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Harmonic Oscilator a la Physicist

dV (x)

Potencial: V(z) = %sz Newton’s law: mi = —

k

Oscilatory motion with frequency w = —

- . P 1. 2 2
Hamiltonian: H = 5— + gmw*s
Quantization (Schrodinger picture):
p,r — P, X Hermitian operators in some Hilbert space with [X, P| = ih

Y(x) a L? eigenfunction of X: Xt(x,t) = ze)(x,t) = P = _iha%

Schrodinger equation: —h——w(a: t) + mw r? = zh (x,1)
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Harmonic Oscilator a la Physicist

Matricial or Heisenberg picture

~ A

Normalized operators:

Creation and annihilation operators:

[va]:.

X=,/22X H = hwH
PP -} (x4
e .
a=—=(X+1 )
\/5( la,a’] =1

= %(GT — a) one gets



Harmonic Oscilator a la Physicist

Ha\y)HQ20@<V|aTa|v>=y(v|y)ZO:szanda\u):Oifo:O
|
[N,a] = —a = N (a|v)) = (v —1)a|v)

I1

In the same way ||a’ [v) ||? = (v + 1) (v|v)

From I and II is can be seen that v € NU {0}

This means that the energy spectrum is discrete and with a nonzero ground
state:

H=hwlv+3),r=012,...



Schrodinger Equation

H=-L21V() Hy = 2

" 2m 0x2

The wave function v belongs to a suitable Hilbert space. [1)(z)|? has the meaning

of a probability density

Stationary solutions (probability independent of time):

Y(x,t) = ¢(x)e'* = time independent Schrodinger equation:

H¢(x) = E¢(x), with E = hw



Schrodinger Equation

First ansatz for ¢: ¢(z) = €*** (momentum eigenfunction). If V(z) is constant,

Hé(x) = E¢(z) = p* = (hk)? =2m(E - V)

Not square integrable and gives a state with total indetermination in x

For nonconstant V try solutions of the type ¢(z) = e**®)/" for some smooth
function S (phase function).

1

(H—F)¢(x) = (% +V-E-Ig (m)) e S(@)/h

Hamilton-Jacobi: Hé(z) = Eé(z) = H(z,S'(z)) = 22 4+ V(2) = E

& S'(z) = +£/2m(E — V(x))

See dS as a section of T*R"™ = R?*" so that p = S’(x). Then S satisfies HJ iff
graph(dS) c H ' (F)
5



Schrodinger Equation

Set L =graph(dS). It has 3 properties:

1. L is an n-dimensional submanifold of H 1 (FE)
2. The pull-back to L of the form a = > ; p;dg; is exact

3. The restriciton of 7 : T*R™ — R" to L is a diffeo. (L projectable)

L is a projectable Lagrangian manifold

A generalization is immediatly needed: Harmonic oscillator

[
»

/- _\ L not projectable nor exact




The WKB aproximation

Ansatz ¢(x) = e*¥@)/" is too restrictive: P(z) = 1,Vz

Try ¢(x) = a(x)e?>®/" with a(x) smooth
\U, S solution of HJ

In n dim...

(H = E)(x) = —& (ih (aAS + 235, 2225 4+ p2Aq) eiS@)/n

j 8:133' 333‘j

Homogeneous transport equation:

aASJrQngTC;gTS;:()

(in 1 dim. aS" +2d'S' =0=a = ~, for some ¢ € R)



Geometry of the transport equation

Next order aproximation in h:  ¢(x) = (ap(z) + a1(x)h) etS(x)/h
Inhomogeneous transport equation
a1 AS + 22 %8—5 = 1Aag

L j

0AS Y, FE g =0 = T, 5 (85 = 0

H(g,p) =>_;pi/(2m) +V(g:) = Xu =3, (% 5 b 6?93-)

v L T*M gives Xg|, =3, (La_s o _ oV 8)

m Ox; Ox; 8:1:3 ap;

TR = R, mo (Xgl) = >, L 05 0 = o?(x)m. (Xp|,) is divergence
J J

free. Can be reformulated as L (x|, )(a’ ‘dml A A dm”!) =0



Semi-classical approximation

L projectable < mo: L — R"™ is a diffeo. Pullback this condition to L to get
(mo)” £(W*(XH|L))(a(x)|dx|1/2) = 0. In conclusion:

As a first attempt to obtain a semi-classical approximation I to the Schrodinger
equation, we build this approximation giving an exact projectable Lagrangian
manifold L and a half density a(z)|dz|'/? on L such that EXH|La(:13)|da:|1/2 = 0.

