Variational multiscale problems and

applications to thin films

Margarida Baia
Department of Mathematical Sciences
Carnegie Mellon University
Pittsburgh, PA 15213, USA
May 2, 2005

Submitted in partial fulfillment of the requirements for the degree of
DOCTOR OF PHILOSOPHY IN MATHEMATICAL SCIENCES
CARNEGIE MELLON UNIVERSITY

Advisor: Irene Fonseca






To the memory of my uncle Manuel.

To my parents Lucilia and Justino






Acknowledgements

First of all, I would like to express my deep gratitude to my advisor, Professor Irene Fonseca,
for her warm support, for all her guidance, and for all that she has taught me during
my PhD studies. I thank her for encouraging me to collaborate with other students and
for encouraging me to participate in many interesting conferences. I am thankful for the
financial support she provided through the Center for Nonlinear Analysis and the National

Science Foundation. These years have been very gratifying.

A big part of the results presented in this thesis were obtained in collaboration with Jean
Francois Babadjian. I thank him for being an excellent and patient collaborator. I thank

his advisor, Professor Gilles Francfort, for several suggestions.

I am extremely grateful to Professor Giovanni Leoni for stimulating discussions and for all

the help he gave me.

I would like to thank the other members of my committee, Professor Leonid Berlyand,
Professor William Hrusa and Professor David Owen for their comments and suggestions on

the first draft of my thesis.

I thank Professor Alexei Novikov for his interest and for several discussions that lead us to

generalize one of the results.

A special appreciation goes to Professor Luis Magalhaes for his encouragement to pursue a

PhD program in a good foreign university.

I would like to thank Professor Adélia Sequeira for supporting my decision to come to

Carnegie Mellon University.

I thank the Mathematics Department of Instituto Superior Técnico for granting me the
opportunity to study abroad, and the Department of Mathematical Sciences of Carnegie

Mellon University for its hospitality during these five years.
Further thanks go to my parents, for their understanding and unconditional support.

I consider myself very fortunate to have made a lot of new friends in Pittsburgh and I thank

them all for brightening my stay here. I am grateful for the scholarly help some of them



vi

gave me. In particular, I owe a special appreciation to Massimiliano Morini and Pedro
Santos for the time they spent helping me to clarify some of my mathematical questions.
I am grateful to Enrico Babilio and Bernardo Sousa for their help with computers, and 1

thank Luca Deseri and Giuseppe Zurlo for some insights into Continuum Mechanics.

I thank my friends overseas for being there for me. In particular, I thank Pedro Girao for

his strong encouragement.

A well deserved treat goes to Gato for his many hours of company during my late nights of

study.

My research was partially supported by Fundagao para a Ciéncia e a Tecnologia under
Grant PRAXIS XXI SFRH\BD\ 1174\ 2000, Fundo Social Europeu, the Department of
Mathematical Sciences of Carnegie Mellon University and its Center for Nonlinear Analysis,
and the National Science Foundation under Grant DMS-0401763.



Abstract

The main objective of this dissertation is to study the asymptotic behavior of two kinds of
multiple scale problems by I'-convergence: Relaxation problems involving families of multi-
ple scale integral functionals, and 3D-2D reduction problems for heterogeneous thin domains
with periodic microstructure. Periodicity, standard growth conditions and nonconvexity are
assumed whereas a stronger uniform continuity with respect to the macroscopic variable,

normally required in the existing literature, is avoided.

Key words: Integral functionals, periodic integrands, I-convergence, two-scale conver-
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LIST OF NOTATIONS

R:=RU{co};

e [[a]]: Integer part of a;

VZ‘ = 8/8332,

o T, = (T1,22);

Va = (V1,Va);

RN (resp. QP*N) = {set of real (resp. rational)-valued d x N matrices};

(€]z) with € € R3*2 and 2z € R3: Matrix whose first two columns are those of £ and

the last one is z;
e B(a,6):={zcRY: |z —a| <0}, acRY, §>0;
° Q=(0,)Y;
e Q(a,0) :=a+6Q = (a,)N, a e RN, §>0;
¢ @ =(0,1)%

e Q'(a,8):=a+6Q,acR? §>0;

x4 : Characteristic function of a set A;
e A: Closure of A;
e JA: Boundary of A;

A CC B: AC B, A compact;



LN(E) or |E|: Lebesgue measure of E C RY;
A(): Open subsets of €;

Ap(£2) : Open and bounded subsets of Q;

Ao (£2): Lipschitz subsets of €2;

