Analysis 1, Solutions to Ubungsblatt Nr. 10

Problem 1 (Continuity)

(a) Let us start by verifying that the function f is continuous at x = 0. We make use of Definition 5.27, by which it is
enough to show that
Ve > 036 > 0Vy € [0,1]: [0 —y| <= |f(0) — f(y)] <e.

Let € > 0 be given, and choose § = e. Let y be any number in [0, 1] such that
10—yl =1yl <e

We split the analysis into two cases, depending on whether y is a dyadic number or not. In the first case, y € Y, we
have that

1F0) = f)l=10—fl=[fW)]=lyl <e
In the second case, y € [0,1] \ 'Y, we have that

1£(0) = f(y)l=10-0[=0<e

In both cases we conclude that
1£(0) = f(y)| <e.
It follows that the function f is continuous at 0, as desired.
Let 9 € [0,1] \ {0} =: (0,1] be given. Our next goal is to show that the function f is discontinuous at x = zy. Again
by Definition 5.27, this amounts to showing
Je > 0V6 > 03z € [0,1] : |zo — x| < I A |f(x0) — f(x)] > €.

We claim that taking € = xo/2 will do the job. (Notice that this is a positive number since x¢ # 0.) Again we split the
analysis into two cases, according to whether x( is a dyadic number or not.

In the first case, xg € Y, let € := x0/2 and let § > 0 be given. Pick = € [0,1] \ Y such that
|zo — x| < 0.

That such z exists can be seen in a number of ways (e.g. by using the fact that {v/2/n},>2 is a sequence of elements in
[0,1]\ 'Y converging to 0). Since z¢ € Y, we have that f(x¢) = . Since z € [0,1]\ Y, we have that f(z) = 0. But then

|f(x0)_f(x)|:|$0—0\=$02%:e.

In the second case, xg € [0,1] \ Y, let again € := x(/2 and let 6 > 0 be given. We lose no generality in assuming that
0 < x0/2, for if |z — o] < § holds for some 6 = dy, it will also hold for any 6 > dy. Pick z € Y N[0, 1] such that

|z — zo] < 0.

That such x exists is an immediate consequence of Theorem 2.18 (Archimedes). Reasoning similarly as before, we
conclude that

|f(1'0)—f($)|:‘O—l’|:x>x0_§z%:€

In both cases, we were able to produce an absolute € > 0 and a number x € [0, 1] (depending on § but on nothing else)
such that

|zo — x| < 0 but |f(xo) — f(z)| > €.
This means that the function f is discontinuous at x = xg, as claimed.

An approximate graphical representation of the function f is as follows (in this particular representation, points in
[0,1] N ngo Y. appear with the correct f-value):
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(b) Let a < b be real numbers, and let f : [a,b] — R be a continuous function such that f([a,b]) C [a,b]. We want to show
that f(xg) = zo for some zg € [a, b].

We lose no generality in assuming that f(a) # a and f(b) # b, for otherwise we would be done. If f(a) # a and
f([a,b]) C [a,b], then f(a) > a, or a — f(a) < 0. Similarly, f(b) <b, or b — f(b) > 0. Consider the auxiliary function

g:la,b) — R
z = g(z)=z— f(x).

Then g is a continuous function (since it is the sum of two continuous functions) which satisfies

g(a) =a— f(a) <0, and
g(b) =b— f(b) > 0.
A straightforward modification of the Intermediate Value Theorem (Theorenﬂ 5.15 from the Skript) implies that the

function g must have a zero in the interval (a,b). In other words, there exists xy € (a,b) such that g(zo) = 0. This
happens if and only if f(zg) = ¢ i.e. if and only if z¢ is a fixed point for f, and we are done.

INote carefully that the monotonicity assumption can be dropped.



Problem 2 (Differentiability)

(a) Here’s a sketch of the function f; on the interval [—1/4,1/4]:
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We want to show that the function f; is not differentiable at x = 0. This amounts to showing that the limit

lim f1(0+h) — f1(0)

h—0 h = jim

h—0 h

fi(h) =0

=i ghon (5) = iysin ()

does not exist. This might already have been discussed in Problem 4(a) from PB10, but we recall it here.

Define the sequences

a, = — and b,
™

Then

1
+7n’

jus
2

lim a, =0= lim b,,

n— oo

but

n—oo

This shows that the limit

an n—00

lim sin
h—0

1
lim sin (—) = lim sin(mn) =0 # 1 = limsup

n— oo

n—oo

(o 5 +m0)) = s (1)
)

does not exist, and therefore the function f; is not differentiable at 0, as desired.

(b) Here’s a sketch of the function fo on the interval [—1/16,1/16]:

This time we need to show that the limit

lim f2(0+R) — f2(0)
h—0 h

fa(h) =0

= lim
h—0

= }llli% %hz sin <l> = lim hsin (l)

h h

h—0



exists and is a finite real number. Indeed, we claim that

1
lim fsi (7) - 1
hli% sin 5 0, (1)
and this is the content of Problem 4(b) from PB10. We recall it here: first of all,
(1
. .1 ,om (ﬁ) . sint
lim Asin (7> = lim T = lim —.
h—0+ h h—0+ T t—too ¢
sint

In the solution of Problem 1(a) from UBQ, we have already argued that lim;_, =0, and so

t

hli%l+ fisin (%) =0

Similarly,
lim hsin (3) —0.
h—0— h
Since the two side limits equal zero, follows. Moreover,
im f2(0+h) — f2(0)

1
/ — 1 1 —_— =
f2(0)—}£1 L W —}llln})hmn(h) 0.

