
Geometric Mechanics
1st Exam - January 27, 2025

MMAC

Solutions

1.

a) The angle between the segment that connects the center of the disc to
the contact point and the segment that connects the center of the disc
to the point p is θ+ϕ. The arc of the circle of radius R between 0 and
θ has a length equal to the arc of the circle of radius r between −ϕ and
θ, i.e.

Rθ = r(θ + ϕ).

This is equivalent to

ϕ =
R − r

r
θ.

Another justification. When θ increases from 0 to θ, the center of the
disc travels along an arc of length (R− r)θ. Since there is no slipping,
this length is equal to the amount by which the border of the disc
rotates, which is rϕ. Thus (R− r)θ = rϕ.

b) The velocity of the center of mass of the disc is

v = (R− r)θ̇,

and the angular velocity of the disc is ϕ̇. So, the kinetic energy of the
disc is

K =
m

2
(R− r)2θ̇2 +

I

2
ϕ̇2.

c) We have

ϕ̇ =
R − r

r
θ̇.

Defining

ω =
R− r

r
dθ − dϕ,

the constraint is defined by the kernel of ω, as any motion is tangent
to the vector field

X =
∂

∂θ
+

R− r

r

∂

∂ϕ
.

The constraint is holonomic. Indeed, the restriction is that the flow
should lie on the curve ϕ = R−r

r
θ.
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d) Since
U = −mg(R − r) cos θ,

the external force is

F = −dU = −mg(R− r) sin θ dθ.

As the reaction force is perfect,

R = λω,

for some λ ∈ R. Indeed, for any ċ compatible with the restriction,
R(ċ) = 0, and so (µ−1(R), ċ) = 0, i.e. µ−1(R) is orthogonal to ċ. The
system that arises from Newton’s equation is

d

dt

∂K

∂θ̇
− ∂K

∂θ
= − ∂U

∂θ
+ λ

R− r

r
,

d

dt

∂K

∂ϕ̇
− ∂K

∂ϕ
= − ∂U

∂ϕ
− λ,

ϕ̇ =
R− r

r
θ̇.

This translates to

m(R − r)2θ̈ = −mg(R − r) sin θ + λ
R− r

r
,

Iϕ̈ = −λ,

ϕ̇ =
R − r

r
θ̇.

e) The system implies that

(

m(R − r)2 + I

(

R− r

r

)2
)

θ̈ = −mg(R − r) sin θ,

or
θ̈ = −ω2 sin θ,

where
ω2 =

g

(R− r)
(

1 + I
mr2

) .

2.
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a) This is a consequence of the facts that the euclidean metric has line
element

ds2 = dx2 + dy2 + dz2,

dx = sinh u cosϕdu− cosh u sinϕdϕ,

dy = sinh u sinϕdu+ cosh u cosϕdϕ,

dz = cosh u du,

and
sinh2 u+ cosh2 u = cosh(2u).

b) The Lagrangian is

L = K − U =
1

2

(

cosh(2u)(vu)2 + cosh2 u(vϕ)2
)

− g sinh u.

The equations of motion,

d

dt

∂L

∂vu
− ∂L

∂u
= 0,

d

dt

∂L

∂vϕ
− ∂L

∂ϕ
= 0,

translate to

d

dt
(cosh(2u)vu) = sinh(2u)(vu)2 + cosh u sinh u(vϕ)2 − g cosh u,

= sinh(2u)

(

(vu)2 +
1

2
(vϕ)2

)

− g cosh u,

d

dt

(

cosh2 uvϕ
)

= 0.

A parallel {z = constant} is the image of a motion if u is constant.
Then vu ≡ 0. We obtain that vϕ is constant. This constant must
satisfy

(vϕ)2 = g csch u,

provided that g > 0. Therefore u (and hence z) must be positive. In the
case that g = 0, z must be zero, and the fixed value of vϕ is arbitrary.
The motions are circular with constant angular velocity.

c) The Legendre transformation is

pu =
∂L

∂vu
= cosh(2u)vu,

pϕ =
∂L

∂vϕ
= cosh2 uvϕ.
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The Lagrangian is hyper-regular because this transformation is inver-
tible. The Hamiltonian is

H = puv
u + pϕv

ϕ − L

=
(pu)

2

2 cosh(2u)
+

(pϕ)
2

2 cosh2 u
+ g sinh u.

Both H and pϕ are integrals of motion. They are in involution. More-
over,

dH =
pu

cosh 2u
dpu +

pϕ

cosh2 u
dpϕ

−
(

sinh(2u)

cosh2(2u)
(pu)

2 +
sinh u

cosh3 u
(pϕ)

2 − g cosh u

)

du.

So, dpϕ and dH are independent, except on the union of the orbits
corresponding to b). These are contained in the hyperspace pu ≡ 0.
The complement of this hyperplane is dense in the cotangent space
T ⋆H. So the Hamiltonian is completely integrable.

d) If g = 0, H = k, pϕ = l, and l2 = 2k, then

k =
(pu)

2

2 cosh(2u)
+

k

cosh2 u
.

From this equality, we obtain

k
sinh2 u

1 + sinh2 u
=

(pu)
2

2(1 + 2 sinh2 u)
,

or

(pu)
2 = 2k sinh2 u

1 + 2 sinh2 u

1 + sinh2 u
.

Hence

pu = ±
√
2k sinh u

√

1 + 2 sinh2 u

1 + sinh2 u
.

For u close to 0, pu ∼ ±
√
2k sinh u. For |u| large, pu ∼ ±2

√
k sinh u.

The graph of pu in terms of u is sketched in the following figure.
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pu

u

Under the present assumptions, L(k,l) is the Cartesian product of the
graph of this figure and S1. One can picture this easily, by identifying
the plane of the previous graph with a vertical y = 0 plane in R

3,
placing the origin (u, pu) = (0, 0) at the point (1, 0, 0), and rotating the
graph around the z-axis.

e) Consider an orbit on L(k,l), with l2 = 2k, for which both u and pu are
positive. Then vu is positive and u increases to +∞. Therefore, the
orbits whose images are the circle {z = 0} are unstable.
Notice that on points (u, ϕ, pu, pϕ) of the form (0, ϕ, 0, l), where H = k

and l2 = 2k, the symplectic gradient of H is equal to

XH = l
∂

∂ϕ
.

Therefore, trajectories on L(k,l), with l2 = 2k, either have u ≡ 0 or u

always different from zero. Thus, consider for example a trajectory on
L(k,l), with l2 = 2k, that goes through a point where both u and pu are
positive. As t goes to −∞, u will tend to zero.
Note that we only analyzed the behavior of trajectories for which l2 =
2k.

f) The Lie group S1 acts on H through

eiθ · (u, ϕ) = (u, ϕ+ θ),

and θ and ϕ should be understood mod 2π. Calculate the infinitesimal
action of S1 onH. Determine the momentum map of the action. Relate
to Noether’s theorem.
Let v belong to R, the Lie algebra of S1. The infinitesimal action of S1

on H is

Xv
(t,ϕ) =

d

ds

(

eisv · (u, ϕ)
)
∣

∣

s=0
=

d

ds
(u, ϕ+ sv)|s=0 = v

∂

∂ϕ
.
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The momentum map of the action is

J(v)(pu du+ pϕ dϕ) = (pu du+ pϕ dϕ) (X
v) = pϕv.

Noether’s Theorem says that, for any v ∈ R, pϕv is conserved along
the flow of H . We conclude that pϕ is conserved along the flow of H .


