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CHAPTER 0

Einfithrung

Es ist seit langem bekannt, dass gewisse geometrische Eigenschaften, die mit der
Krimmung zusammenhéngen, ein Abfallen der Fourier-Transformation hervorrufen.
Dieses Phanomen wird durch das Verhalten von oszillierenden Integralen erklart.
Angesichts der langen Geschichte des Themas ist es vielleicht tiberraschend, dass
die Moglichkeit, die Fourier-Transformation auf gekriimmte Untermannigfaltigkeiten
des euklidischen Raumes einzuschranken, erst in den spaten 60er Jahren beobachtet
wurde.

Wir beginnen unsere Diskussion mit dem Spezialfall der Einheitsphire S¥~! =
{¢€ € R? : |¢] = 1} ausgestattet mit dem Oberflichenmaf8 o, behalten aber dabei
auch den allgemeineren Fall einer glatten kompakten Hyperflache im Auge. Gegeben
1 < p < 2, fiir welche Exponenten ¢ gilt die folgende a priori Fourier-Restriktions-
ungleichung?

(0.0.1) ( /S F@)1don) " < Oz

Man kann leicht iiberpriifen, dass fiir jeden Wert von ¢ die Ungleichung (0.0.1) gilt
wenn p = 1, und fehlschldgt wenn p = 2. Durch Dualitét ist die Abschétzung (0.0.1)
aquivalent zu der adjungierten Fourier-Restriktionsungleichung

1
(0.0.2) (/Rd lgo ()P dx)p < CllgllLe ga-1y;

wobei p/ = 1% den zu p dualen Exponenten bezeichnet. Eine vollstiandige Antwort
fir den Fall ¢ = 2 ist durch die klassische Tomas—Stein-Ungleichung [92, 84|
gegeben, die der Restriktionsungleichung (0.0.1) fir ¢ = 2 im scharfen Bereich
1<p< 2% entspricht. Die Frage, was fiir Werte von ¢ < 2 passiert, ist der Aus-
gangspunkt fiir die beriihmte Fourier-Restriktionsvermutung. Wir verschieben eine
umfassendere Diskussion iiber das Fourier-Restriktionsproblem und seine Beziehung
zu anderen prominenten Problemen der modernen harmonischen Analysis auf §1.3.
Tomas—Stein-Restriktionsabschatzungen sind eng mit den so genannten Strichartz-
Abschatzungen fiir dispersive partielle Differentialgleichungen verkniipft. Zur Ver-
anschaulichung betrachten wir den speziellen Fall von Losungen u(z,t) mit (z,t) €
R der Schrédingergleichung

(0.0.3) i0pu + Au =0
mit vorgegebener Anfangsbedingung. Strichartz [86] bewies, dass

(0.0.4) H“HLH%(RdH) < Ol flliz®ays

wobei u die Losung von (0.0.3) mit u(x,0) = f(x) ist. Es stellt sich heraus, dass
Strichartz-Abschétzungen fiir die Schrodingergleichung den adjungierten Restrik-
tionsabschatzungen auf dem Paraboloid entsprechen. Das ist eine nicht kompakte

iii



iv 0. EINFUHRUNG

Untermannigfaltigkeit, die einige Skaleninvarianzeigenschaften aufweist, die seiner-
seits die Zuriickfithrung auf den kompakten Aufbau der Tomas—Stein-Ungleichung
ermoglichen.

Diese Habilitationsschrift konzentriert sich auf die Untersuchung von Mazimieren-
denund optimalen Konstanten fiir scharfe Varianten der Restriktions- und Strichartz-
Ungleichungen. Aufler durch ihre intrinsische mathematische Schonheit sind scharfe
Ungleichungen auch deswegen interessant, weil sie oftmals verschiedene Verfeinerun-
gen bestehender Ungleichungen erlauben und in der Theorie der partiellen Differ-
entialgleichungen, der Differentialgeometrie und der Zahlentheorie iiberraschende
Anwendungen finden.

Fiir Fourier-Restriktionsungleichungen treten die folgenden natiirlichen Fragestel-
lungen auf:

Was ist der Wert der optimalen Konstante?
Gibt es Maximierende?
— Wenn ja, sind sie eindeutig bestimmt, mdéglicherweise bis auf Anwen-
dung der Symmetrien des Problems?
— Wenn nicht, was ist der fiir diesen Mangel an Kompaktheit verant-
wortliche Mechanismus?
Wie verhalten sich maximierende Folgen?
Welche qualitativen Eigenschaften haben Maximierende?
Unter welchen notwendigen bzw. hinreichenden Bedingungen ist eine gege-
bene Funktion maximierend?

Fragen dieser Art wurden in einer Vielzahl von Situationen gestellt, und im
Zusammenhang mit klassischen Ungleichungen der euklidischen harmonischen Anal-
ysis gehen sie zumindest auf die frithe Arbeit von Beckner [2] iiber die scharfe
Hausdorff-Young-Ungleichung und auf die Arbeit von Lieb [64] iiber die scharfe
Hardy-Littlewood—Sobolev-Ungleichung zuriick. Im Vergleich dazu haben scharfe
Fourier-Restriktionsungleichungen eine relativ kurze Geschichte, wobei die ersten
Arbeiten tiber dieses Thema auf Kunze [61], Foschi [35] und Hundertmark—Zharnitsky
[48] zuriickgehen. Diese Arbeiten betreffen Maximierende und scharfe Konstan-
ten fiir die Ungleichungen in den Dimensionen d = 1 und d = 2. Dies sind die
Fille, fiir die der Strichartz-Exponent 2 + % eine gerade ganze Zahl ist. Dann
kann man die linke Seite der Ungleichung (0.0.4) als L2-Norm umschreiben und den
Satz von Plancherel anwenden um das Problem auf eine multilineare Faltungsab-
schatzung zu reduzieren. Die scharfe Fourier-Restriktionstheorie wird zunehmend
populdrer, wie aus der grofien Anzahl der in den letzten zehn Jahren zu diesem
Thema erschienenen Arbeiten ersichtlich ist. Wir erwéhnen einige interessante
Werke, die sich mit der scharfen Fourier-Restriktionstheorie auf Sphéren [25, 26,
36, 39, 83], Paraboloiden [4, 20, 24, 41, 51, 81], Kegeln [11, 16, 74, 77],
und Hyperboloiden [56, 75] beschiftigen. Storungen dieser Mannigfaltigkeiten
wurden dariiber hinaus in [12, 32, 50, 52, 66, 67| betrachtet. Scharfe bilin-
eare Fourier-Restriktionstheorie ist das Thema von [5, 10, 49, 72], wihrend an-
dere Beispiele von scharfen Strichartz-Ungleichungen [6, 30, 80], scharfen Sobolev—
Strichartz-Ungleichungen [9, 33, 44] und scharfen Airy—Strichartz-Ungleichungen
[47, 82] ebenfalls untersucht wurden. AbschlieBend verweisen wir auf einen ak-
tuellen Forschungsbericht [38] iiber scharfe Fourier-Restriktionstheorie, der noch
weiterfithrende Informationen und Literaturverweise enthélt.
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Im Folgenden werden unsere wichtigsten Ergebnisse mit einer kurzen Erlauterung
vorgestellt. Diese Habilitationsschrift ist ein Sammelwerk. Sie setzt sich aus einer
ausfiithrlichen Einleitung und vier Artikeln [22], [69], [21] und [68] zusammen, deren
Uberschriften sich mit den Titeln der entsprechenden Kapitel decken. Die Artikel
sind gemeinsame Arbeiten mit Emanuel Carneiro, Damiano Foschi, René Quilodran
und Christoph Thiele.

[22] E. CARNEIRO AND D. OLIVEIRA E SILVA. Some sharp restriction inequali-
ties on the sphere. Int. Math. Res. Not. IMRN (2015), no. 17, 8233-8267.

[69] D. OLIVEIRA E SILVA AND C. THIELE. Estimates for certain integrals
of products of six Bessel functions. Preprint, 2015. To appear in Revista
Matemdatica Iberoamericana. Available at arXiv:1509.06309.

[21] E. CARNEIRO, D. FoscHi, D. OLIVEIRA E SIiLVA, AND C. THIELE. A
sharp trilinear inequality related to Fourier restriction on the circle. Preprint,
2015. To appear in Revista Matemdtica Iberoamericana. Available at
arXiv:1509.06674.

[68] D. OLIVEIRA E SILVA AND R. QUILODRAN. On extremizers for Strichartz
estimates for higher order Schrodinger equations. Preprint, 2016. To appear
in the Transactions of the American Mathematical Society. Available at
arXiv:1606.02623.

Jedes der folgenden Kapitel enthélt eine eigene Einfithrung, die den breiteren
Kontext der diskutierten Probleme und die Methoden der Beweise darstellt. Dariiber
hinaus ist jedes Kapitel in sich abgeschlossen und kann unabhéngig von den tibrigen
Kapiteln gelesen werden.

In Kapitel 2 finden wir die scharfen Formen der adjungierten Fourier-Restriktions-
ungleichungen auf der Sphére,

177 gy S I llposaony,
(R4)

in den Fallen (d, p,q) = (d,2k,q) mit d,k € N und q € R* U {0}, so dass

(a) k=2,¢>2and 3<d<T;
(b) k=2,g>4and d > §;
(¢c) k>3,q>2kand d > 2.

Auflerdem werden die entsprechenden komplexwertigen Maximierenden charakter-
isiert. Wir beweisen auch eine scharfe multilineare gewichtete Restriktionsungle-
ichung, wobei das Gewicht in einem Zusammenhang mit der k-Faltung des Oberfla-
chenmafles steht.

In Kapitel 3 zeigen wir gute numerische Abschétzungen fiir eine bestimmte
Klasse von Integralen mit Produkten von sechs Bessel-Funktionen. Wir verwenden
nur relativ elementare Methoden. Die Abschétzungen werden in der Untersuchung
einer scharfen Fourier-Restriktionsungleichung auf dem Kreis in Kapitel 4 verwendet.

In Kapitel 4 beweisen wir eine scharfe trilineare Ungleichung. Diese ist motiviert
durch ein Programm, dessen Ziel der Beweis der scharfen Form der adjungierten Re-
striktionsungleichung von Tomas—Stein auf dem Kreis ist. Unsere Methode verwen-
det subtile Abschéatzungen fiir Integrale der Produkte von sechs Bessel-Funktionen,
die in Kapitel 3 entwickelt worden sind. Wir stellen auch fest, dass Konstanten
lokale Maximierende sowohl der Restriktionsungleichung, als auch einer anderen im
Programm erscheinenden Ungleichung sind.
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Kapitel 5 beleuchtet einen etwas abgewandelten Aspekt. Filir eine geeignete
Klasse konvexer Funktionen ¢ befassen wir uns mit dem adjungierten Fourier-
Restriktionsoperator auf der Oberfliche {(y,|y|* + é(y)) : y € R?}, ausgestat-
tet mit dem Projektionsmaf. Fiir die entsprechende adjungierte Restriktionsun-
gleichung berechnen wir optimale Konstanten und beweisen, dass Maximierende
nicht existieren. Das Hauptwerkzeug ist ein neues Vergleichsprinzip fiir Faltun-
gen bestimmter singularer Mafle, das in allen Dimensionen gilt. Mit Hilfe von
Werkzeugen der Konzentrations-Kompaktheit-Theorie untersuchen wir das Verhal-
ten allgemeiner maximierender Folgen. Unsere Arbeit steht in direktem Zusam-
menhang mit der Untersuchung von Maximierenden und optimalen Konstanten
fiir Strichartz-Abschétzungen von bestimmten Schréodingergleichungen héherer Ord-
nung. Insbesondere l6sen wir eine Dichotomie aus der neueren Literatur iiber die
Existenz von Maximierenden fiir eine Familie von Schrodingergleichungen vierter
Ordnung und berechnen die entsprechenden Operatornormen genau dort, wo bis
jetzt nur untere Schranken bekannt waren.
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CHAPTER 1

Introduction

It has long been known that certain geometric properties related to curvature
originate decay of the Fourier transform, and this phenomenon is explained by the
behavior of oscillatory integrals. Given the long history of the subject, it is per-
haps surprising that the possibility of restricting the Fourier transform to curved
submanifolds of Euclidean space was not observed until the late 1960s.

For the sake of concreteness, we start our discussion with the case of the unit
sphere S¥~! = {¢ € R? : |¢| = 1} equipped with surface measure o, but the more
general example of a smooth compact hypersurface should be kept in mind. Given
1 < p <2, for which exponents g does the a priori Fourier restriction inequality,

(10.) ([ 1Ferao.)? < Cllfl e,

hold? One easily checks that, for any value of ¢, inequality (1.0.1) holds if p = 1 and
fails if p = 2. By duality, estimate (1.0.1) is equivalent to the adjoint restriction, or
extension, inequality

1

(102 ([, @@l dz)” < Clgllygary

where p' = [% denotes the exponent dual to p, and similarly for g. A complete
answer for ¢ = 2 is given by the celebrated Tomas—Stein inequality [92, 84], which
establishes the restriction inequality (1.0.1) for ¢ = 2 in the sharp range 1 < p <
2%. The question of what happens for values of ¢ < 2 is the starting point for the
famous Fourier restriction conjecture. We postpone a more comprehensive discussion
of the Fourier restriction problem, and its relation to other prominent problems in
modern harmonic analysis, to §1.3 below.

Tomas—Stein restriction estimates are very much related to Strichartz estimates
for linear partial differential equations of dispersion type. Let us illustrate this
point in one particular instance, that of solutions u(x,t) with (z,t) € R*! to the
Schrédinger equation

(1.0.3) 10w+ Au =0
with prescribed initial data. Strichartz [86] proved that
(10.4 Jull 2+ s, < Ol

if u is the solution of (1.0.3) satisfying u(z,0) = f(x). It turns out that Strichartz
estimates for the Schrédinger equation correspond to extension estimates on the
paraboloid, a non-compact manifold which exhibits some scale invariance properties
that allow the reduction to the compact setup of the Tomas—Stein inequality.

This thesis focuses on the study of extremizers and optimal constants for sharp
variants of restriction and Strichartz-type inequalities. Apart from their intrinsic

1



2 1. INTRODUCTION

mathematical interest and beauty, sharp inequalities often allow for various refine-
ments of existing inequalities, and find surprising applications in the theory of partial
differential equations, differential geometry and number theory. The following are
natural questions, which can be posed in the particular case of Fourier restriction
inequalities:
e What is the value of the optimal constant?
e Do extremizers exist?
— If so, are they unique, possibly after applying the symmetries of the
problem?
— If not, what is the mechanism responsible for this lack of compactness?
e How do extremizing sequences behave?
e What are some qualitative properties of extremizers?
e What are necessary and sufficient conditions for a function to be an ex-
tremizer?

Questions of this kind have been asked in a variety of situations, and in the context
of classical inequalities from Euclidean harmonic analysis they go back at least to the
early work of Beckner [2] on the sharp Hausdorff-Young inequality, and of Lieb [64]
on the sharp Hardy—Littlewood—Sobolev inequality. In comparison, sharp Fourier
restriction inequalities have a relatively short history, with the first works on the
subject going back to Kunze [61], Foschi [35] and Hundertmark—Zharnitsky [48].
These works concern extremizers and sharp constants for inequality (1.0.4) in the
lower dimensional cases d = 1,2. These are the cases for which the Strichartz
exponent 2—1—% is an even integer, and one can rewrite the left-hand side of inequality
(1.0.4) as an L? norm, and invoke Plancherel in order to reduce the problem to
a multilinear convolution estimate. Sharp Fourier restriction theory is becoming
increasingly more popular, as shown by the large body of work that appeared in the
last decade, and in particular in the last few years. We mention a few interesting
works that deal with sharp Fourier restriction theory on spheres [25, 26, 36, 39, 83],
paraboloids [4, 20, 24, 41, 51, 81], cones [11, 16, 74, 77|, and hyperboloids
[56, 75]. Perturbations of these manifolds have been considered in [12, 32, 50, 52,
66, 67]. Sharp bilinear Fourier restriction theory is the subject of [5, 10, 49, 72],
whereas other instances of sharp Strichartz inequalities [6, 30, 80], sharp Sobolev—
Strichartz inequalities [9, 33, 44] and sharp Airy—Strichartz inequalities [47, 82]
have been considered as well. Finally, we mention a recent survey [38] on sharp
Fourier restriction theory which may be consulted for information complementary
to that on this Introduction, and further references.

1.1. Statement of results

In this section, we state our main results with a brief description highlighting
some of the key aspects. This thesis is cumulative and consists of the four arti-
cles [22], [69], [21] and [68], whose titles coincide with the titles of corresponding
chapters. The papers are joint work with Emanuel Carneiro, Damiano Foschi, René

Quilodran and Christoph Thiele.

[22] E. CARNEIRO AND D. OLIVEIRA E SILVA. Some sharp restriction inequali-
ties on the sphere. Int. Math. Res. Not. IMRN (2015), no. 17, 8233-8267.

[69] D. OLIVEIRA E SILVA AND C. THIELE. Estimates for certain integrals
of products of six Bessel functions. Preprint, 2015. To appear in Revista
Matemdtica Iberoamericana. Available at arXiv:1509.06309.
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[21] E. CARNEIRO, D. FoscHi, D. OLIVEIRA E SIiLvA, AND C. THIELE. A
sharp trilinear inequality related to Fourier restriction on the circle. Preprint,
2015. To appear in Revista Matemdtica Iberoamericana. Available at
arXiv:1509.06674.

[68] D. OLIVEIRA E SILVA AND R. QUILODRAN. On extremizers for Strichartz
estimates for higher order Schréodinger equations. Preprint, 2016. To appear
in the Transactions of the American Mathematical Society. Available at
arXiv:1606.02623.

Each forthcoming chapter contains its own introduction, illustrating the broader
context and the methods of proofs. Chapters 3 and 4 are closely connected, since
the Bessel estimates proved in Chapter 3 lie at the technical heart of Chapter 4.
However, we have made each chapter self-contained, and as such it may be read
independently. We proceed to briefly describe the content of each chapter.

1.1.1. Some sharp restriction inequalities on the sphere [22]. In Chapter
2, we find the sharp forms and characterize the complex-valued extremizers of the
adjoint Fourier restriction inequalities on the sphere,

H!?;HLP(Rd) 5 ”fHLq(Sd*1)3
in the cases (d,p,q) = (d,2k,q) with d,k € N and ¢ € R* U {oo} satisfying one of
the following conditions:
(a) k=2,¢>2and 3<d<T;
(b) k=2,g>4and d>§;
(¢c) k>3,q>2kand d > 2.
We also prove a sharp multilinear weighted restriction inequality, with weight related

to the k-fold convolution of the surface measure o on the sphere. Its bilinear version
amounts to the sharp inequality

1
T2 (2m)? 1-w-v)212 2 2
”ngO'HL2(Rd) < 2% Wd—2 /(Sd—1)2 [(1—}—0.11/) |f((,c))‘ |g(1/)] dO’w dO'V,

where equality holds if and only if f(w) = c1e¢* and g(v) = c2e¢”, for some ¢y, co €
C\ {0} and ¢ € C?.

1.1.2. Estimates for certain integrals of products of six Bessel func-
tions [69]. In Chapter 3, we establish good numerical estimates for a certain class
of integrals involving sixfold products of Bessel functions. Recall that the Bessel
function of integer order n can be defined via the following Laurent series:

ez (t=t71) = Z T (r)t".

nez
As an illustrative example, consider the integral

[o.¢]
L= / T2(r)J2(r) J2(r)rdr
0
Then our results in particular imply that, for every n > 3,

(1.1.1) ——1_3 L <!

o " 4r2n 32r2 (n— n(n+ 1)1 = 500nt’
We only use relatively elementary methods, importing tools from complex analysis,
Fourier analysis, and the theory of ordinary differential equations. These estimates
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will be used in the study of a sharp Fourier restriction inequality on the circle in
Chapter 4.

1.1.3. A sharp trilinear inequality related to Fourier restriction on the
circle [21]. In Chapter 4, we prove a sharp trilinear inequality which is motivated by
a program to obtain the sharp form of the endpoint Tomas—Stein adjoint restriction
inequality on the circle,

(1.1.2) H]/c;Hij(R?) S [ fllezsn)-

To describe it precisely, define the trilinear form
T(f1, f2, f3) = /(Sl)6 Fi(w1) fo(w2) f3(ws) (Jwa + ws + we|* — 1)d%s,

where the measure d¥ is supported on the 4-dimensional submanifold of (S')® de-
termined by the algebraic condition Z?:l w; = 0, and defined as

dX, = (5(0«)1 + w2 + w3 + w4 +ws + w6)dawldand0w3d0w4dJW5dUw6.

Consider a nonnegative, antipodally symmetric function f € L(S'), and let
1

C = —
2 st

denote its mean value. Then

T(f, [, f) <T(ec0),

with equality if and only if f is constant. Our method of proof uses the delicate
estimates for integrals of sixfold products of Bessel functions developed in Chapter
3, of which (1.1.1) is an illustrative example. We also establish that constants are
local extremizers of the sharp version of (1.1.2), as well as of another inequality
appearing in the program.

1.1.4. On extremizers for Strichartz estimates for higher order Schro-
dinger equations [68]. Chapter 5 has a somewhat different flavor. We consider a
particular class of convex functions ¢, and study the Fourier extension operator on
the hypersurface

(1.1.3) Se = {(y, ly]* + 6(y)) 1 y € R},

equipped with projection measure o, when d = 2. For the corresponding extension
inequality,

(1.1.4) ||fUHL4(R3) So ||f||L2(]R2)7

we compute the optimal constant and prove that extremizers do not exist. The
main tool is a new comparison principle for convolutions of certain singular measures
which holds in all dimensions. To describe it, consider the functions ¢ = |- |? and
Y = ¢+ ¢. Let 0g,0 denote the projection measures on the hypersurfaces g, 34
defined in (1.1.3), respectively. Then, for every ¢ € R% and 7 > 0, we have the
pointwise inequality

(0% 0) (& 2¢(§/2) +7) < (00 % 00)(§, 20(£/2) + 7),

which is strict for almost every point in the support of the measure o % 0. Using
tools of concentration-compactness flavor, we further investigate the behavior of
general extremizing sequences for inequality (1.1.4). Our work is directly related to
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the study of extremizers and optimal constants for Strichartz estimates of certain
higher order Schrodinger equations. In particular, we resolve a dichotomy from the
recent literature concerning the existence of extremizers for a family of Strichartz
inequalities for fourth order Schrodinger equations, and compute the corresponding
operator norms exactly where only lower bounds were previously known.

1.2. Notation

In dimension d € N = {1,2,3,...}, we normalize the Fourier transform f of a
(reasonable) function f on R? so that it becomes an isometry on L?(R9):

o) — z)e " Edy
fle) = (%)S/Rdf( Je S

We further denote:

e The inverse Fourier transform of a function f by fV;

The indicator function of a set £ by 1g;

The exponent dual to p € [1,00] by p’ =p/(p —1).

The usual inner product between vectors u,v € R? by u - v;

The usual inner product between functions f, g € L? by (£, g);

The real and imaginary parts of a complex number z by R(z) and J(z).

We set Z; = NU {0} and, given real numbers z,y, write x <, y if there exists a
finite constant C, depending on «, such that |z| < Clyl.

1.3. Fourier restriction theory

The connection between the geometric notion of curvature and the analytic no-
tion of Fourier decay has been a powerful driving force in the development of modern
Euclidean harmonic analysis for the last several decades. To illustrate this point,
consider the following three apparently unrelated questions.

QUESTION 1. In what sense do Fourier series and Fourier integrals converge?
This is a very classical question that lies at the heart of harmonic analysis. When
considering the higher dimensional problem, one is naturally led to consider multi-

pliers given by S&(f) = S}%f, where

sh©)= (1- 5",

and x4 = max{x,0} denotes the positive part of z.

QUESTION 2. For which sets S € R% and which exponents p can the Fourier
transform of a rough function f € LP?(R%) be meaningfully restricted to S? Asking
this question in the case of the unit sphere S = S, one is naturally led to consider
the object

(1.3.1) R(f) := flsa-1.

QUESTION 3. What is the smallest area needed to rotate a unit line segment by
180 degrees in the plane? In pursuing higher dimensional analogues of this question,
one is naturally led to define the maximal function f§ : St 5 R,

T
(1.3.2) f5(w) = T8 ()] /Rd 17}
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Here, § > 0, w € S, a € R?, and Tfj(a) denotes the §-neighborhood of the unit
line segment in the direction of w centered at a.

From an analyst’s perspective, these questions immediately prompt the following
natural problems.

PROBLEM 1. For which exponents p and parameters § > 0 does the following
inequality hold?

(1.3.3) 1S9 (H)llLr ey Saps I1f Lo e
PROBLEM 2. For which exponents p,q does the following inequality hold?

(1.3.4) IR(F)ILaga1) Sapg I llLewa)
PROBLEM 3. For which exponents p does the following inequality hold?

(135) Ve > OEng <00 Hf(;kHLp(Sdfl) Sdm’g 5_6HfHLp(]Rd)

Problem 1 is known as the Bochner—Riesz problem. By scale invariance, it is
equivalent to the following question: For which exponents p and parameters § > 0
do the means S%f converge to f in the L? norm as R — oo, for every f € LP(R%)?
When § = 0, the multiplier S% coincides with the ball multiplier 1pg g), for which
similar questions can be raised. In this case, a complete answer is known. In
fact, Fefferman [34] famously disproved the ball multiplier conjecture. Both the
nonvanishing curvature of the boundary of the ball, and elementary properties of
Kakeya sets as described below, played a crucial role in Fefferman’s proof. If § > 0,
then the multiplier is smoother at the boundary of the ball. If § < 0, then the
multiplier has an unbounded symbol, and in particular fails to preserve any LP
space. Therefore a necessary condition for (1.3.3) to hold is that 6 > 0. Another
necessary condition is

(1.3.6) d‘f -

This follows from considering the stationary phase asymptotics of the convolution
kernel K5 = ((1 — [€]?)%)Y of S?, which belongs to LP(R?) only if condition (1.3.6)
is satisfied. For more information on the Bochner-Riesz problem, see [84] and [91,
Lecture 5].

Problem 2 is known as the Fourier restriction problem. The Fourier transform
of an L'(R?) function is uniformly continuous, and can therefore be restricted to
any subset of R?. On the other hand, the Fourier transform of an L?(R?) function
is again in L2, and in view of Plancherel’s Theorem no better properties can be
expected. The interesting question is then what happens for intermediate values of
1 < p < 2. It turns out that necessary conditions for inequality (1.3.4) to hold are

2d d—1,
(1.3.7) 1<p< T and ¢ < T
We will come back to this point later on in the Introduction.

Problem 3 is known as the Kakeya mazimal function problem. The name derives
from its connection to the Kakeya problem, which we now briefly describe. A Kakeya
set is a compact set K C R? which contains a unit line segment in every direction. It
has long been known that, perhaps unintuitively, there exist Kakeya sets in R% with
zero Lebesgue measure, as long as d > 2. In particular, given any € > 0, there exists
a planar set of area at most € within which a unit line segment can be continuously
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rotated. A more subtle question is whether the Hausdorff dimension of a Kakeya set
in R? must necessarily equal the maximal possible value d. This is known to be true
if d = 2 [29], and is an open question if d > 3. An affirmative answer to this question
would follow from appropriate bounds for the Kakeya maximal function, defined in
(1.3.2). From this definition, it is clear that inequality (1.3.5) holds if p = co. If
d > 2 and p < oo, then there can be no bound of the form || f§||r« < C||f||rr, with a
constant C independent of 9, as can be seen by considering the indicator function of
a 0-neighborhood of a zero measure Kakeya set. Moreover, inequality (1.3.5) cannot
hold for any p < d, as can easily be seen by considering the indicator function of the
ball centered at the origin of radius §. Further information on the Kakeya problem
and its maximal functional variant can be found in [95, Chapters 10 and 11].

The following conjectures summarize the expected answers to the problems we
just discussed.

CONJECTURE 1 (Bochner—Riesz conjecture). A necessary and sufficient condi-
tion for inequality (1.3.3) to hold is that

CONJECTURE 2 (Fourier restriction conjecture). A necessary and sufficient con-
dition for inequality (1.3.4) to hold is that
2d d—1
_— d ¢g<——p.
d+1 " 1=9P
CONJECTURE 3 (Kakeya maximal function conjecture). Inequality (1.3.5) holds
if p=d.

All three conjectures have been given affirmative answers in the two-dimensional
case d = 2 a long time ago, see [19] (Bochner—Riesz), [96] (Fourier restriction), and
[27] (Kakeya maximal function). Despite tremendous effort, and very substantial
partial progress, they are still open in dimensions d > 3. These conjectures are
not unrelated. In fact, Conjecture 1 implies Conjecture 2, which in turn implies
Conjecture 3. The first implication is the content of [88]. For a short proof of
the second implication, see [95, Chapter 10]. Significant progress in this circle of
problems has been accomplished by realizing that under appropriate conditions these
implications can be partially reversed. For instance:

1<p<

e Fourier restriction implies Bochner—Riesz for paraboloids [17].

e The bush [13] and the hairbrush [94] constructions (which imply lower
bounds of % and %, respectively, for the Hausdorff dimension of a
Kakeya set in RY) were used to go past the Tomas—Stein [92, 84] range of
Fourier restriction exponents for the first time.

e Very recently [42, 43, 70], sophisticated versions of the polynomial method
(originally used to settle the finite field Kakeya conjecture [31]) were em-
ployed in order to establish the current world record for Fourier restriction
exponents in all dimensions.

For a pleasant further discussion of the deep connections between Conjectures 1, 2
and 3, we refer the reader to the survey [89].

Before introducing the main topic of this thesis, let us consider the Fourier
restriction problem in more detail. Historically, its starting point goes back to
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unpublished work of Stein in the late 1960s, see [84, p. 432], which culminated in
the celebrated Tomas—Stein inequality:

THEOREM 1.3.8 ([92, 84]). The restriction inequality (1.3.4) holds for ¢ = 2

d+1
and 1 <p< 2@‘

A few comments are in order. First of all, the range of exponents is best possible
for L? densities, as there can be no LP — L? restriction estimate on the sphere if
p > 2%. This is shown via the so-called Knapp counterexample, which boils down
to testing the inequality dual to (1.3.4) against the indicator function of a small
spherical cap. Secondly, the sphere S*! can be replaced by any smooth compact
hypersurface in R, as long as its Gaussian curvature never vanishes. Some degree of
curvature is essential, since one can easily construct a function whose Fourier trans-
form is infinite on an entire hyperplane. However, nonvanishing Gaussian curvature
is a strong assumption that can be replaced by the nonvanishing of some principal
curvatures, at the expense of decreasing the range of admissible exponents p.

There are several ways to go about proving Theorem 1.3.8. If R denotes the
restriction operator defined in (1.3.1), then its adjoint R*, usually called the exten-
sion operator, is given by R*(g) = go, where the Fourier transform of the measure
go is given by

(1.3.9) go(z) = / gw)e ¥do,,. (x e RY).
gd—1
The Tomas—Stein inequality at the endpoint (p,q) = (23—1;, 2) is equivalent to the

extension estimate

(1.3.10) 15712454 g
If g € L2(S% 1), then the composition (R*oR)(g) is well-defined, and a computation
shows that

(1.3.11) (R* o R)(g) = g * 5.

Since the operator norms satisfy ||R||?> = [|[R*||> = ||R* o R||, the study of these
three operators is equivalent, and so we may focus on R* o R. In view of (1.3.11),
boundedness of (R* o R)(g) is only ensured if the Fourier transform o(z) exhibits
some decay as |x| — oco. This in turn is a consequence of the principle of stationary
phase, since the nonvanishing Gaussian curvature of the sphere translates into a
nondegenerate Hessian for the phase function of the oscillatory integral given by
(1.3.9) when g = 1. This is the starting point for the original argument of Tomas,

which worked only when p’ < 2% but was quickly extended to the endpoint p’ =

2% by embedding the operator R* o R into an analytic family of operators and
invoking Stein’s complex interpolation theorem. A second method to prove Fourier
restriction estimates goes back to the work of Ginibre and Velo [40]. It consists of
introducing a time parameter and treating the extension operator as an evolution
operator. Two key ingredients for this approach are the Hausdorff-Young inequality
and fractional integration in the form of the Hardy-Littlewood-Sobolev inequality.!
These methods are more amenable to the needs of the partial differential equations
community, and allow to treat the case of mixed norm spaces. In the special cases

S llgllizgay-

1In‘ceres‘cingly, the Fourier restriction conjecture on R? can be proved with a combination of
the Hausdorff-Young and the Hardy—Littlewood—Sobolev inequalities, see e.g. [84, pp. 412-414].
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when the dual exponent p’ is an even integer, one can devise yet another proof that
comes from the world of bilinear estimates, see for instance [37, 58]. One simply
rewrites the left-hand side of (1.3.10) as an L? norm, and appeals to Plancherel’s
Theorem in order to reduce the problem to a multilinear convolution estimate. This
strategy will be crucial to sharpen a number of Fourier restriction-type estimates,
and we shall give plenty of examples in the course of this thesis.

It has long been known that Tomas—Stein restriction type estimates are related
to Strichartz estimates for linear partial differential equations of dispersive type. We
illustrate this connection in the context of the Schrodinger equation. The multiplier

operator e?? is defined via the Fourier transform as
(1.3.12) (€)= e T (),

for every Schwartz function f € S(R?). It is easily seen that ¢2f(x) solves the
Schrédinger equation
W0+ Au=0

with initial datum u(0,2) = f(x). The Schrédinger propagator €2 extends to a
bounded operator from L2(R?) to IYLI(R x R?) if and only if the triplet (d,p,q) is
Schrédinger-admissible. This is the content of the following result.

THEOREM 1.3.13. There exists a constant C' = Cqp 4 < 00 for which
(1.3.14) HeitAfHLng(Rde) < Ol fllezways
for every f € L2(R?), if and only if

2 d
(1315) b, q 2 27 (d7p7 Q) 7é (272700), and ]; + 6 = —.

The result in the diagonal case p = ¢ = 2 + % is due to Strichartz [86], who
followed the original arguments of Tomas and Stein. The case p # ¢ is fully treated
in [55].

A hint that the diagonal case of Theorem 1.3.13 might be related to Theorem
1.3.8 comes from the numerology of the exponents: The Strichartz exponent 2 + %
coincides with the dual of the Tomas—Stein exponent in dimension d 4+ 1. It turns
out that Strichartz estimates for the Schrédinger equation correspond to Fourier
extension estimates on the paraboloid.?

The question of what happens with inequality (1.3.4) for values of ¢ < 2 is the
starting point of the Fourier restriction conjecture, which we have already briefly
addressed. The necessity of conditions (1.3.7) follows from dimensional analysis and
Knapp-type examples. Note that the endpoints of this relation are the trivial case
(p,q) = (1,00), and the case in which p,q — %. This is depicted in Figure 1 below.

Tools that have led to progress on Fourier restriction theory include, in addition
to the previously mentioned ones, local restriction estimates, wave packet decompo-
sitions, and induction-on-scale arguments. All of these methods appear e.g. in the
proof of Tao’s sharp bilinear restriction estimate for paraboloids [90], a deep result
which will be recalled in §1.6 below, and which in turn implied further progress
on the (linear) Fourier restriction problem. More recently, Bennett, Carbery and
Tao [8] established almost sharp multilinear restriction estimates together with their

2The paraboloid is not a compact hypersurface. However, it exhibits some scale invariance
properties that enable a reduction to the compact setting.
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1
q
1 'y
Fourier
restriction
conjecture
d+1
2d
1
2
Tomas—Stein
inequality
1
0 d+1f td3  { p

2d 2d+-2

FiGure 1. Range of exponents for the Fourier restriction problem.

multilinear Kakeya counterparts. Perhaps surprisingly, at this higher level of mul-
tilinearity, they turn out to be equivalent. Multilinear restriction estimates have
also originated further progress on the Fourier restriction problem [15], and played
a prominent role in the recent work of Bourgain and Demeter [14] on 2 decou-
pling. Very recently, Guth [42, 43] applied these multilinear tools together with the
polynomial method to get some further progress on the Fourier restriction problem.

Faced with inequalities like (1.3.4) or (1.3.14), the trained analyst feels an irre-
sistible impulse to sharpen them in a number of ways. We must clarify what sharp
means for the purpose of this discussion. In order to illustrate the relevant concepts,
we focus on the Fourier restriction inequality (1.3.4), the adaptation to other cases
being straightforward. This inequality can be rewritten as

(1.3.16) IR fllLaa-1) < Capgll fllrmay,
with Cg, 4, being the optimal, or best constant, defined as
IR |lp.a a1

Capq = sup
o£ferr |1 fllLe(ra
An extremizer, or mazimizer, for inequality (1.3.16) is a nonzero function f € LP(R?)
which satisfies

IR fllrasa-1y = Capgll fllLeway-

An extremizing, or mazimizing sequence for inequality (1.3.16) is a sequence {f,} C
LP(R?) satisfying [ fallLp(ray < 1, such that

HanHLIZ(Sdfl) — Cd,p,qa as n — oo.

Several natural questions which fall under the category of sharp Fourier restriction
theory, and which we will address in this thesis, include: What is the value of the
optimal constant? Is it attained? If so, what is an example of an extremizer? If not,
what is the mechanism responsible for this lack of compactness? In either case, how
do extremizing sequences behave? If extremizers exist, are they unique modulo the
symmetries of the problem?
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An ideal setting to explore these questions is that of the Tomas—Stein inequal-
ity in low dimensions d = 1,2, and its Strichartz counterpart. The endpoint ex-
ponent 2 + % is then an even integer, and the aforementioned convolution trick
transforms the original oscillatory problem into a question of geometric integration
over a concrete manifold. We will see plenty of examples that illustrate this key
point in the remaining part of this Introduction, which is organized as follows: In
§1.4, we present four alternative ways to sharpen the two-dimensional diagonal case
(d,p,q) = (2,4,4) of the Strichartz inequality (1.3.14). These go back to work
of Foschi [35], Hundertmark-Zharnitsky [48], Bennett-Bez-Carbery-Hundertmark
[4], and Gongalves [41]. Several of their methods will provide crucial to our work,
and we highlight these connections. In §1.5, we present a proof due to Foschi [36]
of the sharp endpoint Tomas-Stein inequality on the sphere S?. We also give simple
proofs of two sharp Fourier restriction inequalities on the circle S'. In §1.6, we fol-
low the work of Jiang—Shao—Stovall [52], and discuss a refined Strichartz inequality
for a class of fourth order Schrodinger equations, the corresponding linear profile
decomposition, and consequences for the existence of extremizers in all dimensions.
Finally, in §1.7, we briefly comment on some possible directions of research.

1.4. Four ways to sharpen a Strichartz inequality

In this section, we present four different proofs of the sharp version of inequality
(1.3.14) in the two-dimensional diagonal case (d,p,q) = (2,4,4).

THEOREM 1.4.1 ([35, 48, 4, 41]). The inequality
; _1
(1.4.2) ||eztAf||L§I(R><R2) <272 ||f||L2(R2)
is sharp, and equality is attained if and only if f is a Gaussian, i.e.
F(a) = Aet+imle—al b
for some Ac C,A\>0, n€R, a € R?, and b € C2.

The Schrédinger propagator e f was defined in (1.3.12). In two dimensions, it
can be equivalently rewritten as

(1.4.3) eitAf(x) _ % /]R2 eiw-ﬁe—it\ghf({)dg’
or

. 1 oy
(1.4.4) A f(x) = it Jae T f(y)dy.

The main tools behind each of the forthcoming proofs are, respectively, multilinear
convolution estimates [35], representation formulae for the Strichartz integral [48],
monotonicity properties of the quadratic heat flow [4], and the theory of orthogonal
polynomials [41]. We remark that all four proofs can be adapted to tackle the
one-dimensional diagonal case (d,p,q) = (1,6,6), and that the last three proofs can
handle the non-diagonal case (d,p,q) = (1,8,4) as well. They are also amenable
to various extensions (e.g. to the case of the Strichartz inequality for the wave
equation) and generalizations (e.g. to multilinear and weighted settings). We refer
the reader to the original papers and the references therein for further details.
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1.4.1. Convolution estimates. Foschi [35] was the first one to establish the
sharp Strichartz inequality (1.4.2). His proof replaces the original oscillatory prob-
lem by a more tractable question of geometric integration over a specific manifold, a
recurring theme in this manuscript. Moreover, the cases of equality are determined
by a careful analysis of the solutions of certain functional equations. An essential
ingredient is the following elementary fact.

LEMMA 1.4.5 (Cauchy—Schwarz inequality). Let (-,-) be a complex inner product
on a vector space V, and let u,v € V be two nonzero vectors. Then

[{u, 0)[* < (u, u) (v, ),
with equality if and only if u = av for some scalar o € C.

PRroOF. Fits in one line:

lullllol1* = {u, v)

- H2H||UH2 (w, v)o||>. O

To start with the actual proof of Theorem 1.4.1, let u = e f, and let @ denote its
space-time Fourier transform,

u(r,§) = 1/ u(t, z)e T qtda.
2w RxR2

Plancherel’s Theorem reduces inequality (1.4.2) to a bilinear convolution estimate
whose left-hand side is given by:

(1.4.6) lullfagsy = 14 ll2esy = lu?llzgs) = 18 * @l 2gs)-

Note how this uses the fact that the Lebesgue exponent p = ¢ = 4 is an even integer
in a crucial way. The convolution on the right-hand side of (1.4.6) is given by

147 ~ _ Yy 67—_‘”‘2_|C|2dd
(1.4.7) (usu)(r,§) = Fm)f Q) L ndg,
R2 xR? §—n—¢
from which it is apparent that
2r = 2(]n]* + [¢*) = In+ ¢+ In — <[> > [¢]*
It follows that the convolution w * u is supported on the closure of the region
={(r,€) e Rx R?: 27 > [¢[*},
which of course coincides with the Minkowski sum of the two-dimensional paraboloid
{(r.©) e RxR?: 7 = [}
with itself. Now, given (7,&) € Pa, let (-, -)(;¢) denote the inner product associated

with the measure | |2 | ’2
PN Y el Ul )d dc.

Identity (1.4.7) can thus be rewritten as
(@ a)(r,€) = (f & 18 1)),

which after an application of the Cauchy—Schwarz inequality, integration and Hélder’s
inequality implies

~

1
(14.8) I« ey < (sup 1@ 1) /P IF @ FIi gdrde)”.
2

7,£)EP2
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The crucial observation is the following: Convolution of projection measure on the
two-dimensional paraboloid defines a constant function in the interior of its support.
In fact, the measure & (T — ¢ |2) is invariant under the volume preserving affine
change of variables

(1.4.9) (1,8) ~ (T+20- £+ [v]2, € 4+0). (veER?

As a consequence, the convolution of (7 — [£[*) with itself is also invariant under
a related change of variables, see [35, Lemma 2.1]. This invariance can be used to
establish the following result.

LEMMA 1.4.10. For every (7,&) € Pa, we have [|[1 @ 1|(;¢) = /5.
PrOOF OF LEMMA 1.4.10. Define
I(1,6) = 1@ 1| ¢

The invariance of (7 — [£|?) with respect to (1.4.9) implies that, for any v € R?,
(1.4.11) I(1,8) = I(1 +2v - €+ 2Jv|%, € + 2v).
By homogeneity, I is also invariant under parabolic rescalings, i.e.
(1.4.12) I(1,6) = I(N°1,\6). (A >0)
Invariances (1.4.11) and (1.4.12) combine to yield

2
I(1,6) = I(t — |52,0) =1(1,0) = /R2 §(1—2n*)dn =

)

|y

: 9
provided 7 > 5;-. O

In Chapter 5, we will be interested in understanding settings different from that of
the paraboloid, where not so many symmetries are available. To handle those cases,
it will be convenient to have another, more flexible proof of Lemma 1.4.10.

