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CHAPTER 0

Einführung

Es ist seit langem bekannt, dass gewisse geometrische Eigenschaften, die mit der
Krümmung zusammenhängen, ein Abfallen der Fourier-Transformation hervorrufen.
Dieses Phänomen wird durch das Verhalten von oszillierenden Integralen erklärt.
Angesichts der langen Geschichte des Themas ist es vielleicht überraschend, dass
die Möglichkeit, die Fourier-Transformation auf gekrümmte Untermannigfaltigkeiten
des euklidischen Raumes einzuschränken, erst in den späten 60er Jahren beobachtet
wurde.

Wir beginnen unsere Diskussion mit dem Spezialfall der Einheitsphäre Sd−1 =
{ξ ∈ Rd : |ξ| = 1} ausgestattet mit dem Oberflächenmaß σ, behalten aber dabei
auch den allgemeineren Fall einer glatten kompakten Hyperfläche im Auge. Gegeben
1 ≤ p ≤ 2, für welche Exponenten q gilt die folgende a priori Fourier-Restriktions-
ungleichung?

(0.0.1)
(∫

Sd−1

|f̂(ω)|qdσω
) 1
q ≤ C‖f‖L2(Rd)

Man kann leicht überprüfen, dass für jeden Wert von q die Ungleichung (0.0.1) gilt
wenn p = 1, und fehlschlägt wenn p = 2. Durch Dualität ist die Abschätzung (0.0.1)
äquivalent zu der adjungierten Fourier-Restriktionsungleichung

(0.0.2)
(∫

Rd
|ĝσ(x)|p′dx

) 1
p′ ≤ C‖g‖

Lq
′
(Sd−1)

,

wobei p′ = p
p−1 den zu p dualen Exponenten bezeichnet. Eine vollständige Antwort

für den Fall q = 2 ist durch die klassische Tomas–Stein-Ungleichung [92, 84]
gegeben, die der Restriktionsungleichung (0.0.1) für q = 2 im scharfen Bereich
1 ≤ p ≤ 2d+1

d+3 entspricht. Die Frage, was für Werte von q < 2 passiert, ist der Aus-
gangspunkt für die berühmte Fourier-Restriktionsvermutung. Wir verschieben eine
umfassendere Diskussion über das Fourier-Restriktionsproblem und seine Beziehung
zu anderen prominenten Problemen der modernen harmonischen Analysis auf §1.3.

Tomas–Stein-Restriktionsabschätzungen sind eng mit den so genannten Strichartz-
Abschätzungen für dispersive partielle Differentialgleichungen verknüpft. Zur Ver-
anschaulichung betrachten wir den speziellen Fall von Lösungen u(x, t) mit (x, t) ∈
Rd+1 der Schrödingergleichung

(0.0.3) i∂tu+ ∆u = 0

mit vorgegebener Anfangsbedingung. Strichartz [86] bewies, dass

(0.0.4) ‖u‖
L2+ 4

d (Rd+1)
≤ C‖f‖L2(Rd),

wobei u die Lösung von (0.0.3) mit u(x, 0) = f(x) ist. Es stellt sich heraus, dass
Strichartz-Abschätzungen für die Schrödingergleichung den adjungierten Restrik-
tionsabschätzungen auf dem Paraboloid entsprechen. Das ist eine nicht kompakte
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iv 0. EINFÜHRUNG

Untermannigfaltigkeit, die einige Skaleninvarianzeigenschaften aufweist, die seiner-
seits die Zurückführung auf den kompakten Aufbau der Tomas–Stein-Ungleichung
ermöglichen.

Diese Habilitationsschrift konzentriert sich auf die Untersuchung von Maximieren-
den und optimalen Konstanten für scharfe Varianten der Restriktions- und Strichartz-
Ungleichungen. Außer durch ihre intrinsische mathematische Schönheit sind scharfe
Ungleichungen auch deswegen interessant, weil sie oftmals verschiedene Verfeinerun-
gen bestehender Ungleichungen erlauben und in der Theorie der partiellen Differ-
entialgleichungen, der Differentialgeometrie und der Zahlentheorie überraschende
Anwendungen finden.

Für Fourier-Restriktionsungleichungen treten die folgenden natürlichen Fragestel-
lungen auf:

• Was ist der Wert der optimalen Konstante?
• Gibt es Maximierende?

– Wenn ja, sind sie eindeutig bestimmt, möglicherweise bis auf Anwen-
dung der Symmetrien des Problems?

– Wenn nicht, was ist der für diesen Mangel an Kompaktheit verant-
wortliche Mechanismus?

• Wie verhalten sich maximierende Folgen?
• Welche qualitativen Eigenschaften haben Maximierende?
• Unter welchen notwendigen bzw. hinreichenden Bedingungen ist eine gege-

bene Funktion maximierend?

Fragen dieser Art wurden in einer Vielzahl von Situationen gestellt, und im
Zusammenhang mit klassischen Ungleichungen der euklidischen harmonischen Anal-
ysis gehen sie zumindest auf die frühe Arbeit von Beckner [2] über die scharfe
Hausdorff–Young-Ungleichung und auf die Arbeit von Lieb [64] über die scharfe
Hardy–Littlewood–Sobolev-Ungleichung zurück. Im Vergleich dazu haben scharfe
Fourier-Restriktionsungleichungen eine relativ kurze Geschichte, wobei die ersten
Arbeiten über dieses Thema auf Kunze [61], Foschi [35] und Hundertmark–Zharnitsky
[48] zurückgehen. Diese Arbeiten betreffen Maximierende und scharfe Konstan-
ten für die Ungleichungen in den Dimensionen d = 1 und d = 2. Dies sind die
Fälle, für die der Strichartz-Exponent 2 + 4

d eine gerade ganze Zahl ist. Dann

kann man die linke Seite der Ungleichung (0.0.4) als L2-Norm umschreiben und den
Satz von Plancherel anwenden um das Problem auf eine multilineare Faltungsab-
schätzung zu reduzieren. Die scharfe Fourier-Restriktionstheorie wird zunehmend
populärer, wie aus der großen Anzahl der in den letzten zehn Jahren zu diesem
Thema erschienenen Arbeiten ersichtlich ist. Wir erwähnen einige interessante
Werke, die sich mit der scharfen Fourier-Restriktionstheorie auf Sphären [25, 26,
36, 39, 83], Paraboloiden [4, 20, 24, 41, 51, 81], Kegeln [11, 16, 74, 77],
und Hyperboloiden [56, 75] beschäftigen. Störungen dieser Mannigfaltigkeiten
wurden darüber hinaus in [12, 32, 50, 52, 66, 67] betrachtet. Scharfe bilin-
eare Fourier-Restriktionstheorie ist das Thema von [5, 10, 49, 72], während an-
dere Beispiele von scharfen Strichartz-Ungleichungen [6, 30, 80], scharfen Sobolev–
Strichartz-Ungleichungen [9, 33, 44] und scharfen Airy–Strichartz-Ungleichungen
[47, 82] ebenfalls untersucht wurden. Abschließend verweisen wir auf einen ak-
tuellen Forschungsbericht [38] über scharfe Fourier-Restriktionstheorie, der noch
weiterführende Informationen und Literaturverweise enthält.



0. EINFÜHRUNG v

Im Folgenden werden unsere wichtigsten Ergebnisse mit einer kurzen Erläuterung
vorgestellt. Diese Habilitationsschrift ist ein Sammelwerk. Sie setzt sich aus einer
ausführlichen Einleitung und vier Artikeln [22], [69], [21] und [68] zusammen, deren

Überschriften sich mit den Titeln der entsprechenden Kapitel decken. Die Artikel
sind gemeinsame Arbeiten mit Emanuel Carneiro, Damiano Foschi, René Quilodrán
und Christoph Thiele.

[22] E. Carneiro and D. Oliveira e Silva. Some sharp restriction inequali-
ties on the sphere. Int. Math. Res. Not. IMRN (2015), no. 17, 8233–8267.

[69] D. Oliveira e Silva and C. Thiele. Estimates for certain integrals
of products of six Bessel functions. Preprint, 2015. To appear in Revista
Matemática Iberoamericana. Available at arXiv:1509.06309.

[21] E. Carneiro, D. Foschi, D. Oliveira e Silva, and C. Thiele. A
sharp trilinear inequality related to Fourier restriction on the circle. Preprint,
2015. To appear in Revista Matemática Iberoamericana. Available at
arXiv:1509.06674.

[68] D. Oliveira e Silva and R. Quilodrán. On extremizers for Strichartz
estimates for higher order Schrödinger equations. Preprint, 2016. To appear
in the Transactions of the American Mathematical Society. Available at
arXiv:1606.02623.

Jedes der folgenden Kapitel enthält eine eigene Einführung, die den breiteren
Kontext der diskutierten Probleme und die Methoden der Beweise darstellt. Darüber
hinaus ist jedes Kapitel in sich abgeschlossen und kann unabhängig von den übrigen
Kapiteln gelesen werden.

In Kapitel 2 finden wir die scharfen Formen der adjungierten Fourier-Restriktions-
ungleichungen auf der Sphäre,∥∥f̂σ∥∥

Lp(Rd)
. ‖f‖Lq(Sd−1),

in den Fällen (d, p, q) = (d, 2k, q) mit d, k ∈ N und q ∈ R+ ∪ {∞}, so dass

(a) k = 2, q ≥ 2 and 3 ≤ d ≤ 7;
(b) k = 2, q ≥ 4 and d ≥ 8;
(c) k ≥ 3, q ≥ 2k and d ≥ 2.

Außerdem werden die entsprechenden komplexwertigen Maximierenden charakter-
isiert. Wir beweisen auch eine scharfe multilineare gewichtete Restriktionsungle-
ichung, wobei das Gewicht in einem Zusammenhang mit der k-Faltung des Oberflä-
chenmaßes steht.

In Kapitel 3 zeigen wir gute numerische Abschätzungen für eine bestimmte
Klasse von Integralen mit Produkten von sechs Bessel-Funktionen. Wir verwenden
nur relativ elementare Methoden. Die Abschätzungen werden in der Untersuchung
einer scharfen Fourier-Restriktionsungleichung auf dem Kreis in Kapitel 4 verwendet.

In Kapitel 4 beweisen wir eine scharfe trilineare Ungleichung. Diese ist motiviert
durch ein Programm, dessen Ziel der Beweis der scharfen Form der adjungierten Re-
striktionsungleichung von Tomas–Stein auf dem Kreis ist. Unsere Methode verwen-
det subtile Abschätzungen für Integrale der Produkte von sechs Bessel-Funktionen,
die in Kapitel 3 entwickelt worden sind. Wir stellen auch fest, dass Konstanten
lokale Maximierende sowohl der Restriktionsungleichung, als auch einer anderen im
Programm erscheinenden Ungleichung sind.
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Kapitel 5 beleuchtet einen etwas abgewandelten Aspekt. Für eine geeignete
Klasse konvexer Funktionen φ befassen wir uns mit dem adjungierten Fourier-
Restriktionsoperator auf der Oberfläche {(y, |y|2 + φ(y)) : y ∈ R2}, ausgestat-
tet mit dem Projektionsmaß. Für die entsprechende adjungierte Restriktionsun-
gleichung berechnen wir optimale Konstanten und beweisen, dass Maximierende
nicht existieren. Das Hauptwerkzeug ist ein neues Vergleichsprinzip für Faltun-
gen bestimmter singulärer Maße, das in allen Dimensionen gilt. Mit Hilfe von
Werkzeugen der Konzentrations-Kompaktheit-Theorie untersuchen wir das Verhal-
ten allgemeiner maximierender Folgen. Unsere Arbeit steht in direktem Zusam-
menhang mit der Untersuchung von Maximierenden und optimalen Konstanten
für Strichartz-Abschätzungen von bestimmten Schrödingergleichungen höherer Ord-
nung. Insbesondere lösen wir eine Dichotomie aus der neueren Literatur über die
Existenz von Maximierenden für eine Familie von Schrödingergleichungen vierter
Ordnung und berechnen die entsprechenden Operatornormen genau dort, wo bis
jetzt nur untere Schranken bekannt waren.
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CHAPTER 1

Introduction

It has long been known that certain geometric properties related to curvature
originate decay of the Fourier transform, and this phenomenon is explained by the
behavior of oscillatory integrals. Given the long history of the subject, it is per-
haps surprising that the possibility of restricting the Fourier transform to curved
submanifolds of Euclidean space was not observed until the late 1960s.

For the sake of concreteness, we start our discussion with the case of the unit
sphere Sd−1 = {ξ ∈ Rd : |ξ| = 1} equipped with surface measure σ, but the more
general example of a smooth compact hypersurface should be kept in mind. Given
1 ≤ p ≤ 2, for which exponents q does the a priori Fourier restriction inequality,

(1.0.1)
(∫

Sd−1

|f̂(ω)|qdσω
) 1
q ≤ C‖f‖Lp(Rd),

hold? One easily checks that, for any value of q, inequality (1.0.1) holds if p = 1 and
fails if p = 2. By duality, estimate (1.0.1) is equivalent to the adjoint restriction, or
extension, inequality

(1.0.2)
(∫

Rd
|ĝσ(x)|p′dx

) 1
p′ ≤ C‖g‖

Lq
′
(Sd−1)

,

where p′ = p
p−1 denotes the exponent dual to p, and similarly for q. A complete

answer for q = 2 is given by the celebrated Tomas–Stein inequality [92, 84], which
establishes the restriction inequality (1.0.1) for q = 2 in the sharp range 1 ≤ p ≤
2d+1
d+3 . The question of what happens for values of q < 2 is the starting point for the

famous Fourier restriction conjecture. We postpone a more comprehensive discussion
of the Fourier restriction problem, and its relation to other prominent problems in
modern harmonic analysis, to §1.3 below.

Tomas–Stein restriction estimates are very much related to Strichartz estimates
for linear partial differential equations of dispersion type. Let us illustrate this
point in one particular instance, that of solutions u(x, t) with (x, t) ∈ Rd+1 to the
Schrödinger equation

(1.0.3) i∂tu+ ∆u = 0

with prescribed initial data. Strichartz [86] proved that

(1.0.4) ‖u‖
L2+ 4

d (Rd+1)
≤ C‖f‖L2(Rd),

if u is the solution of (1.0.3) satisfying u(x, 0) = f(x). It turns out that Strichartz
estimates for the Schrödinger equation correspond to extension estimates on the
paraboloid, a non-compact manifold which exhibits some scale invariance properties
that allow the reduction to the compact setup of the Tomas–Stein inequality.

This thesis focuses on the study of extremizers and optimal constants for sharp
variants of restriction and Strichartz-type inequalities. Apart from their intrinsic

1



2 1. INTRODUCTION

mathematical interest and beauty, sharp inequalities often allow for various refine-
ments of existing inequalities, and find surprising applications in the theory of partial
differential equations, differential geometry and number theory. The following are
natural questions, which can be posed in the particular case of Fourier restriction
inequalities:

• What is the value of the optimal constant?
• Do extremizers exist?

– If so, are they unique, possibly after applying the symmetries of the
problem?

– If not, what is the mechanism responsible for this lack of compactness?
• How do extremizing sequences behave?
• What are some qualitative properties of extremizers?
• What are necessary and sufficient conditions for a function to be an ex-

tremizer?

Questions of this kind have been asked in a variety of situations, and in the context
of classical inequalities from Euclidean harmonic analysis they go back at least to the
early work of Beckner [2] on the sharp Hausdorff–Young inequality, and of Lieb [64]
on the sharp Hardy–Littlewood–Sobolev inequality. In comparison, sharp Fourier
restriction inequalities have a relatively short history, with the first works on the
subject going back to Kunze [61], Foschi [35] and Hundertmark–Zharnitsky [48].
These works concern extremizers and sharp constants for inequality (1.0.4) in the
lower dimensional cases d = 1, 2. These are the cases for which the Strichartz
exponent 2+ 4

d is an even integer, and one can rewrite the left-hand side of inequality

(1.0.4) as an L2 norm, and invoke Plancherel in order to reduce the problem to
a multilinear convolution estimate. Sharp Fourier restriction theory is becoming
increasingly more popular, as shown by the large body of work that appeared in the
last decade, and in particular in the last few years. We mention a few interesting
works that deal with sharp Fourier restriction theory on spheres [25, 26, 36, 39, 83],
paraboloids [4, 20, 24, 41, 51, 81], cones [11, 16, 74, 77], and hyperboloids
[56, 75]. Perturbations of these manifolds have been considered in [12, 32, 50, 52,
66, 67]. Sharp bilinear Fourier restriction theory is the subject of [5, 10, 49, 72],
whereas other instances of sharp Strichartz inequalities [6, 30, 80], sharp Sobolev–
Strichartz inequalities [9, 33, 44] and sharp Airy–Strichartz inequalities [47, 82]
have been considered as well. Finally, we mention a recent survey [38] on sharp
Fourier restriction theory which may be consulted for information complementary
to that on this Introduction, and further references.

1.1. Statement of results

In this section, we state our main results with a brief description highlighting
some of the key aspects. This thesis is cumulative and consists of the four arti-
cles [22], [69], [21] and [68], whose titles coincide with the titles of corresponding
chapters. The papers are joint work with Emanuel Carneiro, Damiano Foschi, René
Quilodrán and Christoph Thiele.

[22] E. Carneiro and D. Oliveira e Silva. Some sharp restriction inequali-
ties on the sphere. Int. Math. Res. Not. IMRN (2015), no. 17, 8233–8267.

[69] D. Oliveira e Silva and C. Thiele. Estimates for certain integrals
of products of six Bessel functions. Preprint, 2015. To appear in Revista
Matemática Iberoamericana. Available at arXiv:1509.06309.
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[21] E. Carneiro, D. Foschi, D. Oliveira e Silva, and C. Thiele. A
sharp trilinear inequality related to Fourier restriction on the circle. Preprint,
2015. To appear in Revista Matemática Iberoamericana. Available at
arXiv:1509.06674.

[68] D. Oliveira e Silva and R. Quilodrán. On extremizers for Strichartz
estimates for higher order Schrödinger equations. Preprint, 2016. To appear
in the Transactions of the American Mathematical Society. Available at
arXiv:1606.02623.

Each forthcoming chapter contains its own introduction, illustrating the broader
context and the methods of proofs. Chapters 3 and 4 are closely connected, since
the Bessel estimates proved in Chapter 3 lie at the technical heart of Chapter 4.
However, we have made each chapter self-contained, and as such it may be read
independently. We proceed to briefly describe the content of each chapter.

1.1.1. Some sharp restriction inequalities on the sphere [22]. In Chapter
2, we find the sharp forms and characterize the complex-valued extremizers of the
adjoint Fourier restriction inequalities on the sphere,∥∥f̂σ∥∥

Lp(Rd)
. ‖f‖Lq(Sd−1),

in the cases (d, p, q) = (d, 2k, q) with d, k ∈ N and q ∈ R+ ∪ {∞} satisfying one of
the following conditions:

(a) k = 2, q ≥ 2 and 3 ≤ d ≤ 7;
(b) k = 2, q ≥ 4 and d ≥ 8;
(c) k ≥ 3, q ≥ 2k and d ≥ 2.

We also prove a sharp multilinear weighted restriction inequality, with weight related
to the k-fold convolution of the surface measure σ on the sphere. Its bilinear version
amounts to the sharp inequality

‖f̂σ ĝσ‖2
L2(Rd)

≤ (2π)d

2
d−2
2

ωd−2

∫
(Sd−1)2

[
(1− ω · ν)d−3

(1 + ω · ν)

] 1
2

|f(ω)|2 |g(ν)|2 dσω dσν ,

where equality holds if and only if f(ω) = c1e
ζ·ω and g(ν) = c2e

ζ·ν , for some c1, c2 ∈
C \ {0} and ζ ∈ Cd.

1.1.2. Estimates for certain integrals of products of six Bessel func-
tions [69]. In Chapter 3, we establish good numerical estimates for a certain class
of integrals involving sixfold products of Bessel functions. Recall that the Bessel
function of integer order n can be defined via the following Laurent series:

e
r
2

(t−t−1) =
∑
n∈Z

Jn(r)tn.

As an illustrative example, consider the integral

In :=

∫ ∞
0

J2
n(r)J2

1 (r)J2
0 (r)rdr.

Then our results in particular imply that, for every n ≥ 3,

(1.1.1)
∣∣∣In − 1

4π2

1

n
− 3

32π2

1

(n− 1)n(n+ 1)

∣∣∣ ≤ 1

500n4
.

We only use relatively elementary methods, importing tools from complex analysis,
Fourier analysis, and the theory of ordinary differential equations. These estimates
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will be used in the study of a sharp Fourier restriction inequality on the circle in
Chapter 4.

1.1.3. A sharp trilinear inequality related to Fourier restriction on the
circle [21]. In Chapter 4, we prove a sharp trilinear inequality which is motivated by
a program to obtain the sharp form of the endpoint Tomas–Stein adjoint restriction
inequality on the circle,

(1.1.2)
∥∥f̂σ∥∥

L6(R2)
. ‖f‖L2(S1).

To describe it precisely, define the trilinear form

T (f1, f2, f3) =

∫
(S1)6

f1(ω1)f2(ω2)f3(ω3)(|ω4 + ω5 + ω6|2 − 1)dΣω,

where the measure dΣ is supported on the 4-dimensional submanifold of (S1)6 de-

termined by the algebraic condition
∑6

j=1 ωj = 0, and defined as

dΣω = δ
(
ω1 + ω2 + ω3 + ω4 + ω5 + ω6

)
dσω1dσω2dσω3dσω4dσω5dσω6 .

Consider a nonnegative, antipodally symmetric function f ∈ L1(S1), and let

c =
1

2π

∫
S1
f

denote its mean value. Then

T (f, f, f) ≤ T (c, c, c),

with equality if and only if f is constant. Our method of proof uses the delicate
estimates for integrals of sixfold products of Bessel functions developed in Chapter
3, of which (1.1.1) is an illustrative example. We also establish that constants are
local extremizers of the sharp version of (1.1.2), as well as of another inequality
appearing in the program.

1.1.4. On extremizers for Strichartz estimates for higher order Schrö-
dinger equations [68]. Chapter 5 has a somewhat different flavor. We consider a
particular class of convex functions φ, and study the Fourier extension operator on
the hypersurface

(1.1.3) Σφ = {(y, |y|2 + φ(y)) : y ∈ Rd},
equipped with projection measure σ, when d = 2. For the corresponding extension
inequality,

(1.1.4) ‖f̂σ‖L4(R3) .φ ‖f‖L2(R2),

we compute the optimal constant and prove that extremizers do not exist. The
main tool is a new comparison principle for convolutions of certain singular measures
which holds in all dimensions. To describe it, consider the functions ϕ = | · |2 and
ψ = ϕ + φ. Let σ0, σ denote the projection measures on the hypersurfaces Σ0,Σφ

defined in (1.1.3), respectively. Then, for every ξ ∈ Rd and τ > 0, we have the
pointwise inequality

(σ ∗ σ)(ξ, 2ψ(ξ/2) + τ) ≤ (σ0 ∗ σ0)(ξ, 2ϕ(ξ/2) + τ),

which is strict for almost every point in the support of the measure σ ∗ σ. Using
tools of concentration-compactness flavor, we further investigate the behavior of
general extremizing sequences for inequality (1.1.4). Our work is directly related to
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the study of extremizers and optimal constants for Strichartz estimates of certain
higher order Schrödinger equations. In particular, we resolve a dichotomy from the
recent literature concerning the existence of extremizers for a family of Strichartz
inequalities for fourth order Schrödinger equations, and compute the corresponding
operator norms exactly where only lower bounds were previously known.

1.2. Notation

In dimension d ∈ N = {1, 2, 3, . . .}, we normalize the Fourier transform f̂ of a
(reasonable) function f on Rd so that it becomes an isometry on L2(Rd):

f̂(ξ) =
1

(2π)
d
2

∫
Rd
f(x)e−ix·ξdx.

We further denote:

• The inverse Fourier transform of a function f by f∨;
• The indicator function of a set E by 1E ;
• The exponent dual to p ∈ [1,∞] by p′ = p/(p− 1).
• The usual inner product between vectors u, v ∈ Rd by u · v;
• The usual inner product between functions f, g ∈ L2 by 〈f, g〉;
• The real and imaginary parts of a complex number z by <(z) and =(z).

We set Z+ = N ∪ {0} and, given real numbers x, y, write x .α y if there exists a
finite constant C, depending on α, such that |x| ≤ C|y|.

1.3. Fourier restriction theory

The connection between the geometric notion of curvature and the analytic no-
tion of Fourier decay has been a powerful driving force in the development of modern
Euclidean harmonic analysis for the last several decades. To illustrate this point,
consider the following three apparently unrelated questions.

Question 1. In what sense do Fourier series and Fourier integrals converge?
This is a very classical question that lies at the heart of harmonic analysis. When
considering the higher dimensional problem, one is naturally led to consider multi-

pliers given by ŜδR(f) = SδRf̂ , where

SδR(ξ) :=
(

1− |ξ|
2

R2

)δ
+
,

and x+ = max{x, 0} denotes the positive part of x.

Question 2. For which sets S ⊂ Rd and which exponents p can the Fourier
transform of a rough function f ∈ Lp(Rd) be meaningfully restricted to S? Asking
this question in the case of the unit sphere S = Sd−1, one is naturally led to consider
the object

(1.3.1) R(f) := f̂ |Sd−1 .

Question 3. What is the smallest area needed to rotate a unit line segment by
180 degrees in the plane? In pursuing higher dimensional analogues of this question,
one is naturally led to define the maximal function f∗δ : Sd−1 → R,

(1.3.2) f∗δ (ω) := sup
a∈Rd

1

|T δω(a)|

∫
Rd
|f |.
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Here, δ > 0, ω ∈ Sd−1, a ∈ Rd, and T δω(a) denotes the δ-neighborhood of the unit
line segment in the direction of ω centered at a.

From an analyst’s perspective, these questions immediately prompt the following
natural problems.

Problem 1. For which exponents p and parameters δ > 0 does the following
inequality hold?

(1.3.3) ‖Sδ1(f)‖Lp(Rd) .d,p,δ ‖f‖Lp(Rd)

Problem 2. For which exponents p, q does the following inequality hold?

(1.3.4) ‖R(f)‖Lq(Sd−1) .d,p,q ‖f‖Lp(Rd)

Problem 3. For which exponents p does the following inequality hold?

(1.3.5) ∀ε > 0∃Cε <∞ : ‖f∗δ ‖Lp(Sd−1) .d,p,ε δ
−ε‖f‖Lp(Rd)

Problem 1 is known as the Bochner–Riesz problem. By scale invariance, it is
equivalent to the following question: For which exponents p and parameters δ > 0
do the means SδRf converge to f in the Lp norm as R →∞, for every f ∈ Lp(Rd)?
When δ = 0, the multiplier SδR coincides with the ball multiplier 1B(0,R), for which
similar questions can be raised. In this case, a complete answer is known. In
fact, Fefferman [34] famously disproved the ball multiplier conjecture. Both the
nonvanishing curvature of the boundary of the ball, and elementary properties of
Kakeya sets as described below, played a crucial role in Fefferman’s proof. If δ > 0,
then the multiplier is smoother at the boundary of the ball. If δ < 0, then the
multiplier has an unbounded symbol, and in particular fails to preserve any Lp

space. Therefore a necessary condition for (1.3.3) to hold is that δ > 0. Another
necessary condition is

(1.3.6) d
∣∣∣1
2
− 1

p

∣∣∣− 1

2
< δ.

This follows from considering the stationary phase asymptotics of the convolution
kernel Kδ = ((1 − |ξ|2)δ+)∨ of Sδ1 , which belongs to Lp(Rd) only if condition (1.3.6)
is satisfied. For more information on the Bochner–Riesz problem, see [84] and [91,
Lecture 5].

Problem 2 is known as the Fourier restriction problem. The Fourier transform
of an L1(Rd) function is uniformly continuous, and can therefore be restricted to
any subset of Rd. On the other hand, the Fourier transform of an L2(Rd) function
is again in L2, and in view of Plancherel’s Theorem no better properties can be
expected. The interesting question is then what happens for intermediate values of
1 < p < 2. It turns out that necessary conditions for inequality (1.3.4) to hold are

(1.3.7) 1 ≤ p < 2d

d+ 1
, and q ≤ d− 1

d+ 1
p′.

We will come back to this point later on in the Introduction.
Problem 3 is known as the Kakeya maximal function problem. The name derives

from its connection to the Kakeya problem, which we now briefly describe. A Kakeya
set is a compact set K ⊂ Rd which contains a unit line segment in every direction. It
has long been known that, perhaps unintuitively, there exist Kakeya sets in Rd with
zero Lebesgue measure, as long as d ≥ 2. In particular, given any ε > 0, there exists
a planar set of area at most ε within which a unit line segment can be continuously
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rotated. A more subtle question is whether the Hausdorff dimension of a Kakeya set
in Rd must necessarily equal the maximal possible value d. This is known to be true
if d = 2 [29], and is an open question if d ≥ 3. An affirmative answer to this question
would follow from appropriate bounds for the Kakeya maximal function, defined in
(1.3.2). From this definition, it is clear that inequality (1.3.5) holds if p = ∞. If
d ≥ 2 and p <∞, then there can be no bound of the form ‖f∗δ ‖Lq ≤ C‖f‖Lp , with a
constant C independent of δ, as can be seen by considering the indicator function of
a δ-neighborhood of a zero measure Kakeya set. Moreover, inequality (1.3.5) cannot
hold for any p < d, as can easily be seen by considering the indicator function of the
ball centered at the origin of radius δ. Further information on the Kakeya problem
and its maximal functional variant can be found in [95, Chapters 10 and 11].

The following conjectures summarize the expected answers to the problems we
just discussed.

Conjecture 1 (Bochner–Riesz conjecture). A necessary and sufficient condi-
tion for inequality (1.3.3) to hold is that

δ > 0, and d
∣∣∣1
2
− 1

p

∣∣∣− 1

2
< δ.

Conjecture 2 (Fourier restriction conjecture). A necessary and sufficient con-
dition for inequality (1.3.4) to hold is that

1 ≤ p < 2d

d+ 1
, and q ≤ d− 1

d+ 1
p′.

Conjecture 3 (Kakeya maximal function conjecture). Inequality (1.3.5) holds
if p = d.

All three conjectures have been given affirmative answers in the two-dimensional
case d = 2 a long time ago, see [19] (Bochner–Riesz), [96] (Fourier restriction), and
[27] (Kakeya maximal function). Despite tremendous effort, and very substantial
partial progress, they are still open in dimensions d ≥ 3. These conjectures are
not unrelated. In fact, Conjecture 1 implies Conjecture 2, which in turn implies
Conjecture 3. The first implication is the content of [88]. For a short proof of
the second implication, see [95, Chapter 10]. Significant progress in this circle of
problems has been accomplished by realizing that under appropriate conditions these
implications can be partially reversed. For instance:

• Fourier restriction implies Bochner–Riesz for paraboloids [17].
• The bush [13] and the hairbrush [94] constructions (which imply lower

bounds of d+1
2 and d+2

2 , respectively, for the Hausdorff dimension of a

Kakeya set in Rd) were used to go past the Tomas–Stein [92, 84] range of
Fourier restriction exponents for the first time.
• Very recently [42, 43, 70], sophisticated versions of the polynomial method

(originally used to settle the finite field Kakeya conjecture [31]) were em-
ployed in order to establish the current world record for Fourier restriction
exponents in all dimensions.

For a pleasant further discussion of the deep connections between Conjectures 1, 2
and 3, we refer the reader to the survey [89].

Before introducing the main topic of this thesis, let us consider the Fourier
restriction problem in more detail. Historically, its starting point goes back to
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unpublished work of Stein in the late 1960s, see [84, p. 432], which culminated in
the celebrated Tomas–Stein inequality:

Theorem 1.3.8 ([92, 84]). The restriction inequality (1.3.4) holds for q = 2
and 1 ≤ p ≤ 2d+1

d+3 .

A few comments are in order. First of all, the range of exponents is best possible
for L2 densities, as there can be no Lp → L2 restriction estimate on the sphere if
p > 2d+1

d+3 . This is shown via the so-called Knapp counterexample, which boils down

to testing the inequality dual to (1.3.4) against the indicator function of a small
spherical cap. Secondly, the sphere Sd−1 can be replaced by any smooth compact
hypersurface in Rd, as long as its Gaussian curvature never vanishes. Some degree of
curvature is essential, since one can easily construct a function whose Fourier trans-
form is infinite on an entire hyperplane. However, nonvanishing Gaussian curvature
is a strong assumption that can be replaced by the nonvanishing of some principal
curvatures, at the expense of decreasing the range of admissible exponents p.

There are several ways to go about proving Theorem 1.3.8. If R denotes the
restriction operator defined in (1.3.1), then its adjoint R∗, usually called the exten-
sion operator, is given by R∗(g) = ĝσ, where the Fourier transform of the measure
gσ is given by

(1.3.9) ĝσ(x) =

∫
Sd−1

g(ω)e−ix·ωdσω. (x ∈ Rd).

The Tomas–Stein inequality at the endpoint (p, q) = (2d+1
d+3 , 2) is equivalent to the

extension estimate

(1.3.10) ‖ĝσ‖
L
2 d+1
d−1 (Rd)

. ‖g‖L2(Sd−1).

If g ∈ L2(Sd−1), then the composition (R∗◦R)(g) is well-defined, and a computation
shows that

(1.3.11) (R∗ ◦ R)(g) = g ∗ σ̂.
Since the operator norms satisfy ‖R‖2 = ‖R∗‖2 = ‖R∗ ◦ R‖, the study of these
three operators is equivalent, and so we may focus on R∗ ◦ R. In view of (1.3.11),
boundedness of (R∗ ◦ R)(g) is only ensured if the Fourier transform σ̂(x) exhibits
some decay as |x| → ∞. This in turn is a consequence of the principle of stationary
phase, since the nonvanishing Gaussian curvature of the sphere translates into a
nondegenerate Hessian for the phase function of the oscillatory integral given by
(1.3.9) when g ≡ 1. This is the starting point for the original argument of Tomas,
which worked only when p′ < 2d+1

d−1 but was quickly extended to the endpoint p′ =

2d+1
d−1 by embedding the operator R∗ ◦ R into an analytic family of operators and

invoking Stein’s complex interpolation theorem. A second method to prove Fourier
restriction estimates goes back to the work of Ginibre and Velo [40]. It consists of
introducing a time parameter and treating the extension operator as an evolution
operator. Two key ingredients for this approach are the Hausdorff–Young inequality
and fractional integration in the form of the Hardy–Littlewood–Sobolev inequality.1

These methods are more amenable to the needs of the partial differential equations
community, and allow to treat the case of mixed norm spaces. In the special cases

1Interestingly, the Fourier restriction conjecture on R2 can be proved with a combination of
the Hausdorff–Young and the Hardy–Littlewood–Sobolev inequalities, see e.g. [84, pp. 412-414].
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when the dual exponent p′ is an even integer, one can devise yet another proof that
comes from the world of bilinear estimates, see for instance [37, 58]. One simply
rewrites the left-hand side of (1.3.10) as an L2 norm, and appeals to Plancherel’s
Theorem in order to reduce the problem to a multilinear convolution estimate. This
strategy will be crucial to sharpen a number of Fourier restriction-type estimates,
and we shall give plenty of examples in the course of this thesis.

It has long been known that Tomas–Stein restriction type estimates are related
to Strichartz estimates for linear partial differential equations of dispersive type. We
illustrate this connection in the context of the Schrödinger equation. The multiplier
operator eit∆ is defined via the Fourier transform as

(1.3.12) êit∆f(ξ) = e−it|ξ|
2
f̂(ξ),

for every Schwartz function f ∈ S(Rd). It is easily seen that eit∆f(x) solves the
Schrödinger equation

i∂tu+ ∆u = 0

with initial datum u(0, x) = f(x). The Schrödinger propagator eit∆ extends to a
bounded operator from L2(Rd) to LptL

q
x(R× Rd) if and only if the triplet (d, p, q) is

Schrödinger-admissible. This is the content of the following result.

Theorem 1.3.13. There exists a constant C = Cd,p,q <∞ for which

(1.3.14) ‖eit∆f‖LptLqx(R×Rd) ≤ C‖f‖L2(Rd),

for every f ∈ L2(Rd), if and only if

(1.3.15) p, q ≥ 2, (d, p, q) 6= (2, 2,∞), and
2

p
+
d

q
=
d

2
.

The result in the diagonal case p = q = 2 + 4
d is due to Strichartz [86], who

followed the original arguments of Tomas and Stein. The case p 6= q is fully treated
in [55].

A hint that the diagonal case of Theorem 1.3.13 might be related to Theorem
1.3.8 comes from the numerology of the exponents: The Strichartz exponent 2 + 4

d
coincides with the dual of the Tomas–Stein exponent in dimension d + 1. It turns
out that Strichartz estimates for the Schrödinger equation correspond to Fourier
extension estimates on the paraboloid.2

The question of what happens with inequality (1.3.4) for values of q < 2 is the
starting point of the Fourier restriction conjecture, which we have already briefly
addressed. The necessity of conditions (1.3.7) follows from dimensional analysis and
Knapp-type examples. Note that the endpoints of this relation are the trivial case
(p, q) = (1,∞), and the case in which p, q → 2d

d+1 . This is depicted in Figure 1 below.
Tools that have led to progress on Fourier restriction theory include, in addition

to the previously mentioned ones, local restriction estimates, wave packet decompo-
sitions, and induction-on-scale arguments. All of these methods appear e.g. in the
proof of Tao’s sharp bilinear restriction estimate for paraboloids [90], a deep result
which will be recalled in §1.6 below, and which in turn implied further progress
on the (linear) Fourier restriction problem. More recently, Bennett, Carbery and
Tao [8] established almost sharp multilinear restriction estimates together with their

2The paraboloid is not a compact hypersurface. However, it exhibits some scale invariance
properties that enable a reduction to the compact setting.
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Fourier
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Figure 1. Range of exponents for the Fourier restriction problem.

multilinear Kakeya counterparts. Perhaps surprisingly, at this higher level of mul-
tilinearity, they turn out to be equivalent. Multilinear restriction estimates have
also originated further progress on the Fourier restriction problem [15], and played
a prominent role in the recent work of Bourgain and Demeter [14] on `2 decou-
pling. Very recently, Guth [42, 43] applied these multilinear tools together with the
polynomial method to get some further progress on the Fourier restriction problem.

Faced with inequalities like (1.3.4) or (1.3.14), the trained analyst feels an irre-
sistible impulse to sharpen them in a number of ways. We must clarify what sharp
means for the purpose of this discussion. In order to illustrate the relevant concepts,
we focus on the Fourier restriction inequality (1.3.4), the adaptation to other cases
being straightforward. This inequality can be rewritten as

(1.3.16) ‖Rf‖Lq(Sd−1) ≤ Cd,p,q‖f‖Lp(Rd),

with Cd,p,q being the optimal, or best constant, defined as

Cd,p,q = sup
06=f∈Lp

‖Rf‖Lq(Sd−1)

‖f‖Lp(Rd)

.

An extremizer, or maximizer, for inequality (1.3.16) is a nonzero function f ∈ Lp(Rd)
which satisfies

‖Rf‖Lq(Sd−1) = Cd,p,q‖f‖Lp(Rd).

An extremizing, or maximizing sequence for inequality (1.3.16) is a sequence {fn} ⊂
Lp(Rd) satisfying ‖fn‖Lp(Rd) ≤ 1, such that

‖Rfn‖Lq(Sd−1) → Cd,p,q, as n→∞.

Several natural questions which fall under the category of sharp Fourier restriction
theory, and which we will address in this thesis, include: What is the value of the
optimal constant? Is it attained? If so, what is an example of an extremizer? If not,
what is the mechanism responsible for this lack of compactness? In either case, how
do extremizing sequences behave? If extremizers exist, are they unique modulo the
symmetries of the problem?
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An ideal setting to explore these questions is that of the Tomas–Stein inequal-
ity in low dimensions d = 1, 2, and its Strichartz counterpart. The endpoint ex-
ponent 2 + 4

d is then an even integer, and the aforementioned convolution trick
transforms the original oscillatory problem into a question of geometric integration
over a concrete manifold. We will see plenty of examples that illustrate this key
point in the remaining part of this Introduction, which is organized as follows: In
§1.4, we present four alternative ways to sharpen the two-dimensional diagonal case
(d, p, q) = (2, 4, 4) of the Strichartz inequality (1.3.14). These go back to work
of Foschi [35], Hundertmark–Zharnitsky [48], Bennett–Bez–Carbery–Hundertmark
[4], and Gonçalves [41]. Several of their methods will provide crucial to our work,
and we highlight these connections. In §1.5, we present a proof due to Foschi [36]
of the sharp endpoint Tomas–Stein inequality on the sphere S2. We also give simple
proofs of two sharp Fourier restriction inequalities on the circle S1. In §1.6, we fol-
low the work of Jiang–Shao–Stovall [52], and discuss a refined Strichartz inequality
for a class of fourth order Schrödinger equations, the corresponding linear profile
decomposition, and consequences for the existence of extremizers in all dimensions.
Finally, in §1.7, we briefly comment on some possible directions of research.

1.4. Four ways to sharpen a Strichartz inequality

In this section, we present four different proofs of the sharp version of inequality
(1.3.14) in the two-dimensional diagonal case (d, p, q) = (2, 4, 4).

Theorem 1.4.1 ([35, 48, 4, 41]). The inequality

(1.4.2) ‖eit∆f‖L4
t,x(R×R2) ≤ 2−

1
2 ‖f‖L2(R2)

is sharp, and equality is attained if and only if f is a Gaussian, i.e.

f(x) = Ae(λ+iµ)|x−a|2+b·x,

for some A ∈ C, λ > 0, µ ∈ R, a ∈ R2, and b ∈ C2.

The Schrödinger propagator eit∆f was defined in (1.3.12). In two dimensions, it
can be equivalently rewritten as

(1.4.3) eit∆f(x) =
1

2π

∫
R2

eix·ξe−it|ξ|
2
f̂(ξ)dξ,

or

(1.4.4) eit∆f(x) =
1

4πit

∫
R2

ei
|x−y|2

4t f(y)dy.

The main tools behind each of the forthcoming proofs are, respectively, multilinear
convolution estimates [35], representation formulae for the Strichartz integral [48],
monotonicity properties of the quadratic heat flow [4], and the theory of orthogonal
polynomials [41]. We remark that all four proofs can be adapted to tackle the
one-dimensional diagonal case (d, p, q) = (1, 6, 6), and that the last three proofs can
handle the non-diagonal case (d, p, q) = (1, 8, 4) as well. They are also amenable
to various extensions (e.g. to the case of the Strichartz inequality for the wave
equation) and generalizations (e.g. to multilinear and weighted settings). We refer
the reader to the original papers and the references therein for further details.
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1.4.1. Convolution estimates. Foschi [35] was the first one to establish the
sharp Strichartz inequality (1.4.2). His proof replaces the original oscillatory prob-
lem by a more tractable question of geometric integration over a specific manifold, a
recurring theme in this manuscript. Moreover, the cases of equality are determined
by a careful analysis of the solutions of certain functional equations. An essential
ingredient is the following elementary fact.

Lemma 1.4.5 (Cauchy–Schwarz inequality). Let 〈·, ·〉 be a complex inner product
on a vector space V , and let u, v ∈ V be two nonzero vectors. Then

|〈u, v〉|2 ≤ 〈u, u〉〈v, v〉,
with equality if and only if u = αv for some scalar α ∈ C.

Proof. Fits in one line:

‖u‖2‖v‖2 − |〈u, v〉|2 =
1

‖v‖2
∥∥‖v‖2u− 〈u, v〉v∥∥2

. �

To start with the actual proof of Theorem 1.4.1, let u = eit∆f , and let ũ denote its
space-time Fourier transform,

ũ(τ, ξ) =
1

2π

∫
R×R2

u(t, x)e−i(tτ+x·ξ)dtdx.

Plancherel’s Theorem reduces inequality (1.4.2) to a bilinear convolution estimate
whose left-hand side is given by:

(1.4.6) ‖u‖2
L4(R3)

= ‖u2‖L2(R3) = ‖ũ2‖L2(R3) = ‖ũ ∗ ũ‖L2(R3).

Note how this uses the fact that the Lebesgue exponent p = q = 4 is an even integer
in a crucial way. The convolution on the right-hand side of (1.4.6) is given by

(1.4.7) (ũ ∗ ũ)(τ, ξ) =

∫
R2×R2

f̂(η)f̂(ζ) δ

(
τ − |η|2 − |ζ|2
ξ − η − ζ

)
dηdζ,

from which it is apparent that

2τ = 2(|η|2 + |ζ|2) = |η + ζ|2 + |η − ζ|2 ≥ |ξ|2.
It follows that the convolution ũ ∗ ũ is supported on the closure of the region

P2 := {(τ, ξ) ∈ R× R2 : 2τ > |ξ|2},
which of course coincides with the Minkowski sum of the two-dimensional paraboloid

{(τ, ξ) ∈ R× R2 : τ = |ξ|2}
with itself. Now, given (τ, ξ) ∈ P2, let 〈·, ·〉(τ,ξ) denote the inner product associated
with the measure

µ(τ,ξ) = δ

(
τ − |η|2 − |ζ|2
ξ − η − ζ

)
dηdζ.

Identity (1.4.7) can thus be rewritten as

(ũ ∗ ũ)(τ, ξ) = 〈f̂ ⊗ f̂ ,1⊗ 1〉(τ,ξ),
which after an application of the Cauchy–Schwarz inequality, integration and Hölder’s
inequality implies

(1.4.8) ‖ũ ∗ ũ‖L2(R3) ≤ ( sup
(τ,ξ)∈P2

‖1⊗ 1‖(τ,ξ))
(∫
P2

‖f̂ ⊗ f̂‖2(τ,ξ)dτdξ
) 1

2
.
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The crucial observation is the following: Convolution of projection measure on the
two-dimensional paraboloid defines a constant function in the interior of its support.
In fact, the measure δ

(
τ − |ξ|2

)
is invariant under the volume preserving affine

change of variables

(1.4.9) (τ, ξ) (τ + 2v · ξ + |v|2, ξ + v). (v ∈ R2)

As a consequence, the convolution of δ
(
τ − |ξ|2

)
with itself is also invariant under

a related change of variables, see [35, Lemma 2.1]. This invariance can be used to
establish the following result.

Lemma 1.4.10. For every (τ, ξ) ∈ P2, we have ‖1⊗ 1‖(τ,ξ) =
√

π
2 .

Proof of Lemma 1.4.10. Define

I(τ, ξ) := ‖1⊗ 1‖2(τ,ξ).

The invariance of δ
(
τ − |ξ|2

)
with respect to (1.4.9) implies that, for any v ∈ R2,

(1.4.11) I(τ, ξ) = I(τ + 2v · ξ + 2|v|2, ξ + 2v).

By homogeneity, I is also invariant under parabolic rescalings, i.e.

(1.4.12) I(τ, ξ) = I(λ2τ, λξ). (λ > 0)

Invariances (1.4.11) and (1.4.12) combine to yield

I(τ, ξ) = I(τ − |ξ|
2

2
, 0) = I(1, 0) =

∫
R2

δ
(
1− 2|η|2

)
dη =

π

2
,

provided τ > |ξ|2
2 . �

In Chapter 5, we will be interested in understanding settings different from that of
the paraboloid, where not so many symmetries are available. To handle those cases,
it will be convenient to have another, more flexible proof of Lemma 1.4.10.

Alternative proof of Lemma 1.4.10. The desired identity follows from a
straightforward application of delta-calculus:3

‖1⊗ 1‖2(τ,ξ) =

∫
R2

δ
(
τ − |ξ − η|2 − |η|2

)
dη

=

∫
R2

δ
(
τ − | ξ2 − η|

2 − | ξ2 + η|2
)
dη =

∫
R2

δ
(
τ − |ξ|

2

2 − 2|η|2
)

dη

= 2π

∫ ∞
0

δ
(
τ − |ξ|

2

2 − 2r2
)
rdr =

π

2

∫ ∞
0

δ
(
τ − |ξ|

2

2 − s
)

ds

=
π

2
1
(
τ >
|ξ|2

2

)
,

where we changed variables in the second and fifth identities, and passed to polar
coordinates in the fourth identity. �

The right-hand side of inequality (1.4.8) is easily seen to equal the correct multiple
of the (square of) the L2 norm of f . Putting everything together yields the sharp
inequality (1.4.2). The only steps in the proof which do not amount to identities
are the applications of Cauchy–Schwarz and Hölder’s inequality that led to (1.4.8).
Both of these are elementary inequalities whose sharp form and cases of equality

3For a treatment of integration of manifolds using delta calculus, see [38, Appendix A].
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easily determined, see Lemma 1.4.5. This turns out to be crucial in order to further
characterize the cases of equality in inequality (1.4.2). We will not get into details
here, but just remark that the aforementioned Cauchy–Schwarz and Hölder steps
simultaneously become equalities for a given function f if and only if f satisfies the
functional equation

(1.4.13) f̂(η)f̂(ζ) = F (|η|2 + |ζ|2, η + ζ),

for some scalar function F : P2 → C, and almost every (η, ζ) ∈ R2 × R2. The
solutions of (1.4.13) are given by Gaussians, and one ultimately proves that all
maximizers for inequality (1.4.2) are given by L2 functions of the form

f∗(x) = exp(A|x|2 + b · x+ C),

with A,C ∈ C, b ∈ C2 and <(A) < 0. We refer the reader to [35, §7] for further
details.

1.4.2. Representation formulae. Hundertmark and Zharnitsky [48] found
an ingenious way to obtain the sharp inequality (1.4.2) by writing the Strichartz
integral as a pairing with a certain orthogonal projection. To define it precisely,
consider the closed subspace E of L2(R4) of rotation-invariant functions that fix the
vectors

(1.4.14) α := (1, 0, 1, 0) and β := (0, 1, 0, 1).

In other words,

(1.4.15) E = span{H(α · η, β · η, |η|2) : H ∈ C∞0 (R× R× R+)}.

Let PE : L2(R4)→ L2(R4) denote the orthogonal projection operator onto functions
in the subspace E. Then then following representation formula holds.

Theorem 1.4.16. Let f ∈ L2(R2). Then:

(1.4.17)

∫
R×R2

|eit∆f(x)|4dxdt =
1

4
〈PE(f ⊗ f), f ⊗ f〉L2(R4).

This result was later generalized by Carneiro [20] to a nontrivial higher dimen-
sional, multilinear setting. Let us point out that the analysis in [48] starts by
invoking formula (1.4.4) for the Schrödinger propagator. Using (1.4.3) instead leads
to the closely related formula

(1.4.18)

∫
R×R2

|eit∆f(x)|4dxdt =
1

4
〈PE(f̂ ⊗ f̂), f̂ ⊗ f̂〉L2(R4),

which illustrates a nice symmetry of the Strichartz norm under the Fourier trans-
form. We invoke the latter formula and indicate how to deduce (1.4.18). Firstly,

(1.4.19) |eit∆f(x)|4 =
1

(2π)4

∫
R4×R4

eix·(η1+η2−ξ1−ξ2)e−it(|η|
2−|ξ|2)F (η)F (ξ)dηdξ.

Here η = (η1, η2) and ξ = (ξ1, ξ2) are vectors in R4 = R2 × R2, and F = f̂ ⊗ f̂ .
Integrating both sides of identity (1.4.19), first in x and then in t, we obtain∫
R×R2

|eit∆f(x)|4dxdt =
1

2π

∫
R4×R4

δ
(
η1 + η2 − ξ1 − ξ2

)
δ
(
|η|2 − |ξ|2

)
F (η)F (ξ)dηdξ.
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The first delta function can be strategically rewritten in terms of the vectors α and
β defined in (1.4.14) as

δ
(
η1 + η2 − ξ1 − ξ2

)
= δ

(
α · (η − ξ)

)
δ
(
β · (η − ξ)

)
,

from where the relevance of the subspace E defined in (1.4.15) becomes apparent.
Setting up the stage for the key insight, define the operator

TG(ξ) =
1

2π

∫
R4

δ
(
α · (η − ξ)

)
δ
(
β · (η − ξ)

)
δ
(
|η|2 − |ξ|2

)
G(η)dη,

acting on functions G ∈ C∞0 (R4). The Strichartz integral can then be recognized as
a quadratic form associated to the self-adjoint operator T :∫

R×R2

|eit∆f(x)|4dxdt = 〈TF, F 〉L2(R4).

The proof is finished once one realizes that the operator T is a multiple of the pro-
jection operator PE . Indeed, we claim that T = 1

4PE . This in turn is a consequence
of the following two facts:

(a) For every ξ ∈ R4, the following defines a probability measure on R4:

mξ(dη) =
2

π
δ
(
α · (η − ξ)

)
δ
(
β · (η − ξ)

)
δ
(
|η|2 − |ξ|2

)
dη.

(b) For every Borel subset B ⊂ R4, its Lebesgue measure is given by∫
R4

mξ(B)dξ = |B|.

Fact (a) is clearly related to Lemma 1.4.10, and can likewise be established via
delta-calculus. Fact (b) follows from the symmetry of the measure m with respect
to the variables η and ξ via an application of Fubini’s theorem.

