
Geometric Mechanics
1st Exam - January 23, 2026

MMAC

Duration: 120 minutes
Show your calculations

Let m > 0 and g 6= 0. The two-body Calogero-Moser system consists of two
particles on a line with an inverse-square interaction potential:

L =
1

2
m(ẋ1)2 +

1

2
m(ẋ2)2 −

g2

m(x2 − x1)2
,

for (x1, x2) ∈M := {(x1, x2) ∈ R
2 : x1 < x2}.

a) Compute the Legendre transformation. Show that the Lagrangian is (3)
hyper-regular. Determine the Hamiltonian H : T ∗M → R. Write
Hamilton’s equations.

b) The Lie group G = (R,+) acts on M : if τ ∈ R, (4)

τ · (x1, x2) = (x1 + τ, x2 + τ).

For V ∈ g, construct the left invariant vector field associated to V .
What is exp(tV )? Calculate the infinitesimal action XV . Calculate
JV = FLv(X

V ). Verify that the hypothesis of Noether’s Theorem is
met, and conclude that the total momentum, P = p1+ p2, is conserved
along solutions of the Hamiltonian system. Check this directly using
Hamilton’s equations.

c) Justify why H is completely integrable. (1)
d) Calculate ψP,t, the Hamiltonian flow of P after time t. (2)

e) Let E > 0. Consider the level set L(E,0) where H = E and P = 0. (3)
Define r = x2 − x1. Sketch the intersection of L(E,0) with the (r, p1)
half-plane. Suggestion: start by sketching the intersection of L(E,0)

with the
(

1
r
, p1

)

half-plane.
f) Parameterize L(E,0) using x1 and p1 as coordinates. Is L(E,0) diffeo- (3)

morphic to R
2, R × S1 or to T 2? Is it possible to parameterize L(E,0)

using x1 and r as coordinates? Explain.
g) Obtain a second order ordinary differential equation for r. (1)
h) Calculate the lift of the action of G on M to T ∗M . Calculate the (3)

infinitesimal action of G on T ∗M . Calculate the momentum map J :
T ∗M → g

∗, given by
J(α)(V ) = α(XV ),

with XV as in b). Calculate directly the Hamiltonian vector field XJ

associated to J , and verify that the action of G on T ∗M is Hamiltonian.