ALTERNATIVE PROOF OF LEMMA 1.4.10. The desired identity follows from a
straightforward application of delta-calculus:®

1 1 2 = _ _ 2 2 d
1@ 1e /RQ‘S(T €= nl* = [nf*)dn
2
:/R2 5(T—|§—77|2—|§+17|2)dn:/Rz 5(7_%_2‘77‘2)(177

:ZW/OOO 5(7—'%'2—27"2)7’&’:;/000 5(7—%—(9)(18

m €I
= —:[l > — R
1> )
where we changed variables in the second and fifth identities, and passed to polar
coordinates in the fourth identity. O

The right-hand side of inequality (1.4.8) is easily seen to equal the correct multiple
of the (square of) the L? norm of f. Putting everything together yields the sharp
inequality (1.4.2). The only steps in the proof which do not amount to identities
are the applications of Cauchy—Schwarz and Hoélder’s inequality that led to (1.4.8).
Both of these are elementary inequalities whose sharp form and cases of equality

3For a treatment of integration of manifolds using delta calculus, see [38, Appendix A].
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easily determined, see Lemma 1.4.5. This turns out to be crucial in order to further
characterize the cases of equality in inequality (1.4.2). We will not get into details
here, but just remark that the aforementioned Cauchy—Schwarz and Holder steps
simultaneously become equalities for a given function f if and only if f satisfies the
functional equation

(1.4.13) F) Q) =F(nP +1¢1%n+0),

for some scalar function F : P, — C, and almost every (1,¢) € R? x R?2. The
solutions of (1.4.13) are given by Gaussians, and one ultimately proves that all
maximizers for inequality (1.4.2) are given by L? functions of the form

fu(a) = exp(Ala]* +b- 2+ C),

with A,C € C, b € C? and R(A) < 0. We refer the reader to [35, §7] for further
details.

1.4.2. Representation formulae. Hundertmark and Zharnitsky [48] found
an ingenious way to obtain the sharp inequality (1.4.2) by writing the Strichartz
integral as a pairing with a certain orthogonal projection. To define it precisely,
consider the closed subspace E of L2(R?*) of rotation-invariant functions that fix the
vectors

(1.4.14) a:=(1,0,1,0) and g8 := (0,1,0,1).
In other words,
(1.4.15) E =span{H(a-n,B-1,n?): H € C°(R x R x RT)}.

Let Pg : L2(RY) — L?(R?) denote the orthogonal projection operator onto functions
in the subspace F. Then then following representation formula holds.

THEOREM 1.4.16. Let f € L2(R?). Then:
: 1
(1.4.17) / €2 f(z)[*dzdt = ~(Pe(f ® f), f © f)12a)-
RxR? 4

This result was later generalized by Carneiro [20] to a nontrivial higher dimen-
sional, multilinear setting. Let us point out that the analysis in [48] starts by
invoking formula (1.4.4) for the Schrédinger propagator. Using (1.4.3) instead leads
to the closely related formula

~ -~

(418) [ e @)l dedt = 3 Pe(Fe P Fo Prao,

which illustrates a nice symmetry of the Strichartz norm under the Fourier trans-
form. We invoke the latter formula and indicate how to deduce (1.4.18). Firstly,
1

(14.19) [ f(2)* = o /R4 y et (mtm—6-6) =it~ ") p ()P (€)dndé.
X

Here n = (n1,7m2) and & = (&1,&) are vectors in R* = R2 x R?, and F = f ® 7.
Integrating both sides of identity (1.4.19), first in « and then in ¢, we obtain

/ |2 f () [Adadt = 2i 8(m +m2 — & — &) 8(Inf* — [€*) F(n) F(€)dndg.
RxR2 T JR4xR4
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The first delta function can be strategically rewritten in terms of the vectors o and
B defined in (1.4.14) as

S(m+m—&—&)=06(a-(n—¢6)8(8-(n—29),
from where the relevance of the subspace E defined in (1.4.15) becomes apparent.
Setting up the stage for the key insight, define the operator

- [ 3 (=) 8(3- (1= ©) (1l = )Gl

" or

acting on functions G € C§°(R%). The Strichartz integral can then be recognized as
a quadratic form associated to the self-adjoint operator 7'

/RxRQ ™A f(x)[*dadt = (T'F, F)2(pay-

The proof is finished once one realizes that the operator T is a multiple of the pro-
jection operator Pg. Indeed, we claim that T' = %PE. This in turn is a consequence
of the following two facts:

TG(E)

(a) For every ¢ € R*, the following defines a probability measure on R*:

me(an) = 2 80 (- ) (3 (n - €)) 8(Inf? ~ [¢?)dn.

(b) For every Borel subset B C R*, its Lebesgue measure is given by

[ memyag = 5.
R4

Fact (a) is clearly related to Lemma 1.4.10, and can likewise be established via
delta-calculus. Fact (b) follows from the symmetry of the measure m with respect
to the variables 1 and £ via an application of Fubini’s theorem.

Facts (a) and (b) can be used to show that the operator 7' defined above maps
C&°(RY) into L?(R?), and extends to a bounded linear operator on all of L2(R%).
Now, let p be a rotation on R* fixing the vectors a and /3. Since

TG(pg) =TG(8),

it follows that the operator 7" maps L?(R*) into the subspace E. Since T is self-
adjoint, it follows that the orthogonal complement E- satisfies T(E+) = 0. It

remains to show that T acts like a multiple of the identity on E. Given a function
H e C§°(R x R x RT), the function

(1.4.20) G(n) = H(a-n,5-n,n*)
belongs to the subspace E, and a computation shows that it satisfies
1
TG(E) = 16(0)

From density of functions of the form (1.4.20) in E, it follows that T' = %I on E, as
claimed. As a consequence of this and of Plancherel’s Theorem,

; 1 1 1
/RxRZ le tAf(x)’4d93dt = Z<PE(F)7F>L2(R4) < ZHF”i?(RAL) = Z||f|’iQ(R2)7

which is the desired sharp inequality (1.4.2). Moreover, equality holds if and only
if the function F' belongs to the subspace F, a condition which can be reformulated
in terms of Gaussians. See [48, 20] for the full characterization of maximizers, and
further details.
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1.4.3. Heat flow. One way to prove an inequality of the form A < B is by
constructing a monotone non-decreasing quantity Q(t), such that Q(0) = A and
Q(o0) = B. This was pointed out in [7], where several illustrative examples were
given in the context of Brascamp-Lieb inequalities.* The main result of [4], spe-
cialized to the case (d,p,q) = (2,4,4) which we are considering, states that the
quantity

; 1
Q(t) == || (e f1)? s, (mxr2)

is nondecreasing for all ¢ > 0. Here e'® denotes the Fourier multiplier operator with
multiplier e‘t|5‘2, which in terms of the two-dimensional heat kernel

translates into e!®|f|> = Hy* | f|>. The claimed monotonicity of @ implies the sharp

inequality (1.4.2) at once. Indeed,
. isA isA
Jim Q) = 161l 2 1652 sz,

where the fact that ¢ = 4 is an even integer that divides p = 4 was used in the last
inequality. On the other hand, a simple change of variables shows that

. 1
t];rgo Qt) = HelSA(Hf)HL“(RXRz)”fHL2(R2)'

This also reveals that Gaussians are maximizers for inequality (1.4.2).

The proof of the monotonicity of ) involves two key ingredients. The first one
is the representation formula (1.4.17) which we discussed in the last section. The
second ingredient is the following monotonicity property of the Cauchy—Schwarz
inequality under the heat flow.

LEMMA 1.4.21. Let f,g : R* — R be nonnegative and integrable. Then the
quantity

A = [ (@2 Dheg)ta
R4
in nondecreasing for every t > 0.

Note that, by taking the limits of A(¢) as t — 07 and ¢ — oo, one obtains a
second proof of Lemma 1.4.5 when V' = L2(R%).

SKETCH OF PROOF. A computation involving the divergence theorem yields

dA 1

GO =1 [ 9loge® ) = Viloge'g) (e ) e g) b,

dt 4 R4
for every t > 0, provided the functions f and g are sufficiently well-behaved. This
is manifestly a nonnegative quantity, and the result follows by density. O

Recall the projection operator Pg defined in the last section. Given a function
G € L*(R*), we may write

Pu(G)(X) = /O G(pX)du,,

4The idea of using heat flow in the Brascamp—Lieb context (in the rank one case, and on the
sphere S*~! instead of a Euclidean space) had been introduced earlier [18].
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where O denotes the group of isometries in R* that fix the vectors o and 3 defined
in (1.4.14), and dp, denotes the normalized Haar probability measure on O. Since
the heat operator e commutes with tensor products,

NP @ 2P = e 2P,
where f € L2(R?) and F = f ® f. In a similar way,
(2 @ e 2 If )P ) = 2B,

where F, := F(p -). These observations can be applied to the representation formula
(1.4.17) to yield

1
Qv =7 [ [ @ IFPIOEIER 0,
4 Jo Jra
The monotonicity of () follows from this and from Lemma 1.4.21.

1.4.4. Orthogonal polynomials. In groundbreaking work from the 1970s,
Beckner [2] established the sharp Hausdorff-Young inequality®

1

p2 \d
(1.4.22) I gy < (£ ) Il e

D
for general exponents 1 < p < 2, and showed that Gaussians turn this inequality
into an equality. In the converse direction, Lieb [63] showed that all extremizers
for inequality (1.4.22) are in fact Gaussians. Central to Beckner’s proof was an
application of the Central Limit Theorem to approximate the Hermite semigroup
operator by normalized tensor products of a discrete version of the same operator on
a two-point space. Inspired by Beckner’s approach, Gongalves [41] has very recently
produced an alternative proof of the sharp Strichartz inequality (1.4.2), which we
now briefly summarize.

2|2
Consider the normal distribution dy(z) = (277)_167%@3 on R2. Define the
following operator on L?(R?, dv):

H' : Hp(z) €2ﬂ|m‘ith(27%LU),

where m = (my,mg) € Zi and Hy,, = Hp,, ® Hy,, denotes the tensor product of
Hermite polynomials of degrees m; and mg, see e.g. [87, Chapters 2 and 5|. The
first observation is that Gaussians maximize inequality (1.4.2) if and only if

iz [ e@rama s ([ oPo)’

Expanding a function g € L? (dv) in Hermite basis, g = Zmezi am Hpm, orthogonal-
ity of the Fourier characters may be used to rewrite the left-hand side of (1.4.23) as

1
Zamlamgan1an2/ (Hpi Hp2 Hyi Hyp2) (27 22)dy(2),
R2

5Here7 the Fourier transform is normalized the following way:

FHEO) = | f@e ™ da.



18 1. INTRODUCTION

where the sum is taken over indices m’, n/ € Z2, j € {1,2}, such that |m'|+ |m?| =
|n1| + |n?|. Let M denote the space of 1 x 2 matrices M = [m' m?] with each
m’ € Zi, and define F as the Hilbert space of functions ¢ : M — C such that

> lp(M)PM! < oo,
Mem
endowed with the inner product

(1.4.24) () r = > w(M)P(M)M!,

MeM
Finally, define an operator P acting on functions ¢ : M — C via

Py = PO
NeM:|N|=|M| )

where the coefficients are given by the Hermite integrals:
P(M,N) = / (Hopt Hopz Hot Hyp2 ) (27 22)d ().
RQ

Given S > 0, let Fg be the closed subspace of F consisting of functions ¢ : M — C
for which ¢(M) = 0 unless |M| = S. Then Fg is a finite-dimensional subspace of F
on which P is well-defined and satisfies P(Fg) C Fs. Moreover, the subspaces Fg
are orthogonal to each other with respect to the inner product (1.4.24), and

F=EpFs.

S>0

We would like P to extend to a bounded operator on the whole space F, in which
case we will be interested in determining its operator norm. It follows from the
definitions that the left- and right-hand sides of (1.4.23) are given by

/_é /m [#'g()[*dy(2)dt = (o, Py} 5, and </

1 R2
2
where the function ¢ : M — C is defined in terms of the Hermite coefficients of

g= Zmezi amHpm in the natural way: If M = [m! m?], then

9@) P (@) = (o0,

O(M) = apmray,2.
Gaussians maximizing inequality (1.4.2) is then seen to be equivalent to

(0, Po)r < (o, 0)F,

which holds in particular if P is a projection operator. This turns out to be the case.
Establishing the identity P2 = P constitutes the second part of the proof, which
is based on some explicit identities involving the Mehler kernel, i.e. the generating
function for the Hermite polynomials. We omit the details, and refer the interested
reader to the original work [41].

As a final remark, note that all four proofs which we presented in this section
worked in the context of the paraboloid, a non-compact manifold endowed with a
large group of symmetries. These symmetries were at the core of the preceding
proofs, and made them somewhat special and hard to generalize. One possible
generalization, which is interesting in its own right but also solves a PDE question
that had been open for a while, will be presented in Chapter 5.
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1.5. On spheres and circles

In this section, we present a proof of the sharp endpoint Tomas—Stein extension
inequality on the two-dimensional sphere,

(L5.1) </Rg Fot)as)* < )l

Here, o denotes surface measure on S?, and S denotes the optimal constant given by

g
S— sy Mohie)
ozrer2s?) 1 fllLz(s2,o)

Extremizers for inequality (1.5.1) were studied by Christ and Shao [25, 26], who for
the first time addressed a sharp endpoint restriction problem on a compact manifold.
They showed that any extremizing sequence of nonnegative functions for inequal-
ity (1.5.1) is precompact in L?(S?). In particular, extremizers exist. Nonnegative
functions play a special role because

(152)  [Fol2sgay = 1fo = follas) < 1710 [Flollzgs) = [[F1o]2: g

In this chain of inequalities we used Plancherel’s Theorem twice, and the formula
(1.5.3) (fox fo)(x) = / fw)f(v)é(z —w—v)doyda,
(s2)2

to ensure that the pointwise value of the convolution fo * fo can only increase
if the function f is replaced by its absolute value |f|. We can thus assume all
extremizing sequences and extremizer candidates to be nonnegative. In the course
of their analysis, the authors of [25, 26] further established that the left-hand side
of inequality (1.5.1) does not decrease under L? norm preserving symmetrization of
f with respect to the antipodal map = +— —z, a fact that will be recalled with a
simplified proof from [36] in Lemma 1.5.5 below.

The scaling symmetries of the paraboloid, which translated into the key fact that
convolution of projection measure is a constant function inside its support, were es-
sential to make the proofs from the preceding section work. The sphere lacks exact
scaling symmetries. This causes a number of technical difficulties, and is linked to
the most essential obstruction, namely the possibility that the optimal constant S
might be attained only in a limit where | f|? tends to a Dirac mass, or to a sum of two
Dirac masses. In order to rule out this possibility, one compares the values of the
optimal constants for the sphere and for the paraboloid. This is accomplished in [25,
§17] via a perturbative argument, which relies on the following simple observations:
Extremizers for the paraboloid are given by Gaussians, which coincide with the re-
striction to the paraboloid of simple exponentials e¢(x) = e, with & € C? satisfying
R(&) < 0. Moreover, formula (1.5.3) reveals that the convolution (fo * fo)(z) is
expressed for each z as an integral of a product of two factors. If f = e¢, then the
integrand becomes a constant for each x, and hence the Cauchy—Schwarz inequality
becomes an equality when applied to each such integral in an appropriate way.

The rest of the proof is a remarkable tour de force in classical analysis that
brings together a variety of sophisticated techniques: bilinear estimates and refined
estimated in X*’-type spaces, concentration-compactness arguments tailored to the
specific problem in question, Fourier integral operators, regularity theory for equa-
tions with critical scaling and additive combinatorics, among others.
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A final variational argument shows that constants are local extremizers for in-
equality (1.5.1), and the question remained whether they could actually be global
extremizers. The answer came a few years later, in a short and elegant paper of
Foschi [36], the main result of which is the following theorem.

THEOREM 1.5.4 ([36]). A nonnegative function f € L*(S?) is a global mazimizer
for inequality (1.5.1) if and only if it is a nonzero constant. Consequently,

ol gs)

e

Combining this result with [26, Theorem 1.2], one sees that a complex-valued
function f:S? — C is a maximizer for (1.5.1) if and only if

flw) = kel et
for some k> 0, # € R, and ¢ € R3.
We proceed to describe the proof of Theorem 1.5.4, which we organize in four
steps below. Given a complex-valued function f defined on S?, we start by defining
the following two auxiliary functions: Its antipodally conjugate f, is given by

fr(w) = f(~w), weSs?

and its nonnegative antipodally symmetric conjugate fy is given by

) = IR ICAP 0

1.5.1. Step 1: Quadrilinear form. The fourth power of the left-hand side of
inequality (1.5.1) can be rewritten as

1folliagsy = 1o * feollfagsy = QUf, fu. £, fo),
where @ is the quadrilinear form given by

QU for fon f1) = /F Fr(@n) o (w2) f(ws) fa (wa)dE

Here, 3 is a positive measure defined by

dx, = (5(0.)1 + wo + w3 + W4)d0’wld0'w2d0’w3d0'w4

and supported on the 5-dimensional singular submanifold I' C (S?)* given by
I'= {(wlaWQaw?n‘*)él) S (82)4 TwWl Fwo +wy+wy = 0}

1.5.2. Step 2: Symmetrization. The form ) enjoys two symmetries which
will play a key role in the argument. First of all,

\Q(f1, f2, f3, f4)| S QUS| 1 f2l, 1S3, | fal)s

which, again as with (1.5.2), allows for a reduction to nonnegative functions. Sec-
ondly, the following result holds:

LEMMA 1.5.5. The following pointwise estimate holds:

(1.5.6) |(fox fuo)(2)| < (fyo * fyo)(2),

for every x € R3. As a consequence,

QU oo [ fs) < QUfss fos [y, fr), and HL?;”L‘I(]I@) < HJ?ﬁ}HL“(R?’)'
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Lemma 1.5.5 appeared for the first time in [25, Proposition 2.7], see also [83,
Proposition 2.4]. The following proof from [36, Proposition 3.2] provides a consid-
erable simplification over the original argument.

PROOF. For a nonnegative function f : S — R, write
(1.5.7)  2(fox* fuo)(x) = /(SQ)Q(f(w)f(—y) + f(—w)f(¥)) 6(x —w —v)doy,do,.

The simplest instance of the Cauchy—Schwarz inequality implies

) f(=v) + (=) f(v) < 2f3(w) fy(v),
which can be plugged into (1.5.7) to yield (1.5.6). O

1.5.3. Not a step: Rather a dead end? Another application of the Cauchy—
Schwarz inequality yields

QU 1 1, ) <Q(f?, £2,1,1).

The right-hand side of this inequality can be expressed in terms of the convolution
measure o % o:

(158 QUALLY= [ [0 0)(w+ r)doudo,.
(82)2

The convolution of surface measure on the d-dimensional sphere is computed in

Lemma 2.2.2 of Chapter 2. Here we just record its two-dimensional counterpart:

(ox0)(x) = ’T‘ﬂ{xm}(iﬁ)-

Plugging this into (1.5.8), we conclude

(159) QLD [ F@P P T doudon.

(S2)2 \w + l/’
Unfortunately the integral on the right-hand side of this inequality is too singular
for our purposes, due to the presence of antipodal points on the sphere. As a matter
of fact, all of the analysis that we have presented so far was already implicit in [25].
One ingredient was missing though.

1.5.4. Step 3: Magic identity. The relevant geometric feature on the sphere
that allows to keep the analysis global at all stages is the following interesting ob-
servation.

LEMMA 1.5.10. Let wi,ws, w3, ws € S? be such that wi +ws +ws+ws = 0. Then:
(1.5.11) w1 + wollws + wa| + w1 + wsllwa + wa| + w1 + wal|ws + ws| = 4.

The result works in all dimensions, see Lemma 2.5.15 in Chapter 2, with the
same exact straightforward proof. A geometric identity of the same flavour appears
in Lemma 4.1.9 of Chapter 4.

PrOOF. The value of X := wq - wg + w9 - w3 + w3 - wy can be determined from
expanding
1= ]w4\2 = |w1 + w2 +W3|2 =3+ 2X.
It follows that X = —1, and therefore
\wl +wg]2 + ‘UJQ +W3’2 + ’w3 +w1]2 =6+2X =4.
This implies (1.5.11) at once. O
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Identity (1.5.11) together with the symmetries of the form @ readily imply
3
QUL LN = /F flwr) fwa)lwr + wa| f(w3) f(wa)|ws + waldEe,.

Yet another application of the Cauchy—Schwarz inequality shows that
Q5N <20 [ TR0 o,

a bound which already beats (1.5.9) to a large extent. From this and the trivial
bound |w + v| < 2, we obtain a version of the extension inequality (1.5.1) with a
suboptimal constant. To sharpen it, we need one last ingredient which we discuss
next.

1.5.5. Step 4: Two ways to finish. The quadratic functional
Hg) = [ g@igw) - vidoudo,
(5%)?

is well-defined, real-valued and continuous on L!(S?). It also enjoys the following
monotonicity property: If the function g is replaced by its mean value, then the
value of the functional does not decrease. This is the content of the next result.

PROPOSITION 1.5.12. Let g € L'(S?), and let p = & [ g(w)do,, denote its
mean value. Then
H(g) < |u*H(1),

where equality holds if and only if g is constant.

We offer two proofs of this result. By density, it suffices to prove the proposition
for functions g € L?(S?), in which case g can be decomposed as a sum of spherical
harmonics. Recall® that a spherical harmonic Y}, of degree k is an eigenfunction of
the spherical Laplacian Age with eigenvalue —k(k + 1), i.e.

Ag2Yy = —k(k+1)Y}.
Moreover, spherical harmonics of different degrees are mutually orthogonal. Both
proofs of Proposition 1.5.12 will use the classical Funk—Hecke formula that provides
a way to integrate a radial function on the sphere, i.e. a function which depends

only on the inner product with a fixed direction. We state it in all dimensions d > 2
because it will be useful in later chapters.

LEMMA 1.5.13 (Funk-Hecke formula). Let d > 2, and let ¢ : [-1,1] — C be an
integrable function satisfying

[ o1 -2y ar < oo
-1

Let Yy be a spherical harmonic of degree k. Then
(1.5.14) / d(w - )Yi(v)do, = M\e(6)Yi(w), we S,
gd—1

where A\ () is the constant defined by

d

1 52
(1.5.15) e (0) = wd_z/l ¢(t)g’;22((3(1 — )Tt
k

60r consult e.g. [85, Chapter IV].
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In formula (1.5.15), wy_» denotes the surface area of the sphere S%—2,

/ q o2r 2
Wqg—2 = g
d—2 -2 F(d_l)a

and the {C} are Gegenbauer polynomials of degree k, see [28, Appendix B] for
definitions and basic properties. A proof of Lemma 1.5.13 can be found in [28, §1.2].

The first proof of Proposition 1.5.12 is based on heat flow methods reminiscent
of the arguments from §1.4.3.

PROOF OF PROPOSITION 1.5.12. Start by assuming that g is a smooth function
on S2. Then the following properties hold:

(a) Timy_ o+ [lg — €2 gl 2 = 0,

(b) limy_yoo |1l — ePs2g|l;2 = 0,

(¢) The quantity H(e?®s?g) is a monotone nondecreasing function of ¢ > 0.
Properties (a), (b) and (c) can be proved by appealing to the decomposition of
g=> k>0 Yk into spherical harmonics. We illustrate this by showing the harder one,
(c). Since Ag2g = — > ;51 k(k + 1)Yj, the evolution under the heat flow generated

by g satisfies
U(t) . etAszg — Z 6—k(k+1)tY
k>0

In order verify that the time derivative of H(U(t)) is nonnegative, we compute:

Yawawy=om [ Tl

(t,v)|w — v|do,do,

dt ©p2 o dt
=2R U(t,w)AgU(t,v)|w — v|do,do,
(8%)?
= -2 Z Z k(k + 1)e”WUHD+k(k+1) )t§R/ </ Yi(v)|lw — 1/|da,,> doy,.
7>0 k>1

Invoking orthogonality properties of spherical harmonics, and the Funk—Hecke for-
mula together with formula (1.5.15), one checks that

d o 2k(k+1)t 2
aH = _47Tkz>1k (k+1 (k+1) >\I<:HYk||L2(s2

)

for some negative coefficients A\, < 0, for every k > 1. This completes the proof of
(c). For a smooth function g € C*°(S?), it follows from (a) that U(t) converges to g
as t — 0T, and from (b) that it converges to ul as t — co. From (c) we then have
that

Hg) = HU(0)) < Jim HU(®)) = H(u1) = |uH(1).

The result for a generic g € L!(S?) follows from density and the continuity of the
functional H in L'(S?). O

The second, shorter proof is based on a direct spectral decomposition of the
functional H.
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SKETCH OF ALTERNATIVE PROOF OF PROPOSITION 1.5.12. Decomposing g =
> k>0 Y as before, we have that

Z Y; (w)Yi(v)|w — v|doy,do,
10 (S2)2
= QWZAk"Yk||1%2(S2) < 277)‘0“%“%2@2) = H(p1)
k>0
since, as previously noticed, the coefficients satisfy A < 0, for every k > 1. O

Having established the sharp endpoint L? — L* Tomas-Stein inequality on S?,
it is natural to ask about other dimensions. Extending the L2 — L* analysis to the
higher dimensional setting was the motivation for Chapter 2. The sharp endpoint
inequality in dimensions d > 3 seems currently out of reach, see the discussion in
§1.7, but also [39] for a recent conditional existence result at the endpoint which is
valid in all dimensions. The possibility to obtain a sharp endpoint L2 — L5 Tomas—
Stein inequality on the circle S' was the motivation for Chapters 3 and 4. This
setting provides some unexpected difficulties which will be described in due course.
For the time being, we show how these issues can be easily overcome in two simplified
scenarios.

1.5.6. Sharp L° — LS. If we further restriction attention to nonnegative func-
tions belonging to LE(S!), then it is an easy matter to establish the sharp inequality

HEHLG(RQ)
)
27)6
where equality holds if and only if f is a constant. Indeed, reasoning in an analogous

way to that which led to (1.5.8), and then averaging over rotations and invoking
Fubini’s Theorem, we have that

(1.5.16) 1 folls gy < 1 flle ),

HngfLia(Rg) S /(81)3 F(w1)?f(w2)f(w3)*(0 % 0 % o) (w1 4 wa + ws)dog
- / P )2 (pn)? £ (pos) (0 % 0 5 0) (wn + wn + ws)doadpy
so(2) J(st)

= / , (/ f(pwl)zf(W2)2f(pw3)2dup) (0% 0 %) (wy +wa + ws)dog.
(s1)3 \Jso(2)

Here, o stands for the arc length measure on S', and dy denotes the normalized Haar
measure on the group SO(2) of orthogonal 2 x 2 real matrices with determinant 1.
The inner integral can then be estimated with Holder’s inequality as follows:

[ S0 0, < H (/

1
T (o)) =2 |11 )
s02) j P LS(S?)
Keeping track of constants and analyzing the cases of equality in each of the pre-
ceding steps, one obtains (1.5.16) with a complete characterization of maximizers.
This method of rotations is furthered developed in Chapter 2, see the cases (b) and
(c) of Theorem 2.1.3 and the corresponding proof in §2.4.
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1.5.7. Sharp mixed norm estimate. If, on the other hand, we weaken the
assumption on the target space side, and merely require that

fo € LS4L2,,(R?),

rad Hang

we may also obtain the following sharp inequality, as noticed in [38, §3.2]:

(1517 101 ey < ([ 80000 ) 171
rad-ang 0

The numerical value of the integral on the right-hand side has been computed with
5 x 1077 accuracy in Chapter 4, see Table 1. Moreover, constants are again the
unique nonnegative maximizers of inequality (1.5.17). In order to further illustrate
the relevance of Bessel integrals in the context of Fourier restriction on the circle,
we reproduce the short proof here. The starting point is the well-known formula”

m)’ (x e RY)

= . _d
(1.5.18) Vio(r) = syl 2Yk<m

which provides a connection between spherical harmonics and Bessel functions in
all dimensions. It can be proved by applying the Funk—Hecke formula together with
Rodrigues formula for Gegenbauer polynomials, see [85, 93]. Given f € L%(S!), we
expand it in Fourier series

f=Y aYs,

k>0

with each ||Y;||2 = 1. Appealing to formula (1.5.18) and to orthogonality of the
{Y}, we see that

[ Fotre)Paon = 3 larP o)
Sl
k>0
The left-hand side of inequality (1.5.17) is thus equal to
oo 3
(1.5.19) / <Z \ak|2Jg(r)) rdr,
0 k>0

which can be rewritten as

Z ’ak’2‘af‘2’am’2]—(kv ev m)a

k,£,;m>0

where the integrals I(k, ¢, m) are defined as follows:

Ik, ,m) = / J2(r)JR(r)J2 (r)rdr.
0
They satisfy the following crucial monotonicity property:
(1.5.20) I(k,¢,m) < I(0,0,0),

with equality if and only if Kk = £ = m = 0. This can be checked by similar
computations to the ones that will be developed in Chapter 4. Indeed,

I(k,6,m) = / o G e s = / (w012)" (ws3) (w5 6) A5,
R2 (Sl)ﬁ

"This formula specialized to k = 0 and d = 2 implies that the optimal constants in inequalities
(1.5.16) and (1.5.17) coincide.
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n

where the function e, : S! — C is defined via e,(w) = w", and the measure ¥ is

given by
(1.5.21) dX, = 5(w1 4+ wo + w3 + wg + w5 + w6) doy, dow, Aoy, doy, dow, doy,.
The triangle inequality immediately implies
I(k,¢,m) < 1(0,0,0),
with equality if and only
(w1@2)" (wsws) (wsws)™ = 1,
for every wy,...,ws € S! such that Z?:1 wj = 0. One easily checks that this

implies k = ¢ =m = 0, and the proof of (1.5.20) is complete. As a consequence,
inequality (1.5.17) follows at once:

17olRs 12, mey= D lawllacPlam|*I(k, £, m)
k,0,m>0

<10,0,0) 3" Jagllallan® = 100,001 £l
k,£,;m>0

The characterization of maximizers is now straightforward.

1.6. Fourth order Schrodinger equations

In this section, we describe a dichotomy result from [52] concerning the existence
of extremizers for a Strichartz inequality associated to a family of fourth order
Schrodinger equations given, for each p > 0, by
{i@tu + A%y — pAu =0,

(16.1) u(-,0) = f € L2(RY).

The solution of (1.6.1) can be written as

(271r)d/ eix-ﬁeit(\§|4+ﬂ|§|2)f(g)dé’ (CE,t)E]RdH,
R4

The following estimate for the solution of (1.6.1) is known:

(1.6.2) u(x,t) =

d i 2
(1.6.3) (e + |V [?) 7 MA71 ) £ U Sdp |1f ez ay-
X

t,x
In fact, a more general inequality holds. To describe it, let S, (t) denote the data-
to-solution map

Su(t) = eit(AZ_“A),
and let D, denote the differential operator
D, =+vup+|V2

Then, for every pair of Schrodinger-admissible exponents (p,q) in the sense of
(1.3.15), we have an inequality®

2
(1.6.4) 1D Su() fllLrrs mxray Sdipsa |1 lL2 ma)-

8N0te, in particular, that the implicit constant in inequality (1.6.4) may be chosen indepen-
dently of .
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This estimate can be proved with the methods of stationary phase together with the
main theorem of [55], see [73] for further details.

Inequality (1.6.3) amounts to the diagonal case p = ¢ of (1.6.4). It has been
extensively studied in [52]. In particular, the authors establish a refinement of
inequality (1.6.3), a linear profile decomposition for the equation (1.6.1), and apply
these results to prove a dichotomy statement on the existence of extremizers for
inequality (1.6.3). Along the way, they also obtain lower bounds for the norms of
the associated operators. In Chapter 5, we shall go one step further in the two-
dimensional case d = 2, and resolve these dichotomies while computing the norms
of some of the associated operators exactly.

For the time being, let us specialize to the case d = 2 and describe in some detail
the results of [52] concerning the inequality

1
(1.6.5) 15 S0 flls ey S 1F ey

We do this in order to further highlight some of the tools that have originated
progress in Fourier restriction theory, and so that the reader can contrast them to
(and properly appreciate) the powerful bilinear and trilinear methods that lie at the
heart of a substantial part of this thesis.

The first part of the analysis in [52] consists in the following refinement of the
Strichartz inequality (1.6.5).

PROPOSITION 1.6.6. ([52, Proposition 2.2]) If f € L?(R?), then

4

1 3
(L6.7)  [1u(0)D7 Flug, xn < sup (167215, DE i

7
8

1
W N Vi

5
Lt,:c

(RXR2)>

The supremum on the right-hand side of inequality (1.6.7) is taken over all p-caps
k, which by definition are balls

r={¢eR* €~ &l <r},

with some center § € R?, and radius r > 0 satisfying 8 < || + /. Moreover,
fix a smooth, radial, decreasing bump function ¢ : R? — [0, 1], such that ¢ = 1 on
{I¢] <1}, and ¢ =0 on {|¢| > 2}. The associated cutoff to a cap kK = k(&,r) is

on(©) = o(52),

r

and the function f, is defined via its Fourier transform by f,; = gb,{f.

Refined Strichartz estimates have appeared in many places in the literature,
and have been mentioned several times in this Introduction already. The main new
feature of inequality (1.6.7) lies in the parameter p. If g = 0, then the curvature
of the graph of the function pu|£|? + [£|* vanishes at the origin. If p > 0, then the
curvature never vanishes, but the scaling symmetry is broken. It is important to
further notice the scalings

Su(t)f = [S1 (P f(u™ )] (2 ), and Dyf = [ua Dy f ()| (2 -),

which make it sufficient to establish inequality (1.6.7) in the cases p € {0,1}.
The proof of Proposition 1.6.6 is based on two main ingredients. The first one
is an annular decoupling obtained via a standard Littlewood—Paley decomposition,
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whose underlying partition of unity has to be slightly adjusted to handle the distinct
cases pu € {0,1}. If 4 = 0, then define, for N € 27,

YR (€) = g(NTIE) — p(2NT1E).
If p = 1, then small scales become unimportant in light of the broken symmetry,
and we define, for N € 2%+,

(€)= d(NT1E) — (2N 7€), and moreover (&) = $(2€).
The Littlewood-Paley projections { P4} are defined in both cases p € {0,1} by

1y = PR f = v F,

and the following annular decoupling inequality holdS'
1
(1.6.8) ISWODF Flly sy S P ISWODE I Iy cin) | 535y

where the supremum is taken over frequencies N € 2% or N € 2%+ U {0}, depending
on whether ;4 = 0 or p = 1. Inequality (1.6.8) is established with standard tools
that include the Littlewood—Paley square function estimate, the non-diagonal case
of the Strichartz inequality (1.6.4), Holder’s inequality and Plancherel’s Theorem,
together with a final application of Schur’s test.

We now describe the second, more refined ingredient that plays a role in the
proof of Proposition 1.6.6. Rescaling once again, this time to frequencies || ~ 1, one
checks that inequality (1.6.7) follows from Bernstein’s inequality, the Littlewood—
Paley bound (1.6.8) and the following two estimates: At scale 1, for 0 <e <1,

_3
(16.9)  IS-(OPPS s (msey S sup (1] =80l 3 )||f||L2R2),
K t,x

where the supremum is taken over caps k = {£ € R? : [¢ —&| < r}, with 1 5 < |6l <2
and r < 1—16; and at scale 0,

_3
(16.10) 1 (DF Tl ooy < sup (1] =SS RQ) 1112 g

where the supremum is taken over caps k = {£ € R? : \5 —&o| < r}, with |§] <1
and r < %. The proofs of inequalities (1.6.9), (1.6.10) are similar, but the latter is
simpler because the extra parameter € is not present. So we focus on the former.
In general terms, estimate (1.6.9) is a consequence of Tao’s sharp bilinear restric-
tion theorem for bounded® elliptic hypersurfaces, see [90, §9]. Invoking it, careful
parametrizations and changes of variables imply the following: For sufficiently small
¢ >0, if k1 and kg are two caps contained in the annulus {|{| ~ 1} and satisfying

diam(k1) ~ diam(kg) ~ dist(k1, ke) ~ r < ¢,

then, for every f € L?(R?) and p > %,

(1.6.11) 1En ) (Enfus)lliy rxr2) Spr 2_7HmeL2 ®2) 1 fz |2 (2)-

Here, the local Fourier extension operator &, is defined by

~

Euf(ta)i= [ D00 F(e)ae,
{l¢1<1}

9The result is global for the paraboloid (the Schrédinger case), but only applies to compact
subsets of other elliptic surfaces.
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in terms of the function

h(&) = (&) — ¢(&0) = Vo(&o) - (€ = o),

where ¢(&) := [£]* + €]¢|?>. As explained in [52], see also [57, Proposition 4.24],
inequality (1.6.11) implies the following modified version of (1.6.9):

_3
(16.12)  [1Seeo (O, sy S 500 (el B ISeeo®fel 3 RQ) 1712 gy

for every function f € L?(R?) which is Fourier supported in a sufficiently small cap

oego = {(ElE + 1€ €) s le — &l S 13
inside the annulus {|¢| ~ 1}. In (1.6.12), the operator S, ¢, () is defined by

~

Seeo (D) f(x) = / i €I 16 Fe) de

€,€0

and the supremum is taken over caps £ C {|¢| ~ 1} with diam(x) < 100~!. This
concludes our sketch of the proof of Proposition 1.6.6.

The second part of the analysis in [52] aims at a linear profile decomposition
of equation (1.6.1). Roughly speaking, the profile decomposition investigates the
general structure of a sequence of solutions to (1.6.1), and aims to compensate for
the lack of compactness of the solution operator caused by the natural symmetries of
the equation. Possibly after passing to a subsequence, one tries to write a sequence
of solutions as a sum of the superposition of concentrating waves plus a remainder
term. The concentrating waves are called profiles. They encode certain symmetry
information of the equation and are orthogonal in some sense. The remainder term
is negligible for most purposes. In more detail, let {u,} be an L2-bounded sequence
for which the quantity

1
D Sp(t)un HL;{Q:(RxRQ)

does not tend to zero as n — oo. Then the refined Strichartz inequality (1.6.7)
implies the existence of a sequence { g, } of spacetime translations (possibly composed
with scalings and phase shifts), for which there exists a nonzero function ¢! such that

g;lun 4qﬁl, as n — 00,

in the sense of weak convergence in L2. The first profile is then ¢. = gl¢', and
the argument is repeated on the sequence {u, — ¢1}. Inequality (1.6.7) actually
implies a quantitative lower bound on the L2 norm of the function ¢!, which is used
to show that the error terms eventually become negligible. The precise formulation
is as follows.

PRrROPOSITION 1.6.13. ([52, Theorem 3.1]) Let {un}tn>1 be a bounded sequence
in L2(R?). The following holds after extraction. For each j > 1, there exists ¢ €
L2(R?), a sequence of parameters

(h;ufrwxgwt{z) (O;OO) X Rz X R2 X R,

and a sequence of L2 errors {et Y, ,>1 such that, for each £ > 1,
q nfén>

L

= 3 Su(~H)gh () <,

Jj=1
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where g%,(gb) = hi] (;fzz), and for each j, either |hﬁlfﬁl| — 00 or & =0. The error
terms {et} satisfy
(1.6.14) h;riilolphmsup ||D4S (t )5fz||L§z(RxR2) =0.

If j # k, then the sequences {(hdy, &), @h, th)Yus1 and {(hE, €5, 2k t5)Y, 51 are pair-
wise orthogonal, in the sense that

Wk 1t 0l |, — 5| (1 + 2/€512)
. n n Jei _ pkek n_'n n
(16.15)  Tim (5 g TG g+ (hi)?
L Jon a2t — 1) 2l + u)€%|> _ 0
W, o

Moreover, for every n,
if lim |hg) — hygil # oo, then BL&, = hygy,

K, hk
and if hm (hk hn) # o0, then hi = hE.
Finally, for every £ > 1,
¢
(1.6.16) Tim (w2 gy = (O 16712 o + b2 ) ) = 0.
j=1

Having established the linear profile decomposition, one additional step is to
verify that the pieces S’u(t)qb% and S’u(t)qbﬁ are asymptotically orthogonal unless
j = k. This uses the orthogonality condition on the parameters'® (1.6.15), and is
the content of the following proposition.

PROPOSITION 1.6.17. ([52, Proposition 3.2]) If j # k, then
1 i ed . 1 .
T [[(D S,u(6) S, (—t5) g ("M 7)) (D 8, (8) Sy (—t8) gk (¥ )| pa(gzey = 0.

As a consequence,

(1.6.18) hm lim sup HD Su( un||L4 _ZHD2 (t—t))gl (e )h%glgbj)nigz

l—00 n—o0

0.

The third and final part of the analys1s in [52] provides an interesting application
of the linear profile decomposition to sharp Fourier restriction theory. To describe
it, define the optimal constants

e PO
0£$EL2(R2) &2 (w2

in addition to the well-known
B sup HeimlﬁHL;{z(RxR?)
ogper2®)  1¥lLzwe)

10ynder which the profiles are separated either in space, or in frequency, or have different
scales, or are distant in time.
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In §1.4, we several proofs of the fact that B* = 5. Additionally, we showed that
extremizers for B are given by Gaussians. Depending on the relative size of the
constants A, and B, the next results allow to infer some conclusions regarding the
existence of extremizers and the behavior of extremizing sequences for inequality

(1.6.5). We start with the case p = 0.

THEOREM 1.6.19. The operator norms Ag and B satisfy:

B4

2v/3

If inequality (1.6.20) is strict, then extremizers for Ag exist. Otherwise, let {¢n}
be an extremizing sequence for Ag. Then there exist a sequence of parameters

(hny &ny Ty ty) with |hp&p| — 00, as n — oo, and an extremizer ¢ for B such that,
after extraction,

(1.6.20) Aj >

nh—g)lo Hgbn - SO(tn)gn(ei(.)hngndj © él:nlfn)HLi(Rz) = 0’
where g : R2 — R? denotes the linear transformation given, for a € R?, by
la(8) = V6proj, (§) + V2(§ — proj,(€)).

As pointed out in [47], this dichotomy is due to the possible presence of highly
oscillatory terms in the profile decomposition.

We next present the result for y = 1, which is enough since, by scaling, A, = Ay,
for every p > 0.

THEOREM 1.6.21. The operator norms satisfy:
(1.6.22) A1 Z maX{Ao, B}

If inequality (1.6.22) is strict, then extremizers for A; exist. Otherwise, let {¢n}
be an extremizing sequence for Ai. Then there exist a sequence of parameters
(hny&ny T,y tn) and an extremizers ¢ for B such that, after extraction,

(1.6.23) 711220 [én — Sl(tn)gn(ei(.)hngnw)HL%(RQ) = 0.

The proof of both of these theorems heavily relies on the linear profile decom-
position. Let us illustrate this by sketching the proof of the second part of Theorem
1.6.19. Consider an L?-normalized extremizing sequence {¢n} for Ay. By Propo-

sition 1.6.13, there exist sequences {7}, {6{1}, and parameters (h%,{%,a:%,t%) such
that for each j, |h},&),| — 0o, as m — oo, or h},&5, = 0, and such that, after extraction,

¢
o= 3 GO ) 1 o,
j=1
where (1.6.14), (1.6.16) and (1.6.18) hold. It follows that

Aé — lim | ’V|§eitA2¢n||i4 < lim sup lim sup Z ”|v|%ei(t+t%)A2ggL(ez(~)h%£%¢J)||i4
n—oo t,x =00 n—00 — t,x

V4
) ) AT I ;
< lim sup lim sup g AéHel( )hngngﬁHig = E Ag”‘ﬁ”ig

{—r00 n—o0 j=1 i>1

< Ad (s ¢/l ) 3 10/,

j>1
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This is a contradiction unless there exists an index j for which ||¢’ [z = 1. In this

case, there is only one profile and the error terms tend to zero in L
On = eit”Ngn(ei(')h”g"(b) + ep, with lim |e,]/ 2 = 0.
n—o0 z

If A&, = 0, then one easily checks that ¢ is an extremizer for Ag. Thus if extremizers
do not exist for Ay, then every extremizing sequence must satisfy

. ; 2 i
nh_{{.lo ”d)n B eztnA gn(el( )hnfnqb)HLi — 0,

for some ¢ € L2 and parameters (hy,, &y, T, tn) with |hpé,| — co. But this implies
A} < B” and so equality must hold in (1.6.20). This finishes the proof sketch.