Facts (a) and (b) can be used to show that the operator T defined above maps
C∞0 (R4) into L2(R4), and extends to a bounded linear operator on all of L2(R4).
Now, let ρ be a rotation on R4 fixing the vectors α and β. Since

TG(ρξ) = TG(ξ),

it follows that the operator T maps L2(R4) into the subspace E. Since T is self-
adjoint, it follows that the orthogonal complement E⊥ satisfies T (E⊥) = 0. It
remains to show that T acts like a multiple of the identity on E. Given a function
H ∈ C∞0 (R× R× R+), the function

(1.4.20) G(η) = H(α · η, β · η, |η|2)

belongs to the subspace E, and a computation shows that it satisfies

TG(ξ) =
1

4
G(ξ).

From density of functions of the form (1.4.20) in E, it follows that T = 1
4I on E, as

claimed. As a consequence of this and of Plancherel’s Theorem,∫
R×R2

|eit∆f(x)|4dxdt =
1

4
〈PE(F ), F 〉L2(R4) ≤

1

4
‖F‖2

L2(R4)
=

1

4
‖f‖4

L2(R2)
,

which is the desired sharp inequality (1.4.2). Moreover, equality holds if and only
if the function F belongs to the subspace E, a condition which can be reformulated
in terms of Gaussians. See [48, 20] for the full characterization of maximizers, and
further details.
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1.4.3. Heat flow. One way to prove an inequality of the form A ≤ B is by
constructing a monotone non-decreasing quantity Q(t), such that Q(0) = A and
Q(∞) = B. This was pointed out in [7], where several illustrative examples were
given in the context of Brascamp–Lieb inequalities.4 The main result of [4], spe-
cialized to the case (d, p, q) = (2, 4, 4) which we are considering, states that the
quantity

Q(t) := ‖eis∆(et∆|f |2)
1
2 ‖L4

s,x(R×R2)

is nondecreasing for all t > 0. Here et∆ denotes the Fourier multiplier operator with

multiplier e−t|ξ|
2
, which in terms of the two-dimensional heat kernel

Ht(x) =
1

4πt
e−
|x|2
4t

translates into et∆|f |2 = Ht ∗ |f |2. The claimed monotonicity of Q implies the sharp
inequality (1.4.2) at once. Indeed,

lim
t→0+

Q(t) = ‖eis∆|f |‖L4(R×R2) ≥ ‖e
is∆f‖L4(R×R2),

where the fact that q = 4 is an even integer that divides p = 4 was used in the last
inequality. On the other hand, a simple change of variables shows that

lim
t→∞

Q(t) = ‖eis∆(H
1
2
1 )‖L4(R×R2)‖f‖L2(R2).

This also reveals that Gaussians are maximizers for inequality (1.4.2).
The proof of the monotonicity of Q involves two key ingredients. The first one

is the representation formula (1.4.17) which we discussed in the last section. The
second ingredient is the following monotonicity property of the Cauchy–Schwarz
inequality under the heat flow.

Lemma 1.4.21. Let f, g : Rd → R be nonnegative and integrable. Then the
quantity

Λ(t) =

∫
Rd

(et∆f)
1
2 (et∆g)

1
2 dx

in nondecreasing for every t > 0.

Note that, by taking the limits of Λ(t) as t → 0+ and t → ∞, one obtains a
second proof of Lemma 1.4.5 when V = L2(Rd).

Sketch of proof. A computation involving the divergence theorem yields

dΛ

dt
(t) =

1

4

∫
Rd
|∇(log et∆f)−∇(log et∆g)|2(et∆f)

1
2 (et∆g)

1
2 dx,

for every t > 0, provided the functions f and g are sufficiently well-behaved. This
is manifestly a nonnegative quantity, and the result follows by density. �

Recall the projection operator PE defined in the last section. Given a function
G ∈ L2(R4), we may write

PE(G)(X) =

∫
O
G(ρX)dµρ,

4The idea of using heat flow in the Brascamp–Lieb context (in the rank one case, and on the
sphere Sd−1 instead of a Euclidean space) had been introduced earlier [18].
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where O denotes the group of isometries in R4 that fix the vectors α and β defined
in (1.4.14), and dµρ denotes the normalized Haar probability measure on O. Since
the heat operator et∆ commutes with tensor products,

et∆|f |2 ⊗ et∆|f |2 = et∆|F |2,

where f ∈ L2(R2) and F = f ⊗ f . In a similar way,

(et∆|f |2 ⊗ et∆|f |2)(ρ ·) = et∆|Fρ|2,

where Fρ := F (ρ ·). These observations can be applied to the representation formula
(1.4.17) to yield

Q(t)4 =
1

4

∫
O

∫
R4

(et∆|F |2)
1
2 (X)(et∆|Fρ|2)

1
2 (X)dXdµρ.

The monotonicity of Q follows from this and from Lemma 1.4.21.

1.4.4. Orthogonal polynomials. In groundbreaking work from the 1970s,
Beckner [2] established the sharp Hausdorff–Young inequality5

(1.4.22) ‖F(f)‖
Lp
′
(Rd)
≤
( p 1

2p

p
′ 1
2p′

)d
‖f‖Lp(Rd)

for general exponents 1 ≤ p ≤ 2, and showed that Gaussians turn this inequality
into an equality. In the converse direction, Lieb [63] showed that all extremizers
for inequality (1.4.22) are in fact Gaussians. Central to Beckner’s proof was an
application of the Central Limit Theorem to approximate the Hermite semigroup
operator by normalized tensor products of a discrete version of the same operator on
a two-point space. Inspired by Beckner’s approach, Gonçalves [41] has very recently
produced an alternative proof of the sharp Strichartz inequality (1.4.2), which we
now briefly summarize.

Consider the normal distribution dγ(x) = (2π)−1e−
|x|2
2 dx on R2. Define the

following operator on L2(R2,dγ):

Ht : Hm(x) 7→ e2π|m|itHm(2−
1
2x),

where m = (m1,m2) ∈ Z2
+ and Hm = Hm1 ⊗ Hm2 denotes the tensor product of

Hermite polynomials of degrees m1 and m2, see e.g. [87, Chapters 2 and 5]. The
first observation is that Gaussians maximize inequality (1.4.2) if and only if

(1.4.23)

∫ 1
2

− 1
2

∫
R2

|Htg(x)|4dγ(x)dt ≤
(∫

R2

|g(x)|2dγ(x)
)2
.

Expanding a function g ∈ L2(dγ) in Hermite basis, g =
∑

m∈Z2
+
αmHm, orthogonal-

ity of the Fourier characters may be used to rewrite the left-hand side of (1.4.23) as∑
αm1αm2αn1αn2

∫
R2

(Hm1Hm2Hn1Hn2)(2−
1
2x)dγ(x),

5Here, the Fourier transform is normalized the following way:

F(f)(ξ) =

∫
Rd

f(x)e−2πix·ξdx.
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where the sum is taken over indices mj ,nj ∈ Z2
+, j ∈ {1, 2}, such that |m1|+ |m2| =

|n1| + |n2|. Let M denote the space of 1 × 2 matrices M = [m1 m2] with each
mj ∈ Z2

+, and define F as the Hilbert space of functions ϕ :M→ C such that∑
M∈M

|ϕ(M)|2M ! <∞,

endowed with the inner product

(1.4.24) 〈ϕ,ψ〉F =
∑
M∈M

ϕ(M)ψ(M)M !.

Finally, define an operator P acting on functions ϕ :M→ C via

Pϕ(M) =
∑

N∈M:|N |=|M |

ϕ(N)
P (M,N)

M !
,

where the coefficients are given by the Hermite integrals:

P (M,N) =

∫
R2

(Hm1Hm2Hn1Hn2)(2−
1
2x)dγ(x).

Given S ≥ 0, let FS be the closed subspace of F consisting of functions ϕ :M→ C
for which ϕ(M) = 0 unless |M | = S. Then FS is a finite-dimensional subspace of F
on which P is well-defined and satisfies P(FS) ⊂ FS . Moreover, the subspaces FS
are orthogonal to each other with respect to the inner product (1.4.24), and

F =
⊕
S≥0

FS .

We would like P to extend to a bounded operator on the whole space F , in which
case we will be interested in determining its operator norm. It follows from the
definitions that the left- and right-hand sides of (1.4.23) are given by∫ 1

2

− 1
2

∫
R2

|Htg(x)|4dγ(x)dt = 〈ϕ,Pϕ〉F , and
(∫

R2

|g(x)|2dγ(x)
)2

= 〈ϕ,ϕ〉F ,

where the function ϕ : M → C is defined in terms of the Hermite coefficients of
g =

∑
m∈Z2

+
αmHm in the natural way: If M = [m1 m2], then

ϕ(M) = αm1αm2 .

Gaussians maximizing inequality (1.4.2) is then seen to be equivalent to

〈ϕ,Pϕ〉F ≤ 〈ϕ,ϕ〉F ,
which holds in particular if P is a projection operator. This turns out to be the case.
Establishing the identity P2 = P constitutes the second part of the proof, which
is based on some explicit identities involving the Mehler kernel, i.e. the generating
function for the Hermite polynomials. We omit the details, and refer the interested
reader to the original work [41].

As a final remark, note that all four proofs which we presented in this section
worked in the context of the paraboloid, a non-compact manifold endowed with a
large group of symmetries. These symmetries were at the core of the preceding
proofs, and made them somewhat special and hard to generalize. One possible
generalization, which is interesting in its own right but also solves a PDE question
that had been open for a while, will be presented in Chapter 5.
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1.5. On spheres and circles

In this section, we present a proof of the sharp endpoint Tomas–Stein extension
inequality on the two-dimensional sphere,

(1.5.1)
(∫

R3

|f̂σ(x)|4dx
) 1

4 ≤ S‖f‖L2(S2,σ).

Here, σ denotes surface measure on S2, and S denotes the optimal constant given by

S = sup
06=f∈L2(S2)

‖f̂σ‖L4(R3)

‖f‖L2(S2,σ)

.

Extremizers for inequality (1.5.1) were studied by Christ and Shao [25, 26], who for
the first time addressed a sharp endpoint restriction problem on a compact manifold.
They showed that any extremizing sequence of nonnegative functions for inequal-
ity (1.5.1) is precompact in L2(S2). In particular, extremizers exist. Nonnegative
functions play a special role because

(1.5.2) ‖f̂σ‖2
L4(R3)

' ‖fσ ∗ fσ‖L2(R3) ≤ ‖|f |σ ∗ |f |σ‖L2(R3) ' ‖|̂f |σ‖
2
L4(R3)

.

In this chain of inequalities we used Plancherel’s Theorem twice, and the formula

(1.5.3) (fσ ∗ fσ)(x) =

∫
(S2)2

f(ω)f(ν) δ
(
x− ω − ν

)
dσωdσν

to ensure that the pointwise value of the convolution fσ ∗ fσ can only increase
if the function f is replaced by its absolute value |f |. We can thus assume all
extremizing sequences and extremizer candidates to be nonnegative. In the course
of their analysis, the authors of [25, 26] further established that the left-hand side
of inequality (1.5.1) does not decrease under L2 norm preserving symmetrization of
f with respect to the antipodal map x 7→ −x, a fact that will be recalled with a
simplified proof from [36] in Lemma 1.5.5 below.

The scaling symmetries of the paraboloid, which translated into the key fact that
convolution of projection measure is a constant function inside its support, were es-
sential to make the proofs from the preceding section work. The sphere lacks exact
scaling symmetries. This causes a number of technical difficulties, and is linked to
the most essential obstruction, namely the possibility that the optimal constant S
might be attained only in a limit where |f |2 tends to a Dirac mass, or to a sum of two
Dirac masses. In order to rule out this possibility, one compares the values of the
optimal constants for the sphere and for the paraboloid. This is accomplished in [25,
§17] via a perturbative argument, which relies on the following simple observations:
Extremizers for the paraboloid are given by Gaussians, which coincide with the re-
striction to the paraboloid of simple exponentials eξ(x) = ex·ξ, with ξ ∈ C3 satisfying
<(ξ3) < 0. Moreover, formula (1.5.3) reveals that the convolution (fσ ∗ fσ)(x) is
expressed for each x as an integral of a product of two factors. If f = eξ, then the
integrand becomes a constant for each x, and hence the Cauchy–Schwarz inequality
becomes an equality when applied to each such integral in an appropriate way.

The rest of the proof is a remarkable tour de force in classical analysis that
brings together a variety of sophisticated techniques: bilinear estimates and refined
estimated in Xs,b-type spaces, concentration-compactness arguments tailored to the
specific problem in question, Fourier integral operators, regularity theory for equa-
tions with critical scaling and additive combinatorics, among others.
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A final variational argument shows that constants are local extremizers for in-
equality (1.5.1), and the question remained whether they could actually be global
extremizers. The answer came a few years later, in a short and elegant paper of
Foschi [36], the main result of which is the following theorem.

Theorem 1.5.4 ([36]). A nonnegative function f ∈ L2(S2) is a global maximizer
for inequality (1.5.1) if and only if it is a nonzero constant. Consequently,

S =
‖1̂σ‖L4(R3)

‖1‖L2(S2)

= 2π.

Combining this result with [26, Theorem 1.2], one sees that a complex-valued
function f : S2 → C is a maximizer for (1.5.1) if and only if

f(ω) = keiθeiξ·ω,

for some k > 0, θ ∈ R, and ξ ∈ R3.
We proceed to describe the proof of Theorem 1.5.4, which we organize in four

steps below. Given a complex-valued function f defined on S2, we start by defining
the following two auxiliary functions: Its antipodally conjugate f∗ is given by

f∗(ω) := f(−ω), ω ∈ S2,

and its nonnegative antipodally symmetric conjugate f] is given by

f](ω) :=

√
|f(ω)|2 + |f(−ω)|2

2
, ω ∈ S2.

1.5.1. Step 1: Quadrilinear form. The fourth power of the left-hand side of
inequality (1.5.1) can be rewritten as

‖f̂σ‖4
L4(R3)

= ‖fσ ∗ f∗σ‖2L2(R3)
= Q(f, f∗, f, f∗),

where Q is the quadrilinear form given by

Q(f1, f2, f3, f4) =

∫
Γ
f1(ω1)f2(ω2)f3(ω3)f4(ω4)dΣω.

Here, Σ is a positive measure defined by

dΣω = δ
(
ω1 + ω2 + ω3 + ω4

)
dσω1dσω2dσω3dσω4

and supported on the 5-dimensional singular submanifold Γ ⊂ (S2)4 given by

Γ = {(ω1, ω2, ω3, ω4) ∈ (S2)4 : ω1 + ω2 + ω3 + ω4 = 0}.

1.5.2. Step 2: Symmetrization. The form Q enjoys two symmetries which
will play a key role in the argument. First of all,

|Q(f1, f2, f3, f4)| ≤ Q(|f1|, |f2|, |f3|, |f4|),
which, again as with (1.5.2), allows for a reduction to nonnegative functions. Sec-
ondly, the following result holds:

Lemma 1.5.5. The following pointwise estimate holds:

(1.5.6) |(fσ ∗ f∗σ)(x)| ≤ (f]σ ∗ f]σ)(x),

for every x ∈ R3. As a consequence,

Q(f, f∗, f, f∗) ≤ Q(f], f], f], f]), and ‖f̂σ‖L4(R3) ≤ ‖f̂]σ‖L4(R3).
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Lemma 1.5.5 appeared for the first time in [25, Proposition 2.7], see also [83,
Proposition 2.4]. The following proof from [36, Proposition 3.2] provides a consid-
erable simplification over the original argument.

Proof. For a nonnegative function f : S2 → R, write

(1.5.7) 2(fσ ∗ f∗σ)(x) =

∫
(S2)2

(f(ω)f(−ν) + f(−ω)f(ν)) δ
(
x− ω − ν

)
dσωdσν .

The simplest instance of the Cauchy–Schwarz inequality implies

f(ω)f(−ν) + f(−ω)f(ν) ≤ 2f](ω)f](ν),

which can be plugged into (1.5.7) to yield (1.5.6). �

1.5.3. Not a step: Rather a dead end? Another application of the Cauchy–
Schwarz inequality yields

Q(f, f, f, f) ≤ Q(f2, f2,1,1).

The right-hand side of this inequality can be expressed in terms of the convolution
measure σ ∗ σ:

(1.5.8) Q(f2, f2,1,1) =

∫
(S2)2

f(ω)2f(ν)2(σ ∗ σ)(ω + ν)dσωdσν .

The convolution of surface measure on the d-dimensional sphere is computed in
Lemma 2.2.2 of Chapter 2. Here we just record its two-dimensional counterpart:

(σ ∗ σ)(x) =
2π

|x|
1{|x|≤2}(x).

Plugging this into (1.5.8), we conclude

(1.5.9) Q(f, f, f, f) ≤
∫

(S2)2
f(ω)2f(ν)2 2π

|ω + ν|
dσωdσν .

Unfortunately the integral on the right-hand side of this inequality is too singular
for our purposes, due to the presence of antipodal points on the sphere. As a matter
of fact, all of the analysis that we have presented so far was already implicit in [25].
One ingredient was missing though.

1.5.4. Step 3: Magic identity. The relevant geometric feature on the sphere
that allows to keep the analysis global at all stages is the following interesting ob-
servation.

Lemma 1.5.10. Let ω1, ω2, ω3, ω4 ∈ S2 be such that ω1 +ω2 +ω3 +ω4 = 0. Then:

(1.5.11) |ω1 + ω2||ω3 + ω4|+ |ω1 + ω3||ω2 + ω4|+ |ω1 + ω4||ω2 + ω3| = 4.

The result works in all dimensions, see Lemma 2.5.15 in Chapter 2, with the
same exact straightforward proof. A geometric identity of the same flavour appears
in Lemma 4.1.9 of Chapter 4.

Proof. The value of X := ω1 · ω2 + ω2 · ω3 + ω3 · ω1 can be determined from
expanding

1 = |ω4|2 = |ω1 + ω2 + ω3|2 = 3 + 2X.

It follows that X = −1, and therefore

|ω1 + ω2|2 + |ω2 + ω3|2 + |ω3 + ω1|2 = 6 + 2X = 4.

This implies (1.5.11) at once. �
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Identity (1.5.11) together with the symmetries of the form Q readily imply

Q(f, f, f, f) =
3

4

∫
Γ
f(ω1)f(ω2)|ω1 + ω2|f(ω3)f(ω4)|ω3 + ω4|dΣω.

Yet another application of the Cauchy–Schwarz inequality shows that

Q(f, f, f, f) ≤ 2π

∫
(S2)2

f(ω)2f(ν)2|ω + ν|dσωdσν ,

a bound which already beats (1.5.9) to a large extent. From this and the trivial
bound |ω + ν| ≤ 2, we obtain a version of the extension inequality (1.5.1) with a
suboptimal constant. To sharpen it, we need one last ingredient which we discuss
next.

1.5.5. Step 4: Two ways to finish. The quadratic functional

H(g) :=

∫
(S2)2

g(ω)g(ν)|ω − ν|dσωdσν

is well-defined, real-valued and continuous on L1(S2). It also enjoys the following
monotonicity property: If the function g is replaced by its mean value, then the
value of the functional does not decrease. This is the content of the next result.

Proposition 1.5.12. Let g ∈ L1(S2), and let µ = 1
4π

∫
S2 g(ω)dσω denote its

mean value. Then
H(g) ≤ |µ|2H(1),

where equality holds if and only if g is constant.

We offer two proofs of this result. By density, it suffices to prove the proposition
for functions g ∈ L2(S2), in which case g can be decomposed as a sum of spherical
harmonics. Recall6 that a spherical harmonic Yk of degree k is an eigenfunction of
the spherical Laplacian ∆S2 with eigenvalue −k(k + 1), i.e.

∆S2Yk = −k(k + 1)Yk.

Moreover, spherical harmonics of different degrees are mutually orthogonal. Both
proofs of Proposition 1.5.12 will use the classical Funk–Hecke formula that provides
a way to integrate a radial function on the sphere, i.e. a function which depends
only on the inner product with a fixed direction. We state it in all dimensions d ≥ 2
because it will be useful in later chapters.

Lemma 1.5.13 (Funk–Hecke formula). Let d ≥ 2, and let φ : [−1, 1] → C be an
integrable function satisfying∫ 1

−1
|φ(t)|(1− t2)

d−3
2 dt <∞.

Let Yk be a spherical harmonic of degree k. Then

(1.5.14)

∫
Sd−1

φ(ω · ν)Yk(ν)dσν = λk(φ)Yk(ω), ω ∈ Sd−1,

where λk(φ) is the constant defined by

(1.5.15) λk(φ) = ωd−2

∫ 1

−1
φ(t)

C
d−2
2

k (t)

C
d−2
2

k (1)
(1− t2)

d−3
2 dt.

6Or consult e.g. [85, Chapter IV].
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In formula (1.5.15), ωd−2 denotes the surface area of the sphere Sd−2,

ωd−2 =

∫
Sd−2

dσ =
2π

d−1
2

Γ(d−1
2 )

,

and the {Cλk } are Gegenbauer polynomials of degree k, see [28, Appendix B] for
definitions and basic properties. A proof of Lemma 1.5.13 can be found in [28, §1.2].

The first proof of Proposition 1.5.12 is based on heat flow methods reminiscent
of the arguments from §1.4.3.

Proof of Proposition 1.5.12. Start by assuming that g is a smooth function
on S2. Then the following properties hold:

(a) limt→0+ ‖g − et∆S2g‖L2 = 0,
(b) limt→∞ ‖µ1− et∆S2g‖L2 = 0,
(c) The quantity H(et∆S2g) is a monotone nondecreasing function of t > 0.

Properties (a), (b) and (c) can be proved by appealing to the decomposition of
g =

∑
k≥0 Yk into spherical harmonics. We illustrate this by showing the harder one,

(c). Since ∆S2g = −
∑

k≥1 k(k + 1)Yk, the evolution under the heat flow generated
by g satisfies

U(t) := et∆S2g =
∑
k≥0

e−k(k+1)tYk.

In order verify that the time derivative of H(U(t)) is nonnegative, we compute:

d

dt
H(U(t)) = 2<

∫
(S2)2

U(t, ω)
dU

dt
(t, ν)|ω − ν|dσωdσν

= 2<
∫

(S2)2
U(t, ω)∆S2U(t, ν)|ω − ν|dσωdσν

= −2
∑
j≥0

∑
k≥1

k(k + 1)e−(j(j+1)+k(k+1))t<
∫
S2
Yj(ω)

(∫
S2
Yk(ν)|ω − ν|dσν

)
dσω.

Invoking orthogonality properties of spherical harmonics, and the Funk–Hecke for-
mula together with formula (1.5.15), one checks that

d

dt
H(U(t)) = −4π

∑
k≥1

k(k + 1)e−2k(k+1)tλk‖Yk‖2L2(S2)

for some negative coefficients λk < 0, for every k ≥ 1. This completes the proof of
(c). For a smooth function g ∈ C∞(S2), it follows from (a) that U(t) converges to g
as t → 0+, and from (b) that it converges to µ1 as t → ∞. From (c) we then have
that

H(g) = H(U(0)) ≤ lim
t→∞

H(U(t)) = H(µ1) = |µ|2H(1).

The result for a generic g ∈ L1(S2) follows from density and the continuity of the
functional H in L1(S2). �

The second, shorter proof is based on a direct spectral decomposition of the
functional H.
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Sketch of alternative proof of Proposition 1.5.12. Decomposing g =∑
k≥0 Yk as before, we have that

H(g) =
∑
j,k≥0

∫
(S2)2

Yj(ω)Yk(ν)|ω − ν|dσωdσν

= 2π
∑
k≥0

λk‖Yk‖2L2(S2)
≤ 2πλ0‖Y0‖2L2(S2)

= H(µ1)

since, as previously noticed, the coefficients satisfy λk < 0, for every k ≥ 1. �

Having established the sharp endpoint L2 − L4 Tomas–Stein inequality on S2,
it is natural to ask about other dimensions. Extending the L2 − L4 analysis to the
higher dimensional setting was the motivation for Chapter 2. The sharp endpoint
inequality in dimensions d ≥ 3 seems currently out of reach, see the discussion in
§1.7, but also [39] for a recent conditional existence result at the endpoint which is
valid in all dimensions. The possibility to obtain a sharp endpoint L2 − L6 Tomas–
Stein inequality on the circle S1 was the motivation for Chapters 3 and 4. This
setting provides some unexpected difficulties which will be described in due course.
For the time being, we show how these issues can be easily overcome in two simplified
scenarios.

1.5.6. Sharp L6 − L6. If we further restriction attention to nonnegative func-
tions belonging to L6(S1), then it is an easy matter to establish the sharp inequality

(1.5.16) ‖f̂σ‖L6(R2) ≤
‖σ̂‖L6(R2)

(2π)
1
6

‖f‖L6(S1),

where equality holds if and only if f is a constant. Indeed, reasoning in an analogous
way to that which led to (1.5.8), and then averaging over rotations and invoking
Fubini’s Theorem, we have that

‖f̂σ‖6
L6(R2)

.
∫

(S1)3
f(ω1)2f(ω2)2f(ω3)2(σ ∗ σ ∗ σ)(ω1 + ω2 + ω3)dσ~ω

=

∫
SO(2)

∫
(S1)3

f(ρω1)2f(ρω2)2f(ρω3)2(σ ∗ σ ∗ σ)(ω1 + ω2 + ω3)dσ~ωdµρ

=

∫
(S1)3

(∫
SO(2)

f(ρω1)2f(ρω2)2f(ρω3)2dµρ

)
(σ ∗ σ ∗ σ)(ω1 + ω2 + ω3)dσ~ω.

Here, σ stands for the arc length measure on S1, and dµ denotes the normalized Haar
measure on the group SO(2) of orthogonal 2 × 2 real matrices with determinant 1.
The inner integral can then be estimated with Hölder’s inequality as follows:∫

SO(2)
f(ρω1)2f(ρω2)2f(ρω3)2dµρ ≤

3∏
j=1

(∫
SO(2)

f(ρωj)
6dµρ

) 1
3 ' ‖f‖6

L6(S1)
.

Keeping track of constants and analyzing the cases of equality in each of the pre-
ceding steps, one obtains (1.5.16) with a complete characterization of maximizers.
This method of rotations is furthered developed in Chapter 2, see the cases (b) and
(c) of Theorem 2.1.3 and the corresponding proof in §2.4.
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1.5.7. Sharp mixed norm estimate. If, on the other hand, we weaken the
assumption on the target space side, and merely require that

f̂σ ∈ L6
radL2

ang(R2),

we may also obtain the following sharp inequality, as noticed in [38, §3.2]:

(1.5.17) ‖f̂σ‖6
L6
radL2

ang(R2)
≤
(∫ ∞

0
J6

0 (r)rdr

)
‖f‖6

L2(S1)
,

The numerical value of the integral on the right-hand side has been computed with
5 × 10−7 accuracy in Chapter 4, see Table 1. Moreover, constants are again the
unique nonnegative maximizers of inequality (1.5.17). In order to further illustrate
the relevance of Bessel integrals in the context of Fourier restriction on the circle,
we reproduce the short proof here. The starting point is the well-known formula7

(1.5.18) Ŷkσ(x) = ikJ d
2
−1+k(|x|)|x|

1− d
2Yk

( x
|x|

)
, (x ∈ Rd)

which provides a connection between spherical harmonics and Bessel functions in
all dimensions. It can be proved by applying the Funk–Hecke formula together with
Rodrigues formula for Gegenbauer polynomials, see [85, 93]. Given f ∈ L2(S1), we
expand it in Fourier series

f =
∑
k≥0

akYk,

with each ‖Yk‖L2 = 1. Appealing to formula (1.5.18) and to orthogonality of the
{Yk}, we see that ∫

S1
|f̂σ(rω)|2dσω =

∑
k≥0

|ak|2J2
k (r)r.

The left-hand side of inequality (1.5.17) is thus equal to

(1.5.19)

∫ ∞
0

(∑
k≥0

|ak|2J2
k (r)

)3
rdr,

which can be rewritten as ∑
k,`,m≥0

|ak|2|a`|2|am|2I(k, `,m),

where the integrals I(k, `,m) are defined as follows:

I(k, `,m) :=

∫ ∞
0

J2
k (r)J2

` (r)J2
m(r)rdr.

They satisfy the following crucial monotonicity property:

(1.5.20) I(k, `,m) ≤ I(0, 0, 0),

with equality if and only if k = ` = m = 0. This can be checked by similar
computations to the ones that will be developed in Chapter 4. Indeed,

I(k, `,m) =

∫
R2

êkσêkσê`σê`σêmσêmσdx =

∫
(S1)6

(ω1ω2)k(ω3ω4)`(ω5ω6)mdΣω,

7This formula specialized to k = 0 and d = 2 implies that the optimal constants in inequalities
(1.5.16) and (1.5.17) coincide.
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where the function en : S1 → C is defined via en(ω) = ωn, and the measure Σ is
given by

(1.5.21) dΣω = δ
(
ω1 + ω2 + ω3 + ω4 + ω5 + ω6

)
dσω1 dσω2 dσω3 dσω4 dσω5 dσω6 .

The triangle inequality immediately implies

I(k, `,m) ≤ I(0, 0, 0),

with equality if and only

(ω1ω2)k(ω3ω4)`(ω5ω6)m = 1,

for every ω1, . . . , ω6 ∈ S1 such that
∑6

j=1 ωj = 0. One easily checks that this

implies k = ` = m = 0, and the proof of (1.5.20) is complete. As a consequence,
inequality (1.5.17) follows at once:

‖f̂σ‖6
L6
radL2

ang(R2)
=

∑
k,`,m≥0

|ak|2|a`|2|am|2I(k, `,m)

≤ I(0, 0, 0)
∑

k,`,m≥0

|ak|2|a`|2|am|2 = I(0, 0, 0)‖f‖6
L2(S1)

.

The characterization of maximizers is now straightforward.

1.6. Fourth order Schrödinger equations

In this section, we describe a dichotomy result from [52] concerning the existence
of extremizers for a Strichartz inequality associated to a family of fourth order
Schrödinger equations given, for each µ ≥ 0, by

(1.6.1)

{
i∂tu+ ∆2u− µ∆u = 0,

u(·, 0) = f ∈ L2(Rd).

The solution of (1.6.1) can be written as

(1.6.2) u(x, t) =
1

(2π)d

∫
Rd
eix·ξeit(|ξ|

4+µ|ξ|2)f̂(ξ)dξ, (x, t) ∈ Rd+1.

The following estimate for the solution of (1.6.1) is known:

(1.6.3) ‖(µ+ |∇|2)
d

2(d+2) eit(∆
2−µ∆)f‖

L
2(d+2)
d

t,x (R×Rd)

.d,µ ‖f‖L2
x(Rd).

In fact, a more general inequality holds. To describe it, let Sµ(t) denote the data-
to-solution map

Sµ(t) = eit(∆
2−µ∆),

and let Dµ denote the differential operator

Dµ =
√
µ+ |∇|2.

Then, for every pair of Schrödinger-admissible exponents (p, q) in the sense of
(1.3.15), we have an inequality8

(1.6.4) ‖D
2
p
µSµ(t)f‖LptLqx(R×Rd) .d,p,q ‖f‖L2

x(Rd).

8Note, in particular, that the implicit constant in inequality (1.6.4) may be chosen indepen-
dently of µ.
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This estimate can be proved with the methods of stationary phase together with the
main theorem of [55], see [73] for further details.

Inequality (1.6.3) amounts to the diagonal case p = q of (1.6.4). It has been
extensively studied in [52]. In particular, the authors establish a refinement of
inequality (1.6.3), a linear profile decomposition for the equation (1.6.1), and apply
these results to prove a dichotomy statement on the existence of extremizers for
inequality (1.6.3). Along the way, they also obtain lower bounds for the norms of
the associated operators. In Chapter 5, we shall go one step further in the two-
dimensional case d = 2, and resolve these dichotomies while computing the norms
of some of the associated operators exactly.

For the time being, let us specialize to the case d = 2 and describe in some detail
the results of [52] concerning the inequality

(1.6.5) ‖D
1
2
µSµ(t)f‖L4

t,x(R×R2) . ‖f‖L2
x(R2).

We do this in order to further highlight some of the tools that have originated
progress in Fourier restriction theory, and so that the reader can contrast them to
(and properly appreciate) the powerful bilinear and trilinear methods that lie at the
heart of a substantial part of this thesis.

The first part of the analysis in [52] consists in the following refinement of the
Strichartz inequality (1.6.5).

Proposition 1.6.6. ([52, Proposition 2.2]) If f ∈ L2(R2), then

(1.6.7) ‖Sµ(t)D
1
2
µ f‖L4

t,x(R×R2) . sup
κ

(
|κ|−

3
22 ‖Sµ(t)D

4
11
µ fκ‖

L
11
2
t,x(R×R2)

) 1
8 ‖f‖

7
8

L2
x(R2)

.

The supremum on the right-hand side of inequality (1.6.7) is taken over all µ-caps
κ, which by definition are balls

κ = {ξ ∈ R2 : |ξ − ξ0| < r},

with some center ξ0 ∈ R2, and radius r > 0 satisfying 8r ≤ |ξ0| +
√
µ. Moreover,

fix a smooth, radial, decreasing bump function φ : R2 → [0, 1], such that φ ≡ 1 on
{|ξ| ≤ 1}, and φ ≡ 0 on {|ξ| ≥ 2}. The associated cutoff to a cap κ = κ(ξ0, r) is

φκ(ξ) = φ
(ξ − ξ0

r

)
,

and the function fκ is defined via its Fourier transform by f̂κ = φκf̂ .
Refined Strichartz estimates have appeared in many places in the literature,

and have been mentioned several times in this Introduction already. The main new
feature of inequality (1.6.7) lies in the parameter µ. If µ = 0, then the curvature
of the graph of the function µ|ξ|2 + |ξ|4 vanishes at the origin. If µ > 0, then the
curvature never vanishes, but the scaling symmetry is broken. It is important to
further notice the scalings

Sµ(t)f = [S1(µ2t)f(µ−
1
2 ·)](µ

1
2 ·), and Dµf = [µ

1
2D1f(µ−

1
2 ·)](µ

1
2 ·),

which make it sufficient to establish inequality (1.6.7) in the cases µ ∈ {0, 1}.
The proof of Proposition 1.6.6 is based on two main ingredients. The first one

is an annular decoupling obtained via a standard Littlewood–Paley decomposition,
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whose underlying partition of unity has to be slightly adjusted to handle the distinct
cases µ ∈ {0, 1}. If µ = 0, then define, for N ∈ 2Z,

ψ0
N (ξ) = φ(N−1ξ)− φ(2N−1ξ).

If µ = 1, then small scales become unimportant in light of the broken symmetry,
and we define, for N ∈ 2Z+ ,

ψ1
N (ξ) = φ(N−1ξ)− φ(2N−1ξ), and moreover ψ1

0(ξ) = φ(2ξ).

The Littlewood–Paley projections {PµN} are defined in both cases µ ∈ {0, 1} by

f̂µN := P̂µNf := ψµN f̂ ,

and the following annular decoupling inequality holds:

(1.6.8) ‖Sµ(t)D
1
2
µ f‖L4

t,x(R×R2) . sup
N
‖Sµ(t)D

1
2
µ f

µ
N‖

1
2

L4
t,x(R×R2)

‖f‖
1
2

L2
x(R2)

,

where the supremum is taken over frequencies N ∈ 2Z or N ∈ 2Z+ ∪ {0}, depending
on whether µ = 0 or µ = 1. Inequality (1.6.8) is established with standard tools
that include the Littlewood–Paley square function estimate, the non-diagonal case
of the Strichartz inequality (1.6.4), Hölder’s inequality and Plancherel’s Theorem,
together with a final application of Schur’s test.

We now describe the second, more refined ingredient that plays a role in the
proof of Proposition 1.6.6. Rescaling once again, this time to frequencies |ξ| ' 1, one
checks that inequality (1.6.7) follows from Bernstein’s inequality, the Littlewood–
Paley bound (1.6.8) and the following two estimates: At scale 1, for 0 ≤ ε ≤ 1,

(1.6.9) ‖Sε(t)P 0
1 f‖L4

t,x(R×R2) . sup
κ

(
|κ|−

3
22 ‖Sε(t)fκ‖

L
11
2
t,x(R×R2)

) 1
4 ‖f‖

3
4

L2
x(R2)

,

where the supremum is taken over caps κ = {ξ ∈ R2 : |ξ−ξ0| < r}, with 1
2 ≤ |ξ0| ≤ 2

and r < 1
16 ; and at scale 0,

(1.6.10) ‖S1(t)P 1
0 f‖L4

t,x(R×R2) . sup
κ

(
|κ|−

3
22 ‖S1(t)fκ‖

L
11
2
t,x(R×R2)

) 1
4 ‖f‖

3
4

L2
x(R2)

,

where the supremum is taken over caps κ = {ξ ∈ R2 : |ξ − ξ0| < r}, with |ξ0| ≤ 1
and r < 1

16 . The proofs of inequalities (1.6.9), (1.6.10) are similar, but the latter is
simpler because the extra parameter ε is not present. So we focus on the former.

In general terms, estimate (1.6.9) is a consequence of Tao’s sharp bilinear restric-
tion theorem for bounded9 elliptic hypersurfaces, see [90, §9]. Invoking it, careful
parametrizations and changes of variables imply the following: For sufficiently small
c > 0, if κ1 and κ2 are two caps contained in the annulus {|ξ| ' 1} and satisfying

diam(κ1) ' diam(κ2) ' dist(κ1, κ2) ' r < c,

then, for every f ∈ L2(R2) and p > 5
3 ,

(1.6.11) ‖(Ehfκ1)(Ehfκ2)‖Lpt,x(R×R2) .p r
2− 4

p ‖fκ1‖L2
x(R2)‖fκ2‖L2

x(R2).

Here, the local Fourier extension operator Eh is defined by

Ehf(t, x) :=

∫
{|ξ|.1}

ei(t,x)·(h(ξ),ξ)f̂(ξ)dξ,

9The result is global for the paraboloid (the Schrödinger case), but only applies to compact
subsets of other elliptic surfaces.
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in terms of the function

h(ξ) = ϕ(ξ)− ϕ(ξ0)−∇ϕ(ξ0) · (ξ − ξ0),

where ϕ(ξ) := |ξ|4 + ε|ξ|2. As explained in [52], see also [57, Proposition 4.24],
inequality (1.6.11) implies the following modified version of (1.6.9):

(1.6.12) ‖Sε,ξ0(t)f‖L4
t,x(R×R2) . sup

κ

(
|κ|−

3
22 ‖Sε,ξ0(t)fκ‖

L
11
2
t,x(R×R2)

) 1
4 ‖f‖

3
4

L2
x(R2)

,

for every function f ∈ L2(R2) which is Fourier supported in a sufficiently small cap

σε,ξ0 = {(ε|ξ|2 + |ξ|4, ξ) : |ξ − ξ0| . 1}

inside the annulus {|ξ| ' 1}. In (1.6.12), the operator Sε,ξ0(t) is defined by

Sε,ξ0(t)f(x) :=

∫
σε,ξ0

eix·ξeit(|ξ|
4+ε|ξ|2)f̂(ξ)dξ,

and the supremum is taken over caps κ ⊂ {|ξ| ' 1} with diam(κ) < 100−1. This
concludes our sketch of the proof of Proposition 1.6.6.

The second part of the analysis in [52] aims at a linear profile decomposition
of equation (1.6.1). Roughly speaking, the profile decomposition investigates the
general structure of a sequence of solutions to (1.6.1), and aims to compensate for
the lack of compactness of the solution operator caused by the natural symmetries of
the equation. Possibly after passing to a subsequence, one tries to write a sequence
of solutions as a sum of the superposition of concentrating waves plus a remainder
term. The concentrating waves are called profiles. They encode certain symmetry
information of the equation and are orthogonal in some sense. The remainder term
is negligible for most purposes. In more detail, let {un} be an L2-bounded sequence
for which the quantity

‖D
1
2
µSµ(t)un‖L4

t,x(R×R2)

does not tend to zero as n → ∞. Then the refined Strichartz inequality (1.6.7)
implies the existence of a sequence {gn} of spacetime translations (possibly composed
with scalings and phase shifts), for which there exists a nonzero function φ1 such that

g−1
n un ⇀ φ1, as n→∞,

in the sense of weak convergence in L2. The first profile is then φ1
n = g1

nφ
1, and

the argument is repeated on the sequence {un − φ1
n}. Inequality (1.6.7) actually

implies a quantitative lower bound on the L2 norm of the function φ1, which is used
to show that the error terms eventually become negligible. The precise formulation
is as follows.

Proposition 1.6.13. ([52, Theorem 3.1]) Let {un}n≥1 be a bounded sequence
in L2(R2). The following holds after extraction. For each j ≥ 1, there exists φj ∈
L2(R2), a sequence of parameters

(hjn, ξ
j
n, x

j
n, t

j
n) ∈ (0,∞)× R2 × R2 × R,

and a sequence of L2 errors {ε`n}`,n≥1 such that, for each ` ≥ 1,

un =
∑̀
j=1

Sµ(−tjn)gjn(ei(·)h
j
nξ
j
nφj) + ε`n,
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where gjn(φ) := 1

hjn
φ( ·−x

j
n

hjn
), and for each j, either |hjnξjn| → ∞ or ξjn ≡ 0. The error

terms {ε`n} satisfy

(1.6.14) lim sup
`→∞

lim sup
n→∞

‖D
1
4
µSµ(t)ε`n‖L4

t,x(R×R2) = 0.

If j 6= k, then the sequences {(hjn, ξjn, xjn, tjn)}n≥1 and {(hkn, ξkn, xkn, tkn)}n≥1 are pair-
wise orthogonal, in the sense that

(1.6.15) lim
n→∞

(hjn
hkn

+
hkn

hjn
+ |hjnξjn − hknξkn|+

|tjn − tkn|
(hjn)4

+
|tjn − tkn|(µ+ 2|ξjn|2)

(hjn)2

+
|xjn − xkn + 2(tjn − tkn)(2|ξjn|2 + µ)ξjn|

hjn

)
= 0.

Moreover, for every n,

if lim
n→∞

|hjnξjn − hknξkn| 6=∞, then hjnξ
j
n = hknξ

k
n,

and if lim
n→∞

(
hjn
hkn

+
hkn

hjn
) 6=∞, then hjn = hkn.

Finally, for every ` ≥ 1,

(1.6.16) lim
n→∞

(
‖un‖2L2

x(R2)
− (
∑̀
j=1

‖φj‖2
L2
x(R2)

+ ‖ε`n‖2L2
x(R2)

)
)

= 0.

Having established the linear profile decomposition, one additional step is to

verify that the pieces Sµ(t)φjn and Sµ(t)φkn are asymptotically orthogonal unless
j = k. This uses the orthogonality condition on the parameters10 (1.6.15), and is
the content of the following proposition.

Proposition 1.6.17. ([52, Proposition 3.2]) If j 6= k, then

lim
n→∞

‖(D
1
2
µSµ(t)Sµ(−tjn)gjn(ei(·)h

j
nξ
j
nφj))(D

1
2
µSµ(t)Sµ(−tkn)gkn(ei(·)h

k
nξ
k
nφk))‖L4

t,x(R×R2) = 0.

As a consequence,

(1.6.18) lim
`→∞

lim sup
n→∞

∣∣∣‖D 1
2
µSµ(t)un‖4L4

t,x
−
∑̀
j=1

‖D
1
2
µSµ(t− tjn)gjn(ei(·)h

j
nξ
j
nφj)‖4

L4
t,x

∣∣∣ = 0.

The third and final part of the analysis in [52] provides an interesting application
of the linear profile decomposition to sharp Fourier restriction theory. To describe
it, define the optimal constants

Aµ := sup
06=φ∈L2(R2)

‖D
1
4
µSµ(t)φ‖L4

t,x(R×R2)

‖φ‖L2
x(R2)

, (µ ≥ 0)

in addition to the well-known

B := sup
06=ψ∈L2(R2)

‖eit∆ψ‖L4
t,x(R×R2)

‖ψ‖L2
x(R2)

.

10Under which the profiles are separated either in space, or in frequency, or have different
scales, or are distant in time.
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In §1.4, we several proofs of the fact that B4 = π
2 . Additionally, we showed that

extremizers for B are given by Gaussians. Depending on the relative size of the
constants Aµ and B, the next results allow to infer some conclusions regarding the
existence of extremizers and the behavior of extremizing sequences for inequality
(1.6.5). We start with the case µ = 0.

Theorem 1.6.19. The operator norms A0 and B satisfy:

(1.6.20) A4
0 ≥

B4

2
√

3
.

If inequality (1.6.20) is strict, then extremizers for A0 exist. Otherwise, let {φn}
be an extremizing sequence for A0. Then there exist a sequence of parameters
(hn, ξn, xn, tn) with |hnξn| → ∞, as n → ∞, and an extremizer ψ for B such that,
after extraction,

lim
n→∞

‖φn − S0(tn)gn(ei(·)hnξnψ ◦ `−1
hnξn

)‖L2
x(R2) = 0,

where `a : R2 → R2 denotes the linear transformation given, for a ∈ R2, by

`a(ξ) =
√

6proja(ξ) +
√

2(ξ − proja(ξ)).

As pointed out in [47], this dichotomy is due to the possible presence of highly
oscillatory terms in the profile decomposition.

We next present the result for µ = 1, which is enough since, by scaling, Aµ = A1,
for every µ > 0.

Theorem 1.6.21. The operator norms satisfy:

(1.6.22) A1 ≥ max{A0,B}.
If inequality (1.6.22) is strict, then extremizers for A1 exist. Otherwise, let {φn}
be an extremizing sequence for A1. Then there exist a sequence of parameters
(hn, ξn, xn, tn) and an extremizers ψ for B such that, after extraction,

(1.6.23) lim
n→∞

‖φn − S1(tn)gn(ei(·)hnξnψ)‖L2
x(R2) = 0.

The proof of both of these theorems heavily relies on the linear profile decom-
position. Let us illustrate this by sketching the proof of the second part of Theorem
1.6.19. Consider an L2-normalized extremizing sequence {φn} for A0. By Propo-

sition 1.6.13, there exist sequences {φj}, {εjn}, and parameters (hjn, ξ
j
n, x

j
n, t

j
n) such

that for each j, |hjnξjn| → ∞, as n→∞, or hjnξ
j
n ≡ 0, and such that, after extraction,

φn =
∑̀
j=1

eit
j
n∆2

gjn(ei(·)h
j
nξ
j
nφj) + ε`n,

where (1.6.14), (1.6.16) and (1.6.18) hold. It follows that

A4
0 = lim

n→∞
‖|∇|

1
2 eit∆

2
φn‖4L4

t,x
≤ lim sup

`→∞
lim sup
n→∞

∑̀
j=1

‖|∇|
1
2 ei(t+t

j
n)∆2

gjn(ei(·)h
j
nξ
j
nφj)‖4

L4
t,x

≤ lim sup
`→∞

lim sup
n→∞

∑̀
j=1

A4
0‖ei(·)h

j
nξ
j
nφj‖4

L2
x

=
∑
j≥1

A4
0‖φj‖4L2

x

≤ A4
0

(
sup
j
‖φj‖2

L2
x

)∑
j≥1

‖φj‖2
L2
x
.
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This is a contradiction unless there exists an index j for which ‖φj‖L2
x

= 1. In this

case, there is only one profile and the error terms tend to zero in L2:

φn = eitn∆2
gn(ei(·)hnξnφ) + εn, with lim

n→∞
‖εn‖L2

x
= 0.

If hnξn ≡ 0, then one easily checks that φ is an extremizer for A0. Thus if extremizers
do not exist for A0, then every extremizing sequence must satisfy

lim
n→∞

‖φn − eitn∆2
gn(ei(·)hnξnφ)‖L2

x
= 0,

for some φ ∈ L2
x and parameters (hn, ξn, xn, tn) with |hnξn| → ∞. But this implies

A4
0 ≤ B4

2
√

3
, and so equality must hold in (1.6.20). This finishes the proof sketch.

In §5.6 of Chapter 5, we shall verify that

A4
1 = B4 =

π

2
> A4

0 >
π

4
√

3
,

thereby resolving the dichotomies from Theorems 1.6.19 and 1.6.21. In particular,
extremizers exist when µ = 0, and fail to exist when µ = 1. In the latter case,
(1.6.23) gives a rather satisfactory characterization of extremizing sequences for A1.

1.7. Concluding remarks

The methods presented in §1.4 and §1.5 are limited to the lower dimensional
cases d = 1, 2. In fact, as soon as d ≥ 3, the relevant exponents fail to be even
integers, and the convolution trick is no longer available. Still, it was conjectured
in [48] that Gaussians are maximizers for the Strichartz inequality (1.0.4) in all
dimensions, and it was conjectured in [38] that constant functions are maximizers
for the endpoint Tomas–Stein inequality (1.3.10) in all dimensions. In contrast, the
methods presented in §1.6 generalize to higher dimensions, and sharpened Strichartz
inequalities and linear profile decompositions have been established in arbitrary
dimensions in a variety of settings, see e.g. [57, 77, 81]. In these cases, the existence
of maximizers is resolved. However, genuinely new ideas seem needed in order to
make further progress on other related questions, and in particular to find explicit
maximizers and the value of the optimal constants.



CHAPTER 2

Some sharp restriction inequalities on the sphere

2.1. Introduction

Let d ∈ N and (Sd−1, σd−1) denote the (d− 1)-dimensional unit sphere equipped
with the standard surface measure σd−1. We omit the subscript on σd−1 when clear
from the context and denote the total surface measure of this unit sphere by

(2.1.1) ωd−1 := σ
(
Sd−1

)
=

2π
d
2

Γ(d2)
.

Given r > 0 and x0 ∈ Rd, we denote by B(x0, r) the open ball of radius r centered at
x0. If x0 = 0 we simply write B(r). If f ∈ L1(Sd−1), we define the Fourier transform
of the measure fσ by

f̂σ(ξ) :=

∫
Sd−1

e−iζ·ξ f(ζ) dσ(ζ) ; (ξ ∈ Rd).

Our primary goal in this chapter is to find the sharp forms and characterize the
extremizers of some adjoint Fourier restriction inequalities

(2.1.2)
∥∥f̂σ∥∥

Lp(Rd)
. ‖f‖Lq(Sd−1).

The full range (d, p, q) for which (2.1.2) holds is not yet fully understood, and this
is the theme of the restriction conjecture in harmonic analysis (see [91] for a survey
on this theory). For our purposes the classical restriction theory is enough, as we
consider only cases where the inequality (2.1.2) is already established.

Building up on the work of Christ and Shao [25, 26], Foschi [36] recently ob-
tained the sharp form of (2.1.2) in the Tomas–Stein endpoint case (d, p, q) = (3, 4, 2),
showing that the constant functions are global extremizers. Here we extend this par-
adigm to other suitable triples (d, p, q). In fact, defining

C(d, p, q) = sup
f∈Lq(Sd−1)

f 6=0

∥∥f̂σ∥∥
Lp(Rd)

‖f‖Lq(Sd−1)

,

our first result is the following:

Theorem 2.1.3. Let (d, p, q) = (d, 2k, q) with d, k ∈ N and q ∈ R+ ∪ {∞}
satisfying:

(a) k = 2, q ≥ 2 and 3 ≤ d ≤ 7;
(b) k = 2, q ≥ 4 and d ≥ 8;
(c) k ≥ 3, q ≥ 2k and d ≥ 2.

Then

(2.1.4) C(d, p, q) = ω
− 1
q

d−1 ‖σ̂d−1‖Lp(Rd).

33
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Moreover, the complex-valued extremizers of (2.1.2) are given by

(2.1.5) f(ζ) = c eiξ·ζ ,

where c ∈ C \ {0} and ξ ∈ Rd.

By Plancherel’s theorem we have

(2.1.6) ‖σ̂‖L2k(Rd) = (2π)
d
2k ‖σ ∗ σ ∗ . . . ∗ σ‖

1
k

L2(Rd)
,

where the convolution on the right-hand side is k-fold. We remark that, in principle,
the k-fold convolution of the surface measure

σ
(k)
d−1 = σd−1 ∗ . . . ∗ σd−1

is a finite measure on Rd supported on the ball B(k). For k ≥ 2, the measure σ
(k)
d−1

and the Lebesgue measure are mutually absolutely continuous on B(k) (see [23, Eq.

(2.7)]), and we make the identification of σ
(k)
d−1 with its Radon–Nikodym derivative,

which is a radial function. When k = 2, the value of σd−1 ∗ σd−1 was explicitly
computed in [76, Proposition A.5] as

(2.1.7) (σd−1 ∗ σd−1)(ξ) = 2−d+3 ωd−2
1

|ξ|
(4− |ξ|2)

d−3
2

+ ,

for ξ ∈ Rd, where x+ = max{0, x}. We provide an alternative proof of (2.1.7) in
Lemma 2.2.2 below. Using (2.1.1), (2.1.6), (2.1.7) and the identity

(2.1.8)

∫ 1

0
tw−1 (1− t)z−1 dt =

Γ(w)Γ(z)

Γ(w + z)
,

valid for w, z ∈ C with <(w),<(z) > 0, we may simplify (2.1.4) in the case k = 2 to

C(d, 4, q) = ω
− 1
q

+ 1
4

d−1 ω
1
2
d−2 (2π)

d
4 2

d−3
4

Γ(d− 2) Γ
(
d−2

2

)
Γ
(

3(d−2)
2

)
 1

4

.

