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Abstract

The type II; unprojection is, by definition, the generic complete
intersection type II unprojection, in the sense of [P] Section 3.1, for the
parameter value k = 1, and depends on a parameter n > 2. Our main
results are the explicit calculation of the linear relations of the type
IT; unprojection for any value n > 2 (Theorem 3.16) and the explicit
calculation of the quadratic equation for the case n = 3 (Theorem 4.1).
In addition, Section 5 contains applications to algebraic geometry.

1 Introduction

The first appearance of the type II unprojection was in the study of elliptic
involutions between Fano 3-fold hypersurfaces in [CPR], while the theoret-
ical foundations were developed in [P] using valuations. Valuations were
useful to prove the existence of certain relations, but didn’t provide any ex-
plicit formulas for them. The present paper is an effort towards the explicit
calculations for the type II unprojection.

We define the type II; unprojection to be the generic complete intersec-
tion type II unprojection, in the sense of [P] Section 3.1, for the parameter
value k > 1. According to [P], it depends on a parameter n > 2, increases
the codimension from nk—1 to nk—1+ (k+1) and preserves the Gorenstein
property. To our knowledge, the only previously done explicit calculation
for the type IT unprojection was for the type II; case for n = 2 ([CPR], [R]),
which is reproduced for completeness in Subsection 4.4 below.

Section 3 contains the calculation, using homological and multilinear
algebra, of the linear equations of the type II; unprojection for any value
n > 2. The main result is Theorem 3.16, which provides explicit formulas
for the linear relations.

The main result of Section 4 is Theorem 4.1, which provides an explicit
symmetric — in the sense of SL3 invariance, see Subsection 4.2 — formula for



the quadratic relation for the case n = 3. The proof of Theorem 4.1 is based
on the explicit equality (4.6) which was verified using the computer algebra
program Macaulay 2 [GS93-08]. In Subsection 4.3 we briefly sketch how
we arrived to the formulas contained in Theorem 4.1 by computer assisted
calculations (using the computer algebra program Maple).

As an application of the above results, we sketch in Section 5 the con-
struction of two codimension 4 Fano 3-folds. The quasismoothness checking,
using the explicit equations obtained in Sections 3 and 4, was done by the
computer algebra program Singular [GPSO01].

The calculation of the quadratic equation for the type II; unprojection
for n > 4 remains open. We believe that the explicit formulas of the lin-
ear relations obtained in the present work together with representation and
invariant theoretic techniques could, perhaps, lead to their calculation, and
also to a better understanding of the complicated looking formula (4.2).
To our knowledge, the problem of calculating the type II; unprojection for
k > 2 is also open.
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2 Notation

As already mentioned in Section 1 by type II; unprojection we mean the
generic complete intersection type II unprojection in the sense of [P] Sec-
tion 3.1 with fixed parameter value k = 1. According to [P], the type Iy
unprojection depends on an integral parameter n > 2, the initial data for
the unprojection is specified by a triple

IX C ID C Oamb (21)

(where Iy and Ip are ideals of Og,pp), and the unprojection constructs an
ideal
Iy C Oumplso, s1], (2.2)

where sg, s1 are new variables.
Fix n > 2. The ambient ring Ogmp will be the polynomial ring

_ p P
Oamb - Z[ajla sy Tns Y1, 7yn>Z7Aij>Blm]



where 1 <p<n—-1,1<i<j<mnand1<!l<m<n. (InSection 4 Ogymp
will change slightly to allow 2 to be invertible.)
We denote by M the 2 x 2n matrix

M:(yl e Yn ZT1 ... Z.CCn>' (23)
r1 ... Ip U1 Yn

The ideal Ip C Ogpp in (2.1) is the ideal generated by the 2 x 2 minors
of M.

For 1 < p < n—1, we denote by AP the n x n skew—symmetric matrix
with (ij)-entry (for i < j) equal to Afj (and zero diagonal entries), and by
BP the n x n symmetric matrix with (ij)-entry (for i < j) equal to ij.

We set

x=(x1,...,xn), Y= (Y1,---,Yn), (2.4)

and, for 1 <p <n—1, we set
n
be X e ¥ wo

1<i<j<n i=1 1<i<j<n

where,
Fij = ay; —xjyis Gy = 2(yiy; — z2ixj), G = Yo, — 205,
for1<i<j<n and 1<m <n. In matrix notation
', = 2 APy + yBPy' — 22 BPa’. (2.5)
The ideal Ix in (2.1) is the ideal
Ix = (f1,.., fa1)-

Remark 2.1 According to [P] Proposition 2.16, the ideal Iy of Ogma[so, $1]
contains Ix as a subset and is generated by Ix together with n polynomials
liy ... Uy € Ogmplso, s1] affine linear in sg, s1 of the form

li = zziso + yis1 + o1,

where 1 <1 < mnand o1; € Ogmp, together with n polynomials l,,+1, ..., la, €
Oamb[S0, s1] affine linear in s, s1 of the form

litn = Yiso + x;81 + 02,



where 1 < i < n and o9; € Ogmp, together with a single affine quadratic
polynomial ¢ € Ogmp[so, s1] of the form

q= s% — zsg + lower terms,
where ’lower terms’ means an affine linear polynomial in sg, s1, i.e., of the
form e1sg + e2s1 + ez with e, es,e3 € Opmp-
In other words, we have the equality

Iy = (fl,...,fnfl)+(l1,...,12n)+(q) (26)

of ideals of Oumplso, s1]. Calculating Iy means providing explicit formulas
for l1,lo,...,lo, and q.

For simplicity, we call the elements of Ix the original relations, we call
l1,...,lo, the linear relations and, finally, we call ¢ the quadratic relation.