= 23’
In §5.6 of Chapter 5, we shall verify that
Al=B' =T At T
2 07 43

thereby resolving the dichotomies from Theorems 1.6.19 and 1.6.21. In particular,
extremizers exist when g = 0, and fail to exist when p = 1. In the latter case,
(1.6.23) gives a rather satisfactory characterization of extremizing sequences for Aj.

1.7. Concluding remarks

The methods presented in §1.4 and §1.5 are limited to the lower dimensional
cases d = 1,2. In fact, as soon as d > 3, the relevant exponents fail to be even
integers, and the convolution trick is no longer available. Still, it was conjectured
in [48] that Gaussians are maximizers for the Strichartz inequality (1.0.4) in all
dimensions, and it was conjectured in [38] that constant functions are maximizers
for the endpoint Tomas—Stein inequality (1.3.10) in all dimensions. In contrast, the
methods presented in §1.6 generalize to higher dimensions, and sharpened Strichartz
inequalities and linear profile decompositions have been established in arbitrary
dimensions in a variety of settings, see e.g. [57, 77, 81]. In these cases, the existence
of maximizers is resolved. However, genuinely new ideas seem needed in order to
make further progress on other related questions, and in particular to find explicit
maximizers and the value of the optimal constants.



CHAPTER 2

Some sharp restriction inequalities on the sphere

2.1. Introduction

Let d € N and (S%!,04_1) denote the (d — 1)-dimensional unit sphere equipped
with the standard surface measure o4_1. We omit the subscript on o4_1 when clear
from the context and denote the total surface measure of this unit sphere by

d
272
r(5)
Given 7 > 0 and zg € R?, we denote by B(x,r) the open ball of radius r centered at

xg. If g = 0 we simply write B(r). If f € L}(S?!), we define the Fourier transform
of the measure fo by

fot©) = [ 005 (6 R,

Our primary goal in this chapter is to find the sharp forms and characterize the
extremizers of some adjoint Fourier restriction inequalities

(212) 170 llo ey S 1Flagsiry-

The full range (d,p, q) for which (2.1.2) holds is not yet fully understood, and this
is the theme of the restriction conjecture in harmonic analysis (see [91] for a survey
on this theory). For our purposes the classical restriction theory is enough, as we
consider only cases where the inequality (2.1.2) is already established.

Building up on the work of Christ and Shao [25, 26|, Foschi [36] recently ob-
tained the sharp form of (2.1.2) in the Tomas—Stein endpoint case (d, p, q) = (3,4, 2),
showing that the constant functions are global extremizers. Here we extend this par-
adigm to other suitable triples (d, p, q). In fact, defining

(2.1.1) Wiy = o(S+1) =

17
C(dp,g) = sup oo
feLa(sd—1y Hf”Lq(Sd—l)

f#0

our first result is the following:

THEOREM 2.1.3. Let (d,p,q) = (d,2k,q) with d,k € N and q € R U {0}
satisfying:
(a) k=2,¢>2and3<d<T;
(b) k=2,g>4 and d > 8;
(c) k>3,q>2k andd > 2.
Then

_1
(2.1.4) C(d,p,q) = wy®y 101l (may-
33
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Moreover, the complex-valued extremizers of (2.1.2) are given by

(2.1.5) £(€) = ces,
where ¢ € C\ {0} and ¢ € RZ.

By Plancherel’s theorem we have
1

~ d i
(2.1.6) 1012k (ay = (27)2F [lo w0 ... x UHEQ(W),
where the convolution on the right-hand side is k-fold. We remark that, in principle,
the k-fold convolution of the surface measure

(%)

Ud_lzad—l*---*ad—l

is a finite measure on R% supported on the ball B(k). For k > 2, the measure a((jk_)l

and the Lebesgue measure are mutually absolutely continuous on B(k) (see [23, Eq.

(2.7)]), and we make the identification of aék_)l with its Radon—Nikodym derivative,
which is a radial function. When k = 2, the value of o4_1 * 04_1 was explicitly
computed in [76, Proposition A.5] as

(2.1.7) (0a-1 % 0a1)(€) :2—d+3wd_zé<4—|§|2>? ,

for ¢ € R? where x; = max{0,z}. We provide an alternative proof of (2.1.7) in
Lemma 2.2.2 below. Using (2.1.1), (2.1.6), (2.1.7) and the identity

. o1, _ P(w)l(z)
(2.1.8) /0 tomh (1 =) ldt = T(w 1o

valid for w, z € C with ®(w), R(z) > 0, we may simplify (2.1.4) in the case k = 2 to

1

4

d—2
3(d—2
()
When k£ > 3, we may express the value of the sharp constant in (2.1.4) in terms of
integrals involving the Bessel function of the first kind J, defined by

= (13

_1 1
O(d,4,q) =w, % w3, (27)

NI

d
1

Jv(z)zznlf(v—in—kl)’

n=0
for v > —1 and R(z) > 0. In fact, the Fourier transform of o4_; is given by

(2.1.9) Gaa(x) = (2m)2]a] " Jua (|a]).

If we invert the k-th power of this Fourier transform, we find an expression for the
k-fold convolution of the surface measure
(2—d)k

(2.1.10) ac(lk)l(ﬁ):(27r)_d(27r)d2k/Rde”'5|x] T (fal) d

for |¢| < k, provided this integral converges absolutely.

Our strategy to prove Theorem 2.1.3 has several distinct components. Firstly, as
far as the sharp inequality is concerned, we follow the outline of Christ—Shao [25, 26]
and Foschi [36] (which corresponds to the case d = 3) to prove part (a), using a
spectral decomposition in spherical harmonics and the Funk—Hecke formula. We are
able to extend their method up to dimension d = 7. In order to prove parts (b) and
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(c) we take a different path, using a sharp multilinear weighted inequality related
to the k-fold convolution of the surface measure (Theorem 2.1.11) together with a
symmetrization process over the group of rotations SO(d). Secondly, as far as the
characterization of the complex-valued extremizers is concerned, our main tool is a
complete characterization of the solutions of the Cauchy—Pexider functional equation
for sumsets of the sphere given by Theorem 2.1.16. This builds upon previous work
by Christ-Shao [26] and Charalambides [23].

Our second result is the following multilinear weighted adjoint restriction in-

equality.

THEOREM 2.1.11. Let d,k > 2 and f; € L}(S471), f; #0, j =1,2,..., k. Then
we have
2

k
(2.1.12) H?]; < (QW)d/ oG+ G+ + G)
P (s41)

L2(R4)

£GP ] do(¢)do(Ga) - do(G).

—

I
—

J
If (d, k) # (2,2) and the right-hand side of (2.1.12) is finite, we have equality if and
only if
(2.1.13) £1(Q) = 5 e
forj =1,2,...,k, where c1,ca,...,c; € C\ {0} and v € C.

Using (2.1.7), we may specialize the inequality (2.1.12) to the case k = 2 to
obtain the following corollary.

COROLLARY 2.1.14. Let d > 2 and f1, f» € L}(S™1) with f1, f» # 0. Then we

have
<(2m)927 2 wyoo /(Sd1)2 [ (14¢ - ¢2)

| f1(C)1* [ f2(G2)? do(¢r) do (o).
If d > 3 and the right-hand side of (2.1.15) is finite, we have equality if and only if
AQ) =cre” and  f2(¢) = c2e”,
where c1,c2 € C\ {0} and v € C4.

(2.1.15) Hﬁ\afg?‘

2
L2(R7)

In the case d = 2, a version of the inequality (2.1.15) can be found in the work of
Foschi and Klainerman [37, Example 17.5], where it is described as “an interesting
formula”. In the case d = 3, the weighted inequality (2.1.15) already appears in the
work of Foschi [36, Lemma 4.1]. A novel feature here is the complete characteri-
zation of the extremizers (2.1.13). The next result is a key tool to characterize the
extremizers in Theorems 2.1.3 and 2.1.11.

THEOREM 2.1.16. Let d > 2, k > 2 and (d, k) # (2,2). Let f; : S*! - C
(1<j<k)andh:B(k)— C be measurable functions such that

(2.1.17) f1(G) fa(G2) - fr(Ck) = MG+ G+ o+ G)
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for ¥ —a.e. (C1,Co,...,C) € (ST™HF. Then one the following holds:
(i) There exist c1,ca,...,cx € C\ {0} and v € C? such that

filQ)=c¢je Ve
foro—a.e. (€S, j=1,2,... k.
(ii) £;(¢) =0 for o—a.e. ¢ € ST, for some j with 1 < j < k.

In the spirit of Theorem 2.1.11, similar multilinear weighted adjoint restric-
tion inequalities were obtained for the paraboloid [20] and cone [11], in connec-
tion with sharp Strichartz and Sobolev—Strichartz estimates for the Schédinger
and wave equations, respectively (in the context of the wave equation, see also
[58, 59, 60] for related inequalities with different ‘null’ weights). In retrospect,
the works of Kunze [61], Foschi [35] and Hundertmark-Zharnitsky [48] were the
pioneers on the existence and classification of extremizers for adjoint restriction
inequalities (over the paraboloid and cone) in low dimensions. This line of re-
search flourished and these papers were followed by a pool of very interesting works
in the interface of extremal analysis and differential equations, see for instance
[4, 16, 32, 33, 47, 66, 71, 74, 77, 81, 82], in addition to the ones previously
cited in this introduction.

2.2. Proof of the weighted inequality

2.2.1. Preliminaries. Let £ > 2 and f; € LS4, j = 1,2,...,k. The
convolution (fio * foo *...* fro) is a finite measure defined on the Borel subsets
E C R4 by

(fro * fao x ... % fro)(E) = /(Sdl)lc Xe(Cl+ G+ ...+ k)

H £i(&) | do(¢) do(G) - .. do(Cr).

It is then clear that this measure is supported on B(k). Since fj € LY(S%1), the
measure (fio * foo * ... % fro) is absolutely continuous with respect to o®) | and
therefore it is absolutely continuous with respect to the Lebesgue measure on R%.
We identify (fio * foo % ...* fro) with its Radon—-Nikodym derivative with respect
to the Lebesgue measure, writing it in the following way (see for instance [36] or
[37, Remark 3.1])

@21 (hosfos s fi)©= [ 8E-G-a-. )

(Sdfl)k
Hb@ do(¢) do (&) - - do(Cr),

where 5() denotes the d-dimensional Dirac delta distribution. The alternative ex-
pression (2.2.1) is particularly useful in some computations, as exemplified by the
next result.
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LEMMA 2.2.2. Let d > 2. The surface measure o4_1 on S satisfies

(G #0a1)(€) = 2P wg g (4= €)' 7

€l
for € € R, where x4 = max{0, x}.

PROOF. Let 0 := 04_1. Following [36], the surface measure on the sphere may
be written as

(2:23) do(€) = 8(1 — [¢l) de =2 (1 — |¢]?) de,

where 6() denotes the one-dimensional Dirac delta and d§ denotes the Lebesgue
measure on RY. Using (2.2.1) and (2.2.3) we have

(cx0)(&) = /Rd 5(1 — ]§—V|) 6(1— |y|) dv = /Sd—l 6(1— |§—V|) do(v)
:2/§d1 6(1—]£—V|2)da(y):2/gd
= ‘;/Sdl 5(2%-1/— |§\> do(v).

Passing to polar coordinates [28, Lemma A.5.2] in the sphere S%1 we find

1 8(26-v—[¢*) do(v)

s 2 S2u— ) (- ) du
<a*a><5>—wd_2‘§|/la(2 €)) (1 - u?)*3 d

1 1 d-3
— — _ Y1 - )T
Wd—2 ] /_1 5(u 2)(1 u?) 2z du

2\ 52
:wdQ‘; <1_’i> )

if % € (—1,1). The result follows from this. O

Sy

2.2.2. The sharp inequality. Consider the multilinear form

T(f1, fo,-- s fx)(&) := (fro * fao x ... % fro)(§).

Applying the Cauchy—Schwarz inequality in (2.2.1) with respect to the measure
5(5 -G —C—...— Ck) do(¢1) ... do(Cx) we find

T(f1, far - f) P <T@, 1)) - T(LAP |l 1) (€)

(2.2.4)
= o TUAR P 12O,
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where 1 denotes the constant function equal to 1. Using Plancherel’s theorem,
(2.2.1) and (2.2.4) we arrive at
2

k
Hij' = (27T)d”T(f17f27'-'7fk>Hi2(Rd)

= e

< @2n) / o8 (&) TUAP fol2s - 1 l2) () de

(27) /R/S ) o€~ Cim e G)

(2.2.5) A
1115@)P | do(G)do(G) - .. do(G) dé
j=1

— (2n)’ /( o "G GG

k
[T15C)1P | do(G) do(és) ... do(Gr),
=1

which is our desired inequality.

If (d,k) # (2,2), both sides of (2.2.5) are finite for f; = fo=... = fr =1, in
which case we have equality. In fact, in this case, both sides are equal to
181125 gy = 2m)¢ 040,

which is finite by (2.1.10) since J,(x) = O(|a:|_%) as x — oo. This shows that our
inequality is sharp.

2.2.3. The cases of equality. Assume that the right-hand side of (2.2.5) is
finite and that we have equality in (2.2.5). Then the right-hand side of (2.2.4) is
finite and we have equality in (2.2.4) for all £ in a subset A; C B(k) of full Lebesgue
measure (note that both sides of (2.2.4) are zero for ¢ ¢ B(k)).

Let £ € Ay and consider the singular measure on (S*1)* given by

(2.2.6) AV = 6(E— G — G — ... — ) do(G) ... do(Cr).
The condition of equality in the Cauchy—Schwarz inequality tells us that there exists
a function h on A; such that

(2.2.7) J1(€) f2(C2) - fir(Ce) = h(E)
for Ue—a.e. (C1,Co,--.,Ck) € (ST71). If this is the case, then
Jga—rye fr(C)f2(C2) - fi(Ce) A (Crs Gy, k) (fyo % foo % .. % fro)(€)

h(f) - f(gdfl)k d\pf(gla C2a o aC/ﬁ) B U(k) (5) 7

and we see that h is a Lebesgue measurable function. Note that ¢(*)(£) > 0 for all
|€] < k (this follows from the explicit evaluation in Lemma 2.2.2 and induction on k)
and we might have o(®)(¢£) = 400 only on a set of Lebesgue measure zero. Consider
the set

E= {(CLCQ, cnGe) € (STHR f(GQ) fa(Go) o fil(G) ARG+ G+ + Ck)}
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and let o denote the product measure on (S¥1)¥. We claim that o*(E) = 0.
In fact,

ot (E) = / XE(C1, -+, G) do(G) .. do(Gr)
(Sd—l)k
=/ / XE(Cy s G) 6(E— G — G — ... — Gp) dEdo(Gr) ... do(Cr)
(sd-1)k JRd

:// XE(C1, -y Gr) dWe(Cr,y -0, Gr) A€
Re J(sd-1)k
—0

Therefore we must have, for this h : B(k) — C measurable,

(2.2.8) f1(G) fa(C2) - (k) = MG+ G+ + )
for oF—a.e. (¢1,Ca,...,¢) € (STHE.

On the other hand, if (2.2.8) holds, we can reverse all the steps above to conclude
that we have equality a.e. in (2.2.4) and thus equality in (2.2.5) (possibly with both
sides being infinity).

2.2.4. Characterization of the extremizers. The characterization of the
functions f; : S! — C (1 < j < k) that satisfy the functional equation (2.2.8) is
given by Theorem 2.1.16, whose proof we postpone to the next section. Assuming
this result, let us conclude the proof of Theorem 2.1.11.

If the right-hand side of (2.1.12) is finite and we have equality, (2.2.8) and
Theorem 2.1.16 show that (2.1.13) must hold (recall that we are assuming f; # 0).
Conversely, if (2.1.13) holds we have that the right-hand side of (2.1.12) is finite
(since all f;’s are uniformly bounded) and, as observed in the previous subsection,
we find that equality occurs in (2.1.12).

2.3. Revisiting the work of Charalambides

2.3.1. Preliminaries. In the work [23], M. Charalambides developed a thor-
ough study of the solutions of the Cauchy—Pexider functional equation (2.1.17) (for
sumsets of general submanifolds M C R?), building up on the work initiated by
Christ and Shao [26] for the sphere S C R3. In particular, Charalambides [23]
establishes the following result:

LEMMA 2.3.1. (cf. [23, Theorems 1.2, 1.6 and 1.8]) Theorem 2.1.16 is true in
the cases k = 2; d > 3 and k = 3; d > 2, under the additional assumption that

o(f;1({0})) =0, forall j =1,2,... k.
Our work in this section is to remowve the assumption
o(f;71({0}) =0, j=1,2,...k,

in the case of the sphere S¥~!, and to extend this result to higher k. We start with
a lemma that essentially follows from the work of Charalambides. We only indicate
the main modifications needed with respect to the corresponding proof in [23].
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LEMMA 2.3.2. (cf. [23, Proof of Theorem 1.2]) For d >3, let f1, fo: S%~! — C

and h : B(2) — C be measurable functions satisfying

(2.3.3) f1(G1) f2(C2) = h(G1 + ¢2)

for o%2—a.e. (C1,¢2) € (STY)2. Then for each € € B(2) \ {0} there exists a ball
Be = B(&,1¢) C B(2) \ {0} and a measurable function He : B¢ + B¢ — C such that

(2.3.4) h(z) h(y) = He(x +y)
for Lebesgue a.e. (x,y) € Be x Be.

PROOF. We briefly recall the notation used in [23]. Let M = S ! and write
points in (RY)* x (R)?* as (z,y), where = (21,2, 23,74) and y = (y1, y2, Y3, Y4),
so that z;,y; € R? for 1 < j < 4. Let II be the hyperplane in (R?)* x (R%)* defined
by 1 +y2 = 23+ y4 and y1 + z2 = y3 + x4 and let Py, = (M4 X M4)ﬂH. Let
Sy be the set of smooth points of Py, i.e. the points where M? x M* intersects
IT transversally, and let A C (R%)* be the 3d-dimensional hyperplane given by the
points (wi,wa, w3, wy) € (Rd)4 such that w; + we = w3 + wy. The linear addition
map (RH* x (RH)? = (RH)* given by (z,y) — z + y restricts to a smooth map
mar - Sy — A and we call Ry the set of regular points of 7/, i.e. the points of Sys
where 7y is a submersion. Finally, let

Ry ={x+y; z,y € M; x # +y} = B(2) \ {0}.

The crux of the matter here, given £ = z; € Ry = B(2) \ {0}, is to choose a
point z = (21, 29, 23, 24), with z9 = z1, such that z = my/(x,y) for some (z,y) € Ry
(see [23, Proof of Theorem 1.2, p. 239, line 6]). If this choice can be made, the
lemma follows from the argument in [23, Proof of Theorem 1.2, p. 239, lines 6 - 23].

Since z1 € Ry = B(2) \ {0} we start by choosing freely x1,y; € S¥~! such that
21 =21+ Y-
Note that this implies that x1 # +y;. Now choose z2 and 9, in a way that zo, yo #
+x1,£y1 and such that
Z9 = X2 + Y2 = 21.
Note again that zo # +ys. By [23, Lemma 2.3], it already follows that the point
(x,y) that we are constructing belongs to Syr, and [23, Eq. (2.4)] is partially fulfilled.
Note also that
span{z1, y1} N span{zs, yo} = span{z1}.

Now we are relatively free to choose x3, x4, y3,ys. In fact these must satisfy

T+ Y2 = T3 + Y4,
Y1 + 22 = Y3 + 24,

which are the equations defining II, and we must complete the conditions [23, Eq.
(2.4) and (2.5)] in order to guarantee that the point (x,y) belongs to Ras. Note that
x1 + y2 and y; + x2 both belong to Ry = B(2) \ {0}. We can choose, for instance,
x3 close (but not equal) to x1 and y4 close (but not equal) to y2, and similarly,
y3 close (but not equal) to z2 and x4 close (but not equal) to y;. Therefore we
can assure that x; # +y; for all j = 1,2,3,4 (this establishes [23, Eq. (2.4)]) and
span{zs,ys} N span{zy,ys} is close to span{xi,x2} N span{y,y2}, which is a line
different from span{z}, thus leading to

span{x1,y1} Nspan{ze, y2} Nspan{zs, y3} Nspan{xy,ys} = {0}.
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This completes [23, Eq. (2.5)], which shows that (z,y) € R, and that

(2, y) = (21, 21, 23, 24),

where 23 = z3 + y3 and 24 = x4 + y4. O

2.3.2. Proof of Theorem 2.1.16. Throughout this proof we denote by A the
d-dimensional Lebesgue measure.
2.3.2.1. The case k =2 and d > 3. .

Step 1. Local argument. Fix £ € B(2) \ {0} and let B¢ and H¢ as in Lemma 2.3.2.
We claim that h(z) = c¢ "¢ a.e. in By, for some ¢¢ € C and v € C%.

If AM(h=1({0}) N B¢) = 0, we may use [23, Lemma 2.1] to reach the desired
conclusion.

If X (h~1({0}) N Be) > 0, we will be done if we prove that we can choose ¢¢ = 0.
Suppose this is not the case. Let A; := h~1({0}) N B¢ and define Ay := Be \ Aj.
Assuming A\%(A1) > 0 and A\%(A43) > 0, we aim at a contradiction.

For a.e. x € Ay, identity (2.3.4) holds for a.e. y € B¢ (this is a consequence
of Fubini’s theorem). Similarly, for a.e. x € Ajg, identity (2.3.4) holds for a.e.
y € As. Let ﬁl, Ay denote the full measure subsets of Ay, Ao, respectively, for which
these conclusions hold. Then, given € > 0, there exist x; € Zl and x9 € Zg such
that |z; — xe| < & (the existence of such x1,z9 is guaranteed by the hypotheses
A (A1), A% (Ag) > 0). Now, by the definition of A;, we conclude that He=0a.e. on
21+ B¢. By the definition of gg, we conclude that He # 0 a.e. on w2+ As. However,
for sufficiently small £ > 0,

)\d(($1 + B) N (332 + AQ)) > 0,

and we reach a contradiction. The conclusion is that, if A?(A;) > 0, then A\%(A45) =0
and thus h = 0 a.e. on Bg.

Step 2. Local-to-global argument. Take & € B(2) \ {0}. From the previous step we
know that there exist ¢p € C and vy € C? such that h(z) = cpe”0?® a.e. in Bg,.
Consider the set

Q:={z¢€ B(2)\ {0} : h(x) = coe”™? a.e. in a neighborhood of z}.

By construction, 2 is an open subset of B(2) \ {0}. We claim that € is also closed
in B(2) \ {0}. To see this, suppose not, and take a point £ € Q\ Q (the closure is
taken in B(2) \ {0}). Since £ € B(2) \ {0}, there exists an open ball Bg = B(&,r¢)
on which h(z) = c¢ €¢'® almost everywhere. Since £ € Q, the intersection 2N B is
nonempty. Take z € QN Be. Then, since z € (2, the identity h(x) = co€”** holds
almost everywhere in a sufficiently small ball B, C B¢. Now, if ¢g = 0, then ¢¢ =0
and & € Q, a contradiction. If ¢y # 0, it follows that ¢ = ¢y and v¢ = vy (this can
be seen by differentiating the identity cecy 1 — e(re=0)w with respect to the variable
x). The conclusion is, again, that £ € Q, an absurd. We then conclude that € is
closed in B(2)\ {0} and, since this is a connected set, it follows that Q@ = B(2)\ {0}.

An application of the Lebesgue differentiation theorem yields h(x) = ¢o e”0* a.e.
in B(2) \ {0}.
Step 8. Conclusion in the case k = 2 and d > 3. We now achieve the conclusion for
f1 and fo. Let us split the analysis in two cases:



42 2. SOME SHARP RESTRICTION INEQUALITIES ON THE SPHERE

If ¢ # 0, we claim that o(f;*({0})) = o(f;'({0})) = 0 and the conclusion
follows from Lemma 2.3.1. In fact, if this were not the case, assume without loss
of generality that A; = f;*({0}) is such that o(A4;) > 0. Let Q be the set of pairs
(C1,G) € (S™H2 for which (2.3.3) does not hold. By assumption 0%(Q) = 0. Let

E={G+C; G €A, eSS ((,¢)¢Q)
Observe that
ox0(E) = o>

{
> o?{
{

(w1, ws) € (ST™1?2; w; +wy € E}

(C1:G) € (87)% G e A, @ es™™, (G,¢) £ Q)
(C1,G) € (ST™H% G e Ay, G esty

= a(A1)o(s)

> 0.

S
S

As noted in the introduction, the measures o * o and A% are mutually absolutely
continuous on B(2), and so we find that h = 0 on a subset of B(2) of positive
A —measure (namely E), a contradiction.

If cg =0, let E; = f;l((C \ {0}) for j = 1,2. We claim that we cannot have
o(Ej) > 0 for j = 1,2. In fact, if this were the case, arguing as above, the sumset
E; + E5 would have positive A—measure and h would be non-zero on a subset of
B(2) of positive AY—measure, a contradiction. Therefore, we must have o(E;) = 0
for at least one j. This possibility falls under the item (ii) of Theorem 2.1.16.

2.3.2.2. The case k >3 and d > 3. .

Step 4. Induction argument. To extend the previous result for £ > 3 in dimension
d > 3, we proceed by induction on the degree of the multilinearity k. We start by
showing how the trilinear case k = 3 can be deduced from the case k = 2. Suppose

(2.3.5) f1(1) f2(C2) f3(¢3) = h(C1 + G2 + C3)

holds o3—a.e. on (S¥1)3. Then for c—a.e. ¢; € S¥!, identity (2.3.5) holds for
o?—a.e. (C2,¢3) € (S971)2. We split the analysis in two cases:

If f; =0 o—a.e. for some j with 1 < j < 3, we are done.

Otherwise, let By = f;*(C\ {0}). Then o(E;) > 0. Choose z € E; for which
identity (2.3.5) holds with ¢; = z for o2—a.e. ((2,(3) € (S¥1)2. Then, defining
h.(¢) == f1(2)"th(¢ + 2), we have that

F2(G2) f3(G) = (G + G3)

for o2—a.e. (C2,¢3) € (S%71)2. By the case k = 2, there exist c2,c3 € C\ {0} and
v € C?% such that

f2(G2) = c2e”% and f3(Cs) = ez e,

Repeating this argument for fo instead of fi, we conclude that f1(¢1) = ¢1 et for
some c¢; € C\ {0} and the same v € C%. The general k-linear case follows similarly
by induction.
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2.3.2.3. The case k=3 and d = 2. .

Step 5. Revisiting the argument of Charalambides in [23, §5]. We now deal with the
case of three functions fi, fo, f3 on the circle S'.

If f; =0 o—a.e. for some j with 1 < j <3, we are done.

So assume that for every 1 < j < 3 we have a(fj_l((: \ {0})) > 0. We shall
prove that in this case we must have a(fj_l({O})) =0 for 1 <j <3, and we will

be done by Lemma 2.3.1. This follows from the arguments in [23, §5] modulo some
adjustments. First, let us define v: I = (0,27) — R? by

v(z) = (cos x,sin x),

which is a unit speed parametrization of the circle S! (here we are excluding a point,
but this is harmless) by the open interval I. Writing F;(z) = |f;(v(z))|, we have
the functional equation

3
(2.3.6) Fy(a1) Fo(o) Fa(z3) = H [ > ~(xy)
=1

for A3~ a.e. (w1, 2, 23) € I3, with H(z) = |h(2)].

We first show that all the F}’s are bounded A—a.e. in I, and therefore H is also
bounded A3—a.e. in B(3). In fact, by hypothesis, the set

{(xg,xg) € Iz;FQ(xQ)Fg,(xg) > 0}
has positive A?-measure, and we can choose N large enough such that
K = {(l‘g,xg) € IQ;Nfl < Fg(xz)Fg(xg) < N}

verifies A2(K) > 0. We may therefore choose a point (uz,u3) that belongs to K, to
the Lebesgue set of the characteristic function x g, and such that

span {7/ (u2), 7' (u3)} = R
Let z = (u2) + y(u3s), and choose neighborhoods U of (ug,u3) and V = B(z,r)
such that the map 3 : I? — R? given by B(x2,23) = y(22) +(x3) is diffeomorphism
from U onto V. Let K; = K NU and note that A\2(K;) > 0 (since (ug,us) is
a Lebesgue point of K). Now let I; C I be such that A\( \ I;) = 0 and for each
x1 € I the functional equation (2.3.6) is satisfied at the point (1, 2o, x3) for A>—a.e.
(;172, xg) e I%

By Lusin’s theorem applied to H |4y, we may find a compact subset 71" of the
open set y(I) +V and a constant C' < oo such that

(2.3.7) N (VD) + V)\T) < N*(B(K1)) #0

and for all w € T we have H(w) < C. Let 21 € I;. Since A\?(y(x1) + B(K1)) =
A?(B(K1)), we find by (2.3.7) that A?(T N (y(z1) + B(K1))) > 0. We conclude that
there exists (x2,23) € K1 such that H(y(z1) + B(x2,23)) < C and (2.3.6) holds at
(21, x9,x3), leading to

Fl(ﬂjl) S NC.

This proves that F} is bounded A—a.e. in I. We may apply the same argument to
F2 and F3.
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Having constructed the diffeomorphism 8 : U — V above, and since the point
(u2, u3) belongs to K (and is a Lebesgue point of K) we can pick a small ball U ¢ U
around (ug,us) to see that

/ FQ((EQ) F3((L'3) dxs dxg > / Fg(l'g) Fg(xg) dxo dwg > 0.
U

!/

Following the outline of [23, §5] we show that the function F} is equal A—a.e. to a
differentiable function, and by analogy so are F5 and F3, and thus H. From now on
we make these identifications.

For every xz; € I such that Fi(xz1) # 0 we argue as in [23, §5, Eq. (5.5)]
(here we might have to make a new choice of the neighborhood U in order to have
Fy(z2)F5(x3) # 0 for (z2,23) € U) to conclude that there is a neighborhood of
B C I of x; such that Fi(z) = cpe’87®) for all z € B, where cg € C\ {0}
and vg € C2. We now argue as in Step 2, to conclude that for every connected
component W of the set {z € I; Fy(x) # 0} we must have Fy(z) = ¢y e"W(®) for
x € W. Since F} is continuous, this plainly implies that either F; = 0 (which is not
the case by hypothesis) or Fi(z) # 0 for all x € I, which is the desired conclusion.
The same holds for Fy and F3, and we conclude the proof of our original claim, i.e.
that o (f; ' ({0})) =0 for 1 <j <3.

2.324 The case k>4 and d = 2. .

Step 6. Induction argument for d = 2. In order to prove Theorem 2.1.16 in dimension
d = 2 for k > 4 we proceed by induction as in the Step 4.

This concludes the proof of Theorem 2.1.16.

2.4. Symmetrization over SO(d)

2.4.1. Reduction to the case L% to L?*. If we prove Theorem 2.1.3 in the
case (d,2k,2k), for d,k > 2 with (d, k) # (2,2), the corresponding cases (d, 2k, q)
for ¢ > 2k follow directly. In fact, by Holder’s inequality we have

(2.4.1) HEHL%(W) < O(d, 2k, 2k) || fllp2v (a1
1

1 _ 1
< C(d, 2k, 2k) wit | (| fllLa(sa—ry = C(d, 2k, q) || fllpa(sa-1y-

In order to have equality in (2.4.1), we must have equality in the leftmost inequality,
which happens only for the functions given by (2.1.5). Since the functions in (2.1.5)
have constant absolute value, we also have equality in Holder’s inequality, and thus
n (2.4.1).

2.4.2. L% to L% inequality. Let d, k > 2 with (d, k) # (2,2), and write
K(Clvc% <o 7Ck) = O—(k)(CI + C2 + ... +Ck)a
where (; € S for 1 < j < k. From Theorem 2.1.11 we have
(2.4.2)

170l 2k ey < 2w>/ PO [ FG)P K (G- G) da(Gr) - do(G),

(Sdfl)k

with nontrivial equality if and only if

(2.4.3) F(Q) = ce”s,
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with ¢ € C\ {0} and v € C?. Let SO(d) denote the special orthogonal group, i.e. the
orthogonal d X d real matrices with determinant 1. Note that the surface measure
do is invariant under the action of SO(d) and that our kernel K verifies

K(RCLRC% v 7R€k) = K(<17C27 cee 7Ck)7

for every (1,Co,. .., ¢ € %71 and R € SO(d). Equipping the compact group SO(d)
with its normalized Haar measure du, we can rewrite the integral on the right-hand
side of (2.4.2) as

(2.4.4)

/ (/ FRG)E. | (RGP K cl,...,<k>da<<1>...da<<k>>du(R)
so(d) \J(s1-1)x

= / </ |F(RC)?. .. \f(RCk)IQd/J(R)> K(G,- -5 C)do(Cr) ... do(Cx).
-1k \ Jso(a)

The inner integral can be estimated with Holder’s inequality:

k k

2 2 2k
45) [ SRR RG dn(R H( Lo PR >>

Note that

2k de R)d
RS - — 1/Sd oo RO () o0
2l€
(2.4.6) Wd X /SO /Sd 1 F(RC)|*"do(¢) du(R)
o ||f||L2k (sd-1)

for any ¢ € S9!, From (2.4.2), (2.4.4), (2.4.5) and (2.4.6) we arrive at
(2.4.7)

1oy < st Mgy [, K (G se) (@) o)

d —
- (27T) Wy 11 g ( ) ||f||L2k (Sd-1)
= wd 1 ||0—H]_42’c (R9) HfHL2k (sd-1)

which is our desired sharp inequality.

2.4.3. Cases of equality. In order to have nontrivial equality in (2.4.7), on
top of condition (2.4.3), we must have equality in (2.4.5) for o*—a.e. (C1,...,() €
(S¥=1)%k. This implies that for o*—a.e. (¢1,...,¢) € (ST™1)* we must have

(2.4.8) a1 |f(RQ)| = az [f(RG)| = ... = ax [f(RC),

for p—a.e. R € SO(d), where a; > 0 for 1 < j < k. If we integrate (2.4.8) over the
group of rotations SO(d) we see that the a;’s must be equal. Using (2.4.3) we claim
that v € C? must be purely imaginary. If not, we could take a point ((1,...,(x) €
(ST1)* for which (2.4.8) holds for u—a.e. R € SO(d), with (7 close to R(v)/|R(v)|
and (2 close to being perpendicular to R(v)/|R(v)|, and reach a contradiction by
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choosing R close to the identity. This completes the proof of Theorem 2.1.3 in the
cases (b) and (c) (and in fact, part of the case (a)).

2.5. The outline of Christ—Shao and Foschi
The goal of this section is to obtain the sharp inequality
(251) HfO-HL‘l(]Rd) < C(d74? 2) HfHLQ(Sd—l) )

for 3 < d <7, and to characterize its extremizers. A simple application of Holder’s
inequality then gives the corresponding sharp inequalities for the cases ¢ > 2, as
detailed in §2.4.1.

In the case d = 3, Foschi [36] recently obtained the sharp inequality (2.5.1)
by combining previous techniques developed by Christ and Shao [25, 26] with an
insighful geometric identity intrinsic to this restriction problem. Foschi character-
izes the real-valued extremizers of (2.5.1) and completes the characterization of the
complex-valued extremizers by invoking a result of Christ and Shao [26, Theorem
1.2]. Here we extend this method up to dimension d = 7 to prove the sharp inequality
(2.5.1), and characterize the complex-valued extremizers via a different path, using
our Theorem 2.1.16 instead (note that, in principle, the result of [26, Theorem 1.2]
is not available for dimensions d > 3).

We keep the notation as close as possible to [36] to facilitate some of the refer-
ences. Lemmata 2.5.2 — 2.5.18 below are derived from the works of Christ and Shao
[25, 26] and Foschi [36]. The novelty here is a careful discussion of the cases of
equality.

2.5.1. Reduction to nonnegative functions. Recall that by Plancherel’s
theorem we have

HfUHL‘l(Rd) = (2m)2 || fo * f‘7HL2(Rd)‘
Our first lemma reduces matters to working with nonnegative functions.

LEMMA 2.5.2. Let f € L2(S*1). We have

(253) Hfo- * fO-HL2(Rd) S H|f|a * |f|O-HL2(Rd)7
with equality if and only if there is a measurable function h : @ — C such that
(2.5.4) F(C) f(G2) = h(C+ &) | f(C) F(&)]

for 2 —a.e. ((1,¢) € (S471)2.
PROOF. Recall from (2.2.1) that

o= = [ F(G) F(G) 86~ =~ G) do(c) do(a)

which implies that
(2.5.5) |fox fa(§)| < [flo*|flo(€)
for all £ € R%. This plainly gives (2.5.3).

Assume we have equality in (2.5.3). Then we must have equality in (2.5.5) for
a.e. £ € R% For each such & € R? there exists h(¢) € C such that

(2.5.6) f(G) f(G2) = MEIf(C1) f(C2)]
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for Ue—a.e. ((1,¢2) € (S71)2, where the singular measure ¥¢ on (S?~1)? is given by
dWe(Cr, ) = 6(€ — ¢ — ¢2) do(Gr) do(Ca).
By integrating with respect to ¥¢ we find that

(2.5.7) (fo = fo)(&) = h(&)(Iflo =1 flo(8)),

and we see that h is actually a measurable function. Arguing as in §2.2.3 we arrive
at (2.5.4).

Conversely, if we have (2.5.4), we may argue again as in §2.2.3 to conclude that
for a.e. ¢ € R? we have (2.5.6) for Ug—a.e. (C1,¢2) € (S71)2 Then equality in
(2.5.5) holds for a.e. £ € R? and we have equality in (2.5.3). O

By working with |f| instead of f, we may assume that we are dealing with
nonnegative functions.

2.5.2. Reduction to even functions. Given a function f : S 1 — Rt we
define its antipodal f, by

Using (2.2.1) we observe that
(2.5.8)

£ f”Hi?(Rd) = |[fo= f*“”i%Rd)
= /(Sd1)4f(<1) F(=G) F(G) F(=Ca) 6(C+ G+ (3 + C) do(Cr) do(Cz) do(¢s) do(Ca)
= Q(fa f*7 fa f*)

Here @ is the quadrilinear form defined by

Qi I fonfi) o= [ F1@) 2AG) 5(6) G

where ¥ is the singular measure in (S%1)* given by

dX(¢) :== 6(¢1 4 ¢+ 3+ C4) do(¢r) do(Ca) do(¢3) do(Ca),
for ¢ = ((1,Co,C3,C4) € (ST1)%. Note that ¥ is supported on the set

{Ce ™™ G+ G+ G+ G =0}

For f:S% ! — R*, we define the antipodal symmetrization [y by

A0 = \/f(CP +2f(—C)2'

Note that | fll2ray = 1/ llL2(a-

LEMMA 2.5.9 (cf. [25, 36]). Let d > 3. If f : S™! — R* belongs to L2(ST1)
then

(2.5.10) QUf, fur s 1) < QU fis fos fr)s
with equality if and only if f = f, = fy (6—a.e. in Sa-1.,
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Proor. We follow [36, Proposition 3.2]. Observe first that

(2.5.11) (f = £ < (fy= f)(©),
for all £ € R?. In fact, we have
(2.5.12)

ZAQUJﬂQﬂ—@+fFQﬁ@ﬂag—g_gwdgmd@)

By Cauchy—Schwarz inequality we have

(2.5.13)  f(C)f(—C) + (=€) f(C2)
SVG)?2+ F(—C)2 VG2 + f(=C)% =2 £ (C1) fi(Ca).

Plugging (2.5.13) into (2.5.12) we obtain (2.5.11). Now observe that (2.5.8) and
(2.5.11) plainly imply (2.5.10).

In order to have equality in (2.5.10), we must have equality in (2.5.11) for a.e.
¢ € R For each such £ € R?, the condition of equality in the Cauchy-Schwarz
inequality (2.5.13) gives us that

(2.5.14) f(G) f(G) = f(—=C) f(—¢2)

for Ue—a.e. ((1,¢2) € (S¥71)2. Arguing as in §2.2.3, this implies that (2.5.14) must
hold for o%—a.e. ((1,¢2) € (S971)2. Let ¢; € S ! be such that (2.5.14) holds for
o—a.e. (o € S¥ . Then we can integrate over S*~! with respect to the variable (s
to obtain (provided f is nonzero, otherwise the result is trivial)

f(&) = f(=¢)-
This shows that f = f, = fy (0—a.e. in Sa-1). O

From now on we may assume additionally that f = f;.

2.5.3. The key geometric identity. The heart of Foschi’s proof lies in the
following simple geometric identity.

LEMMA 2.5.15. (cf. [36, Lemma 4.2]) Let (C1,C2,(3,¢) € (STH? be such that
GQ+G+ea+a=0
(i.e. (C1,C2,(3,Ca) lies in the support of the measure 3). Then
(2.5.16) |G+ Gl [Gs + Cal +[C1 + Gl [C2 + Cal + G+ Caf 1G2 + Ca = 4.

The kernel in our Corollary 2.1.14 is too singular to allow us to draw any sharp
global conclusions about the adjoint restriction inequality (2.5.1). To overcome this
barrier we use the identity (2.5.16) and the symmetries of @) in order to write

R51T) QUASED = [ SG) S@IG+ Gl FG) F6) G+ Glas()

This allows us to prove the following lemma.
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LEMMA 2.5.18. Let d > 3. If f : S — R* is an even function in L2(ST1)
then

d—3
2

QUL ) <2400 /(SW FG FG? GGl (4-10+G) T do(¢r) do(Ga)

with equality if and only if f is a constant function.

PROOF. We use the Cauchy—Schwarz inequality in (2.5.17) (with respect to the
measure ), together with Lemma 2.2.2 to get

QUL 1)

1 1
2 2
3

s4</ f(61)2f(C2)2\C1+Cz|2dE(C)> (/ f<<3>2f<<4>2\<3+¢4|2dz<<>>
(Sd—1)4 (sd-1y1

3

. 2 2 2
-3 /(Sd1)4f(61) F(G)* 16 + G dE(0)

d—3
2

. wd_zz /( g QP @RI+ Gl (1G4 GP) " do() do(Ga)

In order to have equality we must have

f(C1) f(G) [C1+ G| = ¢ f(C3) f(Ca) [C3 + Cul

for some ¢ € R and Y—a.e. ((1,(o,(3,¢) € (S¥71)4. Integrating both sides with
respect to dX((1, (2, (3,C4) gives us that ¢ = 1 and thus

(2.5.19) J(C) f(G2) [G1 + Gl = f(3) f(Ca) IG3 + 4

for L—a.e. ((1,¢o,(3,G) € (SN Let

(2.5.20) E={(¢,6,G, ) € (S (2.5.19) does not hold}.
We find that

0 —/ XE(C1, G2, 3, Ca) A (1, G2, €35 Ca)
(Sd—l)4

= / </ xE(C15Ca, =3, —Ca) 8(C1 + G2 — (3 — Cu) dog, da@) do¢, dog,.
(gd—1)2 (§d71)2

Thus, for o2—a.e. ((1,¢2) € (S%71)2, we have that (recall that f is even)

(2.5.21) F(G) F(C) |G+ Gl = (C3) f(Ca) |€3 4 Cul

for W ¢e,—ae. ((3,¢4) € (S71)%. For such a ((1,¢2) € (ST71)2, with (1 + (o €
B(2)\ {0} we have

(2.5.22) F(Q) f(G2) = f(C3) £(Ca)

for We,1e,—ae. (C3,¢) € (ST71)2, and if we average the right-hand side of (2.5.22)
with respect to d¥¢, ¢, ((3,(4) we arrive at

g2 F(G) F(C) AW 16,(C5,Ca)  (fow fo) (G +Ca)
fla) fe) = f(Sd—1)2 dWe 4, (€35 Ca) a (0% 0)(C1+ C2) = hiG+ ).