When k ≥ 3, we may express the value of the sharp constant in (2.1.4) in terms of
integrals involving the Bessel function of the first kind Jv defined by

Jv(z) =

∞∑
n=0

(−1)n
(

1
2z
)2n+v

n! Γ(v + n+ 1)
,

for v > −1 and <(z) > 0. In fact, the Fourier transform of σd−1 is given by

(2.1.9) σ̂d−1(x) = (2π)
d
2 |x|

2−d
2 J d−2

2
(|x|).

If we invert the k-th power of this Fourier transform, we find an expression for the
k-fold convolution of the surface measure

σ
(k)
d−1(ξ) = (2π)−d (2π)

dk
2

∫
Rd
eix·ξ |x|

(2−d)k
2 J d−2

2
(|x|)k dx(2.1.10)

for |ξ| ≤ k, provided this integral converges absolutely.

Our strategy to prove Theorem 2.1.3 has several distinct components. Firstly, as
far as the sharp inequality is concerned, we follow the outline of Christ–Shao [25, 26]
and Foschi [36] (which corresponds to the case d = 3) to prove part (a), using a
spectral decomposition in spherical harmonics and the Funk–Hecke formula. We are
able to extend their method up to dimension d = 7. In order to prove parts (b) and



2.1. INTRODUCTION 35

(c) we take a different path, using a sharp multilinear weighted inequality related
to the k-fold convolution of the surface measure (Theorem 2.1.11) together with a
symmetrization process over the group of rotations SO(d). Secondly, as far as the
characterization of the complex-valued extremizers is concerned, our main tool is a
complete characterization of the solutions of the Cauchy–Pexider functional equation
for sumsets of the sphere given by Theorem 2.1.16. This builds upon previous work
by Christ–Shao [26] and Charalambides [23].

Our second result is the following multilinear weighted adjoint restriction in-
equality.

Theorem 2.1.11. Let d, k ≥ 2 and fj ∈ L1(Sd−1), fj 6= 0, j = 1, 2, . . . , k. Then
we have

(2.1.12)

∥∥∥∥∥∥
k∏
j=1

f̂jσ

∥∥∥∥∥∥
2

L2(Rd)

≤ (2π)d
∫

(Sd−1)k
σ(k)(ζ1 + ζ2 + · · ·+ ζk)

×

 k∏
j=1

|fj(ζj)|2
 dσ(ζ1) dσ(ζ2) . . . dσ(ζk).

If (d, k) 6= (2, 2) and the right-hand side of (2.1.12) is finite, we have equality if and
only if

(2.1.13) fj(ζ) = cj e
ν·ζ

for j = 1, 2, . . . , k, where c1, c2, . . . , ck ∈ C \ {0} and ν ∈ Cd.

Using (2.1.7), we may specialize the inequality (2.1.12) to the case k = 2 to
obtain the following corollary.

Corollary 2.1.14. Let d ≥ 2 and f1, f2 ∈ L1(Sd−1) with f1, f2 6= 0. Then we
have

(2.1.15)
∥∥∥f̂1σ f̂2σ

∥∥∥2

L2(Rd)
≤ (2π)d 2

−d+2
2 ωd−2

∫
(Sd−1)2

[
(1− ζ1 · ζ2)d−3

(1 + ζ1 · ζ2)

] 1
2

×|f1(ζ1)|2 |f2(ζ2)|2 dσ(ζ1) dσ(ζ2).

If d ≥ 3 and the right-hand side of (2.1.15) is finite, we have equality if and only if

f1(ζ) = c1 e
ν·ζ and f2(ζ) = c2 e

ν·ζ ,

where c1, c2 ∈ C \ {0} and ν ∈ Cd.

In the case d = 2, a version of the inequality (2.1.15) can be found in the work of
Foschi and Klainerman [37, Example 17.5], where it is described as “an interesting
formula”. In the case d = 3, the weighted inequality (2.1.15) already appears in the
work of Foschi [36, Lemma 4.1]. A novel feature here is the complete characteri-
zation of the extremizers (2.1.13). The next result is a key tool to characterize the
extremizers in Theorems 2.1.3 and 2.1.11.

Theorem 2.1.16. Let d ≥ 2, k ≥ 2 and (d, k) 6= (2, 2). Let fj : Sd−1 → C
(1 ≤ j ≤ k) and h : B(k)→ C be measurable functions such that

(2.1.17) f1(ζ1)f2(ζ2) . . . fk(ζk) = h(ζ1 + ζ2 + . . .+ ζk)
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for σk−a.e. (ζ1, ζ2, . . . , ζk) ∈ (Sd−1)k. Then one the following holds:

(i) There exist c1, c2, . . . , ck ∈ C \ {0} and ν ∈ Cd such that

fj(ζ) = cj e
ν·ζ

for σ−a.e. ζ ∈ Sd−1, j = 1, 2, . . . , k.

(ii) fj(ζ) = 0 for σ−a.e. ζ ∈ Sd−1, for some j with 1 ≤ j ≤ k.

In the spirit of Theorem 2.1.11, similar multilinear weighted adjoint restric-
tion inequalities were obtained for the paraboloid [20] and cone [11], in connec-
tion with sharp Strichartz and Sobolev–Strichartz estimates for the Schödinger
and wave equations, respectively (in the context of the wave equation, see also
[58, 59, 60] for related inequalities with different ‘null’ weights). In retrospect,
the works of Kunze [61], Foschi [35] and Hundertmark–Zharnitsky [48] were the
pioneers on the existence and classification of extremizers for adjoint restriction
inequalities (over the paraboloid and cone) in low dimensions. This line of re-
search flourished and these papers were followed by a pool of very interesting works
in the interface of extremal analysis and differential equations, see for instance
[4, 16, 32, 33, 47, 66, 71, 74, 77, 81, 82], in addition to the ones previously
cited in this introduction.

2.2. Proof of the weighted inequality

2.2.1. Preliminaries. Let k ≥ 2 and fj ∈ L1(Sd−1), j = 1, 2, . . . , k. The
convolution (f1σ ∗ f2σ ∗ . . . ∗ fkσ) is a finite measure defined on the Borel subsets
E ⊂ Rd by

(f1σ ∗ f2σ ∗ . . . ∗ fkσ)(E) =

∫
(Sd−1)k

χE(ζ1 + ζ2 + . . .+ ζk)

×

 k∏
j=1

fj(ζj)

 dσ(ζ1) dσ(ζ2) . . . dσ(ζk).

It is then clear that this measure is supported on B(k). Since fj ∈ L1(Sd−1), the

measure (f1σ ∗ f2σ ∗ . . . ∗ fkσ) is absolutely continuous with respect to σ(k), and
therefore it is absolutely continuous with respect to the Lebesgue measure on Rd.
We identify (f1σ ∗ f2σ ∗ . . . ∗ fkσ) with its Radon–Nikodym derivative with respect
to the Lebesgue measure, writing it in the following way (see for instance [36] or
[37, Remark 3.1])

(2.2.1) (f1σ ∗ f2σ ∗ . . . ∗ fkσ)(ξ) =

∫
(Sd−1)k

δ
(
ξ − ζ1 − ζ2 − . . .− ζk

)
×

 k∏
j=1

fj(ζj)

 dσ(ζ1) dσ(ζ2) . . . dσ(ζk),

where δ
(
·
)

denotes the d-dimensional Dirac delta distribution. The alternative ex-
pression (2.2.1) is particularly useful in some computations, as exemplified by the
next result.
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Lemma 2.2.2. Let d ≥ 2. The surface measure σd−1 on Sd−1 satisfies

(σd−1 ∗ σd−1)(ξ) = 2−d+3 ωd−2
1

|ξ|
(4− |ξ|2)

d−3
2

+

for ξ ∈ Rd, where x+ = max{0, x}.

Proof. Let σ := σd−1. Following [36], the surface measure on the sphere may
be written as

(2.2.3) dσ(ξ) = δ
(
1− |ξ|

)
dξ = 2 δ

(
1− |ξ|2

)
dξ,

where δ
(
·
)

denotes the one-dimensional Dirac delta and dξ denotes the Lebesgue

measure on Rd. Using (2.2.1) and (2.2.3) we have

(σ ∗ σ)(ξ) =

∫
Rd

δ
(
1− |ξ − ν|

)
δ
(
1− |ν|

)
dν =

∫
Sd−1

δ
(
1− |ξ − ν|

)
dσ(ν)

= 2

∫
Sd−1

δ
(
1− |ξ − ν|2

)
dσ(ν) = 2

∫
Sd−1

δ
(
2ξ · ν − |ξ|2

)
dσ(ν)

=
2

|ξ|

∫
Sd−1

δ
(

2 ξ
|ξ| · ν − |ξ|

)
dσ(ν).

Passing to polar coordinates [28, Lemma A.5.2] in the sphere Sd−1, we find

(σ ∗ σ)(ξ) = ωd−2
2

|ξ|

∫ 1

−1
δ
(
2u− |ξ|

)
(1− u2)

d−3
2 du

= ωd−2
1

|ξ|

∫ 1

−1
δ
(
u− |ξ|2

)
(1− u2)

d−3
2 du

= ωd−2
1

|ξ|

(
1− |ξ|

2

4

) d−3
2

,

if |ξ|2 ∈ (−1, 1). The result follows from this. �

2.2.2. The sharp inequality. Consider the multilinear form

T (f1, f2, . . . , fk)(ξ) := (f1σ ∗ f2σ ∗ . . . ∗ fkσ)(ξ).

Applying the Cauchy–Schwarz inequality in (2.2.1) with respect to the measure
δ
(
ξ − ζ1 − ζ2 − . . .− ζk

)
dσ(ζ1) . . . dσ(ζk) we find

|T (f1, f2, . . . , fk)(ξ)|2 ≤ T (1,1, . . . ,1)(ξ) · T
(
|f1|2, |f2|2, . . . , |fk|2

)
(ξ)

= σ
(k)
d−1(ξ) T

(
|f1|2, |f2|2, . . . , |fk|2

)
(ξ),

(2.2.4)
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where 1 denotes the constant function equal to 1. Using Plancherel’s theorem,
(2.2.1) and (2.2.4) we arrive at∥∥∥∥∥∥

k∏
j=1

f̂jσ

∥∥∥∥∥∥
2

L2(Rd)

= (2π)d ‖T (f1, f2, . . . , fk)‖2L2(Rd)

≤ (2π)d
∫
Rd
σ

(k)
d−1(ξ) T

(
|f1|2, |f2|2, . . . , |fk|2

)
(ξ) dξ

= (2π)d
∫
Rd

∫
(Sd−1)k

σ(k)(ξ) δ
(
ξ − ζ1 − . . .− ζk

)
×

 k∏
j=1

|fj(ζj)|2
 dσ(ζ1) dσ(ζ2) . . . dσ(ζk) dξ

= (2π)d
∫

(Sd−1)k
σ(k)(ζ1 + ζ2 + . . .+ ζk)

×

 k∏
j=1

|fj(ζj)|2
 dσ(ζ1) dσ(ζ2) . . . dσ(ζk),

(2.2.5)

which is our desired inequality.

If (d, k) 6= (2, 2), both sides of (2.2.5) are finite for f1 = f2 = . . . = fk = 1, in
which case we have equality. In fact, in this case, both sides are equal to

‖σ̂‖2k
L2k(Rd)

= (2π)d σ
(2k)
d−1(0),

which is finite by (2.1.10) since Jv(x) = O(|x|−
1
2 ) as x → ∞. This shows that our

inequality is sharp.

2.2.3. The cases of equality. Assume that the right-hand side of (2.2.5) is
finite and that we have equality in (2.2.5). Then the right-hand side of (2.2.4) is

finite and we have equality in (2.2.4) for all ξ in a subset A1 ⊂ B(k) of full Lebesgue

measure (note that both sides of (2.2.4) are zero for ξ /∈ B(k)).

Let ξ ∈ A1 and consider the singular measure on (Sd−1)k given by

(2.2.6) dΨξ = δ
(
ξ − ζ1 − ζ2 − . . .− ζk

)
dσ(ζ1) . . . dσ(ζk).

The condition of equality in the Cauchy–Schwarz inequality tells us that there exists
a function h on A1 such that

(2.2.7) f1(ζ1)f2(ζ2) . . . fk(ζk) = h(ξ)

for Ψξ−a.e. (ζ1, ζ2, . . . , ζk) ∈ (Sd−1)k. If this is the case, then

h(ξ) =

∫
(Sd−1)k f1(ζ1)f2(ζ2) . . . fk(ζk) dΨξ(ζ1, ζ2, . . . , ζk)∫

(Sd−1)k dΨξ(ζ1, ζ2, . . . , ζk)
=

(f1σ ∗ f2σ ∗ . . . ∗ fkσ)(ξ)

σ(k)(ξ)
,

and we see that h is a Lebesgue measurable function. Note that σ(k)(ξ) > 0 for all
|ξ| < k (this follows from the explicit evaluation in Lemma 2.2.2 and induction on k)

and we might have σ(k)(ξ) = +∞ only on a set of Lebesgue measure zero. Consider
the set

E =
{

(ζ1, ζ2, . . . , ζk) ∈ (Sd−1)k; f1(ζ1)f2(ζ2) . . . fk(ζk) 6= h(ζ1 + ζ2 + . . .+ ζk)
}
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and let σk denote the product measure on (Sd−1)k. We claim that σk(E) = 0.
In fact,

σk(E) =

∫
(Sd−1)k

χE(ζ1, . . . , ζk) dσ(ζ1) . . . dσ(ζk)

=

∫
(Sd−1)k

∫
Rd
χE(ζ1, . . . , ζk) δ

(
ξ − ζ1 − ζ2 − . . .− ζk

)
dξ dσ(ζ1) . . . dσ(ζk)

=

∫
Rd

∫
(Sd−1)k

χE(ζ1, . . . , ζk) dΨξ(ζ1, . . . , ζk) dξ

= 0.

Therefore we must have, for this h : B(k)→ C measurable,

(2.2.8) f1(ζ1)f2(ζ2) . . . fk(ζk) = h(ζ1 + ζ2 + . . .+ ζk)

for σk−a.e. (ζ1, ζ2, . . . , ζk) ∈ (Sd−1)k.

On the other hand, if (2.2.8) holds, we can reverse all the steps above to conclude
that we have equality a.e. in (2.2.4) and thus equality in (2.2.5) (possibly with both
sides being infinity).

2.2.4. Characterization of the extremizers. The characterization of the
functions fj : Sd−1 → C (1 ≤ j ≤ k) that satisfy the functional equation (2.2.8) is
given by Theorem 2.1.16, whose proof we postpone to the next section. Assuming
this result, let us conclude the proof of Theorem 2.1.11.

If the right-hand side of (2.1.12) is finite and we have equality, (2.2.8) and
Theorem 2.1.16 show that (2.1.13) must hold (recall that we are assuming fj 6= 0).
Conversely, if (2.1.13) holds we have that the right-hand side of (2.1.12) is finite
(since all fj ’s are uniformly bounded) and, as observed in the previous subsection,
we find that equality occurs in (2.1.12).

2.3. Revisiting the work of Charalambides

2.3.1. Preliminaries. In the work [23], M. Charalambides developed a thor-
ough study of the solutions of the Cauchy–Pexider functional equation (2.1.17) (for
sumsets of general submanifolds M ⊂ Rd), building up on the work initiated by
Christ and Shao [26] for the sphere S2 ⊂ R3. In particular, Charalambides [23]
establishes the following result:

Lemma 2.3.1. (cf. [23, Theorems 1.2, 1.6 and 1.8]) Theorem 2.1.16 is true in
the cases k = 2; d ≥ 3 and k = 3; d ≥ 2, under the additional assumption that
σ
(
f−1
j ({0})

)
= 0, for all j = 1, 2, . . . , k.

Our work in this section is to remove the assumption

σ
(
f−1
j ({0})

)
= 0, j = 1, 2, ..., k,

in the case of the sphere Sd−1, and to extend this result to higher k. We start with
a lemma that essentially follows from the work of Charalambides. We only indicate
the main modifications needed with respect to the corresponding proof in [23].
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Lemma 2.3.2. (cf. [23, Proof of Theorem 1.2]) For d ≥ 3, let f1, f2 : Sd−1 → C
and h : B(2)→ C be measurable functions satisfying

(2.3.3) f1(ζ1)f2(ζ2) = h(ζ1 + ζ2)

for σ2−a.e. (ζ1, ζ2) ∈ (Sd−1)2. Then for each ξ ∈ B(2) \ {0} there exists a ball
Bξ = B(ξ, rξ) ⊂ B(2) \ {0} and a measurable function Hξ : Bξ +Bξ → C such that

(2.3.4) h(x)h(y) = Hξ(x+ y)

for Lebesgue a.e. (x, y) ∈ Bξ ×Bξ.

Proof. We briefly recall the notation used in [23]. Let M = Sd−1 and write
points in (Rd)4 × (Rd)4 as (x, y), where x = (x1, x2, x3, x4) and y = (y1, y2, y3, y4),
so that xj , yj ∈ Rd for 1 ≤ j ≤ 4. Let Π be the hyperplane in (Rd)4 × (Rd)4 defined
by x1 + y2 = x3 + y4 and y1 + x2 = y3 + x4 and let PM = (M4 ×M4) ∩ Π. Let
SM be the set of smooth points of PM , i.e. the points where M4 ×M4 intersects
Π transversally, and let Λ ⊂ (Rd)4 be the 3d-dimensional hyperplane given by the
points (w1, w2, w3, w4) ∈ (Rd)4 such that w1 + w2 = w3 + w4. The linear addition
map (Rd)4 × (Rd)4 7→ (Rd)4 given by (x, y) 7→ x + y restricts to a smooth map
πM : SM → Λ and we call RM the set of regular points of πM , i.e. the points of SM
where πM is a submersion. Finally, let

RM = {x+ y; x, y ∈M ; x 6= ±y} = B(2) \ {0}.

The crux of the matter here, given ξ = z1 ∈ RM = B(2) \ {0}, is to choose a
point z = (z1, z2, z3, z4), with z2 = z1, such that z = πM (x, y) for some (x, y) ∈ RM
(see [23, Proof of Theorem 1.2, p. 239, line 6]). If this choice can be made, the
lemma follows from the argument in [23, Proof of Theorem 1.2, p. 239, lines 6 - 23].

Since z1 ∈ RM = B(2) \ {0} we start by choosing freely x1, y1 ∈ Sd−1 such that

z1 = x1 + y1.

Note that this implies that x1 6= ±y1. Now choose x2 and y2, in a way that x2, y2 6=
±x1,±y1 and such that

z2 = x2 + y2 = z1.

Note again that x2 6= ±y2. By [23, Lemma 2.3], it already follows that the point
(x, y) that we are constructing belongs to SM , and [23, Eq. (2.4)] is partially fulfilled.
Note also that

span{x1, y1} ∩ span{x2, y2} = span{z1}.
Now we are relatively free to choose x3, x4, y3, y4. In fact these must satisfy

x1 + y2 = x3 + y4,

y1 + x2 = y3 + x4,

which are the equations defining Π, and we must complete the conditions [23, Eq.
(2.4) and (2.5)] in order to guarantee that the point (x, y) belongs to RM . Note that
x1 + y2 and y1 + x2 both belong to RM = B(2) \ {0}. We can choose, for instance,
x3 close (but not equal) to x1 and y4 close (but not equal) to y2, and similarly,
y3 close (but not equal) to x2 and x4 close (but not equal) to y1. Therefore we
can assure that xj 6= ±yj for all j = 1, 2, 3, 4 (this establishes [23, Eq. (2.4)]) and
span{x3, y3} ∩ span{x4, y4} is close to span{x1, x2} ∩ span{y1, y2}, which is a line
different from span{z1}, thus leading to

span{x1, y1} ∩ span{x2, y2} ∩ span{x3, y3} ∩ span{x4, y4} = {0}.
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This completes [23, Eq. (2.5)], which shows that (x, y) ∈ RM , and that

πM (x, y) = (z1, z1, z3, z4),

where z3 = x3 + y3 and z4 = x4 + y4. �

2.3.2. Proof of Theorem 2.1.16. Throughout this proof we denote by λd the
d-dimensional Lebesgue measure.

2.3.2.1. The case k = 2 and d ≥ 3. .

Step 1. Local argument. Fix ξ ∈ B(2) \ {0} and let Bξ and Hξ as in Lemma 2.3.2.

We claim that h(x) = cξ e
νξ·x a.e. in Bξ, for some cξ ∈ C and νξ ∈ Cd.

If λd
(
h−1({0}) ∩ Bξ

)
= 0, we may use [23, Lemma 2.1] to reach the desired

conclusion.

If λd
(
h−1({0})∩Bξ

)
> 0, we will be done if we prove that we can choose cξ = 0.

Suppose this is not the case. Let A1 := h−1({0}) ∩ Bξ and define A2 := Bξ \ A1.

Assuming λd(A1) > 0 and λd(A2) > 0, we aim at a contradiction.

For a.e. x ∈ A1, identity (2.3.4) holds for a.e. y ∈ Bξ (this is a consequence
of Fubini’s theorem). Similarly, for a.e. x ∈ A2, identity (2.3.4) holds for a.e.

y ∈ A2. Let Ã1, Ã2 denote the full measure subsets of A1, A2, respectively, for which

these conclusions hold. Then, given ε > 0, there exist x1 ∈ Ã1 and x2 ∈ Ã2 such
that |x1 − x2| < ε (the existence of such x1, x2 is guaranteed by the hypotheses

λd(A1), λd(A2) > 0). Now, by the definition of Ã1, we conclude that Hξ ≡ 0 a.e. on

x1 +Bξ. By the definition of Ã2, we conclude that Hξ 6= 0 a.e. on x2 +A2. However,
for sufficiently small ε > 0,

λd
(
(x1 +B) ∩ (x2 +A2)

)
> 0,

and we reach a contradiction. The conclusion is that, if λd(A1) > 0, then λd(A2) = 0
and thus h ≡ 0 a.e. on Bξ.

Step 2. Local-to-global argument. Take ξ0 ∈ B(2) \ {0}. From the previous step we
know that there exist c0 ∈ C and ν0 ∈ Cd such that h(x) = c0 e

ν0·x a.e. in Bξ0 .
Consider the set

Ω := {z ∈ B(2) \ {0} : h(x) = c0 e
ν0·x a.e. in a neighborhood of z}.

By construction, Ω is an open subset of B(2) \ {0}. We claim that Ω is also closed
in B(2) \ {0}. To see this, suppose not, and take a point ξ ∈ Ω \ Ω (the closure is
taken in B(2) \ {0}). Since ξ ∈ B(2) \ {0}, there exists an open ball Bξ = B(ξ, rξ)

on which h(x) = cξ e
νξ·x almost everywhere. Since ξ ∈ Ω, the intersection Ω ∩Bξ is

nonempty. Take z ∈ Ω ∩ Bξ. Then, since z ∈ Ω, the identity h(x) = c0 e
ν0·x holds

almost everywhere in a sufficiently small ball Bz ⊂ Bξ. Now, if c0 = 0, then cξ = 0
and ξ ∈ Ω, a contradiction. If c0 6= 0, it follows that cξ = c0 and νξ = ν0 (this can

be seen by differentiating the identity cξc
−1
0 = e(νξ−ν0)·x with respect to the variable

x). The conclusion is, again, that ξ ∈ Ω, an absurd. We then conclude that Ω is
closed in B(2)\{0} and, since this is a connected set, it follows that Ω = B(2)\{0}.

An application of the Lebesgue differentiation theorem yields h(x) = c0 e
ν0·x a.e.

in B(2) \ {0}.
Step 3. Conclusion in the case k = 2 and d ≥ 3. We now achieve the conclusion for
f1 and f2. Let us split the analysis in two cases:
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If c0 6= 0, we claim that σ
(
f−1

1 ({0})
)

= σ
(
f−1

2 ({0})
)

= 0 and the conclusion
follows from Lemma 2.3.1. In fact, if this were not the case, assume without loss
of generality that A1 = f−1

1 ({0}) is such that σ(A1) > 0. Let Q be the set of pairs
(ζ1, ζ2) ∈ (Sd−1)2 for which (2.3.3) does not hold. By assumption σ2(Q) = 0. Let

E = {ζ1 + ζ2; ζ1 ∈ A1, ζ2 ∈ Sd−1, (ζ1, ζ2) /∈ Q}.

Observe that

σ ∗ σ(E) = σ2
{

(w1, w2) ∈ (Sd−1)2; w1 + w2 ∈ E
}

≥ σ2
{

(ζ1, ζ2) ∈ (Sd−1)2; ζ1 ∈ A1, ζ2 ∈ Sd−1, (ζ1, ζ2) /∈ Q
}

= σ2
{

(ζ1, ζ2) ∈ (Sd−1)2; ζ1 ∈ A1, ζ2 ∈ Sd−1
}

= σ(A1)σ(Sd−1)

> 0.

As noted in the introduction, the measures σ ∗ σ and λd are mutually absolutely
continuous on B(2), and so we find that h ≡ 0 on a subset of B(2) of positive
λd−measure (namely E), a contradiction.

If c0 = 0, let Ej = f−1
j (C \ {0}) for j = 1, 2. We claim that we cannot have

σ(Ej) > 0 for j = 1, 2. In fact, if this were the case, arguing as above, the sumset

E1 + E2 would have positive λd−measure and h would be non-zero on a subset of
B(2) of positive λd−measure, a contradiction. Therefore, we must have σ(Ej) = 0
for at least one j. This possibility falls under the item (ii) of Theorem 2.1.16.

2.3.2.2. The case k ≥ 3 and d ≥ 3. .

Step 4. Induction argument. To extend the previous result for k ≥ 3 in dimension
d ≥ 3, we proceed by induction on the degree of the multilinearity k. We start by
showing how the trilinear case k = 3 can be deduced from the case k = 2. Suppose

(2.3.5) f1(ζ1) f2(ζ2) f3(ζ3) = h(ζ1 + ζ2 + ζ3)

holds σ3−a.e. on (Sd−1)3. Then for σ−a.e. ζ1 ∈ Sd−1, identity (2.3.5) holds for
σ2−a.e. (ζ2, ζ3) ∈ (Sd−1)2. We split the analysis in two cases:

If fj ≡ 0 σ−a.e. for some j with 1 ≤ j ≤ 3, we are done.

Otherwise, let E1 = f−1
1 (C \ {0}). Then σ(E1) > 0. Choose z ∈ E1 for which

identity (2.3.5) holds with ζ1 = z for σ2−a.e. (ζ2, ζ3) ∈ (Sd−1)2. Then, defining

h̃z(ζ) := f1(z)−1 h(ζ + z), we have that

f2(ζ2) f3(ζ3) = h̃z(ζ2 + ζ3)

for σ2−a.e. (ζ2, ζ3) ∈ (Sd−1)2. By the case k = 2, there exist c2, c3 ∈ C \ {0} and
ν ∈ Cd such that

f2(ζ2) = c2 e
ν·ζ2 and f3(ζ3) = c3 e

ν·ζ3 .

Repeating this argument for f2 instead of f1, we conclude that f1(ζ1) = c1 e
ν·ζ1 for

some c1 ∈ C \ {0} and the same ν ∈ Cd. The general k-linear case follows similarly
by induction.
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2.3.2.3. The case k = 3 and d = 2. .

Step 5. Revisiting the argument of Charalambides in [23, §5]. We now deal with the
case of three functions f1, f2, f3 on the circle S1.

If fj ≡ 0 σ−a.e. for some j with 1 ≤ j ≤ 3, we are done.

So assume that for every 1 ≤ j ≤ 3 we have σ
(
f−1
j (C \ {0})

)
> 0. We shall

prove that in this case we must have σ
(
f−1
j ({0})

)
= 0 for 1 ≤ j ≤ 3, and we will

be done by Lemma 2.3.1. This follows from the arguments in [23, §5] modulo some
adjustments. First, let us define γ : I = (0, 2π)→ R2 by

γ(x) = (cosx, sinx),

which is a unit speed parametrization of the circle S1 (here we are excluding a point,
but this is harmless) by the open interval I. Writing Fj(x) = |fj(γ(x))|, we have
the functional equation

(2.3.6) F1(x1)F2(x2)F3(x3) = H

 3∑
j=1

γ(xj)


for λ3− a.e. (x1, x2, x3) ∈ I3, with H(z) = |h(z)|.

We first show that all the Fj ’s are bounded λ−a.e. in I, and therefore H is also
bounded λ3−a.e. in B(3). In fact, by hypothesis, the set

{(x2, x3) ∈ I2;F2(x2)F3(x3) > 0}

has positive λ2-measure, and we can choose N large enough such that

K = {(x2, x3) ∈ I2;N−1 < F2(x2)F3(x3) < N}

verifies λ2(K) > 0. We may therefore choose a point (u2, u3) that belongs to K, to
the Lebesgue set of the characteristic function χK , and such that

span {γ′(u2), γ′(u3)} = R2.

Let z = γ(u2) + γ(u3), and choose neighborhoods U of (u2, u3) and V = B(z, r)
such that the map β : I2 → R2 given by β(x2, x3) = γ(x2)+γ(x3) is diffeomorphism
from U onto V . Let K1 = K ∩ U and note that λ2(K1) > 0 (since (u2, u3) is
a Lebesgue point of K). Now let I1 ⊂ I be such that λ(I \ I1) = 0 and for each
x1 ∈ I1 the functional equation (2.3.6) is satisfied at the point (x1, x2, x3) for λ2−a.e.
(x2, x3) ∈ I2.

By Lusin’s theorem applied to H|γ(I)+V , we may find a compact subset T of the
open set γ(I) + V and a constant C <∞ such that

(2.3.7) λ2((γ(I) + V ) \ T ) < λ2(β(K1)) 6= 0

and for all w ∈ T we have H(w) ≤ C. Let x1 ∈ I1. Since λ2(γ(x1) + β(K1)) =
λ2(β(K1)), we find by (2.3.7) that λ2

(
T ∩ (γ(x1) + β(K1))

)
> 0. We conclude that

there exists (x2, x3) ∈ K1 such that H(γ(x1) + β(x2, x3)) ≤ C and (2.3.6) holds at
(x1, x2, x3), leading to

F1(x1) ≤ N C.

This proves that F1 is bounded λ−a.e. in I. We may apply the same argument to
F2 and F3.
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Having constructed the diffeomorphism β : U → V above, and since the point
(u2, u3) belongs to K (and is a Lebesgue point of K) we can pick a small ball U ′ ⊂ U
around (u2, u3) to see that∫

U
F2(x2)F3(x3) dx2 dx3 ≥

∫
U ′
F2(x2)F3(x3) dx2 dx3 > 0.

Following the outline of [23, §5] we show that the function F1 is equal λ−a.e. to a
differentiable function, and by analogy so are F2 and F3, and thus H. From now on
we make these identifications.

For every x1 ∈ I such that F1(x1) 6= 0 we argue as in [23, §5, Eq. (5.5)]
(here we might have to make a new choice of the neighborhood U in order to have
F2(x2)F3(x3) 6= 0 for (x2, x3) ∈ U) to conclude that there is a neighborhood of

B ⊂ I of x1 such that F1(x) = cB e
νB ·γ(x) for all x ∈ B, where cB ∈ C \ {0}

and νB ∈ C2. We now argue as in Step 2, to conclude that for every connected
component W of the set {x ∈ I; F1(x) 6= 0} we must have F1(x) = cW eνW ·γ(x) for
x ∈W . Since F1 is continuous, this plainly implies that either F1 ≡ 0 (which is not
the case by hypothesis) or F1(x) 6= 0 for all x ∈ I, which is the desired conclusion.
The same holds for F2 and F3, and we conclude the proof of our original claim, i.e.
that σ

(
f−1
j ({0})

)
= 0 for 1 ≤ j ≤ 3.

2.3.2.4. The case k ≥ 4 and d = 2. .

Step 6. Induction argument for d = 2. In order to prove Theorem 2.1.16 in dimension
d = 2 for k ≥ 4 we proceed by induction as in the Step 4.

This concludes the proof of Theorem 2.1.16.

2.4. Symmetrization over SO(d)

2.4.1. Reduction to the case L2k to L2k. If we prove Theorem 2.1.3 in the
case (d, 2k, 2k), for d, k ≥ 2 with (d, k) 6= (2, 2), the corresponding cases (d, 2k, q)
for q > 2k follow directly. In fact, by Hölder’s inequality we have

(2.4.1)
∥∥f̂σ∥∥

L2k(Rd)
≤ C(d, 2k, 2k) ‖f‖L2k(Sd−1)

≤ C(d, 2k, 2k)ω
1
2k
− 1
q

d−1 ‖f‖Lq(Sd−1) = C(d, 2k, q) ‖f‖Lq(Sd−1).

In order to have equality in (2.4.1), we must have equality in the leftmost inequality,
which happens only for the functions given by (2.1.5). Since the functions in (2.1.5)
have constant absolute value, we also have equality in Hölder’s inequality, and thus
in (2.4.1).

2.4.2. L2k to L2k inequality. Let d, k ≥ 2 with (d, k) 6= (2, 2), and write

K(ζ1, ζ2, . . . , ζk) = σ(k)(ζ1 + ζ2 + . . .+ ζk),

where ζj ∈ Sd−1 for 1 ≤ j ≤ k. From Theorem 2.1.11 we have

∥∥f̂σ∥∥2k

L2k(Rd)
≤ (2π)d

∫
(Sd−1)k

|f(ζ1)|2 . . . |f(ζk)|2K(ζ1, . . . , ζk) dσ(ζ1) . . . dσ(ζk),

(2.4.2)

with nontrivial equality if and only if

(2.4.3) f(ζ) = c eν·ζ ,
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with c ∈ C\{0} and ν ∈ Cd. Let SO(d) denote the special orthogonal group, i.e. the
orthogonal d × d real matrices with determinant 1. Note that the surface measure
dσ is invariant under the action of SO(d) and that our kernel K verifies

K(Rζ1, Rζ2, . . . , Rζk) = K(ζ1, ζ2, . . . , ζk),

for every ζ1, ζ2, . . . , ζk ∈ Sd−1 and R ∈ SO(d). Equipping the compact group SO(d)
with its normalized Haar measure dµ, we can rewrite the integral on the right-hand
side of (2.4.2) as

∫
SO(d)

(∫
(Sd−1)k

|f(Rζ1)|2 . . . |f(Rζk)|2K(ζ1, . . . , ζk) dσ(ζ1) . . . dσ(ζk)

)
dµ(R)

=

∫
(Sd−1)k

(∫
SO(d)

|f(Rζ1)|2 . . . |f(Rζk)|2 dµ(R)

)
K(ζ1, . . . , ζk) dσ(ζ1) . . . dσ(ζk).

(2.4.4)

The inner integral can be estimated with Hölder’s inequality:

(2.4.5)

∫
SO(d)

|f(Rζ1)|2 . . . |f(Rζk)|2 dµ(R) ≤
k∏
j=1

(∫
SO(d)

|f(Rζj)|2k dµ(R)

) 1
k

.

Note that ∫
SO(d)

|f(Rζ)|2k dµ(R) =
1

ωd−1

∫
Sd−1

∫
SO(d)

|f(Rζ)|2k dµ(R) dσ(ζ)

=
1

ωd−1

∫
SO(d)

∫
Sd−1

|f(Rζ)|2kdσ(ζ) dµ(R)

=
1

ωd−1
‖f‖2k

L2k(Sd−1)
,

(2.4.6)

for any ζ ∈ Sd−1. From (2.4.2), (2.4.4), (2.4.5) and (2.4.6) we arrive at

∥∥f̂σ∥∥2k

L2k(Rd)
≤ (2π)d ω−1

d−1 ‖f‖
2k
L2k(Sd−1)

∫
(Sd−1)k

K(ζ1, . . . , ζk) dσ(ζ1) . . . dσ(ζk)

= (2π)d ω−1
d−1 σ

(2k)(0) ‖f‖2k
L2k(Sd−1)

= ω−1
d−1 ‖σ̂‖

2k
L2k(Rd)

‖f‖2k
L2k(Sd−1)

,

(2.4.7)

which is our desired sharp inequality.

2.4.3. Cases of equality. In order to have nontrivial equality in (2.4.7), on
top of condition (2.4.3), we must have equality in (2.4.5) for σk−a.e. (ζ1, . . . , ζk) ∈
(Sd−1)k. This implies that for σk−a.e. (ζ1, . . . , ζk) ∈ (Sd−1)k we must have

(2.4.8) a1 |f(Rζ1)| = a2 |f(Rζ2)| = . . . = ak |f(Rζk)|,

for µ−a.e. R ∈ SO(d), where aj > 0 for 1 ≤ j ≤ k. If we integrate (2.4.8) over the
group of rotations SO(d) we see that the aj ’s must be equal. Using (2.4.3) we claim

that ν ∈ Cd must be purely imaginary. If not, we could take a point (ζ1, . . . , ζk) ∈
(Sd−1)k for which (2.4.8) holds for µ−a.e. R ∈ SO(d), with ζ1 close to <(ν)/|<(ν)|
and ζ2 close to being perpendicular to <(ν)/|<(ν)|, and reach a contradiction by
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choosing R close to the identity. This completes the proof of Theorem 2.1.3 in the
cases (b) and (c) (and in fact, part of the case (a)).

2.5. The outline of Christ–Shao and Foschi

The goal of this section is to obtain the sharp inequality

(2.5.1)
∥∥f̂σ∥∥

L4(Rd)
≤ C(d, 4, 2) ‖f‖L2(Sd−1) ,

for 3 ≤ d ≤ 7, and to characterize its extremizers. A simple application of Hölder’s
inequality then gives the corresponding sharp inequalities for the cases q > 2, as
detailed in §2.4.1.

In the case d = 3, Foschi [36] recently obtained the sharp inequality (2.5.1)
by combining previous techniques developed by Christ and Shao [25, 26] with an
insighful geometric identity intrinsic to this restriction problem. Foschi character-
izes the real-valued extremizers of (2.5.1) and completes the characterization of the
complex-valued extremizers by invoking a result of Christ and Shao [26, Theorem
1.2]. Here we extend this method up to dimension d = 7 to prove the sharp inequality
(2.5.1), and characterize the complex-valued extremizers via a different path, using
our Theorem 2.1.16 instead (note that, in principle, the result of [26, Theorem 1.2]
is not available for dimensions d > 3).

We keep the notation as close as possible to [36] to facilitate some of the refer-
ences. Lemmata 2.5.2 – 2.5.18 below are derived from the works of Christ and Shao
[25, 26] and Foschi [36]. The novelty here is a careful discussion of the cases of
equality.

2.5.1. Reduction to nonnegative functions. Recall that by Plancherel’s
theorem we have ∥∥f̂σ∥∥2

L4(Rd)
= (2π)

d
2

∥∥fσ ∗ fσ∥∥
L2(Rd)

.

Our first lemma reduces matters to working with nonnegative functions.

Lemma 2.5.2. Let f ∈ L2(Sd−1). We have

(2.5.3)
∥∥fσ ∗ fσ∥∥

L2(Rd)
≤
∥∥|f |σ ∗ |f |σ∥∥

L2(Rd)
,

with equality if and only if there is a measurable function h : B(2)→ C such that

(2.5.4) f(ζ1) f(ζ2) = h(ζ1 + ζ2)
∣∣f(ζ1) f(ζ2)

∣∣
for σ2−a.e. (ζ1, ζ2) ∈ (Sd−1)2.

Proof. Recall from (2.2.1) that

(fσ ∗ fσ)(ξ) =

∫
(Sd−1)2

f(ζ1) f(ζ2) δ
(
ξ − ζ1 − ζ2

)
dσ(ζ1) dσ(ζ2),

which implies that

(2.5.5) |fσ ∗ fσ(ξ)| ≤ |f |σ ∗ |f |σ(ξ)

for all ξ ∈ Rd. This plainly gives (2.5.3).

Assume we have equality in (2.5.3). Then we must have equality in (2.5.5) for
a.e. ξ ∈ Rd. For each such ξ ∈ Rd there exists h(ξ) ∈ C such that

(2.5.6) f(ζ1) f(ζ2) = h(ξ)|f(ζ1) f(ζ2)|
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for Ψξ−a.e. (ζ1, ζ2) ∈ (Sd−1)2, where the singular measure Ψξ on (Sd−1)2 is given by

dΨξ(ζ1, ζ2) = δ
(
ξ − ζ1 − ζ2

)
dσ(ζ1) dσ(ζ2).

By integrating with respect to Ψξ we find that

(2.5.7) (fσ ∗ fσ)(ξ) = h(ξ)
(
|f |σ ∗ |f |σ(ξ)

)
,

and we see that h is actually a measurable function. Arguing as in §2.2.3 we arrive
at (2.5.4).

Conversely, if we have (2.5.4), we may argue again as in §2.2.3 to conclude that
for a.e. ξ ∈ Rd we have (2.5.6) for Ψξ−a.e. (ζ1, ζ2) ∈ (Sd−1)2. Then equality in

(2.5.5) holds for a.e. ξ ∈ Rd and we have equality in (2.5.3). �

By working with |f | instead of f , we may assume that we are dealing with
nonnegative functions.

2.5.2. Reduction to even functions. Given a function f : Sd−1 → R+ we
define its antipodal f? by

f?(ζ) = f(−ζ).

Using (2.2.1) we observe that

∥∥fσ ∗ fσ∥∥2

L2(Rd)
=
∥∥fσ ∗ f?σ∥∥2

L2(Rd)

=

∫
(Sd−1)4

f(ζ1) f(−ζ2) f(ζ3) f(−ζ4) δ
(
ζ1 + ζ2 + ζ3 + ζ4

)
dσ(ζ1) dσ(ζ2) dσ(ζ3) dσ(ζ4)

= Q(f, f?, f, f?).

(2.5.8)

Here Q is the quadrilinear form defined by

Q(f1, f2, f3, f4) :=

∫
(Sd−1)4

f1(ζ1) f2(ζ2) f3(ζ3) f4(ζ4) dΣ(ζ),

where Σ is the singular measure in (Sd−1)4 given by

dΣ(ζ) := δ
(
ζ1 + ζ2 + ζ3 + ζ4

)
dσ(ζ1) dσ(ζ2) dσ(ζ3) dσ(ζ4),

for ζ = (ζ1, ζ2, ζ3, ζ4) ∈ (Sd−1)4. Note that Σ is supported on the set

{ζ ∈ (Sd−1)4; ζ1 + ζ2 + ζ3 + ζ4 = 0}.

For f : Sd−1 → R+, we define the antipodal symmetrization f] by

f](ζ) =

√
f(ζ)2 + f(−ζ)2

2
.

Note that ‖f]‖L2(Rd) = ‖f‖L2(Rd).

Lemma 2.5.9 (cf. [25, 36]). Let d ≥ 3. If f : Sd−1 → R+ belongs to L2(Sd−1)
then

(2.5.10) Q(f, f?, f, f?) ≤ Q(f], f], f], f]),

with equality if and only if f = f? = f] (σ−a.e. in Sd−1).
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Proof. We follow [36, Proposition 3.2]. Observe first that

(2.5.11) (f ∗ f?)(ξ) ≤ (f] ∗ f])(ξ),

for all ξ ∈ Rd. In fact, we have

2(f ∗ f?)(ξ) = (f ∗ f?)(ξ) + (f? ∗ f)(ξ)

=

∫
(Sd−1)2

[
f(ζ1)f(−ζ2) + f(−ζ1)f(ζ2)

]
δ
(
ξ − ζ1 − ζ2

)
dσ(ζ1) dσ(ζ2).

(2.5.12)

By Cauchy–Schwarz inequality we have

(2.5.13) f(ζ1)f(−ζ2) + f(−ζ1)f(ζ2)

≤
√
f(ζ1)2 + f(−ζ1)2

√
f(ζ2)2 + f(−ζ2)2 = 2 f](ζ1) f](ζ2).

Plugging (2.5.13) into (2.5.12) we obtain (2.5.11). Now observe that (2.5.8) and
(2.5.11) plainly imply (2.5.10).

In order to have equality in (2.5.10), we must have equality in (2.5.11) for a.e.
ξ ∈ Rd. For each such ξ ∈ Rd, the condition of equality in the Cauchy–Schwarz
inequality (2.5.13) gives us that

(2.5.14) f(ζ1) f(ζ2) = f(−ζ1) f(−ζ2)

for Ψξ−a.e. (ζ1, ζ2) ∈ (Sd−1)2. Arguing as in §2.2.3, this implies that (2.5.14) must

hold for σ2−a.e. (ζ1, ζ2) ∈ (Sd−1)2. Let ζ1 ∈ Sd−1 be such that (2.5.14) holds for
σ−a.e. ζ2 ∈ Sd−1. Then we can integrate over Sd−1 with respect to the variable ζ2

to obtain (provided f is nonzero, otherwise the result is trivial)

f(ζ1) = f(−ζ1).

This shows that f = f? = f] (σ−a.e. in Sd−1). �

From now on we may assume additionally that f = f].

2.5.3. The key geometric identity. The heart of Foschi’s proof lies in the
following simple geometric identity.

Lemma 2.5.15. (cf. [36, Lemma 4.2]) Let (ζ1, ζ2, ζ3, ζ4) ∈ (Sd−1)4 be such that

ζ1 + ζ2 + ζ3 + ζ4 = 0

(i.e. (ζ1, ζ2, ζ3, ζ4) lies in the support of the measure Σ). Then

(2.5.16) |ζ1 + ζ2| |ζ3 + ζ4|+ |ζ1 + ζ3| |ζ2 + ζ4|+ |ζ1 + ζ4| |ζ2 + ζ3| = 4.

The kernel in our Corollary 2.1.14 is too singular to allow us to draw any sharp
global conclusions about the adjoint restriction inequality (2.5.1). To overcome this
barrier we use the identity (2.5.16) and the symmetries of Q in order to write

(2.5.17) Q(f, f, f, f) =
3

4

∫
(Sd−1)4

f(ζ1) f(ζ2) |ζ1 + ζ2| f(ζ3) f(ζ4) |ζ3 + ζ4|dΣ(ζ).

This allows us to prove the following lemma.
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Lemma 2.5.18. Let d ≥ 3. If f : Sd−1 → R+ is an even function in L2(Sd−1)
then

Q(f, f, f, f) ≤ 2−d+3 ωd−2
3

4

∫
(Sd−1)2

f(ζ1)2 f(ζ2)2 |ζ1+ζ2|
(
4−|ζ1+ζ2|2

) d−3
2 dσ(ζ1) dσ(ζ2),

with equality if and only if f is a constant function.

Proof. We use the Cauchy–Schwarz inequality in (2.5.17) (with respect to the
measure Σ), together with Lemma 2.2.2 to get

Q(f, f, f, f)

≤ 3

4

(∫
(Sd−1)4

f(ζ1)2 f(ζ2)2 |ζ1 + ζ2|2 dΣ(ζ)

) 1
2
(∫

(Sd−1)4
f(ζ3)2 f(ζ4)2 |ζ3 + ζ4|2 dΣ(ζ)

) 1
2

=
3

4

∫
(Sd−1)4

f(ζ1)2 f(ζ2)2 |ζ1 + ζ2|2 dΣ(ζ)

= 2−d+3 ωd−2
3

4

∫
(Sd−1)2

f(ζ1)2 f(ζ2)2 |ζ1 + ζ2|
(
4− |ζ1 + ζ2|2

) d−3
2 dσ(ζ1) dσ(ζ2).

In order to have equality we must have

f(ζ1) f(ζ2) |ζ1 + ζ2| = c f(ζ3) f(ζ4) |ζ3 + ζ4|

for some c ∈ R and Σ−a.e. (ζ1, ζ2, ζ3, ζ4) ∈ (Sd−1)4. Integrating both sides with
respect to dΣ(ζ1, ζ2, ζ3, ζ4) gives us that c = 1 and thus

(2.5.19) f(ζ1) f(ζ2) |ζ1 + ζ2| = f(ζ3) f(ζ4) |ζ3 + ζ4|

for Σ−a.e. (ζ1, ζ2, ζ3, ζ4) ∈ (Sd−1)4. Let

(2.5.20) E =
{

(ζ1, ζ2, ζ3, ζ4) ∈ (Sd−1)4; (2.5.19) does not hold}.
We find that

0 =

∫
(Sd−1)4

χE(ζ1, ζ2, ζ3, ζ4) dΣ(ζ1, ζ2, ζ3, ζ4)

=

∫
(Sd−1)2

(∫
(Sd−1)2

χE(ζ1, ζ2,−ζ3,−ζ4) δ
(
ζ1 + ζ2 − ζ3 − ζ4

)
dσζ3 dσζ4

)
dσζ1 dσζ2 .

Thus, for σ2−a.e. (ζ1, ζ2) ∈ (Sd−1)2, we have that (recall that f is even)

(2.5.21) f(ζ1) f(ζ2) |ζ1 + ζ2| = f(ζ3) f(ζ4) |ζ3 + ζ4|

for Ψζ1+ζ2−a.e. (ζ3, ζ4) ∈ (Sd−1)2. For such a (ζ1, ζ2) ∈ (Sd−1)2, with ζ1 + ζ2 ∈
B(2) \ {0} we have

(2.5.22) f(ζ1) f(ζ2) = f(ζ3) f(ζ4)

for Ψζ1+ζ2−a.e. (ζ3, ζ4) ∈ (Sd−1)2, and if we average the right-hand side of (2.5.22)
with respect to dΨζ1+ζ2(ζ3, ζ4) we arrive at

f(ζ1) f(ζ2) =

∫
(Sd−1)2 f(ζ3) f(ζ4) dΨζ1+ζ2(ζ3, ζ4)∫

(Sd−1)2 dΨζ1+ζ2(ζ3, ζ4)
=

(fσ ∗ fσ)(ζ1 + ζ2)

(σ ∗ σ)(ζ1 + ζ2)
=: h(ζ1 + ζ2).

We now use Theorem 2.1.16 to conclude that f(ζ) = c eν·ζ for some c ∈ C and
ν ∈ Cd. If c = 0 we are done. If c 6= 0, since f is real-valued we must have =(ν) = 0,
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and since f is even we must have <(ν) = 0. Then, since f is nonnegative, we must
have c > 0 and f(ζ) = c.

Conversely, it is clear that any (nonnegative) constant function verifies the de-
sired equality. This concludes the proof. �

2.5.4. Proof of Theorem 2.1.3 - case (a). We consider the quadratic form

Hd(g) :=

∫
(Sd−1)2

g(ζ1) g(ζ2) |ζ1 − ζ2|
(
4− |ζ1 − ζ2|2

) d−3
2 dσ(ζ1) dσ(ζ2).

This is a real-valued and continuous functional on L1(Sd−1). In fact, it is not hard
to see that

(2.5.23) |Hd(g1)−Hd(g2)| ≤ 2d−2
(
‖g1‖L1(Sd−1) + ‖g2‖L1(Sd−1)

)
‖g1 − g2‖L1(Sd−1).

The next lemma is the last piece of information needed for our sharp inequality.

Lemma 2.5.24. Let 3 ≤ d ≤ 7. Let g ∈ L1(Sd−1) be an even function and write

µ =
1

ωd−1

∫
Sd−1

g(ζ) dσ(ζ)

for the mean value of g over the sphere Sd−1. Then

Hd(g) ≤ Hd(µ1) = |µ|2Hd(1),

with equality if and only if g is a constant function.

Assume for a moment that we have proved this lemma and let us conclude the
proof of Theorem 2.1.3.

Proof of Theorem 2.1.3 - case (a). Putting together our chain of inequal-
ities (Lemmata 2.5.2, 2.5.9, 2.5.18 and 2.5.24) we get∥∥f̂σ∥∥4

L4(Rd)
≤ (2π)dQ(|f |, |f |?, |f |, |f |?)

≤ (2π)dQ(|f |], |f |], |f |], |f |])

≤ (2π)d 2−d+3 ωd−2
3

4
Hd(|f |2] )

≤ 3

4
(2π)d 2−d+3 ωd−2

ω2
d−1

Hd(1) ‖f‖4
L2(Sd−1)

.

(2.5.25)

This inequality is sharp since f = 1 verifies the equalities in all the steps.

If f ∈ L2(Sd−1) is a complex-valued extremizer of (2.5.25), by Lemma 2.5.18 (or
Lemma 2.5.24) we must have |f |] = γ 1, where γ > 0 is a constant. By Lemma
2.5.9 we must have |f | = γ 1. By Lemma 2.5.2 there is a measurable function

h : B(2)→ C such that

f(ζ1) f(ζ2) = γ2 h(ζ1 + ζ2)

for σ2−a.e. (ζ1, ζ2) ∈ (Sd−1)2. By Theorem 2.1.16 there exist c ∈ C\{0} and ν ∈ Cd
such that

f(ζ) = c eν·ζ

for σ−a.e. ζ ∈ Sd−1. Since |f | is constant, we must have <(ν) = 0 and |c| = γ.

Conversely, it is clear that the functions given by (2.1.5) verify the chain of
equalities in (2.5.25). This concludes the proof. �
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2.5.5. Spectral decomposition - Proof of Lemma 2.5.24. The case d = 3
was proved by Foschi [36, Theorem 5.1]. Here we extend his method to dimensions
d = 4, 5, 6, 7.