For the parameter value n = 2 the ideal Iy has been explicitly calculated
by Reid in [R] Section 9.5. For completeness, we reproduce his results in
Subsection 4.4.

In Theorem 3.16 we calculate, for any n > 2, the linear relations Iy, . . . , .
In addition, in Theorem 4.1 we calculate the quadratic polynomial ¢ for the
parameter value n = 3.

The calculation of the quadratic polynomial ¢ for n > 4 remains open.

3 Linear relations of Type II; unprojection

In this section we use the notations of Section 2.

3.1 Generalities

Assume R is a ring, L is an R-module, and h: L — R a homomorphism of
R-modules. For p > 1, [BH] p. 43 defines an R-homomorphism dPh : APL —
APTLL by

p
FPh(vr A Avp) =3 (=1 h(vior A AT A Ay, (3.1)
=1

for all vy,...,v, € L. (For p =1 we set A°’L = R and d'h = h.) The maps
dPh define the Koszul complex

2
SRR S ANy o ARSI/ § ANy SN - JN

associated to the homomorphism h.



Proposition 3.1 Assume hi,ho: L — R are two homomorphisms of R-
modules. For p > 2 we have the equality

d?"'hy o dPhy + dP " hy o dPhy = 0,

of maps A\PL — AP~2L.

Proof Indeed,
0=d” ! (hy + hg) o dP(hy + hg) = d*"hy o d’hy + dP ™ hy o dPpy,

since

A’ hy o dPhy = dP " 'hy o dPhy = 0.
QED

3.2 The second complex

Assume L is a free Ogyp-module of rank n, and let eq, ..., e, be a fixed basis
of L. We define four Og,,,-homomorphisms h1,...,hs : L — Ogmp, wWith

hi(e:) = yi, ha(ei) = xi, hs(e;) = zzi, hale;) = yi,
for 1 <i < n. In addition, we define, for 1 < p < n, homomorphisms

¢p: NP LOANL — ANPTIL AP

as follows:
dPhy dPhs\ [a
snlast) = (ot 5) (1) = @@ + @ha(0) Phata) + o),
for a,b € APL.

Proposition 3.2 For p > 2 we have
$p—10¢p =0.

Proof Using the equalities hy = hy and hg = zhs the result follows from
Proposition 3.1.  QED

The proof of the following proposition will be given in the Subsection 3.3.
Proposition 3.3 The complex

L Ouwny @ Oumy <2 LB L L2 N2L e A2 3L AL — ... (3.2)

1S exact.



3.3 Proof of Proposition 3.3

The proof of Proposition 3.3 will be based on the Buchsbaum-Eisenbud
acyclicity criterion as stated in [BH] Theorem 1.4.13. We first need the
following combinatorial lemma.

Lemma 3.4 Let p be an integer with 1 < p < n. Then

2 ()=o)

é—lf"’ (?) =0T +§<—1)j‘” @
— (—1)"P 4 ni(—l)j_p(@: D * (n ; 1>)

Jj=p

—Cre (G ) e = (57))

where we used the Pascal’s rule (7;) = (?:11 )+ (n]_-l) which is valid whenever
1<j<n-1. QED

For the following we fix an integer p with 1 < p < n. We set
n .
Ty = Z(—l)yfp rank (APL @ APL),
Jj=p
where for a finitely generated free Oyp-module N we denote by rank N the
minimal number of generators of N as Og,,,,-module. Using Lemma 3.4 we

get
n—1
=2 . 3.3
Tp <p_1> ( )

Denote by I,.,(¢p) the 7,-th Fitting ideal of the map ¢, that is the ideal
of Ogmp generated by the r, x r, minors of any matrix representation of
¢p. (For more information about Fitting ideals see, for example, [BH] Sec-
tion 1.4.)

We will need the following general property of Koszul complexes.



Lemma 3.5 Fiz t € {1,2} and s,p with 1 < s,p < n. Denote by M} the
matriz representation of the map

dPhy: AP L — APTLL

with respect to the bases e; N---Ne;, of \°L and e; N---Nej, | of APTLL
induced by the basis (e1,...,en) of L. For a suitable ordering of the two
bases there exists an (r,/2) X (r,/2) submatriz of MY which is diagonal with
diagonal entries equal to a; or —ay, where a1 = ys and az = Ts.

Proof Consider the subset of the above mentioned basis of APL consisting
of the elements where e; appears on the wedge. This subset has ("_%)
elements, hence (r,/2) elements using (3.3). The result follows by restricting
the homomorphism dPh; to the Ogp-submodule of APL generated by this
subset and noticing that the corresponding matrix has a diagonal submatrix
of the desired form. QED

Proposition 3.6 Fix s,p with with 1 < s,p < n. There exists a polynomial
€ Ir,(¢p) of the form
s = Ys" + 95, (3.4)
where g} involves only the variables ys, z, x5 and has degree in ys strictly less
than rp.

Proof It follows immediately from the definition of ¢, and Lemma 3.5.
QED

The following codimension bound result will be be used in Proposi-
tion 3.8 to derive a similar bound for I, (¢p).

Proposition 3.7 Let F' be any field. The ideal I of Oump @7 F generated
by the image of I,,(¢p) under the natural map Oumy — Oamp @z F has
codimension greater or equal than n.

Proof For a lexicographical monomial ordering of the variables y;, z, x;
(indices 1 < j < n) with variables y; big, Proposition 3.6 implies that the
leading term of the polynomial g; appearing in (3.4) is equal to ys”, fo T
1 < s < n. Since over a field F' an ideal I and the leading term ideal of I
have the same codimension the result follows. QED

Recall (cf. [BH] Section 1.2) that the grade of a proper ideal I C Ogmp
is the length of a maximal O,,,-regular sequence contained in 1.



Proposition 3.8 The ideal I,,(¢p) has grade greater or equal than n.

