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Solutions

The angle between the segment that connects the center of the disc to
the contact point and the segment that connects the center of the disc
to the point p is 8 4+ ¢. The arc of the circle of radius R between 0 and
0 has a length equal to the arc of the circle of radius r between —¢ and
0, i.e.

RO =1r(0+ ¢).
This is equivalent to

R—r
r

Another justification. When 6 increases from 0 to 6, the center of the
disc travels along an arc of length (R — r)6. Since there is no slipping,
this length is equal to the amount by which the border of the disc
rotates, which is r¢. Thus (R —7)0 = rep.
The velocity of the center of mass of the disc is

Y= 0.

v=(R-—r),
and the angular velocity of the disc is ¢. So, the kinetic energy of the
disc is 7
K = %(R SRR

We have

Defining
R—r

o — do,

w =

the constraint is defined by the kernel of w, as any motion is tangent
to the vector field
0 R-ro

The constraint is holonomic. Indeed, the restriction is that the flow
should lie on the curve ¢ = @0.
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d) Since

U=—-mg(R—r)cos#,
the external force is
F =—dU = —mg(R — r)sin6 db.
As the reaction force is perfect,
R = \w,
for some A € R. Indeed, for any ¢ compatible with the restriction,

R(¢) =0, and so (u *(R),¢) =0, i.e. u*(R) is orthogonal to ¢. The
system that arises from Newton’s equation is

40K oK oU R
dt 96 00 00 r
40K oK _ U _,
dt 0 Oy Do ’
o = R—ré‘
r

This translates to

m(R—r)% = —mg(R—r)sinQ—l—/\R_T
”
Ip = -
p = 1T
r

The system implies that

<m(R —r)2 4T (R — T)Q) 6 = —mg(R — 1) sin®,

r

or
0 = —w?sinb,

where
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a) This is a consequence of the facts that the euclidean metric has line

element
ds® = dz® + dy* + d2°,
dxr = sinhwcos p du — coshusin ¢ dp,
dy = sinhwusin g du + coshwucos ¢ dp,
dz = coshudu,
and

sinh® u + cosh® u = cosh(2u).

b) The Lagrangian is

1
L=K-U= 5 (cosh(2u)(v")? + cosh® u(v¥)?®) — gsinhu.

The equations of motion,

dor
dt Ovv
4oL oL
dt Ov¥
translate to
d
pr (cosh(2u)v") = sinh(2u)(v
= sinh(2u)<
p7 (cosh2 uv“”) = 0.

oL
g =0
oL

— 0
%) ’

“)? + cosh u sinh u(v?)? — g cosh u,
1
(v*)? + i(v“")Z) — g coshu,

A parallel {z = constant} is the image of a motion if u is constant.

Then v* = 0. We obtain that v¥# is constant.

satisfy

This constant must

(v9)* = geschu,

provided that g > 0. Therefore u (and hence z) must be positive. In the
case that g = 0, z must be zero, and the fixed value of v¥ is arbitrary.
The motions are circular with constant angular velocity.

c) The Legendre transformation is

oL
Pu = o
oL

P =

dve

cosh(2u)v",

= cosh? uv®.
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d)

The Lagrangian is hyper-regular because this transformation is inver-
tible. The Hamiltonian is

H = p"+p,0?° — L

(pu)2 (pso)2

inh u.
2cosh(2u) ~ 2cosh?*u s

Both H and p, are integrals of motion. They are in involution. More-
over,

Pu Py
dH = dp,, d
cosh 2u Put cosh? u Pe

sinh(2u) 9
B (cosh2(2u) (pu)"+

sinh u

ol u(p¢)2 — g cosh u) du.

So, dp, and dH are independent, except on the union of the orbits
corresponding to b). These are contained in the hyperspace p, = 0.
The complement of this hyperplane is dense in the cotangent space
T*H. So the Hamiltonian is completely integrable.

If g=0, H=k, p, =1, and [* = 2k, then

_ (pu)? i k
2cosh(2u)  cosh?u’

From this equality, we obtain

sinh®u (pu)?

1 +sinh®u  2(14 2sinh®u)’

or
1+ 2sinh?u

1 +sinh?u

1 + 2sinh?
Py = £V 2ksinhu LHQU
1+ sinh” u

For u close to 0, p, ~ £v/2ksinhu. For |u| large, p, ~ £2v/k sinhu.
The graph of p, in terms of u is sketched in the following figure.

(pu)* = 2ksinh®u

Hence
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f)

Pu

Under the present assumptions, L, is the Cartesian product of the
graph of this figure and S'. One can picture this easily, by identifying
the plane of the previous graph with a vertical y = 0 plane in R3,
placing the origin (u, p,) = (0,0) at the point (1,0, 0), and rotating the
graph around the z-axis.
Consider an orbit on L, with {* = 2k, for which both u and p, are
positive. Then v" is positive and u increases to +o0o. Therefore, the
orbits whose images are the circle {z = 0} are unstable.
Notice that on points (u, ¢, p,, p,) of the form (0, ¢,0,1), where H = k
and [? = 2k, the symplectic gradient of H is equal to
0

Xpg=1 a5
Therefore, trajectories on Ly, with [* = 2k, either have u = 0 or u
always different from zero. Thus, consider for example a trajectory on
Ly, with 2 = 2k, that goes through a point where both u and p, are
positive. As t goes to —oo, u will tend to zero.
Note that we only analyzed the behavior of trajectories for which 12 =
2k.
The Lie group S! acts on H through

6i9 ' (u>(10) = (u>(10+9)a

and ¢ and ¢ should be understood mod 27. Calculate the infinitesimal
action of S' on H. Determine the momentum map of the action. Relate
to Noether’s theorem.

Let v belong to R, the Lie algebra of S!. The infinitesimal action of S!
on H is

d 0

v (e d
Xy = g5 (7 . 0))| oy = 35wt sv)lcg = v
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The momentum map of the action is

J(0)(py du + p, dp) = (pudu + p, dp) (X*) = pyv.

Noether’s Theorem says that, for any v € R, p,v is conserved along
the flow of H. We conclude that p, is conserved along the flow of H.