We now use Theorem 2.1.16 to conclude that f(¢) = ce”¢ for some ¢ € C and
v € Ce If ¢ = 0 we are done. If ¢ # 0, since f is real-valued we must have $(v) = 0,
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and since f is even we must have $(r) = 0. Then, since f is nonnegative, we must
have ¢ > 0 and f({) = c.

Conversely, it is clear that any (nonnegative) constant function verifies the de-
sired equality. This concludes the proof. O

2.5.4. Proof of Theorem 2.1.3 - case (a). We consider the quadratic form
S d—3
Hilg) = [ d@0(@) 16 6l (4= 16~ Gf) T do(@)do(c)

This is a real-valued and continuous functional on L*(S%~!). In fact, it is not hard
to see that

(2.5.23) |Ha(g1) — Ha(ga)| <277 (HQlHLl(SH) + HQQHLl(Sdﬂ)) g1 = g2llp1ga-1y-
The next lemma is the last piece of information needed for our sharp inequality.

LEMMA 2.5.24. Let 3 <d < 7. Let g € LY(S%1) be an even function and write

p=— /Sdl 9(¢)da(¢)

Wd—1

for the mean value of g over the sphere S*=1. Then
Hy(g) < Ha(p1) = |u|*Ha(1),
with equality if and only if g is a constant function.

Assume for a moment that we have proved this lemma and let us conclude the
proof of Theorem 2.1.3.

PROOF OF THEOREM 2.1.3 - CASE (a). Putting together our chain of inequal-
ities (Lemmata 2.5.2, 2.5.9, 2.5.18 and 2.5.24) we get

1Folfaga < @) QUFL flws 1£1,1£1)

< 2m)* QUUf g |fle. | £z 1 £1)
3

2.5.2 -
(2529 < (2 S )
3 d 9—d+3 Wd—2 4
< 1 (2m)*2 E Hy(1) ”fHLQ(gd—l)'

This inequality is sharp since f = 1 verifies the equalities in all the steps.

If f € L2(S%!) is a complex-valued extremizer of (2.5.25), by Lemma 2.5.18 (or
Lemma 2.5.24) we must have |f|y = 71, where v > 0 is a constant. By Lemma
2.5.9 we must have |f| = 71. By Lemma 2.5.2 there is a measurable function
h: B(2) — C such that

F(G) F(G) =7 h(G+ G)
for 02 —a.e. (C1,¢2) € (ST1)2. By Theorem 2.1.16 there exist ¢ € C\ {0} and v € C?
such that

f(Q) =ce”€

for o—a.e. ¢ € ST, Since |f| is constant, we must have () = 0 and |c| = 7.

Conversely, it is clear that the functions given by (2.1.5) verify the chain of
equalities in (2.5.25). This concludes the proof. O
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2.5.5. Spectral decomposition - Proof of Lemma 2.5.24. The case d = 3
was proved by Foschi [36, Theorem 5.1]. Here we extend his method to dimensions
d=4,5,6,7.

2.5.5.1. Funk-Hecke formula and Gegenbauer polynomials. We start by proving
Lemma 2.5.24 for even functions g in the subspace L2(S%~!) ¢ L}(S?!) (the general
statement for even functions in L*(S9~!) will follow by a density argument). In this
case we may decompose g as a sum

(2.5.26) 9=> Y,
k>0

where Y}, is a spherical harmonic of degree k (see [85, Chapter IV]). Since g is even,
we must have Yap,1 = 0 in (2.5.26) for all £ > 0. Note also that Yy = u 1, where p
is the mean value of g in S¢~1. Let

N
gN =Y Y.

k>0

Since gn — ¢ in L2(ST1) as N — oo, we have that gy — g in L1(S% 1) as N — oo
and thus, by (2.5.23), Hq(gn) — Ha(g) as N — oo. Therefore

(2.5.27)

Hylg) = Jim. }Z [ ], Fav@la-al (- o - aP)'s dotc) do(a
= ]\}E}noo Z o Yi(G) </Sd1 Yi(C2) ¢a(Cr - Cz)d0(<2)> do(G),

where

(2.5.28) Ga(t) =22 (1-1)2 (1+)F

The inner integral above may be evaluated via the Funk—Hecke formula [28, Theorem
1.2.9]

(25.29) L @) 0ulci - ) (@) = An(6a) V),
with the constant Ag(¢g) given by
1 C% d—3
(2:5.30) Meto) =was [ D g - ar,
-1 Ck2 (1)

where t — CP(t), for a« > 0, are the Gegenbauer polynomials (or ultraspherical
polynomials) defined in terms of the generating function

(2.5.31) (1 —2rt + 72 Z ot

For bounded ¢, the left-hand side of (2.5.31) is an analytic function of r (for small
r) and the right-hand side of (2.5.31) is the corresponding power series expansion.
Note that Cp(t) has degree k. The Gegenbauer polynomials C}'(t) are orthogonal

in the interval [—1, 1] with respect to the measure (1 — t2)°‘_% dt. If we plug (2.5.29)
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back into (2.5.27) and use the orthogonality properties of the spherical harmonics
we arrive at

(2.5.32) Ha(9) =Y Mi($a) IYellF 2501y
k=0

Our goal here is prove the following result.

LEMMA 2.5.33. .
(i) For d =3 we have Ao(¢p3) > 0 and Ag(¢3) <0 for all k > 1.
(ii) For d = 4 we have Ao(¢p4) > 0, Aogy1(p4) =0 for all k > 0, and Agg(d4) <
0 forall k> 1.
(iii) For d =5,6,7 we have Ao(¢g), A1(pq) > 0 and Ag(pg) < 0 for all k > 2.

REMARK: For d > 8 we start to observe that As(¢4) > 0. This is the basic reason
why the method presented here only works (as it is) for dimensions up to 7.

Assuming Lemma 2.5.33 let us conclude the proof of Lemma 2.5.24.

CONCLUSION OF THE PROOF OF LEMMA 2.5.24. Using Lemma 2.5.33 in (2.5.32),
and the fact that g € L?(S?"!) is an even function, we find

Hy(g) = Ar(a) Y5l f2(sa-1) < Ao(da) [YollF2(ga1y + Ar(a) 1Y1llF2ga s
k=0

= Ao(¢a) ||Y0”i2(sd*1)
= Hy(pul)
= |ul*Ha(1).

Equality occurs if and only if Y = 0 for all £ > 2, which means that ¢ = Y is a
constant function.

Now let h € L1(S?1) be an even function. For each N > 0 consider the trunca-

tion
{ h(¢) if [R(OI<N
hn(¢) =

Npuehif [h(Q) > N.

Note that each hy is an even function in L%(S%"!) and hy — h in L}(S% 1) as
N = oo T iy = o fuuy hv(Q)do(€) and = o fou A(Q) do(Q), then iy —
w and Hy(hy) — Hg(h) as N — oo. Consider an orthonormal basis of spherical
harmonics {Zy;}, K >0, j = 1,2,...,D(d, k), where each harmonic Z;; has degree
k and D(d, k) is the dimension ! of the vector space of spherical harmonics of degree
k on S 1, and write

hy =Y (hw, Zij) Zny.

k?j
By the L?—argument we have
00 (d,k)
(2.5.34) Hy(hy) =Y An(da) | D (b, Zep)P | < |un[?Ha(1).
k=0 j=1

IExplicitly, D(d, k) = (‘%i;l) - (digff). For details see [85, Chapter IV].
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Passing the limit as N — co we get
(2.5.35) Hy(h) < |u|?*Hg(1),

which is our desired inequality. We already know that (h, Zy;) = 0 if k is odd. If
(h, Zyj) # 0 for some even k > 2 and some j, since (hn, Zi;) — (h, Zj) as N — o0,
by Lemma 2.5.33 we would have a strict inequality in (2.5.34) that would propagate
to the limit (2.5.35). Therefore, in order to have the equality in (2.5.35) we must
have (h, Z;) = 0 for all k > 1 and all j. This implies that h must be constant. [J

2.5.5.2. Computing the Ai(¢pq). We are left with the final task to prove Lemma
2.5.33. In this section we accomplish this by explicitly computing the values of
Ak(¢q) via a recursive argument. To simplify the notation let us consider the Le-
gendre polynomials defined by

1
Py(t) :== CZ (1).
The next proposition lays the ground for our recursions.

PROPOSITION 2.5.36. .
(i) For a >0 and k > 0 we have

(2.5.37) (2k +20)tC(t) = (k+ 1) Cy (t) + (K + 20— 1) Oy (t).
Note: We set C%(t) = 0.
(ii) Let k > 0. The Legendre polynomials Py, verify

1 . 2
2.5.38 = 2 —28)2 PL(#)dt = 2 (—1)FH! :
@538) = [ @-2iR@d =20 - o

E+1

(2.5.39) S = /1 (2—2t)2 P/(t)dt = 8 (—1)k< ;

> + 3’)%.
-1

PROOF. Part (i). Differentiating (2.5.31) with respect to the variable r yields

(2.5.40) a(t—r) ZC’f k= (1 —2rt +1r?) Zk‘C’k k=l
k=0

Comparing the coefficients of ¥ on both sides of (2.5.40) we obtain (2.5.37).
Part (ii). To establish (2.5.38) we use integration by parts:

(2.5.41) (2—2t)2 P (t)dt = —2P,(—1) + ————dt.
-1 -1 (2—-2t)2
By evaluating
(2.5.42) (1—2rt+r2)72 = Py(t)r*
k=0

at t = —1 we find that P, (—1) = (—1)*. The value of the integral on the right-hand
side of (2.5.41) was evaluated in the proof of [36, Lemma 5.4] and equals %ﬂ

As for identity (2.5.39), integrate by parts once again:

1 1
/(z_gt)i ,;’(t)dt_—gp,;(—1)+3/ (2= 20)% PL(t) dt.

1 -1
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Differentiating both sides of (2.5.42) with respect to ¢ and then setting ¢ = —1 yields
r
=) P(-1)r".
3 Z k
(1+7) =

Hence Pj(—1) = (=1)¥*1(*1). The result follows from this and (2.5.38). O

We are now able to proceed to the proof of Lemma 2.5.33.
PROOF OF LEMMA 2.5.33. .
Step 1: Case d = 3. This was done in [36, Lemma 5.4].
Step 2: Case d = 4. Throughout this proof let us rename
Qu(t) = CH).
From (2.5.31) we find that Qx(1) = k+ 1 for all £ > 0, and from (2.5.37) we get
2t Qk(t) = Qr11(t) + Qi—1(t).
Using this recursively we get, for k > 2,
A17Qp(t) = 2t Qrpr (t) + 2t Qp—1(t)
= Qr+2(t) + 2 Qk(t) + Qr—2(1),
and thus
(2.5.43) (417 — 2) Qr(t) = Qrr2(t) + Qr—2(t).

We are now ready to compute the coefficients Ag(¢4):

1 ) 1
Mo =wn [ 2o 0 - a5 2 [ Quio (2= - 2) e
Setting 75, := fil Qr(t) dt and recalling (2.5.43), we have
(2.5.44) 2(]iu—;_1)Ak(¢4) =27 — Th—o — Tp2; (k> 2).

The sequence of moments {7 }r>0 can be computed explicitly. In fact, we claim
that 1o; = ﬁ and 541 = 0. To verify this, recall by (2.5.31) that

2
Syt =D Pt |
k>0 k>0

and so
k

Qr(t) = Pu(t) Pe_y(t).
=0
It follows that

1 k 1
Tk = /1 Qk(t) dt = ;/1 Pg(t) Pk,g(t) dt.

By the orthogonality properties of Legendre polynomials, we find that m;41 = 0. If
k = 2j is even, then?

2
25+ 1’

1
sz:/ Pi(t)*dt =
-1

2This is also quoted in [36, Lemma 5.4].
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as claimed. Plugging this into (2.5.44), we immediately check that Agjii(¢s) =0
for every j > 0, and that

w9 4 2 2
Ao - _ - <0,
24($4) 2(2j + 1) <2j+1 2j —1 2j+3>
for every j > 1. If j = 0 then

1 1
Ao(¢4) =w2/1 da(t) (1 —2)2 dt = 2wQ/1(1 —t?)dt = =27 5.

Step 3: Case d = 5. In order to simplify the notation, we start again by relabeling

(t)-

ol

Rk(t) =C
The definition (2.5.31) gives us

(2.5.45) (1—2rt+72)"2 = Z Ri(t

Differentiating (2.5.42) with respect to the variable ¢ yields

r(1 —2rt +r?) 2 = ZPk
k>0

Comparing the two last displays, one concludes that
Ry,(t) = Py (1)

for every k > 0. From (2.5.45) we have Ry(1) = (k+2) It follows from (2.5.28) and
(2.5.30) that
1 (k+2 !

( : )Ak<¢5> - [ e-wineurna-fa

2ws —1

1
:/‘@—Qﬂéﬂﬂﬁﬂl+t—ﬁ—fﬁﬁ
1

0 1 2 3
1&421"‘71(#)1 ’YI(gJZl 71(e+)1v

where
. 1 ,
A9 = / (2 —2t)2 PL(t) ¢ dt.
—1

Note that ’y(g]) = 0 for any j > 0. From (2.5.38) we know the exact value of 'y( ),
From (2.5.37) we have (recall that we have set R_1(t) = 0)

kE+1 k+2

k() = o T 3Rk+1(t) 2%k + 3

s Be-1(1),

which plainly gives
Gy _ K+ G F+2 )
Tert = o3tk T gp 3k
for all K > 0 and j > 0. The previous recursion tells us that we can explicitly

compute the values of all ’y,g 2 by just knowing the values of fy(()] ) for all 7 >0 and
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the values of 'y,(;)) for all k > 0. This computation leads us to

1 (k+2
2

0 1 2 3
)Ak(¢5) = 71(6421 + 71&421 - 71(c+)1 - 71(4421

768(k + 1)(k +2)(3 — 3k — k?)
(2k —3)(2k — 1)(2k + 1)(2k + 3)(2k + 5)(2k + 7)(2k +9)’
and it follows that Ag(¢s), A1(¢ps) > 0 and Ag(¢s) < 0 if k£ > 2, as claimed.
Step 4: Case d = 6. We set

2wy

Si(t) := CE(t).
The definition (2.5.31) gives us

(2.5.46) (1—2rt+ 7372 =>" Si(t)r*,
k=0

and it follows that Si(1) = (k'§3) By differentiating (2.5.31), in the case o = 1,
with respect to the variable ¢ and comparing coefficients with (2.5.46) we find

(2.5.47) Si(t) = 5 Qksr (t)
for all £ > 0. From (2.5.28) and (2.5.30) it follows that
1 (k+3 !
(P A (o) = / Sp(t) (L4t —2t2 =263 +t* +5) dt
4&.)4 3 -1
= €](€0) + Eg) — 25;2) — 25,&3) + 5,(:‘) + €](€5),
where .
el = / Si(t) ¢ dt.
—1
Since Gegenbauer polynomials of odd degree are odd, it follows that 5&%1 = 0 for

every ¢ > 0. On the other hand, using (2.5.47), we have

1
) = [ Sult)dt = 5(Quesa(1) = Quen(-1) =2+ 1

for every ¢ > 0. From (2.5.37) we have (recall that we have set S_;(¢) = 0)
E+1 k+3
tSk(t) = mskﬂ(t) + msk—l(t),
which plainly gives
L kAL Gy k43 )
k 2k +4 k1 2k 447
for all £ > 0 and 57 > 0. Since we know the values of 6,20) for all £k > 0 and 5(3% =0

for all j > 0, the recursion above completely determines the values of all 51(3 A
computation leads us to

8(k +2)

Tk D)k 3)(kg5) orkevem

! (’“ : 3>Ak<¢6> -

dwy 8k + 1)(k+3)

Ck(k—=2)(k+2)(k+4)(k+6)’

for k£ odd,
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and it follows that Ag(¢g), A1(ps) > 0 and Ag(¢s) < 0 if k > 2, as claimed.

Step 5: Case d = 7. The argument here is analogous to the case d = 5. We start by
relabeling

By the definition (2.5.31) we have
oo

(2.5.48) (1—2rt+12)72 =3 T(t)r*,
k=0

and thus Ty (1) = (krl). If we differentiate (2.5.42) twice with respect to the variable
t and compare with (2.5.48) we find that

(2.5.49) 3T (t) = Py o(t)
for all k£ > 0. From (2.5.28), (2.5.30) and (2.5.49) we have
1
3 (k4 Ap(é7) = / (2—2t)2 P o(t) (143t + 262 — 263 — 3¢ — %) dlt
2 ws 4 -1
0 1 2 3 4 5
= 51(«22 + 351(«22 + 251(«22 - 2512422 - 3512422 - 51(#22’
where

s = / (2 —26)2 P/ (t) ¢ dt.
-1

The values of 5,(60), for k > 0, are given by Proposition 2.5.36. From (2.5.37) we have

(recall that we have set T_1(t) = 0)

E+1 k+4

tTk(t) = 2% + 5Tk+1(t) + m

Ty—1(t),

which gives us

G+ _ k1 oGy Rt )
FPZ 2k 45 RT3 T 2k 4 5 AL
for all £ > 0 and j > 0. Since we also know that (56” = (59) =0, for j > 0, we can

explicitly find the values of all the 5,(3 ) from the recursion above. A computation
leads to

2 () e
245760(k + 1)(k + 2)(k + 3)(k + 4)(15 — 5k — k?)(—3 + 5k + k?)
(2k —5)(2k — 3)(2k — 1)(2k + 1)(2k + 3)(2k + 5)(2k + 7)(2k 4+ 9)(2k + 11)(2k + 13)(2k + 15)’
and once again one can conclude that Ag(¢7), Ai(¢7) > 0 and Ag(¢p7) < 0if k> 2.

2ws

This completes the proof of Lemma 2.5.33. O






CHAPTER 3

Estimates for certain integrals of products of six Bessel
functions

3.1. Introduction

Let (S', o) denote the unit circle in the plane equipped with its arc length mea-
sure. The next chapter [21] discusses partial progress towards understanding the
optimal constant C,p¢ in the endpoint Tomas—Stein adjoint restriction inequality
[92] on the circle:

(3.1.1) IfollLs ey < Copt [ fllrz(st),
where the Fourier transform of the measure fo is given by

(3.1.2) fo(z) = 3 fwe ™ do,, (x€R?).

It is conjectured that equality is attained in (3.1.1) when f is a constant function.
For the constant function f = 1, the sixth power of the left-hand side of inequality
(3.1.1) turns into the integral

(3.1.3) (2m)7 / JS(ryrdr,

0
where the Bessel function of order n, denoted .J,,, is defined via the identity
(3.1.4) eng(z) = 2m(—i)"Jp (|z]) e 8@

Part of the analysis in [21] consists of a Fourier expansion of f on the circle, and
one needs estimates with rather precise numerical error bounds for integrals of the
following two types:

(3.1.5) Io = Tomn i= /O - Tt (1) T (7) T (1) JE ()

and

(316) .[1 — Il,m,n — / Jn+m(’r)Jn(r)JM(T)le(T)JO(T)TdT'
0

The purpose of the present chapter is to establish these estimates, summarized in
Theorem 3.1.8 below. e

Since the Fourier extension map in the plane, f — fo, maps square-integrable
densities into the space L8, the sharp extension inequality (3.1.1) can be expressed
as an estimate for a six-linear form. Expanding this form in Fourier basis, one
obtains an infinite six-tensor whose coefficients turn out to be linear combinations
of integrals of the type

(3.1.7) /0 s (F) s (P Ty (1) oy (1) T () g ()

59
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While in general one observes six arbitrary parameters n; with one linear relation
among them, the above integrals Iy and I; contain only three parameters different
from O or 1, again constrained by one linear relation. That these integrals suffice
for the purposes of the companion paper [21] is due to the fact that the analysis
there factors the six-linear estimate into two estimates, a bilinear and a trilinear
estimate, and then proceeds to find the sharp inequality for the trilinear problem
only. This uses Theorem 3.1.8 in a crucial way, see [21, §3]. The sharp inequality for
the bilinear problem, and therefore also the sharp six-linear problem, remain open.

The advantage of the tensor formulation of the problem is that it allows for a
purely computational approach to discuss a large but finite subtensor, while for the
tensor coefficients outside this finite region one obtains a good asymptotic under-
standing of the relevant phenomena, and can proceed with an analytic proof. This
is precisely what is done in the present chapter, where a large finite set of cases of
Theorem 3.1.8 is proven by raw computation, while in the asymptotic region the
estimate is accomplished via an analytic proof. Nevertheless, for the purposes of
the companion paper it is useful to combine the estimates in the rather uniform
formulation of Theorem 3.1.8. We anticipate that the same scheme of combining
computational and analytic approaches may prove useful to tackle the general six-
linear problem. This however would require a generalization of the present chapter
to treat all integrals of the form (3.1.7). The methods of the present chapter are in
themselves not sufficient to accomplish that goal. We consider it of great value to
extend our methods, or to apply any of the many tools from special function theory,
in such a way that the more general Bessel integrals (3.1.7) can be appropriately
understood.

The approach to the sharp Fourier restriction inequality in the companion paper
[21] is modelled after the work of Foschi [36] in three dimensions, where an expansion
into spherical harmonics is also used at the corresponding place in the argument.
The situation in [36] is easier since one controls the relevant coefficient integrals in
a purely algebraic manner using Legendre polynomials. Similar related work, where
Gegenbauer polynomials are used, appears in [22] and [25].

We finally remark that the complicated expressions for the low order terms in
Theorem 3.1.8 should not be taken too seriously; they conveniently come out of the
proof of precise numerical bounds for the error terms. Certainly the main purpose
of the theorem is to isolate the first terms in an expansion into negative powers of
n and to obtain good numerical control of order n~%, with a small constant in front
of n™*. Our exact choice of this constant is a fine compromise between the amount
of work needed in this chapter and the amount of work needed in the companion
paper [21].

THEOREM 3.1.8. Letn > 2 be some integer. Then each of the following quantities
is less than 0.002n:
(i) Form >T:
31 n 3 1
42n 3272 (n—1)n(n+1)|’

Io0n —

and for n > 3:

11 3 1
4r2n 3272 (n—1)n(n+1)|
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(i) For anyn > 2:

I B 15 1

027 " 64r2 n(n+ 1)(n +2) |’
;o9 1

b2 642 n(n + 1)(n+2) |

Moreover, each of the following quantities is less than 0.0015n~4:
(7i1) Forn > 4:

7 1557 1
04 T 1024m2 n(n+ 1) (n+ 2)(n + 3)(n+ 4) |
7 _ 855 1
BT 1024m2 n(n+ D)(n+2)(n + 3)(n+ 4) |

(tv) For even m > 6 and n > m: |Iomn| and |11 mpl.

Thus Theorem 3.1.8 controls integrals of the two types Iy and I; for n > 2 and
even 0 < m < n, with the exception of the five cases m = 0 and n = 2,3,4,5,6 for
Iy, and the two cases m = 0 and n = 2, 3 for I;. It follows from Table 1 below that,
in these exceptional cases, the quantities are still less than 0.01n~*, which provides
information about Iy and Iy with at least two percent relative accuracy.

It follows from the methods of this chapter, or alternatively from general princi-
ples, that such a result holds with bounds cn~? for any positive number ¢ in place of
0.002 or 0.0015, and with some finite set of exceptions. The point of Theorem 3.1.8
is to narrow down these exceptions precisely for the specific numbers ¢ = 0.002 (for
m = 0,2) and ¢ = 0.0015 (for m > 4). Slightly better numerical estimates are listed
in §3.7 and §3.8 for the various cases, but for simplicity we do not reproduce all of
them here.

Our methods apply to obtain a more general set of estimates than the ones listed
in Theorem 3.1.8, but we focus on the stated estimates which are needed in [21].
There exists a very satisfactory theory of similar integrals of products of two Bessel
functions, see for example Lemmata 3.2.11 and 3.2.13 below, and a still explicit
but substantially more complicated theory for integrals of products of four Bessel
functions. While integrals of sixfold products of Bessel functions still fall into the
class of functions for which explicit symbols have been introduced in the theory of
hypergeometric functions and their generalizations, we do not know how to obtain
our rather accurate numerical bounds in a much easier way than by the elementary
but somewhat laborious approach presented in this chapter.

Our approach is to expand four of the six Bessel function factors, namely those
four with the lowest orders, into their asymptotic expansions. This will reduce the
integrals in question to core integrals of the type

(3.1.9) /000 In (1) Intm (1) sin(fr)r_kdr7 /000 In (1) Intm (1) cos(ﬁr)r—de

for £ = 0,42,4+4. For these integrals, one has good information as in Lemmata
3.2.10, 3.2.13, 3.2.15. In more detail, this chapter is organized as follows. In §3.2,
we review the theory of Bessel functions inasmuch as it is useful for our purposes.
In particular, we establish the aforementioned lemmata, together with asymptotic
expansions with precise control on the error terms. In §3.3, we prove some useful es-
timates for binomial coefficients, the Gamma function, and the coefficients that arise
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in the various asymptotic expansions. The analytic part of the proof of Theorem
3.1.8 begins in §3.4, where we asymptotically expand the functions Jy and Jy. §3.5
accomplishes the same for the function of next lowest order, namely J,,. Finally,
§3.6 is devoted to the analysis of the core integrals. The estimates from §3.4—3.6 are
then assembled together in §3.7. The approach works for n > 20, and so for n < 20
we numerically estimate the integrals; this is the content of the final §3.8.

We close this discussion with a brief illustration of the difficulty involved. Figure
1 depicts the plot of the integrand of I1 g 9 between r = 0 and r = 100. One observes
an initial region until about » = n = 9 where the function is very small. Then one
sees a region with fairly erratic behaviour until about » = n? = 81. Past r = 81,
one sees a more repetitive behaviour where one has good asymptotic control. The
asymptotic region yields a positive contribution to the desired integral, which is in
general of the order n=2. The erratic region yields a negative contribution which
nearly cancels the positive part from the asymptotic region. In question is a very
good numerical control of the order n=* of the small difference. The main tools to
capture this cancellation are the algebraic identities from Lemma 3.2.10 and an exact
orthogonality formula due to Kapteyn [53] which can be found in Lemma 3.2.11.

0.0004

0.0002 F

-0.0002

-0.0004 -

FIGURE 1. Plot of the function Ji5(r)Jo(7)Js(r)JE(r)Jo(r)r for 0 <
r < 100.

3.2. Background on Bessel functions

We rewrite the definition (3.1.4) of the Bessel function in the form of a Bessel
integral which is the starting point in [84, p. 338]. For n € Z and z > 0, we
claim that

L™ ing —ing
(3.2.1) Jn(z) = 27T/_7r elzsimbe=inb g

More precisely, replacing § = w+ % in (3.2.1) and using even symmetry of the cosine
we obtain for the right-hand side of (3.2.1):
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_A\n T ) _\n T
(3.2.2) (l)/ e WeT MWy = (Z)/ e'* % cos(nw)dw,
0

2 J_, s

from which the equivalence of (3.2.1) and (3.1.4) is evident.
The Bessel function, defined via (3.2.1) for general z € C, is an entire function.
From (3.2.1) we obtain the estimate

(3.2.3) | T (2)| < elSG

Differentiation under the integral sign in (3.2.1) and integration by parts yield the
following recurrence relations in the sense of meromorphic functions:

(3.2.4) Tno1(2) = Jnsr(2) = 270 (2),
(3.2.5) Tar(2) T () = 221 (2),

A different representation of the Bessel function is the Poisson integral, which
contains a power of a trigonometric function rather than a power of an exponential
function:

z) = (3)" i cos(z cos sin?"
(3.2.6) Julz) = (| contecosto s (o) o

L(n+ 3T (3

Here we use the Gamma function
o
I'(s) ::/ e it571dt
0

which satisfies the functional equation sI'(s) = I'(s + 1) and thus meromorphically
extends the factorial, that is I'(n 4+ 1) = n! for natural numbers n. We mainly need
the Gamma function for half-integer values, which can be expressed as

This can be recursively verified from F(%) = /m, which in turn can be read from
the well-known property

(3.2.8) sin(rz)I'(z)['(1 — x) = 7.

The latter can be seen by verifying periodicity of the left-hand side together with
growth estimates which force the left-hand side to be constant.

To see equivalence of the Poisson integral representation (3.2.6) with (3.2.1), one
verifies the case n = 0 by substitution and then verifies by partial integration that the
Poisson integral also satisfies the recursion relations (3.2.4) and (3.2.5). Combining
these two second order recurrence relations into a first order relation between J,
and J,y1, equivalence of the two integral representations follows recursively by a
uniqueness result for ordinary differential equations, where we use that both integral
representations vanish for z = 0 and n > 0.

From the Poisson integral representation one sees the following estimate from
[93, §3.31(1), p. 49], useful for small z:

|Z’ne\%z\

onp!

(3.2.9) [ Jn(2)] <
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where we have used
1 1 T om
—_—— sin“"(0)dé ,
il vows e A

which one proves by induction on n using integration by parts.
We turn to the core integrals (3.1.9). The case £ = £2 will be the most pleasant
to deal with via the following lemma:

LEMMA 3.2.10. Let 0 < n,m have the same parity, and 1 < k <n-+m. Then if
k is even

/ T (1) T (1) F cos(2r) dr = 0
0
and if k is odd
/ Jn (1) T (r)rF sin(2r) dr = 0 .
0

PROOF. By the parity assumption, we may extend the integrals to the full real
line. It then suffices to show that the Fourier transform

/ Jn (1) T (r)rFe %7 dr
vanishes at & = 2. Substituting £ = cosw on the right-hand side of (3.2.2) yields
(=)™ /1 z¢ COs(n arccos §)
In(z) = —— et ————=2d¢ .
-2 eflag

Hence we see that J, is the Fourier transform of the function

B.(6) = "m0 - ) b1

where T, denotes the Chebyshev polynomial 7},(§) := cos(n arccos().

We first consider the case £ < n in the lemma. Then the Fourier transform
BSH) of Jn(r)r=F is still supported on [—1,1] since B,, has vanishing moments of
orders 0,1,...,k — 1. This can be deduced from (3.2.6). Seen as the convolution
of an L” function with an L? function for any p < 2, the function Bﬁfk) x By, is
continuous. Since it is also supported on the interval [—2, 2], it must vanish at { = 2.
This proves the lemma in case k < n. If n < k < n+ m, we distribute some powers

of r over J,,, and argue similarly. O

The understanding of the dominant case £ = 0 of the core integrals (3.1.9) begins
with Kapteyn’s identity, proved in a delightful two page paper [53].

LeMMA 3.2.11 ([53]). If n,m >0 and n+m # 0, then
2 sin (%W)
T m?2 —n?

(3.2.12) /oo () T (r)r—tdr =
0

with the following natural interpretation in case n = m:

oe 1
/ Jo(r)?r~tdr = — .
0 2

n
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Note in particular that (3.2.12) vanishes if m — n is a nonzero even integer.
Moreover, identities (3.2.7), (3.2.8), and some algebra yield

2 sin (25%7) 2 T(m)

T m2—n2 o F(m+§+2)1—\(nfgm+2)l—\(m72n+2).

From Kapteyn’s identity, one obtains the following more general result.
LEMmMA 3.2.13. If0<n,m and 1 <k <n+m, then

27T (k) (ot l=hy
F( m-i-n;—l-i—k )F( n—m;—k-i—l )F(m—n;-k-i-l ) :

(3.2.14) / () T () =
0

PROOF. The identity is true for £ = 1 by Lemma 3.2.11. Let k£ > 1 be given
and assume that identity (3.2.14) is true for this particular k. To prove the identity
for k41 we denote the integral in (3.2.14) by Z,, ,,, .. Then, by the second recursion
in (3.2.5) and using the induction hypothesis, we have that

1
In,m,k:—i—l = %(Zn—l,m,k +Zn+l,m,k) =

B 27(k+1)nflr(k)r(m+2n—k) N
F( m+2n+k )F( n*gl+k )F( mfn2+k+2)

27(k+1)nflr(kl,)r( m—&-n;—Q—k)
F( m+n2+2+k )F( nfm;*k+2 )F( M7;l+k) :

This last sum can be rewritten as

27 (DD (K + 1)1 (k)
F( m—&-n;—Z—‘rk )F( n—m;—k—i—Q )F( m—n;—k-ﬁ-Q)

(m+n+k)(n—m+k)+(m+n—k)(m—-—n+k)
. dnk

The fraction in the last line is equal to 1, and this proves the inductive step. O

Note in particular that if k is odd and satisfies & < |n — m|, then (3.2.14)
vanishes since the function % has zeros at s = 0,—1,—2,... Note also that three of
the Gamma factors, the one with argument £ in the numerator and the two involving
the difference m —n in the denominator, typically form a binomial coefficient, which
can be roughly estimated by 2¥. An alternative approach to Lemma 3.2.13 is the
integration theory of Weber and Schafheitlin as outlined in [93, §13.24, p. 398].

The case ¢ = +4 of the core integrals (3.1.9) gives small error terms which we

estimate with the following lemma.

LEMMA 3.2.15. Let 0 <n,m and 1 <k <n+m. Then:

> : 2k—1 —k)!
‘/ Jn(r)Jm(r)r_ke4”dr < (n+m )
0

— 4ntm n!m!

PROOF. We estimate this integral by the descent method, changing the contour
of integration to the contour consisting of a line segment from 0 to i/V for some large
N, then a line segment from N to N, and then a ray from N to oo along the real
axis. Only the first integral provides a substantial contribution, since the next two
segments give contributions that tend to 0 as N tends to infinity.
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Along the first segment of the contour the integral can be estimated using (3.2.9)
by

h | T (i) || T (i) |2~ e ™48 da < B oox”er_ke_QIdx
0 " mn — nlm! 2ntm 0

25 (n+m—k)!
- gntm nlm! '

The integral over the second part of the contour is estimated using (3.2.3) by

f/ (@ +i(N = 2)) || Tz + i(N = 2))|[x + i(N — z)] Fe N dg

<f/ )re2N=2)qg < ohHINF |

which tends to 0 as N — oo. The integral over the third piece of the contour is
estimated using the fact that the functions J,, and J,, are in L* as Fourier transforms
of L3 functions and thus the continuous function Jo(r) T (r)r~" is in LY. Tt then
follows from the dominated convergence theorem that

lim |J (r)Jpsm (r)|rrdr =0 .
N—o00
Adding the contour integrals and letting N — oo yields the desired bound. O

To arrive at the core integrals, we need asymptotic expansions of the Bessel
functions near infinity as in the following lemma.

LEMMA 3.2.16. Let n € N and R(z) > 0. Let w, = z — f — . Let £ € N be
such that ¢ > max{n — 1, 1}. If ¢ is even, then

£
. 2\3 c ka%(n)
(3.2.17) Ju(2) = <E) [(coswn) H(—1) .
S ()
. asg n
— (sinwy,) Z(—nk% + Ry(2).
k=0
If £ is odd, then
(23 & a2k (1)
(3.2.18) J,(2) = <E> [(Coswn) k_()(_l) ok
K—T3
. azk41(n)
— (sinwy) Z(—n“z;kfl + R (2).
k=0
Here the coefficients aj(n) are defined by
T(n+j+3)

(3.2.19) a;(n) = T(n—j+ )2’
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and the remainder function R, satisfies the bounds
1
2 \s D(n+0+3) ( El )f—nm ( 1 )e
R, < h(S — ] .
|Rue(2)] < (W‘) To i1 D 70 cosh(3(:)) { 57

PROOF. We expand on the proof outlined in Watson [93, §7.3, p. 205]. The
change of variables ¢ = cos @ turns the Poisson integral (3.2.6) into

B (g)n 1 n—%
In(2) = M+2—W /_1 cos(zt)(1 —t3)""2 dt .
We split .
Inlz) = U+ T (),
with
JH(z) = (g)n/1 (1 — 2"z dt
" T+ 5)0(3) S

and J; (Z) = Jif (). Now we change the contour in the integral for J,I towards a
[I-shaped contour consisting of the line segment from —1 to —1 + N, followed by
the line segment from —1+ 4N to 1+ 4N, and then the line segment from 14N to
1. On that contour as well as on its convex hull, we have (1 —#2) > 0 with equality
only at the end points of the contour. Hence we may choose the continuous branch
of the square root function on the slit plane C\ (—o0,0) which takes positive values
on the positive real axis. For simplicity of notation, let us introduce the half-integer
vi=n-— % The integral over the first segment of the contour becomes

—(g)l“r% /N e e (2is + %) ids =
Fv+1I(3) Jo
—1iz zN
= f / e “u”(i+ i)”z’ du
(2mz)2l(v+ 1) Jo 2z
i(—z4+(+1)Z) zN .
_ e : 2 / efuuy(l _ ﬂ)l/ du ,
(2mz)2T'(v+1) Jo
where in the first identity we replaced zs by uw and rotated the contour towards the
line segments from 0 to 2N, and used F(%) = /7. In the second identity, we first
pulled an integer power of i out of the integral and and then pulled half a power of i
out of the integral without leaving the domain of definition of the chosen branch of
the square root function. If R(z) > 0, then this last integral has a limit as N — oo.
Similarly, the integral over the third line segment becomes

(3)+2 /N fe= (245 + $2)id
- e¥e % (—2is + s°)Vids =
v+ 1)I(3) Jo
i(z—(v+1)Z) zN :
S - ’ / e*“u”(l—i—ﬂ)”du.
(2mz)2T'(v+1) Jo 2z

If R(z) > 0, then the limit again exists. Moreover, the integral over the second line
segment tends to 0 as N — oco. We therefore obtain

1

orz)E [ | : | .
Ji(z) = (m)z/ e Y [e‘“’”(l — ;—u)l’ +en (14 w)y} du |
0 2

L(v+1) 2z
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where w,, = z — % — % =2z—(v+1)%, and the contour has been changed to one

along the real axis.
The function (1 4+ cu)” is infinitely differentiable in u € [0,00) for any o €
C\ (—0o0,0]. Taylor’s expansion gives, for any ¢ > 1,

(1+au)”:ZOF(V+1_k) EEATE

where r is the (-th derivative of the function u — (14 au)” at some point ug € [0, u].
If £ > v, then this derivative is proportional to a negative power of the function and
thus attains its maximum at the point where the value of the function comes closest
to the origin. This point equals u = —R(a)/|a|? and the value of the /-th derivative
there equals

I'v+1) e( §R(@))”—‘f _

Fv+1-1)
Hence we can write for the remainder term
i L+ | @ " (o)’
il F'v+1-1) «Q 0!

for some |#(u)| < 1 that also depends on a. Note that
Rla), _ [@=R(a)] _ [S()|

| o

and the latter equals R(2)/|z| if a = +i/(22) = +iz/(2|2]*). For R(z) > 0, we have
that 1 £ 57 is not real, hence we may insert the Taylor expansion into the integral
for J,7, and obtain for J;7(2) the expression

-

Y

/-1

1 > T A A L A
—-u, vV —Wn _ Wn _
V212 = OF V+1— /0 o ¢ (22) e <22>

. AN i \*
—lWn _ 1Wn _

where the remainder term R = R,, ; satisfies

-y NG ¢
|Rpe(2)] < (w[Qz\> ‘FF(,(/ ++1€_+€1)?£! <8%(,‘z)> cosh(S(z)) (2\120 '

We split the summation into even integers and odd integers to obtain

(v+k+1)

FZFV—Fl—k)k:! +R(2)

1

Ti(e) = (%) Y .(_1)2 r(?iirl—g ;—)2% cos(wn) (i)k

B (:Z)% ) (_Uk;F(l;(JVFJlF’j Z)llﬂ?% sin(wy,) (i)"’ + Ry 0(2).

0<k<:
k odd

This completes the proof of the lemma. O

We specify our findings into explicit first order asymptotics valid for sufficiently
large z near the positive real axis. We have with the notation from the above proof:
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COROLLARY 3.2.20. Let z € C be such that 3(z) < R(z). Then
1
3

- (2) e () e ()
5~ () eosten Ssm(@) 00 ()

and if n > 1 and N(z) > n?, then
2 \2 n2 2] 2
< | — — cosh(S(z < > .
(1) o (i

1
2\ 32
+
Ji(z) — <7rz> cos(wp)

ProoOF. Following the previous argument, only the last inequality requires ex-
planation. We choose ¢ = n = v + %, and apply the above expansion with the
observation that

Njw

N[

F'v+1+k) 12k
SV -
Tw+1—k) ( +2)
for k < v. It follows that
2\ 2 2\
+ — [ — < | = 2k x —k
J(2) <7rz> cos(wp )| < <7r|z]> ;n cosh(S(2))(2lz|) ™"+ R

where in the last line we estimated the remainder similarly to the terms in the
expansion. |

One proves explicit asymptotics with one extra term in a similar way:

COROLLARY 3.2.21. Let z € C be such that R(z) > % and (z) < R(z). Then
1
2\2 1 2\?2
4+ o i - “ .
Jy (2) <7TZ> cos(wp) + . <7TZ> sin(wy)

< s () 0 (i)

D=

<

[ V)
N
3
t\z“\’
~

(V)

@
=

&
&

5 - (2) ¥ cosn) + 2

1 3
15 2 \? ElRY:
<2 (= 3 e
< (1) o6 (i)
and if n > 1 and R(z) > n?, then

e - (2) ¥ cos(un) + b 1 (2) * inen)
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Finally, we need zero order upper bounds for the asymptotic expansion:

COROLLARY 3.2.22. For r > 0, we have that

(a)
(b)

Proovr. This follows for » > 1 from Corollary 3.2.20, while for » < 1 it follows
from the trivial bound |J,| < 1. O

Remark. Using more refined oscillatory techniques related to Sturm’s comparison
principle, the sharper bound
1
2\ 2
el < (2)
m

is established in [62]. However, the bounds given by Corollary 3.2.22 suffice for our
purpose, and its proof is more in light with the elementary nature of the present
chapter.

3.3. Useful estimates involving the Gamma function
A version [78] of Stirling’s formula for the Gamma function states that, for z > 0,
(3.3.1) I(z) =V 2771‘“5_%6_%“(””),

where the function p satisfies the double inequality

(3.3.2) < p(z) <

12z + 1 12z
The starting point for all the convex estimates we need is the following well-known
result:

LEMMA 3.3.3. For x > 0, the function x — log(I'(x)) is convez.

PROOF. Let z,y >0and 0 < A < 1. Set p = % and ¢ = ﬁ It suffices to show

(3.3.4) r(% + %) < (@) T(y)s,

for then the result follows by taking logarithms on both sides. To verify (3.3.4),
consider the auxiliary functions

ft) = 5 ¢ % and g(t) := £ e a,
which satisfy
F@g(t) =575 et 0P =17 Ne ™, and g(1)? = 1,
The result is thus a consequence of Holder’s inequality. O

COROLLARY 3.3.5. Let x > §. Then:

/ T(z+3
$—;§<I,(m)2>§\/§-
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I(z+1)

ProOOF. Use the identity x = () together with log convexity of T'.

COROLLARY 3.3.6. Letx >y >0 and w > 0. Then:
I'(z) < 'z +w)
I'ly) ~ Ty +w)
Proor. For fixed w > 0, we claim that the function
I'(x)
T(x + w)
is decreasing in x. This happens if the inequality
I(x) < Mz +w)
I(z) — Tz 4 w)

X —

71

holds for every « > 0, which in turn is a consequence of the log convexity of I' proved

in Lemma 3.3.3.
The following lemma estimates binomial coefficients.

LEMMA 3.3.7. Let x > 1 and let 0 < d < x be an integer. Then:

< 2°Te " = .
Tz—dl(z+d) ~2ya = ¢

ProoF. By Stirling’s formula (3.3.1), we have that

(3.3.8)

2z—1 1022
P@x) _ 22)™72 en-2u@) _ 2227 ueo)-2u()
[(z)?2  2mz2e-1 2/

Since z > 1, we also have that p(2z) < i, and therefore

eH(2m)=2u(z) < on(22) < oa7

It follows that

By induction, observe that

)

T@)T(e+1) re—j % 2 2w
F(x—d)F(:ﬁ+d+1)_H <]l |

g

whenever d is an integer satisfying 0 < d < x. This is a consequence of the elemen-

tary inequality

1- y 672y’
L+y
which is valid in particular for y € [0, 1]. Using x+d < ez we obtain that
d d
I'(x)T 2
()I'(z) gH gl—[e_%a _ ot
Iz —d)I'(z +d) i i

again for integers d € [0, ). Finally,

I'(2z) _T(22) T@T(x) _ e
Tz —dl(z+d) T[@)?20(z—dl(z+d) = 27
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Remark. The inequality
I'(z)(x) <o &
MNe—-d)I'(z+d) —
is still valid for non-integer values of d € [0, z), and therefore Lemma 3.3.7 holds in
this case as well.