Proof Consider the restriction to V(I,,(¢p)) C SpecOgmp of the mor-
phism Spec Ogmp — SpecZ induced by the ring inclusion Z C Ogmp. Com-
bining [L] Theorem 4.3.12 with Proposition 3.7 we get that I, (¢,) has
codimension in Og;,,p greater or equal than n. Being a polynomial ring over
the integers, the ring Oy, is Cohen—-Macaulay. Using [BH] Corollary 2.1.4
the result follows. QED

We now finish the proof of Proposition 3.3. Combining Lemma 3.4
and Proposition 3.8, Proposition 3.3 follows from the Buchsbaum-Eisenbud
acyclicity criterion as stated in [BH| Theorem 1.4.13.

3.4 The first complex

Fix n > 2. Let N be a free Oyp-module of rank n — 1, with basis
€1,-++,Cn_1-

We define an Ognp-homomorphism ¢ : N — Ogpp, with ¢(e,) = fp, for
1 <p<n—1, where f, was defined in (2.5). As in Subsection 3.1, we have
the Koszul complex

2 3
N*:  Opmp & N2 A2N EY ASN (3.5)
Proposition 3.9 The sequence fi,..., fn_1 is an Ogmp-reqular sequence.

As a consequence, the complex N* is exact.

Proof For an element g of Oy, we denote by n(g) the result of substitut-
ing to g zero for z, zeroforAfj withl <p<n—-land1<i<j<n,and
zero for ij forl<p<n-1land1l<i<j<mnwith (i,j)# (p,p). That
is, we set zero the variable z and all possible Afj and all possible Bf-’j with
the exception of Bh, (for 1 <p <n —1).

It is clear that for 1 < p <n — 1 we have

U(fp) = ng(yp)2~

Therefore, the ideal (n(f1),...,n(frn-1)) C Oums has codimension in Ogpp
equal to n — 1. As a consequence, the ideal (f1,..., fn—1) of Ogmp has also
codimension n—1. Since O,y is Cohen—Macaulay the sequence fi, ..., fn—1
is an Ogmp-regular sequence. The exactness of the Koszul complex N* fol-

lows from [BH] Corollary 1.6.14. QED



3.5 The first commutative square
We define two Ogpp-homomorphisms wuq,us: N — L, that will make the
following diagram

Oamb # N

G ()l
O B Oampy —2— L@ L

commutative. That is, they will satisfy the two conditions

Y = hiour+zhyoug (3.6)
0 = hioug+hgou (37)

We set, for 1 < j < m,
n n
(75} (gj) = Z cijei and ’LLQ(gj) = Zc;jei,
=1 =1

with
i—1 ) n ) 7 ) n )
cij=—Y Alm+ Y Am+Y Bly+ > B,
=1 l=i+1 =1 l=i+1
and '
/o J J
Cij = — ZBMCZ - Z By
=1 l=i41
forl<i<nandl1<j7j<n-—1.

In matrix notation, u; and us are given, with respect to the above defined
bases (€) of N and (e;) of L, by the following two n x (n — 1) matrices:

w = (—All't—i—Blyt | —A2$t+32yt ‘...|—An_1SL’t—|—Bn_1yt)
uy = (=Bt |- B%|...|- B ). (3.8)

That is, for 1 < j < n — 1, uy is the matrix with j-th column equal to
—Alxt + Byt while us is the matrix with j-th column equal to —B7x?.

Proposition 3.10 The maps uy and us satisfy the equations (3.6) and

(3.7).

Proof An easy calculation using (3.8). QED



3.6 The basic formula

The key result of the present subsection is Proposition 3.12, essentially a
formal consequence of (3.7), which relates the differentials and the alter-
nating products of the homomorphisms h; and u;. We need the following
definitions.

Assume aq,as: N — L are two Og,,p-homomorphisms.

For p > 0 we have a natural induced homomorphism APa;: APN — APL.
By definition, Aa; is the identity map Ogmp — Oamp, For p > 1, the map
APa;y is uniquely specified by the property

Nai(ecr N+ Nep) = ar(cr) A Nar(ep)

for all ¢1,...,¢, € N. We denote the map APay also by alt(al).

We will now define for p,q > 1 an Op-homomorphism

alt(al,ad): APTIN — APHIL,

We set

alt(af, ad) = Z wy,

where the sum is over all subsets I C {1,...,p + ¢}, with |I| = p and, by
definition, wy = wi A -+ A wptq with w; = ay if i € I and w; = ag if i ¢ 1.
More precisely, even though the tensor product map

W) @ @ Wpiy: Nep+a) _, @+

does not induce a map APTIN — APTIL taking the sum of those maps
over the family of subsets I as above induces a well-defined map APTIN —
APTAL, and this is the map denoted by alt(a},a3).

Remark 3.11 For p = ¢ = 1 we have

alt(ai,a2)(c1 A c2) = ai(cr) A az(cz) + az(cr) A ai(ea),

for all ¢1,co € N. We will also denote alt(ay,a2) by a1 A as + az A ay.
For p =2,q =1 we have

alt(a%,ag) =aiANaiANag+ai ANas Aap +as Aay Aay,
in the sense that

alt(a?, az)(c1 A ca Acz) = ai(cr) Aap(ca) Aas(es) +
ay(c1) A ag(cg) Aai(es) + az(er) Aai(ee) Aai(es)

for all ¢1,c9,c3 € N.

10



For the following proposition, which will be proved in Subsection 3.7,
recall that uq,uo: N — L were defined in Subsection 3.5, and hi,hs: L —
Oump Were defined in Subsection 3.2. We also use the notational conventions
alt(u?, u9) = alt(u?), alt(u?,ud) = alt(u), alt(u?~> ud) = 0 for p = 1 and
g >1, and alt(u’f,ug_Q) =0forg=1and p>1.

