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On the compact support of solutions to
a nonlinear long internal waves model
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ABSTRACT. We use complex analysis techniques to prove that, if a sufficiently regular
solution to a model that governs the unidirectional propagation of long internal waves
in a rotating homogeneous incompressible fluid is compactly supported in a non trivial
time interval then it vanishes identically.
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1. INTRODUCTION

In this work we are interested in studying the following initial value problem (IVP):

(1.1) (ug — PBugee + (W) g)e —yu=0, =z teR
u(z,0) = u(z),
where v = wu(z,t) is a real valued function and ~, are constants. This model was
introduced by Ostrovsky in [12] which describes the propagation of weakly nonlinear long
surface and internal waves of small amplitude in a rotating homogeneous incompressible
fluid. In literature, this model is also called as Ostrovsky equation. The parameters v > 0
and 3 describe the effect of rotation and type of dispersion respectively. The value § = —1
describes negative dispersionfor surface and internal waves in the Ocean and surface waves
in a shallow channel with uneven bottom. The value 8 = 1 describes positive dispersion
for capillary waves on the liquid surface or for magneto-acoustic oblique waves in plasma
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Several authors have studied this model in recent literature, see for example [I], [3], [6],
[11], [I7] and references there in. In particular, Cauchy problem associated with has
been studied in [17].

In this work we are concerned about the unique continuation property (UCP) for the
model (L.I). There are various forms of UCP in the literature, see for example [2], [8],
[9], [10], [15] and references there in. The following is the definition of UCP given in [13],
where the first result of UCP for a dispersive model is proved.

Definition [I5]. Let L be an evolution operator acting on functions defined on some
connected open set ) of R X R,. The operator L is said to have unique continuation
property (UCP) if every solution u of Lu = 0 that vanishes on some nonempty open set
O C Q wvanishes in the horizontal component of O in (2.

Much effort has been used in studying UCP for various models in recent literature, for
example [2], [3], [, [7], [8], [9], [10], [13], [14], [15], [16] and [I8] are just a few to mention.
In most cases Carleman type estimates are used to prove UCP. Recently, Bourgain in [2]
introduced a new method based on complex analysis to prove UCP for dispersive models.
Although, by using Paley-wiener theorem, the UCP for linear dispersive models, with this
method, is almost immediate, the same is not so simple when one considers full nonlinear
model. Some extra and technical efforts are necessary to address the case of nonlinear
model. In this work we use method introduced in [2] to prove that, if a sufficiently smooth
solution to the IVP is supported compactly in a nontrivial time interval then it
vanishes identically. In some sense it is a weak version of the UCP given in the above
definition. Due to technical reason (see proof of the Theorem below) we consider the

negative dispersion case, i.e. § = —1, in (l.1). The main result of this work reads as
follows:

Theorem 1.1. Let u € C(R; H*(R)) be a solution to the IVP (1.1) with s > 0 large
enough. If there exists a non trivial time interval I = [=T,T] such that for some B > 0,

suppu(t) C [-B,B], Vtel,
then u = 0.
To prove this theorem we write the IVP as
{ut — Bugpr + (U?)y —yDylu=0, z,teR
u(z,0) = up(z).
Now, we use Duhamel’s formula to write the IVP in the equivalent integral form

t
(1.3) u(t) = U(t)g — /0 Ut — 1) (u2), (F) d,

where U(t) is the unitary group describing the solution to the linear problem

ut_ﬁuxa7$_7Dm_*lu:07 z,t€R
u(z,0) = uo(z),

(1.2)

(1.4)
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and is given by

1 e 7
(15) U0 o) = 5 [ PEOT B G€) de.
2 R2
Note that following are the conserved quantities satisfied by the flow of (1.1):
(1.6) / lu(x,t)|? d, (momentum)
R
1
(1.7) / Bu + %(Dglu)2 + gug dx. (energy)
R

We organize this article as follows. We establish some preliminary estimates in section
and in section [3] we supply the proof of the main result of this work, Theorem

Now, we introduce some notations that will be used throughout this article. The Fourier
transform of f denoted by f is defined as,

fey = 1 e f(x) dx
(1) f(f)—m/R f(x) da.

We use H® to denote L2-based Sobolev space with index s. The various constants whose
exact values are immaterial will be denoted by ¢. We use supp f to denote support of a
function f and f % ¢ to denote the usual convolution product of f & g. Also, we use the
notation A < B if there exists a constant ¢ > 0 such that A < ¢B.

2. PRELIMINARY ESTIMATES

In this section we record some preliminary estimates that are essential in the proof of
our main result. The details of the proof of these estimates can be found in [2] and the
author’s previous works [I3] & [14]. For the sake of clearness we just sketch the idea of
the proofs.