Y

We will also need estimates for the magnitude of the coeflicients a;(m) defined in
(3.2.19) when j is close to m. More precisely, in §3.5 we will need good upper bounds
for the quantities |ay,+4(m)|. For small values of m, we compute them explicitly. For
large values of m, we estimate these quantities via the following lemma.

LEMMA 3.3.9. For any natural number m > 1, we have that

105 /2
(@t a(m) \f (2m — 1)" 52"
T

| < —
16
PROOF. The goal is to bound the absolute value of
rem-+ 3
asa(m) = —— o L)

[(=D)T(m + 5)2m+4’

Making repeated use of the identity I'(z + 1) = xI'(z), together with the convexity
estimate from Corollary 3.3.5 and Stirling’s formula (3.3.1), we have that

r2m-—1
’am+4(m)’ < 251—\(_'27()F(m);2n+4
< 2(2m —1)-F LM

The bounds (3.3.2) for the function p imply that u(2m) < u(m), and so

e(2m)=p(m) < 1

It follows that

1
2(2m — 1)_5 2m—1 m_-m
The value ['(—1) = 1(156? can be computed via the second formula in (3.2.7), and
this completes the proof. O

3.4. Expanding Jy and J;

In the next four sections, we will be working under the standing assumption that
n > ng := 20. We start by asymptotically expanding the Bessel functions of order
0 and 1 and their relevant products. Due to need of accuracy, we must consider
asymptotic expansions of length six and keep track of all the terms. The following
notation will be convenient. Let us say that

a~ (ap) + (a1) + (a2) + (a3) + (a4) + (a5) with remainders rg, 1,72, 73,74, 75, T'6,
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provided

k
’a — Zai_l‘ < rg, for every 0 < k < 6.
i=1
We also call rg the last remainder. Suppose additionally that

b~ (bg) + (b1) + (b2) + (b3) + (bs) + (b5) with remainders s, s1, S2, 3, S4, S5, S¢-

Then we have the following product formula:

5 k
ab ~ Z(Z aibk,i)

k=0 i=0
with remainders
k
T0Sk + Zn|bk_i|, for every 0 < k < 6.
i=1
Recall the coefficients ag(n) through as(n) for n = 0,

L .1 9 75 3675 59535 2401245 57972915
T8 1287 10247 327687 2621447 4194304  33554432°
and for n =1,
3 15 105 4725 72765 2837835 66391825
T8 1287 10247 327687 2621447 4194304 33554432

To make the forthcoming notation less cumbersome, let us define, in view of
Lemma 3.2.16,

wr

1
)= ()" Talr).
To avoid writing many fractions, we further define ¢ := (16r)~!. We also set

¢ := cos(r — %) and s := sin(r — %)

From Lemma 3.2.16 and Corollary 3.2.22, we have that
Jo(r) ~ (¢) + (2ts) + (—18t%c) + (—300£%s) + (7350t*c) + (238140t°s)

with remainders discussed there as

%, 2t, 18¢2, 300¢3, 7350t*, 238140t°, 9604980¢5.

In a similar way,
J1(r) ~ (s) + (6tc) + (30t%s) + (—420t3¢) + (—9450t*s) + (291060t5¢)

with remainders

11
< o 30t2, 420¢%, 9450t*, 291060t°, 11351340t

Applying the product formula, we obtain successively
F2(r) ~ () + (4tcs) + (36132 + 4t%5%) + (—672t3¢s)+
+ (15024¢*c? — 1200t*s?) + (516480¢°¢cs)

with remainders
g L? @tQ 1419 5 68571 4 1092495155 43435485756
64> 47 4 7 2 4 ’ 2 ’ 2 ’
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I3(r) ~ Jooo(r) :=(c3) + (6tcs) + (—54tc® + 12t%¢cs?) + (—1116t3c%s + 8t35%)
+ (23022t*¢® — 3816t*cs?) + (8369641°¢?s — 3600t°5°)

with remainders

729 ﬂt 2353152 20003t3 956787t4 15017799155 588969477t6
5127 327 32 7 16 7 32 ’ 16 ’ 16 '

In particular,

4
(3.42) 33r) — Jooor)] < ZE0TT 16y,

On the other hand, we have
F2(r) ~ (%) + (12tcs) + (36t%c? + 60t%s2) 4 (—480t3cs)+
+ (—5040t*¢® — 18000t1s?) + (443520t°¢cs)

with remainders

121 ﬂt 429 , 2715t3 113535t4 1659735755 62391105156
64’ 47 4 7 2 7 4 ’ 2 ’ 2 ’

(3330)(r) ~ J110(r) :=(c5?) + (12tc?s + 2t5°) + (36t°¢® + 66t%cs?)
+ (—624t3c%5 — 180t35%) 4 (—5688t1¢3 — 16290t*cs?)
+ (519480t°¢*s + 184140t°s%)

with remainders

1089 577 5433t2 38331753 1638411754 23971455t5 897834285t6
5127 327 32 7 16 32 ' 16 ’ 16 '

In particular,

897834285
16

Inequalities (3.4.2) and (3.4.4) are at the core of the following result, the proof of
which does not require m to be even, nor m < n.

(3.4.4) (3130)(r) — J110(r)| < (167)7C.

Estimate A. For n > ng =20 and m > 0, we have

_1
2

(3.4.5) ( /0 Tt I Im (33 —3000)r—1dr‘ < 0.74ng * (n+m) ",

o) _1
(3.4.6) ( / Tt InFm (3230 — 3110)r*1dr’ < 1.12ny % (n +m)~S.
0
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PROOF OF ESTIMATE A. Using the Cauchy—Schwarz inequality and Lemmata
3.2.11 and 3.2.13 to compute the integrals, we have that

[Tt G ([ ([ o)
3 _ Q) 1
() vt o)

1764 \3 6
% (ggga) (0 +m) ™"

IN

where

11 29
F(ﬁ— 7> 12 _ F( 2 )2012 <1.21.

ap := sup
zny D0+ ) L%

)
Thus, for n > ng, the left-hand side of inequality (3.4.5) is bounded by

588969477 1 64 \3 -1
§(coas ) (ntm)™® < ang ?(n+m)~",

- 167 693n
where )
588969477 1764 \3
= < 0.74.
167 <693> -

In a similar way, for n > ng, the left-hand side of inequality (3.4.6) is bounded by

897834285 1( 64
- 167 693n

i _1
) ? (n+ m)_6 < fBngy *(n+ m)_6,
where )
897834285 1/ 64 \3
— 76@( )2 <112
167 693

3.5. Expanding J,,

m
2

Start by noting that cosw,, = (—1)%c and sinwy, = (—1)2 s since m is an even

integer. We have that
Im(1) = pm(r) =

! T+l
(3.5.1) (—1)%(c2(—1)k(16t) asy(m —52 k(168 agp 1 (m ))
k=0

where the error term p,, is implicitly defined by th1s identity. From Lemma 3.2.16
we know that

(352 ()| < 2]

for every » > 0. The main integrals, which are the subject of the next section, arise
from replacing J,,Jooo by

(3.5.3) Jm000 = (Im — Pm)Jo00,
and JmJ110 by
(3.5.4) JImi110 = (Im — pm)J110-

Estimating the error term in this replacement is the main goal of the present section.
We formulate it as
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Estimate B. Let n > ng = 20 and m be even.

If m =0, then
(3.5.5) ‘ / 2(J0J000 — Joooo)T dr‘ <0.022n5'n"*,
(3.5.6) ‘ / ‘joduo — JQHO dT‘ <0. 023TL TL 4,
If m =2, then
o
(3.5.7) / Jn_:,_gjn(:jgﬁooo — 32000)7“_1(17’ S 0.162n51n_6,
0
[ee]
(3.5.8) / Jnt2dn (323110 — J2110)7 Hdr| < 0.166n;'n"°,
0
If m =4, then

[e.e]
/ Intan(JaJoo0 — Jaooo)r ' dr| < 2.823ng'n "%,
0

o
/ Jntan(Jad110 — Jarr0)rHdr| < 2.885n5n 8,
0

If 6 <m < n, then

00
(359) ‘ / Jn+mt]n(3m3000 - SmOOO)T_IdT‘ < 0015”61”—47
0

o0
(3.5.10) ’ / T (FmS110 — Emuo)r_ldr’ < 0.015n5 4,
0

PROOF OF ESTIMATE B. We consider the case m = 0 first. The left-hand side
of (3.5.5) is bounded by

oo
(3.5.11)  |aa(0)| / JA(r)(1+ 6t + 66t> + 1124t 4 26838t + 840564¢°)r°dr,
0
whereas the left-hand side of (3.5.6) is bounded by
o0
(3.5.12)  |as(0)| / JR(r)(1+ 14t + 102> + 804t + 21978t* + 703620t°)r~>dr.
0

For ¢ € {5,6,...,10}, Lemma 3.2.13 implies that

o0 _ 27r(0) T'(n — 52)
/O Jg(T’)T édr = F(E—‘rl()z 1—\( é)

This can be estimated as follows:
o0
/ Jg(r)r_edr < céo)n_e,
0

where .

S0 _ 27Ty T(20- 51,

COT(2r0+ 5
In particular, for £ € {5,6,...,10}, one can easily check that

0.14 < ¢ <0.19.
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It follows that the upper bounds for each of the last five summands on the right-
hand side of inequalities (3.5.11) and (3.5.12) can be estimated by a small fraction
of the upper bound for the first summand. Quantifying this, one obtains (3.5.5) and
(3.5.6), respectively.

We consider the case m = 2 next. Again for ¢ € {5,6,...,10}, the integral to
consider is the following:

/ \Jn(r)Jn+2(r)|r*2*edr.
0

In view of the absolute value in the integrand, this cannot be computed directly
with Lemma 3.2.13. Instead, we use the Cauchy—-Schwarz inequality to estimate

/OOIJ A e (/Ooﬂdr)é(/mﬂ . )%
) nJn+ > 0 no,. 0 n+2r2€+3

B (i) 1 (2(2€+3)I‘(2€ +3)I'(n—{+ 1))%
-~ \2n F(¢+22 Tm+l+4)/) "

where the last identity is a consequence of Lemmata 3.2.11 and 3.2.13. Reasoning
as before, we derive the estimate

o
/ \JanJrg]r_Q_(dr < 622)71_24,
0

where

S caal (RN ETESI ARG
@ T\ or(+2?2 TR0+ (+4) ‘

In particular, for every ¢ € {5,6,...,10}, one checks that

0.11 < ¢{? < 0.15.

As before, it follows that the last five summands on the right-hand sides of estimates

o
‘/ Tnt2dn (323000 — J2000)r Hdr| <
0

2 2 2 2 2 2
= 176 n’ 16 n8 162 n9 163 nlo 164 nll 165 nl2

and

o0
‘/ Jnt2dn (323110 — Jo110)r Hdr| <
0

< as(2)| (Cg% L g? 10207 804d” | 21978¢” 7036200%)>
- n” 16 n8 162 n® = 163 nl0 164 nll 16> nl2
can be bounded by a small fraction of the first summand. Quantifying this yields
(3.5.7) and (3.5.8).

The cases m = 4,6,8,10 can be treated in a completely analogous way to what
was done for m = 2. We omit the details, but remark that for m = 6,8,10 this
method produces estimates which are stronger than (3.5.9) and (3.5.10). However,
the latter will be enough for our purposes.
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Finally, we deal with the case of even m > 12. Again for ¢ € {5,6,...,10}, the
integral to consider is bounded by

/ | Jp Ty |7~ dr <
0

<

(i) 3 (2—(2m+2f—1>r(2m +20-1) T(n—£+1) >§
2n L(m +¢)? T(n+2m+4)

Identifying a binomial coefficient, we notice the trivial bound

2= Cm+2=D(2m 4 20 — 1)
I'(m+¢)2

1
< —.
-2
It follows that
1
2

/OOJ Tngm|r~™dr < —l(—F(”_Hl) )5
0 nJYn+m > ) .

" IF(n+2m+4

To handle the coefficients |a,,1+4(m)|, we recall Lemma 3.3.9. For even m > 12,

define
. L5 902¢—1 1
5\ = 2220 L+ 1+ k)

a decreasing function of m for fixed £. We finally arrive at

(o)
‘/ JrtmJIn(ImIooo —3m000)7‘71d7“ <
0

_ 105 (cgm> 6c™ 66 ™ 1124¢™ | 26828 i | 840564 cggﬂ)
— 16 \ nd 16 nS 162 n’ 163 n8 164 n? 16> nlo

and

(o)
‘/ Jntmdn(FmI110 — Jmir0)r~Hdr| <
0

_ 105 (cgm> 14c™ 102d™  goae™ 21978 (™ | 703620 c%‘))

=16 \n5 16 n® 162 n7 ' 163 nd 164 nd 16> nlo

If m > 12, then both of these expressions are bounded by 0.015n, =4, as claimed.
O

3.6. The core integrals

The main integrals that are left to analyze,

Mozudmﬂﬁﬁi/ () T () 3000 ()~ Ll
0

mzmmmmzf () Tt ()3 10(r)r b,
0
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decompose into the core integrals (3.1.9) by means of expanding Jmooo and Jm1i10
using the following elementary trigonometric facts:

8¢t = — cos(4r) + 4sin(2r) + 3,
8¢c®s = — sin(4r) — 2 cos(2r),
8c%s? = cos(4r) + 1,

8cs® = sin(4r) — 2 cos(2r),

85! = — cos(4r) — 4sin(2r) + 3.

These identities can be readily checked recalling the definitions ¢ = cos(r — %) and

s = sin(r — ), and noting again that coswy, = (—1)% ¢ and sinw,, = (-1)% s.

A simple parity check verifies that the resulting core integrals with cos(2r) and
sin(2r) satisfy the parity assumption of Lemma 3.2.10 relative to the powers of r, and
so these terms yield zero contribution. It therefore suffices to consider the constant
terms and the terms involving cos(4r) and sin(4r). The strategy will be to split the
main integrals

Lo = Mécos) + Mésin);
1 = ,ugcos) + Mgsm),

according to cosine and sine contributions. More precisely, recall definitions (3.5.3)
and (3.5.4) for Jmo00 and Jmi10, respectively. The first factor in each of them,
namely J,, — pm, is given by identity (3.5.1). The right-hand side of this identity
consists of two sums which come affected by a coefficient of ¢ and s. These are at the
source of what we denote by cosine and sine contributions, respectively. Working
out the algebra, one is led to define

(3.6.1)
(cos) (_1)% FaN k > 2 4
pa =g (=1)%agk(m) | Jn(r)Jnsm(r) - | (a0 + a2t” + aat”)+
k=0 0

+(Bo+ Bot® + 54t4) cos(4r) + (nt + 3t + ’y5t5) sin(4r)] r—2k—1qy
for the sequence of coefficients given by

(3, —150,65250), if % = 0,
3.6.2 g, 0) =
(36.2) (a0, a2, ) {(1,174, 33354), ifx = 1;
(—1,—6,66, 1124, —26838, —840564), if * — 0,

3'6'3 ) b ) ) b = .
(86:3)  (Bo, 1, B2, 93, 1, 5) {(1,—10,30,444,—10602, _335340), ifx =1,

and
(3.6.4)
m B+l
sin —1)=2 R o
plm _( 8) (—=1)*agks1(m) / T (1) Tnsm (1) - [(a1t+a3t3+a5t5)+
0

k=0
+ (But + B3t + Bst®) cos(4r) + (yo + 2t + yut?) sin(4r)] r2k =24y
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for the sequence of coefficients given by

6,-1092,826164),  if =0,
(365) (011,013,015) = ( ) .
(18,—1164,1071900), if x =1;
(—1,6,66, —1124, —26838, 840564), if * = 0,

3.6.6 1,2, B, v, Bs) = .
(36.6) (0, 51,72, 85,7, Bs) {(1,10,30,—444,—10602,335340), ifa—1.

For x € {0,1}, the goal is to obtain a set of estimates of the form

(3.6.7) 168 (m, ) = M (m,n)| < B (mn) + B (m,n);
(3.6.8) ™ (m,n) = M (m,n)| < BEP (m,n) + ESF (m,n),

where M and E; denote the main and error terms coming from the analysis of the
constant terms, and Fo denotes the error term coming from the analysis of the terms
of frequency 4r. We shall denote F1 and E5 by error terms of the first and second
kind, respectively.

3.6.1. Constant terms. Everything originating from the constant terms can
be explicitly computed, one just needs to be careful about bookkeeping. As indicated
before, we organize the terms into cosine and sine contributions.

3.6.1.1. Cosine contributions. We split the analysis in four cases: m =0, m = 2,
m = 4 and m > 6. In each of these four cases we will identify, as announced, a main
term M and an error term FEj.

Let us start by handling the case m = 0. In this case, the contribution coming
from the non-oscillatory term g + ast? + a4t* in (3.6.1) can by computed exactly
with the help of Lemmata 3.2.11 and 3.2.13, the result being a main term

(cos) 1 1 1 ( Q9 ) 1
M:77(0,n) == —ap— + = 0)—5 — a2(0 ,
(0.n) == gaog, + g (@076 —ax0)e0 ) =707
and an error term of the first kind
(cos) L 1 ( Q4 a2 ) 3F(TL — 2) 1 ( oy ) 5F(n — 3)
E == — — — )2+ - — | .
1o (0m):= glaoO) 757 — 20076 ) 3erc o3y T3\~ 2O361) 3arm 4y
Recalling (3.6.2), the main term can be computed as follows:
3 51 :
o — samer—ae e, i =0,
(3.6.9) M)(Ecos) (0’ n) _ {lflin 2048(n7319)n(n+1) o
Ton T 20Bm-Dnmrr) 4 *=1

To estimate the error term, we first compute it as

1019250 (n—2)  1468125I'(n—3) Fx=0

E(COS)(O n) = 4194304T (n+3) 1073741824FEn+4§’ =Y
Lx U7 =9 547200 (n—2) 7504651 (n—3 x— 1
11943041 (n+3) © 10737418240 (nt4)> H * = L

Using the triangle inequality together with the easily verified bounds
1 I'(n—2) _1.02 1 T(n-3) 104
— < < d =< <

n® ~ T'(n+3) ~ nd o n” ~T(n+4) — n™’

valid for n > 20, one arrives at

-1, -4 . o
(3.6.10) |E£C:S)(O,n)| < 0.026n,, 1n , ifx=0,
’ 0.015n; tn—*, if % = 1.
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We move on to the case m = 2. Orthogonality kicks in the form of Lemma 3.2.13
to ensure that we only have one main term, which the same lemma computes as

1
8n(n+1)(n+2)

a2
162

ML (2, ) = 1( — ao(2)

5 + a2(2)a0)

In other words,

195 e
(3.6.11) Micos)(27 n) = {409%(”;1)(n+2), %f * =0,
o6 sy 4 x =1

The error term of the first kind is now given by

B (2,n) = é( - ao@)% + GQ(Q)% - a4(2)ao> m
1 ay az\ 15I'(n—2) 1 ag\ TT'(n —3)
T3 (“2(2)W - a4(2)T62) 1280 (n + 5) §< - a4(2)@> 64T (n + 6)

Proceeding as in the case m = 0, we see that this term obeys the following estimate:

0.039ny'n=4, if x =0,

3.6.12 B2 n)| <
( ) B (2] < 0.012n5'n=%, if x = 1.

In the case m = 4, we expand to one higher order. The reason for this will
become apparent at the end of §3.8. We thus have exactly one main term

M (4,n) =

1 QY (%)

5 (3007 — aa(4) 7% + aa()an) !

32n(n+1)(n+2)(n+3)(n+4)’

and an error term of the first kind

€0 (g 1) e L (g (a) 24 o SC(n—1)
Er () =g ( ()77 + ) 1 “6(4)%) 64T (n + 6)
1 . az\ T(n-2) 1 ag\ 15I'(n — 3)
T3 <a4(4) 161~ 26(4) 162) 128T(n+7) ' 8 ( as(4) 164) 2560 (n + 8)

As before, we compute the main term

(cos) 10485761 +?)2(2 4%2)( e Ex=0,
(3.6.13) M) (4,n) = e .
1048576n(n+1)(n+2)(n+3)(n+4)’ ’

and verify the following bounds for the error term:

0.42n,'n=0, if x =0,
0.11ng'n=6, if x = 1.

%k

(3.6.14) 1B (4, n)| < {
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If m > 6, orthogonality ensures that there is no main term. The error term of
the first kind is given by

B (m, ) =
%(am—4(m)% - Gm—2(m)% + am(m)ao> 2m+11“(1;1(?-)m +1)
+%< = aa(m) g + () {5 — amga(m)ao ) 27(71@34;(27117;;1;)
+% <am(m)fé—6%L — am+2(m)%22> (mztjg;w(ln—:ﬁffg_) .

1 ag\ (m+4)(m+5)(m+6)I'(n—3)
+§< - am“(m)ﬁ) 3- 27T (ntm+4)

and this can be crudely bounded in the following way. If m > 6, then
(3.6.15) B (mm)| < [B{ (6,m)]

for the given range of admissible m and n. It is easy to see that inequality (3.6.15)
holds if m is large enough, essentially because each of the summands that constitute
the left-hand side of that inequality is of order at most n~ (™11, For the remaining
cases, one checks it directly. The upshot is a bound of the form

6.3d4ny n™4, if x =0,

(cos)
3.6.16 E (m, n)| <
(36.16) B ”)|—{0.09ng3n—4, if =1,

valid for every even m > 6.

3.6.1.2. Sine contributions. We proceed similarly, again splitting the analysis
into four cases.

If m = 0, then the contribution coming from a1t 4+ a3t® + a5t amounts to a
main term

(sin) 1 a 1
M0 = =g O 1 = T 1)

and an error term of the first kind

g oy L az v 3L —2)

El,* (0, ’I’L) = 3 (al(O) 163 a3(0) 16> 16I‘(n + 3)
1 as a3\ 5l(n—3) 1 a5\ 350(n —4)
T3 (al(o) 165~ 30 163) 3C(n+4) 8 (GB(O) 165) 2560 (n +5)

Recalling (3.6.5), we compute the main term as

3 e
(3.6.17) M£Sin)(0’n) _ {2048(,1_91)“(7@, %f * =0,
WRE= ) i * =1

Arguing as in the last subsection, the error term can be seen to obey the following
bounds:

0.0016ny'n=4, if x = 0,

3.6.18 B (0,n)] <
( ) B (0m)] < 0.0030ng'n=%, if x = 1.
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If m = 2, there is a main term

(3.6.19)
45 .
(sin) 1 a1 1 _ ) 1096n(n+ 1) (nt2)° if ¥ =0,
M7 (2,n) == < (a1(2) = { 135 .
8( 16)8n(n—|—1)(n—|—2) e Lx=1

and an error term of the first kind

(sin) 1 a3 a1 F(n_l)
_E 9 = — 2)— ) v
1x (2,n) 8( a ( )163 +as )16)8F(n+4)
1 as o a1\ 150(n — 2)
(a2 —a3(2)—= —a5(2)— ) o —=
+ 8( a1(2) 5 — a3(2) g3 — as( )16>128F(n+5)

+1<a3(2)a5 ()a3)7f(n—3) 1(_@5()a5>105f(n—4)

8 10 )it o) 8 165/ 10241 (n + 7)

which satisfies

; -1, -4 . _
(3.6.20) |E§s>1kn)(2’ n)| < 0.0062n,, 1n , if =0,
' 0.0031n, n~4, i s =1.

If m = 4, we again expand to one higher order. There is a main term

M (4,n) =~ (an(4)

(e%:3 (051 1
163 “3(4)T6) 32n(n+ 1)(n + 2)(n + 3)(n + 4)

and an error term of the first kind

' 1 ! o ar\ 3I'(n—1)
B (4 ) = 7( HY ) 4 as ;)7
1e ()= @) 55 — asld) gz +asld)gg 64T (n + 6)
1 as as a1\ T(n—2)
~( = az(4)— 42 — ar(4 7)7
* 8( as() 755 + a5 g5 — v W15 ) gm0
1 as az\ 15I'(n—3) 1 as \ 4950 (n — 4)
(@@ —ar (@) ) ot 2 (—ar() s )
* 8(“5( )15 ~ " W16s) werin 1 8) s\~ W i65) S102r(n 1 9)
The main term satisfies
) 76167 ifx=0
(3.6.21) Mism)(zl’n) — {1048576n(n+;)1(17§46r92)(n+3)(n+4)’ . J
048576 (nF ) (1 ) () a1 * = 1,

and the error term can be bounded as follows:

0.086n, 'n =8, if x =0,

3.6.22 B (4, )| <
( ) B ()l < 0.063n5'n=6, if x = 1.

83
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Finally, if m > 6, there is no main term, and the error term of the first kind is
given by

— B (m,n) =

é( ~ dm—s(m )165 + dm—s(m )f633 ~ am-1(m ﬁé) 2m+1F(1;z(i)m 1)
%( 165 ~ am-1(m )1633 + dmea (m )?(15) zgﬁ?;ai(?;;l;)
5 (= ()25 s (1) 2 — () 32 SRR DL 2
g (amea )5 amsaton) ) R O
() Dl =

Again the monotonicity formula
B3 (m.n)| < B3 (6,m)

holds for every even m > 6, and this implies a bound of the form

3 _4 .
(sin) 1.49ny"n™"%, if x =0,
3.6.23 E )| <
(36:23) [EL(m )] < {4.08n53n—4, T

which is valid in that range of m.

3.6.2. Frequency 4r terms. To handle the terms of frequency 4r, we make
repeated use of the following result:

PROPOSITION 3.6.24. Let n,m € N be such that n > ng = 20 and m even with
0<m<n. Leta€{1,3,5} and 8 € {2,4,6}. Then each of the following quantities
is less than n~10.357:

w[3
+
—

(4)

(]

I

/000 Jn(r)Jner(r)T_%agk(m) cos(4r)r—*dr

IR~
&

(i) /OOO Jn(r)Jner(r)r*Zkagk(m) sin(47“)7'*’8 dr|,

SRR
Il
o

(iii)

I

o0
/ T (1) T (1) 2 Yagy, 1 (m) cos(4r)r =P dr|
0

SIE
+
—

(iv) /Ooo Jn (1) T ()72 Lagp 1 (m) sin(4r)r=*dr| .

ol
[en]

PRrROOF. All estimates can be proved in a very similar way. We focus on the
tightest case, that of (i) with a = 1, and briefly comment on the other cases at the
end of the proof. Using the definition of the coefficients a;(n) and Lemma 3.2.15,
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together with the convexity estimate from Corollary 3.3.6, we obtain

Pl o
Z |G2k(m)|‘/ T (1) g (7)1 2F cos(4r)r—t dr| <
k=0 0

< glil L(m+2k+ 1) 22k L'(2n +m — 2k)
T & T(m =2k + §)2%T(2k +1) 424 (n + DT (n 4+ m + 1)
Fli 1
(3.6.25) < T(m + 2ht 3) L'(2n +m) -
= I(m =2k + 5)l(4k +1) F(n+1)I'(n+m—+1)

The second fraction in this expression resembles a binomial coefficient and does not
depend on k. It can be estimated in the following way: Using Lemma 3.3.7 with
r=mn+ % and d = 7, we see that

I'(2n 4+ m) B 1 I'(2n+m)
Fn+1Dl(n+m+1)  n(n+m)Cn)D(n+m)
1 e31 m. 1 (m/2)?
Yz92ntm, T nt
*n(n+m)2ﬁ(n+2) e 2
1

e24 1

2n+m
_g2ntm

(36.26) : 2y/m n(n+m)2

To estimate the sum of the first fractions in (3.6.25), we proceed as follows. For
k=3 + 1, we simply have that

T(m+ 2k + 3) _ T@2m+3)
T(m—2k+HTk+1)  T(=3)L@m+5) ~
1 I(2m+3) 3 1

TT(-3)TEm+5) 47 (2m+4)(2m+3)’

On the other hand, as long as' 0 < k < %, we can use Corollary 3.3.6 followed by

Lemma 3.3.7 with z = % + k + 1 and d = [3k — 7| to conclude that:

wl3
wf3

I(m+2k+1)
T(m — 2k + 1)[(4k + 1)

T'(m+2k+ 3)
I(m—2k+ 1)I(4k + 1)

k=0

I'(m+ 2k +2) 1
Cim—2k+1)T(4k+1)m+2k+1

e
Il
o

L 2 (3k—)2

1
2 2’”22: SRLRELI R =y

IThis does not work for k = % + 1 because the assumptions of Corollary 3.3.6 are not met and
the conclusion fails.
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1
(B +k+1)2

For 0 < k < . it is easy to check that the quantity T

2
Moreover, for k = 0, we have that

is decreasing in k.

1
(% + 1)5 1
=< (m+1) 2.
m+1 = ( )
Using this, we are left to estimate the Gaussian sum
5 (3k— )2
Y=Y 4Fe TR
k=0
We start with the trivial estimate
% (3k_m)2
T, < gke~ T
k=0
Changing variables of summation 3¢ = 3k — 7, we see that
m (302
Yo <23 Y dle”miT,

Lell
where L is the new summation set, given by

m m m 1
Lo (-0 T Ml
6 6+ 3 C3

We estimate this sum by the product of the largest term and the number of terms
#L = 5 + 1. To detect the largest term, define the function

(32)2
Om(z) = 4% mFT .

The unique solution g € [, %] to the stationary condition ¢y, (xo) = 0is given by
log 2
Trog — g (m + 1),
for which we have
me(l'()) - Am+17

where
log 2 log 2

A:=475 e 5) < 1.06.
Since o, (¢) < wm(xo) for every ¢ € L, we thus have that

Y, < (% 4 1)2%Am+1.

It follows that

41
2t L(m+2k+ 1)

(3.6.27) kz_o T(m — 2k + %)F(élk: +1) ~

1
47 (2m + 4)(2m + 3)

1
23 .
< %(m n 1)*%2’"(% + 1)2@47"“ +

103 2e2i
< _
=100 /7

(m + 1)—%2’”(% + 1)2%Am+1,
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where the last inequality holds since the second summand on the second line amounts
to at most 75 of the first summand. Finally, estimates (3.6.26) and (3.6.27) together

100
imply that
5+l o
Z |a2k(m)|‘/ T (1) T ()7 2F cos(4r)r ™t dr‘ <
k=0 0
T+l 1
- ( Z L(m+ 2k + 3) ) ( ['(2n +m) )472n7m
T\ & T(m =2k + 5)0(4k + 1)/ \[(n+ 1)I'(n +m + 1)

6i 22n+m >472n7m
2ym n(n + m)%

103 2e2i
< (77
= \100 /7

< nl2% Amg—2n,

(m+1)"22m (% n 1)2%,47”*1) (

Since m < n, we finally get the desired estimate:

1
S n—12%An2—2n — n—1<21A

n 1
) < n~10.35".

This completes the estimate of sum (i) with a = 1. For the other cases, letting
ke {0,1,....,% 4+ 1} and 1 < j < 7, one just checks that the bounds given by
Lemma 3.2.15, namely
%0 - 22k+i=1 (2 — 2k — j)!
/ Jn (1) e ()23 T e (2n + m J)
0

<
= 42ntm nl(n + m)!

i

are decreasing in j as long as the conditions of the statement are met. O

Remark. We will need the following observation for the purpose of our applications.
For n > 20, we have that 0.352 < n~3, and so the bound given by Proposition 3.6.24
can be further estimated as follows:

n=10.35" = n10.3520.35% < 0.352 n* < 0.60n"4,
provided n > ng = 20. Alternatively, still for n > 20, we have that 0.35™" < n=o if
7 > 0.72. Using this bound instead, we see that

n10.35" = n10.3570.3511-7)" < 0.35(1-7)n0, =6 < () 75706

All in all, we have the following upper bound for the quantities considered in Propo-
sition 3.6.24:
(min{O.G”O, 0.75"0n*2}> n=4,

This distinction will play a role to ensure good bounds for the m = 4 terms which
were expanded to one higher order in the last subsection.

We are finally ready to estimate the contribution coming from the oscillatory
terms (8o + Pat? + Bat?) cos(4r) and (Y1t + 3t + 5t°) sin(4r) in expression (3.6.1),
and similarly in (3.6.4). Appealing to Proposition 3.6.24 and the remark following
it, we see that we can take the following for errors of the second kind:

1 Ivil B2l | vl [Bal | |vsl _
E(coS) — 7( P2 L P4 7)9710 t.
2 (man) =gl + G5+t gt g T e )0

(sin) _ 1 1B1] | el | 18], 14l | 1Bs] -
EZ,* (m,n) '_§(|70’+T6+ﬁ+ﬁ+1764+1765)9n0n ,



88 3. BESSEL INTEGRALS

where (0,t) = (0.75,6) if m = 4 and (0,t) = (0.6,4) if m # 4. Plugging the values
of 8,7~ from (3.6.3) and (3.6.6), we obtain the estimates

- 0.39-0.75"n6 ifx=0
3.6.28 EC) (4, n)|, | ESY (4,n)| < ’ ’
( ) | 2,% ( TL)| | 2% ( TL)| ~10.30- 0.75710,”_67 if % = 1,
and, if m # 4,

- 0.39-0.6"n%, ifx=0
3.6.29 EC) (m,n)], |ES (m,n)| < ’ :
(36.29) 1B (m )]s [ B (ms LS 4 30 06mon—4. i e = 1.

3.7. Putting it all together

In the last section we analyzed the core integrals, which were decomposed into
main terms and error terms. We derived several estimates which are recalled below
in each case. These are used together with Estimates A and B to yield appropriate
bounds, which are then evaluated at ng = 20:

(i) If m = 0, then we use the knowledge about the main terms coming from
(3.6.9) and (3.6.17), the estimates for the error terms of the first kind
contained in (3.6.10) and (3.6.18), and the bounds for the error terms of
the second kind from (3.6.29), to conclude that

31 3 1 ‘

> J2~4 —1d 2~ i
/0 (Jno) () dr = J6 e+ o8 = n(n 1)

_5
< ((0.022 4 0.026 + 0.0016)n5" + 0.74ng * +0.78 - 0.6™ )n~* < 0.0030n ™,
and that

5 11 3 1
27272 “qp - —= 2 <
/0 (Jo3130) (r)r—dr 16n 128 (n—1)n(n+1)| —

_35
< ((0.023 +0.015 4 0.0030)n5* + 1.12n, 2 + 0.60 - 0.6”0)n*4 < 0.0028n %

(ii) If m = 2, then we use the knowledge about the main terms coming from
(3.6.11) and (3.6.19), the estimates for the error terms of the first kind
contained in (3.6.12) and (3.6.20), and the bounds for the error terms of
the second kind from (3.6.29), to conclude that

1B 1 ‘
256 n(n+1)(n+2)| —

< ((0.039 +0.0062)ng" + 0.74ng * + 0.162n5% + 0.78 - 0‘6"0)”74
< 0.0028n 74,

and that

/ (Jns2In323230) (r)r L dr
0

/ (Jna2JnJ2J0) (r)rtdr —
0

9 1
256 n(n+ 1)(n+2)|
_5
< ((0.012 +0.0031)ny " + 1.12ny 2 +0.166n,> + 0.60 - 0.6”0)71_4

< 0.0015n%.
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(iii) If m = 4, then we use the knowledge about the main terms coming from
(3.6.13) and (3.6.21), the estimates for the error terms of the first kind
contained in (3.6.14) and (3.6.22), and the bounds for the error terms of
the second kind from (3.6.28), to conclude that

1557 1
4096 n(n+1)(n+2)(n + 3)(n+4)' =

_1
< (0.74n0 2 4+ (0.42 + 0.086)ny " + 2.823ny° +0.78 - 0.75"0)71*6
<0.197n7F,
and that

/ (T aJn3a3230) (r)r 1 dr
0

/ (JngadnJaT3) (r)r—tdr
0

855 1 ‘<
4096 n(n +1)(n+2)(n+3)(n+4)| —

_1
< (1.12n0 2 4+ (0.11 4 0.063)ng* + 2.885n,* + 0.60 - 0.75”0>n*4
< 0.264n .

(iv) If m > 6 is even, then there are no main terms, and we use the estimates
for the error terms of the first kind contained in (3.6.16) and (3.6.23), and
the bounds for the error terms of the second kind from (3.6.29), to conclude

<

/ (Jn+mJn3m3g)(T)r*1dr
0

_5
< (0.015n5" +0.74n ? + (634 + 1.49)ng* + 0.78 - 0.6™ )™t < 0.0022n ™,

<

/ (s dn I 3230) (r)r—dr
0

_5
< (0.015n5" + 1120 ? + (0.09 + 4.08)n5® + 0.60 - 0.6™ )~ < 0.0020n ™"

To get the constants promised by Theorem 3.1.8, one just multiplies the far right-
hand sides of each inequality by the normalizing factor % < % This concludes the

proof of Theorem 3.1.8 for n > 20.

3.8. Numerical estimates for n < 20

In this section, we numerically evaluate the integrals Iy and I; defined in (3.1.5)
and (3.1.6), respectively, for 2 < n < 19 and even 0 < m < n. We split the integrals
into

R %)
Ij:Ij,low+Ij,high:/() d7’+/R co.dr
We use a quadrature rule for the first integral and estimate the second integral by
analytic methods. We aim at an absolute error of at most 0.9 x 10~ for Iy and I;.

The high integral would be entirely negligible at our desired accuracy for the
threshold (say) R = 10'°, but this would put unnecessarily much computing time
on the low integrals. We choose R = 63000 and estimate the high integrals by a
more careful analysis of the asymptotic expansion. To bring down the computing
time for the low integrals, we use a high degree Newton—Coates quadrature rule.
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We first discuss the high integrals and begin with Iq pign. Since R is large com-
pared to (n + m)?, we take advantage of the asymptotic information in Corollary
3.2.20. Splitting each Bessel function into main term plus error, and applying the
distributive law, yields one main integral of the form

r

%) 9 3
Io main,high = / () cos(Wn+m,) cos(wy,) cos(w,) cos3(w0)rdr
R

plus 26 — 1 error terms.

If n is even, since m is even as well, an even number of the integers n,m,n +
m is congruent two modulo four, and we obtain, with the periodicity cos(w,) =
— cos(wn+2),

© /9 3 6
IO,main,high = IO,main,high,even = / <7TT’) COoS (WO)Tdr )
R

a term which is in fact independent of the particular even n and m. If n is odd,
then we obtain similarly

00 3
— 2 4
19, main,high = 10, main,high,odd := / — | cos®(w1) cos™(wo)rdr .
R mr
Likewise, if n is even, we have
00 3
I =1 = 2 2 Hwo)rd
1,main,high = 41 main,high,even +=— ; COs (wl)cos (WO)T r,
R
and, if n is odd,

2

3
[o@)
— 4 2
T4 main,high = 11,main,high,odd = / <W> cos”(w1) cos”(wo)rdr .
R

These integrals have closed-form expressions in terms of trigonometric and trigono-
metric integral functions. Mathematica calculates these expression and evaluates
them with prescribed accuracy, resulting in

‘IO,main,high,even — 1.2798 x 1076| < 10710,

| 10, main high odd — 0.2560 x 107°| < 10719,
|71 main high — 0.2560 x 107| < 10717,
where the distinction between even and odd n is not visible at the prescribed ac-

curacy in the case of Iy mainnigh- A sample Mathematica code used to evaluate
Iy main,high,even is the following:

N[Integrate[(2/Pi)?  Cos[r — Pi/4]®  r(=2) {r, 63000, Infinity}], 20] .

We now estimate the 26 — 1 error terms of I; nigh — Ii main high- Of these error
terms, six of them consist of an integral of a product of five main terms of Corollary
3.2.20 and one error term of Corollary 3.2.20. To estimate these six terms, we use
the finer information from Corollary 3.2.21 for the error term of Corollary 3.2.20.

The second main term of Corollary 3.2.21 leads to integrals of the type

e ?)Q —) /: <7r2>3 S (W 4m) €08(wn) €08 (@) cos® (wp)dr

and similar terms with a different cosine factor replaced by a sine factor and cor-
responding prefactor. The product of the six trigonometric functions is odd about




3.8. NUMERICAL ESTIMATES FOR n < 20 91

the point 7. Thus this product integrates to 0 over each period. On the period
[R + 27k, R + 2m(k + 1)) with any nonnegative integer k, we may thus replace the
weight =3 by the difference between r~3 and its mean over that interval. This
difference is bounded by 6r~*7 on that interval, hence we may estimate the sum of
terms arising from the second main term of Corollary 3.2.21 by

o /9 3
3m((37)% + (19)% 4 (18)2 + 3)/ <> ridr <21 x 1071
R ™
The sum of the six terms arising from the error terms of Corollary 3.2.21 can be
further estimated by
3
1 4 4 4 (2 4 _9
4((37) +(19)% 4+ (18)* + 3) r odr <1.64 x 1077 .
R ™
Next come fifteen terms of the original 26 — 1 error terms which have four main
terms and two error terms of Corollary 3.2.20. These benefit from an integration of
the negative fourth power of r, and can be estimated by
o0

372 x 197 +37% x 182 + 19% x 18" + 12 x 362]/

2 3
<> r~4dr < 3.32 x 1079 .
R v

The remaining 26 — 1 — 6 — 15 = 42 terms benefit from an integration of at least the
negative fifth power of r, and are estimated even more crudely as

42 x [37% x 19% x 187 / <2
R s

Adding all these error contributions yields

-9
’Ii,high - Ii,main,high‘ < 5.5 x 10 .

3
) r2dr <4.5x 10719 .

We next turn to the low integrals. We recall the Newton—Coates rule

6
/0 f(z) dz = F(f)
with
F(f) = 14071(41f(0) + 216f(1) + 27f(2) + 272f(3) + 27f(4) + 216f(5) + 41f(6)),

which is valid for all real polynomials f up to degree 7. For any eight times contin-
uously differentiable function f on [0, 6], we have that
6 4 8
(3.8.1) | / fayde - () < & sp KOO
0 e 8!

A well-known argument shows that polynomials of degree eight extremize this in-
equality. It is then a straightforward matter of checking that polynomials of degree
eight, whose eighth derivative is constant, realize the optimal constant % promised
by (3.8.1).

Now let Fy, ., be the suitably scaled and translated Newton-Coates formula which
integrates polynomials of degree 7 on the interval [a,a + 6w] exactly. Then, by
rescaling,

‘/a+6w f(z)de — Fy . (f) §w96—4 sup M .

eclaatbw] S
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Now assume that the length of the interval [a,b] is an integer multiple of 6w, say
6wN. Then partitioning this interval into N intervals of length 6w and applying the
Newton—Coates formula on each interval yields

b N-1 (8)
‘ / f(z)dz — Z FaJrkw,w(f)) < (b— a)w86—3 sup P '(5)‘ :
a k=0 ¢elap) 3!

We cut the interval [0, R] into [0,S] U [S, R] with S = 3600. On the interval

[0, 5], we estimate the eighth derivative of the functions
f(r) = Jn-&-m(T)Jn(T)Jm(r)Jg(T)T
and
Fr) = Tnam (1) I (r) Jon (1) JF (1) Jo ()
using the Cauchy integral formula for the circle of radius 1 about r together with
the trivial bound (3.2.3) to obtain the estimate
B (r)] < 8leS(S +1) .