Proposition 3.12 a) Let u: M — L and h: L — Ogmp be two (arbitrary)
homomorphisms of Ogmp-modules. Assume p > 2. We have

AP~ hoalt(uP~1) = alt(uP~2) o AP (h o u).
b) For p,q > 1 we have

(dp+q—1h2) o alt(uzl)’ uqfl) _I_ (dp+q_1h1) [¢] alt(u€717 Ug) = (39)

alt(u? ™2, ud) o dPT971(hy o uy) + alt(u?, ud™?) o AP (hy o uy),
where the equality is, of course, as maps ~APTI"IN — APHa=2[,
3.7 Proof of Proposition 3.12
We will use the following two lemmas.

Lemma 3.13 Assume p,q > 1 and ui,uo: N — L are two Ogmp-module
homomorphisms. We have

alt(ul, ud) = uy A alt(ulf_l,ug) +uz A alt(u’f,uq_l),
in the sense that
alt(u, ud)(c N er) =

ui(c) A alt(uﬁ’_l,ug)(cl)} + uz(c) A [alt(u’f,ug_l)(cl)
for allc € N and ¢; € \PTIIN,

Proof Immediate from the definitions. QED

Lemma 3.14 Assume p,q > 1, ui,uo: N — L are two Ogpmp-module ho-
momorphisms, and h: N — Ogmp s an Ogmp-homomorphism. We have

alt(uf, ud) o (dPT9 1) = h Aalt(ud, ud) — ug A [alt(ull’fl, ud) o dp+qh}

—ug A [alt(u’f, ul™o pﬂh},

11



in the sense that
[alt(u’l’, ud) o (dpﬂ“h)} (cher) =
h(c) [alt(uf;, ug)(cl)} —ui(e) A (alt (2", ul) o dPTR) (c1)
—ug(e) A (alt(ul, ud™) o dPTIR)(c1)

for allc € N and ¢y € NPTIN.,

Proof Since
AP h(e A er) = h(c)ep — e AdPTIh(cy), (3.10)
we have, using Lemma 3.13, that

alt(uf, ug) o (T h)(c A er) = he)(alt(uf, ug)(c1))
- [ul A alt(uﬁgfl, ud) + ug A alt(ul, uqfl)] (c A dPTh(cy))

and the result follows. QED

We will now prove part a) of Proposition 3.12. Assume p > 2. For
c1,...,cp—1 € N we have

P thoalt(uP ) (et A Acp1) = AP h(u(er) A Au(ep_1))
p—1 /\
= Z(*l)i_lh(u(@))(u(ﬁ) A Aufe) - Au(ep-1))

= alt(u?2) odP (hou)(ct A--- Acp_1).

We will now prove part b) of Proposition 3.12. Assume that p,q > 1,
that NV, L are Og,p-modules and that ui,us: N — L and hy,ho: L — Ogmp
are four Op-module homomorphisms with the property

hious + hyou =0, (311)

cf. (3.7). We will show by induction on p + ¢ that (3.9) holds. If p=¢ =1
the result is clear, since it is exactly our hypothesis (3.11).

Assume now that p + ¢ > 3 and that (3.9) holds for the (p — 1,¢) and
(p,q — 1) cases.

12



Using Lemma 3.13 we have

AP by o alt(ul, ud ™) + dPTT by o alb(ud T ud) =
AP T by o [ug A alb(ud ™! ud ™) + ug A alt(u?, ud )]

+dPH g o [ug Aalt(uf 2 ud) + ug Aalt(ul ! ud )]
which, using (3.10), is equal to
(hy ouy) Aalb(ud ™ ud™) —ug A [dPT92hy o alt(ul ™! ud )]
+(h2 o ug) A alt(uf, u%_z) —ug A [dPT92hy o alt(uf, ud™?)]
+(hy o) Aalb(ud™ 2 ul) — ug A [dPF7 2Ry o alt(uf ™2, ud)]
+(h1 o ug) Aalb(ud ™ ud™h) —ug A [dPFT 2Ry o alt(ud !t ud )
which, using (3.11), is equal to
—uy A [dPTI2hg o alt(uf ud™) 4+ dPra2p, 0 alt(ulf_z, ud)]
—ug A [dPT972hg o alt(u}, ud™?) + dPT172p 0 alt(ufﬁl, ugfl)]
+(h2 o ug) A alt(u, ugd) + (h1oup) A alt(u’fz, ud)
which, using the inductive hypothesis, is equal to

1 q—2

(hg o ug) Aalt(u?, ud™?) —uy A falt(ul ™", ud™?) o dPT972(hy o up)]
—uy A Jalt(u?, ud™) o dPTI2(hy o uy)]

+(hy o uy) Aalb(ud ™% ud) —up A falt(ul > ul) o dPT972(hy o uy)]
—ug A [alt(u]f_z, ug_l) o dPT172(hy o uy)]

which, using Lemma 3.14, is equal to
alt(u? %, ud) o dPT97 (g o uy) + alt (u?, ul?) o AP (hy o uy)

which finishes the proof of Proposition 3.12.

3.8 The connecting homomorphisms
For an integer p, with 1 <p <n — 1, we set

2 4 4

T alt(ul) + zalt(uf ™% u3) + 22 alt(uf ", uj) + ...
P \alt(uf ™ ug) + zalt(ul ™2 ud) + 22 alt(uf " ud) +...)