2.5.5.1. Funk–Hecke formula and Gegenbauer polynomials. We start by proving
Lemma 2.5.24 for even functions g in the subspace L2(Sd−1) ⊂ L1(Sd−1) (the general
statement for even functions in L1(Sd−1) will follow by a density argument). In this
case we may decompose g as a sum

(2.5.26) g =
∑
k≥0

Yk,

where Yk is a spherical harmonic of degree k (see [85, Chapter IV]). Since g is even,
we must have Y2`+1 = 0 in (2.5.26) for all ` ≥ 0. Note also that Y0 = µ1, where µ
is the mean value of g in Sd−1. Let

gN =
N∑
k≥0

Yk.

Since gN → g in L2(Sd−1) as N →∞, we have that gN → g in L1(Sd−1) as N →∞
and thus, by (2.5.23), Hd(gN )→ Hd(g) as N →∞. Therefore

Hd(g) = lim
N→∞

N∑
j,k=0

∫
Sd−1

∫
Sd−1

Yj(ζ1)Yk(ζ2) |ζ1 − ζ2|
(
4− |ζ1 − ζ2|2

) d−3
2 dσ(ζ1) dσ(ζ2)

= lim
N→∞

N∑
j,k=0

∫
Sd−1

Yj(ζ1)

(∫
Sd−1

Yk(ζ2)φd(ζ1 · ζ2) dσ(ζ2)

)
dσ(ζ1),

(2.5.27)

where

(2.5.28) φd(t) = 2
d−2
2 (1− t)

1
2 (1 + t)

d−3
2 .

The inner integral above may be evaluated via the Funk–Hecke formula [28, Theorem
1.2.9]

(2.5.29)

∫
Sd−1

Yk(ζ2)φd(ζ1 · ζ2) dσ(ζ2) = Λk(φd)Yk(ζ1),

with the constant Λk(φd) given by

(2.5.30) Λk(φd) = ωd−2

∫ 1

−1

C
d−2
2

k (t)

C
d−2
2

k (1)
φd(t) (1− t2)

d−3
2 dt,

where t 7→ Cαk (t), for α > 0, are the Gegenbauer polynomials (or ultraspherical
polynomials) defined in terms of the generating function

(2.5.31) (1− 2rt+ r2)−α =

∞∑
k=0

Cαk (t) rk.

For bounded t, the left-hand side of (2.5.31) is an analytic function of r (for small
r) and the right-hand side of (2.5.31) is the corresponding power series expansion.
Note that Cαk (t) has degree k. The Gegenbauer polynomials Cαk (t) are orthogonal

in the interval [−1, 1] with respect to the measure (1− t2)α−
1
2 dt. If we plug (2.5.29)
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back into (2.5.27) and use the orthogonality properties of the spherical harmonics
we arrive at

(2.5.32) Hd(g) =
∞∑
k=0

Λk(φd) ‖Yk‖2L2(Sd−1)
.

Our goal here is prove the following result.

Lemma 2.5.33. .

(i) For d = 3 we have Λ0(φ3) > 0 and Λk(φ3) < 0 for all k ≥ 1.
(ii) For d = 4 we have Λ0(φ4) > 0, Λ2k+1(φ4) = 0 for all k ≥ 0, and Λ2k(φ4) <

0 for all k ≥ 1.
(iii) For d = 5, 6, 7 we have Λ0(φd),Λ1(φd) > 0 and Λk(φd) < 0 for all k ≥ 2.

Remark: For d ≥ 8 we start to observe that Λ2(φd) > 0. This is the basic reason
why the method presented here only works (as it is) for dimensions up to 7.

Assuming Lemma 2.5.33 let us conclude the proof of Lemma 2.5.24.

Conclusion of the proof of Lemma 2.5.24. Using Lemma 2.5.33 in (2.5.32),
and the fact that g ∈ L2(Sd−1) is an even function, we find

Hd(g) =

∞∑
k=0

Λk(φd) ‖Yk‖2L2(Sd−1)
≤ Λ0(φd) ‖Y0‖2L2(Sd−1)

+ Λ1(φd) ‖Y1‖2L2(Sd−1)

= Λ0(φd) ‖Y0‖2L2(Sd−1)

= Hd(µ1)

= |µ|2Hd(1).

Equality occurs if and only if Yk ≡ 0 for all k ≥ 2, which means that g = Y0 is a
constant function.

Now let h ∈ L1(Sd−1) be an even function. For each N > 0 consider the trunca-
tion

hN (ζ) =

{
h(ζ) if |h(ζ)| ≤ N

N h(ζ)
|h(ζ)| if |h(ζ)| > N.

Note that each hN is an even function in L2(Sd−1) and hN → h in L1(Sd−1) as
N →∞. If µN = 1

ωd−1

∫
Sd−1 hN (ζ) dσ(ζ) and µ = 1

ωd−1

∫
Sd−1 h(ζ) dσ(ζ), then µN →

µ and Hd(hN ) → Hd(h) as N → ∞. Consider an orthonormal basis of spherical
harmonics {Zkj}, k ≥ 0, j = 1, 2, . . . , D(d, k), where each harmonic Zkj has degree

k and D(d, k) is the dimension 1 of the vector space of spherical harmonics of degree
k on Sd−1, and write

hN =
∑
k,j

〈hN , Zkj〉Zkj .

By the L2−argument we have

(2.5.34) Hd(hN ) =
∞∑
k=0

Λk(φd)

D(d,k)∑
j=1

|〈hN , Zkj〉|2
 ≤ |µN |2Hd(1).

1Explicitly, D(d, k) =
(
d+k−1
d−1

)
−
(
d+k−3
d−1

)
. For details see [85, Chapter IV].
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Passing the limit as N →∞ we get

(2.5.35) Hd(h) ≤ |µ|2Hd(1),

which is our desired inequality. We already know that 〈h, Zkj〉 = 0 if k is odd. If
〈h, Zkj〉 6= 0 for some even k ≥ 2 and some j, since 〈hN , Zkj〉 → 〈h, Zkj〉 as N →∞,
by Lemma 2.5.33 we would have a strict inequality in (2.5.34) that would propagate
to the limit (2.5.35). Therefore, in order to have the equality in (2.5.35) we must
have 〈h, Zkj〉 = 0 for all k ≥ 1 and all j. This implies that h must be constant. �

2.5.5.2. Computing the Λk(φd). We are left with the final task to prove Lemma
2.5.33. In this section we accomplish this by explicitly computing the values of
Λk(φd) via a recursive argument. To simplify the notation let us consider the Le-
gendre polynomials defined by

Pk(t) := C
1
2
k (t).

The next proposition lays the ground for our recursions.

Proposition 2.5.36. .

(i) For α > 0 and k ≥ 0 we have

(2.5.37) (2k + 2α) t Cαk (t) = (k + 1)Cαk+1(t) + (k + 2α− 1)Cαk−1(t).

Note: We set Cα−1(t) = 0.

(ii) Let k ≥ 0. The Legendre polynomials Pk verify

γk :=

∫ 1

−1
(2− 2t)

1
2 P ′k(t) dt = 2 (−1)k+1 +

2

2k + 1
;(2.5.38)

δk :=

∫ 1

−1
(2− 2t)

3
2 P ′′k (t) dt = 8 (−1)k

(
k + 1

2

)
+ 3γk.(2.5.39)

Proof. Part (i). Differentiating (2.5.31) with respect to the variable r yields

(2.5.40) 2α (t− r)
∞∑
k=0

Cαk (t) rk = (1− 2rt+ r2)

∞∑
k=0

k Cαk (t) rk−1.

Comparing the coefficients of rk on both sides of (2.5.40) we obtain (2.5.37).

Part (ii). To establish (2.5.38) we use integration by parts:

(2.5.41)

∫ 1

−1
(2− 2t)

1
2 P ′k(t) dt = −2Pk(−1) +

∫ 1

−1

Pk(t)

(2− 2t)
1
2

dt.

By evaluating

(2.5.42) (1− 2rt+ r2)−
1
2 =

∞∑
k=0

Pk(t) r
k

at t = −1 we find that Pk(−1) = (−1)k. The value of the integral on the right-hand
side of (2.5.41) was evaluated in the proof of [36, Lemma 5.4] and equals 2

2k+1 .

As for identity (2.5.39), integrate by parts once again:∫ 1

−1
(2− 2t)

3
2 P ′′k (t) dt = −8P ′k(−1) + 3

∫ 1

−1
(2− 2t)

1
2 P ′k(t) dt.
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Differentiating both sides of (2.5.42) with respect to t and then setting t = −1 yields
r

(1 + r)3
=
∑
k≥0

P ′k(−1) rk.

Hence P ′k(−1) = (−1)k+1
(
k+1

2

)
. The result follows from this and (2.5.38). �

We are now able to proceed to the proof of Lemma 2.5.33.

Proof of Lemma 2.5.33. .

Step 1: Case d = 3. This was done in [36, Lemma 5.4].

Step 2: Case d = 4. Throughout this proof let us rename

Qk(t) := C1
k(t).

From (2.5.31) we find that Qk(1) = k + 1 for all k ≥ 0, and from (2.5.37) we get

2tQk(t) = Qk+1(t) +Qk−1(t).

Using this recursively we get, for k ≥ 2,

4 t2Qk(t) = 2tQk+1(t) + 2tQk−1(t)

= Qk+2(t) + 2Qk(t) +Qk−2(t),

and thus

(2.5.43) (4t2 − 2)Qk(t) = Qk+2(t) +Qk−2(t).

We are now ready to compute the coefficients Λk(φ4):

Λk(φ4) = ω2

∫ 1

−1

Qk(t)

Qk(1)
φ4(t) (1− t2)

1
2 dt =

ω2

2(k + 1)

∫ 1

−1
Qk(t)

(
2− (4t2 − 2)

)
dt.

Setting τk :=
∫ 1
−1Qk(t) dt and recalling (2.5.43), we have

(2.5.44)
2(k + 1)

ω2
Λk(φ4) = 2τk − τk−2 − τk+2 ; (k ≥ 2).

The sequence of moments {τk}k≥0 can be computed explicitly. In fact, we claim
that τ2j = 2

2j+1 and τ2j+1 = 0. To verify this, recall by (2.5.31) that

∑
k≥0

Qk(t) r
k =

∑
k≥0

Pk(t) r
k

2

,

and so

Qk(t) =

k∑
`=0

P`(t)Pk−`(t).

It follows that

τk =

∫ 1

−1
Qk(t) dt =

k∑
`=0

∫ 1

−1
P`(t)Pk−`(t) dt.

By the orthogonality properties of Legendre polynomials, we find that τ2j+1 = 0. If
k = 2j is even, then2

τ2j =

∫ 1

−1
Pj(t)

2 dt =
2

2j + 1
,

2This is also quoted in [36, Lemma 5.4].
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as claimed. Plugging this into (2.5.44), we immediately check that Λ2j+1(φ4) = 0
for every j ≥ 0, and that

Λ2j(φ4) =
ω2

2(2j + 1)

(
4

2j + 1
− 2

2j − 1
− 2

2j + 3

)
< 0,

for every j ≥ 1. If j = 0 then

Λ0(φ4) = ω2

∫ 1

−1
φ4(t) (1− t2)

1
2 dt = 2ω2

∫ 1

−1
(1− t2) dt =

8ω2

3
=

32π

3
> 0.

Step 3: Case d = 5. In order to simplify the notation, we start again by relabeling

Rk(t) := C
3
2
k (t).

The definition (2.5.31) gives us

(2.5.45) (1− 2rt+ r2)−
3
2 =

∞∑
k=0

Rk(t) r
k.

Differentiating (2.5.42) with respect to the variable t yields

r(1− 2rt+ r2)−
3
2 =

∑
k≥0

P ′k(t) r
k.

Comparing the two last displays, one concludes that

Rk(t) = P ′k+1(t)

for every k ≥ 0. From (2.5.45) we have Rk(1) =
(
k+2

2

)
. It follows from (2.5.28) and

(2.5.30) that

1

2ω3

(
k + 2

2

)
Λk(φ5) =

∫ 1

−1
(2− 2t)

1
2 Rk(t) (1 + t) (1− t2) dt

=

∫ 1

−1
(2− 2t)

1
2 P ′k+1(t) (1 + t− t2 − t3) dt

= γ
(0)
k+1 + γ

(1)
k+1 − γ

(2)
k+1 − γ

(3)
k+1,

where

γ
(j)
k =

∫ 1

−1
(2− 2t)

1
2 P ′k(t) t

j dt.

Note that γ
(j)
0 = 0 for any j ≥ 0. From (2.5.38) we know the exact value of γ

(0)
k .

From (2.5.37) we have (recall that we have set R−1(t) = 0)

tRk(t) =
k + 1

2k + 3
Rk+1(t) +

k + 2

2k + 3
Rk−1(t),

which plainly gives

γ
(j+1)
k+1 =

k + 1

2k + 3
γ

(j)
k+2 +

k + 2

2k + 3
γ

(j)
k

for all k ≥ 0 and j ≥ 0. The previous recursion tells us that we can explicitly

compute the values of all γ
(j)
k by just knowing the values of γ

(j)
0 for all j ≥ 0 and
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the values of γ
(0)
k for all k ≥ 0. This computation leads us to

1

2ω3

(
k + 2

2

)
Λk(φ5) = γ

(0)
k+1 + γ

(1)
k+1 − γ

(2)
k+1 − γ

(3)
k+1

=
768(k + 1)(k + 2)(3− 3k − k2)

(2k − 3)(2k − 1)(2k + 1)(2k + 3)(2k + 5)(2k + 7)(2k + 9)
,

and it follows that Λ0(φ5),Λ1(φ5) > 0 and Λk(φ5) < 0 if k ≥ 2, as claimed.

Step 4: Case d = 6. We set
Sk(t) := C2

k(t).

The definition (2.5.31) gives us

(2.5.46) (1− 2rt+ r2)−2 =
∞∑
k=0

Sk(t) r
k ,

and it follows that Sk(1) =
(
k+3

3

)
. By differentiating (2.5.31), in the case α = 1,

with respect to the variable t and comparing coefficients with (2.5.46) we find

(2.5.47) Sk(t) = 1
2 Q
′
k+1(t)

for all k ≥ 0. From (2.5.28) and (2.5.30) it follows that

1

4ω4

(
k + 3

3

)
Λk(φ6) =

∫ 1

−1
Sk(t) (1 + t− 2t2 − 2t3 + t4 + t5) dt

= ε
(0)
k + ε

(1)
k − 2ε

(2)
k − 2ε

(3)
k + ε

(4)
k + ε

(5)
k ,

where

ε
(j)
k =

∫ 1

−1
Sk(t) t

j dt.

Since Gegenbauer polynomials of odd degree are odd, it follows that ε
(0)
2`+1 = 0 for

every ` ≥ 0. On the other hand, using (2.5.47), we have

ε
(0)
2` =

∫ 1

−1
S2`(t) dt =

1

2

(
Q2`+1(1)−Q2`+1(−1)

)
= 2(`+ 1)

for every ` ≥ 0. From (2.5.37) we have (recall that we have set S−1(t) = 0)

tSk(t) =
k + 1

2k + 4
Sk+1(t) +

k + 3

2k + 4
Sk−1(t),

which plainly gives

ε
(j+1)
k =

k + 1

2k + 4
ε

(j)
k+1 +

k + 3

2k + 4
ε

(j)
k−1,

for all k ≥ 0 and j ≥ 0. Since we know the values of ε
(0)
k for all k ≥ 0 and ε

(j)
−1 = 0

for all j ≥ 0, the recursion above completely determines the values of all ε
(j)
k . A

computation leads us to

1

4ω4

(
k + 3

3

)
Λk(φ6) =


− 8(k + 2)

(k − 1)(k + 1)(k + 3)(k + 5)
, for k even;

− 8(k + 1)(k + 3)

k(k − 2)(k + 2)(k + 4)(k + 6)
, for k odd,
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and it follows that Λ0(φ6),Λ1(φ6) > 0 and Λk(φ6) < 0 if k ≥ 2, as claimed.

Step 5: Case d = 7. The argument here is analogous to the case d = 5. We start by
relabeling

Tk(t) := C
5
2
k (t).

By the definition (2.5.31) we have

(2.5.48) (1− 2rt+ r2)−
5
2 =

∞∑
k=0

Tk(t) r
k ,

and thus Tk(1) =
(
k+4

4

)
. If we differentiate (2.5.42) twice with respect to the variable

t and compare with (2.5.48) we find that

(2.5.49) 3Tk(t) = P ′′k+2(t)

for all k ≥ 0. From (2.5.28), (2.5.30) and (2.5.49) we have

3

2ω5

(
k + 4

4

)
Λk(φ7) =

∫ 1

−1
(2− 2t)

3
2 P ′′k+2(t) (1 + 3t+ 2t2 − 2t3 − 3t4 − t5) dt

= δ
(0)
k+2 + 3δ

(1)
k+2 + 2δ

(2)
k+2 − 2δ

(3)
k+2 − 3δ

(4)
k+2 − δ

(5)
k+2,

where

δ
(j)
k :=

∫ 1

−1
(2− 2t)

3
2P ′′k (t) tj dt.

The values of δ
(0)
k , for k ≥ 0, are given by Proposition 2.5.36. From (2.5.37) we have

(recall that we have set T−1(t) = 0)

t Tk(t) =
k + 1

2k + 5
Tk+1(t) +

k + 4

2k + 5
Tk−1(t),

which gives us

δ
(j+1)
k+2 =

k + 1

2k + 5
δ

(j)
k+3 +

k + 4

2k + 5
δ

(j)
k+1,

for all k ≥ 0 and j ≥ 0. Since we also know that δ
(j)
0 = δ

(j)
1 = 0, for j ≥ 0, we can

explicitly find the values of all the δ
(j)
k from the recursion above. A computation

leads to

3

2ω5

(
k + 4

4

)
Λk(φ7)

=
245760(k + 1)(k + 2)(k + 3)(k + 4)(15− 5k − k2)(−3 + 5k + k2)

(2k − 5)(2k − 3)(2k − 1)(2k + 1)(2k + 3)(2k + 5)(2k + 7)(2k + 9)(2k + 11)(2k + 13)(2k + 15)
,

and once again one can conclude that Λ0(φ7),Λ1(φ7) > 0 and Λk(φ7) < 0 if k ≥ 2.

This completes the proof of Lemma 2.5.33. �





CHAPTER 3

Estimates for certain integrals of products of six Bessel
functions

3.1. Introduction

Let (S1, σ) denote the unit circle in the plane equipped with its arc length mea-
sure. The next chapter [21] discusses partial progress towards understanding the
optimal constant Copt in the endpoint Tomas–Stein adjoint restriction inequality
[92] on the circle:

(3.1.1) ‖f̂σ‖L6(R2) ≤ Copt ‖f‖L2(S1),

where the Fourier transform of the measure fσ is given by

(3.1.2) f̂σ(x) =

∫
S1
f(ω)e−ix·ωdσω, (x ∈ R2).

It is conjectured that equality is attained in (3.1.1) when f is a constant function.
For the constant function f = 1, the sixth power of the left-hand side of inequality
(3.1.1) turns into the integral

(3.1.3) (2π)7

∫ ∞
0

J6
0 (r)rdr,

where the Bessel function of order n, denoted Jn, is defined via the identity

(3.1.4) êin·σ(x) = 2π(−i)nJn(|x|)ein arg(x).

Part of the analysis in [21] consists of a Fourier expansion of f on the circle, and
one needs estimates with rather precise numerical error bounds for integrals of the
following two types:

(3.1.5) I0 = I0,m,n :=

∫ ∞
0

Jn+m(r)Jn(r)Jm(r)J3
0 (r)rdr

and

(3.1.6) I1 = I1,m,n :=

∫ ∞
0

Jn+m(r)Jn(r)Jm(r)J2
1 (r)J0(r)rdr.

The purpose of the present chapter is to establish these estimates, summarized in
Theorem 3.1.8 below.

Since the Fourier extension map in the plane, f 7→ f̂σ, maps square-integrable
densities into the space L6, the sharp extension inequality (3.1.1) can be expressed
as an estimate for a six-linear form. Expanding this form in Fourier basis, one
obtains an infinite six-tensor whose coefficients turn out to be linear combinations
of integrals of the type

(3.1.7)

∫ ∞
0

Jn1(r)Jn2(r)Jn3(r)Jn4(r)Jn5(r)Jn6(r)rdr.

59
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While in general one observes six arbitrary parameters ni with one linear relation
among them, the above integrals I0 and I1 contain only three parameters different
from 0 or 1, again constrained by one linear relation. That these integrals suffice
for the purposes of the companion paper [21] is due to the fact that the analysis
there factors the six-linear estimate into two estimates, a bilinear and a trilinear
estimate, and then proceeds to find the sharp inequality for the trilinear problem
only. This uses Theorem 3.1.8 in a crucial way, see [21, §3]. The sharp inequality for
the bilinear problem, and therefore also the sharp six-linear problem, remain open.

The advantage of the tensor formulation of the problem is that it allows for a
purely computational approach to discuss a large but finite subtensor, while for the
tensor coefficients outside this finite region one obtains a good asymptotic under-
standing of the relevant phenomena, and can proceed with an analytic proof. This
is precisely what is done in the present chapter, where a large finite set of cases of
Theorem 3.1.8 is proven by raw computation, while in the asymptotic region the
estimate is accomplished via an analytic proof. Nevertheless, for the purposes of
the companion paper it is useful to combine the estimates in the rather uniform
formulation of Theorem 3.1.8. We anticipate that the same scheme of combining
computational and analytic approaches may prove useful to tackle the general six-
linear problem. This however would require a generalization of the present chapter
to treat all integrals of the form (3.1.7). The methods of the present chapter are in
themselves not sufficient to accomplish that goal. We consider it of great value to
extend our methods, or to apply any of the many tools from special function theory,
in such a way that the more general Bessel integrals (3.1.7) can be appropriately
understood.

The approach to the sharp Fourier restriction inequality in the companion paper
[21] is modelled after the work of Foschi [36] in three dimensions, where an expansion
into spherical harmonics is also used at the corresponding place in the argument.
The situation in [36] is easier since one controls the relevant coefficient integrals in
a purely algebraic manner using Legendre polynomials. Similar related work, where
Gegenbauer polynomials are used, appears in [22] and [25].

We finally remark that the complicated expressions for the low order terms in
Theorem 3.1.8 should not be taken too seriously; they conveniently come out of the
proof of precise numerical bounds for the error terms. Certainly the main purpose
of the theorem is to isolate the first terms in an expansion into negative powers of
n and to obtain good numerical control of order n−4, with a small constant in front
of n−4. Our exact choice of this constant is a fine compromise between the amount
of work needed in this chapter and the amount of work needed in the companion
paper [21].

Theorem 3.1.8. Let n ≥ 2 be some integer. Then each of the following quantities
is less than 0.002n−4:

(i) For n ≥ 7: ∣∣∣∣I0,0,n −
3

4π2

1

n
+

3

32π2

1

(n− 1)n(n+ 1)

∣∣∣∣ ,
and for n ≥ 3:∣∣∣∣I1,0,n −

1

4π2

1

n
− 3

32π2

1

(n− 1)n(n+ 1)

∣∣∣∣ .
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(ii) For any n ≥ 2 : ∣∣∣∣I0,2,n −
15

64π2

1

n(n+ 1)(n+ 2)

∣∣∣∣ ,∣∣∣∣I1,2,n −
9

64π2

1

n(n+ 1)(n+ 2)

∣∣∣∣ .
Moreover, each of the following quantities is less than 0.0015n−4:

(iii) For n ≥ 4:∣∣∣∣I0,4,n −
1557

1024π2

1

n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ ,∣∣∣∣I1,4,n −
855

1024π2

1

n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ .
(iv) For even m ≥ 6 and n ≥ m: |I0,m,n| and |I1,m,n|.

Thus Theorem 3.1.8 controls integrals of the two types I0 and I1 for n ≥ 2 and
even 0 ≤ m ≤ n, with the exception of the five cases m = 0 and n = 2, 3, 4, 5, 6 for
I0, and the two cases m = 0 and n = 2, 3 for I1. It follows from Table 1 below that,
in these exceptional cases, the quantities are still less than 0.01n−4, which provides
information about I0 and I1 with at least two percent relative accuracy.

It follows from the methods of this chapter, or alternatively from general princi-
ples, that such a result holds with bounds cn−4 for any positive number c in place of
0.002 or 0.0015, and with some finite set of exceptions. The point of Theorem 3.1.8
is to narrow down these exceptions precisely for the specific numbers c = 0.002 (for
m = 0, 2) and c = 0.0015 (for m ≥ 4). Slightly better numerical estimates are listed
in §3.7 and §3.8 for the various cases, but for simplicity we do not reproduce all of
them here.

Our methods apply to obtain a more general set of estimates than the ones listed
in Theorem 3.1.8, but we focus on the stated estimates which are needed in [21].
There exists a very satisfactory theory of similar integrals of products of two Bessel
functions, see for example Lemmata 3.2.11 and 3.2.13 below, and a still explicit
but substantially more complicated theory for integrals of products of four Bessel
functions. While integrals of sixfold products of Bessel functions still fall into the
class of functions for which explicit symbols have been introduced in the theory of
hypergeometric functions and their generalizations, we do not know how to obtain
our rather accurate numerical bounds in a much easier way than by the elementary
but somewhat laborious approach presented in this chapter.

Our approach is to expand four of the six Bessel function factors, namely those
four with the lowest orders, into their asymptotic expansions. This will reduce the
integrals in question to core integrals of the type

(3.1.9)

∫ ∞
0

Jn(r)Jn+m(r) sin(`r)r−kdr,

∫ ∞
0

Jn(r)Jn+m(r) cos(`r)r−kdr

for ` = 0,±2,±4. For these integrals, one has good information as in Lemmata
3.2.10, 3.2.13, 3.2.15. In more detail, this chapter is organized as follows. In §3.2,
we review the theory of Bessel functions inasmuch as it is useful for our purposes.
In particular, we establish the aforementioned lemmata, together with asymptotic
expansions with precise control on the error terms. In §3.3, we prove some useful es-
timates for binomial coefficients, the Gamma function, and the coefficients that arise
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in the various asymptotic expansions. The analytic part of the proof of Theorem
3.1.8 begins in §3.4, where we asymptotically expand the functions J0 and J1. §3.5
accomplishes the same for the function of next lowest order, namely Jm. Finally,
§3.6 is devoted to the analysis of the core integrals. The estimates from §3.4−3.6 are
then assembled together in §3.7. The approach works for n ≥ 20, and so for n < 20
we numerically estimate the integrals; this is the content of the final §3.8.

We close this discussion with a brief illustration of the difficulty involved. Figure
1 depicts the plot of the integrand of I1,6,9 between r = 0 and r = 100. One observes
an initial region until about r = n = 9 where the function is very small. Then one
sees a region with fairly erratic behaviour until about r = n2 = 81. Past r = 81,
one sees a more repetitive behaviour where one has good asymptotic control. The
asymptotic region yields a positive contribution to the desired integral, which is in
general of the order n−2. The erratic region yields a negative contribution which
nearly cancels the positive part from the asymptotic region. In question is a very
good numerical control of the order n−4 of the small difference. The main tools to
capture this cancellation are the algebraic identities from Lemma 3.2.10 and an exact
orthogonality formula due to Kapteyn [53] which can be found in Lemma 3.2.11.

Figure 1. Plot of the function J15(r)J9(r)J6(r)J2
1 (r)J0(r)r for 0 ≤

r ≤ 100.

3.2. Background on Bessel functions

We rewrite the definition (3.1.4) of the Bessel function in the form of a Bessel
integral which is the starting point in [84, p. 338]. For n ∈ Z and z ≥ 0, we
claim that

(3.2.1) Jn(z) =
1

2π

∫ π

−π
eiz sin θe−inθdθ.

More precisely, replacing θ = ω+ π
2 in (3.2.1) and using even symmetry of the cosine

we obtain for the right-hand side of (3.2.1):
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(3.2.2)
(−i)n

2π

∫ π

−π
eiz cosωe−inωdω =

(−i)n

π

∫ π

0
eiz cosω cos(nω)dω,

from which the equivalence of (3.2.1) and (3.1.4) is evident.
The Bessel function, defined via (3.2.1) for general z ∈ C, is an entire function.

From (3.2.1) we obtain the estimate

(3.2.3) |Jn(z)| ≤ e|=(z)|.

Differentiation under the integral sign in (3.2.1) and integration by parts yield the
following recurrence relations in the sense of meromorphic functions:

Jn−1(z)− Jn+1(z) = 2J ′n(z),(3.2.4)

Jn−1(z) + Jn+1(z) =
2n

z
Jn(z).(3.2.5)

A different representation of the Bessel function is the Poisson integral, which
contains a power of a trigonometric function rather than a power of an exponential
function:

(3.2.6) Jn(z) =
( z2)n

Γ(n+ 1
2)Γ(1

2)

∫ π

0
cos(z cos(θ)) sin2n(θ) dθ .

Here we use the Gamma function

Γ(s) :=

∫ ∞
0

e−tts−1dt ,

which satisfies the functional equation sΓ(s) = Γ(s + 1) and thus meromorphically
extends the factorial, that is Γ(n+ 1) = n! for natural numbers n. We mainly need
the Gamma function for half-integer values, which can be expressed as

(3.2.7) Γ
(1

2
+ n

)
=

(2n)!

4nn!

√
π and Γ

(1

2
− n

)
=

(−4)nn!

(2n)!

√
π.

This can be recursively verified from Γ(1
2) =

√
π, which in turn can be read from

the well-known property

(3.2.8) sin(πx)Γ(x)Γ(1− x) = π.

The latter can be seen by verifying periodicity of the left-hand side together with
growth estimates which force the left-hand side to be constant.

To see equivalence of the Poisson integral representation (3.2.6) with (3.2.1), one
verifies the case n = 0 by substitution and then verifies by partial integration that the
Poisson integral also satisfies the recursion relations (3.2.4) and (3.2.5). Combining
these two second order recurrence relations into a first order relation between Jn
and Jn+1, equivalence of the two integral representations follows recursively by a
uniqueness result for ordinary differential equations, where we use that both integral
representations vanish for z = 0 and n > 0.

From the Poisson integral representation one sees the following estimate from
[93, §3.31(1), p. 49], useful for small z:

(3.2.9) |Jn(z)| ≤ |z|
ne|=z|

2nn!
,
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where we have used

1

n!
=

1

Γ(n+ 1
2)Γ(1

2)

∫ π

0
sin2n(θ) dθ ,

which one proves by induction on n using integration by parts.
We turn to the core integrals (3.1.9). The case ` = ±2 will be the most pleasant

to deal with via the following lemma:

Lemma 3.2.10. Let 0 ≤ n,m have the same parity, and 1 ≤ k ≤ n+m. Then if
k is even ∫ ∞

0
Jn(r)Jm(r)r−k cos(2r) dr = 0 ,

and if k is odd ∫ ∞
0

Jn(r)Jm(r)r−k sin(2r) dr = 0 .

Proof. By the parity assumption, we may extend the integrals to the full real
line. It then suffices to show that the Fourier transform∫ ∞

−∞
Jn(r)Jm(r)r−ke−iξr dr

vanishes at ξ = 2. Substituting ξ = cosω on the right-hand side of (3.2.2) yields

Jn(z) =
(−i)n

π

∫ 1

−1
eizξ

cos(n arccos ξ)√
1− ξ2

dξ .

Hence we see that Jn is the Fourier transform of the function

Bn(ξ) =
(−i)n

π
Tn(ξ)(1− ξ2)−

1
21[−1,1](ξ) ,

where Tn denotes the Chebyshev polynomial Tn(ξ) := cos(n arccos ξ).
We first consider the case k ≤ n in the lemma. Then the Fourier transform

B
(−k)
n of Jn(r)r−k is still supported on [−1, 1] since Bn has vanishing moments of

orders 0, 1, . . . , k − 1. This can be deduced from (3.2.6). Seen as the convolution

of an Lp
′

function with an Lp function for any p < 2, the function B
(−k)
n ∗ Bm is

continuous. Since it is also supported on the interval [−2, 2], it must vanish at ξ = 2.
This proves the lemma in case k ≤ n. If n < k ≤ n+m, we distribute some powers
of r over Jm and argue similarly. �

The understanding of the dominant case ` = 0 of the core integrals (3.1.9) begins
with Kapteyn’s identity, proved in a delightful two page paper [53].

Lemma 3.2.11 ([53]). If n,m ≥ 0 and n+m 6= 0, then

(3.2.12)

∫ ∞
0

Jn(r)Jm(r)r−1dr =
2

π

sin
(
m−n

2 π
)

m2 − n2

with the following natural interpretation in case n = m:∫ ∞
0

Jn(r)2r−1dr =
1

2n
.
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Note in particular that (3.2.12) vanishes if m − n is a nonzero even integer.
Moreover, identities (3.2.7), (3.2.8), and some algebra yield

2

π

sin
(
m−n

2 π
)

m2 − n2
=

2−1Γ(m+n
2 )

Γ(m+n+2
2 )Γ(n−m+2

2 )Γ(m−n+2
2 )

.

From Kapteyn’s identity, one obtains the following more general result.

Lemma 3.2.13. If 0 ≤ n,m and 1 ≤ k ≤ n+m, then

(3.2.14)

∫ ∞
0

Jn(r)Jm(r)r−kdr =
2−kΓ(k)Γ(m+n+1−k

2 )

Γ(m+n+1+k
2 )Γ(n−m+k+1

2 )Γ(m−n+k+1
2 )

.

Proof. The identity is true for k = 1 by Lemma 3.2.11. Let k ≥ 1 be given
and assume that identity (3.2.14) is true for this particular k. To prove the identity
for k+ 1 we denote the integral in (3.2.14) by In,m,k. Then, by the second recursion
in (3.2.5) and using the induction hypothesis, we have that

In,m,k+1 =
1

2n
(In−1,m,k + In+1,m,k) =

=
2−(k+1)n−1Γ(k)Γ(m+n−k

2 )

Γ(m+n+k
2 )Γ(n−m+k

2 )Γ(m−n+k+2
2 )

+
2−(k+1)n−1Γ(k)Γ(m+n+2−k

2 )

Γ(m+n+2+k
2 )Γ(n−m+k+2

2 )Γ(m−n+k
2 )

.

This last sum can be rewritten as

2−(k+1)Γ(k + 1)Γ(m+n−k
2 )

Γ(m+n+2+k
2 )Γ(n−m+k+2

2 )Γ(m−n+k+2
2 )

·

· (m+ n+ k)(n−m+ k) + (m+ n− k)(m− n+ k)

4nk
.

The fraction in the last line is equal to 1, and this proves the inductive step. �

Note in particular that if k is odd and satisfies k < |n − m|, then (3.2.14)
vanishes since the function 1

Γ has zeros at s = 0,−1,−2, . . . Note also that three of
the Gamma factors, the one with argument k in the numerator and the two involving
the difference m−n in the denominator, typically form a binomial coefficient, which
can be roughly estimated by 2k. An alternative approach to Lemma 3.2.13 is the
integration theory of Weber and Schafheitlin as outlined in [93, §13.24, p. 398].

The case ` = ±4 of the core integrals (3.1.9) gives small error terms which we
estimate with the following lemma.

Lemma 3.2.15. Let 0 ≤ n,m and 1 ≤ k < n+m. Then:∣∣∣ ∫ ∞
0

Jn(r)Jm(r)r−ke4irdr
∣∣∣ ≤ 2k−1

4n+m

(n+m− k)!

n!m!
.

Proof. We estimate this integral by the descent method, changing the contour
of integration to the contour consisting of a line segment from 0 to iN for some large
N , then a line segment from iN to N , and then a ray from N to ∞ along the real
axis. Only the first integral provides a substantial contribution, since the next two
segments give contributions that tend to 0 as N tends to infinity.
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Along the first segment of the contour the integral can be estimated using (3.2.9)
by ∫ ∞

0
|Jn(ix)||Jm(ix)|x−ke−4xdx ≤ 1

n!m!

1

2n+m

∫ ∞
0

xn+m−ke−2xdx

=
2k−1

4n+m

(n+m− k)!

n!m!
.

The integral over the second part of the contour is estimated using (3.2.3) by

√
2

∫ N

0
|Jn(x+ i(N − x))||Jm(x+ i(N − x))||x+ i(N − x)|−ke−4(N−x)dx

≤
√

2

∫ N

0

(√2

N

)k
e−2(N−x)dx ≤ 2k+1N−k ,

which tends to 0 as N → ∞. The integral over the third piece of the contour is
estimated using the fact that the functions Jn and Jm are in L4 as Fourier transforms

of L
4
3 functions and thus the continuous function Jn(r)Jm(r)r−1 is in L1. It then

follows from the dominated convergence theorem that

lim
N→∞

∫ ∞
N
|Jn(r)Jn+m(r)|r−1dr = 0 .

Adding the contour integrals and letting N →∞ yields the desired bound. �

To arrive at the core integrals, we need asymptotic expansions of the Bessel
functions near infinity as in the following lemma.

Lemma 3.2.16. Let n ∈ N and <(z) > 0. Let ωn = z − nπ
2 −

π
4 . Let ` ∈ N be

such that ` ≥ max{n− 1
2 , 1}. If ` is even, then

(3.2.17) Jn(z) =
( 2

πz

) 1
2
[
(cosωn)

 `
2
−1∑
k=0

(−1)k
a2k(n)

z2k


− (sinωn)

 `
2
−1∑
k=0

(−1)k
a2k+1(n)

z2k+1

]+Rn,`(z).

If ` is odd, then

(3.2.18) Jn(z) =
( 2

πz

) 1
2
[
(cosωn)

 `−1
2∑

k=0

(−1)k
a2k(n)

z2k


− (sinωn)

 `−3
2∑

k=0

(−1)k
a2k+1(n)

z2k+1

]+Rn,`(z).

Here the coefficients aj(n) are defined by

(3.2.19) aj(n) =
Γ(n+ j + 1

2)

Γ(n− j + 1
2)j!2j

,
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and the remainder function Rn,` satisfies the bounds

|Rn,`(z)| ≤
( 2

π|z|

) 1
2 Γ(n+ `+ 1

2)

|Γ(n− `+ 1
2)|`!

(
|z|
<(z)

)`−n+ 1
2

cosh(=(z))

(
1

2|z|

)`
.

Proof. We expand on the proof outlined in Watson [93, §7.3, p. 205]. The
change of variables t = cos θ turns the Poisson integral (3.2.6) into

Jn(z) =
( z2)n

Γ(n+ 1
2)Γ(1

2)

∫ 1

−1
cos(zt)(1− t2)n−

1
2 dt .

We split

Jn(z) =
1

2
(J+
n (z) + J−n (z)),

with

J+
n (z) =

( z2)n

Γ(n+ 1
2)Γ(1

2)

∫ 1

−1
eizt(1− t2)n−

1
2 dt

and J−n (z) = J+
n (z). Now we change the contour in the integral for J+

n towards a
Π-shaped contour consisting of the line segment from −1 to −1 + iN , followed by
the line segment from −1 + iN to 1 + iN , and then the line segment from 1 + iN to
1. On that contour as well as on its convex hull, we have <(1− t2) ≥ 0 with equality
only at the end points of the contour. Hence we may choose the continuous branch
of the square root function on the slit plane C \ (−∞, 0) which takes positive values
on the positive real axis. For simplicity of notation, let us introduce the half-integer
ν := n− 1

2 . The integral over the first segment of the contour becomes

( z2)ν+ 1
2

Γ(ν + 1)Γ(1
2)

∫ N

0
e−ize−zs(2is+ s2)νi ds =

=
e−iz

(2πz)
1
2 Γ(ν + 1)

∫ zN

0
e−uuν(i+

u

2z
)νidu

=
ei(−z+(ν+1)π

2
)

(2πz)
1
2 Γ(ν + 1)

∫ zN

0
e−uuν(1− iu

2z
)ν du ,

where in the first identity we replaced zs by u and rotated the contour towards the
line segments from 0 to zN , and used Γ(1

2) =
√
π. In the second identity, we first

pulled an integer power of i out of the integral and and then pulled half a power of i
out of the integral without leaving the domain of definition of the chosen branch of
the square root function. If <(z) > 0, then this last integral has a limit as N →∞.
Similarly, the integral over the third line segment becomes

−
( z2)ν+ 1

2

Γ(ν + 1)Γ(1
2)

∫ N

0
eize−zs(−2is+ s2)νi ds =

=
ei(z−(ν+1)π

2
)

(2πz)
1
2 Γ(ν + 1)

∫ zN

0
e−uuν(1 +

iu

2z
)ν du .

If <(z) > 0, then the limit again exists. Moreover, the integral over the second line
segment tends to 0 as N →∞. We therefore obtain

J+
n (z) =

(2πz)−
1
2

Γ(ν + 1)

∫ ∞
0

e−uuν
[
e−iωn(1− iu

2z
)ν + eiωn(1 +

iu

2z
)ν
]

du ,
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where ωn = z − nπ
2 −

π
4 = z − (ν + 1)π2 , and the contour has been changed to one

along the real axis.
The function (1 + αu)ν is infinitely differentiable in u ∈ [0,∞) for any α ∈

C \ (−∞, 0]. Taylor’s expansion gives, for any ` ≥ 1,

(1 + αu)ν =

`−1∑
k=0

Γ(ν + 1)

Γ(ν + 1− k)

(αu)k

k!
+ r

u`

`!
,

where r is the `-th derivative of the function u 7→ (1+αu)ν at some point u0 ∈ [0, u].
If ` > ν, then this derivative is proportional to a negative power of the function and
thus attains its maximum at the point where the value of the function comes closest
to the origin. This point equals u = −<(α)/|α|2 and the value of the `-th derivative
there equals

Γ(ν + 1)

Γ(ν + 1− `)
α`
(

1− <(α)

α

)ν−`
.

Hence we can write for the remainder term

r
u`

`!
= θ(u)

Γ(ν + 1)

Γ(ν + 1− `)

∣∣∣∣1− <(α)

α

∣∣∣∣ν−` (αu)`

`!

for some |θ(u)| ≤ 1 that also depends on α. Note that

|1− <(α)

α
| = |α−<(α)|

|α|
=
|=(α)|
|α|

,

and the latter equals <(z)/|z| if α = ±i/(2z) = ±iz/(2|z|2). For <(z) > 0, we have
that 1 ± iu

2z is not real, hence we may insert the Taylor expansion into the integral
for J+

n , and obtain for J+
n (z) the expression

1√
2πz

`−1∑
k=0

1

Γ(ν + 1− k)k!

∫ ∞
0

e−uuν+k

[
e−iωn

(
−i
2z

)k
+ eiωn

(
i

2z

)k]
du+R(z)

=
1√
2πz

`−1∑
k=0

Γ(ν + k + 1)

Γ(ν + 1− k)k!

[
e−iωn

(
−i
2z

)k
+ eiωn

(
i

2z

)k]
+R(z) ,

where the remainder term R = Rn,` satisfies

|Rn,`(z)| ≤
( 2

π|z|

) 1
2 Γ(ν + `+ 1)

|Γ(ν + 1− `)|`!

(
|z|
<(z)

)`−ν
cosh(=(z))

(
1

2|z|

)`
.

We split the summation into even integers and odd integers to obtain

J+
n (z) =

( 2

πz

) 1
2
∑

0≤k<`:
k even

(−1)
k
2

Γ(ν + k + 1)

Γ(ν + 1− k)k!2k
cos(ωn)

(
1

z

)k

−
( 2

πz

) 1
2
∑

0≤k<`:
k odd

(−1)
k−1
2

Γ(ν + k + 1)

Γ(ν + 1− k)k!2k
sin(ωn)

(
1

z

)k
+Rn,`(z).

This completes the proof of the lemma. �

We specify our findings into explicit first order asymptotics valid for sufficiently
large z near the positive real axis. We have with the notation from the above proof:
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Corollary 3.2.20. Let z ∈ C be such that =(z) < <(z). Then∣∣∣∣∣J±0 (z)−
(

2

πz

) 1
2

cos(ω0)

∣∣∣∣∣ ≤ 1

8|z|

(
2

π|z|

) 1
2

cosh(=(z))

(
|z|
|<(z)|

) 3
2

,

∣∣∣∣∣J±1 (z)−
(

2

πz

) 1
2

cos(ω1)

∣∣∣∣∣ ≤ 3

8|z|

(
2

π|z|

) 1
2

cosh(=(z))

(
|z|
|<(z)|

) 1
2

,

and if n > 1 and <(z) > n2, then∣∣∣∣∣J±n (z)−
(

2

πz

) 1
2

cos(ωn)

∣∣∣∣∣ ≤
(

2

π|z|

) 1
2 n2

|z|
cosh(=(z))

(
|z|
|<(z)|

) 1
2

.

Proof. Following the previous argument, only the last inequality requires ex-
planation. We choose ` = n = ν + 1

2 , and apply the above expansion with the
observation that

Γ(ν + 1 + k)

Γ(ν + 1− k)
≤
(
ν +

1

2

)2k

for k ≤ ν. It follows that∣∣∣∣∣J±n (z)−
(

2

πz

) 1
2

cos(ωn)

∣∣∣∣∣ ≤
(

2

π|z|

) 1
2
`−1∑
k=1

n2k cosh(=(z))(2|z|)−k +R

≤
(

2

π|z|

) 1
2

cosh(=(z))
n2

|z|
(1− 21−`) +R ≤

(
2

π|z|

) 1
2

cosh(=(z))
n2

|z|

(
|z|
|<(z)|

) 1
2

,

where in the last line we estimated the remainder similarly to the terms in the
expansion. �

One proves explicit asymptotics with one extra term in a similar way:

Corollary 3.2.21. Let z ∈ C be such that <(z) > 1
4 and =(z) < <(z). Then∣∣∣∣∣J±0 (z)−

(
2

πz

) 1
2

cos(ω0) +
1

8z

(
2

πz

) 1
2

sin(ω0)

∣∣∣∣∣ ≤
≤ 9

128|z|2

(
2

π|z|

) 1
2

cosh(|=(z)|)
(
|z|
|<(z)|

) 5
2

,

∣∣∣∣∣J±1 (z)−
(

2

πz

) 1
2

cos(ω1) +
3

8z

(
2

πz

) 1
2

sin(ω1)

∣∣∣∣∣ ≤
≤ 15

128|z|2

(
2

π|z|

) 1
2

cosh(=(z))

(
|z|
|<(z)|

) 3
2

,

and if n > 1 and <(z) > n2, then∣∣∣∣∣J±n (z)−
(

2

πz

) 1
2

cos(ωn) +
4n2 − 1

8z

(
2

πz

) 1
2

sin(ωn)

∣∣∣∣∣ ≤
≤ 1

4

(
2

π|z|

) 1
2

cosh(=(z))
n4

|z|2

(
|z|
|<(z)|

) 1
2

.
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Finally, we need zero order upper bounds for the asymptotic expansion:

Corollary 3.2.22. For r > 0, we have that

(a)

|J0(r)| ≤ 9

8

(
2

πr

) 1
2

,

(b)

|J1(r)| ≤ 11

8

(
2

πr

) 1
2

.

Proof. This follows for r > 1 from Corollary 3.2.20, while for r ≤ 1 it follows
from the trivial bound |Jn| ≤ 1. �

Remark. Using more refined oscillatory techniques related to Sturm’s comparison
principle, the sharper bound

r
1
2 |J0(r)| ≤

(
2

π

) 1
2

is established in [62]. However, the bounds given by Corollary 3.2.22 suffice for our
purpose, and its proof is more in light with the elementary nature of the present
chapter.

3.3. Useful estimates involving the Gamma function

A version [78] of Stirling’s formula for the Gamma function states that, for x ≥ 0,

(3.3.1) Γ(x) =
√

2πxx−
1
2 e−xeµ(x),

where the function µ satisfies the double inequality

(3.3.2)
1

12x+ 1
< µ(x) <

1

12x
.

The starting point for all the convex estimates we need is the following well-known
result:

Lemma 3.3.3. For x > 0, the function x 7→ log(Γ(x)) is convex.

Proof. Let x, y > 0 and 0 < λ < 1. Set p = 1
λ and q = 1

1−λ . It suffices to show

(3.3.4) Γ
(x
p

+
y

q

)
≤ Γ(x)

1
pΓ(y)

1
q ,

for then the result follows by taking logarithms on both sides. To verify (3.3.4),
consider the auxiliary functions

f(t) := t
x−1
p e
− t
p and g(t) := t

y−1
q e
− t
q ,

which satisfy

f(t)g(t) = t
x
p

+ y
q
−1
e−t, f(t)p = tx−1e−t, and g(t)q = ty−1e−t.

The result is thus a consequence of Hölder’s inequality. �

Corollary 3.3.5. Let x ≥ 1
2 . Then:√

x− 1

2
≤

Γ
(
x+ 1

2

)
Γ(x)

≤
√
x.
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Proof. Use the identity x = Γ(x+1)
Γ(x) together with log convexity of Γ. �

Corollary 3.3.6. Let x ≥ y > 0 and w ≥ 0. Then:

Γ(x)

Γ(y)
≤ Γ(x+ w)

Γ(y + w)
.

Proof. For fixed w ≥ 0, we claim that the function

x 7→ Γ(x)

Γ(x+ w)

is decreasing in x. This happens if the inequality

Γ′(x)

Γ(x)
≤ Γ′(x+ w)

Γ(x+ w)

holds for every x > 0, which in turn is a consequence of the log convexity of Γ proved
in Lemma 3.3.3. �

The following lemma estimates binomial coefficients.

Lemma 3.3.7. Let x ≥ 1 and let 0 ≤ d < x be an integer. Then:

(3.3.8)
Γ(2x)

Γ(x− d)Γ(x+ d)
≤ e

1
24

2
√
π
x

1
2 22xe−

d2

x .

Proof. By Stirling’s formula (3.3.1), we have that

Γ(2x)

Γ(x)2
=

(2x)2x− 1
2

√
2πx2x−1

eµ(2x)−2µ(x) =
x

1
2 22x

2
√
π
eµ(2x)−2µ(x).

Since x ≥ 1, we also have that µ(2x) ≤ 1
24 , and therefore

eµ(2x)−2µ(x) ≤ eµ(2x) ≤ e
1
24 .

It follows that
Γ(2x)

Γ(x)2
≤ e

1
24

2
√
π
x

1
2 22x.

By induction, observe that

Γ(x)Γ(x+ 1)

Γ(x− d)Γ(x+ d+ 1)
=

d∏
j=1

x− j
x+ j

≤
d∏
j=1

e−
2j
x = e−

d2+d
x ,

whenever d is an integer satisfying 0 ≤ d < x. This is a consequence of the elemen-
tary inequality

1− y
1 + y

≤ e−2y,

which is valid in particular for y ∈ [0, 1]. Using x+d
d ≤ e

d
x we obtain that

Γ(x)Γ(x)

Γ(x− d)Γ(x+ d)
≤ e

d
x

d∏
j=1

x− j
x+ j

≤ e
d
x

d∏
j=1

e−
2j
x = e−

d2

x ,

again for integers d ∈ [0, x). Finally,

Γ(2x)

Γ(x− d)Γ(x+ d)
=

Γ(2x)

Γ(x)2

Γ(x)Γ(x)

Γ(x− d)Γ(x+ d)
≤ e

1
24

2
√
π
x

1
2 22xe−

d2

x .



72 3. BESSEL INTEGRALS

�

Remark. The inequality
Γ(x)Γ(x)

Γ(x− d)Γ(x+ d)
≤ e−

d2

x ,

is still valid for non-integer values of d ∈ [0, x), and therefore Lemma 3.3.7 holds in
this case as well.

We will also need estimates for the magnitude of the coefficients aj(m) defined in
(3.2.19) when j is close to m. More precisely, in §3.5 we will need good upper bounds
for the quantities |am+4(m)|. For small values of m, we compute them explicitly. For
large values of m, we estimate these quantities via the following lemma.

Lemma 3.3.9. For any natural number m ≥ 1, we have that

|am+4(m)| ≤ 105

16

√
2

π
(2m− 1)−

1
2 2mmme−m.

Proof. The goal is to bound the absolute value of

am+4(m) =
Γ(2m+ 9

2)

Γ(−7
2)Γ(m+ 5)2m+4

.

Making repeated use of the identity Γ(x+ 1) = xΓ(x), together with the convexity
estimate from Corollary 3.3.5 and Stirling’s formula (3.3.1), we have that

|am+4(m)| ≤ 25 Γ(2m− 1
2)

Γ(−7
2)Γ(m)2m+4

≤ 2(2m− 1)−
1
2

Γ(2m)

Γ(−7
2)Γ(m)2m

=
2(2m− 1)−

1
2

Γ(−7
2)2m

(2m)2m− 1
2

mm− 1
2

e−meµ(2m)−µ(m).

The bounds (3.3.2) for the function µ imply that µ(2m) ≤ µ(m), and so

eµ(2m)−µ(m) ≤ 1.

It follows that

(3.3.10) |am+4(m)| ≤ 2(2m− 1)−
1
2

Γ(−7
2)2m

22m− 1
2mme−m.

The value Γ(−7
2) = 16

√
π

105 can be computed via the second formula in (3.2.7), and
this completes the proof. �

3.4. Expanding J0 and J1

In the next four sections, we will be working under the standing assumption that
n ≥ n0 := 20. We start by asymptotically expanding the Bessel functions of order
0 and 1 and their relevant products. Due to need of accuracy, we must consider
asymptotic expansions of length six and keep track of all the terms. The following
notation will be convenient. Let us say that

a ∼ (a0) + (a1) + (a2) + (a3) + (a4) + (a5) with remainders r0, r1, r2, r3, r4, r5, r6,
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provided ∣∣∣a− k∑
i=1

ai−1

∣∣∣ ≤ rk, for every 0 ≤ k ≤ 6.