Approximating the integral over [0, S] by the above summation rule with width
w = 0.003 gives the error bound
63
S(.003)8€eﬁ(5 +1)<1.49x1077 .
On the interval [S, R], we estimate the eighth derivative of f again by the Cauchy

integral formula with circles of radius one. We use the estimate from Corollary 3.2.20
for J;I to obtain, for R(z) > S — 1 and J(z) < 1,

) 1 2
| ¥ (2)] < (m> ’ (1+ %) cosh((z)) x 1.01
and similarly for J_. Estimating the product of the various terms analogous to
(1+ %) x 1.01 by 3, we then obtain

1F® ()] <3 x8!'x <7r<52_1)>3(cosh(1))6(R +1).

Approximating the integral over [S, R| by the above summation rule with width
w = 0.05 gives the error bound

3% (R — S)w86; <7T(S2_1))3(cosh(1))6(R +1)<142x107°.

Collecting error terms, we obtain

[Io — 1.2798 x 10~° — Fjg o) — Fjs,5| < 0.85 x 107°
if n is even, and

[Io — 0.256 x 10~° — Fl g) — Fis,pj| < 0.85 x 107°
if n is odd, and

111 — 0.256 x 107% — Fjg g] — Fig gj| < 0.85 x 107°

for any n, where Fjg 5] and Fjg ) are the quadrature formulae described above for
the corresponding integrals.

We evaluate Fjy g) and Fig ] using Mathematica. Products of Bessel functions at
the grid points are computed with 20-digit precision, and the corresponding rounding
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errors for Fy g + Fis g can be safely estimated by 0.05 x 1078, As an example, in
the case n = 14 and m = 4 for Iy, we use the following code to compute Fjg g1:

BJ[x] := N[BesselJ[18,x] * BesselJ[14, x| * BesselJ[4, x| * BesselJ[0,x]? * x, 20]
BJSA := 41 « BJ[0] +
82 + Sum[BJ[x], {x, 18/1000, 3599982/1000, 18,/1000}] +
216 * Sum([BJ[x], {x, 3/1000, 3599985 /1000, 18/1000}] +
27 + Sum[BJ[x], {x, 6/1000, 3599988 /1000, 18,/1000}] +
272 % Sum([BJ[x], {x, 9/1000, 3599991 /1000, 18/1000}] +
27 + Sum[BJ[x], {x, 12/1000, 3599994,/1000, 18,/1000}] +
216 * Sum([BJ[x], {x, 15/1000, 3599997/1000, 18/1000}] +
41 % BJ[3600]
(BJSA * .018) /840

For m = 0 and even n, Table 1 lists upper bounds for the quantities

(\ 31 3 1

A2 n 3272 (n— 1)n(n+1)
on top of each entry, and for
(’ 11 . 3 1

A2 n - 3272 (n—1)n(n+1)
at the bottom of each entry, with the appropriate quadrature formulae Fjg ) and
Fis g} described above. For m = 0 and odd n, it similarly lists upper bounds for
(‘ 31 3 1

A2 n 3272 (n—1)n(n+1)
on top, and for
(‘ 11 . 3 1

A2 n - 3272 (n—1)n(n+1)
at the bottom. Thus each entry on the first column (m = 0) of Table 1, divided
by 100, provides a constant ¢ for which the estimate of Theorem 3.1.8 holds for the
corresponding n with ¢ in place of 0.002 or 0.0015. The entries of Table 1 for m > 0
are analogous.

The poorer constants near n = 19 are artificial and due to the chosen numerical
accuracy 0.9 x 1078; note that, for this value of n, the quantity 0.9 x 10~8n* is
already close to 0.0014. The very good constants at m = 4 are due to the extra
term in the expansion that has been elaborated in that case.

~ 12798 x 1070 Fo g — Flg gy | +0.9 10~ ) 100n*

—0.256 x 1070 = Flo 5] — Fig gy | + 0.9 x 10~ ) 1000

—0.256 x 10°° — Fg g = Fig | +0.9 x 107*) 100n"

—0.256 x 10°° — Fg 5 = Flg sy +0.9 x 107*) 100n"
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n\mi|0 |2 |4 |6 |8 |10 |12 |14 |16 |18
2 .85 | .14
.64 | .03
3 441 .16
211 .05
4 33 1.16 | .03
16 (.04 | .01
) 26 | .15 | .02
121.04 ] .01
6 221.15].02 .11
10| .04 | .01 | .06
7 191 .14 1 .02 | .09
.091].04].011.05
8 A7) .131.02 (.08 | .02
.081].04].011.05].02
9 A5 .13 (.02 ] .07 | .02
.071.04|.01].05|.02
10 141 .13 .02 | .07 | .02 | .02
07].04].02].04 .02 .02
11 A3 .13 .02 (.07 | .03 | .02
.07].04].02|.04 .02 .02
12 A131.13 .03 .07 (.03 .03 .03
.071.05.03].05].03|.03].03
13 A13].13 .04 .07|.04 .03 .03
081.05|.03].05].04|.03].03
14 A3 1.13].05|.071.05|.04|.04 .04
.08 .06 |.04|.06|.05|.04|.04]|.04
15 141 .14 .06 | .08 | .06 | .06 | .06 | .06
.091.07|.06 |.07|.06 .06 |.06 | .06
16 A5 .15 .07 (.09 | .07 | .07 |.07|.07|.07
101].09|.07|.08 | .07 |.07|.07|.07|.07
17 16 .171.09| .11 .09 .09 |.09 | .09 | .09
A121.101.09|.10].09|.09 (.09 .09 .09
18 A81.19) .11 .13 | .11 .11} .11 .11 | .11 | .11
A4 .13 .11 .12 .11 .11 ) .11 .11 | .11 | .11
19 200.20).14| .15 .14 .14 .14 .14 | .14 | .14
A6 .15 .14 .14 | .14 .14 .14 | .14 | .14 | .14

TABLE 1




CHAPTER 4

A sharp trilinear inequality related to Fourier
restriction on the circle

4.1. Introduction

Let (S', o) denote the unit circle in the plane equipped with its arc length mea-
sure. We are interested in the sharp version of the endpoint Tomas—Stein adjoint
restriction inequality [92, 84] on the circle:

(4.1.1) HfUHLG(]RQ) < Copt HfHLZ(Sl)’

where the Fourier transform of the measure fo is given by
fo(x)= | flw)e ™“do,, (x€R?),
Sl

and C,p denotes the optimal constant,

Cop = sup  @(f); () = [ Follioge /4
0#feL?(St)

The existence of global extremizers of ® was recently established by Shao [83]. Our
first result establishes that the constant function 1 is a local extremizer of ®.

THEOREM 4.1.2. There exists § > 0 such that, whenever ||f — 1|21y < d, we
have ®(f) < ®(1).

It is known that the constant function 1 is a critical point of ®. Indeed, by
rotational symmetry, f = 1 satisfies the generalized Euler—Lagrange equation

F=A(fol*fo) |s:

that characterizes critical points, see [24, Proposition 2.1] for details. We give the
proof of Theorem 4.1.2 in §4.4.

Our second and main result concerns a trilinear form related to Fourier restric-
tion. To motivate this trilinear form, we start by using Plancherel’s identity and
writing

716 2 2
HfO'HLS(RQ) = (27m)%||fo * fo* fa||L2(R2)

= (2m)2(fo) * (fo) * (fo) x (f.0) * (f.0) * (f.0)(0)
(4.1.3) = (2m)? fw1) f(we) f(ws) fi(wa) fe(ws) fx(ws) X,

(st)s
where f,(w) = f(—w) and
d¥Xs; = 6(w1 + wo + w3 +wyg +ws + wG) doy, doy, Aoy, Aoy, Ao, doy,.

95
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Here 5() stands for the two dimensional Dirac measure. Note that the measure
d¥5 is supported on the four dimensional manifold T' C (S!)® determined by

(4.1.4) w1+ w4+ w3 +wyg + ws +wg =0.

We define the trilinear form:

(4.1.5) T(hl, ha, hg) = / . hl(Wl)hQ(WQ)hg(W:g)(‘Wzl + ws + w6]2 — 1) d>z.
(sh

The main result of this chapter is the following monotonicity estimate, obtained in

§4.5 via a spectral decomposition and a careful analysis of integrals involving Bessel

functions. By antipodally symmetric function we mean a function h on S' with
h(w) = h(—w).

THEOREM 4.1.6. Let h € LY(S') be a nonnegative and antipodally symmetric
function on the circle. Let c = % Js1 h(w) doy, be the mean value of h. Then

T(h,h,h) <T(c,c,c),
with equality if and only if h is constant.

This bound for the trilinear form 7" is the penultimate step in a six-step program
that we propose to obtain the sharp form of the Tomas—Stein adjoint restriction
inequality (4.1.1) and characterize its global extremizers. A similar program was
used in [36] to obtain the sharp endpoint L2 — L* Tomas-Stein adjoint restriction
inequality on the sphere S?, and subsequently in [22] to obtain the sharp non-
endpoint L? — L* estimate on the sphere S% for 3 < d < 6. In this chapter we
complete all the steps of this program in the case of S', except for Step 4 which
remains unresolved and that we pose as a conjecture.

We briefly describe each of these steps, which result in a proof of the conditional
Theorem 4.1.13 below.
4.1.0.1. Step 1. Reduction to nonnegative functions. Since

|fox fox fol <|flo*|flox|flo

holds pointwise, it follows that
(4.1.7) Hfa x fo * fUHLQ(RQ) < H]f‘a x| flo * \f‘UHLQ(RQ).

Here equality holds if and only if there is a measurable complex-valued function h
on the closed ball B(3) C R? of radius 3 centered at the origin such that

flwr) f(w2) fws) = h(w +ws +w3) | flwi) flw2) f(ws)]

for o3—a.e. (wi,ws,ws) € (S')3. This can be seen as in the proof of [22, Lemma §].
Compare also with [25, 36].

4.1.0.2. Step 2. Reduction to antipodally symmetric functions. Define the non-
negative, antipodally symmetric rearrangement f; of a function f € L2(S!) by

2+ *2
fyom L BE
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If f is in L%(S'), then so is its antipodal rearrangement, with [ fellzsty = I f 1Lzt
A simple application of the arithmetic/geometric mean inequality as in [36, Corol-
lary 3.3] shows that

(4.1.8) fw1) f(w2) f(ws) fu(wa) fu(ws) fx(we) dEg

(816

S/ fe(wr) fi(w2) fy(ws) fo(wa) fy(ws) fo(we) dE.
(shHe

Here equality holds if and only if f = f, = f; (c—a.e. in S!). This follows as in the
proof of [22, Lemma 9.
From inequalities (4.1.7) and (4.1.8) it follows that

Copt = sup Q)(f)
0#£FEL?(SY): £20, f=f«

We may hence assume that our candidate f € L?(S') to being an extremizer of
(4.1.1) is also a nonnegative, antipodally symmetric function.

4.1.0.3. Step 3. Geometric considerations. Suppose that we naively try to follow
the method used in [36] and apply the Cauchy—Schwarz inequality directly to the
last integral in (4.1.3) (or in (4.1.8)). We would obtain

I logeny < P [ | 15 PIF@l i@l a2

=ﬂ%fémeWWwWWWWWW*®M+w+mﬂ%&%ﬂ%y

If the 3-fold convolution product o *o*o were a constant function inside its support,
then the last integral would reduce to a constant multiple of || f ||gz (51)’ and we would
immediately obtain the estimate (4.1.1). Unfortunately, the quantity (o * o % o)(z)
diverges logarithmically as x approaches the unit circle; the singularity of o x o * o
will be described in §4.2. This singularity can be neutralized if in the integral (4.1.8)
we insert an appropriate weight which vanishes when the sum of three unit vectors
is again a unit vector. This is made possible thanks to the geometrical identity
illustrated in the next lemma.

LEMMA 4.1.9. If (w1, ws,ws,wq,ws,ws) € I', then

(4.1.10) D (lwi + wj + wi* = 1) =16,
()

where the sum above runs over all the (g) = 20 different choices of unordered distinct
indices i,j,k € {1,2,3,4,5,6}.

For the proof, one squares (4.1.4) and expands (4.1.10) to arrive at the desired
conclusion.
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Using this identity, we can write
7116
HfUHLG(R2) =

1
= @nP Y /(W Flw1) f(@2)f(3)f (@1) @) 6) (lo1 + w0 + nf? = 1) A
(3)

20

4 (SI)G
since by symmetry all 20 integrals in the first line of the last display have the same
numerical value.

4.1.0.4. Step 4. Reduction to a trilinear problem. At this point in the program

[36], a similar weight as (|ws-+ws+ws|*—1) has been introduced, albeit nonnegative.
The program there continues with an application of the Cauchy—Schwarz inequality.
Since our weight is partially negative, we cannot simply apply the Cauchy—Schwarz
inequality. Nevertheless, we pose this inequality as a conjecture:

= (2m) f(w1) fwa) f(w3) f (wa) f(ws) fwe) (Jws + ws + we|* — 1) dSg,

CONJECTURE 4. Let f € L2(S!) be nonnegative and antipodally symmetric.
Then:

(4.1.11) s f (1) f(w2) f(ws) f(wa) f (ws) fwe) (Jwa + ws + ws* = 1) d5g

< o Flw1)?f(w2)? f(w3)? (Jws + ws + we|® — 1) 8.
Numerical simulations suggest that this inequality holds. One reason to believe
so is that the negative portion of the weight is small, and via antipodal symmetry
the values of the functions on this negative portion have a strong correlation with the
values of the functions on the positive part. However, the antipodal symmetry does
not preserve the support of d¥g, which makes it difficult to exploit this correlation.

If on the right-hand side of (4.1.11) we replace wy + ws + wg by w1 + wa + w3
and integrate out wy, ws and wg, we obtain an additional weight given by the 3-fold
convolution product (o * o * 0)(|wi + w2 + w3|). As we have already observed, this
convolution has a logarithmic singularity at |w; + we + ws| = 1, which disappears
when multiplied by the weight |w; + w2 +ws|? — 1, in analogy to the program of [36].

4.1.0.5. Step 5. Spectral analysis of a cubic form. The right-hand side of (4.1.11)
invokes the trilinear form 7" of our main Theorem 4.1.6. Thus, using (4.1.11) and
Theorem 4.1.6 yields for nonnegative antipodally symmetric functions f:

(4.1.12) [|fo[$sze) < (2 > T(f2 £, )

5 171826,
A

151175 g
T(15171) ||f||L2 (St

< (2m)
L2(s1) L2(Sh)
This proves the first part of Theorem 4.1.13 below.
4.1.0.6. Step 6. Characterizing the complez-valued extremizers. If f € L2(S') is
a complex-valued extremizer of (4.1.12), by Theorem 4.1.6 we must have |f|; =71,
where v > 0 is a constant. By the discussion in Step 2 above we must have |f| = v 1.
By the discussion in Step 1 above there is a measurable function h : B(3) — C such

that

[

Fwr) fw2) flws) = 7> h(wr + wa + w3)
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for o3 —a.e. (w1, ws,ws) € (SH)3. We now invoke [22, Theorem 4] (which is originally
inspired in the work of Charalambides [23]) to conclude that there exist ¢ € C\ {0}
and v € C? such that

flw)=ce"?

for o—a.e. w € S'. Since |f| is constant, we must have ®(v) = 0 and |c| = . This
completes the proof of the following theorem.

THEOREM 4.1.13. Assume the validity of Conjecture 4. Then
1.
Copt = (2m) 2|5 | o (r2)-
Moreover, all complez-valued extremizers of (4.1.1) are given by
flw) = e,
where ¢ € C\ {0} and & € R

The endpoint problem for the sphere S? discussed in [36] is simpler than the
above in Steps 4 and 5. In Step 4, one faces the convolution of the surface measure
of the sphere with itself, which has a singularity at the origin, and one can choose a
nonnegative weight vanishing at the origin, so that the corresponding Step 4 follows
from a plain application of the Cauchy—Schwarz inequality. In Step 5, the analogue
spectral analysis is over a bilinear rather than trilinear form. One uses the Funk—
Hecke formula and properties of the Gegenbauer polynomials to show that a certain
bilinear term has a sign. This is considerably simpler than the proof of Theorem
4.1.6.

As evidence towards Conjecture 4 we prove the following local result in §4.6.
Define
(4.1.14)

v [ s - ffro)? (o + o +ef ~1)ds;

Observe that ¥(1) is identically zero and that Conjecture 4 is equivalent to the fact
that W(f) > 0 for f € L?(S') nonnegative and antipodally symmetric.

THEOREM 4.1.15. There exists § > 0 such that, whenever f is real-valued and
1f = Y21y < 8, we have ¥(f) = 0.

Note that this result holds for all real-valued functions, without assumption of
nonnegativity nor antipodal symmetry.

The study of sharp Fourier restriction inequalities for the sphere S¢ is quite
recent, with the aforementioned works [22, 25, 36, 83] and the additional [26].
The literature on sharp Fourier restriction inequalities related to the paraboloid
and cone is extensive and we highlight the works [4, 11, 20, 35, 48, 61, 74].
Other interesting works on sharp Strichartz-type estimates and on the existence of
extremizers for other Fourier restriction estimates include [5, 9, 16, 32, 33, 37,
47, 49, 66, 71, 77, 81, 82].

4.2. Convolutions of unit circle measures

We start by recalling a particular case of [22, Lemma 5].
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LEMMA 4.2.1. The convolution o*o is supported on the disk of radius 2 centered
at the origin, and for |x| < 2 we have:

ox0)(r) = —————.
(0 x0)(x) NPT
Lemma 4.2.1 can be combined together with an additional convolution to yield
4d
(o< (ox@)= [ LT
Sp |T—w|\/4 — |z — w|?

where S, = {w € S! : |z — w| < 2}. The last integrand can be written as a function
which depends only on the radius r := |z| and on the cosine u := é—| -w. We have

that

do, = (1 — u2)_%du
and, by applying this change of variables in the integration, we obtain the following
formula.

LEMMA 4.2.2. The convolution o % ¢ x o is supported on the disk of radius 3
centered at the origin, and for |z| < 3 we have:
4 (1! d
(423)  (0%0%0)() _/ &
"JA() 1= u2\/7(1;:) +1- u\/i(:”r%il*r) +14+u

where r = |z| and A(r) := —1 + max{0, %}

I

The integral (4.2.3) diverges for r = 1. Suppose ¢ := |r—1| > 0. The contribution
coming from integration over the intervals (A(r), A(r) +¢) and (1 — &2, 1) remains
bounded as € — 0, while the contribution coming from the integration over [A(r) +
g,1 — £2] grows like |loge|. We obtain, as |z| — 1,

(cxox0)(x)

c< <C

log)|az|—1”

for some absolute constants ¢, C' > 0.
When we multiply the singular convolution (o * o * o)(z) by |z|?> — 1 we obtain
a bounded function, but unfortunately it is no longer positive (see Figure 1).

30+

20

L | . .
-1 2 3 4
_10}1

-1 1 2 3 4

FIGURE 1. Plot of the functions r +— (o % o * o)(r) and
res (r2—1)(c*ox0o)(r).
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4.3. Bessel functions

The main technical part of this chapter uses the Bessel functions J,, and estimates
for integrals of sixfold products of Bessel functions that are proved in Chapter 3.
Here we introduce the basic definitions and present the estimates from Chapter 3 in
a convenient form for our purposes. We identify R? ~ C, and write a vector z € R?
as a point in the complex plane z = |z|e’ arg(z)  For every n € Z, define
en(z) == 2" = |z|em 8@,
Bessel functions can be defined via the Fourier transform of the circular harmonics.

DEFINITION 4.3.1. Let n € Z and x € R%2. Then the Bessel function of order n,
denoted J,, is defined by

(4.3.2) e (x) = 21(—i)"Jn(|2]) 2] "en(z).

Bessel functions come into play via the following calculation. We have
(4.3.3)

——— —

Assume that the six functions f;, 1 < j < 6, are spherical harmonics on S, that is
fi(w) = en;(w) = w". Restricted to circles about the origin, the integrand on the
right-hand side of (4.3.3) is a spherical harmonic of index n := nj; + nay + ng + nq4 +
ns + ng. So unless n = 0, the last display vanishes. If n = 0, then the integrand is
constant on circles about the origin, and integrating in polar coordinates yields for
the last display

= (277)7/(; Jnl (T)Jm (T)Jns (T)Jm (T)Jns (T)JNG (7’) rdr =: (271-)7[7117712,”37714,”57716’

For more general functions on S we write

(4.3.4) Fiw) =" Fi(n) en(w)

neZ
and obtain for (4.3.3):
(4.3.5) S
(2m)7 > fi(n1) fa(nz) f3(n3) fa(na) f5(ns5) f6(n6) Iny e s nans,ng-

ni+ng+ng+ng+ns+ne=0

Thus we will be interested in a good understanding of the quantities Iy, 1y ns.n4,n5,n6-
Note that the parity J, = J_, for even n and J, = —J_, for odd n allows us to re-
strict attention to these integrals for nonnegative indices. In particular, the following
sequences (defined for n € Z) will come into play:

(4.3.6) ap, 1= /000 J2(r) J§(r) rdr,

(4.3.7) G = / J2(r) J(r) J2(r) 7 dr,
0
as well as the linear combination

(4.3.8) 8, = /0 T 20 B2(r) (32(r) — J2(r)) rdr.
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Table 1 shows some of these values, accurate to 5 x 10~7. Computing the values
of o, and &, with Mathematica required some care which is described in the last
section of Chapter 3. The values of 5, were obtained by subtracting the values on

the first column from three times the values on the second column.

Qn

O

Bn

S0 uo ok W~ O3

0.3368280
0.0673656
0.0369428
0.0249883
0.0188523
0.0151231
0.0126216
0.0108283
0.0094804
0.0084305
0.0075896

0.0673656
0.0423752
0.0138533
0.0088143
0.0064847
0.0051433
0.0042662
0.0036466
0.0031850
0.0028276
0.0025426

-0.1347312
0.0597600
0.0046171
0.0014546
0.0006018
0.0003068
0.0001770
0.0001115
0.0000746
0.0000523
0.0000382

In Chapter 3, we gave precise estimates for these sequences summarized in the

following theorem.

TABLE 1

THEOREM 4.3.9 (cf. Theorem 3.1.8). For n > 7 we have

3 3 1
— < .
" o V3= On(n+ )| = 5000t

1 3 1
Ay — — < .
4mn 3272(n— D)n(n+1)| — 500n*

We deduce the following estimate for the sequence f3,. Define

(4.3.10)

COROLLARY 4.3.11. For n > 2 even and 1 = 0.03, we have

PRrROOF. For n < 10 this follows by direct checking with the values given in Table
1, the tightest case being n = 2. For n > 12 one takes a linear combination of the

Bn

s
0~ 8p2 -

€o
n3

estimates of the previous theorem to obtain

Co
E1——%-
n3

3 co < 1
" (n—1n(n+1)| = 1250t
The triangle inequality then yields
Co Co 1 1 1 Co Co
——= | < < ==+ -—=——]—=<0.025—.
Fn n3‘ ~ n3(n?2 —1) IR (143 * 1500(:0> n3 n3

This proves the corollary.
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Note that the linear combination in the corollary is such that the terms of order
n~1 in the asymptotics of «;, and &, cancel.

We will also need estimates for

(4.3.12) Vrm = / h In(r) Jm (r) T (r) J () 7 dr,
0
(4.3.13) Fnm = Ooo In (1) Jon (1) Jngm () JE (r) Jo(r) v dr,
and
(4.3.14) Onm = (1) T (1) Trpn (1) (3J12(7’) — Jg(r)) Jo(r) rdr.

0

The values on the first two columns of Table 2 were again computed with Mathe-
matica and have precision 5 x 1078,

Tn,m

TYn,m

5n7m

[
> 00 D kO3

N N NN VL VR L

0.00090754
0.00019186
0.00006958
0.00002195
0.00000498
0.00000160
0.00000064

0.00061039
0.00012012
0.00004264
0.00001272
0.00000281
0.00000089
0.00000035

0.00092363
0.00016850
0.00005834
0.00001621
0.00000345
0.00000107
0.00000041

TABLE 2

In Chapter 3, we proved the following result.

THEOREM 4.3.15 (cf. Theorem 3.1.8). For n > 6 even we have

(i)

15 1
— < .
T2 T Samn(n + 1)(n + 2) ‘ = 5000t
_ 9 _ 1
T2 T Garin(n + 1)(n + 2)| = 500nt
(i)
- 1557 3
T T 1024n%n(n + D(n+ 2)(n + 3)(n +4)| — 200073’
o 855 .3
A T 1024720 (n + 1) (n+ 2)(n + 3)(n + 4)| = 200004

For n and m even with n > m > 6 we have

(iii)

_3
2000n4"

Again we obtain a simple corollary for d,, ,,, where we recall the constant ¢y from
(4.3.10).

|’7n7m’ ) |§n,m’ <
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COROLLARY 4.3.16. (i) Forn > 2 even and e = 0.11 we have
Bl < (14 22) .
2n2(n+2)2
(ii) For n > 4 even and 3 = 1.3 we have
21¢g
8n(n+1)(n+2)(n+3)(n+4)

(iii) For n and m even with n > m > 6 and again v3 = 1.3 we have

Co
Opa — < yg——.
n,4 =g

o
|5n,m‘ < ’73@‘
PROOF. We begin with inequality (i). For n = 2,4,6 this is verified directly
with Table 2. Again the tightest case is n = 2. For n > 8, from Theorem 4.3.15 we

have

dn2| <
[On] < 2n(n+1)(n+2

3
c 1 c 10 2 1
’ + 4S 3 s 3+<) 3
) 125n% T ops(n 4 2)3 8/ 1000n2(n +2)

3
2

which is less than the desired quantity. Inequalities (ii) and (iii) follow from Theorem
4.3.15 via the estimate

3 3
— <13 —.
500 — 6472
This completes the proof of the corollary. O

4.4. Constants are local extremizers of the extension inequality

In this section we follow the outline of [25, §16] to prove Theorem 4.1.2. Note
that

(i) ©(f) = ®(\f) for all A > 0;
(it) @(f) < @(|f]) < (| f]x)
(iif) /1 = 2y < M1 = ey < 1 = lpzgn-

We may therefore restrict attention to functions of the form
f=1+¢eg,

where 0 <& <4,9 L1, |g]l 2 =1, with g real-valued and antipodally symmetric.
A straightforward calculation gives the Taylor expansion

(4.4.1) ®(f)° =
= @(1)64—(2%8)2]\1H2_6(15(90*90*0*0*0*0)(O)—3(a*a*a*a*a*a)(0) H1H2_2 HgH%)—l—O(ES),

where O(£%) denotes a quantity whose absolute value is majorized by Ce3, uniformly
for g satisfying [|g[l 21y < 1. Note that we do not have a term in € since

(goxoxoxoxox0)(0)=0

due to the discussion after (4.3.3) and the fact that ¢ L 1, i.e. g(0) = 0. From
(4.4.1) it suffices to show that

5 sup (goxgoxoxoxox0)(0)<(ocxoxoxoxo*x0)(0) ||1|];2|]g|]§
llgll2=1
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Using (4.3.5) together with the fact that ¢ is real with mean zero and antipodally
symmetric, and therefore can only have even nonzero Fourier coefficients, this re-
duces to'

(4.4.2) 5 3 [gn)Pan< D> [G(n)Pag,
ne(22) ne(22)x
where we have used the fact that

HgHL? sy = =27 Z

ne(2Z)x

Estimate (4.4.2) will follow from 5, < ag for all n € (2Z)*. This in turn follows
from Theorem 4.3.9 and Table 1.2 In particular, for n > 10 we conclude from
Theorem 4.3.9 that

o < 3 n 3 n 1 < 1
"= 4r2n 0 32n2(n— Dn(n+1) 5000t ~ 50

This completes the proof of Theorem 4.1.2.

REMARK: By using Theorem 4.3.9, we appeal to Chapter 3. However, this particular
consequence (4.4.2) is a very simple case of the analysis in Chapter 3, and for self
containment we sketch a proof of the bound 5a,, < ag for all n € (2Z)*. One first
reduces the estimate to an estimate for integrals over bounded domains, that is to

100 100
(4.4.3) 7 / Jo(r) Jy(r)rdr < / Jo(r) rdr,
0 0

by establishing bounds for the tails, that is

00 00 100
25 J2(r) Jy(r) rdr, 200 JS(r)rdr < JS(r)rdr.
100 100 0
To see these tail bounds, one estimates the left-hand sides using the well-known
bounds
1
2\ 2
Jo(r) — <7rr> cos (r - %) <r2
and

[ Ja(r) <775,

for all n > 0. A sharper form of the latter inequality can be found in [62], while the
former is reviewed in Chapter 3. The right-hand sides are then evaluated numeri-
cally. Here, we assume to have a sufficiently accurate evaluation of Bessel functions
at hand such as, for example, provided by the Mathematica package. Moreover, Rie-
mann sums with step size 1000~! will give sufficient accuracy. To see the estimate
(4.4.3) for the integrals over bounded domains, in case n < 200 one simply evaluates
likewise numerically. To see the estimate for n > 200, one estimates the left-hand
side using |Jy| < 1 and the well-known estimate

n

r
n(r) < 2np!

IThroughout this chapter, we let (2Z)* := 27\ {0} and Z* := Z\ {0}. Similarly for (2N)*,
where N :={0,1,2,...}.
2Hovvever7 it can be shown using integration by parts that 5a; = ap.



106 4. A SHARP TRILINEAR INEQUALITY

for all n > 0 and r > 0, reviewed in Chapter 3. This completes the outline of the
proof that bay, < ag for n € (2Z)*. As a final remark, note that a more refined
analysis would allow to reduce the numerical component of the proof.

4.5. The sharp trilinear inequality

We shall prove Theorem 4.1.6 for h being a nonnegative and antipodally symmet-
ric trigonometric polynomial. The result for a general h € L*(S!) nonnegative and
antipodally symmetric follows by a standard approximation argument, for example
by convolving with the Féjer kernel, since the map h — T'(h, h, h) is continuous on
L1(S'). To pass the case of equality to the limit in the approximation argument, we
observe from the proof below that each nonzero even Fourier coefficient of h has a
strictly negative contribution.

Let h be a nonnegative and antipodally symmetric trigonometric polynomial.
Write
h=c+g,

with g L 1 and ¢ = 5 Js1 h(w) doy,. By the assumptions on h, we have that

h(=n) = h(n)

for every n € Z, and that iAL(n) # 0 only if n € 2Z. The analogous statements hold
for g, and moreover g(0) = 0. By linearity and symmetry, one can immediately
check that

T(h,h,h) =T(c,c,c) +3T(c,c,g) +3T(c,9,9) +T(g,9,9)-

The strategy to prove Theorem 4.1.6 will be to analyze each of these summands
separately. It turns out that the linear term is zero, the bilinear term is nonpositive,
and the trilinear term can be controlled in absolute value by the bilinear term. Once
we establish these facts, which are the subject of the remainder of this section, the
result follows.

4.5.1. Linear term. Let Ryw denote the rotation of w by the angle § counter-
clockwise around the origin. Denote Rgg(w) = g(Rpw). Then it is immediate from
the definition that T'(Rg f1, Rgfa2, Rof3s) = T(f1, fo, f3) for any functions fi, fa, f3 in
L2(S!). For the linear term of our expansion this means that

T(c,c,f) =T(c,c,Rof).
Hence f — T(c,c, f) is a rotation invariant linear functional on L%(S!), and there-
fore it is a multiple of the averaging operator. Since g has mean zero, we obtain
T(c,c,g) = 0.
4.5.2. Bilinear term. We expand
(4.5.1) ]w4 + ws +w6\2 —1= 2(1 + wyg - W5 + Wws - W + We ‘w4).

Thus the integral (4.1.5) defining T'(c, g, g) splits into a sum of four terms, the last
three of which are identical by symmetry considerations. We first consider

Fim [ eyl ds.
(sh)s
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It follows by calculations as the ones leading to (4.3.5) that
I= (go*ga*a*a*a*o)(())

E g €n0 émooooodr
R2

ne(2Z)* me(2Z)*

(15.2) — 22 Y [Gn)? / 65 56555 dr
ne(2Z)* R?
=@2r)° > () an,
ne(2Z)*

where the sequence {«,} was defined in (4.3.6).

We now focus on the second integral,
II:= / g(w2)g(ws)(wy - ws) dXg.
(st)s
Observe that, using the algebra of complex numbers, we can write

wy - ws = cos(arg(ws) — arg(ws)) = R(waws)

(e1(wa)e—1(ws) + e—1(wa)er (ws)).

l\.’)\t—l

1
5 (w4w5 + W4w5)

By symmetry we obtain
IT= / g(w2)g(ws) e1(wa)e—1(ws) dEgz.
(s1)°
By a similar calculation as for the first integral we obtain
1= (271')2/ 66 dx
R2

(4.5.3) Z Z /11@2 én0 eémoeioe_1000dr

n€(2Z)* me(2Z)*

—@2r)° Y g0 an,

ne(2Z)*

where the sequence {&,} was defined in (4.3.7). Finally we obtain

T(c,g,9) = 2c(I +31I) = —2¢(2m)> > [G(n)]* Bn,
ne(2Z)*

with {3,} as defined in (4.3.8). Since the numbers 3, are positive by Corollary
4.3.11, this establishes that the bilinear term T'(c, g, g) is nonpositive.

4.5.3. Trilinear term. Identity (4.5.1) allows us to again express T'(g, g, g) as
a sum of four integrals, the last three of which are identical by symmetry consider-
ations. We start by computing the first one similarly to the previous calculations:
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= / 9(wn)g(wn)g(ws) A5z = (2m)2 / §55555555 ds
(S1)6 R2

Y > > 9 k)/RQe/n\o'emf\Ue/];Baaadaj

n€(2Z) % me(2Z)* ke(2Z)*

Z Z n+m)’7n ms

ne(2Z)* me(22)*

with {75,m} as defined in (4.3.12). For the second integral we obtain similarly

1T = / 9(1)g(wn)g(ws) (wi - ws) S
(Sl)

Z Z n+m)7nm7

nG(QZ me(22)%
with {¥,,m} as defined in (4.3.13). Summarlzmg, we obtain
T(9,9,9) =2(I +3IT) = —2(2x)° > > 3 )g(1 +m) bpm,
ne(22)* me(2Z)*
with {6, } as defined in (4.3.14).
4.5.4. Bilinear controls trilinear. We want to show that the trilinear term

we just computed is controlled in absolute value by the bilinear term —37'(c, g, g).
Since h > 0, the constant c is given by®
[Pl _ o >
VL= 70) = [l

Observe that g(n) = h(n) for n # 0. Our task can thus be reformulated as the
following statement:

S hmh(m)h(n 4 m)dnm| < 3Rl Y [A(n)Ba.

n,m,n+me(27Z)* ne(22)*
Letting k = —m — n, we further simplify the problem by using the symmetries of
the planar lattice
(22)*)’ N {n+m+k = 0}.
We have two possibilities: (i) two numbers positive and one negative or (ii) two
numbers negative and one positive. Since

h(n) = h(—n)
for every n € Z, the two cases are actually the same, and so we work with case (i)

only. In this case, we consider the instances where k is negative. By the triangle
inequality, it suffices to show that

(4.5.4) ST h)hm)h(n A+ m)onm| < [Rlle D [h(n)[*By.

n,me(2N)x ne(2N)*

3Recall that we are using the normalization (4.3.4) for the Fourier series.
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Recall that ¢y = 8% and define

2100 1
8 n(n+1)(n+2)(n+3)(n+4)

ha =

and

5n,4 = 5n,4 — Nn4-
For n € {6,8,...} and m € {6,...,n}, define

5n,m = 5n,m-

We break the left-hand side of (4.5.4) into 6 sums. The first two are the terms for
which min{n, m} = 2, sorted into those for which n < m and those for which n > m.
The next two are the terms for which min{n, m} = 4, in which we have isolated the
main contribution 7, 4. The last two sums are the terms with min{n, m} > 4 with

the residual contribution 9y, ;.

(LHS) < | Y. h(m)h(@)h(n +2)802] + | S An)R(2)h(n + 2)6,2

ne2N: ne2N:

2<n 2<n
137 A)R@hn + i) + | Y Rm)AA)R(n + 4504
ne2N: ne2N:
4<n 4<n

+ Z h lAL ﬁn+m)5~n7m+ Z h ﬁ ﬁn—f—m)gmm

n,me2N: n,me2N:
4§m§n 4§m<n

=51+ S92+ S3+ 5S4+ S5 + Se.

4.5.4.1. Analysis of S1. We treat these terms in a special way so as to not have
to estimate h(2) by ||h||~ as in S5 and Sg. Using Corollary 4.3.16 and the Cauchy—
Schwarz inequality, we proceed as follows:

Slgyﬁ(2)\(1+eg)%0 3 |h(§)!|h(n+2)|

I
N|=

~ C An)|2 hn
<hEI0+=2 | S M 3 [ (n)

ne(2N)* ne2N:

Let |ﬁ( 2)| = z and ZnG(ZN ()2 _ = 5. We seek to maximize

Tp3

()

This maximum occurs when z2 = 45. We also note that

2

(4.5.5) S < %6(3),
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where ((s) = >.0°; & is the Riemann zeta-function. At the point of maximum we
then have that

2(s- " : 252]? < C(?’)csé<(o.55)c5%.
#(5-5)] -l

Hence
S < (1 + 82) Co (0.275) cS.
Using Corollary 4.3.11 we then arrive at
1 0.275 ~
(4.5.6) Sy < [(*52)()] ¢ > )] Ba.
(1 — 61) «
ne(2N)

4.5.4.2. Analysis of So. We follow the same outline as above, and now we obtain
a slight improvement due to the restricted summation indices. In fact,

~ h h 2
nE2N n3 (n+2)2
2<n

n3
ne2N
4<n
o~ n 2
Again we let |h(2)| = x and ZnG(QN)X ‘h(nng)‘ = 5. We now seek to maximize
2
x
z—=x|S——).
(5-5)
The maximum occurs when x = %. Using (4.5.5), at the point of maximum we

have that

x<5—9582>:\/z2:f_2r S < (0.422)c S.

Using Corollary 4.3.11, this leads to
1+4¢9)(0.211 ~
(4.5.7) Sy < [( 2)( )] c Y [h(n)* By

(1 B 81) ne(2N)*

4.5.4.3. Analysis of S3. First notice that

2100 \h Hh(n+4)| n%(n—i—ﬁl)%
PO 2 ST et w0 D D 90y
4<n

Note that the function
2 (x + 4)%
z(z+1)(z+2)(z+3)(z+4)
is decreasing on [4,00). Therefore
2lcy 42 (h(n)| [h(n +
8 5x6xT < 3 o(n+4)3

X —

S3 < [h(4)]
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Using the Cauchy—Schwarz inequality, we then obtain that

1

2

~ V2 [h(n)|? (h(n)|?
T 2 ?13)‘ 2 713)‘
ne2N: ne2N:
4<n 6<n

NI

Now let |E(4)\ =z and > ,econ: “L(TLLS)P =T. We want to maximize
4<n

5]

This maximum occurs when 22 = 327. Note also that
2
(4.5.8) Tg%@@—n.

At the point of maximum, we then have that

[ﬁ<T_ﬂ)F:4T§4<xw—a¢;

64 NG
Hence
3)—1
53 < COC(H)) cT < Co (0.045) CT,
and from Corollary 4.3.11 we arrive at
O 045)

(4.5.9) Sy < Z:W )2 Bn.

ne2N:

4<n

4.5.4.4. Analysis of Sy. We follow the same outline as in the analysis of S3 to get

-~ C An 2
S4§|h(4)\/500 Z ’hsﬁ)

ne2N:
6<n
Again we let ]ﬁ( 4)| = x and Zneg |h(n)| =T. We now seek to maximize
72
T 2
e o < : 4)
The maximum occurs when z = %. Using (4.5.8), at the point of maximum we
have that
2 _
(o @\ BT s 2 BT
64 3 3 V33 V8
Hence
2 \/((3)
Sic Y28 2VB) -1 LT < 0 (0.035) T
0720 V33 \/§
and from Corollary 4.3.11 we arrive at
0 035)
(4.5.10) Sy < z:m )2 Bn.
n€2N:

4<n
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4.5.4.5. Analysis of Ss5. From Corollaries 4.3.11 and 4.3.16, for every positive
even integers m and n satisfying 4 < m < n, we have that

= 3 3
Bl _ 0 mimd g

4.5.11
(45.11) Er B8 (1 —e1)co — 8(1—e1)n

Using (4.5.11), it follows that

T T Lo~ n,m
S5 < e S [hn)] 38 ()] 58, Lnm
n,me2N: Bnﬂm
4<m<n
N 1
) 247262<N: |h(m)| B
( |h||L°o Z [h(n)| B3 B

ne2N:
4<n

~ 1
Z me2N: ‘h(mﬂ /8731
4<m<

1
< !hHLoo [h(n)| B2 T
16( nGZQI:\I ! %_ 1
4<n

This last term can be estimated using the Cauchy—Schwarz inequality yielding

(4.5.12)
2\ 3

N

S mea: [R(m)| B2

IS Bllt oo - 4<m<n
B e G DORZQIEY I DY ]

ne2N: ne2N:
4<n 4<n

We now recall a sharp version of Hardy’s inequality for sequences.

LEMMA 4.5.13. (Hardy’s inequality, cf. [45, p. 239]) Given any sequence {a,}
of nonnegative real numbers, we have

Z<a1+a2; n) <4Za

n=1

~ 1
Using Hardy’s inequality in (4.5.12), with aj_1 = |h(2j)|622j, for 2 < j < 3,

yields

(4.5.14) syl 3 s
ne2N:
4<n

4.5.4.6. Analysis of Sg. For Sg we have (at least) the same bound (4.5.14) as for
S5. This is sufficient for our purposes.
4.5.4.7. Conclusion. Putting together the estimates (4.5.6), (4.5.7), (4.5.9), (4.5.10)

and (4.5.14) (twice), and recalling ¢ = ||iAL||Loo, we conclude that

€2)(0. L
0.08—1—(1?—1_2)5(?)486)—1— 4} e S i

S1+ S5+ 834+ 84+ S5+ 5 < |,3n

ne2N:
2<n
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The values of £y = 0.03, 2 = 0.11 and =3 = 1.3 provided by Corollaries 4.3.11 and
4.3.16 guarantee that
0.08 + (1 + £2)(0.486) + 2
(1—¢1)
This establishes (4.5.4) and concludes the proof of Theorem 4.1.6.

<0974 < 1.

4.6. A local estimate of Cauchy—Schwarz type

It is sufficient to show that there exists a universal ¢g > 0 such that for all
g € L3SY), with g L 1 and 9l 21y =1, we have W(1 4+ eg) > 0 for 0 <& <e&o. In
order to simplify notation, let us write g; := g(w;). Note that

U(l+eg) = g2 /( 1)6(91 +go+93—94 — g5 — g6)2 (]w4 + ws —l—w@\Q — 1) dXz + 0(63),
S

where the constant implicit in the big O notation is uniform for g satisfying [|g|| 2 (s1)

1. Let us investigate the second order term

(4.6.1)

S = /(51)6(91 + 924935 — 91— 95— 96)> (Jwa + w5 + we|* — 1) dS;

IN

26/ g% (!w4+w5+w6\2—1) d25+12/ g192 (|w4—|—w5 +w6]2—1) dXz
(st)e (s1)e
—18/ 9194 (Jws + ws +we|* — 1) dE
(st)6
= 12/ g%dEg—lQ/ glgngUg—i—?)G/ g2 (wy - ws) dXg
(8¢ (s1)e (sH)6

+ 36/ g192 (W4 . W5) dE@ — 72/ g194 ((,U4 . w5) dZQ
(st)s (st)s
=:12A - 12B 4+ 36C + 36D — 72F.

By (4.5.2) we have (note that we are not assuming here that g is even)
(4.6.2) (2m)° Z lg(n " o,
neLx
and similarly to (4.5.2) we obtain
(4.6.3) A= (g°cx0*xox0x0x0)(0)=(2n)° agg (27)° Z 15(n)|% ap.
nez*

By (4.5.3) it follows that

(4.6.4) —(27)° Z lg(n " o,
nez*

and similarly to (4.5.3) we obtain

(4.6.5)

C:(27r)‘2/ Podese 1955 dr = —(2m)%G02(0) = —(21)° 3 [G(n)[ do.
]RQ
nezx
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Finally, expanding the identity
/ 9194 |wa + ws|? Az = / 9194 |w1 + w2 + w3 + wg|* A3,
(S1)6 (s1)6

and using the symmetries to simplify, we arrive at

B 3D
4.6.6 E=-—-=".