Then I(q) = ((mo2) )* (a(:c)e'is/h|da:|1/2) where S parametrizes L through
L = graph(dS)

Generalization to non-exact L

Let 2 : L — T* M be an immersion of a Lagrangian manifold L not necessarily
exact (L may not be given globally as graph(dS))

Cover L with opens sets L;. Since L is Lagrangian, "« is closed. Then
*alp, = d¢; by Poincaré

Phase functions e®* must agree on intersections = ¢, — ¢; = 2minh,n € Z on
L;NL; 9




Generalization to non-projectable L

— a€ HYM,Zy), Zy = 2nhZ  (Cech-de Rham)

Example: M = S, T*M = S' x R and consider o = pdf

[ pdf = 2rnh,n € Z = p = nh

Generalization to non-projectable L

Take U C M open such that p € U is non-caustic.

(7T o) ’L)_IU = U; L;

Caustic

\ Define I as
In =), ((ﬂ' 01
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Generalization to non-projectable L

Example (L exact but not projectable)

Particle on a constant force field: H = % (p2 — q)
H=(0)={(g:p) :p* =q} = 1: L = T*"M,1(z) = (z°,2)

Xy = pa% + a%' Phase function: ¢(x) = 22°/3,1*a = d¢

L., L_ upper and lower branches of L. Take a half-density a(z)|dz|"/? on L

) —1/2
On Ly: ((mod)™")" (a(x)|de|'/?) = a(g"/?) |G| |dg|'/? = 271/2g7 *a(¢"/?)|dg|"/?

On L_: ( T o) )* ( |d3;|1/2) — 271/2¢= /4 (—¢1/2)|dg| /2

On Ly, (ro1).)  (mXpg) =212 Then Lx, a(z)|dz|V/? =0 = a(z) =a

1

2 Ox
I, = (€2iq3/2/3h n e—ziqS/z/gn) 2=1/24=1/4|dq| /2
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Generalization to non-projectable L

L not exact nor projectable = same requirement that o € H'(M, Zy)

Harmonic oscillator

H = §(p* +¢%),2mnh = [g, pdg = [}, dpdg = 27 E

—> FE = nh. Not the correct quantization condition.

More work ahead = The Maslov correction

12



The Maslov correction

Motivation: Take the cylinder S! x R foliated by R

1: L — T*SY 1(x) = (qo,2),z € R

L not projectable on ¢ but projectable on p. Quantization should describe a
particle localized at ¢y (delta function).

Do a symplectic transf. (¢,p) — (¢',p") = (—p,q) = a = pdq — a = —qdp

Given a(p)|dp|'/? and Jx(p) = €T @)/ a(p)|dp|/? set

Jh(q) = ]:h_l (a(p)ez’T(P)/h) |dq‘1/2 with ]:hf(p) = m ff(q)e—iqp/hdq

Take the phase function ¢ = —goz. Then J = e~%%Pq|dp|*/?(a const.) and

Jn(q) = F;,° (e_iqu/ha) (¢)|dg|*? ~ 8(q — qo)
13



Method of Stationary Phase

(See Guillemin and Sternberg)

Let ¢(y) and a(y) be smooth function in R™. a(y) has compact support.
Evaluate [ a(y)e?**Wdy for large k € R

First show that the integral is dominated by the values of the exponential where
¢'(p) =0

Then use a lemma by Morse showing that there is a coord. transf. z = p(y)
such that in some neighborhood U of p

®(2) = ¢(p) + Q(z) with @ a canonical quadr. form of index !