We also call r6 the last remainder. Suppose additionally that

b ∼ (b0) + (b1) + (b2) + (b3) + (b4) + (b5) with remainders s0, s1, s2, s3, s4, s5, s6.

Then we have the following product formula:

ab ∼
5∑

k=0

(
k∑
i=0

aibk−i)

with remainders

r0sk +
k∑
i=1

ri|bk−i|, for every 0 ≤ k ≤ 6.

Recall the coefficients a0(n) through a5(n) for n = 0,

1, −1

8
,

9

128
, − 75

1024
,

3675

32768
, − 59535

262144
,

2401245

4194304
, −57972915

33554432
,

and for n = 1,

1,
3

8
, − 15

128
,

105

1024
, − 4725

32768
,

72765

262144
, −2837835

4194304
,

66891825

33554432
.

To make the forthcoming notation less cumbersome, let us define, in view of
Lemma 3.2.16,

Jn(r) :=
(πr

2

) 1
2
Jn(r).

To avoid writing many fractions, we further define t := (16r)−1. We also set

c := cos(r − π

4
) and s := sin(r − π

4
).

From Lemma 3.2.16 and Corollary 3.2.22, we have that

J0(r) ∼ (c) + (2ts) + (−18t2c) + (−300t3s) + (7350t4c) + (238140t5s)

with remainders discussed there as
9

8
, 2t, 18t2, 300t3, 7350t4, 238140t5, 9604980t6.

In a similar way,

J1(r) ∼ (s) + (6tc) + (30t2s) + (−420t3c) + (−9450t4s) + (291060t5c)

with remainders
11

8
, 6t, 30t2, 420t3, 9450t4, 291060t5, 11351340t6.

Applying the product formula, we obtain successively

J2
0(r) ∼ (c2) + (4tcs) + (−36t2c2 + 4t2s2) + (−672t3cs)+

+ (15024t4c2 − 1200t4s2) + (516480t5cs)

with remainders
81

64
,

17

4
t,

169

4
t2,

1419

2
t3,

68571

4
t4,

1092495

2
t5,

43435485

2
t6,
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and

J3
0(r) ∼ J000(r) :=(c3) + (6tc2s) + (−54t2c3 + 12t2cs2) + (−1116t3c2s + 8t3s3)

(3.4.1)

+ (23022t4c3 − 3816t4cs2) + (836964t5c2s− 3600t5s3)

with remainders

729

512
,

217

32
t,

2353

32
t2,

20003

16
t3,

956787

32
t4,

15017799

16
t5,

588969477

16
t6.

In particular,

(3.4.2) |J3
0(r)− J000(r)| ≤ 588969477

16
(16r)−6.

On the other hand, we have

J2
1(r) ∼ (s2) + (12tcs) + (36t2c2 + 60t2s2) + (−480t3cs)+

+ (−5040t4c2 − 18000t4s2) + (443520t5cs)

with remainders

121

64
,

57

4
t,

429

4
t2,

2715

2
t3,

113535

4
t4,

1659735

2
t5,

62391105

2
t6,

and

(J2
1J0)(r) ∼ J110(r) :=(cs2) + (12tc2s + 2ts3) + (36t2c3 + 66t2cs2)

(3.4.3)

+ (−624t3c2s− 180t3s3) + (−5688t4c3 − 16290t4cs2)

+ (519480t5c2s + 184140t5s3)

with remainders

1089

512
,

577

32
t,

5433

32
t2,

38331

16
t3,

1638411

32
t4,

23971455

16
t5,

897834285

16
t6.

In particular,

(3.4.4) |(J2
1J0)(r)− J110(r)| ≤ 897834285

16
(16r)−6.

Inequalities (3.4.2) and (3.4.4) are at the core of the following result, the proof of
which does not require m to be even, nor m ≤ n.

Estimate A. For n ≥ n0 = 20 and m ≥ 0, we have

(3.4.5)
∣∣∣ ∫ ∞

0
Jn+mJnJm(J3

0 − J000)r−1dr
∣∣∣ ≤ 0.74n

− 1
2

0 (n+m)−6,

(3.4.6)
∣∣∣ ∫ ∞

0
Jn+mJnJm(J2

1J0 − J110)r−1dr
∣∣∣ ≤ 1.12n

− 1
2

0 (n+m)−6.
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Proof of Estimate A. Using the Cauchy–Schwarz inequality and Lemmata
3.2.11 and 3.2.13 to compute the integrals, we have that∫ ∞

0
|JnJn+mJm|r−7dr ≤

(π
2

) 1
2
(∫ ∞

0
J2
n

dr

r

) 1
2
(∫ ∞

0
J2
n+m

dr

r12

) 1
2

=
( 1

2n

) 1
2
(128

693

Γ(n+m− 11
2 )

Γ(n+m+ 13
2 )

) 1
2

≤ a
1
2
0

( 64

693n

) 1
2
(n+m)−6,

where

a0 := sup
`≥n0

Γ(`− 11
2 )

Γ(`+ 13
2 )
`12 =

Γ(29
2 )

Γ(53
2 )

2012 ≤ 1.21.

Thus, for n ≥ n0, the left-hand side of inequality (3.4.5) is bounded by

≤ 588969477

167
a

1
2
0

( 64

693n

) 1
2
(n+m)−6 ≤ αn−

1
2

0 (n+m)−6,

where

α =
588969477

167
a

1
2
0

( 64

693

) 1
2 ≤ 0.74.

In a similar way, for n ≥ n0, the left-hand side of inequality (3.4.6) is bounded by

≤ 897834285

167
a

1
2
0

( 64

693n

) 1
2
(n+m)−6 ≤ βn−

1
2

0 (n+m)−6,

where

β =
897834285

167
a

1
2
0

( 64

693

) 1
2 ≤ 1.12.

�

3.5. Expanding Jm

Start by noting that cosωm = (−1)
m
2 c and sinωm = (−1)

m
2 s since m is an even

integer. We have that

Jm(r)− ρm(r) =

(−1)
m
2

(
c

m
2

+1∑
k=0

(−1)k(16t)2ka2k(m)− s

m
2

+1∑
k=0

(−1)k(16t)2k+1a2k+1(m)
)
,(3.5.1)

where the error term ρm is implicitly defined by this identity. From Lemma 3.2.16
we know that

(3.5.2) |ρm(r)| ≤ |am+4(m)|
rm+4

for every r ≥ 0. The main integrals, which are the subject of the next section, arise
from replacing JmJ000 by

(3.5.3) Jm000 := (Jm − ρm)J000,

and JmJ110 by

(3.5.4) Jm110 := (Jm − ρm)J110.

Estimating the error term in this replacement is the main goal of the present section.
We formulate it as
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Estimate B. Let n ≥ n0 = 20 and m be even.
If m = 0, then

(3.5.5)
∣∣∣ ∫ ∞

0
J2
n(J0J000 − J0000)r−1dr

∣∣∣ ≤ 0.022n−1
0 n−4,

(3.5.6)
∣∣∣ ∫ ∞

0
J2
n(J0J110 − J0110)r−1dr

∣∣∣ ≤ 0.023n−1
0 n−4,

If m = 2, then

(3.5.7)
∣∣∣ ∫ ∞

0
Jn+2Jn(J2J000 − J2000)r−1dr

∣∣∣ ≤ 0.162n−1
0 n−6,

(3.5.8)
∣∣∣ ∫ ∞

0
Jn+2Jn(J2J110 − J2110)r−1dr

∣∣∣ ≤ 0.166n−1
0 n−6,

If m = 4, then∣∣∣ ∫ ∞
0

Jn+4Jn(J4J000 − J4000)r−1dr
∣∣∣ ≤ 2.823n−1

0 n−8,∣∣∣ ∫ ∞
0

Jn+4Jn(J4J110 − J4110)r−1dr
∣∣∣ ≤ 2.885n−1

0 n−8,

If 6 ≤ m ≤ n, then

(3.5.9)
∣∣∣ ∫ ∞

0
Jn+mJn(JmJ000 − Jm000)r−1dr

∣∣∣ ≤ 0.015n−1
0 n−4,

(3.5.10)
∣∣∣ ∫ ∞

0
Jn+mJn(JmJ110 − Jm110)r−1dr

∣∣∣ ≤ 0.015n−1
0 n−4.

Proof of Estimate B. We consider the case m = 0 first. The left-hand side
of (3.5.5) is bounded by

(3.5.11) |a4(0)|
∫ ∞

0
J2
n(r)(1 + 6t+ 66t2 + 1124t3 + 26838t4 + 840564t5)r−5dr,

whereas the left-hand side of (3.5.6) is bounded by

(3.5.12) |a4(0)|
∫ ∞

0
J2
n(r)(1 + 14t+ 102t2 + 804t3 + 21978t4 + 703620t5)r−5dr.

For ` ∈ {5, 6, . . . , 10}, Lemma 3.2.13 implies that∫ ∞
0

J2
n(r)r−`dr =

2−`Γ(`)

Γ( `+1
2 )2

Γ(n− `−1
2 )

Γ(n+ `+1
2 )

.

This can be estimated as follows:∫ ∞
0

J2
n(r)r−`dr ≤ c(0)

` n−`,

where

c
(0)
` :=

2−`Γ(`)

Γ( `+1
2 )2

Γ(20− `−1
2 )

Γ(20 + `+1
2 )

20`.

In particular, for ` ∈ {5, 6, . . . , 10}, one can easily check that

0.14 ≤ c(0)
` ≤ 0.19.
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It follows that the upper bounds for each of the last five summands on the right-
hand side of inequalities (3.5.11) and (3.5.12) can be estimated by a small fraction
of the upper bound for the first summand. Quantifying this, one obtains (3.5.5) and
(3.5.6), respectively.

We consider the case m = 2 next. Again for ` ∈ {5, 6, . . . , 10}, the integral to
consider is the following: ∫ ∞

0
|Jn(r)Jn+2(r)|r−2−`dr.

In view of the absolute value in the integrand, this cannot be computed directly
with Lemma 3.2.13. Instead, we use the Cauchy–Schwarz inequality to estimate∫ ∞

0
|JnJn+2|r−2−`dr ≤

(∫ ∞
0

J2
n

dr

r

) 1
2
(∫ ∞

0
J2
n+2

dr

r2`+3

) 1
2

=
( 1

2n

) 1
2
(2−(2`+3)Γ(2`+ 3)

Γ(`+ 2)2

Γ(n− `+ 1)

Γ(n+ `+ 4)

) 1
2
,

where the last identity is a consequence of Lemmata 3.2.11 and 3.2.13. Reasoning
as before, we derive the estimate∫ ∞

0
|JnJn+2|r−2−`dr ≤ c(2)

` n−2−`,

where

c
(2)
` :=

(2−(2`+3)Γ(2`+ 3)

2Γ(`+ 2)2

Γ(20− `+ 1)

Γ(20 + `+ 4)
202`+3

) 1
2
.

In particular, for every ` ∈ {5, 6, . . . , 10}, one checks that

0.11 ≤ c(2)
` ≤ 0.15.

As before, it follows that the last five summands on the right-hand sides of estimates∣∣∣ ∫ ∞
0

Jn+2Jn(J2J000 − J2000)r−1dr
∣∣∣ ≤

≤ |a6(2)|
(c(2)

5

n7
+

6

16

c
(2)
6

n8
+

66

162

c
(2)
7

n9
+

1124

163

c
(2)
8

n10
+

26838

164

c
(2)
9

n11
+

840564

165

c
(2)
10

n12

)
and∣∣∣ ∫ ∞

0
Jn+2Jn(J2J110 − J2110)r−1dr

∣∣∣ ≤
≤ |a6(2)|

(c(2)
5

n7
+

14

16

c
(2)
6

n8
+

102

162

c
(2)
7

n9
+

804

163

c
(2)
8

n10
+

21978

164

c
(2)
9

n11
+

703620

165

c
(2)
10

n12

)
can be bounded by a small fraction of the first summand. Quantifying this yields
(3.5.7) and (3.5.8).

The cases m = 4, 6, 8, 10 can be treated in a completely analogous way to what
was done for m = 2. We omit the details, but remark that for m = 6, 8, 10 this
method produces estimates which are stronger than (3.5.9) and (3.5.10). However,
the latter will be enough for our purposes.
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Finally, we deal with the case of even m ≥ 12. Again for ` ∈ {5, 6, . . . , 10}, the
integral to consider is bounded by∫ ∞

0
|JnJn+m|r−m−`dr ≤

≤
( 1

2n

) 1
2
(2−(2m+2`−1)Γ(2m+ 2`− 1)

Γ(m+ `)2

Γ(n− `+ 1)

Γ(n+ 2m+ `)

) 1
2
.

Identifying a binomial coefficient, we notice the trivial bound

2−(2m+2`−1)Γ(2m+ 2`− 1)

Γ(m+ `)2
≤ 1

2
.

It follows that ∫ ∞
0
|JnJn+m|r−m−`dr ≤

1

2
n−

1
2

( Γ(n− `+ 1)

Γ(n+ 2m+ `)

) 1
2
.

To handle the coefficients |am+4(m)|, we recall Lemma 3.3.9. For even m ≥ 12,
define

c
(m)
` :=

1

2

√
2

π
(2m− 1)−

1
2 2me−m

( 202`−1∏2`−2
k=0 (20− `+ 1 + k)

) 1
2
,

a decreasing function of m for fixed `. We finally arrive at∣∣∣ ∫ ∞
0

Jn+mJn(JmJ000 − Jm000)r−1dr
∣∣∣ ≤

≤ 105

16

(c(m)
5

n5
+

6

16

c
(m)
6

n6
+

66

162

c
(m)
7

n7
+

1124

163

c
(m)
8

n8
+

26828

164

c
(m)
9

n9
+

840564

165

c
(m)
10

n10

)
and∣∣∣ ∫ ∞

0
Jn+mJn(JmJ110 − Jm110)r−1dr

∣∣∣ ≤
≤ 105

16

(c(m)
5

n5
+

14

16

c
(m)
6

n6
+

102

162

c
(m)
7

n7
+

804

163

c
(m)
8

n8
+

21978

164

c
(m)
9

n9
+

703620

165

c
(m)
10

n10

)
.

If m ≥ 12, then both of these expressions are bounded by 0.015n−1
0 n−4, as claimed.

�

3.6. The core integrals

The main integrals that are left to analyze,

µ0 = µ0(m,n) :=

∫ ∞
0

Jn(r)Jn+m(r)Jm000(r)r−1dr;

µ1 = µ1(m,n) :=

∫ ∞
0

Jn(r)Jn+m(r)Jm110(r)r−1dr,
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decompose into the core integrals (3.1.9) by means of expanding Jm000 and Jm110

using the following elementary trigonometric facts:

8c4 = − cos(4r) + 4 sin(2r) + 3,

8c3s = − sin(4r)− 2 cos(2r),

8c2s2 = cos(4r) + 1,

8cs3 = sin(4r)− 2 cos(2r),

8s4 = − cos(4r)− 4 sin(2r) + 3.

These identities can be readily checked recalling the definitions c = cos(r − π
4 ) and

s = sin(r − π
4 ), and noting again that cosωm = (−1)

m
2 c and sinωm = (−1)

m
2 s.

A simple parity check verifies that the resulting core integrals with cos(2r) and
sin(2r) satisfy the parity assumption of Lemma 3.2.10 relative to the powers of r, and
so these terms yield zero contribution. It therefore suffices to consider the constant
terms and the terms involving cos(4r) and sin(4r). The strategy will be to split the
main integrals

µ0 = µ
(cos)
0 + µ

(sin)
0 ;

µ1 = µ
(cos)
1 + µ

(sin)
1 ,

according to cosine and sine contributions. More precisely, recall definitions (3.5.3)
and (3.5.4) for Jm000 and Jm110, respectively. The first factor in each of them,
namely Jm − ρm, is given by identity (3.5.1). The right-hand side of this identity
consists of two sums which come affected by a coefficient of c and s. These are at the
source of what we denote by cosine and sine contributions, respectively. Working
out the algebra, one is led to define

(3.6.1)

µ
(cos)
∗ :=

(−1)
m
2

8

m
2

+1∑
k=0

(−1)ka2k(m)

∫ ∞
0

Jn(r)Jn+m(r) ·
[
(α0 + α2t

2 + α4t
4)+

+ (β0 + β2t
2 + β4t

4) cos(4r) + (γ1t+ γ3t
3 + γ5t

5) sin(4r)
]
r−2k−1dr

for the sequence of coefficients given by

(3.6.2) (α0, α2, α4) =

{
(3,−150, 65250), if ∗ = 0,

(1, 174,−33354), if ∗ = 1;

(3.6.3) (β0, γ1, β2, γ3, β4, γ5) =

{
(−1,−6, 66, 1124,−26838,−840564), if ∗ = 0,

(1,−10, 30, 444,−10602,−335340), if ∗ = 1,

and

(3.6.4)

µ
(sin)
∗ := −(−1)

m
2

8

m
2

+1∑
k=0

(−1)ka2k+1(m)

∫ ∞
0

Jn(r)Jn+m(r) ·
[
(α1t+ α3t

3 + α5t
5)+

+ (β1t+ β3t
3 + β5t

5) cos(4r) + (γ0 + γ2t
2 + γ4t

4) sin(4r)
]
r−2k−2dr
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for the sequence of coefficients given by

(3.6.5) (α1, α3, α5) =

{
(6,−1092, 826164), if ∗ = 0,

(18,−1164, 1071900), if ∗ = 1;

(3.6.6) (γ0, β1, γ2, β3, γ4, β5) =

{
(−1, 6, 66,−1124,−26838, 840564), if ∗ = 0,

(1, 10, 30,−444,−10602, 335340), if ∗ = 1.

For ∗ ∈ {0, 1}, the goal is to obtain a set of estimates of the form

|µ(cos)
∗ (m,n)−M (cos)

∗ (m,n)| ≤ E(cos)
1,∗ (m,n) + E

(cos)
2,∗ (m,n);(3.6.7)

|µ(sin)
∗ (m,n)−M (sin)

∗ (m,n)| ≤ E(sin)
1,∗ (m,n) + E

(sin)
2,∗ (m,n),(3.6.8)

where M and E1 denote the main and error terms coming from the analysis of the
constant terms, and E2 denotes the error term coming from the analysis of the terms
of frequency 4r. We shall denote E1 and E2 by error terms of the first and second
kind, respectively.

3.6.1. Constant terms. Everything originating from the constant terms can
be explicitly computed, one just needs to be careful about bookkeeping. As indicated
before, we organize the terms into cosine and sine contributions.

3.6.1.1. Cosine contributions. We split the analysis in four cases: m = 0, m = 2,
m = 4 and m ≥ 6. In each of these four cases we will identify, as announced, a main
term M and an error term E1.

Let us start by handling the case m = 0. In this case, the contribution coming
from the non-oscillatory term α0 + α2t

2 + α4t
4 in (3.6.1) can by computed exactly

with the help of Lemmata 3.2.11 and 3.2.13, the result being a main term

M
(cos)
∗ (0, n) :=

1

8
α0

1

2n
+

1

8

(
a0(0)

α2

162
− a2(0)α0

) 1

4(n− 1)n(n+ 1)
,

and an error term of the first kind

E
(cos)
1,∗ (0, n) :=

1

8

(
a0(0)

α4

164
− a2(0)

α2

162

) 3Γ(n− 2)

16Γ(n+ 3)
+

1

8

(
− a2(0)

α4

164

) 5Γ(n− 3)

32Γ(n+ 4)
.

Recalling (3.6.2), the main term can be computed as follows:

(3.6.9) M
(cos)
∗ (0, n) =

{
3

16n −
51

2048(n−1)n(n+1) , if ∗ = 0,
1

16n + 39
2048(n−1)n(n+1) , if ∗ = 1.

To estimate the error term, we first compute it as

E
(cos)
1,∗ (0, n) =

{
101925Γ(n−2)
4194304Γ(n+3) −

1468125Γ(n−3)
1073741824Γ(n+4) , if ∗ = 0,

− 54729Γ(n−2)
4194304Γ(n+3) + 750465Γ(n−3)

1073741824Γ(n+4) , if ∗ = 1.

Using the triangle inequality together with the easily verified bounds

1

n5
≤ Γ(n− 2)

Γ(n+ 3)
≤ 1.02

n5
and

1

n7
≤ Γ(n− 3)

Γ(n+ 4)
≤ 1.04

n7
,

valid for n ≥ 20, one arrives at

(3.6.10) |E(cos)
1,∗ (0, n)| ≤

{
0.026n−1

0 n−4, if ∗ = 0,

0.015n−1
0 n−4, if ∗ = 1.
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We move on to the case m = 2. Orthogonality kicks in the form of Lemma 3.2.13
to ensure that we only have one main term, which the same lemma computes as

M
(cos)
∗ (2, n) :=

1

8

(
− a0(2)

α2

162
+ a2(2)α0

) 1

8n(n+ 1)(n+ 2)
.

In other words,

(3.6.11) M
(cos)
∗ (2, n) =

{
195

4096n(n+1)(n+2) , if ∗ = 0,
9

4096n(n+1)(n+2) , if ∗ = 1.

The error term of the first kind is now given by

E
(cos)
1,∗ (2, n) :=

1

8

(
− a0(2)

α4

164
+ a2(2)

α2

162
− a4(2)α0

) Γ(n− 1)

8Γ(n+ 4)

+
1

8

(
a2(2)

α4

164
− a4(2)

α2

162

) 15Γ(n− 2)

128Γ(n+ 5)
+

1

8

(
− a4(2)

α4

164

) 7Γ(n− 3)

64Γ(n+ 6)
.

Proceeding as in the case m = 0, we see that this term obeys the following estimate:

(3.6.12) |E(cos)
1,∗ (2, n)| ≤

{
0.039n−1

0 n−4, if ∗ = 0,

0.012n−1
0 n−4, if ∗ = 1.

In the case m = 4, we expand to one higher order. The reason for this will
become apparent at the end of §3.8. We thus have exactly one main term

M
(cos)
∗ (4, n) :=

1

8

(
a0(4)

α4

164
− a2(4)

α2

162
+ a4(4)α0

) 1

32n(n+ 1)(n+ 2)(n+ 3)(n+ 4)
,

and an error term of the first kind

E
(cos)
1,∗ (4, n) :=

1

8

(
− a2(4)

α4

164
+ a4(4)

α2

162
− a6(4)α0

) 3Γ(n− 1)

64Γ(n+ 6)

+
1

8

(
a4(4)

α4

164
− a6(4)

α2

162

) 7Γ(n− 2)

128Γ(n+ 7)
+

1

8

(
− a6(4)

α4

164

) 15Γ(n− 3)

256Γ(n+ 8)
.

As before, we compute the main term

(3.6.13) M
(cos)
∗ (4, n) =

{
322425

1048576n(n+1)(n+2)(n+3)(n+4) , if ∗ = 0,
7011

1048576n(n+1)(n+2)(n+3)(n+4) , if ∗ = 1,

and verify the following bounds for the error term:

(3.6.14) |E(cos)
1,∗ (4, n)| ≤

{
0.42n−1

0 n−6, if ∗ = 0,

0.11n−1
0 n−6, if ∗ = 1.
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If m ≥ 6, orthogonality ensures that there is no main term. The error term of
the first kind is given by

E
(cos)
1,∗ (m,n) :=

1

8

(
am−4(m)

α4

164
− am−2(m)

α2

162
+ am(m)α0

) Γ(n)

2m+1Γ(n+m+ 1)

+
1

8

(
− am−2(m)

α4

164
+ am(m)

α2

162
− am+2(m)α0

) (m+ 2)Γ(n− 1)

2m+3Γ(n+m+ 2)

+
1

8

(
am(m)

α4

164
− am+2(m)

α2

162

)(m+ 3)(m+ 4)Γ(n− 2)

2m+6Γ(n+m+ 3)

+
1

8

(
− am+2(m)

α4

164

)(m+ 4)(m+ 5)(m+ 6)Γ(n− 3)

3 · 2m+8Γ(n+m+ 4)
,

and this can be crudely bounded in the following way. If m ≥ 6, then

(3.6.15) |E(cos)
1,∗ (m,n)| ≤ |E(cos)

1,∗ (6, n)|

for the given range of admissible m and n. It is easy to see that inequality (3.6.15)
holds if m is large enough, essentially because each of the summands that constitute
the left-hand side of that inequality is of order at most n−(m+1). For the remaining
cases, one checks it directly. The upshot is a bound of the form

(3.6.16) |E(cos)
1,∗ (m,n)| ≤

{
6.34n−3

0 n−4, if ∗ = 0,

0.09n−3
0 n−4, if ∗ = 1,

valid for every even m ≥ 6.
3.6.1.2. Sine contributions. We proceed similarly, again splitting the analysis

into four cases.
If m = 0, then the contribution coming from α1t + α3t

3 + α5t
5 amounts to a

main term

M
(sin)
∗ (0, n) := −1

8
a1(0)

α1

16

1

4(n− 1)n(n+ 1)
,

and an error term of the first kind

−E(sin)
1,∗ (0, n) :=

1

8

(
a1(0)

α3

163
− a3(0)

α1

16

) 3Γ(n− 2)

16Γ(n+ 3)

+
1

8

(
a1(0)

α5

165
− a3(0)

α3

163

) 5Γ(n− 3)

32Γ(n+ 4)
+

1

8

(
a3(0)

α5

165

) 35Γ(n− 4)

256Γ(n+ 5)
.

Recalling (3.6.5), we compute the main term as

(3.6.17) M
(sin)
∗ (0, n) =

{
3

2048(n−1)n(n+1) , if ∗ = 0,
9

2048(n−1)n(n+1) , if ∗ = 1.

Arguing as in the last subsection, the error term can be seen to obey the following
bounds:

(3.6.18) |E(sin)
1,∗ (0, n)| ≤

{
0.0016n−1

0 n−4, if ∗ = 0,

0.0030n−1
0 n−4, if ∗ = 1.
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If m = 2, there is a main term
(3.6.19)

M
(sin)
∗ (2, n) :=

1

8

(
a1(2)

α1

16

) 1

8n(n+ 1)(n+ 2)
=

{
45

4096n(n+1)(n+2) , if ∗ = 0,
135

4096n(n+1)(n+2) , if ∗ = 1,

and an error term of the first kind

−E(sin)
1,∗ (2, n) :=

1

8

(
− a1(2)

α3

163
+ a3(2)

α1

16

) Γ(n− 1)

8Γ(n+ 4)

+
1

8

(
− a1(2)

α5

165
− a3(2)

α3

163
− a5(2)

α1

16

) 15Γ(n− 2)

128Γ(n+ 5)

+
1

8

(
a3(2)

α5

165
− a5(2)

α3

163

) 7Γ(n− 3)

64Γ(n+ 6)
+

1

8

(
− a5(2)

α5

165

) 105Γ(n− 4)

1024Γ(n+ 7)

which satisfies

(3.6.20) |E(sin)
1,∗ (2, n)| ≤

{
0.0062n−1

0 n−4, if ∗ = 0,

0.0031n−1
0 n−4, if ∗ = 1.

If m = 4, we again expand to one higher order. There is a main term

M
(sin)
∗ (4, n) := −1

8

(
a1(4)

α3

163
− a3(4)

α1

16

) 1

32n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

and an error term of the first kind

−E(sin)
1,∗ (4, n) :=

1

8

(
a1(4)

α5

165
− a3(4)

α3

163
+ a5(4)

α1

16

) 3Γ(n− 1)

64Γ(n+ 6)

+
1

8

(
− a3(4)

α5

165
+ a5(4)

α3

163
− a7(4)

α1

16

) 7Γ(n− 2)

128Γ(n+ 7)

+
1

8

(
a5(4)

α5

165
− a7(4)

α3

163

) 15Γ(n− 3)

256Γ(n+ 8)
+

1

8

(
− a7(4)

α5

165

) 495Γ(n− 4)

8192Γ(n+ 9)
.

The main term satisfies

(3.6.21) M
(sin)
∗ (4, n) :=

{
76167

1048576n(n+1)(n+2)(n+3)(n+4) , if ∗ = 0,
211869

1048576n(n+1)(n+2)(n+3)(n+4) , if ∗ = 1,

and the error term can be bounded as follows:

(3.6.22) |E(sin)
1,∗ (4, n)| ≤

{
0.086n−1

0 n−6, if ∗ = 0,

0.063n−1
0 n−6, if ∗ = 1.
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Finally, if m ≥ 6, there is no main term, and the error term of the first kind is
given by

−E(sin)
1,∗ (m,n) :=

1

8

(
− am−5(m)

α5

165
+ am−3(m)

α3

163
− am−1(m)

α1

16

) Γ(n)

2m+1Γ(n+m+ 1)

+
1

8

(
am−3(m)

α5

165
− am−1(m)

α3

163
+ am+1(m)

α1

16

) (m+ 2)Γ(n− 1)

2m+3Γ(n+m+ 2)

+
1

8

(
− am−1(m)

α5

165
+ am+1(m)

α3

163
− am+3(m)

α1

16

)(m+ 3)(m+ 4)Γ(n− 2)

2m+6Γ(n+m+ 3)

+
1

8

(
am+1(m)

α5

165
− am+3(m)

α3

163

)(m+ 4)(m+ 5)(m+ 6)Γ(n− 3)

3 · 2m+8Γ(n+m+ 4)

+
1

8

(
− am+3(m)

α5

165

)(m+ 5)(m+ 6)(m+ 7)(m+ 8)Γ(n− 4)

3 · 2m+12Γ(n+m+ 5)
.

Again the monotonicity formula

|E(sin)
1,∗ (m,n)| ≤ |E(sin)

1,∗ (6, n)|

holds for every even m ≥ 6, and this implies a bound of the form

(3.6.23) |E(sin)
1,∗ (m,n)| ≤

{
1.49n−3

0 n−4, if ∗ = 0,

4.08n−3
0 n−4, if ∗ = 1,

which is valid in that range of m.

3.6.2. Frequency 4r terms. To handle the terms of frequency 4r, we make
repeated use of the following result:

Proposition 3.6.24. Let n,m ∈ N be such that n ≥ n0 = 20 and m even with
0 ≤ m ≤ n. Let α ∈ {1, 3, 5} and β ∈ {2, 4, 6}. Then each of the following quantities
is less than n−10.35n:

(i)

m
2

+1∑
k=0

∣∣∣∣∫ ∞
0

Jn(r)Jn+m(r)r−2ka2k(m) cos(4r)r−α dr

∣∣∣∣ ,
(ii)

m
2

+1∑
k=0

∣∣∣∣∫ ∞
0

Jn(r)Jn+m(r)r−2ka2k(m) sin(4r)r−β dr

∣∣∣∣ ,
(iii)

m
2

+1∑
k=0

∣∣∣∣∫ ∞
0

Jn(r)Jn+m(r)r−2k−1a2k+1(m) cos(4r)r−β dr

∣∣∣∣ ,
(iv)

m
2

+1∑
k=0

∣∣∣∣∫ ∞
0

Jn(r)Jn+m(r)r−2k−1a2k+1(m) sin(4r)r−α dr

∣∣∣∣ .
Proof. All estimates can be proved in a very similar way. We focus on the

tightest case, that of (i) with α = 1, and briefly comment on the other cases at the
end of the proof. Using the definition of the coefficients aj(n) and Lemma 3.2.15,
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together with the convexity estimate from Corollary 3.3.6, we obtain

m
2

+1∑
k=0

|a2k(m)|
∣∣∣ ∫ ∞

0
Jn(r)Jn+m(r)r−2k cos(4r)r−1 dr

∣∣∣ ≤
≤

m
2

+1∑
k=0

Γ(m+ 2k + 1
2)

Γ(m− 2k + 1
2)22kΓ(2k + 1)

22k

42n+m

Γ(2n+m− 2k)

Γ(n+ 1)Γ(n+m+ 1)

≤

m
2

+1∑
k=0

Γ(m+ 2k + 1
2)

Γ(m− 2k + 1
2)Γ(4k + 1)

Γ(2n+m)

Γ(n+ 1)Γ(n+m+ 1)
4−2n−m.(3.6.25)

The second fraction in this expression resembles a binomial coefficient and does not
depend on k. It can be estimated in the following way: Using Lemma 3.3.7 with
x = n+ m

2 and d = m
2 , we see that

Γ(2n+m)

Γ(n+ 1)Γ(n+m+ 1)
=

1

n(n+m)

Γ(2n+m)

Γ(n)Γ(n+m)

≤ 1

n(n+m)

e
1
24

2
√
π

(
n+

m

2

) 1
2 22n+me

− (m/2)2

n+m2

≤ e
1
24

2
√
π

1

n(n+m)
1
2

22n+m.(3.6.26)

To estimate the sum of the first fractions in (3.6.25), we proceed as follows. For
k = m

2 + 1, we simply have that

Γ(m+ 2k + 1
2)

Γ(m− 2k + 1
2)Γ(4k + 1)

=
Γ(2m+ 5

2)

Γ(−3
2)Γ(2m+ 5)

≤

≤ 1

Γ(−3
2)

Γ(2m+ 3)

Γ(2m+ 5)
=

3

4
√
π

1

(2m+ 4)(2m+ 3)
.

On the other hand, as long as1 0 ≤ k ≤ m
2 , we can use Corollary 3.3.6 followed by

Lemma 3.3.7 with x = m
2 + k + 1 and d = |3k − m

2 | to conclude that:

m
2∑

k=0

Γ(m+ 2k + 1
2)

Γ(m− 2k + 1
2)Γ(4k + 1)

≤

m
2∑

k=0

Γ(m+ 2k + 1)

Γ(m− 2k + 1)Γ(4k + 1)

=

m
2∑

k=0

Γ(m+ 2k + 2)

Γ(m− 2k + 1)Γ(4k + 1)

1

m+ 2k + 1

≤ 2e
1
24

√
π

2m

m
2∑

k=0

(m2 + k + 1)
1
2

m+ 2k + 1
4ke
− (3k−m2 )2

m
2 +k+1 .

1This does not work for k = m
2

+ 1 because the assumptions of Corollary 3.3.6 are not met and

the conclusion fails.
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For 0 ≤ k ≤ m
2 , it is easy to check that the quantity

(m
2

+k+1)
1
2

m+2k+1 is decreasing in k.
Moreover, for k = 0, we have that

(m2 + 1)
1
2

m+ 1
≤ (m+ 1)−

1
2 .

Using this, we are left to estimate the Gaussian sum

Υm :=

m
2∑

k=0

4ke
− (3k−m2 )2

m
2 +k+1 .

We start with the trivial estimate

Υm ≤

m
2∑

k=0

4ke−
(3k−m2 )2

m+1 .

Changing variables of summation 3` = 3k − m
2 , we see that

Υm ≤ 2
m
3

∑
`∈L

4`e−
(3`)2

m+1 ,

where L is the new summation set, given by

L :=
{
− m

6
,−m

6
+ 1, . . . ,

m

3

}
⊂ 1

3
Z.

We estimate this sum by the product of the largest term and the number of terms
#L = m

2 + 1. To detect the largest term, define the function

ϕm(x) := 4xe−
(3x)2

m+1 .

The unique solution x0 ∈ [−m
6 ,

m
3 ] to the stationary condition ϕ′m(x0) = 0 is given by

x0 =
log 2

9
(m+ 1),

for which we have

ϕm(x0) = Am+1,

where

A := 4
log 2
9 e−( log 2

3
)2 ≤ 1.06.

Since ϕm(`) ≤ ϕm(x0) for every ` ∈ L, we thus have that

Υm ≤
(m

2
+ 1
)

2
m
3 Am+1.

It follows that
m
2

+1∑
k=0

Γ(m+ 2k + 1
2)

Γ(m− 2k + 1
2)Γ(4k + 1)

≤(3.6.27)

≤ 2e
1
24

√
π

(m+ 1)−
1
2 2m

(m
2

+ 1
)

2
m
3 Am+1 +

3

4
√
π

1

(2m+ 4)(2m+ 3)

≤ 103

100

2e
1
24

√
π

(m+ 1)−
1
2 2m

(m
2

+ 1
)

2
m
3 Am+1,
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where the last inequality holds since the second summand on the second line amounts
to at most 3

100 of the first summand. Finally, estimates (3.6.26) and (3.6.27) together
imply that

m
2

+1∑
k=0

|a2k(m)|
∣∣∣ ∫ ∞

0
Jn(r)Jn+m(r)r−2k cos(4r)r−1 dr

∣∣∣ ≤
≤
( m

2
+1∑

k=0

Γ(m+ 2k + 1
2)

Γ(m− 2k + 1
2)Γ(4k + 1)

)( Γ(2n+m)

Γ(n+ 1)Γ(n+m+ 1)

)
4−2n−m

≤
(103

100

2e
1
24

√
π

(m+ 1)−
1
2 2m

(m
2

+ 1
)

2
m
3 Am+1

)( e 1
24

2
√
π

22n+m

n(n+m)
1
2

)
4−2n−m

≤ n−12
m
3 Am2−2n.

Since m ≤ n, we finally get the desired estimate:

≤ n−12
n
3An2−2n = n−1

(2
1
3A

4

)n
≤ n−10.35n.

This completes the estimate of sum (i) with α = 1. For the other cases, letting
k ∈ {0, 1, . . . , m2 + 1} and 1 ≤ j ≤ 7, one just checks that the bounds given by
Lemma 3.2.15, namely∣∣∣∣∫ ∞

0
Jn(r)Jn+m(r)r−2k−je4ir dr

∣∣∣∣ ≤ 22k+j−1

42n+m

(2n+m− 2k − j)!
n!(n+m)!

,

are decreasing in j as long as the conditions of the statement are met. �

Remark. We will need the following observation for the purpose of our applications.
For n ≥ 20, we have that 0.35

n
2 ≤ n−3, and so the bound given by Proposition 3.6.24

can be further estimated as follows:

n−10.35n = n−10.35
n
2 0.35

n
2 ≤ 0.35

n0
2 n−4 ≤ 0.6n0n−4,

provided n ≥ n0 = 20. Alternatively, still for n ≥ 20, we have that 0.35τn ≤ n−5 if
τ > 0.72. Using this bound instead, we see that

n−10.35n = n−10.35τn0.35(1−τ)n ≤ 0.35(1−τ)n0n−6 ≤ 0.75n0n−6.

All in all, we have the following upper bound for the quantities considered in Propo-
sition 3.6.24: (

min{0.6n0 , 0.75n0n−2}
)
n−4.

This distinction will play a role to ensure good bounds for the m = 4 terms which
were expanded to one higher order in the last subsection.

We are finally ready to estimate the contribution coming from the oscillatory
terms (β0 + β2t

2 + β4t
4) cos(4r) and (γ1t+ γ3t

3 + γ5t
5) sin(4r) in expression (3.6.1),

and similarly in (3.6.4). Appealing to Proposition 3.6.24 and the remark following
it, we see that we can take the following for errors of the second kind:

E
(cos)
2,∗ (m,n) :=

1

8

(
|β0|+

|γ1|
16

+
|β2|
162

+
|γ3|
163

+
|β4|
164

+
|γ5|
165

)
θn0n−t;

E
(sin)
2,∗ (m,n) :=

1

8

(
|γ0|+

|β1|
16

+
|γ2|
162

+
|β3|
163

+
|γ4|
164

+
|β5|
165

)
θn0n−t,
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where (θ, t) = (0.75, 6) if m = 4 and (θ, t) = (0.6, 4) if m 6= 4. Plugging the values
of β, γ from (3.6.3) and (3.6.6), we obtain the estimates

(3.6.28) |E(cos)
2,∗ (4, n)|, |E(sin)

2,∗ (4, n)| ≤

{
0.39 · 0.75n0n−6, if ∗ = 0,

0.30 · 0.75n0n−6, if ∗ = 1,

and, if m 6= 4,

(3.6.29) |E(cos)
2,∗ (m,n)|, |E(sin)

2,∗ (m,n)| ≤

{
0.39 · 0.6n0n−4, if ∗ = 0,

0.30 · 0.6n0n−4, if ∗ = 1.

3.7. Putting it all together

In the last section we analyzed the core integrals, which were decomposed into
main terms and error terms. We derived several estimates which are recalled below
in each case. These are used together with Estimates A and B to yield appropriate
bounds, which are then evaluated at n0 = 20:

(i) If m = 0, then we use the knowledge about the main terms coming from
(3.6.9) and (3.6.17), the estimates for the error terms of the first kind
contained in (3.6.10) and (3.6.18), and the bounds for the error terms of
the second kind from (3.6.29), to conclude that∣∣∣∣∫ ∞

0
(J2
nJ

4
0)(r)r−1dr − 3

16

1

n
+

3

128

1

(n− 1)n(n+ 1)

∣∣∣∣ ≤
≤
(

(0.022 + 0.026 + 0.0016)n−1
0 + 0.74n

− 5
2

0 + 0.78 · 0.6n0

)
n−4 ≤ 0.0030n−4,

and that∣∣∣∣∫ ∞
0

(J2
nJ

2
1J

2
0)(r)r−1dr − 1

16

1

n
− 3

128

1

(n− 1)n(n+ 1)

∣∣∣∣ ≤
≤
(

(0.023 + 0.015 + 0.0030)n−1
0 + 1.12n

− 5
2

0 + 0.60 · 0.6n0

)
n−4 ≤ 0.0028n−4.

(ii) If m = 2, then we use the knowledge about the main terms coming from
(3.6.11) and (3.6.19), the estimates for the error terms of the first kind
contained in (3.6.12) and (3.6.20), and the bounds for the error terms of
the second kind from (3.6.29), to conclude that∣∣∣∣∫ ∞

0
(Jn+2JnJ2J

3
0)(r)r−1dr − 15

256

1

n(n+ 1)(n+ 2)

∣∣∣∣ ≤
≤
(

(0.039 + 0.0062)n−1
0 + 0.74n

− 5
2

0 + 0.162n−3
0 + 0.78 · 0.6n0

)
n−4

≤ 0.0028n−4,

and that∣∣∣∣∫ ∞
0

(Jn+2JnJ2J
2
1J0)(r)r−1dr − 9

256

1

n(n+ 1)(n+ 2)

∣∣∣∣ ≤
≤
(

(0.012 + 0.0031)n−1
0 + 1.12n

− 5
2

0 + 0.166n−3
0 + 0.60 · 0.6n0

)
n−4

≤ 0.0015n−4.
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(iii) If m = 4, then we use the knowledge about the main terms coming from
(3.6.13) and (3.6.21), the estimates for the error terms of the first kind
contained in (3.6.14) and (3.6.22), and the bounds for the error terms of
the second kind from (3.6.28), to conclude that∣∣∣∣∫ ∞
0

(Jn+4JnJ4J
3
0)(r)r−1dr − 1557

4096

1

n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ ≤
≤
(

0.74n
− 1

2
0 + (0.42 + 0.086)n−1

0 + 2.823n−3
0 + 0.78 · 0.75n0

)
n−6

≤ 0.197n−6,

and that∣∣∣∣∫ ∞
0

(Jn+4JnJ4J
2
1J0)(r)r−1dr − 855

4096

1

n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ ≤
≤
(

1.12n
− 1

2
0 + (0.11 + 0.063)n−1

0 + 2.885n−3
0 + 0.60 · 0.75n0

)
n−4

≤ 0.264n−6.

(iv) If m ≥ 6 is even, then there are no main terms, and we use the estimates
for the error terms of the first kind contained in (3.6.16) and (3.6.23), and
the bounds for the error terms of the second kind from (3.6.29), to conclude∣∣∣∣∫ ∞

0
(Jn+mJnJmJ

3
0)(r)r−1dr

∣∣∣∣ ≤
≤
(

0.015n−1
0 + 0.74n

− 5
2

0 + (6.34 + 1.49)n−3
0 + 0.78 · 0.6n0

)
n−4 ≤ 0.0022n−4,

∣∣∣∣∫ ∞
0

(Jn+mJnJmJ
2
1J0)(r)r−1dr

∣∣∣∣ ≤
≤
(

0.015n−1
0 + 1.12n

− 5
2

0 + (0.09 + 4.08)n−3
0 + 0.60 · 0.6n0

)
n−4 ≤ 0.0020n−4.

To get the constants promised by Theorem 3.1.8, one just multiplies the far right-
hand sides of each inequality by the normalizing factor 4

π2 <
1
2 . This concludes the

proof of Theorem 3.1.8 for n ≥ 20.

3.8. Numerical estimates for n < 20

In this section, we numerically evaluate the integrals I0 and I1 defined in (3.1.5)
and (3.1.6), respectively, for 2 ≤ n ≤ 19 and even 0 ≤ m ≤ n. We split the integrals
into

Ij = Ij,low + Ij,high =

∫ R

0
. . . dr +

∫ ∞
R

. . . dr .

We use a quadrature rule for the first integral and estimate the second integral by
analytic methods. We aim at an absolute error of at most 0.9× 10−8 for I0 and I1.

The high integral would be entirely negligible at our desired accuracy for the
threshold (say) R = 1010, but this would put unnecessarily much computing time
on the low integrals. We choose R = 63000 and estimate the high integrals by a
more careful analysis of the asymptotic expansion. To bring down the computing
time for the low integrals, we use a high degree Newton–Coates quadrature rule.
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We first discuss the high integrals and begin with I0,high. Since R is large com-
pared to (n + m)2, we take advantage of the asymptotic information in Corollary
3.2.20. Splitting each Bessel function into main term plus error, and applying the
distributive law, yields one main integral of the form

I0,main,high =

∫ ∞
R

(
2

πr

)3

cos(ωn+m) cos(ωn) cos(ωm) cos3(ω0)rdr

plus 26 − 1 error terms.
If n is even, since m is even as well, an even number of the integers n,m, n +

m is congruent two modulo four, and we obtain, with the periodicity cos(ωn) =
− cos(ωn+2),

I0,main,high = I0,main,high,even :=

∫ ∞
R

(
2

πr

)3

cos6(ω0)rdr ,

a term which is in fact independent of the particular even n and m. If n is odd,
then we obtain similarly

I0,main,high = I0,main,high,odd :=

∫ ∞
R

(
2

πr

)3

cos2(ω1) cos4(ω0)rdr .

Likewise, if n is even, we have

I1,main,high = I1,main,high,even :=

∫ ∞
R

(
2

πr

)3

cos2(ω1) cos4(ω0)rdr ,

and, if n is odd,

I1,main,high = I1,main,high,odd :=

∫ ∞
R

(
2

πr

)3

cos4(ω1) cos2(ω0)rdr .

These integrals have closed-form expressions in terms of trigonometric and trigono-
metric integral functions. Mathematica calculates these expression and evaluates
them with prescribed accuracy, resulting in

|I0,main,high,even − 1.2798× 10−6| < 10−10,

|I0,main,high,odd − 0.2560× 10−6| < 10−10,

|I1,main,high − 0.2560× 10−6| < 10−10,

where the distinction between even and odd n is not visible at the prescribed ac-
curacy in the case of I1,main,high. A sample Mathematica code used to evaluate
I0,main,high,even is the following:

N[Integrate[(2/Pi)3 ∗ Cos[r− Pi/4]6 ∗ r(−2), {r, 63000, Infinity}], 20] .

We now estimate the 26 − 1 error terms of Ii,high − Ii,main,high. Of these error
terms, six of them consist of an integral of a product of five main terms of Corollary
3.2.20 and one error term of Corollary 3.2.20. To estimate these six terms, we use
the finer information from Corollary 3.2.21 for the error term of Corollary 3.2.20.

The second main term of Corollary 3.2.21 leads to integrals of the type

−4((n+m)2 − 1)

8

∣∣∣ ∫ ∞
R

(
2

πr

)3

sin(ωn+m) cos(ωn) cos(ωm) cos3(ω0)dr
∣∣∣

and similar terms with a different cosine factor replaced by a sine factor and cor-
responding prefactor. The product of the six trigonometric functions is odd about
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the point π
4 . Thus this product integrates to 0 over each period. On the period

[R + 2πk,R + 2π(k + 1)) with any nonnegative integer k, we may thus replace the
weight r−3 by the difference between r−3 and its mean over that interval. This
difference is bounded by 6r−4π on that interval, hence we may estimate the sum of
terms arising from the second main term of Corollary 3.2.21 by

3π((37)2 + (19)2 + (18)2 + 3)

∫ ∞
R

(
2

π

)3

r−4dr ≤ 2.1× 10−11 .

The sum of the six terms arising from the error terms of Corollary 3.2.21 can be
further estimated by

1

4
((37)4 + (19)4 + (18)4 + 3)

∫ ∞
R

(
2

π

)3

r−4dr ≤ 1.64× 10−9 .

Next come fifteen terms of the original 26 − 1 error terms which have four main
terms and two error terms of Corollary 3.2.20. These benefit from an integration of
the negative fourth power of r, and can be estimated by

[372 × 192 + 372 × 182 + 192 × 184 + 12× 362]

∫ ∞
R

(
2

π

)3

r−4dr ≤ 3.32× 10−9 .

The remaining 26− 1− 6− 15 = 42 terms benefit from an integration of at least the
negative fifth power of r, and are estimated even more crudely as

42× [372 × 192 × 182]

∫ ∞
R

(
2

π

)3

r−5dr ≤ 4.5× 10−10 .

Adding all these error contributions yields

|Ii,high − Ii,main,high| ≤ 5.5× 10−9 .

We next turn to the low integrals. We recall the Newton–Coates rule∫ 6

0
f(x) dx = F (f)

with

F (f) = 140−1(41f(0) + 216f(1) + 27f(2) + 272f(3) + 27f(4) + 216f(5) + 41f(6)),

which is valid for all real polynomials f up to degree 7. For any eight times contin-
uously differentiable function f on [0, 6], we have that

(3.8.1)
∣∣∣ ∫ 6

0
f(x) dx− F (f)

∣∣∣ ≤ 64

5
sup
ξ∈[0,1]

|f (8)(ξ)|
8!

.

A well-known argument shows that polynomials of degree eight extremize this in-
equality. It is then a straightforward matter of checking that polynomials of degree

eight, whose eighth derivative is constant, realize the optimal constant 64

5 promised
by (3.8.1).

Now let Fa,w be the suitably scaled and translated Newton–Coates formula which
integrates polynomials of degree 7 on the interval [a, a + 6w] exactly. Then, by
rescaling, ∣∣∣ ∫ a+6w

a
f(x) dx− Fa,w(f)

∣∣∣ ≤ w9 64

5
sup

ξ∈[a,a+6w]

|f (8)(ξ)|
8!

.
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Now assume that the length of the interval [a, b] is an integer multiple of 6w, say
6wN . Then partitioning this interval into N intervals of length 6w and applying the
Newton–Coates formula on each interval yields∣∣∣ ∫ b

a
f(x) dx−

N−1∑
k=0

Fa+kw,w(f)
∣∣∣ ≤ (b− a)w8 63

5
sup
ξ∈[a,b]

|f (8)(ξ)|
8!

.

We cut the interval [0, R] into [0, S] ∪ [S,R] with S = 3600. On the interval
[0, S], we estimate the eighth derivative of the functions

f(r) = Jn+m(r)Jn(r)Jm(r)J3
0 (r)r

and
f(r) = Jn+m(r)Jn(r)Jm(r)J2

1 (r)J0(r)r

using the Cauchy integral formula for the circle of radius 1 about r together with
the trivial bound (3.2.3) to obtain the estimate

|f (8)(r)| ≤ 8!e6(S + 1) .

Approximating the integral over [0, S] by the above summation rule with width
w = 0.003 gives the error bound

S(.003)8 63

5
e6(S + 1) ≤ 1.49× 10−9 .

On the interval [S,R], we estimate the eighth derivative of f again by the Cauchy
integral formula with circles of radius one. We use the estimate from Corollary 3.2.20
for J+

n to obtain, for <(z) > S − 1 and =(z) ≤ 1,

|J+
n (z)| ≤

( 2

π|z|

) 1
2 (

1 +
n2

S

)
cosh(=(z))× 1.01 ,

and similarly for J−n . Estimating the product of the various terms analogous to

(1 + n2

S )× 1.01 by 3, we then obtain

|f (8)(r)| ≤ 3× 8!×
( 2

π(S − 1)

)3
(cosh(1))6(R+ 1) .

Approximating the integral over [S,R] by the above summation rule with width
w = 0.05 gives the error bound

3× (R− S)w8 63

5

( 2

π(S − 1)

)3
(cosh(1))6(R+ 1) ≤ 1.42× 10−9 .

Collecting error terms, we obtain

|I0 − 1.2798× 10−6 − F[0,S] − F[S,R]| ≤ 0.85× 10−8

if n is even, and

|I0 − 0.256× 10−6 − F[0,S] − F[S,R]| ≤ 0.85× 10−8

if n is odd, and

|I1 − 0.256× 10−6 − F[0,S] − F[S,R]| ≤ 0.85× 10−8

for any n, where F[0,S] and F[S,R] are the quadrature formulae described above for
the corresponding integrals.