13



with the summation as long as all exponents are nonnegative. More pre-
cisely, using the notational convention 29 =1, and denoting, for j = 1,2, by
Ty the j-th row of T, we have

(5] =
Tp1 = Zzi alt(uzf_m, u%l), Tg = Z 2 alt(uf_m_l,ugiﬂ).
1=0 =0

We consider T}, as an Ogpp-homomorphism APN — APL @ APL. Taking
the two rows of T, we get two Ogyp-homomorphisms Tpl, TI?: NP N — APL.
For example,

Uy AN2uy + 2 A2 ug Auq + z alt(ug, u3)
o= RS ; I3 = 2 3 ;
Us Ul AU + ug A ug alt(uy, uz) + 2 A° ug
T, - Ay + zalt(u?, u3) + 22 A ug
v alt(u$, ug) + z alt(ug, uj) ’
o Nup + zalt(u3, ud) + 22 alt(ug, uj3)
7 \alt(ud,ug) + zalt(u?, ud) + 22 ASuy )

For the following proposition recall that the map ¢, was defined in Sub-
section 3.2 while the map ¢ was defined in Subsection 3.4.

Proposition 3.15 For any p, with 2 < p <n — 1, we have a commutative

diagram

APTIN LY NPN

- |

AL @ AP P APL & APL

That s,
¢pOTp :Tp,1 Odp’gb

as maps APN — APTIL @ AP7LL.
Proof Fix p > 2. For i € Z we set
C; = alt(ul, ub™)
if 0 < ¢ < pand C; =0 otherwise, and we set
D; = alt(ul,uy ")

if 0 <i<p-—1and D; =0 otherwise.

14



For the rest of the proof all sums are for ¢ € Z.
We have

p = Zzi D20 T2 = Z Z'Cpi1,
Ty1 =) %' D12 Ty 1= 2Dzt
By Proposition 3.12, for any i € Z we have
dPhy o Ci—y +dPhy o C; = Dij_g0dP(hyouy) + D;odP(hyouy). (3.12)
Using (3.6), we need to show that
dPhy o Tp1 + zdPhs o Tp2 = Tpl_1 odP(hy ouy + zhg o ug)
and that
dPhy o T) + dPhy o T = T2 | o dP(hy o uy + zhy o uy).
Using (3.12) we get

FPhTy + 2d’ha Ty =Y [2(dPhaCpi + dPhaCp2i11)]

= Z D, _9i—1dP(hiur) + Dp—2i41dP (haua))]

= (h1U1) + de(hQUQ)))] ;ﬁldp(hﬂbl + ZhQUQ).
=2 [#(

Slmllarly,

dPhoTy + P Ty = [2"(dPhaCpgi + APl Cpi-1)]

= Z Dy _9i—2dP(hiu1) + Dp_2;dP (haus))]

= [Z"(Dgp-1)-2i-1(dP (hrur) + 2dP(hauz)))] = To_1dP (hyuy + zhaus).
QED

15



3.9 Linear equations of type II; unprojection

Assume n > 2 is given. We use the notations of the previous subsections. In
Subsection 3.8 we defined two Og,,,-module homomorphisms T,Ll, T371 :
APTIN — APTLLL
There exist, for j = 1,2 and 1 < i < n, unique element 0j; € Ogmp such
that
) n
T]_l(gl VANRIVAN 5n—1) = Z(—l)iilo'jiel A= ANe N Nep.

n
i=1
For 1 <i < n we define the polynomials l;, li1r, € Oump|s0, s1] with

l; = zx;S0 + yis1 + 014
livn = yiso + zis1 + 02 (3.13)

Using Proposition 3.15 and arguing as in [R] Section 9.5 we get the
following Theorem.

Theorem 3.16 Fiz a parameter value n > 2. The polynomials Iy, ... lo, €
Oamb[S0, 51| specified in (3.13) are the linear relations of the type 11} unpro-
jection in the sense of Remark 2.1.

4 Quadratic relation of Type II; for n =3

Assume now that we are in the type II; unprojection with n = 3. We
follow the notations of Section 2 with only one change: Since our symmetric
formula (4.2) for the quadratic relation will need 1/2 as coefficient, our
ambient ring Oy, Will now be
1 P pp
Oump = Z[i”'mla sy T3 Y1y -5 Y35 7, Aij) Blm]v
with indices 1 <p<2and 1 <i<j <3, 1<I<m<3.
Recall that in Section 2 we defined two symmetric 3 x 3 matrices B! and
B? by
- (Bu B, Bi
sym Bl
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for j = 1,2, two skew-symmetric 3 x 3 matrices A! and A? by

. 0 A Ap
A= 0 Ay,
—sym 0

for j = 1,2, and two 1 x 3 matrices x,y with

r = (z1,72,23), ¥ = (Y1,Y2,Y3)-

We now define three induced 3 x 3 symmetric matrices ad B, ad B? and
ad BY2.

For a square n x n matrix M with entries in a commutative ring R with
unit, we denote by ad M the n x n matrix with kl-th entry, for 1 < k., < n,
equal to (—1)**! times the determinant of the submatrix of M obtained by
deleting the I-th row and the k-th column. It is well-known that we have
the identities M(ad M) = (ad M )M = (det M)I,, where [,, is the identity
n X n matrix over R.

In our situation, since B! and B? are symmetric 3 x 3 matrices we have
that ad B! and ad B? are symmetric 3 x 3 matrices, such that for j = 1,2

, B%zB:J’):s - (3%3)2 _(BizB§3 - B{:}B%:s) 3{2353 - 3{3352
ad B/ = BB}y — (B{3)*>  —(B{1 B3 — Bi3By,)
Sym B{IB%Q - (3{2)2
Notice that for 1 < k <3, 1 <1 < 3, we have
(ad BY)y = (-1)**Y(BLBL — Bl Bl )

ijomn in-mj

where {i,k,m} = {j,l,n} = {1,2,3} and i < m, j < n, and similarly for
ad B2.