Then notice that

- . 5 —1/2
Q = (%) (8?;'5?;)3') (g’i’) so that ‘det %(p)‘ — ‘det ajiacbyj (p)

14



Method of Stationary Phase

Make a change of variables to get [ b(2)e?*@*)dz for some b(z) which may not
have compact support. Show that the integral is also dominated by terms with
the constant values b(p)

Then we are lead to compute 11, f eTikz] dz;

The Gaussian has an analytic continuation to imaginary values of the exponent:

[ pEiku?/2 3, (2%)1/2 pEmi/4

Finally,

ik _ (27 \"/2 imsgnH (p) /4 €F?®Pa(p) —n/2—1
fa(y)e YW dy = (T) Zplfb’(p):Oe st e}/ /| det H(p)| + Ok / )
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The Maslov correction

Example: comparison of the two methods in a bi-projectable case

1: L= T*Ru(z) = (z,kx),r € R
Two phase functions ¢(z) = kx?/2,7(x) = —kz?/2 such that
d¢ =1"(pdg), dr = v*(—qdp)
Take a constant half-density on L, a|dx|'/?. Then
(rg00)7")" alde]'/2 = aldg2, ((mp01)~1)" aldz[/2 = alk|=V/?|dp]"/

In(g) = e™1" /% aldg[1/2 and Ju(g) = F " (|k| 1/ 2ae=7"/240 ) |dg| /2

Compute the Fourier transform by the method of the stationary phase
(see for instance Hormander or Guillemin and Sternberg)

Jh(g) _ e—iﬂ'.sgn(k)/élfh(q)
16



The Maslov correction

Another example (L not g-projectable)

1: L — T*R,1(z) = (2%, 2),x € R, phase function 7(z) = —x°/3, dr = 1*(—qdp)
Take a(z)|dz|'/? on L and quantize through Maslov
We have ((m, 027 )" (a(z)|dz|"/?) = a(p)|dp|*/?
Tn(@) = F~* (&7 /#"ap) ) |dg|"/*

Stationary phase: critical point of pg — p>/3 is ¢ = p* = p = +,/q
Then

Jh(Q) — (e—iw/4ei2q3/2/35a(q1/2) 4+ 6i7r/4€—i2q3/2/3ha(_q1/2)) 2_1/2q_1/4|dq|1/2—|—

O(h) 17



The Maslov correction

The relative phase factor e'™/2 between the 2 terms has its origin in the saddle

point & = 0 of 7(z) ~ z°:

sgn(’r”) — —1 for z > 0 = phase iqual to e *"/*

sgn(t ) = 1 for x < 0 = phase iqual to e!"/*

7

sgn(7 ) changes by 2 when crossing a caustic

|

Rule - Observing that the non-degeneracy condition implies that each curve
remains on the same side relative to the fiber on a neighborhood of a caustic,
assign an integer to any closed curve in phase space as follows:

Going counterclockwise assign 1 when crossing a caustic if the fibre is on the
right with respect to the motion and -1 on the reverse situation.

18




The Maslov correction

p p

¥ —
+1 /\ +1 +1 -1

mL=2 mL:0

v

)
v
()

Maslov index: my = > integers on the curve
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The Maslov correction

Quantization condition: cover L by open sets L; and quantize by pullback or
by Maslov. Then

In(q) = >_; e~imsi /46193 (/g (q;)|dg; |/
where s; = 0 if L; is g-projectable or s; = sgn(7/') for a suitable phase function
7;(p) on L;

This should be consistent on overlaps L; N L; so that

7'('(83—SZ)/4—|—(G§Z—G§J)/FL:27‘T’R, n € Z

Now the sum of s; — s; on a closed curve equals 2my. We then have the
quantization condition

—%th + fL "o = 2mnh

This gives immediatly for the Harmonic Oscillator E = (n + %)hw %0



Metalinear structures

M a smooth manifold and B the principal bundle of frames of T'M

e n-form: w:B(M,GL(n,R),n) — R

Transf. law: given a frame v = (vq,...,v,), w(Av) = (det A)w(v) for A €
GL(n,R)

o s-density: u: B(M,GL(n,R),n) — R
Transf. law: u(Av) = |det A|°u(v) for A € GL(n,R)

Is it possbile to have a transf. law for (det A)'/? with A in GL(n,R)?