C>®(X;R%): Revalued functions defined in X with derivatives of any order in X
(C*(X)ifd=1);

supp(u): Support of u;

Co(X;R?): Révalued functions defined in X with compact support in X (C.(X) if
d=1);

CR(X;RY) := C®(X;RY) N Cu(X; RY);
Co(X;R?) := C.(X;R9) with respect to the supremum norm;
C5o(X;RY) := C(X;RY) N Co(X;RY);

Cper(Q; R%): Q- periodic continuous functions defined in RY with values in R? (Cper(Q)
if d=1);

Wr}éf (kQ; R?): WP-closure of all kQ- periodic and C'-functions defined on R with
values in RY (WaL(kQ) if d = 1);

LP(X,p) or LP(X, pu; RY): Usual scalar and vectorial Lebesgue spaces (LP(X;R?) if
p= LN or even LP(X) if also d = 1);

ess sup [u(z)| = [|ul[r(x);
zeX

WhP(X;RY) or WhP(X) if d = 1: Usual Sobolev spaces;

WP (w;R3): u € WHP(Q;R3) such that Vau(z) = 0 for ae. 7 € Q, Q 1= w x I,
I:= (_17 1);

— ... Weak convergence in LP or W,

* . .
— ... Weakx convergence in the sense of measures; also weak* convergence in L or

in TWleo;



el

s.l.s.c: Sequential lower semicontinuous;

saw.l.s.c on WIP(Q;RY) and s.wk.ls.c on W (Q;R?): s.ls.c with respect to the
weak or weakx convergence of W1P(Q; R?) and Wh(Q; RY);

slscT: Sequential lower semicontinuous envelope of Z;

swilscZ: Sequential lower semicontinuous envelope of Z with respect to a weak topol-

ogy;

Qf: Quasiconvex envelope of f;

Ker(T): Kernel of an operator T,

['(LP(2))-limit: T-convergence with respect to the usual metric in LP(Q;R%);

lim :=lim lim lim, with obvious generalizations.
km,n kK m n
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1. INTRODUCTION

The main objective of this dissertation is to study the effective behavior of elastic (thin)
bodies with multiple scales and periodic microstructure. This study is undertaken from a
variational point of view through an asymptotic analysis based on I'-convergence arguments.
The asymptotic analysis of media with multiple scale of homogenization is referred to in

the literature as Reiterated Homogenization.

Roughly speaking, the aim of homogenization theory is to describe the behavior of micro-
scopically heterogeneous composite physical structures by means of homogeneous structures
with global characteristics equivalent to the initial ones. In many physical situations the
heterogeneities are very small in comparison with the region in which the structure is to
be studied and the heterogeneities are evenly distributed, so that they can be modelled by
a periodic distribution of period a small parameter. In practice, one is interested in the
global behavior of these structures when the heterogeneities are very, very small. From
the mathematical point of view, we are led to characterizing the asymptotic behavior of
(systems of) ordinary or partial differential equations with oscillating periodic coefficients

of period a small parameter €, as € tends to zero.

A well-known model problem in periodic homogenization, used frequently to describe ther-
mal as well as electrical or linear elasticity properties in a periodic composite medium has

as underlying the following linear second-order partial differential equation
—div (A (g) Vug) =g on . (1.1)

Here ( is the (material) domain in RY (N > 1), A is a scalar or tensor-valued function with
periodic coefficients, and u. and g are scalar or vector-valued functions in some appropriate

functional spaces. One wishes to know the asymptotic behavior of the solutions u. as € — 0.
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They converge, under appropriate hypotheses, to a solution of an “homogenized” differential
equation of the form
—div(Apom(Vu)) =g on Q.

Starting with the use of asymptotic expansions methods (see Bensoussan, Lions and Papan-
icolau [14], Jikov, Kozlov and Oleinik [58] and Sanchez-Palencia [72]) adapted to the study
of periodic problems like (1.1), homogenization techniques evolved toward more general sit-
uations through the concepts of G-convergence due to Spagnolo (see [74]), of H-convergence
due to Murat and Tartar (see [68] [67], and [76]), of I'-convergence due to De Giorgi (see [38]
and [40]), and of two-scale convergence due to Nguetseng (see [61], [69] and [70]), further
developed by Allaire and Briane (see [4] and [5]), and generalized by many other authors.
We refer to the book of Cioranescu and Donato [32] for an introduction to homogenization

and for an overview of different homogenization methods.