We define ad B2 to be the 3 x 3 symmetric matrix, such that, for 1 <
k<3, 1<1<3,

(adBLZ)kl = (_1)k+l(B11]B1%’m + B%B%”m - lenBran - BanB}n])7

where {i,k,m} = {j,l,n} = {1,2,3} and i < m, j < n. By the above
definition we have

adBjy’ = BsyB3;+ B3,Bjy — 2By B3,

adByy’ = —BiyB3; — ByBl; + BlyB3; + BisByy
adBiy = B3B3+ BBy — Bi3Bj, — B3 By,
ad By = Bi B3+ B} Bj; — 2B}3Biy

adByy = —B},B3; — B} By + Bi3B, + Bi3Bl,
adBsy = B B3+ B} By, — 2B},Bi,

17



and the rest of the entries of ad B2 are determined by symmetry.
We now define two polynomials a,b € Og,p. We set

T 9 T3
A5y —A%, AR,
= z1(A}A%s — ALy Als) + 22(A1, A3 — AT, Als)
+ $3(A%3A23 A 3A23)

and
b = %yBl(ade)Blyt—|—yB2(adBl)B2yt (4.2)
+ 22A'(ad B?)(AY)'2! + 2042 (ad B')(A?)2!
— 2zA'(ad BM?)(A?%)t2?
—  zzBYad B>)B'2! — z2B%(ad B) B%z?
+ 4yB'(ad B?)(AY'x +4y32(adB1)(A2)t ¢

- Z Agj(:ciyj—xjyz Z B1 adB2

1<i<j<3 1<ij<3
2 2 L)
- g A (wiy; — ZYi)) E B;;ad Bj;
1<i<j<3 1<4,5<3

The two polynomials fi, fo corresponding to the ones in (2.5), are
fi= zAlyt + yBiyt — zaBIat, (4.3)

for j =1, 2.
We denote by u; the 3 x 2 matrix

up = (—Alxt +B1yt ’ _Ath +BZyt)
and by ug the 3 x 2 matrix
uy = (—Blz! | — B%zh).

These matrices correspond to the maps with the same name defined in (3.8).
For j = 1,2, we set ¢1(u’) to be the 3 x 1 matrix

J J

U U21“32 “22“31

o1 (W) = | —ud ud, + ud il
1 11%32 12Y31

J J
U7 Uze — UpaUay

18



and we also define the 3 x 1 matrix
1,2 2 .1 1,2 2 .1
Tty _ [ T T e T
p2(u”,u”) = *11511@2032 - g111f32 + %1212531 + 1251211531
UppUdy + UL Ugp — U pUyy — UTpUng

The matrix E(u]) corresponds to the map A%u; and the matrix %(ul, u?)
corresponds to the map alt(ug, ug) which were defined in Subsection 3.6.
We denote, for 1 <14 < 3,

o= zmiso+yist+ [01(uh) + 261 (1)) (4.4)
liva = yiso+ xis1 + [pa(ut, u®)]in,

where we use the usual notation M;; for the ij-th entry of a matrix M.
Clearly, for 1 < i < 6, l; € Oumb[s0, s1] is affine linear with respect to s
and s1. The polynomials [y, ...,Ilg correspond to the polynomials with the
same name in (3.13), hence by Theorem 3.16 they are the linear relations of
the unprojection in the sense of Remark 2.1.

The main result of this section is the following theorem, which specifies
the quadratic relation of the unprojection ring for the parameter value n = 3.
It will be proved in Subsection 4.1.

Theorem 4.1 The polynomial

q =57 — 252 —aso+ b€ Oump|s0,51), (4.5)

where a was defined in (4.1) and b was defined in (4.2), is the quadratic
relation of the type 111 unprojection for the parameter value n = 3 in the
sense of Remark 2.1.

In other words, the ideal Iy C Ogmplso, s1] defining, in the sense of
Section 2, the type 111 unprojection is equal to

Iy = (f17f2)+ (ll,...,l6)+(q),

where the two polynomials fi, fa generating Ix were defined in (4.3) and the
sixz polynomials 1y, . .., lg were calculated in (4.4).

4.1 Proof of Theorem 4.1
We first prove the following reduction lemma.

Lemma 4.2 To prove Theorem 4.1 it is enough to prove that that the ele-
ment (z1 + x2 + x3)q of Oumsls0, $1] is inside the ideal (fi1, fa,11,...,ls) of
Oamb[SOa 51]-
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Proof Indeed, by [P] Proposition 2.16 there exists ¢ € Ogmp[S0, s1] of the
form
G=5s7— 255+ 1

where u is affine linear in sg, s1, such that the ideal of the unprojection ring
is equal to J, with

J = (f1, f2, 11, 16,9) T Ogmp[s0, 51]-

Since by the assumptions of the lemma (x; + 22 + x3)q € J, and by [P] Sec-
tion 3.1 J is a prime ideal of Ognp[s0, s1] we get ¢ € J. Therefore, the affine
linear with respect to sg, s1 element ¢— ¢ is in J, as a consequence (compare
proof of [P] Proposition 2.13) we get

q_ae (flaf?alla"'alﬁ)a

hence

'] = (f17f27l17” . 7167Q)
which finishes the proof of Lemma 4.2. QED

For the rest of the proof we define some more notation:
We define two polynomials g1, g2, such that, for j € {1,2}, we have

gj = (5513{1 + 5523{2 + $3B{3)(ad Bﬁ +ad BfQ +ad leoz)
+(x1BY, 4 x9Bly + x3BJ;)(ad BY, + ad BY, 4 ad BS,)
+(9UIB§1 + 3323:]32 + ang%g)(ad Bgl +ad Bgz +ad B§3)

where p € {1,2} is uniquely specified by {j,p} = {1,2}.
Moreover, we define two 1 x 3 matrices

Ly = (l1,1l2,13), Lo = (l4,15,16)
and two 3 x 3 matrices M; and Ms by

(My)ij = ¢3(B{1, By, Bis, B, Bjs, Bjs, Bjy, By, Bjy, B, B3, Bs)

and
(M2)ij = ¢3(A%17A1127A1137A1117A1127Azl373?1735273?37332'173?27332'3)
_¢3(A121’ Az227 A’L237 A?l) A122> A123> le‘la Bgl2v Bl37 le'la leQ’ B]13)

J
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where

5;(0,1,a27a37bl,b2,b3761,C2,037d1,d2,d3) = (al(d3 - d2) + GZ(dl - d3)
+a3(d2 — dl)) — (Cl(bg — bz) -+ Cg(bl — bg) + C3(b2 — bl)).