We evaluate F[0,S] and F[S,R] using Mathematica. Products of Bessel functions at
the grid points are computed with 20-digit precision, and the corresponding rounding
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errors for F[0,S] + F[S,R] can be safely estimated by 0.05× 10−8. As an example, in
the case n = 14 and m = 4 for I0, we use the following code to compute F[0,S]:

BJ[x ] := N[BesselJ[18, x] ∗ BesselJ[14, x] ∗ BesselJ[4, x] ∗ BesselJ[0, x]3 ∗ x, 20]

BJSA := 41 ∗ BJ[0] +

82 ∗ Sum[BJ[x], {x, 18/1000, 3599982/1000, 18/1000}] +

216 ∗ Sum[BJ[x], {x, 3/1000, 3599985/1000, 18/1000}] +

27 ∗ Sum[BJ[x], {x, 6/1000, 3599988/1000, 18/1000}] +

272 ∗ Sum[BJ[x], {x, 9/1000, 3599991/1000, 18/1000}] +

27 ∗ Sum[BJ[x], {x, 12/1000, 3599994/1000, 18/1000}] +

216 ∗ Sum[BJ[x], {x, 15/1000, 3599997/1000, 18/1000}] +

41 ∗ BJ[3600]

(BJSA ∗ .018)/840

For m = 0 and even n, Table 1 lists upper bounds for the quantities(∣∣∣ 3

4π2

1

n
− 3

32π2

1

(n− 1)n(n+ 1)
−1.2798×10−6−F[0,S]−F[S,R]

∣∣∣+0.9×10−8
)

100n4

on top of each entry, and for(∣∣∣ 1

4π2

1

n
+

3

32π2

1

(n− 1)n(n+ 1)
− 0.256× 10−6−F[0,S]−F[S,R]

∣∣∣+ 0.9× 10−8
)

100n4

at the bottom of each entry, with the appropriate quadrature formulae F[0,S] and
F[S,R] described above. For m = 0 and odd n, it similarly lists upper bounds for(∣∣∣ 3

4π2

1

n
− 3

32π2

1

(n− 1)n(n+ 1)
− 0.256× 10−6−F[0,S]−F[S,R]

∣∣∣+ 0.9× 10−8
)

100n4

on top, and for(∣∣∣ 1

4π2

1

n
+

3

32π2

1

(n− 1)n(n+ 1)
− 0.256× 10−6−F[0,S]−F[S,R]

∣∣∣+ 0.9× 10−8
)

100n4

at the bottom. Thus each entry on the first column (m = 0) of Table 1, divided
by 100, provides a constant c for which the estimate of Theorem 3.1.8 holds for the
corresponding n with c in place of 0.002 or 0.0015. The entries of Table 1 for m > 0
are analogous.

The poorer constants near n = 19 are artificial and due to the chosen numerical
accuracy 0.9 × 10−8; note that, for this value of n, the quantity 0.9 × 10−8n4 is
already close to 0.0014. The very good constants at m = 4 are due to the extra
term in the expansion that has been elaborated in that case.
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n \ m 0 2 4 6 8 10 12 14 16 18
2 .85 .14

.64 .03
3 .44 .16

.21 .05
4 .33 .16 .03

.16 .04 .01
5 .26 .15 .02

.12 .04 .01
6 .22 .15 .02 .11

.10 .04 .01 .06
7 .19 .14 .02 .09

.09 .04 .01 .05
8 .17 .13 .02 .08 .02

.08 .04 .01 .05 .02
9 .15 .13 .02 .07 .02

.07 .04 .01 .05 .02
10 .14 .13 .02 .07 .02 .02

.07 .04 .02 .04 .02 .02
11 .13 .13 .02 .07 .03 .02

.07 .04 .02 .04 .02 .02
12 .13 .13 .03 .07 .03 .03 .03

.07 .05 .03 .05 .03 .03 .03
13 .13 .13 .04 .07 .04 .03 .03

.08 .05 .03 .05 .04 .03 .03
14 .13 .13 .05 .07 .05 .04 .04 .04

.08 .06 .04 .06 .05 .04 .04 .04
15 .14 .14 .06 .08 .06 .06 .06 .06

.09 .07 .06 .07 .06 .06 .06 .06
16 .15 .15 .07 .09 .07 .07 .07 .07 .07

.10 .09 .07 .08 .07 .07 .07 .07 .07
17 .16 .17 .09 .11 .09 .09 .09 .09 .09

.12 .10 .09 .10 .09 .09 .09 .09 .09
18 .18 .19 .11 .13 .11 .11 .11 .11 .11 .11

.14 .13 .11 .12 .11 .11 .11 .11 .11 .11
19 .20 .20 .14 .15 .14 .14 .14 .14 .14 .14

.16 .15 .14 .14 .14 .14 .14 .14 .14 .14

Table 1



CHAPTER 4

A sharp trilinear inequality related to Fourier
restriction on the circle

4.1. Introduction

Let (S1, σ) denote the unit circle in the plane equipped with its arc length mea-
sure. We are interested in the sharp version of the endpoint Tomas–Stein adjoint
restriction inequality [92, 84] on the circle:

(4.1.1) ‖f̂σ‖L6(R2) ≤ Copt ‖f‖L2(S1),

where the Fourier transform of the measure fσ is given by

f̂σ(x) =

∫
S1
f(ω) e−ix·ω dσω, (x ∈ R2),

and Copt denotes the optimal constant,

Copt := sup
06=f∈L2(S1)

Φ(f); Φ(f) := ‖f̂σ‖L6(R2)‖f‖
−1
L2(S1)

.

The existence of global extremizers of Φ was recently established by Shao [83]. Our
first result establishes that the constant function 1 is a local extremizer of Φ.

Theorem 4.1.2. There exists δ > 0 such that, whenever ‖f − 1‖L2(S1) < δ, we

have Φ(f) ≤ Φ(1).

It is known that the constant function 1 is a critical point of Φ. Indeed, by
rotational symmetry, f = 1 satisfies the generalized Euler–Lagrange equation

f = λ(|f̂σ|4f̂σ)∨ |S1

that characterizes critical points, see [24, Proposition 2.1] for details. We give the
proof of Theorem 4.1.2 in §4.4.

Our second and main result concerns a trilinear form related to Fourier restric-
tion. To motivate this trilinear form, we start by using Plancherel’s identity and
writing

‖f̂σ‖6
L6(R2)

= (2π)2‖fσ ∗ fσ ∗ fσ‖2
L2(R2)

= (2π)2(fσ) ∗ (fσ) ∗ (fσ) ∗ (f?σ) ∗ (f?σ) ∗ (f?σ)(0)

= (2π)2

∫
(S1)6

f(ω1)f(ω2)f(ω3)f?(ω4)f?(ω5)f?(ω6) dΣ~ω,(4.1.3)

where f?(ω) = f(−ω) and

dΣ~ω = δ
(
ω1 + ω2 + ω3 + ω4 + ω5 + ω6

)
dσω1 dσω2 dσω3 dσω4 dσω5 dσω6 .

95
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Here δ
(
·
)

stands for the two dimensional Dirac measure. Note that the measure

dΣ~ω is supported on the four dimensional manifold Γ ⊂ (S1)6 determined by

(4.1.4) ω1 + ω2 + ω3 + ω4 + ω5 + ω6 = 0.

We define the trilinear form:

(4.1.5) T (h1, h2, h3) :=

∫
(S1)6

h1(ω1)h2(ω2)h3(ω3)
(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω.

The main result of this chapter is the following monotonicity estimate, obtained in
§4.5 via a spectral decomposition and a careful analysis of integrals involving Bessel
functions. By antipodally symmetric function we mean a function h on S1 with
h(ω) = h(−ω).

Theorem 4.1.6. Let h ∈ L1(S1) be a nonnegative and antipodally symmetric
function on the circle. Let c = 1

2π

∫
S1 h(ω) dσω be the mean value of h. Then

T (h, h, h) ≤ T (c, c, c),

with equality if and only if h is constant.

This bound for the trilinear form T is the penultimate step in a six-step program
that we propose to obtain the sharp form of the Tomas–Stein adjoint restriction
inequality (4.1.1) and characterize its global extremizers. A similar program was
used in [36] to obtain the sharp endpoint L2 − L4 Tomas–Stein adjoint restriction
inequality on the sphere S2, and subsequently in [22] to obtain the sharp non-
endpoint L2 − L4 estimate on the sphere Sd for 3 ≤ d ≤ 6. In this chapter we
complete all the steps of this program in the case of S1, except for Step 4 which
remains unresolved and that we pose as a conjecture.

We briefly describe each of these steps, which result in a proof of the conditional
Theorem 4.1.13 below.

4.1.0.1. Step 1. Reduction to nonnegative functions. Since

|fσ ∗ fσ ∗ fσ| ≤ |f |σ ∗ |f |σ ∗ |f |σ

holds pointwise, it follows that

(4.1.7)
∥∥fσ ∗ fσ ∗ fσ∥∥

L2(R2)
≤
∥∥|f |σ ∗ |f |σ ∗ |f |σ∥∥

L2(R2)
.

Here equality holds if and only if there is a measurable complex-valued function h
on the closed ball B(3) ⊂ R2 of radius 3 centered at the origin such that

f(ω1) f(ω2) f(ω3) = h(ω1 + ω2 + ω3)
∣∣f(ω1) f(ω2) f(ω3)

∣∣
for σ3−a.e. (ω1, ω2, ω3) ∈ (S1)3. This can be seen as in the proof of [22, Lemma 8].
Compare also with [25, 36].

4.1.0.2. Step 2. Reduction to antipodally symmetric functions. Define the non-
negative, antipodally symmetric rearrangement f] of a function f ∈ L2(S1) by

f] :=

√
|f |2 + |f?|2

2
.
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If f is in L2(S1), then so is its antipodal rearrangement, with ‖f]‖L2(S1) = ‖f‖L2(S1).

A simple application of the arithmetic/geometric mean inequality as in [36, Corol-
lary 3.3] shows that

(4.1.8)

∫
(S1)6

f(ω1)f(ω2)f(ω3)f?(ω4)f?(ω5)f?(ω6) dΣ~ω

≤
∫

(S1)6
f](ω1)f](ω2)f](ω3)f](ω4)f](ω5)f](ω6) dΣ~ω.

Here equality holds if and only if f = f? = f] (σ−a.e. in S1). This follows as in the
proof of [22, Lemma 9].

From inequalities (4.1.7) and (4.1.8) it follows that

Copt = sup
06=f∈L2(S1): f≥0, f=f?

Φ(f).

We may hence assume that our candidate f ∈ L2(S1) to being an extremizer of
(4.1.1) is also a nonnegative, antipodally symmetric function.

4.1.0.3. Step 3. Geometric considerations. Suppose that we naively try to follow
the method used in [36] and apply the Cauchy–Schwarz inequality directly to the
last integral in (4.1.3) (or in (4.1.8)). We would obtain

‖f̂σ‖6
L6(R2)

≤ (2π)2

∫
(S1)6
|f(ω1)|2|f(ω2)|2|f(ω3)|2 dΣ~ω

= (2π)2

∫
(S1)3
|f(ω1)|2|f(ω2)|2|f(ω3)|2(σ ∗ σ ∗ σ)(ω1 + ω2 + ω3) dσω1 dσω2 dσω3 .

If the 3-fold convolution product σ∗σ∗σ were a constant function inside its support,
then the last integral would reduce to a constant multiple of ‖f‖6

L2(S1)
, and we would

immediately obtain the estimate (4.1.1). Unfortunately, the quantity (σ ∗ σ ∗ σ)(x)
diverges logarithmically as x approaches the unit circle; the singularity of σ ∗ σ ∗ σ
will be described in §4.2. This singularity can be neutralized if in the integral (4.1.8)
we insert an appropriate weight which vanishes when the sum of three unit vectors
is again a unit vector. This is made possible thanks to the geometrical identity
illustrated in the next lemma.

Lemma 4.1.9. If (ω1, ω2, ω3, ω4, ω5, ω6) ∈ Γ, then

(4.1.10)
∑
(63)

(
|ωi + ωj + ωk|2 − 1

)
= 16,

where the sum above runs over all the
(

6
3

)
= 20 different choices of unordered distinct

indices i, j, k ∈ {1, 2, 3, 4, 5, 6}.

For the proof, one squares (4.1.4) and expands (4.1.10) to arrive at the desired
conclusion.
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Using this identity, we can write

‖f̂σ‖6
L6(R2)

=

= (2π)2 1

16

∑
(63)

∫
(S1)6

f(ω1)f(ω2)f(ω3)f(ω4)f(ω5)f(ω6)
(
|ωi + ωj + ωk|2 − 1

)
dΣ~ω

= (2π)2 5

4

∫
(S1)6

f(ω1)f(ω2)f(ω3)f(ω4)f(ω5)f(ω6)
(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω ,

since by symmetry all 20 integrals in the first line of the last display have the same
numerical value.

4.1.0.4. Step 4. Reduction to a trilinear problem. At this point in the program
[36], a similar weight as

(
|ω4+ω5+ω6|2−1

)
has been introduced, albeit nonnegative.

The program there continues with an application of the Cauchy–Schwarz inequality.
Since our weight is partially negative, we cannot simply apply the Cauchy–Schwarz
inequality. Nevertheless, we pose this inequality as a conjecture:

Conjecture 4. Let f ∈ L2(S1) be nonnegative and antipodally symmetric.
Then:

(4.1.11)

∫
(S1)6

f(ω1)f(ω2)f(ω3)f(ω4)f(ω5)f(ω6)
(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω

≤
∫

(S1)6
f(ω1)2f(ω2)2f(ω3)2

(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω.

Numerical simulations suggest that this inequality holds. One reason to believe
so is that the negative portion of the weight is small, and via antipodal symmetry
the values of the functions on this negative portion have a strong correlation with the
values of the functions on the positive part. However, the antipodal symmetry does
not preserve the support of dΣ~ω, which makes it difficult to exploit this correlation.

If on the right-hand side of (4.1.11) we replace ω4 + ω5 + ω6 by ω1 + ω2 + ω3

and integrate out ω4, ω5 and ω6, we obtain an additional weight given by the 3-fold
convolution product (σ ∗ σ ∗ σ)(|ω1 + ω2 + ω3|). As we have already observed, this
convolution has a logarithmic singularity at |ω1 + ω2 + ω3| = 1, which disappears
when multiplied by the weight |ω1 +ω2 +ω3|2−1, in analogy to the program of [36].

4.1.0.5. Step 5. Spectral analysis of a cubic form. The right-hand side of (4.1.11)
invokes the trilinear form T of our main Theorem 4.1.6. Thus, using (4.1.11) and
Theorem 4.1.6 yields for nonnegative, antipodally symmetric functions f :

(4.1.12) ‖f̂σ‖6
L6(R2)

≤ (2π)2 5

4
T (f2, f2, f2)

≤ (2π)2 5

4

‖f‖6
L2(S1)

‖1‖6
L2(S1)

T (1,1,1) =
‖σ̂‖6

L6(R2)

‖1‖6
L2(S1)

‖f‖6
L2(S1)

.

This proves the first part of Theorem 4.1.13 below.
4.1.0.6. Step 6. Characterizing the complex-valued extremizers. If f ∈ L2(S1) is

a complex-valued extremizer of (4.1.12), by Theorem 4.1.6 we must have |f |] = γ 1,
where γ > 0 is a constant. By the discussion in Step 2 above we must have |f | = γ 1.

By the discussion in Step 1 above there is a measurable function h : B(3)→ C such
that

f(ω1) f(ω2) f(ω3) = γ3 h(ω1 + ω2 + ω3)
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for σ3−a.e. (ω1, ω2, ω3) ∈ (S1)3. We now invoke [22, Theorem 4] (which is originally
inspired in the work of Charalambides [23]) to conclude that there exist c ∈ C \ {0}
and ν ∈ C2 such that

f(ω) = c eν·ω

for σ−a.e. ω ∈ S1. Since |f | is constant, we must have <(ν) = 0 and |c| = γ. This
completes the proof of the following theorem.

Theorem 4.1.13. Assume the validity of Conjecture 4. Then

Copt = (2π)−
1
2 ‖σ̂‖L6(R2).

Moreover, all complex-valued extremizers of (4.1.1) are given by

f(ω) = c eiξ·ω,

where c ∈ C \ {0} and ξ ∈ R2.

The endpoint problem for the sphere S2 discussed in [36] is simpler than the
above in Steps 4 and 5. In Step 4, one faces the convolution of the surface measure
of the sphere with itself, which has a singularity at the origin, and one can choose a
nonnegative weight vanishing at the origin, so that the corresponding Step 4 follows
from a plain application of the Cauchy–Schwarz inequality. In Step 5, the analogue
spectral analysis is over a bilinear rather than trilinear form. One uses the Funk–
Hecke formula and properties of the Gegenbauer polynomials to show that a certain
bilinear term has a sign. This is considerably simpler than the proof of Theorem
4.1.6.

As evidence towards Conjecture 4 we prove the following local result in §4.6.
Define
(4.1.14)

Ψ(f) :=

∫
(S1)6

(
f(ω1)f(ω2)f(ω3)− f(ω4)f(ω5)f(ω6)

)2 (|ω4 + ω5 + ω6|2 − 1
)

dΣ~ω.

Observe that Ψ(1) is identically zero and that Conjecture 4 is equivalent to the fact
that Ψ(f) ≥ 0 for f ∈ L2(S1) nonnegative and antipodally symmetric.

Theorem 4.1.15. There exists δ > 0 such that, whenever f is real-valued and
‖f − 1‖L2(S1) < δ, we have Ψ(f) ≥ 0.

Note that this result holds for all real-valued functions, without assumption of
nonnegativity nor antipodal symmetry.

The study of sharp Fourier restriction inequalities for the sphere Sd is quite
recent, with the aforementioned works [22, 25, 36, 83] and the additional [26].
The literature on sharp Fourier restriction inequalities related to the paraboloid
and cone is extensive and we highlight the works [4, 11, 20, 35, 48, 61, 74].
Other interesting works on sharp Strichartz-type estimates and on the existence of
extremizers for other Fourier restriction estimates include [5, 9, 16, 32, 33, 37,
47, 49, 66, 71, 77, 81, 82].

4.2. Convolutions of unit circle measures

We start by recalling a particular case of [22, Lemma 5].
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Lemma 4.2.1. The convolution σ∗σ is supported on the disk of radius 2 centered
at the origin, and for |x| ≤ 2 we have:

(σ ∗ σ)(x) =
4

|x|
√

4− |x|2
.

Lemma 4.2.1 can be combined together with an additional convolution to yield

(σ ∗ (σ ∗ σ))(x) =

∫
Sx

4dσω

|x− ω|
√

4− |x− ω|2
,

where Sx = {ω ∈ S1 : |x− ω| ≤ 2}. The last integrand can be written as a function
which depends only on the radius r := |x| and on the cosine u := x

|x| · ω. We have

that

dσω = (1− u2)−
1
2 du

and, by applying this change of variables in the integration, we obtain the following
formula.

Lemma 4.2.2. The convolution σ ∗ σ ∗ σ is supported on the disk of radius 3
centered at the origin, and for |x| ≤ 3 we have:

(4.2.3) (σ ∗ σ ∗ σ)(x) =
4

r

∫ 1

A(r)

du
√

1− u2

√
(1−r)2

2r + 1− u
√

(3+r)(1−r)
2r + 1 + u

,

where r = |x| and A(r) := −1 + max{0, (3+r)(r−1)
2r }.

The integral (4.2.3) diverges for r = 1. Suppose ε := |r−1| > 0. The contribution
coming from integration over the intervals (A(r), A(r) + ε) and (1 − ε2, 1) remains
bounded as ε→ 0, while the contribution coming from the integration over [A(r) +
ε, 1− ε2] grows like | log ε|. We obtain, as |x| → 1,

c ≤ (σ ∗ σ ∗ σ)(x)∣∣∣∣ log
∣∣∣|x| − 1

∣∣∣∣∣∣∣ ≤ C,
for some absolute constants c, C > 0.

When we multiply the singular convolution (σ ∗ σ ∗ σ)(x) by |x|2 − 1 we obtain
a bounded function, but unfortunately it is no longer positive (see Figure 1).
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Figure 1. Plot of the functions r 7→ (σ ∗ σ ∗ σ)(r) and
r 7→ (r2 − 1)(σ ∗ σ ∗ σ)(r).
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4.3. Bessel functions

The main technical part of this chapter uses the Bessel functions Jn and estimates
for integrals of sixfold products of Bessel functions that are proved in Chapter 3.
Here we introduce the basic definitions and present the estimates from Chapter 3 in
a convenient form for our purposes. We identify R2 ' C, and write a vector x ∈ R2

as a point in the complex plane x = |x|ei arg(x). For every n ∈ Z, define

en(x) := xn = |x|nein arg(x).

Bessel functions can be defined via the Fourier transform of the circular harmonics.

Definition 4.3.1. Let n ∈ Z and x ∈ R2. Then the Bessel function of order n,
denoted Jn, is defined by

(4.3.2) ênσ(x) = 2π(−i)nJn(|x|) |x|−nen(x).

Bessel functions come into play via the following calculation. We have

(2π)2

∫
(S1)6

f1(ω1)f2(ω2)f3(ω3)f4(ω4)f5(ω5)f6(ω6) dΣ~ω =

∫
R2

f̂1σ f̂2σ f̂3σ f̂4σ f̂5σ f̂6σ dx.

(4.3.3)

Assume that the six functions fj , 1 ≤ j ≤ 6, are spherical harmonics on S1, that is
fj(ω) = enj (ω) = ωnj . Restricted to circles about the origin, the integrand on the
right-hand side of (4.3.3) is a spherical harmonic of index n := n1 + n2 + n3 + n4 +
n5 + n6. So unless n = 0, the last display vanishes. If n = 0, then the integrand is
constant on circles about the origin, and integrating in polar coordinates yields for
the last display

= (2π)7

∫ ∞
0

Jn1(r)Jn2(r)Jn3(r)Jn4(r)Jn5(r)Jn6(r) r dr =: (2π)7In1,n2,n3,n4,n5,n6 .

For more general functions on S1 we write

(4.3.4) fj(ω) =
∑
n∈Z

f̂j(n) en(ω)

and obtain for (4.3.3):
(4.3.5)

(2π)7
∑

n1+n2+n3+n4+n5+n6=0

f̂1(n1)f̂2(n2)f̂3(n3)f̂4(n4)f̂5(n5)f̂6(n6) In1,n2,n3,n4,n5,n6 .

Thus we will be interested in a good understanding of the quantities In1,n2,n3,n4,n5,n6 .
Note that the parity Jn = J−n for even n and Jn = −J−n for odd n allows us to re-
strict attention to these integrals for nonnegative indices. In particular, the following
sequences (defined for n ∈ Z) will come into play:

(4.3.6) αn :=

∫ ∞
0

J2
n(r) J4

0 (r) r dr,

(4.3.7) α̃n :=

∫ ∞
0

J2
n(r) J2

1 (r) J2
0 (r) r dr,

as well as the linear combination

βn :=

∫ ∞
0

J2
n(r) J2

0 (r)
(
3J2

1 (r)− J2
0 (r)

)
r dr.(4.3.8)
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Table 1 shows some of these values, accurate to 5 × 10−7. Computing the values
of αn and α̃n with Mathematica required some care which is described in the last
section of Chapter 3. The values of βn were obtained by subtracting the values on
the first column from three times the values on the second column.

n αn α̃n βn
0 0.3368280 0.0673656 -0.1347312
1 0.0673656 0.0423752 0.0597600
2 0.0369428 0.0138533 0.0046171
3 0.0249883 0.0088143 0.0014546
4 0.0188523 0.0064847 0.0006018
5 0.0151231 0.0051433 0.0003068
6 0.0126216 0.0042662 0.0001770
7 0.0108283 0.0036466 0.0001115
8 0.0094804 0.0031850 0.0000746
9 0.0084305 0.0028276 0.0000523
10 0.0075896 0.0025426 0.0000382

Table 1

In Chapter 3, we gave precise estimates for these sequences summarized in the
following theorem.

Theorem 4.3.9 (cf. Theorem 3.1.8). For n ≥ 7 we have∣∣∣∣αn − 3

4π2n
+

3

32π2(n− 1)n(n+ 1)

∣∣∣∣ ≤ 1

500n4
;

∣∣∣∣α̃n − 1

4π2n
− 3

32π2(n− 1)n(n+ 1)

∣∣∣∣ ≤ 1

500n4
.

We deduce the following estimate for the sequence βn. Define

(4.3.10) c0 =
3

8π2
.

Corollary 4.3.11. For n ≥ 2 even and ε1 = 0.03, we have∣∣∣βn − c0

n3

∣∣∣ < ε1
c0

n3
.

Proof. For n ≤ 10 this follows by direct checking with the values given in Table
1, the tightest case being n = 2. For n ≥ 12 one takes a linear combination of the
estimates of the previous theorem to obtain∣∣∣∣βn − c0

(n− 1)n(n+ 1)

∣∣∣∣ ≤ 1

125n4
.

The triangle inequality then yields∣∣∣βn − c0

n3

∣∣∣ ≤ c0

n3(n2 − 1)
+

1

125n4
≤
(

1

143
+

1

1500c0

)
c0

n3
< 0.025

c0

n3
.

This proves the corollary. �
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Note that the linear combination in the corollary is such that the terms of order
n−1 in the asymptotics of αn and α̃n cancel.

We will also need estimates for

(4.3.12) γn,m :=

∫ ∞
0

Jn(r) Jm(r) Jn+m(r) J3
0 (r) r dr,

(4.3.13) γ̃n,m :=

∫ ∞
0

Jn(r) Jm(r) Jn+m(r) J2
1 (r) J0(r) r dr,

and

(4.3.14) δn,m :=

∫ ∞
0

Jn(r) Jm(r) Jn+m(r)
(
3J2

1 (r)− J2
0 (r)

)
J0(r) r dr.

The values on the first two columns of Table 2 were again computed with Mathe-
matica and have precision 5× 10−8.

n m γn,m γ̃n,m δn,m
2 2 0.00090754 0.00061039 0.00092363
4 2 0.00019186 0.00012012 0.00016850
6 2 0.00006958 0.00004264 0.00005834
4 4 0.00002195 0.00001272 0.00001621
6 4 0.00000498 0.00000281 0.00000345
8 4 0.00000160 0.00000089 0.00000107
10 4 0.00000064 0.00000035 0.00000041

Table 2

In Chapter 3, we proved the following result.

Theorem 4.3.15 (cf. Theorem 3.1.8). For n ≥ 6 even we have

(i) ∣∣∣∣γn,2 − 15

64π2n(n+ 1)(n+ 2)

∣∣∣∣ ≤ 1

500n4
;∣∣∣∣γ̃n,2 − 9

64π2n(n+ 1)(n+ 2)

∣∣∣∣ ≤ 1

500n4
.

(ii) ∣∣∣∣γn,4 − 1557

1024π2n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ ≤ 3

2000n4
;∣∣∣∣γ̃n,4 − 855

1024π2n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ ≤ 3

2000n4
.

For n and m even with n ≥ m ≥ 6 we have

(iii)

|γn,m| , |γ̃n,m| ≤
3

2000n4
.

Again we obtain a simple corollary for δn,m, where we recall the constant c0 from
(4.3.10).
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Corollary 4.3.16. (i) For n ≥ 2 even and ε2 = 0.11 we have

|δn,2| ≤ (1 + ε2)
c0

2n
3
2 (n+ 2)

3
2

.

(ii) For n ≥ 4 even and γ3 = 1.3 we have∣∣∣∣δn,4 − 21c0

8n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

∣∣∣∣ ≤ γ3
c0

8n4
.

(iii) For n and m even with n ≥ m ≥ 6 and again γ3 = 1.3 we have

|δn,m| ≤ γ3
c0

8n4
.

Proof. We begin with inequality (i). For n = 2, 4, 6 this is verified directly
with Table 2. Again the tightest case is n = 2. For n ≥ 8, from Theorem 4.3.15 we
have

|δn,2| ≤
c0

2n(n+ 1)(n+ 2)
+

1

125n4
≤ c0

2n
3
2 (n+ 2)

3
2

+

(
10

8

) 3
2 1

1000n
3
2 (n+ 2)

3
2

,

which is less than the desired quantity. Inequalities (ii) and (iii) follow from Theorem
4.3.15 via the estimate

3

500
≤ 1.3

3

64π2
.

This completes the proof of the corollary. �

4.4. Constants are local extremizers of the extension inequality

In this section we follow the outline of [25, §16] to prove Theorem 4.1.2. Note
that

(i) Φ(f) = Φ(λf) for all λ > 0;
(ii) Φ(f) ≤ Φ(|f |) ≤ Φ(|f |]);

(iii) ‖|f |] − 1‖L2(S1) ≤ ‖|f | − 1‖L2(S1) ≤ ‖f − 1‖L2(S1).

We may therefore restrict attention to functions of the form

f = 1 + εg,

where 0 ≤ ε ≤ δ, g ⊥ 1, ‖g‖L2(S1) = 1, with g real-valued and antipodally symmetric.

A straightforward calculation gives the Taylor expansion

(4.4.1) Φ(f)6 =

= Φ(1)6+(2πε)2‖1‖−6
2

(
15(gσ∗gσ∗σ∗σ∗σ∗σ)(0)−3(σ∗σ∗σ∗σ∗σ∗σ)(0) ‖1‖−2

2 ‖g‖
2
2

)
+O(ε3),

where O(ε3) denotes a quantity whose absolute value is majorized by Cε3, uniformly
for g satisfying ‖g‖L2(S1) ≤ 1. Note that we do not have a term in ε since

(gσ ∗ σ ∗ σ ∗ σ ∗ σ ∗ σ)(0) = 0

due to the discussion after (4.3.3) and the fact that g ⊥ 1, i.e. ĝ(0) = 0. From
(4.4.1) it suffices to show that

5 sup
‖g‖2=1

(gσ ∗ gσ ∗ σ ∗ σ ∗ σ ∗ σ)(0) < (σ ∗ σ ∗ σ ∗ σ ∗ σ ∗ σ)(0) ‖1‖−2
2 ‖g‖

2
2.
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Using (4.3.5) together with the fact that g is real with mean zero and antipodally
symmetric, and therefore can only have even nonzero Fourier coefficients, this re-
duces to1

(4.4.2) 5
∑

n∈(2Z)×

|ĝ(n)|2αn <
∑

n∈(2Z)×

|ĝ(n)|2α0,

where we have used the fact that

‖g‖2
L2(S1)

= 2π
∑

n∈(2Z)×

|ĝ(n)|2.

Estimate (4.4.2) will follow from 5αn < α0 for all n ∈ (2Z)×. This in turn follows
from Theorem 4.3.9 and Table 1.2 In particular, for n ≥ 10 we conclude from
Theorem 4.3.9 that

αn ≤
3

4π2n
+

3

32π2(n− 1)n(n+ 1)
+

1

500n4
≤ 1

50
.

This completes the proof of Theorem 4.1.2.

Remark: By using Theorem 4.3.9, we appeal to Chapter 3. However, this particular
consequence (4.4.2) is a very simple case of the analysis in Chapter 3, and for self
containment we sketch a proof of the bound 5αn < α0 for all n ∈ (2Z)×. One first
reduces the estimate to an estimate for integrals over bounded domains, that is to

(4.4.3) 7

∫ 100

0
J2
n(r) J4

0 (r) r dr <

∫ 100

0
J6

0 (r) r dr,

by establishing bounds for the tails, that is

25

∫ ∞
100

J2
n(r) J4

0 (r) r dr, 200

∫ ∞
100

J6
0 (r) r dr <

∫ 100

0
J6

0 (r) r dr .

To see these tail bounds, one estimates the left-hand sides using the well-known
bounds ∣∣∣∣∣J0(r)−

(
2

πr

) 1
2

cos
(
r − π

4

)∣∣∣∣∣ ≤ r− 3
2

and

|Jn(r)| ≤ r−
1
3 ,

for all n ≥ 0. A sharper form of the latter inequality can be found in [62], while the
former is reviewed in Chapter 3. The right-hand sides are then evaluated numeri-
cally. Here, we assume to have a sufficiently accurate evaluation of Bessel functions
at hand such as, for example, provided by the Mathematica package. Moreover, Rie-
mann sums with step size 1000−1 will give sufficient accuracy. To see the estimate
(4.4.3) for the integrals over bounded domains, in case n ≤ 200 one simply evaluates
likewise numerically. To see the estimate for n > 200, one estimates the left-hand
side using |J0| ≤ 1 and the well-known estimate

Jn(r) ≤ rn

2nn!

1Throughout this chapter, we let (2Z)× := 2Z \ {0} and Z× := Z \ {0}. Similarly for (2N)×,
where N := {0, 1, 2, . . .}.

2However, it can be shown using integration by parts that 5α1 = α0.
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for all n ≥ 0 and r > 0, reviewed in Chapter 3. This completes the outline of the
proof that 5αn < α0 for n ∈ (2Z)×. As a final remark, note that a more refined
analysis would allow to reduce the numerical component of the proof.

4.5. The sharp trilinear inequality

We shall prove Theorem 4.1.6 for h being a nonnegative and antipodally symmet-
ric trigonometric polynomial. The result for a general h ∈ L1(S1) nonnegative and
antipodally symmetric follows by a standard approximation argument, for example
by convolving with the Féjer kernel, since the map h 7→ T (h, h, h) is continuous on
L1(S1). To pass the case of equality to the limit in the approximation argument, we
observe from the proof below that each nonzero even Fourier coefficient of h has a
strictly negative contribution.

Let h be a nonnegative and antipodally symmetric trigonometric polynomial.
Write

h = c+ g,

with g ⊥ 1 and c = 1
2π

∫
S1 h(ω) dσω. By the assumptions on h, we have that

ĥ(−n) = ĥ(n)

for every n ∈ Z, and that ĥ(n) 6= 0 only if n ∈ 2Z. The analogous statements hold
for g, and moreover ĝ(0) = 0. By linearity and symmetry, one can immediately
check that

T (h, h, h) = T (c, c, c) + 3T (c, c, g) + 3T (c, g, g) + T (g, g, g).

The strategy to prove Theorem 4.1.6 will be to analyze each of these summands
separately. It turns out that the linear term is zero, the bilinear term is nonpositive,
and the trilinear term can be controlled in absolute value by the bilinear term. Once
we establish these facts, which are the subject of the remainder of this section, the
result follows.

4.5.1. Linear term. Let Rθω denote the rotation of ω by the angle θ counter-
clockwise around the origin. Denote Rθg(ω) = g(Rθω). Then it is immediate from
the definition that T (Rθf1, Rθf2, Rθf3) = T (f1, f2, f3) for any functions f1, f2, f3 in
L2(S1). For the linear term of our expansion this means that

T (c, c, f) = T (c, c, Rθf).

Hence f 7→ T (c, c, f) is a rotation invariant linear functional on L2(S1), and there-
fore it is a multiple of the averaging operator. Since g has mean zero, we obtain
T (c, c, g) = 0.

4.5.2. Bilinear term. We expand

(4.5.1) |ω4 + ω5 + ω6|2 − 1 = 2 (1 + ω4 · ω5 + ω5 · ω6 + ω6 · ω4).

Thus the integral (4.1.5) defining T (c, g, g) splits into a sum of four terms, the last
three of which are identical by symmetry considerations. We first consider

I :=

∫
(S1)6

g(ω2)g(ω3) dΣ~ω.
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It follows by calculations as the ones leading to (4.3.5) that

I = (gσ ∗ gσ ∗ σ ∗ σ ∗ σ ∗ σ)(0)

= (2π)−2
∑

n∈(2Z)×

∑
m∈(2Z)×

ĝ(n)ĝ(m)

∫
R2

ênσ êmσ σ̂ σ̂ σ̂ σ̂ dx

= (2π)−2
∑

n∈(2Z)×

|ĝ(n)|2
∫
R2

ênσ ê−nσ σ̂ σ̂ σ̂ σ̂ dx

= (2π)5
∑

n∈(2Z)×

|ĝ(n)|2 αn,

(4.5.2)

where the sequence {αn} was defined in (4.3.6).

We now focus on the second integral,

II :=

∫
(S1)6

g(ω2)g(ω3)(ω4 · ω5) dΣ~ω.

Observe that, using the algebra of complex numbers, we can write

ω4 · ω5 = cos(arg(ω4)− arg(ω5)) = <(ω4ω5)

=
1

2

(
ω4ω5 + ω4ω5

)
=

1

2

(
e1(ω4)e−1(ω5) + e−1(ω4)e1(ω5)

)
.

By symmetry we obtain

II =

∫
(S1)6

g(ω2)g(ω3) e1(ω4)e−1(ω5) dΣ~ω.

By a similar calculation as for the first integral we obtain

II = (2π)−2

∫
R2

ĝσ ĝσ ê1σ ê−1σ σ̂ σ̂ dx

= (2π)−2
∑

n∈(2Z)×

∑
m∈(2Z)×

ĝ(n)ĝ(m)

∫
R2

ênσ êmσ ê1σ ê−1σ σ̂ σ̂ dx

= −(2π)5
∑

n∈(2Z)×

|ĝ(n)|2 α̃n,

(4.5.3)

where the sequence {α̃n} was defined in (4.3.7). Finally we obtain

T (c, g, g) = 2c(I + 3II) = −2c(2π)5
∑

n∈(2Z)×

|ĝ(n)|2 βn,

with {βn} as defined in (4.3.8). Since the numbers βn are positive by Corollary
4.3.11, this establishes that the bilinear term T (c, g, g) is nonpositive.

4.5.3. Trilinear term. Identity (4.5.1) allows us to again express T (g, g, g) as
a sum of four integrals, the last three of which are identical by symmetry consider-
ations. We start by computing the first one similarly to the previous calculations:
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I =

∫
(S1)6

g(ω1)g(ω2)g(ω3) dΣ~ω = (2π)−2

∫
R2

ĝσ ĝσ ĝσ σ̂ σ̂ σ̂ dx

= (2π)−2
∑

n∈(2Z)×

∑
m∈(2Z)×

∑
k∈(2Z)×

ĝ(n)ĝ(m)ĝ(k)

∫
R2

ênσ êmσ êkσ σ̂ σ̂ σ̂ dx

= (2π)5
∑

n∈(2Z)×

∑
m∈(2Z)×

ĝ(n)ĝ(m)ĝ(n+m)γn,m,

with {γn,m} as defined in (4.3.12). For the second integral we obtain similarly

II =

∫
(S1)6

g(ω1)g(ω2)g(ω3)(ω4 · ω5) dΣ~ω

= −(2π)5
∑

n∈(2Z)×

∑
m∈(2Z)×

ĝ(n)ĝ(m)ĝ(n+m) γ̃n,m,

with {γ̃n,m} as defined in (4.3.13). Summarizing, we obtain

T (g, g, g) = 2(I + 3II) = −2(2π)5
∑

n∈(2Z)×

∑
m∈(2Z)×

ĝ(n)ĝ(m)ĝ(n+m) δn,m,

with {δn,m} as defined in (4.3.14).

4.5.4. Bilinear controls trilinear. We want to show that the trilinear term
we just computed is controlled in absolute value by the bilinear term −3T (c, g, g).
Since h ≥ 0, the constant c is given by3

c =
‖h‖L1

2π
= ĥ(0) = ‖ĥ‖L∞ .

Observe that ĝ(n) = ĥ(n) for n 6= 0. Our task can thus be reformulated as the
following statement:∣∣∣∣∣∣

∑
n,m,n+m∈(2Z)×

ĥ(n)ĥ(m)ĥ(n+m)δn,m

∣∣∣∣∣∣ ≤ 3‖ĥ‖L∞
∑

n∈(2Z)×

|ĥ(n)|2βn.

Letting k = −m − n, we further simplify the problem by using the symmetries of
the planar lattice (

(2Z)×
)3 ∩ {n+m+ k = 0}.

We have two possibilities: (i) two numbers positive and one negative or (ii) two
numbers negative and one positive. Since

ĥ(n) = ĥ(−n)

for every n ∈ Z, the two cases are actually the same, and so we work with case (i)
only. In this case, we consider the instances where k is negative. By the triangle
inequality, it suffices to show that

(4.5.4)

∣∣∣∣∣∣
∑

n,m∈(2N)×

ĥ(n)ĥ(m)ĥ(n+m)δn,m

∣∣∣∣∣∣ ≤ ‖ĥ‖L∞
∑

n∈(2N)×

|ĥ(n)|2βn.

3Recall that we are using the normalization (4.3.4) for the Fourier series.
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Recall that c0 = 3
8π2 and define

ηn,4 =
21c0

8

1

n(n+ 1)(n+ 2)(n+ 3)(n+ 4)

and

δ̃n,4 = δn,4 − ηn,4.
For n ∈ {6, 8, . . .} and m ∈ {6, . . . , n}, define

δ̃n,m = δn,m.

We break the left-hand side of (4.5.4) into 6 sums. The first two are the terms for
which min{n,m} = 2, sorted into those for which n ≤ m and those for which n > m.
The next two are the terms for which min{n,m} = 4, in which we have isolated the
main contribution ηn,4. The last two sums are the terms with min{n,m} ≥ 4 with

the residual contribution δ̃n,m.

(LHS) ≤

∣∣∣∣∣∣∣
∑
n∈2N:
2≤n

ĥ(n)ĥ(2)ĥ(n+ 2)δn,2

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
∑
n∈2N:
2<n

ĥ(n)ĥ(2)ĥ(n+ 2)δn,2

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
∑
n∈2N:
4≤n

ĥ(n)ĥ(4)ĥ(n+ 4)ηn,4

∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣
∑
n∈2N:
4<n

ĥ(n)ĥ(4)ĥ(n+ 4)ηn,4

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣
∑

n,m∈2N:
4≤m≤n

ĥ(n)ĥ(m)ĥ(n+m)δ̃n,m

∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
∑

n,m∈2N:
4≤m<n

ĥ(n)ĥ(m)ĥ(n+m)δ̃n,m

∣∣∣∣∣∣∣∣
= S1 + S2 + S3 + S4 + S5 + S6.

4.5.4.1. Analysis of S1. We treat these terms in a special way so as to not have

to estimate ĥ(2) by ‖ĥ‖∞ as in S5 and S6. Using Corollary 4.3.16 and the Cauchy–
Schwarz inequality, we proceed as follows:

S1 ≤ |ĥ(2)|(1 + ε2)
c0

2

∑
n∈(2N)×

|ĥ(n)|
n

3
2

|ĥ(n+ 2)|
(n+ 2)

3
2

≤ |ĥ(2)|(1 + ε2)
c0

2

 ∑
n∈(2N)×

|ĥ(n)|2

n3

 1
2

∑
n∈2N:
4≤n

|ĥ(n)|2

n3


1
2

.

Let |ĥ(2)| = x and
∑

n∈(2N)×
|ĥ(n)|2
n3 = S. We seek to maximize

x 7→
[
x2

(
S − x2

8

)] 1
2

.

This maximum occurs when x2 = 4S. We also note that

(4.5.5) S ≤ c2

8
ζ(3),
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where ζ(s) =
∑∞

n=1
1
ns is the Riemann zeta-function. At the point of maximum we

then have that[
x2

(
S − x2

8

)] 1
2

=
[
2S2

] 1
2 ≤

√
ζ(3)

2
c S

1
2 < (0.55) c S

1
2 .

Hence

S1 < (1 + ε2) c0 (0.275) c S.

Using Corollary 4.3.11 we then arrive at

S1 <

[
(1 + ε2)(0.275)

(1− ε1)

]
c

∑
n∈(2N)×

|ĥ(n)|2 βn.(4.5.6)

4.5.4.2. Analysis of S2. We follow the same outline as above, and now we obtain
a slight improvement due to the restricted summation indices. In fact,

S2 ≤ |ĥ(2)|(1 + ε2)
c0

2

∑
n∈2N:
2<n

|ĥ(n)|
n

3
2

|ĥ(n+ 2)|
(n+ 2)

3
2

≤ |ĥ(2)|(1 + ε2)
c0

2

∑
n∈2N:
4≤n

|ĥ(n)|2

n3
.

Again we let |ĥ(2)| = x and
∑

n∈(2N)×
|ĥ(n)|2
n3 = S. We now seek to maximize

x 7→ x

(
S − x2

8

)
.

The maximum occurs when x =
√

8S
3 . Using (4.5.5), at the point of maximum we

have that

x

(
S − x2

8

)
=

√
8S

3

2S

3
≤

2
√
ζ(3)

3
√

3
c S < (0.422)c S.

Using Corollary 4.3.11, this leads to

S2 <

[
(1 + ε2) (0.211)

(1− ε1)

]
c

∑
n∈(2N)×

|ĥ(n)|2 βn.(4.5.7)

4.5.4.3. Analysis of S3. First notice that

S3 ≤ |ĥ(4)| 21c0

8

∑
n∈2N:
4≤n

|ĥ(n)|
n

3
2

|ĥ(n+ 4)|
(n+ 4)

3
2

n
3
2 (n+ 4)

3
2

n(n+ 1)(n+ 2)(n+ 3)(n+ 4)
.

Note that the function

x 7→ x
3
2 (x+ 4)

3
2

x(x+ 1)(x+ 2)(x+ 3)(x+ 4)

is decreasing on [4,∞). Therefore

S3 ≤ |ĥ(4)| 21c0

8

4
√

2

5× 6× 7

∑
n∈2N:
4≤n

|ĥ(n)|
n

3
2

|ĥ(n+ 4)|
(n+ 4)

3
2

.
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Using the Cauchy–Schwarz inequality, we then obtain that

S3 ≤ |ĥ(4)|
√

2c0

20

∑
n∈2N:
4≤n

|ĥ(n)|2

n3


1
2
∑
n∈2N:
6≤n

|ĥ(n)|2

n3


1
2

.

Now let |ĥ(4)| = x and
∑

n∈2N:
4≤n

|ĥ(n)|2
n3 = T . We want to maximize

x 7→
[
x2

(
T − x2

64

)] 1
2

.

This maximum occurs when x2 = 32T . Note also that

(4.5.8) T ≤ c2

8
(ζ(3)− 1).

At the point of maximum, we then have that[
x2

(
T − x2

64

)] 1
2

= 4T ≤
4
√
ζ(3)− 1√

8
c T

1
2 .

Hence

S3 ≤ c0

√
ζ(3)− 1

10
c T < c0 (0.045) c T,

and from Corollary 4.3.11 we arrive at

S3 <
(0.045)

(1− ε1)
c
∑
n∈2N:
4≤n

|ĥ(n)|2 βn.(4.5.9)

4.5.4.4. Analysis of S4. We follow the same outline as in the analysis of S3 to get

S4 ≤ |ĥ(4)|
√

2c0

20

∑
n∈2N:
6≤n

|ĥ(n)|2

n3
.

Again we let |ĥ(4)| = x and
∑

n∈2N:
4≤n

|ĥ(n)|2
n3 = T . We now seek to maximize

x 7→ x

(
T − x2

64

)
.

The maximum occurs when x =
√

64T
3 . Using (4.5.8), at the point of maximum we

have that

x

(
T − x2

64

)
=

√
64T

3

2T

3
≤ 8√

3

2

3

√
ζ(3)− 1√

8
c T.

Hence

S4 ≤ c0

√
2

20

8√
3

2

3

√
ζ(3)− 1√

8
c T < c0 (0.035) c T,

and from Corollary 4.3.11 we arrive at

S4 <
(0.035)

(1− ε1)
c
∑
n∈2N:
4≤n

|ĥ(n)|2 βn.(4.5.10)
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4.5.4.5. Analysis of S5. From Corollaries 4.3.11 and 4.3.16, for every positive
even integers m and n satisfying 4 ≤ m ≤ n, we have that

(4.5.11)
|δ̃n,m|

β
1
2
n β

1
2
m

≤ γ3
c0

8n4

n
3
2 m

3
2

(1− ε1)c0
≤ γ3

8(1− ε1)n
.

Using (4.5.11), it follows that

S5 ≤ ‖ĥ‖L∞
∑

n,m∈2N:
4≤m≤n

|ĥ(n)|β
1
2
n |ĥ(m)|β

1
2
m
|δ̃n,m|

β
1
2
n β

1
2
m

≤ γ3

8(1− ε1)
‖ĥ‖L∞

∑
n∈2N:
4≤n

|ĥ(n)|β
1
2
n


∑

m∈2N:
4≤m≤n

|ĥ(m)|β
1
2
m

n



≤ γ3

16(1− ε1)
‖ĥ‖L∞

∑
n∈2N:
4≤n

|ĥ(n)|β
1
2
n


∑

m∈2N:
4≤m≤n

|ĥ(m)|β
1
2
m

n
2 − 1

 .

This last term can be estimated using the Cauchy–Schwarz inequality yielding

S5 ≤
γ3

16(1− ε1)
‖ĥ‖L∞

∑
n∈2N:
4≤n

|ĥ(n)|2βn


1
2

∑
n∈2N:
4≤n


∑

m∈2N:
4≤m≤n

|ĥ(m)|β
1
2
m

n
2 − 1


2

1
2

.

(4.5.12)

We now recall a sharp version of Hardy’s inequality for sequences.

Lemma 4.5.13. (Hardy’s inequality, cf. [45, p. 239]) Given any sequence {an}
of nonnegative real numbers, we have

∞∑
n=1

(
a1 + a2 + . . .+ an

n

)2

≤ 4
∞∑
n=1

a2
n.

Using Hardy’s inequality in (4.5.12), with aj−1 = |ĥ(2j)|β
1
2
2j , for 2 ≤ j ≤ n

2 ,
yields

S5 ≤
γ3

8(1− ε1)
‖ĥ‖L∞

∑
n∈2N:
4≤n

|ĥ(n)|2βn.(4.5.14)

4.5.4.6. Analysis of S6. For S6 we have (at least) the same bound (4.5.14) as for
S5. This is sufficient for our purposes.

4.5.4.7. Conclusion. Putting together the estimates (4.5.6), (4.5.7), (4.5.9), (4.5.10)

and (4.5.14) (twice), and recalling c = ‖ĥ‖L∞ , we conclude that

S1 + S2 + S3 + S4 + S5 + S6 <

[
0.08 + (1 + ε2)(0.486) + γ3

4

(1− ε1)

]
‖ĥ‖L∞

∑
n∈2N:
2≤n

|ĥ(n)|2βn.
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The values of ε1 = 0.03, ε2 = 0.11 and γ3 = 1.3 provided by Corollaries 4.3.11 and
4.3.16 guarantee that[

0.08 + (1 + ε2)(0.486) + γ3
4

(1− ε1)

]
< 0.974 < 1.

This establishes (4.5.4) and concludes the proof of Theorem 4.1.6.

4.6. A local estimate of Cauchy–Schwarz type

It is sufficient to show that there exists a universal ε0 > 0 such that for all
g ∈ L2(S1), with g ⊥ 1 and ‖g‖L2(S1) = 1, we have Ψ(1 + εg) ≥ 0 for 0 ≤ ε < ε0. In

order to simplify notation, let us write gi := g(ωi). Note that

Ψ(1 + εg) = ε2

∫
(S1)6

(g1 + g2 + g3− g4− g5− g6)2
(
|ω4 +ω5 +ω6|2− 1

)
dΣ~ω +O(ε3),

where the constant implicit in the bigO notation is uniform for g satisfying ‖g‖L2(S1) ≤
1. Let us investigate the second order term

S :=

∫
(S1)6

(g1 + g2 + g3 − g4 − g5 − g6)2
(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω

= 6

∫
(S1)6

g2
1

(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω + 12

∫
(S1)6

g1g2

(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω

− 18

∫
(S1)6

g1g4

(
|ω4 + ω5 + ω6|2 − 1

)
dΣ~ω

= 12

∫
(S1)6

g2
1 dΣ~ω − 12

∫
(S1)6

g1g2 dΣ~ω + 36

∫
(S1)6

g2
1 (ω4 · ω5) dΣ~ω

+ 36

∫
(S1)6

g1g2 (ω4 · ω5) dΣ~ω − 72

∫
(S1)6

g1g4 (ω4 · ω5) dΣ~ω

=: 12A− 12B + 36C + 36D − 72E.

(4.6.1)

By (4.5.2) we have (note that we are not assuming here that g is even)

(4.6.2) B = (2π)5
∑
n∈Z×

|ĝ(n)|2 (−1)n αn,

and similarly to (4.5.2) we obtain

A = (g2σ ∗ σ ∗ σ ∗ σ ∗ σ ∗ σ)(0) = (2π)5α0 ĝ2(0) = (2π)5
∑
n∈Z×

|ĝ(n)|2 α0.(4.6.3)

By (4.5.3) it follows that

(4.6.4) D = −(2π)5
∑
n∈Z×

|ĝ(n)|2 (−1)n α̃n,

and similarly to (4.5.3) we obtain

C = (2π)−2

∫
R2

ĝ2σ σ̂ ê1σ ê−1σ σ̂ σ̂ dx = −(2π)5α̃0 ĝ2(0) = −(2π)5
∑
n∈Z×

|ĝ(n)|2 α̃0.

(4.6.5)
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Finally, expanding the identity∫
(S1)6

g1g4 |ω4 + ω5|2 dΣ~ω =

∫
(S1)6

g1g4 |ω1 + ω2 + ω3 + ω6|2 dΣ~ω,

and using the symmetries to simplify, we arrive at

(4.6.6) E = −B
2
− 3D

2
.

Combining (4.6.1)–(4.6.6) we obtain

S = 12(A+ 2B + 3C + 12D) = 12 (2π)5
∑
n∈Z×

|ĝ(n)|2 cn,

where
cn = α0 + 2(−1)nαn − 3α̃0 − 12(−1)nα̃n.

