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Fancy way of defining an algebra

DEFINITION 4.1.1 An algebra over a commutative ring k is a k-module A
equipped with k-module maps pu? : A % A — A, the multiplication, and

14 : A — A, the unit, such that the following diagrams commute:

id®1 1®id
A®k AR A k@A —— A®A
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u®id
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Chari and Presley, A Guide to Quantum Groups; Kassel, Quantum Groups;
Sweedler, Hopf Algebras...



Dualizing...

DEFINITION 4.1.2 A coalgebra over a commutative ring k is a k-module A
equipped with k-module maps A4 : A — A ® A, the comultiplication, and
e : A — k, the counit, such that the following diagrams commute:

1d®e e®id
Aok 22 A A koA 2 Ao A
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Chari and Presley, A Guide to Quantum Groups; Kassel, Quantum Groups;
Sweedler, Hopf Algebras...



A Hopf algebra over a commutative ring k is a k-module A such that

(i) A is both an algebra and a coalgebra over k;

(ii) the comultiplication A : A —- A ® A and the counit ¢ : A — k are
homomorphisms of algebras;

(iii) the multiplication yn: A ® A — A and the unit ¢ : k — A are homomor-
phisms of coalgebras;

(iv) A is equipped with a bijective k-module map S? : A — A, called the
antipode, such that the following diagrams commute:

S®id id®S
ARA — ARA ARA — ARA

S

A — A A — A

Chari and Presley, A Guide to Quantum Groups; Kassel, Quantum Groups;
Sweedler, Hopf Algebras...



Spectral curve C(x,y) = 0 with branching points «; such that dz(a;) =0

B(p,q) ~ (dp %'2 + analytic, near «;

K,(q,q) = %(y(q)_y%q))dx(q) ® fz 1 B(p, z) for ¢ € U; and ¢ the local Galois
conjugate of ¢ such that z(q) = :U(q)

Topological Recursion:

ng—|—1 (pa K) — Z Resp—ﬂxi Kp(Q) Q) (Wlf—:;(qa (jn K)

branch points «;
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Jean-Louis Loday, Maria O. Ronco, Hopf Algebra of the Planar Binary Trees,
Advances in Mathematics, Volume 139, Issue 2, 1998, Pages 293-309

S™ is the group of permutations of n elements. A permutation o € S™ is
represented here by its image. For instance (1234) is the identity in S*

Y" is the set of planar binary trees of order n. #Y™ = C,, the n'" order Catalan
number

k[Y "] is the vector space generated by Y™ over a field k of char. 0

kY] = @k[Y™] is a Hopf Algebra, the Loday-Ronco Hopf Algebra of planar

binary trees



There is a one-to-one correspondence between planar binary trees with levels
and permutations: the levels are read from left to right

Planar binary tree with levels that is the image of (132)
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in kY]



Hopf algebra structure of Loday-Ronco: k[Y*°] is a graded connected Hopf
Algebra

e grafting operation V: take two trees t € YP. t/ € Y? and attach their two
roots to the left and right branches of (1) to produce a new tree tVt' € YP+tatl,
Every tree admits such a decomposition that is unique

e product: take t =t; Vs € YP and t/ = tll V tlz cY?

txt' =tV (Lo b)) + (Ex;) V by
example:
P2 P3s D P3

(1)« (1) = (IV]) (| V) N N
= [V ([*(1))+ ((1) =
=|Vv(1)+(1)V]
= (21) + (12)

e co-product: take t =t Vig,t1 € YP 15 € Y1

A1) =D (1) (1)) @ (D)o V (12)g-k) +1©)

7,k / 7
with Sweedler notation A(t1) = > :(t1); ® (¢1)p—; and the initial condition

Al) =le]



Examples:

\/ * Y * Y ) Y . W X V
(1) % (1) % (1) = (123) + (321) + (312) + (132) + (231) + (213) computed in
k[S°°]. Note that in k[Y°°] the fourth and the fifth trees are the same.

Al Y) = 1®Y+\(®1
A ) =17+ e1+7eY



JNE, Hopf Algebras and Topological Recursion, Journal of Physics A: Mathe-
matical and Theoretical, Volume 48, Number 44, arXiv:1503.02993v3 [math-ph)]
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Planar binary trees of order 3 as generators of the correlation functions
W2 W4 and W# with xy = —3.

AT — ST



Example:
Wé(t)(p7plap2ap3)

m P2 P M P2 P3

DA

(1) * (1) = (12) + (21)

Kp(q,q) (W3 (q,p1,p2)W3 (g, p3)
zo(q p1)W3 (g, p2, ps) + perm. of {p1, p2, ps})
Ky(q, Q) K (Q1,Q1)W2(Q1,p1)W2(thz)Wz(QapS)
+Kp(q, Q) Kz(q1, )W3 (g1, p2)W3 (@1, p3s)W3 (g, 1)
+ perm. of {p1,p2,ps}

W2 (p, p1,p2,p3) =



Definition. The propagator or cylinder (also called Bergman kernel in the
literature) W3 (q, @) is represented through 1 by the empty permutation | and
the recursion kernel is represented through ¢ by Y when in an internal vertex
of some tree. Then each planar binary tree of order n is a representation of an
instance of some correlation function in genus 0 with each vertex identified with
a recursion kernel and each left leaf identified with the cylinder W3 (q;,p;) or
each right leaf identified with the cylinder W (g;, px). Finally the image under
1 of a correlation function WT?H(p,pl, ..., Pnr1) with x = —n is the sum of all
planar binary trees of order n considering all permutations of their leaf labels
and with the identifications mentioned above,

w (Wg+2(papla'-'apn+l)) — Z [

t;eYy™
perm. of leaf labels {p1,...,pn+1}

qd; q a

Woang) ¢ T K@) oy NS

— —
W3 (qi,p;) o K4, (95,;)

JAPRYH



Example. Consider the planar binary tree with one vertex. The S-point cor-
relation function W3 (p,p1,p2) is represented by the sum of two planar binary
trees with one vertex, obtained by the permutation of the leaf labels p1 and ps.