Finally, we define the polynomial
W = My (L)' + yMi(Lo)" + xMa(Lo)".
Proposition 4.3 We have the following equality
2x1+xzo+tx3)g = —w+q1fi+gafo—2s0(l1+lo+13)+2s1(l4+15+1s) (4.6)

of elements of OamplSo, s1].

Proof Both sides of (4.6) are polynomials with coefficients in Q and have
been already explicitly written down. So, in principle, the validity of the
Proposition can be checked by an easy but laborious hand calculation, and
certainly by any computer algebra system. For example, the coefficient of
s? on the left-hand side is equal to 2(x + 2 + x3), while on the right-hand
side there are contributions only from the term 2si(ly + 5 + lg) and it is
easy to see that they are also equal to 2(x1 + xo + x3).

We did the verification of (4.6) using the computer algebra program
Macaulay 2 [GS93-08]!. QED

The proof of Theorem 4.1 follows now by combining Proposition 4.3 with
Lemma 4.2.

4.2 Invariance under Sl;

Let P € SL3(Z) be a 3 x 3 matrix with integer coefficients and determinant
one. Define two 1 x 3 matrices = (x1,x2,r3) and §¥ = (Y1, Y2, Y3) by

%:I‘Pity g:ypitv
(where P~! is, of course, the transpose matrix of the inverse of P), two
3 x 3 skew—symmetric matrices A7 and two 3 X 3 symmetric matrices BJ,
for j =1,2, by

Ai = PtAIP, Bi = P'B/P

!The interested reader can find the relevant Macaulay 2 code on the author’s webpage
http://www.math.ist.utl.pt /~papadak/
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and finally set z = z. Moreover, we denote by A{m the Im-th entry of the

matrix A7 and by Bl]m the Im-th entry of the matrix BY.

It can be checked that if we denote by a and b the polynomials of Expres-
sions (4.1) and (4.2) respectively, with the variables without tilde replaced
by the corresponding expressions with tilde, we have @ = a and b=h.

Remark 4.4 The SL3s symmetry was useful for our derivation of the concise
formula of Equation (4.2), cf. Subsection 4.3 below. In addition, as already
mentioned in the Introduction, we believe that a more substantial use of
the SL,, invariance could, perhaps, lead to the calculation of the quadratic
equations of the type II; unprojection for all values n > 4.

4.3 How we got to Theorem 4.1

In this subsection we briefly sketch the method that allowed us to calculate,
using the computer program Maple, the expressions for a¢ and b appearing
in Theorem 4.1.
Step 1. Recall the explicit expressions for I; in (4.4). We started from
the expression
2 [=so(lh + 1o+ 13) + s1(la + 15 + 16)]

which is equal to
2(z1 4 o + 23)(s7 — 253) + 2H,

where 5
= =50 Z d1(u') + z¢1 (u)]i1 + s1 Z[¢2(U17 u?)]in
i=1
It is easy to see that 2H is a homogeneous quadratic polynomial with re-

spect to the variables AZ],le. More precisely, 2H has a (unique) natural

representation as a sum of terms of the form Al Aklcz Kl plus sum
of terms of the form Ailnglcf}],fl plus sum of terms of the form
A2 Bklczjkl plus sum of terms of the form B}jB,ilcgkl.

Step 2. We first handle the ’subpart’ of 2H which is sum of terms of the
form A%A%lcz‘.‘} w1~ These term appear only as contributions from so (11 +12+13)
and, moreover, this subpart is equal to 2asg, where a was defined in (4.1).

Step 8. We now handle the ’subpart’ of 2H which is sum of terms of the
form A1 Bklcl 1 We notice that there is a kind of complementarity of terms
for the pairs (ll, l4), (l2,15), (I3,16) in the sense of the following example:

A partial sum of the coefficient of Al;B%, coming from I, and I is
2y1x180 + 2.1‘181 which can be written as 2x1(y180 + z1s1). Using Iy we
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get an expression not involving sy and s;. Similarly, another partial sum
coming from Iy and l5 is 2z1(y280 + z251) and we can use [5 to to get an
expression not involving sp and s1. A similar procedure can be done for the
the partial sum coming from I3 and lg.

By symmetry, the handling of the ’subpart’ of 2H which is sum of terms
of the form A%Bilcgjjl is similar.

The handling of the ’subpart’ of 2H which is sum of terms of the form
Bilj B,%lcg. i 18 similar, but we need to take care of preserving the symmetries.
This is the only part where we actually need the coefficient 2 in 2H.

To give an example, a partial sum of the coefficient of Bi;B3; coming
from [; and 4 is

2 [—so(—z1232 — y1y3) + s1(yzx1 + y123)]

which we first write as

yg(ylso + 33131) + .731(2’1'380 + y331) +y1 (ygso + $381> + acg(zmlso + ylsl)

and then we use the appropriate linear equations /; to get an expression not
involving sg and s7.

