
Geometric Mechanics
1st Exam - January 23, 2026

MMAC

Solutions

a) The Legendre transformation is the map from TM to T ∗M , given by

(x1, x2, v1, v2) 7→ (x1, x2, p1, p2),

with

p1 =
∂L

∂v1
= mv1,

p2 =
∂L

∂v2
= mv2.

The Lagrangian is hyper-regular because the Legendre transformation
is invertible. The Hamiltonian is

H = p1v
1 + p2v

2 − L =
p21
2m

+
p22
2m

+
g2

m(x1 − x2)2
.

Hamilton’s equations are

ẋ1 =
∂H

∂p1
=
p1

m
,

ẋ2 =
∂H

∂p2
=
p2

m
,

ṗ1 = − ∂H

∂x1
= − 2g2

m(x2 − x1)3
,

ṗ2 = − ∂H

∂x2
=

2g2

m(x2 − x1)3
.

b) Let V ∈ g = R. The curve c, defined by c(t) = tV goes through
the identity at t = 0, and at that point has tangent vector V . As
Lxc(t) = x + c(t) = x + tV , and d

dt
Lxc(t)

∣

∣

t=0
= V , (dLx)(V ) = V .

Hence, the left invariant vector field associated to V is the vector field
which is equal to V at every point x ∈ G. The flow of this vector field
takes 0 to tV , at time t. It follows that exp(tV ) = tV . The infinitesimal



Solutions of the GM exam - 23.1.26 2

action XV is

XV
(x1,x2) =

d

dt

(

exp(tV ) · (x1, x2)
)

∣

∣

∣

∣

t=0

=
d

dt

(

(tV ) · (x1, x2)
)

∣

∣

∣

∣

t=0

=
d

dt
(x1 + tV, x2 + tV )

∣

∣

∣

∣

t=0

= (V, V ).

We may now calculate

JV = FLv(X
V ) = p1V + p2V = (p1 + p2)V = PV.

Since L is G-invariant, Noether’s Theorem guarantees that P is con-
served along solutions of the Hamiltonian system. This can be checked
directly using Hamilton’s equations because ṗ1 + ṗ2 = 0.

c) We already checked that P is a first integral of H . Moreover, the vector
fields

XH =
p1

m

∂

∂x1
+
p2

m

∂

∂x2
− 2g2

m(x2 − x1)3
∂

∂p1
+

2g2

m(x2 − x1)3
∂

∂p2

and

XP =
∂

∂x1
+

∂

∂x2

are independent, since g is assumed to be different from zero. Therefore,
H is completely integrable.

d) The Hamiltonian flow of P after time t is the flow of the vector field
XP after time t:

ψP,t(x
1, x2, p1, p2) = (x1 + t, x2 + t, p1, p2).

e) If P = 0, then p2 = −p1. Calling r = x2 − x1, we have

H =
p21
m

+
g2

mr2
.

When H = E > 0, the equation

p21 +
g2

r2
= Em

describes an ellipse in the
(

1
r
, p1
)

plane, intersecting the 1
r
axis in

√
Em
|g| ,

and intersecting the p1 axis in ±
√
Em. So, here is a sketch of the

intersection of L(E,0) with the (r, p1) half-plane.
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r

p1

−
√
Em

√
Em

|g|√
Em

Since ṗ1 is negative, this curve is traversed from top to bottom.
f ) L(E,0) may be parameterized by

(x1, p1) 7→ (x1, x2(x1, p1), p1, p2(p1))

= (x1, x1 + r, p1,−p1)

=

(

x1, x1 +
|g|

√

Em− p21
, p1,−p1

)

.

L(E,0) is diffeomorphic to

R×
]

−
√
Em,

√
Em

[

,

which is diffeomorphic to R
2. Is it not possible to parameterize L(E,0)

using x1 and r as coordinates because to each value of r (greater than
|g|√
Em

) correspond two (symmetric) values of p1.

g) The second order ordinary differential equation for r is

r̈ = ẍ2 − ẍ1 =
ṗ2

m
− ṗ2

m
=

4g2

m2(x2 − x1)3
=

4g2

m2r3
.

h) The action of τ ∈ G on M is

(x1, x2) 7→ τ · (x1, x2) = (x1 + τ, x2 + τ) =: (u1, u2).

Since x1 = u1 − τ and x2 = u2 − τ , the pullback of the form p1dx
1 +

p2dx
2 ∈ T ∗

(x1,x2)M to T ∗
(u1,u2)M is

p1dx
1 + p2dx

2 = p1du
1 + p2du

2.
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This shows that the lift of the action of G on M to T ∗M is

(x1, x2, p1, p2) 7→ (x1 + τ, x2 + τ, p1, p2)

The infinitesimal action of G on T ∗M is

XV
(x1,x2,p1,p2)

=
d

dt

(

exp(tV ) · (x1, x2, p1, p2)
)

∣

∣

∣

∣

t=0

=
d

dt
(x1 + tV, x2 + tV, p1, p2)

∣

∣

∣

∣

t=0

= (V, V, 0, 0)

= V
∂

∂x1
+ V

∂

∂x2
.

The momentum map J : T ∗M → g
∗, is given by

J
(

(p1dx
1 + p2dx

2)(x1,x2)

)

(V ) = (p1dx
1 + p2dx

2)(x1,x2)

(

XV
(x1,x2)

)

= (p1dx
1 + p2dx

2)

(

V
∂

∂x1
+ V

∂

∂x2

)

= p1V + p2V = PV.

The Hamiltonian vector field XJ is

XJ =
∂J

∂p1

∂

∂x1
+
∂J

∂p2

∂

∂x2
− ∂J

∂x1
∂

∂p1
− ∂J

∂x2
∂

∂p2

= V
∂

∂x1
+ V

∂

∂x2
.

Just like the lift of any action on M to T ∗M , the action of G on T ∗M
is Hamiltonian because

XV
α = (XJ)α.


