Geometric Mechanics
2"d Exam - February 7, 2025
MMAC

Duration: 120 minutes
Show your calculations

1. Consider particles moving on a plane along hyperbolas z? — y* = ¢, where
c is a constant. Their velocities are in the kernel of x dx — y dy, they have
the direction of the vector field y% + :1:8%. Now suppose that you rotate the
(x,y) plane by an angle 6, clockwise around the origin, and that you rotate
the hyperbolas along with the plane.

a)

b)

d)

Check that if the particles are constrained to move along the rotated
hyperbolas, then their velocities are in the kernel of

w = (xcos(20) — ysin(20)) dx — (xsin(20) + y cos(26)) dy.

Consider the distribution ¥ on R? x S* compatible with the vector fields
X = (xsin(20) +y cos(29))% + (z cos(20) — y sin(29))%
and 5
e
o0

Determine if 3 is integrable.

Assume now that you have a single particle of mass m moving on a
plane, with position (x(t),y(t)) at time ¢. Assume that the motion
of the particle is constrained by the distribution ¥. (This is to be
interpreted as in the following way. The plane is rotating clockwise
around the origin, with angle 6(t) at time ¢, and the particle can only
move tangentially to the hyperbolas which rotate along with the plane.)
Assume that the kinetic energy of the system is

m . . I,
K =2 (#+9°) + 50"

Here, I is the moment of inertia of the plane about the z-axis. Finally,
assume that the reaction force is perfect. Determine the equations of
motion.

Use the equations of motion to check that, as expected, along any
trajectory where € is constant, we have

(zcos — ysinh)? — (vsinf + ycosf)® = constant.

Check that (x,y,0) = (cost, —sint, t) is a solution of the equations of
motion.
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2. An infinite straight bar rolls, without slipping, on an inverted catenary
arch {(s,1 — coshs)}. When the bar is on the horizontal position, its center
of mass is at the origin. The bar has mass m and moment of inertia, about
an axis perpendicular to the bar and through the center of mass of the bar,
equal to I.

1 —coshs

AN

a) Show that, when the contact point between the bar and the catenary
is at (s, 1 — cosh s), the positon of the center of mass of the bar is at

(z(s),y(s)) = (s — tanh s, 1 — sech s).
In addition, show that the angle ¢ between the bar and the s-axis is
(o = — arctan sinh s.

b) Show that the Lagrangian of the bar is

m dr\” dy 2 I (dy 2
L = — — —Z Y _
2 ((dt) +<dt) >+2 <dt) may
1
=3 (mtanh® s + I'sech? s) §* — mg(1 — sech s).

c) To make the computations easier, consider the case when m =1 = g =
1, so that

1
L= 552—1—|—sechs.

Determine the equation for the motion of the bar.

d) Compute the Legendre transformation. Show that the Lagrangian is
hyper-regular. Determine the Hamiltonian H : T*"R — R and show
that it is completely integrable.

e) Which level sets of H are compact? Describe the flow of Xp. Charac-
terise the equilibrium point according to its stability.

f) Write symplectic form w, the Hamiltonian gradient of H, the Poisson
bracket {H, G}, and the Poisson bivector B.