Step 4. At the end of step 3 we arrived to an expression not involving
S0, $1. By suitable subtraction (in a symmetric way) of multiples of f; and
fo we get a polynomial divisible by x1 + x5 + x3. The quotient is b, which
after some further term by term effort can be written in the form (4.2).

4.4 Type II; unprojection for n = 2

This subsection contains the explicit equations obtained by Miles Reid for
the type II; unprojection with parameter value n = 2. It is taken from [R]
Section 9.5.

For n = 2 the ambient ring is

Oump = Zlx1, 2, Y1, Y2, %, A11, Bi1, Bi2, Baa),

the matrix M corresponding to the one in (2.3) is equal to

M:<y1 y2 2wt zxz)j
r1 T2 U Y2

there is a unique polynomial

f = An(z1y2 — x2y1) + Bi1(yf — 227) + 2B1a(y1y2 — 23122) + Bag(y3 — 223)
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corresponding to (2.5), the linear equations Iy, ... I are given by

li1 = zx1s0+y181 + (1412 + y1 B12 + y2B22)
la = zwasg+ yas1 + (x2A12 — 1B — y2B12)
Is = wyiso+x151 + (—21B12 — x2B22)

ly = Y250+ w281 + (v1B11 + x2B12)
and the quadratic equation ¢ is given by
q = si — 285 — A1250 — (B12)? + B11Bao.

In other words, using the notations of Section 2 we have the equality of
ideals of Ogmp[s0, 1]

IY = (f)+(l17,l4)+ (q)
Remark 4.5 Since f=wyoli — y1lo + zxols — zx1ly, we even get
IY = (lla s 7l4) + (Q)

Remark 4.6 By [P] the ideal Iy is Gorenstein codimension 3. It is easy to
see that it is equal to the ideal generated by the 5 submaximal Pfaffians of
the 5 x 5 skew—symmetric matrix (with entries in Ogpmp[so, s1])

0 = T2 Y1 Y2
0 —s0 —Boo 51+ B2
0 —s1+ B2 —B
0 —ZS) — A12
—Sym 0

(For a discussion about the Pfaffians of a skew—symmetric matrix see, for
example, [BH] Section 3.4.)

5 Applications to algebraic geometry

We believe that the explicit formulas of Theorem 4.1 can be used together
with Gavin Brown’s online database of graded rings [Br]| for the proof of the
existence of a number of (singular) Fano 3-folds with anticanonical ring of
codimension 4. We discuss below two such examples, the first of which is
due to Selma Altinok, and has the interesting property | — Kx| = (). We also
expect that the explicit formulas of Theorem 4.1 together with the orbifold
Riemann-Roch theorem obtained in [BS] can lead to the construction of
new codimension 4 Calabi—Yau 3-folds.
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5.1 The example of Altinok

This example is taken from [R] Example 9.14 and is due to Altinok. Consider
the weighted projective space P2(1,3,5) with coordinates u,v,w and the
weighted projective space P°(2,3,4,5,6,7) with coordinates z,v,y,w, z, t.
We define the map P(1,3,5) — P(2,3,4,5,6,7) given by

r=u", v=v, Y=uw, w=w, z=uw, t=u.

The equations of the image D of the map are

rank<y z t3 TV TW x><1’
vow Y z t

that is,

Yyw = vz, y:v3 =vt, zr3=wt, y2 = vz, Yz = VW

yt = mc4, 2?2 = w2x, 2t = waz4, t2 =27,

They correspond to the specialisation

(131,272,(173) = (’U,U},.'E3), (y17y27y3) = (yvzat)) 2=

of the variables of the generic format defined in Section 2.

A general complete intersection X2 14 containing D is obtained by choos-
ing two general combinations, one of degree 12 and the other of degree 14,
of the above equations of D. This corresponds to a specialisation of the
variables Ag., ij defined in Section 2.

We perform a type II; unprojection of the pair D C Xj214 to get a
codimension 4 3-fold

Y c P7(2,3,4,5,6,7,8,9).

Notice that the new variable sy has degree 8 and the new variable s; has
degree 9.

After substituting to the formulas (3.13) and (4.5) we checked the qua-
sismoothness of Y using the computer algebra program Singular [GPS01].

5.2 The second Fano example

In this subsection we sketch a construction, suggested by Brown’s online
database of graded rings [Br], of a codimension 4 Fano 3-fold

Y cP7(1,1,2,2,2,2,3,3)
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starting from a (nongeneric) codimension 2 complete intersection Fano 3-fold
Xy CP5(1,1,2,2,2,3).

Write 21, T2, Y1, ¥2, y3, w for the coordinates of P°(1,1,2,2,2,3), and con-
sider the subscheme D C P5(1,1,2,2,2,3) with equations

2
rank <y1 Y2 w  Y3Ti Y3x2 yz) <1.
r1r T2 Y3 U Y2 w

By definition, the ideal Ip of D is generated by the 2 x 2 minors of the above
matrix. It corresponds to the specialisation

(LII]_,iUQ,l’g) — ($1ax27y3)7 (yl)y27y3) = (ylay2aw)7 Z =13

of the variables of the generic format defined in Section 2.

Denote by X416 C P°(1,1,2,2,2,3) a general codimension 2 complete
intersection (with equations of degrees 4 and 6) containing D. The equations
of X4 are obtained by choosing two general combinations, one of degree 4
and the other of degree 6, of the above equations of D. They correspond to
a specialisation of the variables Afj, ij defined in Section 2.

We perform a type II; unprojection of the pair D C X6 to get a codi-
mension 4 3-fold Y C P°(1,1,2,2,2,2,3,3). Notice that here the new vari-
able sp has degree 2 and the new variable s; has degree 3.

After substituting to the explicit formulas (3.13) and (4.5) we checked
the quasismoothness of Y using the computer algebra program Singular
[GPSO01].
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