Combining (4.6.1)—(4.6.6) we obtain
S=12(A+2B+3C+12D) =12(21)° > [§(n)| cn,

nezZx
where
en = o+ 2(=1)"a, — 3ap — 12(—1)" .
We must verify that ¢, > n > 0 for all n € Z*, with 5 universal. Since ¢, = c_p,
we can restrict our attention to n > 0. The cases n = 1,2,...,6 can be verified by
direct computation using the values on Table 1. For n > 7, we use Theorem 4.3.9

to get
60, — | < Sy 2! b <0012
"M = Yr2n 0 3272(n— Dn(n+ 1) 500n4 '

and hence
cn > (o — 3dg) — 2|60, — o > 0.134 — 0.024 > 0.
This completes the proof of Theorem 4.1.15.

We note that Theorem 4.1.6 and Theorem 4.1.15 provide an alternative proof of
Theorem 4.1.2.



CHAPTER 5

On extremizers for Strichartz estimates for higher order
Schrodinger equations

5.1. Introduction

Recently there has been considerable interest in the study of extremizers, optimal
constants, and sharp instances of various Fourier extension inequalities. The purpose
of the present chapter is three-fold. Firstly, we establish a sharp Fourier extension
inequality on certain non-compact hypersurfaces in Euclidean space. Secondly, we
use concentration-compactness tools to study the qualitative behavior of extremiz-
ing sequences for this sharp inequality. Thirdly, we explore the link between Fourier
extension inequalities and Strichartz estimates for certain higher order Schrédinger
equations, and resolve some dichotomies concerning the existence of extremizers that
have appeared in the recent literature.

Throughout the chapter, we normalize the Fourier transform as follows:
fo) = [ ez,
R4

where (-,-) denotes the usual inner product in R?. Given a sufficiently nice function
¢ : R? = R, consider the hypersurface in R4 +!

(5.1.1) So = lyl* + ¢(y) : y € RY}
endowed with projection measure
(5.1.2) a(y,t) = 8(t = [yI> — d(y))dydt,

which in turn is defined by requiring that the identity

/ o(y,)do(y,1) = / 9(u 1yl? + B(y))dy
Rd+1 R

holds for every Schwartz function g. The Fourier extension operator for the hyper-
surface Yy is defined as

fE(ac,t) = f(y)e—i<~”v7y>e—it(ly\%rczﬁ(y))dy7 (z,t) € RHL.
R4

Estimates for this operator stem from the seminal works of Tomas [92], Stein [84]
and Strichartz [86]. In particular, under certain fairly general convexity assumptions
on ¢, the inequality

171 2+ sy St 1 hizce

holds in dimensions d > 1, see e.g. [50, 52, 54]. To pursue this point further, let
us specialize the discussion to the two-dimensional case d = 2. Using the fact that
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in this case the exponent 2 + % = 4 is an even integer together with Plancherel’s
Theorem, the inequality

[ follLamsy So [fll2me)
can be rewritten in bilinear convolution form as

(5.1.3) Ifo* follLzms) So IfI1eme):

We emphasize that, since the surface ¥4 is not compact, inequality (5.1.3) does not
hold in general if the projection measure is replaced by the usual surface measure
on Yy. Inequality (5.1.3) will be established under some mild assumptions on ¢ in
Theorem 5.1.7 below. As we will see, it will follow from the fact that the convolu-
tion o * o defines a measure which is absolutely continuous with respect to Lebesgue
measure on R3, and whose Radon-Nikodym derivative is given by an essentially
bounded function.

In the first part of the chapter, we address the question of existence of extremizers
for the sharp version of inequality (5.1.3), and compute the optimal constant. More
precisely, consider the sharp inequality

(5.1.4) |fo * folliegas) < REIFIZ2e).
where the optimal constant is given by

1
Hfa * fa“EQ(RZS)

(5.1.5) Ry :=  sup
orrerz®?) IS llL2mey

DEFINITION 5.1.6. An extremizing sequence for inequality (5.1.4) is a se-
quence {fn} C L*(R?) satisfying [fnlliz@ey < 1, such that

|| fno * fnUHLQ(Rs) — 'Ré, as n — 0o.

An extremizer for inequality (5.1.4) is a nonzero function f € L2(R?) which sat-
isfies
o ol = RENF ez,

The unperturbed case ¢ = 0 was treated by Foschi [35], who proved that extrem-
izers for the corresponding extension inequality on the paraboloid g are given by
Gaussians, and computed Ry = ( g)% A key step in Foschi’s program was the ele-
mentary but crucial observation that the convolution of projection measure on the
two-dimensional paraboloid defines a constant function in the interior of its support,
see [35, Lemma 3.2], and Remark 5.2.6 below. Alternative approaches are available:
Hundertmark-Zharnitski [48] base their analysis on a novel representation of the
Strichartz integral, and Bennett et al. [4] identify a monotonicity property of such
integrals under a certain quadratic heat-flow. These proofs rely on the large sym-
metry group enjoyed by the paraboloid. Perturbed paraboloids ¥4 with ¢ # 0 no
longer enjoy this special feature, and understanding the associated Fourier extension
operator in sharp form is an important step towards the understanding of general
manifolds with positive Gaussian curvature. This motivates our first main result.

THEOREM 5.1.7. Let ¢ : R?> — R be a nonnegative, twice continuously differ-
entiable, strictly convex function, whose Hessian H(¢) satisfies one of the following
conditions:
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(i) H(8)(yo) = 0 for some yo € B2, or
(ii) There exists a sequence {y,} C R? with |y,| — oo, such that H($)(yn) — 0,
as n — o0.

Let o denote the projection measure on the surface ¥4. Then the inequality
(5.1.8) Ifo* follizms) < RENFI2 g2y
holds for every f € L%(R?), and is sharp with optimal constant given by
1
(5.1.9) Ry = (g) ’

The sequence {fn/||fnll 2} defined via

—n(¢(y) =¥ (yo)— (V¥ (yo),y—vo)) ; (i)
e . in case (i),
(5110) fn(y) = { e—fln(w(y)—Myn)—<V¢(yn)’y—yn>)7 Zn case (11)’
where ¢ := | - |> + ¢ and {a,} is an appropriately chosen sequence, is extremizing

for inequality (5.1.8). Moreover, extremizers for inequality (5.1.8) do not exist.

Let us briefly comment on the proof of Theorem 5.1.7. In order to compute the
optimal constant R4 and to show that extremizers do not exist, we employ methods
from [67, 75] that are based on Foschi’s ideas [35], with a novel ingredient which
we highlight below. The main steps are the following;:

e One shows that Ré < |lo * o||Le < 0.

e One exhibits an explicit sequence {f,,} € L?(R?) such that
2
0% fno
lim inf M > ||o * ol|pee.
n—oo an||L2
e From the previous two steps, one concludes R;ﬁ = ||o*o||p~.

e One proves that the set {(¢,7) € R?T! : (0 % 0)(€,7) = ||o * o||p~} has
Lebesgue measure zero.
A careful review of Foschi’s method then implies

Ifo * follyz < REIIFIT

for every nonzero f € L2(R?). In particular, extremizers do not exist.

The first and fourth steps above are based on a new comparison principle that trans-
lates into a pointwise inequality between convolution of projection measures on the
perturbed surface ¥, and the paraboloid X, respectively. It leads to the compu-
tation of the exact numerical value of the optimal constant R4. The comparison
principle holds in all dimensions d > 2, and we state it precisely as follows.

THEOREM 5.1.11. For d > 2, let ¢ : R? — R be a nonnegative, continuously

differentiable, strictly convex function. Let ¢ = |-|?> and ¢ = |-|*> + ¢. Let 09,0
denote the projection measures on the hypersurfaces ¥, X4, respectively. Then
(5.1.12) (0% 0)(&29(€/2) +7) < (00 % 00) (€, 20(£/2) + 7),

for every € € R% and T > 0. Moreover, this inequality is strict for almost every point
in the support of the measure o x o.
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Certain related but distinct comparison principles have already proved useful in un-
derstanding the effect of global smoothing. See [79] for an instance in which such
a principle was used to derive new estimates for dispersive (and non-dispersive)
equations from known ones, as well as an effective means to compare estimates for
different equations. The link with optimal constants and extremizers for a broad
class of smoothing estimates is established in [12].

In the second part of the present chapter, we adapt ideas from the concentration-
compactness principle of Lions [65] to examine the behavior of general extremizing
sequences for inequality (5.1.8). Generally speaking, the theory of concentration-
compactness has proved a very efficient tool to exhibit the precise mechanisms which
are responsible for the loss of compactness in a variety of settings. In our concrete
problem, extremizers fail to exist because extremizing sequences concentrate. Con-
centration can only occur at points where the convolution ¢ * ¢ attains its maximum
value, or at spatial infinity. To make these concepts precise, we introduce the rele-
vant definitions.

DEFINITION 5.1.13. A sequence {f,} C L?(R?) concentrates at a point 3, €
R? if, for every e, p > 0, there exists N € N such that, for everyn > N,

| fn )Py < ell full? 2 gay-
/{Iy—yo|2p} L*(®2)

A sequence {f,} C L*(R?) concentrates along a sequence {y,} C R? if, for
every €,p > 0, there exists N € N such that, for every n > N,

n 2d<€n2 .
Awﬂﬂa4”(”‘ v < el fala

A sequence {f,} C L?*(R?) concentrates at infinity if, for every e,p > 0, there
exists N € N such that, for everyn > N,

Awgﬂf@ﬂ y < el falage

The following result holds under the general hypotheses of Theorem 5.1.7.

THEOREM 5.1.14. Let ¢ : R? — R be a nonnegative, twice continuously differ-
entiable, strictly convex function, whose Hessian satisfies condition (i) or condition
(ii) from Theorem 5.1.7. Then any extremizing sequence for inequality (5.1.8) has
a further subsequence which either concentrates at some point yo € R? satisfying
H(¢)(yo) =0, or concentrates at infinity.

It has long been understood that Tomas—Stein extension type inequalities are related
to Strichartz estimates for linear partial differential equations of dispersive type. To
illustrate this connection in the present situation, consider the multiplier operator

Myg=o¢g

acting on Schwartz functions g, and the associated Schrédinger equation

iy + My — pAu =0, 1>0
(5.1.15) {w” pu—HBU =L, H=5

u(-,0) = f € L2(RY),



5.1. INTRODUCTION 119

whose solution can be written as

(5.1.16) u(x, wy) gl +eW) qy  (z,t) € R4

In the third part of the Chapter, we consider Strichartz inequalities for solutions of
equation (5.1.15) in the two-dimensional case d = 2. In particular, we investigate
the family of inequalities

(5.1.17) G+ (V)3 CUTD=1D) £y S 1 22y,

and mostly focus on the particular instance of a quartic perturbation, ¢ = | -
In this case, inequality (5.1.17) can be proved via the method of stationary phase
together with the main theorem of [55], see the remarks preceding [52, Proposition
2.4], and [3, 54, 73] for further details. In the spirit of what had been done in
the one-dimensional setting in [50], this instance of inequality (5.1.17) was refined
n [52], with the goal of establishing a linear profile decomposition for a family of
fourth order Schrodinger equations. As a consequence, the authors of [52] obtained
a dichotomy result for the existence of extremizers in the cases u € {0, 1}, which by
scaling extends to the general case ;x> 0, and can be summarized as follows: Either
extremizers exist, or extremizing sequences exhibit a certain classical Schrédinger
behavior. See [52, Theorems 4.1 and 4.2] for a precise formulation of these results.
Along the way, the authors of [52] obtained lower bounds for the norms of the
corresponding Fourier extension operators. The methods we use to study the sharp
bilinear convolution inequality (5.1.8) are robust enough to resolve this dichotomy,
and to determine which situation actually happens. In particular, we prove that
extremizers exist if 4 = 0, but fail to exist if g = 1. In the latter case, we also
compute the operator norm exactly.

To state our results precisely, let us start by considering the case of u = 0 and

.

¢ = |- |*. Then inequality (5.1.17) can be restated with the help of the Fourier
transform, here denoted by F, as

1
(5.1.18) IFCL- Py S [1F 1z re),

where the measure v is given by v(y, t) = (¢t — |y|*)dydt. By Plancherel’s Theorem,
inequality (5.1.18) can be rewritten in sharp form as

1 1
(5.1.19) 1AL B 71 B vllaesy < QISR gy
with optimal constant Q. The following result should be compared to [52, Theorem 4.1].
THEOREM 5.1.20. The optimal constant for inequality (5.1.19) satisfies the bounds

v
5.1.21 o 4_ T
( ) 4\/§<Q <4

Moreover, there exists an extremizer for inequality (5.1.19).

Still taking ¢ = | - |*, let us now consider the case of = 1. Then inequality (5.1.17)
can be restated as

1
(5.1.22) IFSA+T- 1) 70) Iusmsy S I F 1z,

where the measure o is given by o(y,t) = &(¢t — |y|* — |y|*)dydt. By Plancherel’s
Theorem, inequality (5.1.22) can be rewritten in sharp form as

(5.1.23) 1f Vwo « f/wollzgsy < S22 gs):
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with weight w = (1+]- \2)% and optimal constant S. The following result is a special
case of Theorem 5.6.9 below.

THEOREM 5.1.24. The value of the optimal constant for inequality (5.1.23) is
given by S* = 5. Moreover, extremizers for inequality (5.1.23) do not ewist, and
extremizing sequences concentrate at the origin.

In particular, Theorems 5.1.20 and 5.1.24 imply that Q* < S* = 5. The shape of
(the Fourier transform of) a general extremizing sequence for inequality (5.1.23) is
then given by [52, Theorem 4.2] and the remarks following it. Furthermore, as men-
tioned in [52], it is of interest to extend the analysis to more general perturbations of
the Schrodinger equation. Our methods allow to make progress in a number of pre-

viously untreated cases, and we comment on this in Remark 5.6.18 and §5.6.4 below.

Our results complement the recent, vast and very interesting body of work con-
cerning sharp Fourier extension and Strichartz estimates. In addition to the works
previously cited in this introduction, see [22, 25, 26, 36, 39| for results in sharp
Fourier extension theory on spheres, and [20, 32, 33, 44, 66, 77] for other instances.

Overview. The rest of this chapter is organized as follows. In §5.2, we briefly com-
ment on the model case of a pure power perturbation of the paraboloid, and derive a
useful integral formula for the convolution of projection measure on a generic convex
perturbation of the two-dimensional paraboloid. §5.3 is the technical heart of the
first part of the chapter, and is devoted to the aforementioned comparison principle.
In particular, we prove Theorem 5.1.11, and briefly remark on possible extensions of
this result to n-fold convolutions if n > 3. The proof of Theorem 5.1.7 is presented
in §5.4. We discuss the behavior of general extremizing sequences in §5.5. In partic-
ular, we establish a precise form of the geometric principle that distant caps interact
weakly, show some auxiliary results of concentration-compactness flavor, and prove
Theorem 5.1.14. Finally, we deal with sharp Strichartz inequalities in §5.6. We treat
the case of quartic perturbations in §5.6.1, establishing a generalization of Theorem
5.1.24. We study the convolution of projection measure associated to pure powers
in §5.6.2, and use this knowledge to tackle the case of the pure quartic in §5.6.3,
establishing Theorem 5.1.20, and of other pure powers in §5.6.4.

A word on forthcoming notation. The usual inner product between vectors
z,y € R? will continue to be denoted by (x,y). This is to clarify the distinction
from the d x d matrix obtained as the matrix product between the vector x and
the transpose of the vector y, denoted z - y”. The usual matrix product between a
d x d matrix A and a vector € R? will likewise be indicated by A -z. The d x d
identity matrix will be denoted by I, or simply by I if no confusion arises. The
open ball of radius r > 0 centered at z € R? will be denoted by B,(x). If = 0,
then we will simply write B, instead of B,(0). The corresponding closed balls will
be denoted by B, (x) and B, = B,(0), respectively. The alternative notation for the
Fourier transform F(f) = f will occasionally be used. Finally, 15 will stand for the
indicator function of a given subset E C R?, and the complement of E will at times
be denoted by EC.
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5.2. On scaling and convolutions

5.2.1. An explicit example. For d > 1, ¢ > 0 and p > 2, consider the family
of Fourier extension operators associated to certain polynomial perturbations of the
paraboloid equipped with projection measure, given by

(5.2.1) To(f)(z,t) = /Rd f(y)e_““fvy)e‘it(|y‘2+“|y|p)dy, (z,1) € R+,

1
The family {7, } enjoys the following scaling property. Given a,b > 0, let A\ = (Q)TQ.
Changing variables y ~ Ay in the integral (5.2.1), we see that

To(f)(z,t) = fA( Yo~ i) =N UWEHBIY) gy — NSTY(f1) (A, N2L),

where the rescaled function fy(y) = A3

that

f(Ay) satisfies || fall2 = || flly2. It follows

||Ta(f)”L2+%(Rd+l) = |’Tb(f>\)HL2+%(Rd+1)a
and therefore

||Ta(f)HL2+%(Rd+1) ||Tb(f)||L2+%(Rd+l)
sup = sup
0#f€L2(Rd) Hf||L2(Rd) 0#£fEL?(R4) HfHLQ(]Rd)

From this identity, we conclude that optimal constants are independent of a, and
that extremizers exist for some value of a > 0 if and only if they exist for every
value of a > 0. If extremizers exist for one value of a > 0, then the simple dilation
indicated above produces an extremizer for any other value of a > 0. Theorem 5.1.7
provides a refinement of this rudimentary analysis in the two-dimensional case. In
particular, it states that the optimal constant is also independent of p, and that
extremizers do not exist.

5.2.2. Convolution of singular measures. The goal of this section is to ex-
hibit an explicit formula for the convolution of projection measure on perturbed
paraboloids. For the sake of concreteness, we limit our discussion to the two dimen-
sional case d = 2. See [1, Lemma 3.1] for a formula in the same spirit of identity
(5.2.3) below.

PROPOSITION 5.2.2. Let ¢ := |-+, where ¢ > 0 is a conver C*(R?) function.
Let o denote projection measure on the surface ¥4. Then the following assertions
hold for the convolution measure o * o:

(a) It is absolutely continuous with respect to Lebesque measure on R3.
(b) Its support is given by

supp(o * o) = {(§,7) € R*™! 1 7 > 29(¢/2)}.
(c) Its Radon—Nikodym derivative, also denoted by oxo, is given by the formula

(52.3)  (0+0)(E7) = /S | /_ 11<w,H(1jJ)(£/2+to<(§,7‘,w)w).w> dt)*lduw,

provided T > 21)(§/2). Here, the measure p denotes arc length measure on
the unit circle S', and the function o is given by

(5.2.4) al€,7,0) = \/7)2 — 0(E)2) (\/7/2— (€/2) )

where the function X is implicitly defined via identity (5.2.8) below.




122 5. ON EXTREMIZERS FOR HIGHER ORDER STRICHARTZ ESTIMATES

(d) The convolution o o defines a continuous function of the variables &, T in
the interior of its support. It extends continuously to the boundary of the
support, with values given by

(5.2.5) (0% ) (& 2¢(£/2))

T VA HW)E2)

REMARK 5.2.6. In the special case ¢ = 0, the Hessian of ¢ is a constant multiple
of the identity matriz, and formula (5.2.3) recovers the result from [35, Lemma
3.2] for the convolution of projection measure oy on the two-dimensional paraboloid

Yo C R3: For m > |¢]?/2,

(oo *x00)(&,7) = /Sl (/11<w,2w>dt)_1duw = g

PROOF OF PROPOSITION 5.2.2. The absolute continuity of ¢ *x o with respect
to Lebesgue measure follows in the same way as in the proof of [1, Lemma 3.1 (b)],
with minor modifications only. We provide the details for the convenience of the
reader. In order to show that the pairing (o * o, 1g) = 0 for each set E of Lebesgue
measure zero in R3, set y = (y1,92), 2 = (21, 22), and change variables t; = y; + 2;,
sj=yj — 2 (J =1,2) to get

oo ter= [ | 16+ =0+ ¥()dyds

1
:/ (/ /]lE(t1,t2,Ft(81,32))d31dt)d82’
4 R R2 JR

where the function F; is defined as

A =o(557) + ()

The key observation is that Fi(si,s2) is a strictly convex function of s; for each
fixed s9 and t. The change of variables s; — u given by the (at most 2—to—1) map
u = Fy(s1, s2) shows that the triple integral in (s1,t) is zero (for each sg) since E is
a Lebesgue null set. This establishes (a).

For (b), consider vectors y,%’ € R?, and note that

§:=y+y and 7:=(y) + ¥(y)

satisfy 7 > 21(£/2) because the function 1 is convex. For the reverse inclusion, let
(¢,7) € R*H! be given, such that 7 > 2¢(£/2). We want to find y, 4’ € R2, such that

y+y =¢&and Y(y) +(y) =T

It is enough to find y such that ¥ (y) + ¥(§ —y) = 7, for then y' = £ — y. Note that
Y(y) + (€ —y) > 2¢(&/2) by convexity of 1, with equality if y = £/2. Moreover,

Y(y) + (€ —y) = oo, as |y| — oco.

The function y — ¢(y) + (€ — y) is continuous because 1) is convex, and the result
follows from applying the Intermediate Value Theorem in the appropriate direction.
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We now come to part (c¢). Let (£, 7) be such that 7 > 2¢(£/2). Fubini’s Theorem
and a simple change of variables yield!

ra)er = [ ([, 8 —t=l6 =) 8~ o) dy)at

R
(527) = [, 8(r = w(e/2+u) = wie/2 - )ay.

We would like to perform another change of variables y = T'(w), where T'(w) = Aw,
and A = A(w) > 0 is an implicit real-valued function of w which takes only positive
values, and is defined via

(5.2.8) V(E/2 4+ Mw) + (£/2 — Mw) = 2Jw|? + 2(€£/2).

For fixed £, a unique positive solution A = A(w) exists if w # 0. By the Implicit
Function Theorem, equation (5.2.8) defines A as a continuously differentiable func-
tion of w, as long as the derivative of the map

A= P(E/2 4 Mw) +¥(£/2 — Iw)

is nonzero. In view of the strict convexity of the function ¢, this is indeed the case
if A > 0. Further details in a more general context will be provided in the course of
the proof of Lemma 5.3.7 below. Since the function A is continuously differentiable
and T(w) = AM(w)w, we have that

(5.2.9) T'(w) = M + V- w?,

where I denotes the 2 x 2 identity matrix, the gradient is taken with respect to w,
and the term V) - w” stands for the 2 x 2 matrix obtained as the product of the
gradient V) (seen as a vector in R?) and the transpose of the vector w. To compute
the gradient V), note that implicit differentiation of (5.2.8) with respect to w yields

(5.2.10) T'(w) - u = 4w, where u = u(w, &) := Vp(£/2 +  w) — Vp(£/2 — dw).
From (5.2.9) and (5.2.10), it follows that
(5.2.11) VA= W
One easily computes
det T'(w) = det(A + V- w?) = (1 + X" Hw, V) det (M),
and identity (5.2.11) then implies
4|w|*A(w)
(w,u(w,§))”
Note that this is a nonnegative quantity because of the strict convexity of ¢. Going

back to the integral expression for ¢ * o, changing variables as announced, and
switching to polar coordinates, yields

(0% 0)(,7) = /R §(r — 20(¢/2) — 2w[2)det T/ (w)dw

(5.2.12) det T (w) =

- /OOO 8(m —2¢(£/2) — 2r?) </§1 det T’(rw)d,uw>rd7’,

IFor a treatment of integration on manifolds using delta calculus, see [38, Appendix A].
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where p denotes arc length measure on the unit circle S' ¢ R?. Using expression
(5.2.12) for the Jacobian factor det 7", changing variables 2r* = s, and appealing to
Fubini’s theorem, we have that

e (™ s e oy VAT
oroen = [ ([ ol -2tz - o) 2 =)

Evaluating the inner integral,

ocxo)€,7) = \/7/2_¢(§/2)A(\/T/2—1/1(5/2)w)d
( & /Sl (w,u(/7/2 = P(§/2)w,§)) e

Defining the function a@ = «(§, 7,w) as in (5.2.4), and recalling the expression in
(5.2.10) for the vector u,

(5.2.13) (ocx0)(, 1) = /Sl <w, Vi(§/2 + aw) = VY(§/2 = aw) >_1duw.

Q

Formula (5.2.3) now follows from the Fundamental Theorem of Calculus.

As for part (d), the continuity in the interior of the support follows from an inspec-
tion of representation formula (5.2.3), after recalling the fact that the function A is
continuous. The boundary value is obtained by noting that, for each w € S, the
function a(§, 7,w) tends to 0 as (&, 7) approaches the boundary of the support from
its interior, since the function A satisfies 0 < A < 1. This yields

(o5 o)E20(E/2) = 5 | i,

from which identity (5.2.5) follows by using an orthonormal basis of R? consisting
of eigenvectors of the Hessian matrix H(1)(£/2). The proof is now complete. [

REMARK 5.2.14. Identity (5.2.13) already implies a weak form of the comparison
principle (Theorem 5.1.11) in the two-dimensional case. Analogous reasoning leads
to similar formulae for higher dimensional hypersurfaces. This is one of the motiva-
tions for the next chapter, which shares some features with the proof of Proposition
5.2.2. However, the analysis there seems more flexible, and may be adaptable to
other situations as well.

5.3. A comparison result

This chapter is devoted to the proof of Theorem 5.1.11, which holds in dimensions
d > 2. Before stating the technical lemmata that will be used in its proof, let us
consider two convex functions 1, ¢ : R — R. Given &,y € R, define the following
auxiliary functions of one real variable:

(5.3.1) g(t) := (/2 — ty) +(§/2 + ty) — 2(£/2),
(5.3.2) h(t) := p(£/2 — ty) + p(§/2 + ty) — 20(£/2).

Note that ¢ = h = 0 if y = 0. Some properties of the functions g,h in a useful
special case are collected in the following lemma.

LEMMA 5.3.3. Let ¢, ¢ : R4 — R be differentiable, convex functions, such that
their difference 1 — ¢ is also convex. Given €,y € R?, define the functions g, h as
above. Then:

(a) g(t) > h(t) >0, for every t € R.
(b) The functions g and h are convez.
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(c) ¢'(0) = h'(0) =0.

(d) If 4 is strictly convex and y # 0, then g attains its unique global minimum
att=0.

(e) If ¢ is strictly convex and y # 0, then there exists a unique nonnegative
A= Ay, &) such that

and moreover A € [0, 1].
(f) If h(1) > 0, then A > 0. If h(1) < g(1), then A < 1.

PROOF. The inequality h > 0 follows from the (midpoint) convexity of the
function ¢. The inequality g > h follows from the (midpoint) convexity of the
function ¢ — . This establishes (a). Statement (b) is a consequence of the following
two general facts: sums of convex functions are convex, and restrictions of convex
functions to lines are convex. Differentiability of the functions g, h follows from that
of ¥, p. In light of (a), both g and h attain a (local, and therefore global) minimum
at t = 0 since g(0) = h(0) = 0, and (c) follows. Further notice that g is strictly
convex if 1 is strictly convex, provided y # 0. Since a strictly convex function can
have at most one global minimum, (d) follows from (c). We now consider statement
(e). Since g is continuous and ¢(0) < h(1) < g(1), the Intermediate Value Theorem
ensures the existence of A € [0,1] such that h(1) = g(A). There exists no A in the
interval (1,00) with the same property because g is strictly convex, and therefore
g(t) > g(1) if t > 1. The uniqueness of A also follows from the strict convexity of g.
Statement (f) is immediate, and this concludes the proof of the lemma. O

Henceforth we restrict attention to continuously differentiable functions ¥, ¢ which
are strictly convex, and introduce two sets which will play a role in the proof of
Theorem 5.1.11. Given £ € R? and ¢ € R, define the y-ellipsoid as

(5.3.4) Ep(€,0) = {y €RT:(£/2 — y) +U(E/2+y) — 20(/2) = ¢},

and similarly for the g-ellipsoid £,(&,c). We will abuse notation mildly by occa-
sionally referring to these sets simply as “ellipsoids”. The sets £y (&, ¢) and E,(&, ¢)
are non-empty provided ¢ > 0, and codimension 1 hypersurfaces if ¢ > 0. This
claim requires a short justification which goes as follows. Since the function ¥ is
differentiable and strictly convex, its gradient V) is a strictly monotone mapping,
in the sense that

(Vip(x) — Vp(2'),x — 2’y > 0, for every x # 2/,

see, for instance, [46, p. 112]. As a consequence, any positive number ¢ > 0 is a
regular value of the function Fy, : R? — R, defined via

y = Fyy) = 0(8/2 —y) + (/2 +y) — 20(5/2),

and the claim follows for the ellipsoid £y (¢, c) = F; (¢). The assertion for ¢ can be
verified in an identical way. Further note that, for each fixed ¢ € RY, the disjoint
union of the ellipsoids £y (&, ¢) as the parameter ¢ > 0 ranges over the nonnegative
real numbers equals the whole of R, and similarly for ¢.

After these preliminary observations, define the transformation

(5.3.5) T:RN\{0} =R, T(y) = Ay, )y,
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where A(y, &) is given by part (e) of Lemma 5.3.3. In other words, the real number
A = A(y, &) is the unique nonnegative solution of the equation

(5.3.6) 0(§/2=y) +¢(§/2+y) —20(£/2) = P(§/2 = Ay) +(§/2+ dy) — 2¢(£/2).

Relevant properties of the transformation 7" are recorded in the next result.

LEMMA 5.3.7. Let ¥, ¢ : R* = R be continuously differentiable, strictly convex
functions with a convex difference 1 — ¢. Let € € R® be given, and consider the
transformation T' given by (5.3.5). Then:

(a) T is injective.
(b) T is continuously differentiable.
(¢) If T'(y) denotes the Jacobian matriz of T at a point y # 0, then

(Vo(§/2+y) —V(£/2 —y),y)
(VY(&/2+T(y)) — V(2= T(y)),y)

(d) T defines a bijection from the ellipsoid E,(§, c) onto the ellipsoid Ey(&, c),
for every ¢ > 0.

(5.3.8) det T'(y) = A(y)*!

PRrOOF. To prove (a), let us consider nonzero vectors y, z € R? such that T'(y) =
T(z). Then

P(E/2 = AY)y) + (/2 + Ay)y) = ¥(§/2 = A(2)2) + ¢ (£/2 + A(2)2),

where, for notational convenience, we have dropped the dependence of A on £. This
implies

P(&/2—y)+(€/2+y) = (§/2 - 2) + 0(£/2 + 2).
Since y = rz for some r > 0, and the function t — ¢(£/2 — tz) + ©(£/2 + tz) is
strictly increasing on (0, 00), we obtain » = 1. This means y = z, as desired.
Property (b) will follow from the Implicit Function Theorem, after showing that the
derivative of the map t — g(t) = ¥(£/2 — ty) + ¥ (£/2 + ty) — 2¢(&/2) is nonzero for
each &,y € R? with y # 0, provided ¢ > 0. This derivative equals

g'(t) = (VY(&/2 4+ ty) — VY(£/2 — ty),y),

which is nonzero because of the strict convexity of ¥. Indeed, in the proof of Lemma
5.3.3 we have already argued that ¢ is a strictly convex C! function which attains
its unique global minimum at ¢ = 0, hence ¢/(t) > 0 for every ¢ > 0. Alternatively,
recall that the gradient V1 is a strictly monotone mapping.

To verify (c), we compute the Jacobian matrix of 7" in an analogous way to what
was done in the proof of Proposition 5.2.2. Implicit differentiation with respect to
the variable y of identity (5.3.6) with A = A\(y) yields

M +VX-yT) - u =0,
where the vectors u,v € R? are defined by
w = Vi(E/2+ T(y)) — (/2 = T(y)),
v=Ve(§/2+y) = Ve(§/2—y).

For y # 0, it follows that
v — Au

(u,y)

VA=
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where the denominator (u,y) is strictly positive because the gradient Vi is strictly
monotone and the vector T'(y) is collinear with y. Using this together with the
Matrix Determinant Lemma, we arrive at identity (5.3.8):

(v,9)
(u,y)
We finally turn to (d). That the transformation 7" has the desired mapping prop-
erties from &, into &, follows from the defining identity (5.3.6). In view of (a),
the restriction of T' to the set &, is an injective map. So we are left with verifying
surjectivity. The previous considerations show that, given ¢ > 0 and z € £y(&, ¢), it

det T'(y) = det(A + VA - yT) = det(A)(1 + A~ Xy, V) = 24!

suffices to find any vector y € R? for which T'(y) = z (for such y will then necessarily
belong to £,(&, ¢)). But T is a continuous map which preserves rays emanating from
the origin, such that |T'y| < |y| for every y # 0, and

lim |Ty| = cc.
ly|—o0
The result follows from the Intermediate Value Theorem. O

Recall that |T'(y)| < |y|, for every y # 0. We would like to argue that the transfor-
mation 7" is contractive in the sense that | det 7’| < 1. Unfortunately, an explicit
computation involving the example p(z) = |z|* and ¢(x) = |z|? + |z|* + |2|° reveals
that, perhaps unintuitively, one should not expect that to be the case in general.
We will be interested in convex perturbations of the paraboloid, and so the following
result will suffice for our purposes.

LEMMA 5.3.9. Letd > 2. Let p = |-|* and ¢ = |- |> + ¢, where ¢ > 0 is a strictly
convex CH(R?) function. Let & € R? be given, and consider the transformation T
given by (5.3.5). Then

(5.3.10) |det T (y)| < 1, for every y # 0.

PROOF. Fix y # 0. For the particular choices of 9, ¢ as in the statement of the
lemma, define real-valued functions g, h via identities (5.3.1) and (5.3.2). In this
case, h/(t) = 4|y|*t, a homogenous function of degree 1. Identity (5.3.8) then implies

' a—1_ M(1) a—2 ' (A\(y))
(5.3.11) det T"(y) = A(y) 70 Ay) 7O
We have already argued that g — h is a nonnegative, differentiable, strictly convex
function satisfying (¢ — h)(0) = 0 and (g — h)’(0) = 0. It follows that (g —h)'(t) > 0
for every t > 0, which means that the fraction on the right-hand side of identity
(5.3.11) is strictly less than 1 as long as A(y) > 0. That this is indeed the case
follows from part (f) of Lemma 5.3.3, since h(1) = 2|y|?> > 0. The proof is finished
by noting that A(y) < 1 and d > 2 together imply A(y)?2 < 1. O

We have now collected all the ingredients needed to prove Theorem 5.1.11.

PROOF OF THEOREM 5.1.11. As in the proof of Proposition 5.2.2, the convo-
lutions can be written as

6312 (ero)en) = [ 6(r—w(e/2—1) = v(e/2+ 1),
(o0ron)(&m) = [ 8(r = pl6/2 = 9) = pl/2+ ).
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A straightforward adaptation of the arguments there shows that the convolution
o * o is supported on the region {(&,7) : 7 > 2¢(£/2)}. Since ¢ > 0, this region is
contained in the support of the convolution og*0y, i.e., the set {(£,7) : 7 > 2p(£/2)}.
For each fixed ¢ € R?, consider the transformation 7' given by (5.3.5), which by
Lemma 5.3.7 maps the ellipsoid £,(§, ) bijectively onto £y (&, 7), for every 7 > 0.
Changing variables y ~ Ty in the expression (5.3.12) for o * o, and appealing to the
defining identity (5.3.6), yields

(4 a)(&r) = [ 8(r = v(E/2=To) = 0(6/2+ Ty)|det T'(y)ldy
5313) = [ 6(r=20(/2) = ole/2 =) — o(/2+ 1) et T ()l

From Lemma 5.3.9, we know that |det 7”| < 1, and so Holder’s inequality implies

(0% 0)(&,7) < (00 % 00)(§, T = 20(£/2)),

for every ¢ € R? and 7 > 0. This is equivalent to inequality (5.1.12). We now
use the full power of (5.3.10) to argue that this inequality must be strict at every
point in the interior of the support of o x 0. Let (£, 7) be one such point, for which
c:=1—2¢(§/2) > 0. It is straightforward to check that the singular measure that
is being integrated in (5.3.13) is supported on the ellipsoid £,(§,¢). Since ¢ > 0,
this ellipsoid does not contain the origin, and by Lemma 5.3.9 the strict inequality
|detT"(y)| < 1 holds at every point y € &£,({,c). This can be strengthened to
|det T'(y)| < ¢p for some fixed ¢y < 1 (which depends on ¢,&,7 but not on y),
since the set £,(&, ¢) is compact and the function y — detT"(y) is continuous. The
result now follows from replacing the J-function appearing in the integral (5.3.13)
by an appropriate e-neighborhood of the ellipsoid £,(&, ¢), and then analyzing the
cases of equality in Hoélder’s inequality. To conclude the proof of the theorem, let
e— 0T, O

REMARK 5.3.14. The previous discussion can be partially generalized to the case
of n-fold convolutions for n > 3. Defining the functions

n—1 n—1

gn(t) =D _W(E/n —ty;) + 0(E/n+t > ;) —mp(E/n),
j=1 j=1
n—1 n—1

holt) =Y @(&/n—ty;) +o(&/n+t Y y;) —np(&/n),
j=1 j=1

we have the following generalization of Lemma 5.3.3, whose straightforward proof
(omitted) can be done by induction on n.

LEMMA 5.3.15. Letn > 2. Let ¥, ¢ : R? = R be differentiable, convex functions,
such that their difference ¢ — ¢ is also convex. Given &,yi,...,yn—1 € R%, define
the functions gn, hy, as above. Then:

(a) gn(t) > hu(t) >0, for every t € R.

(b) The functions g, and h,, are convex.

(¢) 9,,(0) = hy,(0) =0.

(d) If Y s strictly conver and (yi,...,Yn—1) # (0,...,0), then g, attains its
unique global minimum at t = 0.
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(e) If ¢ is strictly convex and (y1,...,Yn—1) # (0,...,0), then there exists a
unique nonnegative X = A(y1, ..., Yn—1,&) such that

hn(1) = gn(A),

moreover A € [0,1].
(f) If hp(1) > 0, then A > 0. If hy(1) < gn(1), then A < 1.

An n-linear version of Theorem 5.1.11 would follow from satisfactory substitutes for
Lemmata 5.3.7 and 5.5.9. The latter is more intricate if n > 3, and the authors
have not investigated the extent to which the argument would need to be changed.

5.4. Optimal constants and nonexistence of extremizers

This chapter is devoted to the proof of Theorem 5.1.7. In what follows, the
function ¢ : R? — R is assumed to be nonnegative, twice continuously differentiable
and strictly convex, o denotes projection measure on the surface ¥, C R3, and
¥ = |-|?> + ¢. We start by stating two lemmata which explore the connection
between pointwise values of the convolution measure o % o, and concentration at a
point.

LEMMA 5.4.1. Let yo € R? be given, and let {f,} C L2(R?) be a sequence con-
centrating at yo. Then

| frno = fna”?} (R3)

(5.4.2) lim sup

< (0 %) (290, 2¢(30))-
n—o0 ||fn||L2(R2

LEMMA 5.4.3. Let yo € R? be given, and let f,,(y) = e~ (¥~ w0) = (Vi (yo)y—yo))
Then the sequence {fn/||fnlli2} concentrates at yo, and

[ fno = fn0'||L2 (R3)

(5.4.4) lim = (0 % 0)(2y0,2¢(10)).
n—00 ”fn||L2 ]R2

PROOF OF LEMMA 5.4.3. We first prove that the given sequence concentrates
at yo. With that purpose in mind, fix p > 0. The function

Y(y) = ¥(y) — ¥(yo) — (VY (y0), ¥ — vo)

satisfies v > 0, v(y0) = 0, Vy(yo) = 0 and H(y)(yo) = 21 + H(¢)(yo). It follows
that, for any sufficiently small € > 0, there exists r = r. > 0 such that the inequality

50— 00, H()(w0) - (v — 00)))

holds, for every y € R? satisfying |y — yo| < r. The L? norm of the function f,, can
be bounded from below as follows:

| full?2 = / et Wdy > /{ - }e—2n<1+e>(|y—yo|2+;<y—yo,H(¢)<yo>-<y—yo>>)dy
R y—yol|<r

_ / AN gy > L / 21l g,
{lyl<r} (det A)z J{jy|<ar}

o 1— 6—2n(1+a)a2r2
C (detA):  4dn(l+e)

y) < (1+2) (ly—wol +
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where the (positive-definite) matrix A is given by A = I + %H(qﬁ)(yo), and a > 0
denotes the square root of the smallest eigenvalue of A. Noting that

() =y —vol* + o(y) — ¢(yo) — (Vo(yo), ¥y — vo) > |y — vol*,

we obtain

—2np>
/ Py < | e~ 2nl-ml gy = 27
{ly—vo|=p} {ly—yo|=p} n

Therefore

—2np?
_92 2 1 e

<

2 [ 1Py < (el ) S 0

as n — 0o, as had to be shown. We now turn to the proof of identity (5.4.4). Start
by noting that the function v equals the restriction of the linear affine function

(& 7) = 7= ¥(yo) — (Vi(%0), € — vo)
to the surface ¥4 C R3. Tt follows that

(fa0 % fao) (€, 7) = "=V G0 VEWI100) (5 4 0) (€, 7),

which in turn implies the pointwise identity

(5.4.5) (fno * fna)2 = (f,%o * ffLa)(a *0).
Given r > 0, let
E, = {(y,¢(y)) € R* |y € Br(yo)} C Ty

denote the cap of radius r and center (yo, 1 (yo)) on the surface ¥,. From identity
(5.4.5), it follows that

||fng * an-Hi?(RB) = / (erL]]-ErU * fTQL:ﬂErU) (57 T) (U * J) (57 T)dng
RS
+ /]1%3 (fT%ILEEU * fﬁ]lEEa)(f,T)(a *0) (¢, 7)dédr
b2 [ (150 £2150)(67)(0 ) (€ e
R3 "

where EC stands for the complement of the set E, in ¥¢. Dividing by || fn||iz, we
can bound the last summand by

IFallgt [ (2150 = £2100)(€7) (o ) (6, m)dslr

anlE’ H22 ||fn]lE/B||iz
< sup (ox0)(&,T) r 'L P L2
(§,7)ER® ”an%g anH%g

where E/ := B,(yo) C R2, and E'* stands for the complement of the set E/. in R2.
The right-hand side of this inequality tends to zero, as n — 0o, because the sequence
{fn/lfnll;2} concentrates at the point yo. The second summand can be treated in
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an analogous way. The first summand, after appropriate normalization, is bounded
from above by

an||£24 /R3 (f2lp,o* fo1g,0)(€,7) (0 *0) (&, T)dédr

1 fnLey 72

||ani2 (& T)EE+E,

(0% 0)(&7),

and from below by
rvug{égﬁﬁﬁu*ﬁﬁﬂvxafxa*axarmah

HfTL]lE’HiQ
NN L2 o |
a ”an§2 ({,T)g{)r+ET(U*U)(§>7—)

Since || fnlg |2/l fnll 2 — 1, as n — oo, we obtain

anO' * fno—”i2(R3)

lim sup 1 < sup (o *0)(§,7),
n—00 Hf'fl”LQ(RQ) (&7)EE+E,

and

| frno * fro |2
lim inf - L2(R3) > inf (0% 0)(E,7).
n—o0 ”anL2(R2) (S,T)GET—‘,-ET

Identity (5.4.4) follows because the convolution o * o defines a continuous function
up to the boundary of its support, and r > 0 was arbitrary. Taking » — 0" finishes
the proof. O

SKETCH OF PROOF OF LEMMA 5.4.1. Integrate the pointwise bound

[(fox fo)(&7)> < (IfPox|fPo) (& T)(ox0) (&),

which was observed in [35, 67, 75] to hold almost everywhere, and proceed as in
the proof of the corresponding inequality in Lemma 5.4.3. 0

PROOF OF THEOREM 5.1.7. Asin the proof of Lemma 5.4.1, the Cauchy—Schwarz
inequality implies

(5.4.6) 1o % ol gms) < llo* ol syl 12 gy

It follows that (a possibly non-sharp version of) inequality (5.1.8) holds, as long as
the L norm of the convolution o * ¢ is finite. This, in turn, can be seen using
identity (5.2.3), since the Hessian of 1 satisfies H(¢)) = 2I + H(¢), and the matrix
H(¢)(z) is positive semidefinite, for every = € R2. Estimate (5.4.6) also shows that
the optimal constant in inequality (5.1.8) satisfies

R;l) < HO’ * O'HLoo.
Now, let oy denote the projection measure on the paraboloid 3. From Theorem
5.1.11 and Remark 5.2.6, we know that [0 * ol < [|og * 0¢[|Le = §. That these
two quantities are actually the same follows from the fact that the convolution o * o
attains the value 7 at the boundary point (2yo,2¢(y0)) in case (i), or at infinity in
case (ii). Identity (5.1.9) will then follow from the inequality

4 T
(5.4.7) Ry >3,
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which we establish using the sequences given by (5.1.10). We consider the two cases
separately. In case (i), since H(¢)(yo) = 0, it follows from identity (5.2.5) that
(0% 0)(2y0,2¢(y0)) = 5, and therefore the sequence { f,/|| full;2}, where

faly) = e—n(w(y)—@b(yo)—(Vlﬁ(yo),y—yo))’
is extremizing for inequality (5.1.8) in light of Lemma 5.4.3. In case (ii), we have

that (o * 0)(2yn, 2¢(yn)) — 5, as n — oco. Choose a sequence {a,} C N in such a
way that, for every n € N, the function given by

fuly) = e~ (W)=Y (yn) = (VY (yn),y—yn))

satisfies
[ fno * froll2. 1
— —(o*x0 2yn72wyn < -,
| T
and
1
(5.4.8) / Fa)Pdy < =/ full22.
{ly—yn|>L} n -

That this is possible follows again from Lemma 5.4.3. Since

[ fno = fno'”%ﬁ

£l 2

the sequence { f,,/|| fnll 2} is again extremizing for inequality (5.1.8). This establishes
(5.4.7) in both cases (i) and (ii), and therefore identity (5.1.9) is proved. Incidentally,
note that condition (5.4.8) ensures that { f,,/|| fn |2} concentrates along the sequence
{yn}. Since |y,| — oo, as n — oo, it concentrates at infinity.