Let us start by recording the following result.

Lemma 2.1. Let u € C([-T,T]; H*(R)) be a sufficiently smooth solution to the IVP
(1.1). If for some B > 0, suppu(t) C [-B, B), then for all £,0 € R, we have

(2.1) (D) (€ +i8)] < eI,

Proof. The proof follows using the Cauchy-Schwarz inequality and the conservation law
(1.6). The argument is similar to the 2-dimensional case presented in [13] & [14]. O

Now, we define
(2.2) u*(§) = sup |u(t)(£)]
tel
and
(2.3) m(§) = sup [u(¢')].
1§'1= €]

Considering u(0) sufficiently smooth and taking into account the well-posedness theory
for the IVP (1.1 (see for e.g., [I7]), we have the following result.
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Lemma 2.2. Let u € C([-T,T]; H*(R)) be a sufficiently smooth solution to the IVP
with suppu(t) C [-B, B], VYt € I, then for some constant By, we have

By
2.4 m(§) S :
(2.1 © S T
Proof. The proof follows by using Cauchy-Schwarz inequality, conservation law (1.6) and

the well-posedness theory with the similar argument in the author’s previous works [13]
& [14]. O

Proposition 2.3. Let u(t) be compactly supported and suppose that there exists t € I with
u(t) # 0. Then there exists a number ¢ > 0 such that for any large number QQ > 0 there
are arbitrary large £-values such that

(2.5) m(§) > c(m xm)(§)
and
(2.6) m(e) > e @,

Proof. The main ingredient in the proof of this proposition is the estimate (2.4)) in Lemma
The argument is similar to the one given in the proof of lemma in page 440 in [2], so
we omit it. (|

Now, using the definition of m({) and Proposition we choose ¢ large enough and
t1 € I such that

(2.7) [u(t1) ()] = u*(€) = m(€) > c(m x m)(€) + ¢ 2.

In what follows we prove some derivative estimates for an entire function. We start
with the following result whose proof is given in [2].

Lemma 2.4. Let ¢ : C — C be an entire function which is bounded and integrable on the
real axis and satisfies

o6 +i0)| S P, ¢ oek
Then, for £, € RT we have

(2.8) #6015 B( sup 9] [1+[1og ( sup lo(e)1)[]

Corollary 2.5. Let 0 € R be such that

-1
2.9 0 < B~ '1+]1 ! .
(2.9) o< 57 1 flog (s o)) |
Then

(2.10) sup |p(&' +i0)] < 2 sup |H(¢')]

§'>81 >80
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and

(2.11) sup [6(¢"+)) S B ( sup [o(¢)1) |1+ 1o ( sup [6(€])]]

Proof. Detailed proof of this corollary can be found in Corollary 2.9 in [2]. So, we omit
it. O

Now we state the last result of this section whose proof can be found in the author’s
previous works [13] & [14].

Corollary 2.6. Lett € I, ¢(z) = u/(;)(z), 0 be as in Corollary and m(&) be as in
(2.3). Then, for |0'| < 6| fized, we have

(2.12) ¢'(& — & +i0)| < B [m(&) +m(¢ —&)][1+|logm(€)]].

3. PROOF OF THE MAIN RESULT

Now we are in position to supply proof of the main result of this work. The main idea
in the proof is similar to the one employed in [2], [13] and [I4], but the structure of the
Fourier symbol associated with the linear part of the IVP demands special attention
and some basic modifications.

Proof of Theorem[1.1. We prove this theorem by contradiction.

If possible, suppose that there is some ¢ € I such that u(¢) # 0. Now, our goal is to use
the estimates derived in the previous section to arrive at a contradiction.

Let t1,t9 € I, with ¢; as in (2.7). Using Duhamel’s formula, we have

to
(3.1) u(te) = Uty — t1)ulty) — c/ Ulty —t')(u?)(t) dt'.
t1
Taking Fourier transform in the space variable in (3.1)) we get
—— . —— t2 - 7 ——
(32)  ult)(©) =TI (€) —cig [ BT @ (6) at'
t1

Let to — t; = At and make a change of variables s = ' — ¢, to obtain,

w(t2)(€) = ¢ S Dyr (6)-
53 i [ IR D T 0
NI +%)[ (t1)(€) — CZ&/ s(BE%+ ¢ UQmS)(f) ds]-

Since u(t),t € I has compact support, by Paley-Wiener theorem, u/(?)(f) has analytic
continuation in C, and we have
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uli) (€ + i) = e APED D) [0 ¢ 1 i0) -