From part (b) we already know that f5(0) = 0. If z # 0, then the product rule implies that

f3(z) = (352 sin (%))/ = (z%)’sin (%) +x2(sin (%))l

We have seen in class that (z2)’ = 2z. On the other hand, it is easy to check that (z7!)’ = —2~2, and then the chain

rule implies that
Ny 1y L1 1 1
(5 (3)) = (3) 5 (3) ==z s (3)
T T T T T
since sin’ = cos. It follows that
1 1\\/
/ _ 2\/ o - 2 : -
5(x) = (%) sin (x) +x (sm (w))
1 1 1
= 2z sin <7> —|—m2( — —5 COs (7>)
T T T
1 1
= 2z sin <7> — cos (7>
T T

foz) = { 2z sin (%) — cos (%) if zx € (—1,1)\ {0},

We conclude that

0 ifz=0.

This is a rather pathological function (for instance, it is not continuous at 2 = 0) which is nevertheless bounded on the
interval (—1,1) and looks approximately as follows:




Problem 3 (A differential inequality)
Let f: R — R be a differentiable function satisfying

(a)

f(x) > f(z), Yz € R. (2)

Let zy € R be such that f(zg) = 0. By definition,

Since f(zo) = 0, assumption (2)) at x = x¢ translates into f’(z¢) > 0, or

iy f@o R =0
h—0 h
In particular,
lim M > 0.
h—0t h

We can therefore guarantee the existence of hg > 0 such that

f($0 + h)

0
n >

provided 0 < h < hg. Pick such h. Since h > 0, this implies that
f(ZL'o + h) > 0.
Set © := x¢ + h. Then & > x¢ because h > 0, and f(x) = f(zo + h) > 0, and we are done.

Since the exponential function is (strictly) positive on the whole real line, assumption is equivalent to the following
statement:
e " f(z) > e " f(z),Vx € R.

This can be rewritten as
e f(x)—e " f(x) >0,V € R,

or even

(e7®f(x)) > 0,Vz € R. (3)
This last reformulation is a consequence of the product rule, which in particular states that
(e f(@) = (") f(x) +e " f(x) = —e " f(z) + e " ().
By a slight refinement of Theorem 6.3.2, from we have that

/m(e_tf(t))’dt >0, V> x.

0
On the other hand, from the second part of the fundamental theorem of calculus (Theorem 7.4), we have that

/I(eftf(t))/dt =e "f(z) —e " f(z0) = e " f(2)

0

since f(xzo) = 0. It follows that
e *f(x) > 0,Yx > x0.

Again because of strict positivity of the exponential function, this is equivalent to the desired conclusion,

f(z) > 0,Vz > xo.



Problem 4 (Series)

(a)

Let us start by assuming that the “condensed” series

o0
Z 2 agn < 00
k=0

converges. Then

o0
0< > ar=a1+ (a2 +as) + (aa + as + a6 + az) + (as + ...+ a15) + ...
k=1

<ar+(ag+as)+(as+as+as+ag)+(ag+...+ag)+...
oo
:ZZkagk,
k=0

and so the series Y ;7 ai converges as well. Here we just used the fact that the sequence {aj;} is nonincreasing.
Conversely, assume that the series Zzozl ap converges. Then

0§Z2ka2k = a1 + 2as + 4ay4 + 8ag + . ..
k=0

:a1+2<a2+2a4+4a8+...>

§a1+2<a2+(a3+a4)+(a5+a6—|—a7+a8)—|—...>
:_a1+2zaka
k=1

and so the series >, 2Fagr converges as well.

)

Remarks. Strictly speaking, the various instances of ‘... make the former proof non-rigorous. One should work with
partial sums instead, truncated at N say, and prove each statement by induction on N.

The result we just proved goes in the literature under the name of “Cauchy condensation criterion”, and it provides a
useful tool to verify the convergence of series which would otherwise be hard to study. As a further application of this
criterion, the reader is encouraged to revisit the a-series

o0

1
Z—, for 0 < a < 0.
na

n=1

Yes. The proof outlined in part (a) goes essentially through with only minor modifications (omitted). Under the
assumptions of the problem, one can prove more generally that, given a natural number m € N : m > 2, the series
> pey ay converges if and only the series Zzozo mPa,,. converges.

Let us use the criterion of part (b) with m = 10. For this purpose, define

1
by, ==
nd(n)
and note that
d(10™) =d(10...0) =n+ 1. (4)
n 0’s
It follows that
1 1 1

1” n — = =
0%b10 ’L@%,L@"/d(l()") d(10") ~ n+1’




and so the series

converges if and only if the series
oo o0

o0
" 1

converges. But this is the harmonic series, which is by now well-known to be divergent. It follows that the series
diverges as well.

Further define

1
= () T wdmddn)dddm)
Using , we have that
10" c1on = 10" : = L = bnt1
67 d(10d(d(107))  (n+ Dd(n+ 1)
and that
10" dyon = 10" ! = ! = Cn+1-

107d(10m)d(d(10™))d(d(d(10™))))  (n+ 1)d(n+ 1)d(d(n + 1))
From part (b), it follows that the series

0o 00 1

diverges if and only if the series
oo
1

210 ClO"—an-i-l an( j

diverges, which we just verified to be the case. Similarly, the series

> > 1
2 =D A

diverges if and only if the series
1
]. d n — n T2 N 17 17 AN
Z 0"d10 Z Cntl = Z < nd(n)d(d(n))

diverges, which we just verified to be the case. The conclusion is that all three series

oo oo oo 1
nzl nd (n) 2 ) *nd n; nd(n)d(d(n))d(d(d(n)))

diverge, as desired.