We finish by showing that extremizers for inequality (5.1.8) do not exist. Aiming
at a contradiction, let f be an extremizer. An application of Cauchy—Schwarz and
Holder’s inequalities yields

Ryl fllf2 = | fo* fol?e

< / (20 + f20)(€, 7)|(0 * o) (€, T)dEdr
R3

T
— —, asn — o0
9’ )

<llosols [ 170« o6, ldedr
= o« =11

Since R;ﬁ = |lo * ol|lL = § and f # 0, all inequalities in this chain of inequalities
must be equalities. In particular, the convolution ¢ * ¢ must be constant equal
to ||o * ol almost everywhere inside the support of f20 * f20, which is a set of
positive Lebesgue measure since f # 0. This contradicts the strict inequality

(c*0)(& 1) < |o*0c|Le, for almost every (£, 7) € supp(o * o),

which in turn is an immediate consequence of the second part of Theorem 5.1.11.
This contradiction shows that extremizers do not exist. The proof of the theorem is
now complete. Il
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5.5. On extremizing sequences

From the previous chapter, we know that extremizers for inequality (5.1.8) do
not exist. As mentioned in the Introduction, this failure of compactness can be
understood via the concentration-compactness principle, which is the subject of
the present chapter. Heuristically, an extremizing sequence for inequality (5.1.8)
should concentrate around the points where the function o * o achieves its essential
supremum. Lemma 5.4.1 and formula (5.2.5) imply that, if an extremizing sequence
concentrates at a point yg, then necessarily H(¢)(yo) = 0. Lemma 5.4.3 provides the
construction of an explicit extremizing sequence concentrating at any point 3y € R2,
provided H(¢)(yo) = 0. Therefore, concentration occurs at a point if and only
if the Hessian vanishes at that point. Further information concerning extremizing
sequences concentrating at spatial infinity will be obtained below.

5.5.1. Weak interaction between distant caps. Reasoning in a similar way
to the proof of (5.2.3) from Proposition 5.2.2, we find that the identity

f(f/Q + Oé(f, T,W)W)g(f/2 — a(fa T,W)W)d
st [L (w, H$)(6/2 + ta(é, 7 w)w) - w)dt
holds, in particular, in the case when f,g are indicator functions of balls or their
complements. Formula (5.5.1) allows for a quantification of the general principle
that “distant caps interact weakly”. This is a geometric feature that translates into

useful bilinear estimates, and has been observed in a variety of related contexts; see,
for instance, [25, 66]. The precise statement is as follows.

(5.5.1) (foxgo)(&, )=

LEMMA 5.5.2. Let r,p > 0 satisfy p > 3r. Then, for any yo € R?,

1 . 2r
(5.5.3) 118, (y0)0 * IlBE(yO)UHLoo(Rs) < 3 arcsm(p — T).

As a result, the following statements hold:
(a) For any r >0 and yo € R?,

(5.5.4) pli_g)lo 118, (50) * L gty 7 Lo ms) = 0-
(b) For any p > 0 and yo € R?,

rlg(% 115, (y0)o * ﬂBE(yO)UHL"O(R3) =0.

(¢) For any r >0,

5.5.5 I 1 1 w3y = 0.
(5.5.5) pggoysgﬂgzll Br()9 * Lt ()0 llLoees)

Moreover,
(d) If B, B’ C R? are disjoint balls, then

v
H]lBU * HB’O—‘|L°°(R3) S Z
PRrOOF. We establish identity (5.5.3) for yo = 0 only, the case of general yo € R?
being similar. Let p > > 0. If f = 1p, and g = 14, then the integrand in (5.5.1)
P

is nonzero only if the point (&, 7) satisfies

£/24+ a(§,T,w)w € By, and £/2 — a(§, T,w)w ¢ B,.
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By the triangle inequality, this can only happen if
(556) |£| > |€/2 - Oé(f, 7, w)w| - |€/2 + 04(57 T, OJ)(.L)| > p—T

In this case, if p > 3r, then |£/2| > r, and therefore the ray £/2+tw, t > 0, intersects

the ball B, only if w belongs to an arc of S! of measure exactly 2 arcsin(%). Denoting
arc length measure on the unit circle by u as usual, we conclude that
i({w €' €/2+ alt,7,ww € By, €2 — a6, Tw)w ¢ By))
. 2r . 2r
< 2 arcsin (—) < 2 arcsin ( )
iy p—r

It follows that, for every (¢,7) € R3,

(1p,0 * 1350)(5,7) < %arcsin (p2—r7“)’
where we bounded the denominator in (5.5.1) from below by 4. Parts (a) and (b)
follow at once, and a similar reasoning for yp # 0 establishes (c). For part (d),
note that the definition (5.2.8) of the function A\ implies A\(—w,&) = A(w,§) for
every w, &, and therefore the function « satisfies a(&, 7, —w) = a(§, 7,w), for every
w € St. Tt then follows that, if £/2 + a(,7,w)w € B and £/2 — a(¢, T,w)w € B,
then £/2 4+ a(§, 7, —w)(—w) ¢ B and {/2 — a(&, 7, —w)(—w) ¢ B’. As a consequence,
the subset of S! where the integrand in (5.5.1) is nonzero has measure bounded from
above by 7, and the result follows as before. O

5.5.2. Concentration-compactness. The three lemmata in this section hold
under the general hypotheses of Theorem 5.1.7, which for brevity will not be included
in the corresponding statements.

LEMMA 5.5.7. Under the hypotheses of Theorem 5.1.7, suppose that there exist
a subset X C (R?)? and 6 > 0 such that, for every (y,z) € X,

(ox0)(y+2,¢(y) +1(2))

5.5.8
(5.58) lo* o)

<1-6.

Let {f,} C L2(R2) be any extremizing sequence for inequality (5.1.8). Then

/ | ()2 fr(2)Pdydz = 0, as n — oo.
X

In particular, if X contains a subset of the form A x B, for some A, B C R?, then

/ ‘fn(y)de/ |fu(2)|?dz = 0, as n — oc.
A B

PRrOOF. Let {f,,} € L%(R?) be an extremizing sequence for inequality (5.1.8).
The first step is to verify that

y+ 291 +¢(=)

lo % oL

(559)  liminf /(W Faly) P12 dyds = 1
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With this goal in mind, estimate
/R (o 5 fo) (&, 7)Pdgdr < /R (P x| falPo) (€ 7) (0 o) (€, )dgdr
= [ PG # )y 200 + 0

< |lo * o ool fullf2-

The first and the last terms in this chain of inequalities converge to ||o * o[, as
n — oo, and therefore so does the third term, and (5.5.9) follows. We next observe

n—oo

lim inf / a0 Pl () Pdydz = lim [ full's = 1.
(R2)2 n—oo

Writing X C for the complement of the set X in (R?)2, we have an inequality
[ Bl e T = gy

llo* oL

< (10 [ PPz + [ 1) PlEaC) .

Since || fnll;2 = 1 as n — oo, we conclude from (5.5.9) that

v<timint( [ 1) Pds) =6 [ 170 P11uG:) )

= 1= timswp [ 17,15 () Py

n—oo

It follows that
lim sup / n ()1 (2)Pdydz = 0,
n—00 X
which establishes the first statement. The second statement follows at once, and the
proof is complete. O

The preceding lemma implies the following modest amount of control over extrem-
izing sequences that split their mass in a nontrivial way.

LEMMA 5.5.10. Under the hypotheses of Theorem 5.1.7, let {f,} C L*(R?) be
any extremizing sequence for inequality (5.1.8). Let 0 < r; < ro < rz3 < oo be
arbitrary. Then

/.

PrOOF. Let X = B,, x (B, \ By,). Appealing to the continuity of the convo-
lution o * o on its support, to the fact that the essential supremum is only achieved
on the boundary of the support (as observed in the course of the proof of Theorem
5.1.11), together with the compactness of the set X and the fact that r; < ro, we
can ensure the existence of 6 = d,, r, r, > 0 such that

(0 x0)(y+29(y) +¥(2))

llo* oL

|fn(y)|2dl// |fn(2)2dz = 0, as n — oco.
Brg\Bry

1

<1-4,

for every (y,z) € X. The conclusion now follows from Lemma 5.5.7. O
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Lemma 5.5.10 can be upgraded in a way that reveals that an extremizing sequence
can only split its mass in a nontrivial way if neither of the corresponding supports
remains in a bounded region. We formulate one version of this principle which will
be useful for our purposes.

LEMMA 5.5.11. Under the hypotheses of Theorem 5.1.7, let {f,} C L2(R?) be
any extremizing sequence for inequality (5.1.8). Let 0 < r1 < ro < 0o be arbitrary.
Then

(5.5.12) / | fu(y)|?dy /R?\B | fu(2)]?dz — 0, as n — oo.

1

REMARK 5.5.13. If conclusion (5.5.12) holds for one pair (ri,72) satisfying 0 <
r1 < ro < oo, then it holds for any pair (pi1,p2) satisfying 0 < p1 < p2 < oo and
r1 > p1. To see this, start by noticing that the case r1 > p1 and ro < pa s clear.
On the other hand, if 11 > p1 and r9 > pa, then

[, 15wy [ g

P1

<),

which tends to zero, as n — oo, by (5.5.12) and Lemma 5.5.10. Moreover, in view
of the uniform bound with respect to y € R? from part (c) of Lemma 5.5.2, the proof
given below can be adapted to the case of balls centered at any point y € R?, not
necessarily the origin.

Pl [ gk

BPl

Falw)]2dy / Ful2)[Pdz,

1 BT2 \BPQ

PrROOF OF LEMMA 5.5.11. Let r; > 0 be given. If

/ Fu(y)2dy = 0, as 1 = o0,

B 1
then the conclusion follows at once since || f, || 2 < 1. Therefore no generality is lost
in assuming, possibly after passing to a subsequence, that

(5.5.14) 5= inf/ fu(y)Pdy > 0.
neN BT1

It suffices to show that
(5.5.15) / |fn(2)?dz = 0, as n — ooc.

R2\B,,
Take r3 > r3. From Lemma 5.5.10 and inequality (5.5.14), we know that
(5.5.16) / | fu(2)]?dz — 0, as n — oo.

Bry\Br,
Decompose

fn = fn]lBr2 + fn]l]R?\Br3 + fn]lBT?’\BT2 =F,+G,+ H,,
and note that
fno* fno = Fhox Fho+ Gro x Gpo + 2F,0 x Go + Ry,
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where, in view of inequality (5.1.8) and estimate (5.5.16), the remainder term R,
satisfies
||RnHL2(R3) S C”Hn”L2(R2) — 0, as n — oQ.

The key step is to bound the quantity ||F,o * G’n0||ig. We have the pointwise
inequality

|(Eno x Gpo) (&, 7')|2 < (|Fn|20 * |Gn|2a) (&, T)(ILBTQO' * 1R2\Br30) &, 1),

which follows from an application of the Cauchy—Schwarz inequality as before. As
a consequence,

| Frno * Gna”?ﬁ(ﬂgs) < PQ(T% 7"3)”Fn"i2([@2)”GHH%2(R2)7

where the function p is given by

1
p(ra,r3) == [|15,,0 % Ig2\p,, Ol foc gay-

For large values of r3, the sets B,, and R? \ By, interact weakly as discussed in
§5.5.1. Part (a) of Lemma 5.5.2 implies that, for each fixed ro > 0,

p(re,r3) — 0, as rs — oo.

Two applications of Plancherel’s Theorem, together with the triangle inequality,
imply the following bound for the inner product:

[(F0 * Fro, Gro % Gpo)y 2| < || Fro * Grol[?.

It follows that there exists an absolute constant C' < oo, which can be explicitly
computed but whose exact numerical value is unimportant for our purposes, for

which

[ fno * fna”%ﬁ < [ Fro = FnUHiZ + [|[Gro = GnUHiZ + Cp(rz,r3) + 0 (1)
v
5 (IFullgz + 1Gallgz) + Cp(ra,75) + 0n(1)

N

™
= 5||an§2 = | Falf2 | Gnllf2 + Cplra,m3) + on(1),

Here, we used the sharp inequality (5.1.8), and orthogonality considerations. The
function o0,(1) may depend on r3, but satisfies 0,(1) — 0, as n — oo, for each fixed
r3, and is allowed to change from line to line. Taking n — oo in the previous chain
of inequalities, we conclude

limsup || F, ||22]|Gal?2 < Cp(ra,73).
n—o0
Consequently,
) C
lim sup ||Gn||iz < SP(WJ”S),
n—o0

where § was defined in (5.5.14), and therefore,

> Q

lmsup([|Gyl?2 + | Hal?2) < =p(ra,73),
n—oo

which is equivalent to

lim sup / Fu(2)2dz < Cpra, ).
R2\Br2 (5

n—oo
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Since the left-hand side of this inequality is independent of r3, and the right-hand
side tends to 0 as 73 — 0, conclusion (5.5.15) must hold. The proof of the lemma is
now complete. Il

We have collected all the ingredients necessary to the proof of Theorem 5.1.14.

PROOF OF THEOREM 5.1.14. Let {f,} C L?(R?) be any extremizing sequence
for inequality (5.1.8). Take any subsequence, and slightly abuse notation by again
calling it {f,}. If this subsequence {f,} does not concentrate at infinity, then there
exists a further sub-subsequence, still denoted by { f,}, and a number ry < oo, such
that

inf / Fuly)Pdy > .
By,

neN

From Lemma 5.5.11, we conclude
/ | fn(y)Pdy — 0, as n — oo.
R2\ Bz,

It follows that

(5.5.17) / | fu(y)?dy — 1, as n — oo,
27

0

As a consequence of Lemma 5.5.7, [[1p,, o * 1p,, ollLe = [0 * of/L~, and the
supremum is achieved inside the ball By,,. In particular, case (i) holds, and the set

E:={y e R*|H(¢)(y) = 0}

is nonempty. For e € (0,1), let N.(FE) denote the open e-neighborhood of F, and
consider the set

Y :={(y, 2) € B3y X B3p,|y € No(E),z € N(E), |y — 2| <€}
Let X := (B3, x Bsy,) \ Y. We claim that there exists § = 6(g) > 0, such that
(0x0)(y+2¢(y) +1(2))

lo ol

(5.5.18)

<1-4,

for every (y,z) € X. This follows from the compactness of the set X, together
with the fact that, if (y,z) € X, then the point (y + z,¢(y) + ¥(z)) is away from
the portion of the boundary of the support where the convolution ¢ * o attains its

essential supremum in a quantifiable way that depends only on . Since inequality
(5.5.18) holds for every (y, z) € X, Lemma 5.5.7 implies

/ | Fa@) P fn(2)Pdydz — 0, as n — co.
X

In light of (5.5.17), it then follows that

(5.5.19) /Y ()21 () Ry — 1, a5 1 — oo,

The remaining of the proof coincides with the second part of the proof of [75,
Proposition 6.3], with minor modifications only. We include it for the convenience
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of the reader. We seek to locate a sequence {y,} C R? along which concentration
occurs. Fubini’s Theorem, and the fact that ||f,|[;2 < 1, together imply

2 2 _ 2 2
LlawtinePaa= [ neP(f o @Re)

< an]]-BgrOﬂNg(E)Hi2 sup ) | fn(2)2dz < 1.

YEB3ryNNe (E) /Bgr0 NN (E)NBe(y

From (5.5.19), it then follows that

lim sup |fu(2))?dz = 1.

"% ye By, N (E) /BgroﬂNS(E)ﬂBg(y)

This implies the existence of a function N : (0,1) — N, such that

sup / | fu(2)Pdz > 1 — E, for every n > N(e).
YEBaro NN (E) J{|z—yl<e} 2

Hence, there exists a sequence {y5},>n(:) C Bsr, N E, such that

/ |fu(2)|?dz > 1 — ¢, for every n > N(e).
{lz—y5l<2¢}

Here, we exchanged the neighborhood N.(F) for the set E, at the expense of an
extra ¢ in the domain of integration. We proceed to construct the sequence {y,} via

a diagonal process. Take g, = k—}rZ We obtain a strictly increasing sequence

Ni == max{N(e;)|1 <j <k} +k,

and sequences {y¥},>n, , satisfying

1
[ @k =1
{lz—yhI<%}

for every k > 1 and n > Nj. For each n > Ny, let ¢, := sup{k € N| N, < n}. This
is a finite number since the sequence {Ny} is strictly increasing. Further note that
n > Ny, . Define

o yf;“, if n > Ny,
o Yo, if’l’L<N1,

where yg € F is arbitrary, but fixed. It is then clear that

1
/ fale) P2 1
{lz—ynl< 2} n

for every m > Nj, which implies that {f,} concentrates along the sequence {y,}
since ¢, — 00, as n — oo. The statement about subsequences of {f,} follows by
compactness of the set E N Bs,,, since every subsequence of {y,} has a further
sub-subsequence that converges to a point in E N Bs,,. O
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5.5.3. Some consequences. The methods of the proof of Theorem 5.1.14 spe-
cialize to at least two distinct situations of interest. The first one is a direct conse-
quence of the statement of Theorem 5.1.14.

COROLLARY 5.5.20. Let ¢ : R2 — R be a nonnegative, twice continuously differ-
entiable, strictly convex function, such that
(i) H(¢)(y) #0, for every y € R?, and
(ii) There exists a sequence {y,} C R? with |y,| — oo, such that H(¢)(y,) — 0,
as n — oo.

Then any extremizing sequence for inequality (5.1.8) concentrates at infinity.

An example of a function that satisfies the hypotheses of the preceding corollary is
d(y1,vy2) = e¥* +e¥2, (y1,92) € R%. The next result shows that extremizing sequences
will not concentrate at spatial infinity if a suitable nondegeneracy condition is placed
on the function ¢.

COROLLARY 5.5.21. Let ¢ : R2 — R be a nonnegative, twice continuously differ-
entiable, strictly conver function, such that the set E := {y € R?| H(¢)(y) = 0} is
nonempty. Suppose that there exist 1o > 0 and a function © : R? — [0, 00) satisfying
infyjysr) O(y) > 0, for every r > 1o, and such that the matriz

(5.5.22) H($)(y) — ©(y)I

is positive semidefinite, for every y € R%2. Then every extremizing sequence {f,} C
L2(R?) for inequality (5.1.8) concentrates along a sequence of points in E. Moreover,
given any subsequence of { f,}, there exist a point yo € ENB,, and a sub-subsequence
which concentrates at 1.

Condition (5.5.22) implies the existence of a constant 6 > 0, for which

(0x0)(y+2¢() +¢(2) < (1 =0)llo* oL,

for every (y,z) € (R?)?\ (Bsy, X Bs,) such that (y,z) > 0, and Lemma 5.5.7 can
then be invoked to preclude concentration at infinity. Further note that (5.5.22) is
fulfilled by the functions ¢ = | - |P, for each p > 2. In this case, we can take ro = 0,
and so concentration can only occur at the origin.

In the case of extremizing sequences concentrating at infinity, we can further refine
the analysis as follows. Let {f,} C L?(R?) be a sequence such that || f,|l;> — 1,
as n — oco. We say that the sequence {f,} satisfies the splitting condition if the
following holds. There exists a € (0, 1) such that, for every € > 0, there exist r > 0,
no > 1, and sequences {y,} € R? {r,} C R, with r, — oo, as n — oo, such that
the functions gn,1 := fnlp,(y,) and gn2 := fnlr2\B,, (y,) satisty

(55.23)  |lfa = (gn1 + gn2)lIf2 < & llgnallfe —al <& llgnzlfz — (1 —a)| <e,

for every n > ng. The following result holds.

PROPOSITION 5.5.24. Under the hypotheses of Theorem 5.1.7, let { f,} C L*(R?)
be any extremizing sequence for inequality (5.1.8). Then {fn} does not satisfy the
splitting condition.

SKETCH OF PROOF. Aiming at a contradiction, suppose that the extremizing
sequence {f,} satisfies the splitting condition for a given a € (0,1). Let ¢ > 0,
and suppose that there exist r > 0, {y,} C R?, and {r,} C R, for which condition
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(5.5.23) holds. Decompose fp, = gn.1 + gn2 + hyn, where thHig < e. Part (c) of
Lemma 5.5.2 implies the uniform estimate

Ign,10 % gn2o |2 < p(r,10) (| gna 72l gn.2 )72

where the function

1
p(r,1n) i= sup |1, (y)0 * LIr2\B, ()7 lf~
y€ER2

satisfies p(r,r,) — 0, as n — oo. By an argument similar to the one following
(5.5.16) in the proof of Lemma 5.5.11, we obtain

i2 < Climsup p(r,ry,) + Caé,

n—o0

lim sup ”gn,IHiZ g2
n—oo

for a universal constant C' < co. We conclude that
1
(I-a—-¢)(la—¢) <Ce2,

which yields the desired contradiction if € is chosen small enough, depending on a.
O

We finish this chapter by reformulating some of our conclusions in the language
of the original concentration-compactness principle of Lions, according to which
three scenarios may occur: (I) compactness, (1) vanishing, or (III) dichotomy. See
[65, Lemma I.1] for the precise definitions. Up to extraction of subsequences, an
extremizing sequence for inequality (5.1.8) which satisfies condition (I) with respect
to a bounded sequence will concentrate at a point. An extremizing sequence which
satisfies condition (II), or condition (I) with respect to an unbounded sequence, will
concentrate at infinity. Condition (III) is only possible if neither of the supports
of the split sequence remains in a bounded region, in which case the extremizing
sequence again concentrates at infinity. Furthermore, if condition (IIT) occurs, then
condition (II) must also occur. In this case, no fixed positive fraction of the L2
mass of an extremizing sequence {f,} can remain on any ball of fixed radius, in
the limit as n — oo. To see this, note that the proof of [65, Lemma I.1] implies
that condition (III) could otherwise be upgraded to the splitting condition considered
above, which in light of Proposition 5.5.24 does not hold for any extremizing sequence
of inequality (5.1.8).

5.6. Sharp Strichartz inequalities

In this chapter, we consider a number of sharp instances of the Strichartz in-
equalities (5.1.17). All cases will follow a common pattern which we now illustrate
by focusing on a particular example. With this purpose in mind, let ¢ = 1 and
consider a function ¢ as in the statement of Theorem 5.1.7. In this case, inequality
(5.1.17) can be restated as

1
(5.6.1) IFFA+]- P iog)lams S 1 lzme)

where the projection measure o = oy is defined in (5.1.2), and the subscript empha-
sizes that we are no longer taking ¢ = | - |* as in (5.1.22). Inequality (5.6.1) can be

rewritten in sharp convolution form as

1o * fVwosllams) < S2F IR g,
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with weight w = (14 |- ]2)% and optimal constant S;. The usual Cauchy-Schwarz
argument implies

(5:62) Vo« SVwoslPags < lwog « woglm g1,
whence the upper bound

On the other hand, recall formulae (5.2.5) and (5.5.1), the boundary values of the
convolution measure woy * woy are given by

Tw <£/2>
Vdet(H(1)(£/2))

+ ¢ as usual. A slight modification of Lemma 5.4.3 then yields

(5.6.4) (wog * woy) (&, 29(£/2)) =

where we set 1) = |- |2

the lower bound

mw?(€)
V. 8 .
(5.6.5) °Z b W) O)

Inequalities (5.6.3) and (5.6.5) provide upper and lower bounds for the value of the
optimal constant Sy4. If these bounds happen to coincide, then this determines the
value of Sy. In this case, if the supremum in (5.6.3) is achieved only at the boundary
of the support of the convolution measure, then extremizers are seen not to exist as
before. In other cases, the following result will be useful in revealing some instances
in which inequality (5.6.5) may be strict.

LEMMA 5.6.6. Given a strictly convex function U : R? — R, consider the measure
v(y,t) = 5(t —U(y ))dydt Let E denote the support of the convolution measure vxv.
Given s > 0 and a nonnegative function w on R2, let fs(y) = e =YW Sw (y). Then
tf;e following inequality holds, for every fs € L2(]R2) for whzch fs/wv x fsy/wv €
L%(R3):

Hfs\/ay* fS\/EVH%?(R:‘s) S Hfs||L2(R2
Pl = Jpe rdedr

(5.6.7)

In particular,

||f\fu*ff1/||L2(R3 Hf3||L2(R2)
sup >Su B Y e
0£fEL2(R2) 1112 g2y b [ e 27dedr

PrOOF. For simplicity set s = 1, the general case being similar. Note that
the function f(y) = e~ Y® /w(y) coincides with e~*1/w(y) on the support of the
measure v. Therefore, the following identities hold:

(fVwv = fywv)(€,7) = e (wr = wr) (€, 7),
(f2v= fPr) (€ ) = e (fVwr * fYwr) (€, T).

Together with
[, (v e P mdear = 111
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the preceding identities and the Cauchy—Schwarz inequality then imply

1 = [ e (i fyam) (e, mdgdr
< </E 6_2Td£d7>§Hf\/EV * f/wy|z,

from which (5.6.7) easily follows. This completes the proof of the lemma. O

5.6.1. Quartic perturbations. We consider a slight generalization of inequal-
ity (5.1.22), given for a > 0 by

1
IF(FA+al - ) 10)lLags) S 1f L2y,

where the measure o is again given by o(y,t) = (¢t — |y|* — |y[*)dydt. This in-
equality can be equivalently rewritten in sharp form as

(5.6.8) 1 Viwao = f /w0l 2gsy < SallfIIF2ge):

with weight w, = (1 + al - |2)% and optimal constant S,. With the notation
just introduced, we have the following result, which specialized to a = 1 yields
Theorem 5.1.24.

THEOREM 5.6.9. If 0 < a < 2, then the value of the optimal constant for in-
equality (5.6.8) is given by St = 5. Moreover, extremizers for inequality (5.6.8) do
not exist, and extremizing sequences concentrate at the origin. If a > 2, then the
following estimates hold:

V/ 2
E’ MI‘(%) } <8*< aj.
2" 8 4 @ 4
PROOF. For every a > 0, the trivial estimate

[fo* follz < llflvwao = | flvVwaol|y2

and Theorem 5.1.7 together imply that St > 5. This lower bound coincides with

(5.6.10) max{

the value of the right-hand side of (5.6.5) in the special case when ¢ = |- [*. Tt
follows that
(5.6.11) g < 8 < |lwao * wao |1,

for every a > 0. We are thus reduced to studying the convolution measure wqo *wqo.
Formulae (5.2.13) and (5.5.1) imply

_ [ wal€/2+ aw)we(€/2 — aw)
(5.6.12) (wa0 * wao)(§,7) = /Sl <w v¢(§/2+aw)—vw(§/2—aw)> Heos

where ¢ = |- |?> + | - |4, and the function a = (¢, 7,w) is given by (5.2.4). A
straightforward computation shows that the numerator of the integrand in (5.6.12)
equals

(5.6.13)  wa(§/2+ aw)wa(§/2 — aw) = (L +a(|€/2” +a?))? — a®a®(€,w)?)?,
while the denominator equals

2 — 2 —
5614) (s, THE2H0) ~ TUE/2 00
o
We split the analysis in two cases.

N[

> — 4(1+2(16/2* + a®) + (€, w)?).
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Case 1: 0 < a < 2. To compare (5.6.13) and (5.6.14), note that the inequality

(5.6.15) <1+a(yg/2|2+a2))2—aa (€)% < (1+2(|§/2|2+a2)+<§,w>2)2

holds for every a € [0,2], & € R2, w € S' and o > 0. Moreover, necessary and

sufficient conditions for equality in (5.6.15) to hold for every w € S' are ¢ = 0 when

a=2,and £ =0 and a = 0 when a < 2. It follows that i is an upper bound for the

integrand in (5.6.12). Therefore, for every (¢£,7) € R?*L,

(5.6.16) (weo * weo)(§,7) < 5

Moreover, this inequality turns into an equality if and only if (£,7) = (0,0) when

a < 2, and if and only if £ = 0 when a = 2. To justify this, note that
e 1-%

(war = wa)(0.7) = [ 8(r =21yl + )ty = 5 (5 + L

which specializes to

)1{T>o}( ),

(weo * weo)(0,7) = gl{rzo} (7).

As a consequence of estimates (5.6.11) and (5.6.16), we conclude that S; = %, for
every 0 < a < 2. Nonexistence of extremizers is a consequence of inequality (5.6.16)
being strict at almost every point, as in the proof of Theorem 5.1.7. Concentration
at the origin can likewise be established in an analogous manner. We point out
that the normalized sequence {f,,/| fnll 2}, where f,.(y) = exp(—n(|y|*> + |y|?)), is
extremizing for inequality (5.6.8).

Case 2: a > 2. Start by noting that the inequality

2 212 2 2 ) _ @ 2 2 2) 2
(1+a(g/2P + %)) = a2a?(g,w)? < Z<H2(W2‘ + %)+ (6,w)?)
holds for every a > 2, £ € R?, w € S' and a > 0. It follows that
(a0 % wa0)(€,7) < 7

yielding the upper bound S < “F. On the other hand, along the boundary of the
support of wy,o * w,o, we have that

Tw (5/2) _ m(1+ al¢/2)
VAet(H(@)(6/2))  2/(1+20€/22)(1 +6]¢/2)’

(wao * wao)(€,29(§/2)) =

and therefore

1+ ar) T am
54 ult > max{—, —}
r>€2\/1+2r )(1+6r) 27443
This yields the preliminary bounds
T am am
5.6.17 max{f, —} St <

The lower bound can be sharpened by invoking Lemma 5.6.6. With this purpose in
mind, let fi(y) = e Y@ /wy(y). Its L? norm is given by

s = [ 0Pl iay = [0 antar,
0
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On the other hand, letting F denote the support of the measure o * o,

o 2 [e.e]
/ e >Tdedr = / ( / e 2Tar)ag = = / e+ gy
E R2 N J2(1$2+1514) s Jo

It follows that

00 —2s(r+r? i 2
S4>supE(f0 e (1 + ar)2dr)
“ T 0 2 fooo e—4s(r+r?)qr ’

The limit as s — 0T of the expression inside this supremum is easily calculated via
a change of variables u = /sr, yielding

amw (fooo 672“2u%du)2 B aVv2m _ /3\2
F<7).

Sy >

2 e du 8 4
Since @I‘(%f > 4\%, this indeed sharpens the lower bound in (5.6.17), and the
proof is complete. O
REMARK 5.6.18. We can consider more general perturbations ¥ = |- |2 +|-|*+ ¢,

with ¢ as in the statement of Theorem 5.1.7, satisfying H($)(0) = 0. These corre-
spond to perturbations of the cases considered in Theorem 5.6.9. Letting oy(y,t) =
5(t — \I/(y))dydt, a similar analysis reveals that, for every a € [0,2], the sharp in-
equality

2 g4
(5.6.19) Hf\/ Waop * [y wao’\IIHLQ(RB) < §HfHL2(R2)
holds, extremizers do not exist, and extremizing sequences concentrate at the origin.

5.6.2. Convolutions of pure powers. In this section, we study the convolu-
tion of the projection measure

(5.6.20) vp(y,t) = 8(t — |yP)dydt,

where p > 2 and (y,t) € R?**1. A scaling argument shows that there exists a unique
possible Strichartz estimate in L*(R3), namely

2
(5.6.21) IFCT 17 v las) S 1F lze).
As before, the analysis of the sharp form of inequality (5.6.21) leads to the study

of the convolution measure wv), * wy,, with weight w = |- |% We record its main
properties in the following result, which should be compared to Proposition 5.2.2.
PROPOSITION 5.6.22. Given p > 2, let w = | - ]172;2 Let v, be the measure
defined by (5.6.20). Then the following assertions hold for the convolution measure
WV * WVp:
(a) It is absolutely continuous with respect to Lebesque measure on R3.
(b) Its support, denoted Ey, is given by

E,={(¢7) e R*T 7 > 217 P[P},

(c) Its Radon-Nikodym derivative, also denoted by wvp*wuy, defines a bounded
continuous function in the interior of the set E,.
(d) It is radial in &, and homogeneous of degree zero in the sense that

(wrp * wrp) (A, APT) = (wip, x wip) (&, 7), for every A > 0.
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(e) It extends continuously to the boundary of E,, except at the point (§,7) =
(0,0), with values given by
7r

(wrp * wiy) (€, 27 PEIP) = =T if £ # 0.

(f) If p > 2, then the mazimum value of wyy, * wy, is only attained along the
vertical azis {(0,7) : 7 > 0}, where it equals 7.

PRrROOF. Properties (a) and (b) follow as in the proof of Proposition 5.2.2. Prop-
erty (d) is also straightforward to check. We then start by showing that wv, *x wy,
defines a continuous function inside its support. Reasoning as in (5.2.7), we have
that

p—2 p—2
(wrrom)(6.7) = [ 8= 1§ +3lP =15 = uP)I§ + 1T 1§ —yl"Fay.
Write 7 = A|{JP with £ = 2e;, where e; denotes the first canonical vector. Changing
to polar coordinates with polar axis parallel to e, we obtain

2 [e'e) B

WYy, * WY, , = —2—g(r))((r*+ —4r~ cos pTQTdeO,
(wrp x wp) (€, AEIP) 8(2°X =2 — o (r)) ((r* +1)% — 4r” cos? )

0o Jo
where the function
(5.6.23) 0o(r) == (rP+1+2rcosf)% + (12 +1 — 2rcosf)z — 2
is convex in the variable r for each fixed 6, with unique global minimum at r = 0 as
a result of Lemma 5.3.3. A change of variables s = py(r) yields
((r? +1)% — 4r2% cos? 9)1)4;2

.
dsdf
©y(r)

21 00
(wrp * wrp) (&, AE|P) :/0 /0 6(2p/\—2—3)
p(r)

where r = ¢, 1(2p)\ — 2), and ¢} denotes the derivative of the function ¢y with
respect to r. A calculation shows that

27 _92
(5.6.24) = Lpsa-n (V) / (2 +1 — ar?cos?0)5" () b,
0

(1) :pr((r2 + 1+ 27“0059)% + (r2 +1— 27“6059)1%2)
(56:25) +pcos0((r2 + 1+ 2rcos ‘9)¥ — (r* +1 —2rcos 9)%),

which only vanishes at » = 0. Using part (d), we see that (wvp *x wi)(§,7) =
(wrp * wip)(er, || 7PT), for every & # 0. Therefore continuity of the convolution
measure at a point (£, 7) in the interior of the set E,, for £ # 0, follows from that of
(wvp * wip)(e1, A), for A > 217P. The latter is seen to hold via the Implicit Function
Theorem, given that r is a differentiable function of A and 6. As for continuity
along the positive T-axis, note that, given 7 > 0 and a sequence (&,,7,) — (0,7), as
n — oo, with &, # 0, for every n, we have

A0 o«
(5.6.26) (wrp *xwip)(&n, Th) = (Wrp * Wrp)(e1, \ETTHIP) — /0 % 7 as n — 0o.

Here we used that A\, := ‘gﬁ — 00, and that r = r(\y,, 0) — oo for each fixed 0, as

n — 0o0. Boundedness is a consequence of the inequality

p—2

(5'6'27) 2]77'(7’2 + 14 27 cos 0)1)4;2(7’2 +1—2rcos Q)T < (,0/9(7’),
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which holds for every » > 0, § € [0,2x] and p > 2. To verify (5.6.27), recall
expression (5.6.25) for ¢}, and note that, as long as p > 2,

pcos@((r2 +1+ 2rcos0)p%2 — (41— QTCOSQ)%) >0,

for every r > 0 and 6 € [0,27]. This concludes the verification of (¢). We can
continuously extend the value of the function (wv, * wry) (&, A|€[P) to A = 217P by
noting that » — 07 as A — (2!7P)*. This yields the following value for the extension:

246 2 de o
wy x wiy) (€, 21 7PIE|P :/ :/ = .
(wrp xwmy)(C2THRE = 0 ) =y 4 0D f)  pvp 1

Note that this coincides with the value predicted by the analogous of formula (5.6.4).
Property (e) is now proved. Finally, if p > 2, then a discussion of the cases of equality
in (5.6.27) reveals that the strict inequality

(5.6.28) (wup % wip)(€,7) < %ﬂ{@w‘ap}(é,ﬂ

holds for every (£, 7) with £ # 0. Moreover, the value along the T-axis was already
calculated in (5.6.26), is alternatively given by

_ T
(wrp * wip)(0,7) = /]R? 5(7' - Q‘y’p)|y|p dy = E]]-{T>O}(T)a

and therefore equals the maximum value. This concludes the verification of (f) and
the proof of the proposition. O

REMARK 5.6.29. The boundedness of wvy * wy, given by part (c) of Proposition
5.6.22 implies the validity of the Strichartz estimate (5.6.21). Moreover, parts (e)
and (f) imply that the optimal constant Q,, for the corresponding sharp inequality in
convolution form,

(5.6.30) 1FVwvy « fVurpllizgs) < Qll Il 2 gz,
satisfies
(5.6.31) SQ4<*

Contrary to the case of the quartic perturbation studied in §5.6.1, this does not
determine Q,, since the upper and lower bounds do not coincide for p > 2.

In order to sharpen the lower bound in (5.6.31), we will use the following straight-
forward consequence of Lemma 5.6.6.

COROLLARY 5.6.32. Given p > 2, let v,(y,t) = 8(t — |y|P)dydt, and w = B
Then the following estimate holds for the function f(y) = exp(—|y|p)|y|p%
Vv, s Sl x T(3+ )

p

(5.6.33) >
1172 g p2ts T(3)
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5.6.3. The pure quartic. In this section, we consider the case p = 4 of
(5.6.30). Let v = vy be given by (5.6.20). The next result records the additional
simplifications which appear in the integral formula (5.6.24) for the convolution
|- |vx|-|v.

COROLLARY 5.6.34. Let v(y,t) = &(t — \y]4)dydt. Then the following integral
formula holds, for every € #0 and \ > %:

(5:6.35) (| |v |- [)(& el
1 /27r<)\+C0829+200849—2(2)\+C0829+COS49)§COS29>§d9
42 Jo '

2\ + cos?2 § + cost
Additionally,

(1 v * ] )(0.7) = F1grsap(r), and (|- v+ |- W)€ 1§) = 7=, if €#0.

443
We are now ready to prove Theorem 5.1.20.

PROOF OF THEOREM 5.1.20. In view of [52, Theorem 4.1], the existence of

extremizers for inequality (5.1.19) follows from the strict inequality Q* > Nt In
order to establish it, consider the function

1
Fly) = exp(—ly)|y|2.

Invoking Corollary 5.6.32, we have that
1 1 2

o e B x G e

N 1£11 52 “av2r(l)y T s 4 T 4m
as desired. The upper bound Q* < 7 holds in view of part (f) of Proposition 5.6.22
for p = 4. That this upper bound is strict follows from the existence of extremizers,

and the fact that the pointwise inequality |-[v*|-|v < T is strict almost everywhere,
as quantified by (5.6.28). O

(5.6.36) Q

REMARK 5.6.37. A direct calculation shows that the function f(y) = exp(—|y[4)]y\%
satisfies

IF1- 12w £ 12022 g 2

(R3) 2 -2
5.6.38) = / (|- |vx|-|v)* (e, t”7)dt.
( 17112 gy e Jy e

Invoking formula (5.6.35) for the convolution |-|vx|-|v, the integral on the right-hand
side of (5.6.38) can be evaluated numerically. With precision 5 x 1075, one checks
that

1 1
1f]- 2w« f] - |2v]|2,
L)~ 0.489333.

(5.6.39)
||f||i2(R2)

Note that the lower bound @F(%P ~ 0.470508 obtained in (5.6.36) already amounts
to about 96% of the value in (5.6.39). This indicates that the Cauchy—Schwarz ar-
gument from Lemma 5.6.6 is quite sharp for p = 4. We expect the same argument
to work for other values of p as well, and remark on that in the next section.
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5.6.4. Other pure powers. In this section, we briefly comment on how to
approach the problem of existence of extremizers for inequality (5.6.30) in the case
of pure powers other than the quartic. Given p > 2, let Q,, be the optimal constant in
inequality (5.6.30). The following result provides a partial replacement for Theorem
5.1.20 when p # 4.

PROPOSITION 5.6.40. There exists pg > 5 such that, for every p € (2,pp),

4T
TS,

SKETCH OF PROOF. The upper bound holds in view of part (f) of Proposition
5.6.22. Invoking Corollary 5.6.32 as before, we obtain the lower bound (5.6.33). We
are thus reduced to showing that

2
x T3+ %) 7r
2 > ’
2 r(;) pvp—1
or equivalently
2

1 1n2 2% /2
5.6.41 F(— + —) > F<7>.

( ) 2 p p—1 \p

Figure 1 below illustrates the validity of this inequality inside the claimed range. [J

L . . . L . . . L . L n Value of p
4 6 8 10

FicUure 1. Plot of the ratio % of inequality (5.6.41), for 2 < p <

10. The p-coordinate of the intersection (red) point has been numer-
ically determined and equals 5.061147 (6 d.p.).

Let py be the exponent promised by Proposition 5.6.40. For every p € (2,po),
extremizing sequences for inequality (5.6.30) are seen not to concentrate at a point
of the boundary, except possibly at the origin. Then, arguments similar to the ones
from [25, 52| can presumably establish the existence of extremizers, provided that
a “cap bound” holds, together with a principle quantifying the weak interaction
between distant caps, in the spirit of Lemma 5.5.2. As a final remark, we record the
following generalization of formula (5.6.38) for generic values of p > 2,
2

| vVavy « Vomllags  p D) /fi
)" Jo

p
4 - 1,1
||f||L2(R2) 27TF(§+1;

which could be of interest for further numerical explorations.

(wrp * va)2(61, t_g)dt,
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