(3.4)
— ci(¢ + 1) ew(ﬁ £4it) +5+“’)U2<3 + t1)(€ + i0) ds]
0
Since
. Yo 2 973 . 29 n3 _ aL
B(E + i6)? t e (€3 — 3¢0 R +z<36§ 69— 9 75”02),

using Lemma we obtain from ((3.4))

(3.5)

_ 2p0_p3_ 6 —
ce At(S,BE 0—6 €2192) > ]u(tl)(f—l—m)\—

At . 9 —
~cile-+is) [ e 0 el e i) s
0

Now, let us select £ very large and 6 = 0(¢) such that || ~ 0, i.e.,
1

(3.6) H

< |0).

Also, let us choose # in such a way that
(3.7) AL < 0.
Now, using these choices we get from (3.5

ce _At(3/3£ - 52+92) > ‘u t)(§ +140) ‘_

(3.8) ., 3[35 Q,L) .
— |§|/ e 407 u2 (s + £1)(€ + 16)] ds.
0
Now, considering the negative dispersion case, i.e., § = —1 and taking into account of

(3.6) and (3.7), we obtain from (3.8

—|At|(3§ ‘0‘+52+92) > ‘U tl 5 + 7'0)‘
(3.9) ol 3
— [¢] 4o ‘u t1i5)(§+20 | ds,

where ‘4’ sign corresponds to At > 0 and ‘—’ sign to At < 0. From here onwards we

consider the At > 0 case only, the other case follows similarly. Since e™® < 1 for x > 0,
we can write the estimate (3.9) as,
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o~ (e oadl 5 s §+¢9)\—
(3.10) RN
yg\/ 1) 120 1 8) (¢ + i0)| ds.

Finally, we write the estimate (3.10) in the following way

Ol 2 o) - 1a [ e 0 e T g o) as
— |ulty) £+19)—U(t1)(€)\
(3.11) |§|/ s(324 5 25) N T s) (¢ + i)
—-u2(t14—s )(€)] ds

= Il —IQ—Ig.

In sequel we use the preliminary estimates from the previous section to get appropriate
estimates for Iy, Is and I3 to arrive at a contradiction in (3.11)).

Now, we use definition of u*(£), and the estimate (2.5) to obtain

|§|/ 3'5 +52182)|6|‘u(t/1?s)‘ * ‘u(?ff?s)‘(f) ds

At
<leltwrruyie) [ et g,
1 _ efAt(3£2+§2192 ) ‘0‘

(3¢2 + @) 19l

< [€](m  m)(£)

[€l(m +m)(§)
I (]
(o)
~ 316
Therefore we get,
(3.12) L > m(e) - MO 5 m
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To obtain estimate for Is we define ¢(z) = u(t1)(z), for z € C. Using 1' we get

(3.13) 6:)1 = [u{t)(©)] = sup ()] = m(©)

Now, choose |@] such that
(3.14) 0] < B~ [1+ [logm(€)[] .
Using Corollary we obtain

L <16 sup |du(t)( +i6)|
|&"1>|€]

(3.15) S 101Bm(€)[1 + [logm(¢)]]

1
S mle) S 7zm(e).

Finally, to get estimate for I3, we use Proposition Corollary and |0] as in (3.14))
to obtain

|u2(t1 + 5)(€ + i) — u2(t1 + )(E)]

gA@\uﬁs)@—ew)—u(t/l?sm—f’)\\uaf?sm')\ds
<16] [ sup [du(ts + )€ — & +i6")| m(¢') ¢’
R |€7|<|¢]

< /R () + m(€ — ) m(€) de’

<m(§)eg + (mxm)(§)
< m(€)(ea + 7t Sm(é).

Therefore,
A .,
TEDS li\m(f)/ 1te_s(?’g ) ol
0
1 - efA(3§2+s2le2)|9|
= [¢]m(&
(3.16) <ml) ey el
< §|m ()
— 3626
< m(§) 1

~ W ~ ﬁm(f )-
Now, using (3.12)), (3.15) and (3.16) in (3.11) and using the estimate (2.6) one gets,
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~3+ 5z el o m(§)  m(§)  m(§) 1 el
1 &2+6 > — — = > Q.
B e 2 M T g 2 e

On the other hand, with the choice of ¢ and 6 we have

(3.18) e—{3€2+ﬁ}\9\mt\ < o lellar

Now from (3.18]) and (3.17)), we obtain

(3.19) elelad > =g

which is false for |{| large if we choose @) large enough such that % < |At|. This contra-

diction completes the proof of the theorem. O
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