We must verify that cn > η > 0 for all n ∈ Z×, with η universal. Since cn = c−n,
we can restrict our attention to n > 0. The cases n = 1, 2, . . . , 6 can be verified by
direct computation using the values on Table 1. For n ≥ 7, we use Theorem 4.3.9
to get ∣∣6α̃n − αn∣∣ ≤ 3

4π2n
+

21

32π2(n− 1)n(n+ 1)
+

7

500n4
< 0.012

and hence
cn ≥

(
α0 − 3α̃0

)
− 2
∣∣6α̃n − αn∣∣ > 0.134− 0.024 > 0.

This completes the proof of Theorem 4.1.15.

We note that Theorem 4.1.6 and Theorem 4.1.15 provide an alternative proof of
Theorem 4.1.2.



CHAPTER 5

On extremizers for Strichartz estimates for higher order
Schrödinger equations

5.1. Introduction

Recently there has been considerable interest in the study of extremizers, optimal
constants, and sharp instances of various Fourier extension inequalities. The purpose
of the present chapter is three-fold. Firstly, we establish a sharp Fourier extension
inequality on certain non-compact hypersurfaces in Euclidean space. Secondly, we
use concentration-compactness tools to study the qualitative behavior of extremiz-
ing sequences for this sharp inequality. Thirdly, we explore the link between Fourier
extension inequalities and Strichartz estimates for certain higher order Schrödinger
equations, and resolve some dichotomies concerning the existence of extremizers that
have appeared in the recent literature.

Throughout the chapter, we normalize the Fourier transform as follows:

f̂(y) =

∫
Rd
f(x)e−i〈x,y〉dx,

where 〈·, ·〉 denotes the usual inner product in Rd. Given a sufficiently nice function
φ : Rd → R, consider the hypersurface in Rd+1

(5.1.1) Σφ = {(y, |y|2 + φ(y)) : y ∈ Rd}

endowed with projection measure

(5.1.2) σ(y, t) = δ
(
t− |y|2 − φ(y)

)
dydt,

which in turn is defined by requiring that the identity∫
Rd+1

g(y, t)dσ(y, t) =

∫
Rd
g(y, |y|2 + φ(y))dy

holds for every Schwartz function g. The Fourier extension operator for the hyper-
surface Σφ is defined as

f̂σ(x, t) =

∫
Rd
f(y)e−i〈x,y〉e−it(|y|

2+φ(y))dy, (x, t) ∈ Rd+1.

Estimates for this operator stem from the seminal works of Tomas [92], Stein [84]
and Strichartz [86]. In particular, under certain fairly general convexity assumptions
on φ, the inequality

‖f̂σ‖
L2+ 4

d (Rd+1)
.d,φ ‖f‖L2(Rd)

holds in dimensions d ≥ 1, see e.g. [50, 52, 54]. To pursue this point further, let
us specialize the discussion to the two-dimensional case d = 2. Using the fact that
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in this case the exponent 2 + 4
d = 4 is an even integer together with Plancherel’s

Theorem, the inequality

‖f̂σ‖L4(R3) .φ ‖f‖L2(R2)

can be rewritten in bilinear convolution form as

(5.1.3) ‖fσ ∗ fσ‖L2(R3) .φ ‖f‖
2
L2(R2)

.

We emphasize that, since the surface Σφ is not compact, inequality (5.1.3) does not
hold in general if the projection measure is replaced by the usual surface measure
on Σφ. Inequality (5.1.3) will be established under some mild assumptions on φ in
Theorem 5.1.7 below. As we will see, it will follow from the fact that the convolu-
tion σ ∗σ defines a measure which is absolutely continuous with respect to Lebesgue
measure on R3, and whose Radon–Nikodym derivative is given by an essentially
bounded function.

In the first part of the chapter, we address the question of existence of extremizers
for the sharp version of inequality (5.1.3), and compute the optimal constant. More
precisely, consider the sharp inequality

(5.1.4) ‖fσ ∗ fσ‖L2(R3) ≤ R
2
φ‖f‖2L2(R2)

,

where the optimal constant is given by

(5.1.5) Rφ := sup
0 6=f∈L2(R2)

‖fσ ∗ fσ‖
1
2

L2(R3)

‖f‖L2(R2)

.

Definition 5.1.6. An extremizing sequence for inequality (5.1.4) is a se-
quence {fn} ⊂ L2(R2) satisfying ‖fn‖L2(R2) ≤ 1, such that

‖fnσ ∗ fnσ‖L2(R3) → R
2
φ, as n→∞.

An extremizer for inequality (5.1.4) is a nonzero function f ∈ L2(R2) which sat-
isfies

‖fσ ∗ fσ‖L2(R3) = R2
φ‖f‖2L2(R2)

.

The unperturbed case φ = 0 was treated by Foschi [35], who proved that extrem-
izers for the corresponding extension inequality on the paraboloid Σ0 are given by

Gaussians, and computed R0 = (π2 )
1
4 . A key step in Foschi’s program was the ele-

mentary but crucial observation that the convolution of projection measure on the
two-dimensional paraboloid defines a constant function in the interior of its support,
see [35, Lemma 3.2], and Remark 5.2.6 below. Alternative approaches are available:
Hundertmark–Zharnitski [48] base their analysis on a novel representation of the
Strichartz integral, and Bennett et al. [4] identify a monotonicity property of such
integrals under a certain quadratic heat-flow. These proofs rely on the large sym-
metry group enjoyed by the paraboloid. Perturbed paraboloids Σφ with φ 6= 0 no
longer enjoy this special feature, and understanding the associated Fourier extension
operator in sharp form is an important step towards the understanding of general
manifolds with positive Gaussian curvature. This motivates our first main result.

Theorem 5.1.7. Let φ : R2 → R be a nonnegative, twice continuously differ-
entiable, strictly convex function, whose Hessian H(φ) satisfies one of the following
conditions:
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(i) H(φ)(y0) = 0 for some y0 ∈ R2, or
(ii) There exists a sequence {yn} ⊂ R2 with |yn| → ∞, such that H(φ)(yn)→ 0,

as n→∞.

Let σ denote the projection measure on the surface Σφ. Then the inequality

(5.1.8) ‖fσ ∗ fσ‖L2(R3) ≤ R
2
φ‖f‖2L2(R2)

holds for every f ∈ L2(R2), and is sharp with optimal constant given by

(5.1.9) Rφ =
(π

2

) 1
4
.

The sequence {fn/‖fn‖L2} defined via

(5.1.10) fn(y) :=

{
e−n(ψ(y)−ψ(y0)−〈∇ψ(y0),y−y0〉), in case (i),

e−an(ψ(y)−ψ(yn)−〈∇ψ(yn),y−yn〉), in case (ii),

where ψ := | · |2 + φ and {an} is an appropriately chosen sequence, is extremizing
for inequality (5.1.8). Moreover, extremizers for inequality (5.1.8) do not exist.

Let us briefly comment on the proof of Theorem 5.1.7. In order to compute the
optimal constant Rφ and to show that extremizers do not exist, we employ methods
from [67, 75] that are based on Foschi’s ideas [35], with a novel ingredient which
we highlight below. The main steps are the following:

• One shows that R4
φ ≤ ‖σ ∗ σ‖L∞ <∞.

• One exhibits an explicit sequence {fn} ⊂ L2(R2) such that

lim inf
n→∞

‖fnσ ∗ fnσ‖2L2

‖fn‖4L2

≥ ‖σ ∗ σ‖L∞ .

• From the previous two steps, one concludes R4
φ = ‖σ ∗ σ‖L∞ .

• One proves that the set {(ξ, τ) ∈ R2+1 : (σ ∗ σ)(ξ, τ) = ‖σ ∗ σ‖L∞} has
Lebesgue measure zero.
• A careful review of Foschi’s method then implies

‖fσ ∗ fσ‖L2 < R2
φ‖f‖2L2 ,

for every nonzero f ∈ L2(R2). In particular, extremizers do not exist.

The first and fourth steps above are based on a new comparison principle that trans-
lates into a pointwise inequality between convolution of projection measures on the
perturbed surface Σφ and the paraboloid Σ0, respectively. It leads to the compu-
tation of the exact numerical value of the optimal constant Rφ. The comparison
principle holds in all dimensions d ≥ 2, and we state it precisely as follows.

Theorem 5.1.11. For d ≥ 2, let φ : Rd → R be a nonnegative, continuously
differentiable, strictly convex function. Let ϕ = | · |2 and ψ = | · |2 + φ. Let σ0, σ
denote the projection measures on the hypersurfaces Σ0,Σφ, respectively. Then

(5.1.12)
(
σ ∗ σ

)
(ξ, 2ψ(ξ/2) + τ) ≤

(
σ0 ∗ σ0

)
(ξ, 2ϕ(ξ/2) + τ),

for every ξ ∈ Rd and τ > 0. Moreover, this inequality is strict for almost every point
in the support of the measure σ ∗ σ.
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Certain related but distinct comparison principles have already proved useful in un-
derstanding the effect of global smoothing. See [79] for an instance in which such
a principle was used to derive new estimates for dispersive (and non-dispersive)
equations from known ones, as well as an effective means to compare estimates for
different equations. The link with optimal constants and extremizers for a broad
class of smoothing estimates is established in [12].

In the second part of the present chapter, we adapt ideas from the concentration-
compactness principle of Lions [65] to examine the behavior of general extremizing
sequences for inequality (5.1.8). Generally speaking, the theory of concentration-
compactness has proved a very efficient tool to exhibit the precise mechanisms which
are responsible for the loss of compactness in a variety of settings. In our concrete
problem, extremizers fail to exist because extremizing sequences concentrate. Con-
centration can only occur at points where the convolution σ ∗σ attains its maximum
value, or at spatial infinity. To make these concepts precise, we introduce the rele-
vant definitions.

Definition 5.1.13. A sequence {fn} ⊂ L2(R2) concentrates at a point y0 ∈
R2 if, for every ε, ρ > 0, there exists N ∈ N such that, for every n ≥ N ,∫

{|y−y0|≥ρ}
|fn(y)|2dy ≤ ε‖fn‖2L2(R2)

.

A sequence {fn} ⊂ L2(R2) concentrates along a sequence {yn} ⊂ R2 if, for
every ε, ρ > 0, there exists N ∈ N such that, for every n ≥ N ,∫

{|y−yn|≥ρ}
|fn(y)|2dy ≤ ε‖fn‖2L2(R2)

.

A sequence {fn} ⊂ L2(R2) concentrates at infinity if, for every ε, ρ > 0, there
exists N ∈ N such that, for every n ≥ N ,∫

{|y|≤ρ}
|fn(y)|2dy ≤ ε‖fn‖2L2(R2)

.

The following result holds under the general hypotheses of Theorem 5.1.7.

Theorem 5.1.14. Let φ : R2 → R be a nonnegative, twice continuously differ-
entiable, strictly convex function, whose Hessian satisfies condition (i) or condition
(ii) from Theorem 5.1.7. Then any extremizing sequence for inequality (5.1.8) has
a further subsequence which either concentrates at some point y0 ∈ R2 satisfying
H(φ)(y0) = 0, or concentrates at infinity.

It has long been understood that Tomas–Stein extension type inequalities are related
to Strichartz estimates for linear partial differential equations of dispersive type. To
illustrate this connection in the present situation, consider the multiplier operator

M̂φg = φ ĝ

acting on Schwartz functions g, and the associated Schrödinger equation

(5.1.15)

{
iut +Mφu− µ∆u = 0, µ ≥ 0,

u(·, 0) = f ∈ L2(Rd),
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whose solution can be written as

(5.1.16) u(x, t) =
1

(2π)d

∫
Rd
f̂(y)ei〈x,y〉eit(µ|y|

2+φ(y))dy, (x, t) ∈ Rd+1.

In the third part of the chapter, we consider Strichartz inequalities for solutions of
equation (5.1.15) in the two-dimensional case d = 2. In particular, we investigate
the family of inequalities

(5.1.17) ‖(µ+ |∇|2)
1
4 eit(φ(|∇|)−µ∆)f‖L4(R3) .µ,φ ‖f‖L2(R2),

and mostly focus on the particular instance of a quartic perturbation, φ = | · |4.
In this case, inequality (5.1.17) can be proved via the method of stationary phase
together with the main theorem of [55], see the remarks preceding [52, Proposition
2.4], and [3, 54, 73] for further details. In the spirit of what had been done in
the one-dimensional setting in [50], this instance of inequality (5.1.17) was refined
in [52], with the goal of establishing a linear profile decomposition for a family of
fourth order Schrödinger equations. As a consequence, the authors of [52] obtained
a dichotomy result for the existence of extremizers in the cases µ ∈ {0, 1}, which by
scaling extends to the general case µ ≥ 0, and can be summarized as follows: Either
extremizers exist, or extremizing sequences exhibit a certain classical Schrödinger
behavior. See [52, Theorems 4.1 and 4.2] for a precise formulation of these results.
Along the way, the authors of [52] obtained lower bounds for the norms of the
corresponding Fourier extension operators. The methods we use to study the sharp
bilinear convolution inequality (5.1.8) are robust enough to resolve this dichotomy,
and to determine which situation actually happens. In particular, we prove that
extremizers exist if µ = 0, but fail to exist if µ = 1. In the latter case, we also
compute the operator norm exactly.
To state our results precisely, let us start by considering the case of µ = 0 and
φ = | · |4. Then inequality (5.1.17) can be restated with the help of the Fourier
transform, here denoted by F , as

(5.1.18) ‖F(f | · |
1
2 ν)‖L4(R3) . ‖f‖L2(R2),

where the measure ν is given by ν(y, t) = δ
(
t− |y|4

)
dydt. By Plancherel’s Theorem,

inequality (5.1.18) can be rewritten in sharp form as

(5.1.19) ‖f | · |
1
2 ν ∗ f | · |

1
2 ν‖L2(R3) ≤ Q

2‖f‖2
L2(R2)

,

with optimal constantQ. The following result should be compared to [52, Theorem 4.1].

Theorem 5.1.20. The optimal constant for inequality (5.1.19) satisfies the bounds

(5.1.21)
π

4
√

3
< Q4 <

π

4
.

Moreover, there exists an extremizer for inequality (5.1.19).

Still taking φ = | · |4, let us now consider the case of µ = 1. Then inequality (5.1.17)
can be restated as

(5.1.22) ‖F(f(1 + | · |2)
1
4σ)‖L4(R3) . ‖f‖L2(R2),

where the measure σ is given by σ(y, t) = δ
(
t− |y|2 − |y|4

)
dydt. By Plancherel’s

Theorem, inequality (5.1.22) can be rewritten in sharp form as

‖f
√
wσ ∗ f

√
wσ‖L2(R3) ≤ S

2‖f‖2
L2(R2)

,(5.1.23)
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with weight w = (1+ | · |2)
1
2 and optimal constant S. The following result is a special

case of Theorem 5.6.9 below.

Theorem 5.1.24. The value of the optimal constant for inequality (5.1.23) is
given by S4 = π

2 . Moreover, extremizers for inequality (5.1.23) do not exist, and
extremizing sequences concentrate at the origin.

In particular, Theorems 5.1.20 and 5.1.24 imply that Q4 < S4 = π
2 . The shape of

(the Fourier transform of) a general extremizing sequence for inequality (5.1.23) is
then given by [52, Theorem 4.2] and the remarks following it. Furthermore, as men-
tioned in [52], it is of interest to extend the analysis to more general perturbations of
the Schrödinger equation. Our methods allow to make progress in a number of pre-
viously untreated cases, and we comment on this in Remark 5.6.18 and §5.6.4 below.

Our results complement the recent, vast and very interesting body of work con-
cerning sharp Fourier extension and Strichartz estimates. In addition to the works
previously cited in this introduction, see [22, 25, 26, 36, 39] for results in sharp
Fourier extension theory on spheres, and [20, 32, 33, 44, 66, 77] for other instances.

Overview. The rest of this chapter is organized as follows. In §5.2, we briefly com-
ment on the model case of a pure power perturbation of the paraboloid, and derive a
useful integral formula for the convolution of projection measure on a generic convex
perturbation of the two-dimensional paraboloid. §5.3 is the technical heart of the
first part of the chapter, and is devoted to the aforementioned comparison principle.
In particular, we prove Theorem 5.1.11, and briefly remark on possible extensions of
this result to n-fold convolutions if n ≥ 3. The proof of Theorem 5.1.7 is presented
in §5.4. We discuss the behavior of general extremizing sequences in §5.5. In partic-
ular, we establish a precise form of the geometric principle that distant caps interact
weakly, show some auxiliary results of concentration-compactness flavor, and prove
Theorem 5.1.14. Finally, we deal with sharp Strichartz inequalities in §5.6. We treat
the case of quartic perturbations in §5.6.1, establishing a generalization of Theorem
5.1.24. We study the convolution of projection measure associated to pure powers
in §5.6.2, and use this knowledge to tackle the case of the pure quartic in §5.6.3,
establishing Theorem 5.1.20, and of other pure powers in §5.6.4.

A word on forthcoming notation. The usual inner product between vectors
x, y ∈ Rd will continue to be denoted by 〈x, y〉. This is to clarify the distinction
from the d × d matrix obtained as the matrix product between the vector x and
the transpose of the vector y, denoted x · yT . The usual matrix product between a
d × d matrix A and a vector x ∈ Rd will likewise be indicated by A · x. The d × d
identity matrix will be denoted by Id, or simply by I if no confusion arises. The
open ball of radius r > 0 centered at x ∈ Rd will be denoted by Br(x). If x = 0,
then we will simply write Br instead of Br(0). The corresponding closed balls will
be denoted by B̄r(x) and B̄r = B̄r(0), respectively. The alternative notation for the

Fourier transform F(f) = f̂ will occasionally be used. Finally, 1E will stand for the
indicator function of a given subset E ⊂ Rd, and the complement of E will at times

be denoted by E{.
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5.2. On scaling and convolutions

5.2.1. An explicit example. For d ≥ 1, a > 0 and p > 2, consider the family
of Fourier extension operators associated to certain polynomial perturbations of the
paraboloid equipped with projection measure, given by

(5.2.1) Ta(f)(x, t) =

∫
Rd
f(y)e−i〈x,y〉e−it(|y|

2+a|y|p)dy, (x, t) ∈ Rd+1.

The family {Ta} enjoys the following scaling property. Given a, b > 0, let λ = ( ba)
1
p−2 .

Changing variables y  λy in the integral (5.2.1), we see that

Ta(f)(x, t) = λ
d
2

∫
Rd
fλ(y)e−i〈λx,y〉e−iλ

2t(|y|2+b|y|p)dy = λ
d
2Tb(fλ)(λx, λ2t),

where the rescaled function fλ(y) = λ
d
2 f(λy) satisfies ‖fλ‖L2 = ‖f‖L2 . It follows

that
‖Ta(f)‖

L2+ 4
d (Rd+1)

= ‖Tb(fλ)‖
L2+ 4

d (Rd+1)
,

and therefore

sup
0 6=f∈L2(Rd)

‖Ta(f)‖
L2+ 4

d (Rd+1)

‖f‖L2(Rd)

= sup
06=f∈L2(Rd)

‖Tb(f)‖
L2+ 4

d (Rd+1)

‖f‖L2(Rd)

.

From this identity, we conclude that optimal constants are independent of a, and
that extremizers exist for some value of a > 0 if and only if they exist for every
value of a > 0. If extremizers exist for one value of a > 0, then the simple dilation
indicated above produces an extremizer for any other value of a > 0. Theorem 5.1.7
provides a refinement of this rudimentary analysis in the two-dimensional case. In
particular, it states that the optimal constant is also independent of p, and that
extremizers do not exist.

5.2.2. Convolution of singular measures. The goal of this section is to ex-
hibit an explicit formula for the convolution of projection measure on perturbed
paraboloids. For the sake of concreteness, we limit our discussion to the two dimen-
sional case d = 2. See [1, Lemma 3.1] for a formula in the same spirit of identity
(5.2.3) below.

Proposition 5.2.2. Let ψ := | · |2 +φ, where φ ≥ 0 is a convex C2(R2) function.
Let σ denote projection measure on the surface Σφ. Then the following assertions
hold for the convolution measure σ ∗ σ:

(a) It is absolutely continuous with respect to Lebesgue measure on R3.
(b) Its support is given by

supp(σ ∗ σ) = {(ξ, τ) ∈ R2+1 : τ ≥ 2ψ(ξ/2)}.
(c) Its Radon–Nikodym derivative, also denoted by σ∗σ, is given by the formula

(5.2.3) (σ ∗ σ)(ξ, τ) =

∫
S1

(∫ 1

−1
〈ω,H(ψ)(ξ/2 + tα(ξ, τ, ω)ω) · ω〉 dt

)−1
dµω,

provided τ > 2ψ(ξ/2). Here, the measure µ denotes arc length measure on
the unit circle S1, and the function α is given by

(5.2.4) α(ξ, τ, ω) =
√
τ/2− ψ(ξ/2)λ

(√
τ/2− ψ(ξ/2)ω

)
,

where the function λ is implicitly defined via identity (5.2.8) below.



122 5. ON EXTREMIZERS FOR HIGHER ORDER STRICHARTZ ESTIMATES

(d) The convolution σ ∗ σ defines a continuous function of the variables ξ, τ in
the interior of its support. It extends continuously to the boundary of the
support, with values given by

(σ ∗ σ)(ξ, 2ψ(ξ/2)) =
π√

det(H(ψ)(ξ/2))
.(5.2.5)

Remark 5.2.6. In the special case φ = 0, the Hessian of ψ is a constant multiple
of the identity matrix, and formula (5.2.3) recovers the result from [35, Lemma
3.2] for the convolution of projection measure σ0 on the two-dimensional paraboloid
Σ0 ⊂ R3: For τ > |ξ|2/2,

(σ0 ∗ σ0)(ξ, τ) =

∫
S1

(∫ 1

−1
〈ω, 2ω〉dt

)−1
dµω =

π

2
.

Proof of Proposition 5.2.2. The absolute continuity of σ ∗ σ with respect
to Lebesgue measure follows in the same way as in the proof of [1, Lemma 3.1 (b)],
with minor modifications only. We provide the details for the convenience of the
reader. In order to show that the pairing 〈σ ∗ σ,1E〉 = 0 for each set E of Lebesgue
measure zero in R3, set y = (y1, y2), z = (z1, z2), and change variables tj = yj + zj ,
sj = yj − zj (j = 1, 2) to get

〈σ ∗ σ,1E〉 =

∫
(R2)2

1E(y + z, ψ(y) + ψ(z))dydz

=
1

4

∫
R

(∫
R2

∫
R
1E(t1, t2, Ft(s1, s2))ds1dt

)
ds2,

where the function Ft is defined as

Ft(s) = ψ
( t+ s

2

)
+ ψ

( t− s
2

)
.

The key observation is that Ft(s1, s2) is a strictly convex function of s1 for each
fixed s2 and t. The change of variables s1 7→ u given by the (at most 2–to–1) map
u = Ft(s1, s2) shows that the triple integral in (s1, t) is zero (for each s2) since E is
a Lebesgue null set. This establishes (a).
For (b), consider vectors y, y′ ∈ R2, and note that

ξ := y + y′ and τ := ψ(y) + ψ(y′)

satisfy τ ≥ 2ψ(ξ/2) because the function ψ is convex. For the reverse inclusion, let
(ξ, τ) ∈ R2+1 be given, such that τ ≥ 2ψ(ξ/2). We want to find y, y′ ∈ R2, such that

y + y′ = ξ and ψ(y) + ψ(y′) = τ.

It is enough to find y such that ψ(y) + ψ(ξ − y) = τ , for then y′ = ξ − y. Note that
ψ(y) + ψ(ξ − y) ≥ 2ψ(ξ/2) by convexity of ψ, with equality if y = ξ/2. Moreover,

ψ(y) + ψ(ξ − y)→∞, as |y| → ∞.

The function y 7→ ψ(y) +ψ(ξ− y) is continuous because ψ is convex, and the result
follows from applying the Intermediate Value Theorem in the appropriate direction.
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We now come to part (c). Let (ξ, τ) be such that τ > 2ψ(ξ/2). Fubini’s Theorem
and a simple change of variables yield1

(σ ∗ σ)(ξ, τ) =

∫
R

(∫
R2

δ
(
τ − t− ψ(ξ − y)

)
δ
(
t− ψ(y)

)
dy
)

dt

=

∫
R2

δ
(
τ − ψ(ξ/2 + y)− ψ(ξ/2− y)

)
dy.(5.2.7)

We would like to perform another change of variables y = T (w), where T (w) = λw,
and λ = λ(w) > 0 is an implicit real-valued function of w which takes only positive
values, and is defined via

(5.2.8) ψ(ξ/2 + λw) + ψ(ξ/2− λw) = 2|w|2 + 2ψ(ξ/2).

For fixed ξ, a unique positive solution λ = λ(w) exists if w 6= 0. By the Implicit
Function Theorem, equation (5.2.8) defines λ as a continuously differentiable func-
tion of w, as long as the derivative of the map

λ 7→ ψ(ξ/2 + λw) + ψ(ξ/2− λw)

is nonzero. In view of the strict convexity of the function ψ, this is indeed the case
if λ > 0. Further details in a more general context will be provided in the course of
the proof of Lemma 5.3.7 below. Since the function λ is continuously differentiable
and T (w) = λ(w)w, we have that

(5.2.9) T ′(w) = λI +∇λ · wT ,

where I denotes the 2× 2 identity matrix, the gradient is taken with respect to w,
and the term ∇λ · wT stands for the 2 × 2 matrix obtained as the product of the
gradient ∇λ (seen as a vector in R2) and the transpose of the vector w. To compute
the gradient ∇λ, note that implicit differentiation of (5.2.8) with respect to w yields

(5.2.10) T ′(w) · u = 4w, where u = u(w, ξ) := ∇ψ(ξ/2 + λw)−∇ψ(ξ/2− λw).

From (5.2.9) and (5.2.10), it follows that

(5.2.11) ∇λ =
4w − λu
〈w, u〉

.

One easily computes

detT ′(w) = det(λI +∇λ · wT ) = (1 + λ−1〈w,∇λ〉) det(λI),

and identity (5.2.11) then implies

(5.2.12) detT ′(w) =
4|w|2λ(w)

〈w, u(w, ξ)〉
.

Note that this is a nonnegative quantity because of the strict convexity of ψ. Going
back to the integral expression for σ ∗ σ, changing variables as announced, and
switching to polar coordinates, yields

(σ ∗ σ)(ξ, τ) =

∫
R2

δ
(
τ − 2ψ(ξ/2)− 2|w|2

)
detT ′(w)dw

=

∫ ∞
0

δ
(
τ − 2ψ(ξ/2)− 2r2

)( ∫
S1

detT ′(rω)dµω

)
rdr,

1For a treatment of integration on manifolds using delta calculus, see [38, Appendix A].
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where µ denotes arc length measure on the unit circle S1 ⊂ R2. Using expression
(5.2.12) for the Jacobian factor detT ′, changing variables 2r2 = s, and appealing to
Fubini’s theorem, we have that

(σ ∗ σ)(ξ, τ) =

∫
S1

(∫ ∞
0

δ
(
τ − 2ψ(ξ/2)− s

) √s/2λ(
√
s/2ω)

〈ω, u(
√
s/2ω, ξ)〉

ds
)

dµω.

Evaluating the inner integral,

(σ ∗ σ)(ξ, τ) =

∫
S1

√
τ/2− ψ(ξ/2)λ(

√
τ/2− ψ(ξ/2)ω)

〈ω, u(
√
τ/2− ψ(ξ/2)ω, ξ)〉

dµω.

Defining the function α = α(ξ, τ, ω) as in (5.2.4), and recalling the expression in
(5.2.10) for the vector u,

(5.2.13) (σ ∗ σ)(ξ, τ) =

∫
S1

〈
ω,
∇ψ(ξ/2 + αω)−∇ψ(ξ/2− αω)

α

〉−1
dµω.

Formula (5.2.3) now follows from the Fundamental Theorem of Calculus.
As for part (d), the continuity in the interior of the support follows from an inspec-
tion of representation formula (5.2.3), after recalling the fact that the function λ is
continuous. The boundary value is obtained by noting that, for each ω ∈ S1, the
function α(ξ, τ, ω) tends to 0 as (ξ, τ) approaches the boundary of the support from
its interior, since the function λ satisfies 0 ≤ λ ≤ 1. This yields

(σ ∗ σ)(ξ, 2ψ(ξ/2)) =
1

2

∫
S1

1

〈ω,H(ψ)(ξ/2) · ω〉
dµω,

from which identity (5.2.5) follows by using an orthonormal basis of R2 consisting
of eigenvectors of the Hessian matrix H(ψ)(ξ/2). The proof is now complete. �

Remark 5.2.14. Identity (5.2.13) already implies a weak form of the comparison
principle (Theorem 5.1.11) in the two-dimensional case. Analogous reasoning leads
to similar formulae for higher dimensional hypersurfaces. This is one of the motiva-
tions for the next chapter, which shares some features with the proof of Proposition
5.2.2. However, the analysis there seems more flexible, and may be adaptable to
other situations as well.

5.3. A comparison result

This chapter is devoted to the proof of Theorem 5.1.11, which holds in dimensions
d ≥ 2. Before stating the technical lemmata that will be used in its proof, let us
consider two convex functions ψ,ϕ : Rd → R. Given ξ, y ∈ Rd, define the following
auxiliary functions of one real variable:

g(t) := ψ(ξ/2− ty) + ψ(ξ/2 + ty)− 2ψ(ξ/2),(5.3.1)

h(t) := ϕ(ξ/2− ty) + ϕ(ξ/2 + ty)− 2ϕ(ξ/2).(5.3.2)

Note that g = h ≡ 0 if y = 0. Some properties of the functions g, h in a useful
special case are collected in the following lemma.

Lemma 5.3.3. Let ψ,ϕ : Rd → R be differentiable, convex functions, such that
their difference ψ − ϕ is also convex. Given ξ, y ∈ Rd, define the functions g, h as
above. Then:

(a) g(t) ≥ h(t) ≥ 0, for every t ∈ R.
(b) The functions g and h are convex.
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(c) g′(0) = h′(0) = 0.
(d) If ψ is strictly convex and y 6= 0, then g attains its unique global minimum

at t = 0.
(e) If ψ is strictly convex and y 6= 0, then there exists a unique nonnegative

λ = λ(y, ξ) such that

h(1) = g(λ),

and moreover λ ∈ [0, 1].
(f) If h(1) > 0, then λ > 0. If h(1) < g(1), then λ < 1.

Proof. The inequality h ≥ 0 follows from the (midpoint) convexity of the
function ϕ. The inequality g ≥ h follows from the (midpoint) convexity of the
function ψ−ϕ. This establishes (a). Statement (b) is a consequence of the following
two general facts: sums of convex functions are convex, and restrictions of convex
functions to lines are convex. Differentiability of the functions g, h follows from that
of ψ,ϕ. In light of (a), both g and h attain a (local, and therefore global) minimum
at t = 0 since g(0) = h(0) = 0, and (c) follows. Further notice that g is strictly
convex if ψ is strictly convex, provided y 6= 0. Since a strictly convex function can
have at most one global minimum, (d) follows from (c). We now consider statement
(e). Since g is continuous and g(0) ≤ h(1) ≤ g(1), the Intermediate Value Theorem
ensures the existence of λ ∈ [0, 1] such that h(1) = g(λ). There exists no λ in the
interval (1,∞) with the same property because g is strictly convex, and therefore
g(t) > g(1) if t > 1. The uniqueness of λ also follows from the strict convexity of g.
Statement (f) is immediate, and this concludes the proof of the lemma. �

Henceforth we restrict attention to continuously differentiable functions ψ,ϕ which
are strictly convex, and introduce two sets which will play a role in the proof of
Theorem 5.1.11. Given ξ ∈ Rd and c ∈ R, define the ψ-ellipsoid as

Eψ(ξ, c) := {y ∈ Rd : ψ(ξ/2− y) + ψ(ξ/2 + y)− 2ψ(ξ/2) = c},(5.3.4)

and similarly for the ϕ-ellipsoid Eϕ(ξ, c). We will abuse notation mildly by occa-
sionally referring to these sets simply as “ellipsoids”. The sets Eψ(ξ, c) and Eϕ(ξ, c)
are non-empty provided c ≥ 0, and codimension 1 hypersurfaces if c > 0. This
claim requires a short justification which goes as follows. Since the function ψ is
differentiable and strictly convex, its gradient ∇ψ is a strictly monotone mapping,
in the sense that

〈∇ψ(x)−∇ψ(x′), x− x′〉 > 0, for every x 6= x′,

see, for instance, [46, p. 112]. As a consequence, any positive number c > 0 is a
regular value of the function Fψ : Rd → R, defined via

y 7→ Fψ(y) = ψ(ξ/2− y) + ψ(ξ/2 + y)− 2ψ(ξ/2),

and the claim follows for the ellipsoid Eψ(ξ, c) = F−1
ψ (c). The assertion for ϕ can be

verified in an identical way. Further note that, for each fixed ξ ∈ Rd, the disjoint
union of the ellipsoids Eψ(ξ, c) as the parameter c ≥ 0 ranges over the nonnegative

real numbers equals the whole of Rd, and similarly for ϕ.
After these preliminary observations, define the transformation

(5.3.5) T : Rd \ {0} → Rd, T (y) = λ(y, ξ)y,



126 5. ON EXTREMIZERS FOR HIGHER ORDER STRICHARTZ ESTIMATES

where λ(y, ξ) is given by part (e) of Lemma 5.3.3. In other words, the real number
λ = λ(y, ξ) is the unique nonnegative solution of the equation

(5.3.6) ϕ(ξ/2− y) +ϕ(ξ/2 + y)− 2ϕ(ξ/2) = ψ(ξ/2− λy) +ψ(ξ/2 + λy)− 2ψ(ξ/2).

Relevant properties of the transformation T are recorded in the next result.

Lemma 5.3.7. Let ψ,ϕ : Rd → R be continuously differentiable, strictly convex
functions with a convex difference ψ − ϕ. Let ξ ∈ Rd be given, and consider the
transformation T given by (5.3.5). Then:

(a) T is injective.
(b) T is continuously differentiable.
(c) If T ′(y) denotes the Jacobian matrix of T at a point y 6= 0, then

(5.3.8) detT ′(y) = λ(y)d−1 〈∇ϕ(ξ/2 + y)−∇ϕ(ξ/2− y), y〉
〈∇ψ(ξ/2 + T (y))−∇ψ(ξ/2− T (y)), y〉

.

(d) T defines a bijection from the ellipsoid Eϕ(ξ, c) onto the ellipsoid Eψ(ξ, c),
for every c > 0.

Proof. To prove (a), let us consider nonzero vectors y, z ∈ Rd such that T (y) =
T (z). Then

ψ(ξ/2− λ(y)y) + ψ(ξ/2 + λ(y)y) = ψ(ξ/2− λ(z)z) + ψ(ξ/2 + λ(z)z),

where, for notational convenience, we have dropped the dependence of λ on ξ. This
implies

ϕ(ξ/2− y) + ϕ(ξ/2 + y) = ϕ(ξ/2− z) + ϕ(ξ/2 + z).

Since y = rz for some r > 0, and the function t 7→ ϕ(ξ/2 − tz) + ϕ(ξ/2 + tz) is
strictly increasing on (0,∞), we obtain r = 1. This means y = z, as desired.
Property (b) will follow from the Implicit Function Theorem, after showing that the
derivative of the map t 7→ g(t) = ψ(ξ/2− ty) +ψ(ξ/2 + ty)− 2ψ(ξ/2) is nonzero for
each ξ, y ∈ Rd with y 6= 0, provided t > 0. This derivative equals

g′(t) = 〈∇ψ(ξ/2 + ty)−∇ψ(ξ/2− ty), y〉,

which is nonzero because of the strict convexity of ψ. Indeed, in the proof of Lemma
5.3.3 we have already argued that g is a strictly convex C1 function which attains
its unique global minimum at t = 0, hence g′(t) > 0 for every t > 0. Alternatively,
recall that the gradient ∇ψ is a strictly monotone mapping.
To verify (c), we compute the Jacobian matrix of T in an analogous way to what
was done in the proof of Proposition 5.2.2. Implicit differentiation with respect to
the variable y of identity (5.3.6) with λ = λ(y) yields

(λI +∇λ · yT ) · u = v,

where the vectors u, v ∈ Rd are defined by

u = ∇ψ(ξ/2 + T (y))−∇ψ(ξ/2− T (y)),

v = ∇ϕ(ξ/2 + y)−∇ϕ(ξ/2− y).

For y 6= 0, it follows that

∇λ =
v − λu
〈u, y〉

,
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where the denominator 〈u, y〉 is strictly positive because the gradient ∇ψ is strictly
monotone and the vector T (y) is collinear with y. Using this together with the
Matrix Determinant Lemma, we arrive at identity (5.3.8):

detT ′(y) = det(λI +∇λ · yT ) = det(λI)(1 + λ−1〈y,∇λ〉) = λd−1 〈v, y〉
〈u, y〉

.

We finally turn to (d). That the transformation T has the desired mapping prop-
erties from Eϕ into Eψ follows from the defining identity (5.3.6). In view of (a),
the restriction of T to the set Eϕ is an injective map. So we are left with verifying
surjectivity. The previous considerations show that, given c > 0 and z ∈ Eψ(ξ, c), it

suffices to find any vector y ∈ Rd for which T (y) = z (for such y will then necessarily
belong to Eϕ(ξ, c)). But T is a continuous map which preserves rays emanating from
the origin, such that |Ty| ≤ |y| for every y 6= 0, and

lim
|y|→∞

|Ty| =∞.

The result follows from the Intermediate Value Theorem. �

Recall that |T (y)| ≤ |y|, for every y 6= 0. We would like to argue that the transfor-
mation T is contractive in the sense that | detT ′| < 1. Unfortunately, an explicit
computation involving the example ϕ(x) = |x|4 and ψ(x) = |x|2 + |x|4 + |x|6 reveals
that, perhaps unintuitively, one should not expect that to be the case in general.
We will be interested in convex perturbations of the paraboloid, and so the following
result will suffice for our purposes.

Lemma 5.3.9. Let d ≥ 2. Let ϕ = | · |2 and ψ = | · |2 +φ, where φ ≥ 0 is a strictly
convex C1(Rd) function. Let ξ ∈ Rd be given, and consider the transformation T
given by (5.3.5). Then

(5.3.10) | detT ′(y)| < 1, for every y 6= 0.

Proof. Fix y 6= 0. For the particular choices of ψ,ϕ as in the statement of the
lemma, define real-valued functions g, h via identities (5.3.1) and (5.3.2). In this
case, h′(t) = 4|y|2t, a homogenous function of degree 1. Identity (5.3.8) then implies

(5.3.11) detT ′(y) = λ(y)d−1 h′(1)

g′(λ(y))
= λ(y)d−2h

′(λ(y))

g′(λ(y))
.

We have already argued that g − h is a nonnegative, differentiable, strictly convex
function satisfying (g−h)(0) = 0 and (g−h)′(0) = 0. It follows that (g−h)′(t) > 0
for every t > 0, which means that the fraction on the right-hand side of identity
(5.3.11) is strictly less than 1 as long as λ(y) > 0. That this is indeed the case
follows from part (f) of Lemma 5.3.3, since h(1) = 2|y|2 > 0. The proof is finished
by noting that λ(y) ≤ 1 and d ≥ 2 together imply λ(y)d−2 ≤ 1. �

We have now collected all the ingredients needed to prove Theorem 5.1.11.

Proof of Theorem 5.1.11. As in the proof of Proposition 5.2.2, the convo-
lutions can be written as

(σ ∗ σ)(ξ, τ) =

∫
Rd

δ
(
τ − ψ(ξ/2− y)− ψ(ξ/2 + y)

)
dy,(5.3.12)

(σ0 ∗ σ0)(ξ, τ) =

∫
Rd

δ
(
τ − ϕ(ξ/2− y)− ϕ(ξ/2 + y)

)
dy.
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A straightforward adaptation of the arguments there shows that the convolution
σ ∗ σ is supported on the region {(ξ, τ) : τ ≥ 2ψ(ξ/2)}. Since φ ≥ 0, this region is
contained in the support of the convolution σ0∗σ0, i.e., the set {(ξ, τ) : τ ≥ 2ϕ(ξ/2)}.
For each fixed ξ ∈ Rd, consider the transformation T given by (5.3.5), which by
Lemma 5.3.7 maps the ellipsoid Eϕ(ξ, τ) bijectively onto Eψ(ξ, τ), for every τ > 0.
Changing variables y  Ty in the expression (5.3.12) for σ ∗σ, and appealing to the
defining identity (5.3.6), yields

(σ ∗ σ)(ξ, τ) =

∫
Rd

δ
(
τ − ψ(ξ/2− Ty)− ψ(ξ/2 + Ty)

)
|detT ′(y)|dy

=

∫
Rd

δ
(
τ − 2φ(ξ/2)− ϕ(ξ/2− y)− ϕ(ξ/2 + y)

)
|detT ′(y)|dy.(5.3.13)

From Lemma 5.3.9, we know that | detT ′| ≤ 1, and so Hölder’s inequality implies

(σ ∗ σ)(ξ, τ) ≤ (σ0 ∗ σ0)(ξ, τ − 2φ(ξ/2)),

for every ξ ∈ Rd and τ > 0. This is equivalent to inequality (5.1.12). We now
use the full power of (5.3.10) to argue that this inequality must be strict at every
point in the interior of the support of σ ∗ σ. Let (ξ, τ) be one such point, for which
c := τ − 2ψ(ξ/2) > 0. It is straightforward to check that the singular measure that
is being integrated in (5.3.13) is supported on the ellipsoid Eϕ(ξ, c). Since c > 0,
this ellipsoid does not contain the origin, and by Lemma 5.3.9 the strict inequality
| detT ′(y)| < 1 holds at every point y ∈ Eϕ(ξ, c). This can be strengthened to
| detT ′(y)| ≤ c0 for some fixed c0 < 1 (which depends on φ, ξ, τ but not on y),
since the set Eϕ(ξ, c) is compact and the function y 7→ detT ′(y) is continuous. The
result now follows from replacing the δ-function appearing in the integral (5.3.13)
by an appropriate ε-neighborhood of the ellipsoid Eϕ(ξ, c), and then analyzing the
cases of equality in Hölder’s inequality. To conclude the proof of the theorem, let
ε→ 0+. �

Remark 5.3.14. The previous discussion can be partially generalized to the case
of n-fold convolutions for n ≥ 3. Defining the functions

gn(t) =

n−1∑
j=1

ψ(ξ/n− tyj) + ψ(ξ/n+ t

n−1∑
j=1

yj)− nψ(ξ/n),

hn(t) =

n−1∑
j=1

ϕ(ξ/n− tyj) + ϕ(ξ/n+ t

n−1∑
j=1

yj)− nϕ(ξ/n),

we have the following generalization of Lemma 5.3.3, whose straightforward proof
(omitted) can be done by induction on n.

Lemma 5.3.15. Let n ≥ 2. Let ψ,ϕ : Rd → R be differentiable, convex functions,
such that their difference ψ − ϕ is also convex. Given ξ, y1, . . . , yn−1 ∈ Rd, define
the functions gn, hn as above. Then:

(a) gn(t) ≥ hn(t) ≥ 0, for every t ∈ R.
(b) The functions gn and hn are convex.
(c) g′n(0) = h′n(0) = 0.
(d) If ψ is strictly convex and (y1, . . . , yn−1) 6= (0, . . . , 0), then gn attains its

unique global minimum at t = 0.
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(e) If ψ is strictly convex and (y1, . . . , yn−1) 6= (0, . . . , 0), then there exists a
unique nonnegative λ = λ(y1, . . . , yn−1, ξ) such that

hn(1) = gn(λ),

moreover λ ∈ [0, 1].
(f) If hn(1) > 0, then λ > 0. If hn(1) < gn(1), then λ < 1.

An n-linear version of Theorem 5.1.11 would follow from satisfactory substitutes for
Lemmata 5.3.7 and 5.3.9. The latter is more intricate if n ≥ 3, and the authors
have not investigated the extent to which the argument would need to be changed.

5.4. Optimal constants and nonexistence of extremizers

This chapter is devoted to the proof of Theorem 5.1.7. In what follows, the
function φ : R2 → R is assumed to be nonnegative, twice continuously differentiable
and strictly convex, σ denotes projection measure on the surface Σφ ⊂ R3, and
ψ = | · |2 + φ. We start by stating two lemmata which explore the connection
between pointwise values of the convolution measure σ ∗ σ, and concentration at a
point.

Lemma 5.4.1. Let y0 ∈ R2 be given, and let {fn} ⊂ L2(R2) be a sequence con-
centrating at y0. Then

(5.4.2) lim sup
n→∞

‖fnσ ∗ fnσ‖2L2(R3)

‖fn‖4L2(R2)

≤ (σ ∗ σ)(2y0, 2ψ(y0)).

Lemma 5.4.3. Let y0 ∈ R2 be given, and let fn(y) = e−n(ψ(y)−ψ(y0)−〈∇ψ(y0),y−y0〉).
Then the sequence {fn/‖fn‖L2} concentrates at y0, and

(5.4.4) lim
n→∞

‖fnσ ∗ fnσ‖2L2(R3)

‖fn‖4L2(R2)

= (σ ∗ σ)(2y0, 2ψ(y0)).

Proof of Lemma 5.4.3. We first prove that the given sequence concentrates
at y0. With that purpose in mind, fix ρ > 0. The function

γ(y) := ψ(y)− ψ(y0)− 〈∇ψ(y0), y − y0〉

satisfies γ ≥ 0, γ(y0) = 0, ∇γ(y0) = 0 and H(γ)(y0) = 2I + H(φ)(y0). It follows
that, for any sufficiently small ε > 0, there exists r = rε > 0 such that the inequality

γ(y) ≤ (1 + ε)
(
|y − y0|2 +

1

2
〈y − y0, H(φ)(y0) · (y − y0)〉

)
holds, for every y ∈ R2 satisfying |y − y0| ≤ r. The L2 norm of the function fn can
be bounded from below as follows:

‖fn‖2L2 =

∫
R2

e−2nγ(y)dy ≥
∫
{|y−y0|≤r}

e−2n(1+ε)
(
|y−y0|2+ 1

2
〈y−y0,H(φ)(y0)·(y−y0)〉

)
dy

=

∫
{|y|≤r}

e−2n(1+ε)〈y,A·y〉dy ≥ 1

(detA)
1
2

∫
{|y|≤αr}

e−2n(1+ε)|y|2dy

=
2π

(detA)
1
2

1− e−2n(1+ε)α2r2

4n(1 + ε)
,
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where the (positive-definite) matrix A is given by A = I + 1
2H(φ)(y0), and α > 0

denotes the square root of the smallest eigenvalue of A. Noting that

γ(y) = |y − y0|2 + φ(y)− φ(y0)− 〈∇φ(y0), y − y0〉 ≥ |y − y0|2,

we obtain ∫
{|y−y0|≥ρ}

|fn(y)|2dy ≤
∫
{|y−y0|≥ρ}

e−2n|y−y0|2dy = 2π
e−2nρ2

4n
.

Therefore

‖fn‖−2
L2

∫
{|y−y0|≥ρ}

|fn(y)|2dy ≤ (1 + ε)(detA)
1
2

e−2nρ2

1− e−2n(1+ε)α2r2
→ 0,

as n→∞, as had to be shown. We now turn to the proof of identity (5.4.4). Start
by noting that the function γ equals the restriction of the linear affine function

(ξ, τ) 7→ τ − ψ(y0)− 〈∇ψ(y0), ξ − y0〉

to the surface Σφ ⊂ R3. It follows that

(fnσ ∗ fnσ)(ξ, τ) = e−n(τ−〈∇ψ(y0),ξ〉)e2n(ψ(y0)−〈∇ψ(y0),y0〉)(σ ∗ σ)(ξ, τ),

which in turn implies the pointwise identity

(5.4.5) (fnσ ∗ fnσ)2 = (f2
nσ ∗ f2

nσ)(σ ∗ σ).

Given r > 0, let

Er := {(y, ψ(y)) ∈ R2+1| y ∈ Br(y0)} ⊂ Σφ

denote the cap of radius r and center (y0, ψ(y0)) on the surface Σφ. From identity
(5.4.5), it follows that

‖fnσ ∗ fnσ‖2L2(R3)
=

∫
R3

(
f2
n1Erσ ∗ f2

n1Erσ
)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ

+

∫
R3

(
f2
n1E{

r
σ ∗ f2

n1E{
r
σ
)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ

+ 2

∫
R3

(
f2
n1Erσ ∗ f2

n1E{
r
σ
)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ,

where E{r stands for the complement of the set Er in Σφ. Dividing by ‖fn‖4L2 , we
can bound the last summand by

‖fn‖−4
L2

∫
R3

(
f2
n1Erσ ∗ f2

n1E{
r
σ
)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ

≤ sup
(ξ,τ)∈R3

(σ ∗ σ)(ξ, τ)
‖fn1E′r‖

2
L2

‖fn‖2L2

‖fn1E′{r ‖
2
L2

‖fn‖2L2

,

where E′r := Br(y0) ⊂ R2, and E′{r stands for the complement of the set E′r in R2.
The right-hand side of this inequality tends to zero, as n→∞, because the sequence
{fn/‖fn‖L2} concentrates at the point y0. The second summand can be treated in
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an analogous way. The first summand, after appropriate normalization, is bounded
from above by

‖fn‖−4
L2

∫
R3

(
f2
n1Erσ ∗ f2

n1Erσ
)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ

≤
‖fn1E′r‖

4
L2

‖fn‖4L2

sup
(ξ,τ)∈Er+Er

(σ ∗ σ)(ξ, τ),

and from below by

‖fn‖−4
L2

∫
R3

(
f2
n1Erσ ∗ f2

n1Erσ
)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ

≥
‖fn1E′r‖

4
L2

‖fn‖4L2

inf
(ξ,τ)∈Er+Er

(σ ∗ σ)(ξ, τ).

Since ‖fn1E′r‖L2/‖fn‖L2 → 1, as n→∞, we obtain

lim sup
n→∞

‖fnσ ∗ fnσ‖2L2(R3)

‖fn‖4L2(R2)

≤ sup
(ξ,τ)∈Er+Er

(σ ∗ σ)(ξ, τ),

and

lim inf
n→∞

‖fnσ ∗ fnσ‖2L2(R3)

‖fn‖4L2(R2)

≥ inf
(ξ,τ)∈Er+Er

(σ ∗ σ)(ξ, τ).

Identity (5.4.4) follows because the convolution σ ∗ σ defines a continuous function
up to the boundary of its support, and r > 0 was arbitrary. Taking r → 0+ finishes
the proof. �

Sketch of proof of Lemma 5.4.1. Integrate the pointwise bound

|(fσ ∗ fσ)(ξ, τ)|2 ≤
(
|f |2σ ∗ |f |2σ

)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ),

which was observed in [35, 67, 75] to hold almost everywhere, and proceed as in
the proof of the corresponding inequality in Lemma 5.4.3. �

Proof of Theorem 5.1.7. As in the proof of Lemma 5.4.1, the Cauchy–Schwarz
inequality implies

(5.4.6) ‖fσ ∗ fσ‖2
L2(R3)

≤ ‖σ ∗ σ‖L∞(R3)‖f‖4L2(R2)
.

It follows that (a possibly non-sharp version of) inequality (5.1.8) holds, as long as
the L∞ norm of the convolution σ ∗ σ is finite. This, in turn, can be seen using
identity (5.2.3), since the Hessian of ψ satisfies H(ψ) = 2I +H(φ), and the matrix
H(φ)(x) is positive semidefinite, for every x ∈ R2. Estimate (5.4.6) also shows that
the optimal constant in inequality (5.1.8) satisfies

R4
φ ≤ ‖σ ∗ σ‖L∞ .

Now, let σ0 denote the projection measure on the paraboloid Σ0. From Theorem
5.1.11 and Remark 5.2.6, we know that ‖σ ∗ σ‖L∞ ≤ ‖σ0 ∗ σ0‖L∞ = π

2 . That these
two quantities are actually the same follows from the fact that the convolution σ ∗σ
attains the value π

2 at the boundary point (2y0, 2ψ(y0)) in case (i), or at infinity in
case (ii). Identity (5.1.9) will then follow from the inequality

(5.4.7) R4
φ ≥

π

2
,
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which we establish using the sequences given by (5.1.10). We consider the two cases
separately. In case (i), since H(φ)(y0) = 0, it follows from identity (5.2.5) that
(σ ∗ σ)(2y0, 2ψ(y0)) = π

2 , and therefore the sequence {fn/‖fn‖L2}, where

fn(y) = e−n(ψ(y)−ψ(y0)−〈∇ψ(y0),y−y0〉),

is extremizing for inequality (5.1.8) in light of Lemma 5.4.3. In case (ii), we have
that (σ ∗ σ)(2yn, 2ψ(yn)) → π

2 , as n → ∞. Choose a sequence {an} ⊂ N in such a
way that, for every n ∈ N, the function given by

fn(y) = e−an(ψ(y)−ψ(yn)−〈∇ψ(yn),y−yn〉)

satisfies ∣∣∣∣∣‖fnσ ∗ fnσ‖2L2

‖fn‖4L2

− (σ ∗ σ)(2yn, 2ψ(yn))

∣∣∣∣∣ ≤ 1

n
,

and

(5.4.8)

∫
{|y−yn|≥ 1

n
}
|fn(y)|2dy ≤ 1

n
‖fn‖2L2 .