From a variational point of view, for instance in the context of elasticity, the theory of

periodic homogenization rests on the study of a family of minimum problems
min {/ fe(z,u(z), Vu(zx)) dz —l—/ ugdr : u= ¢ on 89} , (1.2)
Q Q

where the functions f. (the elastic density energy) are increasingly oscillating in the first
variable as ¢ tends to zero, and u (the deformation), g (the density of applied body forces)
and ¢ are scalar or vector-valued functions in some Sobolev space. In the example (1.1)
if A= (A;) and u is a scalar function, f.(z,Vu) = > Aj;(2)V;uVu, where V; = 9/0x;.
More general minimum problems can be considered but in this Introduction we restrict to
this case for simplicity. The homogenization of the family of minimum problems (1.2) leads

to an “effective homogenized minimum problem” (not depending on ¢)
min {/ from (z,u(x), Vu(x)) dx +/ ugdx : u = on 8Q} (1.3)
Q Q

such that a sequence of minimizers of (1.2) converges, as € tends to zero, to a limit w, which
is a minimizer of (1.3). The fundamental property of De Giorgi’s notion of I'-convergence,
and its main link to the other homogenization techniques, is that, under certain growth and
compactness properties on f. and some regularity on g, it implies a sequence of minimizers

of (1.2) has this convergence property.

Due to the the properties of I'-convergence (see Theorem 2.5.11 and Propositions 2.5.6 and

2.5.13 below), the convergence of minimizers (or almost minimizers) of (1.2) to minima of
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(1.3) can be derived from the I'-convergence of the family

Z.(u) = /Qfg(:):, u(z), Vu(zx)) dz (1.4)
to the homogenized functional

Ihom(u):/thom(x,u(a:),Vu(x))dm.

This functional provides the macroscopic, or average description, of the periodic body by
capturing the limiting behavior of the equilibrium states of {Z.}.. The effective energy

density fhom is to be determined.

In this work we seek to approximate, in a I'-convergence sense, the behavior of elastic (thin)

bodies whose microstructure is periodic of period ¢ and &* (Figure. 1.1).

cmcmcmcmcmcnca [m

— —

€ €

™
—

Fig. 1.1: Domains with periodic structure: Examples

:ﬁ:ﬁ:ﬁ E:EE:E ;
||
e e s O

To describe this behavior, let us introduce some notation. We identify R¥>V (resp. Q%)
with the set of real (resp. rational)-valued d x N matrices, with d, N > 1. For £ € R3*?
and z € R3, let (£|z) denote the matrix whose first two columns are those of £ and the last
one is z. Let x, = (z1,22), with 1, zo € R and let V, = (V1, V2). We will consider two

families of energies:

Z.(u) = /Qf (x,%,%,Vu(m)) dx

for Q@ ¢ RY, and
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for Q:=wxI,wCcR?and I :=(-1,1).

The functional Z.(u) can be interpreted as the energy of a deformation u of an elastic
body whose microstructure is periodic of period ¢ and 2. Similarly, as it will be seen
later (Section 3.2), the functional W;(u) can be interpreted as the rescaled energy of a
deformation u of a cylindrical thin film of thickness € whose microstructure is periodic of
period ¢ in the in-plane direction z, and periodic of period €2 in all directions. The variable
x is called the macroscopic or slow variable, whereas the variables y = x/¢ and z = z/&?
(respectively z = x,/e?) are called the microscopic or fast variables. Roughly speaking, the
dependence of the energy on x captures its macroscopic variation while the dependence on
y and z captures its microscopic or local variations. One could generalize the study to a

higher number of scales by iterating the argument.

The overall plan of this dissertation in the ensuing chapters is as follows. Chapter 2 is of
introductory nature. Its objective is to set up the basic notations and background results
that are used later. The aim of Chapter 3 is to present the previous developments in the
asymptotic analysis of this type of problems. This serves as a motivation for our work and
highlights the novelties. Chapter 4 is a collection of two works, obtained in collaboration
with J-F Babadjian [10] and with I. Fonseca [12], respectively. We consider Q C RY (N > 1)
open and bounded, 1 < p < oo, and use the notation I'(LP(2))-limit to refer to the I'-limit
with respect to the usual metric in LP(€;R?) with d > 1. We set Q := (0,1)" and £V

stands for the Lebesgue measure in RV.