(W3 (p,p1,p2)) = ¥ (Kplq, )W (q,p1)W2 (g, p2)) + perm. of {p1,p2}

M

perm. of {p1, p2}

= >, @

perm. of {p1, p2}

m D2 P2 "M

Y(WI(p,p1,p2)) =

p p



Proposition. IfW, +2(p P1y---sPnt1) 1S a correlation function with Euler char-
acteristic x = —n that is a solution of the Top. Rec. formula then we have

W (W io(p1s .- Prg1)) = Z t1 V to

pt+g+l=n
[t1]=p,[t2|=¢

+ perm. of leaf labels {p1,...,Pn11}

Theorem. The n-order solution W2 nt2(D1s -+ -y Pny1) of the topological recursion
in genus 0 is represented by the linear combination

Zt:(l)*(l)*---*(l)

with n factors of (1) followed by the sum over all permutations of its labels.



Idea of the proof: by induction on the order n of Y = —n of WY ia2(DyP1y ooy Png1)

on =2: wW4pp1p2,p3 (1) % (1) = (12) + (21)
m P2 P3 M 72 p3
Y Y X \V“

Wi (p, p1, p2,3) ) (W3(q,p1,p2) W5 (d, p3) ‘|‘W2 q,p1)W5(q, p2,p3) + perm. of {p1,p2,p3})

e assume for n —1: w( WO (PPt s Pn)) = D peyn-st = (1) % (1) % x (1)
with n — 1 factors

Yoo oWt= Y V(R D ()= Y [Vt Y (1))

teynfl teynfl tleya,tgeyb teynfl tleya',tgeyb
a+b+1l1=n—1 a+b+1=n—1

¥ ) (1)t ] =
teY ™ 'perm. of leaf labels

Z KP(Q:Q)WZU(QaL)WT?—&—l(q: M) + Z Kp(QJ Q)qui—l(Q7L)WT(r)1+l(ga M)
LUM=K,|L|=1 LUM=K,|L|>1

> Kp(q. Wihi(e, L)WY, (7. M)
LUM=K
= WT?JrQ(papl: s 7pn+1)



Definition. Starting with a planar binary tree of order n and n + 2 labels
(including the root label p) the operation ; <»; 11 consists in erasing the labels of
the leaves © and 1 + 1 then connecting them by an edge and finally relabeling the
remaining leaves, now numbered j with 57 = 0,...,n — 2, with the p;j1 labels,
producing in this way a graph with one loop.

p\lé)fps \j/ <7same branches (tl V t2) — (tl)l V t2 or tl V (tZ)l
<?opp. branches (tl \ t2) =11 /\7 o
Definition. A correlation function W (p,p1,...,pr—1) of genus g and Euler

characteristic x = 2 —2qg — k s represented by a sum of all different graphs with
loops t9 € (Y™)Y forn = —x:

w(Wg(papla"‘apk—l)) — Z t9

t9e(Y™)9



Definition. The ungrafting operation V-is defined by removing from ¢ the tree
(1) that contains the root producing a forest with two trees ¢; and to. When
applied to a graph t9 it can produce a forest t9',t92, g; +go = g or a graph t97 1.
When t represents an instance of a correlation function then the roots of ¢t; and
to are labeled by ¢ and q and as before the tree (1) represents K,(q, q).

P P2 N P1 P2 q

NOLY
Y v

<?opp.branches (tl \ t2) =11 /\7 lo =— _V(tl /\7 t2) —
q
This will take care of the first term in Top. Rec. for Wl(p,p1,...,pn_1):

WE(p,p1,- - opn) = 2o Resa Kp(, W2 1(¢, T, p1, - - - Pre1) + - .-



g=2:

o= Y @)Vt S (1) V (t2)"

(£)2e(Ym)? (t1)?€(YP)? t2€Y? () e(YP) L (t2) e(YD)!
pt+g+1=n p+qg+1l=n
+ 3 LV )P+ Y ) Vie+ Y 6 V()
t1EYP (t2)?€(Y?)? t1e(YP)htaeYd t1€Y P tae(Y)!
p+g+l=n

g arbitrary:

g
>, BT=) D ()" v (1))
(Doe(ym)s k=0 (1) (Y P)", (t2)¢~e(v 1) e~
pt+g+1=n
g—1

+ > (1)1 7FV (1))

E=0 (t)"e(YP)! (t2)* Fe(v et
pt+q+l=n



Theorem. The n order solution ng_zg +n Of topological recursion in genus
g > 0and k = 2— 29+ n > 0 variables is given by (1) * (1) * --- * (1),
with n factors, followed by the identification of pairs of nearest neighbor leaves
producing graphs with loops and finally by summing over all permutations of

P1,P2,...,P1-2g+n-

W]f(papla"'apk—l) :lb* E (t)g —
(£)7e(Y™)?
perm. of leaf labels K={pi,...,.px—1}

g

Ky(a.0) (Wi (0,0, K) + Wity (0, DWS (3, M)

-t

>l
h=0 LUM=K
perm. of K




Example: ng (p,p1,D2)

o~ N
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+ perm. of {p1,p2}