That this is possible follows again from Lemma 5.4.3. Since

‖fnσ ∗ fnσ‖2L2

‖fn‖4L2

→ π

2
, as n→∞,

the sequence {fn/‖fn‖L2} is again extremizing for inequality (5.1.8). This establishes
(5.4.7) in both cases (i) and (ii), and therefore identity (5.1.9) is proved. Incidentally,
note that condition (5.4.8) ensures that {fn/‖fn‖L2} concentrates along the sequence
{yn}. Since |yn| → ∞, as n→∞, it concentrates at infinity.
We finish by showing that extremizers for inequality (5.1.8) do not exist. Aiming
at a contradiction, let f be an extremizer. An application of Cauchy–Schwarz and
Hölder’s inequalities yields

R4
φ‖f‖4L2 = ‖fσ ∗ fσ‖2

L2

≤
∫
R3

|(f2σ ∗ f2σ)(ξ, τ)|(σ ∗ σ)(ξ, τ)dξdτ

≤ ‖σ ∗ σ‖L∞
∫
R3

|(f2σ ∗ f2σ)(ξ, τ)|dξdτ

= ‖σ ∗ σ‖L∞‖f‖4L2 .

Since R4
φ = ‖σ ∗ σ‖L∞ = π

2 and f 6= 0, all inequalities in this chain of inequalities
must be equalities. In particular, the convolution σ ∗ σ must be constant equal
to ‖σ ∗ σ‖L∞ almost everywhere inside the support of f2σ ∗ f2σ, which is a set of
positive Lebesgue measure since f 6= 0. This contradicts the strict inequality

(σ ∗ σ)(ξ, τ) < ‖σ ∗ σ‖L∞ , for almost every (ξ, τ) ∈ supp(σ ∗ σ),

which in turn is an immediate consequence of the second part of Theorem 5.1.11.
This contradiction shows that extremizers do not exist. The proof of the theorem is
now complete. �
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5.5. On extremizing sequences

From the previous chapter, we know that extremizers for inequality (5.1.8) do
not exist. As mentioned in the Introduction, this failure of compactness can be
understood via the concentration-compactness principle, which is the subject of
the present chapter. Heuristically, an extremizing sequence for inequality (5.1.8)
should concentrate around the points where the function σ ∗ σ achieves its essential
supremum. Lemma 5.4.1 and formula (5.2.5) imply that, if an extremizing sequence
concentrates at a point y0, then necessarily H(φ)(y0) = 0. Lemma 5.4.3 provides the
construction of an explicit extremizing sequence concentrating at any point y0 ∈ R2,
provided H(φ)(y0) = 0. Therefore, concentration occurs at a point if and only
if the Hessian vanishes at that point. Further information concerning extremizing
sequences concentrating at spatial infinity will be obtained below.

5.5.1. Weak interaction between distant caps. Reasoning in a similar way
to the proof of (5.2.3) from Proposition 5.2.2, we find that the identity

(5.5.1) (fσ ∗ gσ)(ξ, τ) =

∫
S1

f(ξ/2 + α(ξ, τ, ω)ω)g(ξ/2− α(ξ, τ, ω)ω)∫ 1
−1〈ω,H(ψ)(ξ/2 + tα(ξ, τ, ω)ω) · ω〉dt

dµω

holds, in particular, in the case when f, g are indicator functions of balls or their
complements. Formula (5.5.1) allows for a quantification of the general principle
that “distant caps interact weakly”. This is a geometric feature that translates into
useful bilinear estimates, and has been observed in a variety of related contexts; see,
for instance, [25, 66]. The precise statement is as follows.

Lemma 5.5.2. Let r, ρ > 0 satisfy ρ > 3r. Then, for any y0 ∈ R2,

(5.5.3) ‖1Br(y0)σ ∗ 1B{
ρ(y0)σ‖L∞(R3) ≤

1

2
arcsin

( 2r

ρ− r

)
.

As a result, the following statements hold:

(a) For any r > 0 and y0 ∈ R2,

(5.5.4) lim
ρ→∞

‖1Br(y0)σ ∗ 1B{
ρ(y0)σ‖L∞(R3) = 0.

(b) For any ρ > 0 and y0 ∈ R2,

lim
r→0+

‖1Br(y0)σ ∗ 1B{
ρ(y0)σ‖L∞(R3) = 0.

(c) For any r > 0,

(5.5.5) lim
ρ→∞

sup
y∈R2

‖1Br(y)σ ∗ 1B{
ρ(y)σ‖L∞(R3) = 0.

Moreover,

(d) If B,B′ ⊆ R2 are disjoint balls, then

‖1Bσ ∗ 1B′σ‖L∞(R3) ≤
π

4
.

Proof. We establish identity (5.5.3) for y0 = 0 only, the case of general y0 ∈ R2

being similar. Let ρ > r > 0. If f = 1Br and g = 1B{
ρ
, then the integrand in (5.5.1)

is nonzero only if the point (ξ, τ) satisfies

ξ/2 + α(ξ, τ, ω)ω ∈ Br, and ξ/2− α(ξ, τ, ω)ω /∈ Bρ.
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By the triangle inequality, this can only happen if

(5.5.6) |ξ| ≥ |ξ/2− α(ξ, τ, ω)ω| − |ξ/2 + α(ξ, τ, ω)ω| ≥ ρ− r.

In this case, if ρ > 3r, then |ξ/2| > r, and therefore the ray ξ/2+tω, t > 0, intersects
the ball Br only if ω belongs to an arc of S1 of measure exactly 2 arcsin( 2r

|ξ|). Denoting

arc length measure on the unit circle by µ as usual, we conclude that

µ({ω ∈ S1 : ξ/2 + α(ξ, τ, ω)ω ∈ Br, ξ/2− α(ξ, τ, ω)ω /∈ Bρ})

≤ 2 arcsin
(2r

|ξ|

)
≤ 2 arcsin

( 2r

ρ− r

)
.

It follows that, for every (ξ, τ) ∈ R3,

(1Brσ ∗ 1B{
ρ
σ)(ξ, τ) ≤ 1

2
arcsin

( 2r

ρ− r

)
,

where we bounded the denominator in (5.5.1) from below by 4. Parts (a) and (b)
follow at once, and a similar reasoning for y0 6= 0 establishes (c). For part (d),
note that the definition (5.2.8) of the function λ implies λ(−w, ξ) = λ(w, ξ) for
every w, ξ, and therefore the function α satisfies α(ξ, τ,−ω) = α(ξ, τ, ω), for every
ω ∈ S1. It then follows that, if ξ/2 + α(ξ, τ, ω)ω ∈ B and ξ/2 − α(ξ, τ, ω)ω ∈ B′,
then ξ/2 + α(ξ, τ,−ω)(−ω) /∈ B and ξ/2−α(ξ, τ,−ω)(−ω) /∈ B′. As a consequence,
the subset of S1 where the integrand in (5.5.1) is nonzero has measure bounded from
above by π, and the result follows as before. �

5.5.2. Concentration-compactness. The three lemmata in this section hold
under the general hypotheses of Theorem 5.1.7, which for brevity will not be included
in the corresponding statements.

Lemma 5.5.7. Under the hypotheses of Theorem 5.1.7, suppose that there exist
a subset X ⊂ (R2)2 and δ > 0 such that, for every (y, z) ∈ X,

(5.5.8)
(σ ∗ σ)(y + z, ψ(y) + ψ(z))

‖σ ∗ σ‖L∞(R3)
≤ 1− δ.

Let {fn} ⊂ L2(R2) be any extremizing sequence for inequality (5.1.8). Then∫
X
|fn(y)|2|fn(z)|2dydz → 0, as n→∞.

In particular, if X contains a subset of the form A×B, for some A,B ⊂ R2, then∫
A
|fn(y)|2dy

∫
B
|fn(z)|2dz → 0, as n→∞.

Proof. Let {fn} ⊂ L2(R2) be an extremizing sequence for inequality (5.1.8).
The first step is to verify that

(5.5.9) lim inf
n→∞

∫
(R2)2

|fn(y)|2|fn(z)|2 (σ ∗ σ)(y + z, ψ(y) + ψ(z))

‖σ ∗ σ‖L∞
dydz = 1.



5.5. ON EXTREMIZING SEQUENCES 135

With this goal in mind, estimate∫
R3

|(fnσ ∗ fnσ)(ξ, τ)|2dξdτ ≤
∫
R3

(
|fn|2σ ∗ |fn|2σ

)
(ξ, τ)

(
σ ∗ σ

)
(ξ, τ)dξdτ

=

∫
(R2)2

|fn(y)|2|fn(z)|2(σ ∗ σ)(y + z, ψ(y) + ψ(z))dydz

≤ ‖σ ∗ σ‖L∞‖fn‖4L2 .

The first and the last terms in this chain of inequalities converge to ‖σ ∗ σ‖L∞ , as
n→∞, and therefore so does the third term, and (5.5.9) follows. We next observe

lim inf
n→∞

∫
(R2)2

|fn(y)|2|fn(z)|2dydz = lim
n→∞

‖fn‖4L2 = 1.

Writing X{ for the complement of the set X in (R2)2, we have an inequality∫
(R2)2

|fn(y)|2|fn(z)|2 (σ ∗ σ)(y + z, ψ(y) + ψ(z))

‖σ ∗ σ‖L∞
dydz

≤ (1− δ)
∫
X
|fn(y)|2|fn(z)|2dydz +

∫
X{
|fn(y)|2|fn(z)|2dydz.

Since ‖fn‖L2 → 1 as n→∞, we conclude from (5.5.9) that

1 ≤ lim inf
n→∞

((∫
R2

|fn(y)|2dy
)2
− δ

∫
X
|fn(y)|2|fn(z)|2dydz

)
= 1− δ lim sup

n→∞

∫
X
|fn(y)|2|fn(z)|2dydz.

It follows that

lim sup
n→∞

∫
X
|fn(y)|2|fn(z)|2dydz = 0,

which establishes the first statement. The second statement follows at once, and the
proof is complete. �

The preceding lemma implies the following modest amount of control over extrem-
izing sequences that split their mass in a nontrivial way.

Lemma 5.5.10. Under the hypotheses of Theorem 5.1.7, let {fn} ⊂ L2(R2) be
any extremizing sequence for inequality (5.1.8). Let 0 < r1 < r2 < r3 < ∞ be
arbitrary. Then∫

Br1

|fn(y)|2dy

∫
Br3\Br2

|fn(z)|2dz → 0, as n→∞.

Proof. Let X = Br1 × (Br3 \ Br2). Appealing to the continuity of the convo-
lution σ ∗ σ on its support, to the fact that the essential supremum is only achieved
on the boundary of the support (as observed in the course of the proof of Theorem
5.1.11), together with the compactness of the set X and the fact that r1 < r2, we
can ensure the existence of δ = δr1,r2,r3 > 0 such that

(σ ∗ σ)(y + z, ψ(y) + ψ(z))

‖σ ∗ σ‖L∞
≤ 1− δ,

for every (y, z) ∈ X. The conclusion now follows from Lemma 5.5.7. �
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Lemma 5.5.10 can be upgraded in a way that reveals that an extremizing sequence
can only split its mass in a nontrivial way if neither of the corresponding supports
remains in a bounded region. We formulate one version of this principle which will
be useful for our purposes.

Lemma 5.5.11. Under the hypotheses of Theorem 5.1.7, let {fn} ⊂ L2(R2) be
any extremizing sequence for inequality (5.1.8). Let 0 < r1 < r2 < ∞ be arbitrary.
Then

(5.5.12)

∫
Br1

|fn(y)|2dy

∫
R2\Br2

|fn(z)|2dz → 0, as n→∞.

Remark 5.5.13. If conclusion (5.5.12) holds for one pair (r1, r2) satisfying 0 <
r1 < r2 < ∞, then it holds for any pair (ρ1, ρ2) satisfying 0 < ρ1 < ρ2 < ∞ and
r1 ≥ ρ1. To see this, start by noticing that the case r1 ≥ ρ1 and r2 ≤ ρ2 is clear.
On the other hand, if r1 ≥ ρ1 and r2 > ρ2, then∫

Bρ1

|fn(y)|2dy

∫
R2\Bρ2

|fn(z)|2dz

≤
∫
Br1

|fn(y)|2dy

∫
R2\Br2

|fn(z)|2dz +

∫
Bρ1

|fn(y)|2dy

∫
Br2\Bρ2

|fn(z)|2dz,

which tends to zero, as n → ∞, by (5.5.12) and Lemma 5.5.10. Moreover, in view
of the uniform bound with respect to y ∈ R2 from part (c) of Lemma 5.5.2, the proof
given below can be adapted to the case of balls centered at any point y ∈ R2, not
necessarily the origin.

Proof of Lemma 5.5.11. Let r1 > 0 be given. If∫
Br1

|fn(y)|2dy → 0, as n→∞,

then the conclusion follows at once since ‖fn‖L2 ≤ 1. Therefore no generality is lost
in assuming, possibly after passing to a subsequence, that

(5.5.14) δ := inf
n∈N

∫
Br1

|fn(y)|2dy > 0.

It suffices to show that

(5.5.15)

∫
R2\Br2

|fn(z)|2dz → 0, as n→∞.

Take r3 > r2. From Lemma 5.5.10 and inequality (5.5.14), we know that

(5.5.16)

∫
Br3\Br2

|fn(z)|2dz → 0, as n→∞.

Decompose

fn = fn1Br2 + fn1R2\Br3 + fn1Br3\Br2 =: Fn +Gn +Hn,

and note that

fnσ ∗ fnσ = Fnσ ∗ Fnσ +Gnσ ∗Gnσ + 2Fnσ ∗Gnσ +Rn,
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where, in view of inequality (5.1.8) and estimate (5.5.16), the remainder term Rn
satisfies

‖Rn‖L2(R3) ≤ C‖Hn‖L2(R2) → 0, as n→∞.

The key step is to bound the quantity ‖Fnσ ∗ Gnσ‖2L2 . We have the pointwise
inequality

|(Fnσ ∗Gnσ)(ξ, τ)|2 ≤
(
|Fn|2σ ∗ |Gn|2σ

)
(ξ, τ)

(
1Br2

σ ∗ 1R2\Br3σ
)
(ξ, τ),

which follows from an application of the Cauchy–Schwarz inequality as before. As
a consequence,

‖Fnσ ∗Gnσ‖2L2(R3)
≤ ρ2(r2, r3)‖Fn‖2L2(R2)

‖Gn‖2L2(R2)
,

where the function ρ is given by

ρ(r2, r3) := ‖1Br2σ ∗ 1R2\Br3σ‖
1
2

L∞(R3)
.

For large values of r3, the sets Br2 and R2 \ Br3 interact weakly as discussed in
§5.5.1. Part (a) of Lemma 5.5.2 implies that, for each fixed r2 > 0,

ρ(r2, r3)→ 0, as r3 →∞.

Two applications of Plancherel’s Theorem, together with the triangle inequality,
imply the following bound for the inner product:

|〈Fnσ ∗ Fnσ,Gnσ ∗Gnσ〉L2 | ≤ ‖Fnσ ∗Gnσ‖2L2 .

It follows that there exists an absolute constant C < ∞, which can be explicitly
computed but whose exact numerical value is unimportant for our purposes, for
which

‖fnσ ∗ fnσ‖2L2 ≤ ‖Fnσ ∗ Fnσ‖2L2 + ‖Gnσ ∗Gnσ‖2L2 + Cρ(r2, r3) + on(1)

≤ π

2
(‖Fn‖4L2 + ‖Gn‖4L2) + Cρ(r2, r3) + on(1)

=
π

2
‖fn‖4L2 − π‖Fn‖2L2‖Gn‖2L2 + Cρ(r2, r3) + on(1),

Here, we used the sharp inequality (5.1.8), and orthogonality considerations. The
function on(1) may depend on r3, but satisfies on(1)→ 0, as n→∞, for each fixed
r3, and is allowed to change from line to line. Taking n→∞ in the previous chain
of inequalities, we conclude

lim sup
n→∞

‖Fn‖2L2‖Gn‖2L2 ≤ Cρ(r2, r3).

Consequently,

lim sup
n→∞

‖Gn‖2L2 ≤
C

δ
ρ(r2, r3),

where δ was defined in (5.5.14), and therefore,

lim sup
n→∞

(
‖Gn‖2L2 + ‖Hn‖2L2

)
≤ C

δ
ρ(r2, r3),

which is equivalent to

lim sup
n→∞

∫
R2\Br2

|fn(z)|2dz ≤ C

δ
ρ(r2, r3).
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Since the left-hand side of this inequality is independent of r3, and the right-hand
side tends to 0 as r3 → 0, conclusion (5.5.15) must hold. The proof of the lemma is
now complete. �

We have collected all the ingredients necessary to the proof of Theorem 5.1.14.

Proof of Theorem 5.1.14. Let {fn} ⊂ L2(R2) be any extremizing sequence
for inequality (5.1.8). Take any subsequence, and slightly abuse notation by again
calling it {fn}. If this subsequence {fn} does not concentrate at infinity, then there
exists a further sub-subsequence, still denoted by {fn}, and a number r0 <∞, such
that

inf
n∈N

∫
Br0

|fn(y)|2dy > 0.

From Lemma 5.5.11, we conclude∫
R2\B2r0

|fn(y)|2dy → 0, as n→∞.

It follows that

(5.5.17)

∫
B2r0

|fn(y)|2dy → 1, as n→∞.

As a consequence of Lemma 5.5.7, ‖1B2r0
σ ∗ 1B2r0

σ‖L∞ = ‖σ ∗ σ‖L∞ , and the

supremum is achieved inside the ball B̄2r0 . In particular, case (i) holds, and the set

E := {y ∈ R2|H(φ)(y) = 0}

is nonempty. For ε ∈ (0, 1), let Nε(E) denote the open ε-neighborhood of E, and
consider the set

Y := {(y, z) ∈ B3r0 ×B3r0 |y ∈ Nε(E), z ∈ Nε(E), |y − z| < ε}.

Let X := (B̄3r0 × B̄3r0) \ Y . We claim that there exists δ = δ(ε) > 0, such that

(5.5.18)
(σ ∗ σ)(y + z, ψ(y) + ψ(z))

‖σ ∗ σ‖L∞
≤ 1− δ,

for every (y, z) ∈ X. This follows from the compactness of the set X, together
with the fact that, if (y, z) ∈ X, then the point (y + z, ψ(y) + ψ(z)) is away from
the portion of the boundary of the support where the convolution σ ∗ σ attains its
essential supremum in a quantifiable way that depends only on ε. Since inequality
(5.5.18) holds for every (y, z) ∈ X, Lemma 5.5.7 implies∫

X
|fn(y)|2|fn(z)|2dydz → 0, as n→∞.

In light of (5.5.17), it then follows that

(5.5.19)

∫
Y
|fn(y)|2|fn(z)|2dydz → 1, as n→∞.

The remaining of the proof coincides with the second part of the proof of [75,
Proposition 6.3], with minor modifications only. We include it for the convenience
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of the reader. We seek to locate a sequence {yn} ⊂ R2 along which concentration
occurs. Fubini’s Theorem, and the fact that ‖fn‖L2 ≤ 1, together imply∫
Y
|fn(y)|2|fn(z)|2dydz =

∫
B3r0∩Nε(E)

|fn(y)|2
(∫

B3r0∩Nε(E)∩Bε(y)
|fn(z)|2dz

)
dy

≤ ‖fn1B3r0∩Nε(E)‖2L2 sup
y∈B3r0∩Nε(E)

∫
B3r0∩Nε(E)∩Bε(y)

|fn(z)|2dz ≤ 1.

From (5.5.19), it then follows that

lim
n→∞

sup
y∈B3r0∩Nε(E)

∫
B3r0∩Nε(E)∩Bε(y)

|fn(z)|2dz = 1.

This implies the existence of a function N : (0, 1)→ N, such that

sup
y∈B3r0∩Nε(E)

∫
{|z−y|≤ε}

|fn(z)|2dz ≥ 1− ε

2
, for every n ≥ N(ε).

Hence, there exists a sequence {yεn}n≥N(ε) ⊂ B̄3r0 ∩ E, such that∫
{|z−yεn|≤2ε}

|fn(z)|2dz ≥ 1− ε, for every n ≥ N(ε).

Here, we exchanged the neighborhood Nε(E) for the set E, at the expense of an
extra ε in the domain of integration. We proceed to construct the sequence {yn} via
a diagonal process. Take εk = 1

k+2 . We obtain a strictly increasing sequence

Nk := max{N(εj)| 1 ≤ j ≤ k}+ k,

and sequences {ykn}n≥Nk , satisfying∫
{|z−ykn|≤ 2

k
}
|fn(z)|2dz ≥ 1− 1

k
,

for every k ≥ 1 and n ≥ Nk. For each n ≥ N1, let `n := sup{k ∈ N|Nk ≤ n}. This
is a finite number since the sequence {Nk} is strictly increasing. Further note that
n ≥ N`n . Define

yn :=

{
y`nn , if n ≥ N1,

y0, if n < N1,

where y0 ∈ E is arbitrary, but fixed. It is then clear that∫
{|z−yn|≤ 2

`n
}
|fn(z)|2dz ≥ 1− 1

`n
,

for every n ≥ N1, which implies that {fn} concentrates along the sequence {yn}
since `n → ∞, as n → ∞. The statement about subsequences of {fn} follows by
compactness of the set E ∩ B̄3r0 , since every subsequence of {yn} has a further
sub-subsequence that converges to a point in E ∩ B̄3r0 . �
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5.5.3. Some consequences. The methods of the proof of Theorem 5.1.14 spe-
cialize to at least two distinct situations of interest. The first one is a direct conse-
quence of the statement of Theorem 5.1.14.

Corollary 5.5.20. Let φ : R2 → R be a nonnegative, twice continuously differ-
entiable, strictly convex function, such that

(i) H(φ)(y) 6= 0, for every y ∈ R2, and
(ii) There exists a sequence {yn} ⊂ R2 with |yn| → ∞, such that H(φ)(yn)→ 0,

as n→∞.

Then any extremizing sequence for inequality (5.1.8) concentrates at infinity.

An example of a function that satisfies the hypotheses of the preceding corollary is
φ(y1, y2) = ey1 +ey2 , (y1, y2) ∈ R2. The next result shows that extremizing sequences
will not concentrate at spatial infinity if a suitable nondegeneracy condition is placed
on the function φ.

Corollary 5.5.21. Let φ : R2 → R be a nonnegative, twice continuously differ-
entiable, strictly convex function, such that the set E := {y ∈ R2|H(φ)(y) = 0} is
nonempty. Suppose that there exist r0 ≥ 0 and a function Θ : R2 → [0,∞) satisfying
inf{|y|>r}Θ(y) > 0, for every r > r0, and such that the matrix

(5.5.22) H(φ)(y)−Θ(y)I

is positive semidefinite, for every y ∈ R2. Then every extremizing sequence {fn} ⊂
L2(R2) for inequality (5.1.8) concentrates along a sequence of points in E. Moreover,
given any subsequence of {fn}, there exist a point y0 ∈ E∩B̄r0 and a sub-subsequence
which concentrates at y0.

Condition (5.5.22) implies the existence of a constant δ > 0, for which

(σ ∗ σ)(y + z, ψ(y) + ψ(z)) ≤ (1− δ)‖σ ∗ σ‖L∞ ,

for every (y, z) ∈ (R2)2 \ (B3r0 × B3r0) such that 〈y, z〉 ≥ 0, and Lemma 5.5.7 can
then be invoked to preclude concentration at infinity. Further note that (5.5.22) is
fulfilled by the functions φ = | · |p, for each p > 2. In this case, we can take r0 = 0,
and so concentration can only occur at the origin.

In the case of extremizing sequences concentrating at infinity, we can further refine
the analysis as follows. Let {fn} ⊂ L2(R2) be a sequence such that ‖fn‖L2 → 1,
as n → ∞. We say that the sequence {fn} satisfies the splitting condition if the
following holds. There exists α ∈ (0, 1) such that, for every ε > 0, there exist r > 0,
n0 ≥ 1, and sequences {yn} ⊂ R2, {rn} ⊂ R, with rn → ∞, as n → ∞, such that
the functions gn,1 := fn1Br(yn) and gn,2 := fn1R2\Brn (yn) satisfy

(5.5.23) ‖fn − (gn,1 + gn,2)‖2
L2 ≤ ε, |‖gn,1‖2L2 − α| ≤ ε, |‖gn,2‖2L2 − (1− α)| ≤ ε,

for every n ≥ n0. The following result holds.

Proposition 5.5.24. Under the hypotheses of Theorem 5.1.7, let {fn} ⊂ L2(R2)
be any extremizing sequence for inequality (5.1.8). Then {fn} does not satisfy the
splitting condition.

Sketch of proof. Aiming at a contradiction, suppose that the extremizing
sequence {fn} satisfies the splitting condition for a given α ∈ (0, 1). Let ε > 0,
and suppose that there exist r > 0, {yn} ⊂ R2, and {rn} ⊂ R, for which condition
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(5.5.23) holds. Decompose fn = gn,1 + gn,2 + hn, where ‖hn‖2L2 ≤ ε. Part (c) of
Lemma 5.5.2 implies the uniform estimate

‖gn,1σ ∗ gn,2σ‖2L2 ≤ ρ(r, rn)2‖gn,1‖2L2‖gn,2‖2L2 ,

where the function

ρ(r, rn) := sup
y∈R2

‖1Br(y)σ ∗ 1R2\Brn (y)σ‖
1
2
L∞

satisfies ρ(r, rn) → 0, as n → ∞. By an argument similar to the one following
(5.5.16) in the proof of Lemma 5.5.11, we obtain

lim sup
n→∞

‖gn,1‖2L2‖gn,2‖2L2 ≤ C lim sup
n→∞

ρ(r, rn) + Cε
1
2 ,

for a universal constant C <∞. We conclude that

(1− α− ε)(α− ε) ≤ Cε
1
2 ,

which yields the desired contradiction if ε is chosen small enough, depending on α.
�

We finish this chapter by reformulating some of our conclusions in the language
of the original concentration-compactness principle of Lions, according to which
three scenarios may occur: (I) compactness, (II) vanishing, or (III) dichotomy. See
[65, Lemma I.1] for the precise definitions. Up to extraction of subsequences, an
extremizing sequence for inequality (5.1.8) which satisfies condition (I) with respect
to a bounded sequence will concentrate at a point. An extremizing sequence which
satisfies condition (II), or condition (I) with respect to an unbounded sequence, will
concentrate at infinity. Condition (III) is only possible if neither of the supports
of the split sequence remains in a bounded region, in which case the extremizing
sequence again concentrates at infinity. Furthermore, if condition (III) occurs, then
condition (II) must also occur. In this case, no fixed positive fraction of the L2

mass of an extremizing sequence {fn} can remain on any ball of fixed radius, in
the limit as n → ∞. To see this, note that the proof of [65, Lemma I.1] implies
that condition (III) could otherwise be upgraded to the splitting condition considered
above, which in light of Proposition 5.5.24 does not hold for any extremizing sequence
of inequality (5.1.8).

5.6. Sharp Strichartz inequalities

In this chapter, we consider a number of sharp instances of the Strichartz in-
equalities (5.1.17). All cases will follow a common pattern which we now illustrate
by focusing on a particular example. With this purpose in mind, let µ = 1 and
consider a function φ as in the statement of Theorem 5.1.7. In this case, inequality
(5.1.17) can be restated as

(5.6.1) ‖F(f(1 + | · |2)
1
4σφ)‖L4(R3) . ‖f‖L2(R2),

where the projection measure σ = σφ is defined in (5.1.2), and the subscript empha-
sizes that we are no longer taking φ = | · |4 as in (5.1.22). Inequality (5.6.1) can be
rewritten in sharp convolution form as

‖f
√
wσφ ∗ f

√
wσφ‖L2(R3) ≤ S

2
φ‖f‖2L2(R2)

,
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with weight w = (1 + | · |2)
1
2 and optimal constant Sφ. The usual Cauchy–Schwarz

argument implies

(5.6.2) ‖f
√
wσφ ∗ f

√
wσφ‖2L2(R3)

≤ ‖wσφ ∗ wσφ‖L∞(R3)‖f‖4L2(R2)
,

whence the upper bound

(5.6.3) S4
φ ≤ ‖wσφ ∗ wσφ‖L∞(R3).

On the other hand, recall formulae (5.2.5) and (5.5.1), the boundary values of the
convolution measure wσφ ∗ wσφ are given by

(5.6.4)
(
wσφ ∗ wσφ

)
(ξ, 2ψ(ξ/2)) =

πw2(ξ/2)√
det(H(ψ)(ξ/2))

,

where we set ψ = | · |2 +φ as usual. A slight modification of Lemma 5.4.3 then yields
the lower bound

(5.6.5) S4
φ ≥ sup

ξ∈R2

πw2(ξ)√
det(H(ψ)(ξ))

.

Inequalities (5.6.3) and (5.6.5) provide upper and lower bounds for the value of the
optimal constant Sφ. If these bounds happen to coincide, then this determines the
value of Sφ. In this case, if the supremum in (5.6.3) is achieved only at the boundary
of the support of the convolution measure, then extremizers are seen not to exist as
before. In other cases, the following result will be useful in revealing some instances
in which inequality (5.6.5) may be strict.

Lemma 5.6.6. Given a strictly convex function Ψ : R2 → R, consider the measure
ν(y, t) = δ

(
t−Ψ(y)

)
dydt. Let E denote the support of the convolution measure ν∗ν.

Given s > 0 and a nonnegative function w on R2, let fs(y) = e−sΨ(y)
√
w(y). Then

the following inequality holds, for every fs ∈ L2(R2) for which fs
√
wν ∗ fs

√
wν ∈

L2(R3):

(5.6.7)
‖fs
√
wν ∗ fs

√
wν‖2

L2(R3)

‖fs‖4L2(R2)

≥
‖fs‖4L2(R2)∫
E e
−2sτdξdτ

.

In particular,

sup
06=f∈L2(R2)

‖f
√
wν ∗ f

√
wν‖2

L2(R3)

‖f‖4
L2(R2)

≥ sup
s>0

‖fs‖4L2(R2)∫
E e
−2sτdξdτ

.

Proof. For simplicity set s = 1, the general case being similar. Note that
the function f(y) = e−Ψ(y)

√
w(y) coincides with e−t

√
w(y) on the support of the

measure ν. Therefore, the following identities hold:

(f
√
wν ∗ f

√
wν)(ξ, τ) = e−τ (wν ∗ wν)(ξ, τ),

(f2ν ∗ f2ν)(ξ, τ) = e−τ (f
√
wν ∗ f

√
wν)(ξ, τ).

Together with ∫
R3

(f2ν ∗ f2ν)(ξ, τ)dξdτ = ‖f‖4
L2 ,
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the preceding identities and the Cauchy–Schwarz inequality then imply

‖f‖4
L2 =

∫
R3

e−τ (f
√
wν ∗ f

√
wν)(ξ, τ)dξdτ

≤
(∫

E
e−2τdξdτ

) 1
2 ‖f
√
wν ∗ f

√
wν‖L2 ,

from which (5.6.7) easily follows. This completes the proof of the lemma. �

5.6.1. Quartic perturbations. We consider a slight generalization of inequal-
ity (5.1.22), given for a ≥ 0 by

‖F(f(1 + a| · |2)
1
4σ)‖L4(R3) . ‖f‖L2(R2),

where the measure σ is again given by σ(y, t) = δ
(
t− |y|2 − |y|4

)
dydt. This in-

equality can be equivalently rewritten in sharp form as

(5.6.8) ‖f
√
waσ ∗ f

√
waσ‖L2(R3) ≤ S

2
a‖f‖2L2(R2)

,

with weight wa = (1 + a| · |2)
1
2 and optimal constant Sa. With the notation

just introduced, we have the following result, which specialized to a = 1 yields
Theorem 5.1.24.

Theorem 5.6.9. If 0 ≤ a ≤ 2, then the value of the optimal constant for in-
equality (5.6.8) is given by S4

a = π
2 . Moreover, extremizers for inequality (5.6.8) do

not exist, and extremizing sequences concentrate at the origin. If a > 2, then the
following estimates hold:

(5.6.10) max
{π

2
,
a
√

2π

8
Γ
(3

4

)2}
≤ S4

a ≤
aπ

4
.

Proof. For every a ≥ 0, the trivial estimate

‖fσ ∗ fσ‖L2 ≤ ‖|f |
√
waσ ∗ |f |

√
waσ‖L2

and Theorem 5.1.7 together imply that S4
a ≥ π

2 . This lower bound coincides with

the value of the right-hand side of (5.6.5) in the special case when φ = | · |4. It
follows that

(5.6.11)
π

2
≤ S4

a ≤ ‖waσ ∗ waσ‖L∞ ,

for every a ≥ 0. We are thus reduced to studying the convolution measure waσ∗waσ.
Formulae (5.2.13) and (5.5.1) imply

(5.6.12) (waσ ∗ waσ)(ξ, τ) =

∫
S1

wa(ξ/2 + αω)wa(ξ/2− αω)〈
ω, ∇ψ(ξ/2+αω)−∇ψ(ξ/2−αω)

α

〉dµω,

where ψ = | · |2 + | · |4, and the function α = α(ξ, τ, ω) is given by (5.2.4). A
straightforward computation shows that the numerator of the integrand in (5.6.12)
equals

(5.6.13) wa(ξ/2 + αω)wa(ξ/2− αω) =
(
(1 + a(|ξ/2|2 + α2))2 − a2α2〈ξ, ω〉2

) 1
2 ,

while the denominator equals

(5.6.14)
〈
ω,
∇ψ(ξ/2 + αω)−∇ψ(ξ/2− αω)

α

〉
= 4
(
1 + 2(|ξ/2|2 + α2) + 〈ξ, ω〉2

)
.

We split the analysis in two cases.
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Case 1: 0 ≤ a ≤ 2. To compare (5.6.13) and (5.6.14), note that the inequality

(5.6.15)
(

1 + a
(
|ξ/2|2 + α2

))2
− a2α2〈ξ, ω〉2 ≤

(
1 + 2

(
|ξ/2|2 + α2

)
+ 〈ξ, ω〉2

)2

holds for every a ∈ [0, 2], ξ ∈ R2, ω ∈ S1 and α ≥ 0. Moreover, necessary and
sufficient conditions for equality in (5.6.15) to hold for every ω ∈ S1 are ξ = 0 when
a = 2, and ξ = 0 and α = 0 when a < 2. It follows that 1

4 is an upper bound for the

integrand in (5.6.12). Therefore, for every (ξ, τ) ∈ R2+1,

(5.6.16) (waσ ∗ waσ)(ξ, τ) ≤ π

2
.

Moreover, this inequality turns into an equality if and only if (ξ, τ) = (0, 0) when
a < 2, and if and only if ξ = 0 when a = 2. To justify this, note that

(waσ ∗waσ)(0, τ) =

∫
R2

δ
(
τ − 2(|y|2 + |y|4)

)
w2
a(y)dy =

π

2

(a
2

+
1− a

2√
2τ + 1

)
1{τ≥0}(τ),

which specializes to

(w2σ ∗ w2σ)(0, τ) =
π

2
1{τ≥0}(τ).

As a consequence of estimates (5.6.11) and (5.6.16), we conclude that S4
a = π

2 , for
every 0 ≤ a ≤ 2. Nonexistence of extremizers is a consequence of inequality (5.6.16)
being strict at almost every point, as in the proof of Theorem 5.1.7. Concentration
at the origin can likewise be established in an analogous manner. We point out
that the normalized sequence {fn/‖fn‖L2}, where fn(y) = exp(−n(|y|2 + |y|4)), is
extremizing for inequality (5.6.8).

Case 2: a > 2. Start by noting that the inequality(
1 + a

(
|ξ/2|2 + α2

))2
− a2α2〈ξ, ω〉2 ≤ a2

4

(
1 + 2

(
|ξ/2|2 + α2

)
+ 〈ξ, ω〉2

)2

holds for every a > 2, ξ ∈ R2, ω ∈ S1 and α ≥ 0. It follows that

(waσ ∗ waσ)(ξ, τ) ≤ aπ

4
,

yielding the upper bound S4
a ≤ aπ

4 . On the other hand, along the boundary of the
support of waσ ∗ waσ, we have that

(waσ ∗ waσ)(ξ, 2ψ(ξ/2)) =
πw2

a(ξ/2)√
det(H(ψ)(ξ/2))

=
π(1 + a|ξ/2|2)

2
√

(1 + 2|ξ/2|2)(1 + 6|ξ/2|2)
,

and therefore

S4
a ≥ sup

r≥0

π(1 + ar)

2
√

(1 + 2r)(1 + 6r)
≥ max

{π
2
,
aπ

4
√

3

}
.

This yields the preliminary bounds

(5.6.17) max
{π

2
,
aπ

4
√

3

}
≤ S4

a ≤
aπ

4
.

The lower bound can be sharpened by invoking Lemma 5.6.6. With this purpose in
mind, let fs(y) = e−sψ(y)

√
wa(y). Its L2 norm is given by

‖fs‖2L2 =

∫
R2

e−2s(|y|2+|y|4)(1 + a|y|2)
1
2 dy = π

∫ ∞
0

e−2s(r+r2)(1 + ar)
1
2 dr.
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On the other hand, letting E denote the support of the measure σ ∗ σ,∫
E
e−2sτdξdτ =

∫
R2

(∫ ∞
2(| ξ

2
|2+| ξ

2
|4)
e−2sτdτ

)
dξ =

2π

s

∫ ∞
0

e−4s(r+r2)dr.

It follows that

S4
a ≥ sup

s>0

πs

2

(∫∞
0 e−2s(r+r2)(1 + ar)

1
2 dr
)2∫∞

0 e−4s(r+r2)dr
.

The limit as s→ 0+ of the expression inside this supremum is easily calculated via
a change of variables u =

√
sr, yielding

S4
a ≥

aπ

2

(∫∞
0 e−2u2u

1
2 du

)2∫∞
0 e−4u2du

=
a
√

2π

8
Γ
(3

4

)2
.

Since
√

2π
8 Γ

(
3
4

)2
> π

4
√

3
, this indeed sharpens the lower bound in (5.6.17), and the

proof is complete. �

Remark 5.6.18. We can consider more general perturbations Ψ = | · |2 + | · |4 +φ,
with φ as in the statement of Theorem 5.1.7, satisfying H(φ)(0) = 0. These corre-
spond to perturbations of the cases considered in Theorem 5.6.9. Letting σΨ(y, t) =
δ
(
t−Ψ(y)

)
dydt, a similar analysis reveals that, for every a ∈ [0, 2], the sharp in-

equality

(5.6.19) ‖f
√
waσΨ ∗ f

√
waσΨ‖2L2(R3)

≤ π

2
‖f‖4

L2(R2)

holds, extremizers do not exist, and extremizing sequences concentrate at the origin.

5.6.2. Convolutions of pure powers. In this section, we study the convolu-
tion of the projection measure

(5.6.20) νp(y, t) = δ
(
t− |y|p

)
dydt,

where p ≥ 2 and (y, t) ∈ R2+1. A scaling argument shows that there exists a unique
possible Strichartz estimate in L4(R3), namely

(5.6.21) ‖F(f | · |
p−2
4 νp)‖L4(R3) . ‖f‖L2(R2).

As before, the analysis of the sharp form of inequality (5.6.21) leads to the study

of the convolution measure wνp ∗ wνp, with weight w = | · |
p−2
2 . We record its main

properties in the following result, which should be compared to Proposition 5.2.2.

Proposition 5.6.22. Given p ≥ 2, let w = | · |
p−2
2 . Let νp be the measure

defined by (5.6.20). Then the following assertions hold for the convolution measure
wνp ∗ wνp:

(a) It is absolutely continuous with respect to Lebesgue measure on R3.
(b) Its support, denoted Ep, is given by

Ep = {(ξ, τ) ∈ R2+1 : τ ≥ 21−p|ξ|p}.

(c) Its Radon–Nikodym derivative, also denoted by wνp∗wνp, defines a bounded
continuous function in the interior of the set Ep.

(d) It is radial in ξ, and homogeneous of degree zero in the sense that

(wνp ∗ wνp)(λξ, λpτ) = (wνp ∗ wνp)(ξ, τ), for every λ > 0.



146 5. ON EXTREMIZERS FOR HIGHER ORDER STRICHARTZ ESTIMATES

(e) It extends continuously to the boundary of Ep, except at the point (ξ, τ) =
(0, 0), with values given by

(wνp ∗ wνp)(ξ, 21−p|ξ|p) =
π

p
√
p− 1

, if ξ 6= 0.

(f) If p > 2, then the maximum value of wνp ∗ wνp is only attained along the
vertical axis {(0, τ) : τ > 0}, where it equals π

p .

Proof. Properties (a) and (b) follow as in the proof of Proposition 5.2.2. Prop-
erty (d) is also straightforward to check. We then start by showing that wνp ∗ wνp
defines a continuous function inside its support. Reasoning as in (5.2.7), we have
that

(wνp ∗ wνp)(ξ, τ) =

∫
R2

δ
(
τ − | ξ2 + y|p − | ξ2 − y|

p
)
| ξ2 + y|

p−2
2 | ξ2 − y|

p−2
2 dy.

Write τ = λ|ξ|p with ξ = 2e1, where e1 denotes the first canonical vector. Changing
to polar coordinates with polar axis parallel to e1, we obtain

(wνp ∗wνp)(ξ, λ|ξ|p) =

∫ 2π

0

∫ ∞
0

δ
(
2pλ− 2− ϕθ(r)

)
((r2 + 1)2−4r2 cos2 θ)

p−2
4 rdrdθ,

where the function

(5.6.23) ϕθ(r) := (r2 + 1 + 2r cos θ)
p
2 + (r2 + 1− 2r cos θ)

p
2 − 2

is convex in the variable r for each fixed θ, with unique global minimum at r = 0 as
a result of Lemma 5.3.3. A change of variables s = ϕθ(r) yields

(wνp ∗ wνp)(ξ, λ|ξ|p) =

∫ 2π

0

∫ ∞
0

δ
(
2pλ− 2− s

)((r2 + 1)2 − 4r2 cos2 θ)
p−2
4 r

ϕ′θ(r)
dsdθ

= 1{λ≥21−p}(λ)

∫ 2π

0
((r2 + 1)2 − 4r2 cos2 θ)

p−2
4

( r

ϕ′θ(r)

)
dθ,(5.6.24)

where r = ϕ−1
θ (2pλ − 2), and ϕ′θ denotes the derivative of the function ϕθ with

respect to r. A calculation shows that

ϕ′θ(r) = pr
(
(r2 + 1 + 2r cos θ)

p−2
2 + (r2 + 1− 2r cos θ)

p−2
2
)

+ p cos θ
(
(r2 + 1 + 2r cos θ)

p−2
2 − (r2 + 1− 2r cos θ)

p−2
2
)
,(5.6.25)

which only vanishes at r = 0. Using part (d), we see that (wνp ∗ wνp)(ξ, τ) =
(wνp ∗ wνp)(e1, |ξ|−pτ), for every ξ 6= 0. Therefore continuity of the convolution
measure at a point (ξ, τ) in the interior of the set Ep, for ξ 6= 0, follows from that of
(wνp ∗wνp)(e1, λ), for λ > 21−p. The latter is seen to hold via the Implicit Function
Theorem, given that r is a differentiable function of λ and θ. As for continuity
along the positive τ -axis, note that, given τ > 0 and a sequence (ξn, τn)→ (0, τ), as
n→∞, with ξn 6= 0, for every n, we have

(5.6.26) (wνp ∗ wνp)(ξn, τn) = (wνp ∗ wνp)(e1,
τn
|ξn|p )→

∫ 2π

0

dθ

2p
=
π

p
, as n→∞.

Here we used that λn := τn
|ξn|p →∞, and that r = r(λn, θ)→∞ for each fixed θ, as

n→∞. Boundedness is a consequence of the inequality

(5.6.27) 2pr(r2 + 1 + 2r cos θ)
p−2
4 (r2 + 1− 2r cos θ)

p−2
4 ≤ ϕ′θ(r),
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which holds for every r ≥ 0, θ ∈ [0, 2π] and p ≥ 2. To verify (5.6.27), recall
expression (5.6.25) for ϕ′θ, and note that, as long as p ≥ 2,

p cos θ
(
(r2 + 1 + 2r cos θ)

p−2
2 − (r2 + 1− 2r cos θ)

p−2
2
)
≥ 0,

for every r ≥ 0 and θ ∈ [0, 2π]. This concludes the verification of (c). We can
continuously extend the value of the function (wνp ∗ wνp)(ξ, λ|ξ|p) to λ = 21−p by
noting that r → 0+ as λ→ (21−p)+. This yields the following value for the extension:

(wνp ∗ wνp)(ξ, 21−p|ξ|p) =

∫ 2π

0

dθ

ϕ′′θ(0)
=

∫ 2π

0

dθ

2p(1 + (p− 2) cos2 θ)
=

π

p
√
p− 1

.

Note that this coincides with the value predicted by the analogous of formula (5.6.4).
Property (e) is now proved. Finally, if p > 2, then a discussion of the cases of equality
in (5.6.27) reveals that the strict inequality

(5.6.28) (wνp ∗ wνp)(ξ, τ) <
π

p
1{τ≥21−p|ξ|p}(ξ, τ)

holds for every (ξ, τ) with ξ 6= 0. Moreover, the value along the τ -axis was already
calculated in (5.6.26), is alternatively given by

(wνp ∗ wνp)(0, τ) =

∫
R2

δ
(
τ − 2|y|p

)
|y|p−2dy =

π

p
1{τ>0}(τ),

and therefore equals the maximum value. This concludes the verification of (f) and
the proof of the proposition. �

Remark 5.6.29. The boundedness of wνp ∗wνp given by part (c) of Proposition
5.6.22 implies the validity of the Strichartz estimate (5.6.21). Moreover, parts (e)
and (f) imply that the optimal constant Qp for the corresponding sharp inequality in
convolution form,

(5.6.30) ‖f
√
wνp ∗ f

√
wνp‖L2(R3) ≤ Q

2
p‖f‖2L2(R2)

,

satisfies

(5.6.31)
π

p
√
p− 1

≤ Q4
p ≤

π

p
.

Contrary to the case of the quartic perturbation studied in §5.6.1, this does not
determine Qp since the upper and lower bounds do not coincide for p > 2.

In order to sharpen the lower bound in (5.6.31), we will use the following straight-
forward consequence of Lemma 5.6.6.

Corollary 5.6.32. Given p ≥ 2, let νp(y, t) = δ
(
t− |y|p

)
dydt, and w = | · |

p−2
2 .

Then the following estimate holds for the function f(y) = exp(−|y|p)|y|
p−2
4 :

(5.6.33)
‖f
√
wνp ∗ f

√
wνp‖2L2(R3)

‖f‖4
L2(R2)

≥ π

p2
1− 2

p

Γ
(

1
2 + 1

p

)2
Γ
(

2
p

) .
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5.6.3. The pure quartic. In this section, we consider the case p = 4 of
(5.6.30). Let ν = ν4 be given by (5.6.20). The next result records the additional
simplifications which appear in the integral formula (5.6.24) for the convolution
| · |ν ∗ | · |ν.

Corollary 5.6.34. Let ν(y, t) = δ
(
t− |y|4

)
dydt. Then the following integral

formula holds, for every ξ 6= 0 and λ ≥ 1
8 :

(5.6.35) (| · |ν ∗ | · |ν)(ξ, λ|ξ|4)

=
1

4
√

2

∫ 2π

0

(
λ+ cos2 θ + 2 cos4 θ − 2(2λ+ cos2 θ + cos4 θ)

1
2 cos2 θ

2λ+ cos2 θ + cos4 θ

) 1
2

dθ.

Additionally,

(| · |ν ∗ | · |ν)(0, τ) =
π

4
1{τ>0}(τ), and (| · |ν ∗ | · |ν)(ξ, |ξ|

4

8 ) =
π

4
√

3
, if ξ 6= 0.

We are now ready to prove Theorem 5.1.20.

Proof of Theorem 5.1.20. In view of [52, Theorem 4.1], the existence of
extremizers for inequality (5.1.19) follows from the strict inequality Q4 > π

4
√

3
. In

order to establish it, consider the function

f(y) = exp(−|y|4)|y|
1
2 .

Invoking Corollary 5.6.32, we have that

(5.6.36) Q4 ≥
‖f | · |

1
2 ν ∗ f | · |

1
2 ν‖2

L2

‖f‖4
L2

≥ π

4
√

2

Γ
(

3
4

)2
Γ
(

1
2

) =

√
2π

8
Γ
(3

4

)2
>

π

4
√

3
,

as desired. The upper bound Q4 ≤ π
4 holds in view of part (f) of Proposition 5.6.22

for p = 4. That this upper bound is strict follows from the existence of extremizers,
and the fact that the pointwise inequality | · |ν ∗ | · |ν < π

4 is strict almost everywhere,
as quantified by (5.6.28). �

Remark 5.6.37. A direct calculation shows that the function f(y) = exp(−|y|4)|y|
1
2

satisfies

(5.6.38)
‖f | · |

1
2 ν ∗ f | · |

1
2 ν‖2

L2(R3)

‖f‖4
L2(R2)

=
2

√
πΓ(3

4)2

∫ 2
√

2

0
(| · |ν ∗ | · |ν)2(e1, t

−2)dt.

Invoking formula (5.6.35) for the convolution |·|ν∗|·|ν, the integral on the right-hand
side of (5.6.38) can be evaluated numerically. With precision 5 × 10−6, one checks
that

(5.6.39)
‖f | · |

1
2 ν ∗ f | · |

1
2 ν‖2

L2(R3)

‖f‖4
L2(R2)

≈ 0.489333.

Note that the lower bound
√

2π
8 Γ(3

4)2 ≈ 0.470508 obtained in (5.6.36) already amounts
to about 96% of the value in (5.6.39). This indicates that the Cauchy–Schwarz ar-
gument from Lemma 5.6.6 is quite sharp for p = 4. We expect the same argument
to work for other values of p as well, and remark on that in the next section.
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5.6.4. Other pure powers. In this section, we briefly comment on how to
approach the problem of existence of extremizers for inequality (5.6.30) in the case
of pure powers other than the quartic. Given p > 2, letQp be the optimal constant in
inequality (5.6.30). The following result provides a partial replacement for Theorem
5.1.20 when p 6= 4.

Proposition 5.6.40. There exists p0 > 5 such that, for every p ∈ (2, p0),
π

p
√
p− 1

< Q4
p ≤

π

p
.

Sketch of proof. The upper bound holds in view of part (f) of Proposition
5.6.22. Invoking Corollary 5.6.32 as before, we obtain the lower bound (5.6.33). We
are thus reduced to showing that

π

p2
1− 2

p

Γ
(

1
2 + 1

p

)2
Γ
(

2
p

) >
π

p
√
p− 1

,

or equivalently

(5.6.41) Γ
(1

2
+

1

p

)2
>

2
1− 2

p

√
p− 1

Γ
(2

p

)
.

Figure 1 below illustrates the validity of this inequality inside the claimed range. �

4 6 8 10
Value of p

0.85

0.90

0.95

1.00

1.05

Figure 1. Plot of the ratio LHS
RHS of inequality (5.6.41), for 2 < p <

10. The p-coordinate of the intersection (red) point has been numer-
ically determined and equals 5.061147 (6 d.p.).

Let p0 be the exponent promised by Proposition 5.6.40. For every p ∈ (2, p0),
extremizing sequences for inequality (5.6.30) are seen not to concentrate at a point
of the boundary, except possibly at the origin. Then, arguments similar to the ones
from [25, 52] can presumably establish the existence of extremizers, provided that
a “cap bound” holds, together with a principle quantifying the weak interaction
between distant caps, in the spirit of Lemma 5.5.2. As a final remark, we record the
following generalization of formula (5.6.38) for generic values of p > 2,

‖f
√
wνp ∗ f

√
wνp‖2L2(R3)

‖f‖4
L2(R2)

=
p

2π

Γ
(

2
p

)
Γ
(

1
2 + 1

p

)2 ∫ 2
2− 2

p

0
(wνp ∗ wνp)2(e1, t

− p
2 )dt,

which could be of interest for further numerical explorations.
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[87] G. Szegő, Orthogonal polynomials. Fourth edition. American Mathematical Society, Collo-
quium Publications, Vol. XXIII. American Mathematical Society, Providence, R.I., 1975.

[88] T. Tao, The Bochner–Riesz conjecture implies the restriction conjecture, Duke Math. J. 96
(1999), no. 2, 363–375.

[89] T. Tao, From rotating needles to stability of waves: emerging connections between combina-
torics, analysis, and PDE, Notices Amer. Math. Soc. 48 (2001), no. 3, 294–303.

[90] T. Tao, A sharp bilinear restriction estimate for paraboloids, Geom. Funct. Anal. 13 (2003),
no. 6, 1359–1384.

[91] T. Tao, Some recent progress on the restriction conjecture, Fourier analysis and convexity,
217–243, Appl. Numer. Harmon. Anal., Birkhäuser Boston, Boston, MA, 2004.
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