Only outside GL(n,R), for instance seeing it as a subgroup of GL(n, C)

21



Metalinear structures

First try: n =1 Well known exact sequence:
exp
7Z0OC : k-u=u+2mik 0 —2—C—C"—1
C*=C/zZ

General case

Given A € GL(n,C) take B = (det A)~'/"A € SL(n,C) and then identify
GL(n,C) with SL(n,C) x C/Z through the exact sequence

0 —Z — SL(n,C) x C — GL(n,C) —> 1
(A, u) =e"A
Action of Z on SL(n,C) x C:
k-(A,z) = (exp(2mik/n)A, z + 2mik/n)

22



Metalinear structures

det : GL(n,C) — C* pulls-back to SL(n,C) x C  (detom)(A,z) =™
and admits a well defined holomorphic square root  u — e™*/2
which is invariant by the action of 2Z and so is defined on SL(n,C) x C/2Z
Call this the metalinear group: M L(n,C) ~ SL(n,C) x C/2Z
It is a double cover of GL(n,C)
Let 7 : ML(n,C) — GL(n,C). See GL(n,R) C GL(n,C) and set

ML(n,R) =r~1GL(n,R). ML(n,R) is a double cover of GL(n,R)
MB(V)x ML(n,R) — MB(V) Half-form v : MB(V) — C s.t.

O I | LD <Xl

B(V) x GL(n,R) — B(V) -



Harmonic Oscilator - Quantization

Phase-space M = R?\(0,0) H — %(pQ +¢?)

symplectic form w =dgAdp w(Xpg,)=—-dH —= Xy = _pa% 4 qa%

Complex structure z = p — iq {

Complex polarization F =< Xg >

HY(M,Zs) = 7y = 2 metalinear structures

24



Harmonic Oscilator - Quantization

One metalinear struture is just the trivial bundle M x M L(1,C). It dos not
give the correct energy quantization

Second metalinear structure:
1. R*\(0,0) ~R" x R/Z with Z O RT xR : k- (r,0) = (r,0 + 27k)
2. ZORY xRx ML(1,C) : k- (r,0,)\) = (r,0 + 27k, "))

with € the non-trivial element of p: M L(1,C) — GL(1,C)

3. Set MB(F) =R"* xR x ML(1,C)/Z and define ML(1,C) O MB(F)

as [r, 0, A\ = [r, 0, AN]

25



Harmonic Oscilator - Quantization

p: MB(F) = B(F),p[r,0,A] = X (re)p(A)
M B(F) is a metalinear bundle over F

Cover M by two opens sets V; for 0 < [f] < 27 and V, for —m < [0] < 7
and take 2 sections uy,us : M — M B(F) :

uy(r,0) = |r,0,1] on V;
uz(r,0) = |r,0,1] on V5

up(r,0) =uz(r,0) on 0 < [0] < 7
uy(r,0) = |r,0,1] = [r,0 — 2m,€]) = [r,0 — 27, 1]e = ua(r,0)e on ™ < [0] < 27

26



Harmonic Oscilator - Quantization

Take our quantum bundle L ® A'/2 with L a Hilbert line bundle over M. Recall
that v € A'/2 is such that v : MB(F) — C

For ¢ ® v a section of L @ A2 the quantization condition is
Vxp¢@rv+ o Lx,v=0
with Vx, = Xg + 27 («(Xpg) - @) for da = w

Fixing a gauge, o = zdz. Xy ~ & and with ¢(r,0) = f(r)e’®?, K € N

X+ 2mi(i(Xp) - o) = 0 (K _ 27;"2) f(r)=0

|

Distributional solution: f(r) ~ d(r — \/K/7)

27



Harmonic Oscilator - Quantization

Effect of the metalinear structure: recall that

uy(r,0) =us(r,f) on 0 < [0] <7

uy(r,0) =1[r, 0,1 =[r,0 —2m,¢e]) = [r,0 — 2w, 1]e = us(r,0)e on ™ < 0] < 27
Take v1,v5 : MB(F) — C such that v;(u;) = 1,7 = 1,2. Then

f(r)et? @ vy on Vg q Vo = 11 for 0 < [0] <,
f(r)et? @ vy on Vy an Vo = —1 for m < |0] < 27

Do a complete tour from 37/2 to —m/2

VinVy Vi VinvV, Vo VinVs,

eiK%/Z:—e_iK“/2:>K:N—|—%,NEZ H:%r2,r:\/m
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