w(N)},
wherew denotes a circular permutation{df, 2, . . ., n}. We conclude also that the Gale graph

&(n; 2k + 1) is the hamiltonian cyclél, 2, ..., n, 1].

From Corollary5.5 we know that the elements 1 amdare the extrema of any admissi-
ble ordering ofA ([n]) and the contraction&k([n])/1 andAx([n])/n are cyclic matroid
polytopes. Asn > 2k +1 > 5, we have(hn — 1) > 2(k — 1) + 1 > 3. Making use of
case(5.6.1) relative to the cyclic matroid polytop&ok ([n])/1, we know that the hamiltonian
paths of the cycle [2,.3..,n, 2] determine the admissible orderingsAj([n])/1. From
these data and making use of Gale’s criterion, we concludefithak --- < ip_1 = n}
(resp.{n = i1 < --- < ip_1}) is an admissible ordering ofix([n])/1 if and only if
{1 <i1 < -+ <ip_1 = n}(resp.{n = i1 < --- < ip_1 < 1}) is an admissible or-
dering of A ([n]). A similar result holds forA ([n])/n. We conclude that the Gale graph
&(n; 2K) is the union of thetwo cycled, 2,...,n—1,1]and[2,3,...,n, 2]. O

From Theorenb.4it is possible to construct the geometrical types of all cyclic polytopes with
even rank (see Rematk12 below for the realizable case). However it is not clear, at this
stage, whether there are non-realizable cyclic matroids of even rank. The following result of
Richter and Sturmfels3[l] settles the question.

THEOREM5.8 ([31]). There is a non-realizable rankcyclic (uniform) matroid polytope
with 10 vertices. A rankk cyclic matroid polytope is realizable if every minor by deletion is
cyclic.

We give two results that emphasize the very special place of alternating oriented matroids
among realizable cyclic matroid polytopes of even rank.

THEOREM5.9. Let M be a matroid polytope of even razk, k > 2, on a ground set S
with n, n > 2k + 2, elements. Then the following properties are equivalent:

(5.9.1) M= Ax(S;) for some linear ordering Sof the elements of.S

(5.9.2) M is a cyclic uniform matroid polytope and its inseparability graph is a hamiltonian
cycle.

(5.9.3) For some element € S, both matroidsM \ s and M/s are alternating oriented
matroids with respect to the same linear ordering of, S}.

We make use of the following Proposition.
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PROPOSITION5.10 ([11]). LetU, = (S, €) be a rank r oriented uniform matroid on a
ground set S with > r + 2 > 4 elements. The inseparability graph [(Gy) is either a
hamiltonian cycle or a disjoint union of k 2 paths. | GUy) is a hamiltonian cycle if and
only if there is a linear ordering of the elements of By S := {$ < -+ < S}, such
thatU; is a reorientation ofA (S.). Otherwise A; (Ss), n > r + 2 > 4, is the only oriented
uniform matroid on the ground set S whose inseparability graph possesses a hamiltonian path
[s1, S, ..., Sh] where all edges are contravariant.

PrROOF Implications 6.9.1) — (5.9.2), (6.9.3) are trivial.

We will prove 6.92) — (5.9.1). From Corollary5.5 we know thatM has exactly one
covariant pair{s, s'} and these elements are the extrema of any admissible orderifg. of
Suppose thas; = s, %, ...,S = S, s] is a hamiltonian cycle of the inseparability graph
of M. We know that the pairgs, s+1},1 € [n — 1], are necessarily contravariant. Then the
inseparability graphG (M) possesses the hamiltonian pathsy, . . ., sy where all edges are
contravariant and the implication follows from PropositmaQ

We will prove 6.9.3) = (5.9.2). Since bothM /s and M \ s are uniform matroidsM is
also uniform. Lef{s; < --- < 1} be an ordering o8\ {s}, with respect to which boti /s
and M \ s are alternating oriented matroids. Then, for eveiye [n — 2], the pair{s, S+1}
is a contravariant pair of. We claim that the existence of a chain of length 2 in | G (M)
implies that this graph is a hamiltonian cycle. Indeed the elermamnnot be an isolated
vertex from a result of RoudnefBp] (see also3, Theorem 7.8.6]). From Propositidn10
we conclude that G (M) is a hamiltonian cycle. To finish the proof it is enough to see that
one of the pairds, 1} or {s, sy—1} is contravariant and the other covariant. Suppose for a
contradiction that both the pairs are covariant or contravariant. Ther,_1} is a covariant
pair of both the alternating oriented matrojii$\ s and M /s. From Egn. 8.3.1) we know that
sg.(s1) = (=1)"sg, (1), (resp. sg,(s1) = (—1)(r*1)sgc, (sh—1)) for every signed circuit
C of M\ s, (resp.C’ of M/s) such thas, sh—1 € C (resp.s1, sh—1 € C'), a contradiction3

PrRoPOSITIONS.11. For any pair of integerdn, k}, n > 2k + 3 > 7, there is a rank2k
matroid polytopeM with n elements and the following properties:

e M is arealizable cyclic uniform matroid polytope but not an alternating oriented ma-
troid.
o All proper submatroids oM are cyclic uniform matroid polytopes.

ProOOF Consider the alternating oriented matraigk ([n — 1]), wheren—1 > 2k+2 > 6.
Consider the basiB = {1,2,n — 2(k — 1), n — 2k + 1, n — 1} of Ax([n — 1]). SetB. :=
{1<2<n—-1<n—-2<n—-3<..--<n-—2Kk-1)}. Let M be the (realizable) rank
uniform oriented matroid on the ground $et determined by the following rules:

e M is asingle element extension &py ([n — 1]).

e Let¢} be the set of signed cocircuits 8fl containing the elememt If C* € &, then
((CHT\ {n}; (C*)™ \ {n})) is a signed cocircuit of k([N — 1]).

e sg,.(n)= (=1} S (ij) if ij is the smallest element & that occurs irC* and
the jth element ofB..

It is clear that there is a positive signed cocircuit/of supported by(2, 3,2k + 2, ..., n}.
Then M is an acyclic oriented uniform matroid. Propositibril results in the following
statements (the straightforward proofs are left to the reader):

M\1=Ax{l<2<---<n). (5.11.1)
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M\ n=Ax([n—1]. (5.11.2)
M/Ll=Ax({3<4<---<n—=1<2<n}). (5.11.3)
M/n=~Ax({l<3<4<---<n—-1<2}). (5.11.4)
M is not an alternating oriented matroid (5.11.5)

O

REMARK 5.12 (REALIZABLE CYCLIC MATROID POLYTOPES OF RANK2K). Assuming
n > 2k + 3 > 5, we choose alRdimensional cyclic polytop@g in R with vertex set
V = {vp, v3, ..., vn—1} and admissible ordering. := {vo < --- < vp_1}. We choose the
origin O in the exterior ofPg but very close to a facdtg of Pg so that the hyperplanes sup-
porting others facets o do not separat® from Pg. Now, identifyingRZ+1 to R x R,
we setv; = (0, —1) andv, = (0, 1). Consider the polytop@; := conUvs, ..., vy). It is
clear that

Aff ({vg, ..., vn}) = Aok2(fvr < --- < vn}).

Since P71 is simplicial, small perturbations of its vertices keep its combinatorial type: if
w2, ..., wp—1 are points chosen in general position in small balls centereg, at. , vy_1,
respectively, then

P := convy, wa, W3, ..., Wn_1, Un)

is a cyclic X + 1-polytope. The reader may check that this process produces any realizable
cyclic polytope of rank R, k > 2.
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