Main problem of Chapter 4 (Theorem 4.2.1): Characterize the behavior, as ¢ tends to zero,
of a family of integral functionals defined on LP(Q;R?) by

/ ! <°”” = Wf”)) dr if u € WHP(QRY),
Q

?€7€27

Z.(u) = (1.5)

o0 otherwise,

where the integrand f: Q x RY x RN x RN — R satisfies:

- f(z, -, -, -) is continuous for a.e. x € Q;
- f(-,y,2,6) is LN-measurable for all (y, z,£) € RN x RN x RN,

- f(z, -, 2,€) is Q-periodic for all (z,£) € RY x RN and for a.e. z € Q; f(z,y, -,§) is
Q-periodic for all (y,&) € RN x RN and for a.e. 2 € ;
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- there exists 4 > 0 such that for all (y, z,£) € RY x RY x RN and for a.e. x € Q

This kind of asymptotic problems can be seen as a generalization of the Iterated Homoge-
nization Theorem for linear integrands, proved by Bensoussan, Lions and Papanicolau [14],
in which the homogenized operator is derived by a formal two-scale asymptotic expansion

method. In the I'-convergence setting it is customary to assume that

[f(@,y,2,€) — f(@',y 2.l Sw(z — 2| + [y =y [b(2) + f(2,9,2 8], (1.6)

1
loc

Braides and Defranceschi [19], Braides and Lukkassen [21] and Lukkassen [60]). As remarked
by Allaire (Section 5 in [4]), the natural regularity on f for the integral (1.5) to be well

for some b € L (RY) and some continuous positive real function w with w(0) = 0 (see

defined is not clear. The measurability of the function x — f(z,z /e, /2, &), for fixed &, is
assured whenever f is continuous in its second and third variables. The originality of this
work is that we do not require any strong uniform continuity hypotheses on f with respect
to the first and second variables. In particular, we will recover the results of Fonseca and
Zappale in [51], where the authors were also able to weaken hypothesis (1.6) in the convex
case when f = f(y, z,£), but by using multiscale arguments that however cannot be adapted

to the nonconvex setting.

As previous results show, the natural candidate for the I'(LP(£2))-limit functional of the fam-

ily {Z.}. is the functional obtained by iterating twice the homogenization formula derived

/Qf (:L‘, g,Vu(:U)> dx.

for functionals of the type

Therefore, we expect that

/ From (T, Vu(z)) dz  if u € WHP(Q;R?),
Z-hom(u) = . (17)

o0 otherwise,

where fjon, is defined, for all £ € RN and for a.e. = € Q, by

— 1
From(#,€) = Jim inf {T—N /( gy om0 96+ Vo)) dy 6 € Wo((0.7) Rd)} :
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and where, for all (y,£) € RY x RN and for a.e. z € Q,

From(,3,€) = Jim mf{TLN | faag+ Vo) ds ¢eW&’P((0,T>N;Rd)}.
(o)~

li
T—oo ¢

The analysis we do calls for a new look into the following auxiliary problem.

Auziliary problem (Theorem 4.1.1): Study the asymptotic behavior of the functional Z. :
LP(;RY) — R, where R := R U {cc}, given by

I P
9] 3
Felw) = (1.8)

00 otherwise.

This analysis undertaken in Section 4.1 by means of two-scale convergence arguments allows
us to weaken the hypotheses considered in previous works (see Braides [15], Braides and

Defranceschi [19] and Braides and Lukkassen [21]), and consequently derive (1.7).

Chapter 5 collects parts of two joint works with J-F Babadjian [9, 10]. Here we study the
asymptotic behavior of cylindrical heterogeneous thin domains whose microscopic hetero-
geneities vary periodically. More precisely, given w C R? open and bounded, we consider
thin microstructures of the form Q. := w X (—¢, £), whose heterogeneities are periodic of pe-
riod ¢ in the in-plane direction and of period €2 in all directions. Two simultaneous features
occur in this case: a reiterated homogenization and a dimension reduction phenomena. As
is usual, in order to study this asymptotic problem we rescale the thin body into a reference
domain of unit thickness Q := w x (—1,1) (see e.g. Acerbi, Buttazzo and Percivale [2], Le
Dret and Raoult [55]), and we study the rescaled family of functionals defined on €2, whose

dependence on € turns out to be explicit in the transverse derivative.

Main problem of Chapter 5 (Theorem 5.2.4): Characterize the behavior as ¢ tends to zero
of the family of rescaled functionals defined on LP(Q; R%) by

/ w <a:, E, x—g, Vau(x)’lvz;u(x)) dr if u € WHP(Q;R3),
Q e e €

We(u) = (1.9)

o0 otherwise,

where W : Q x R3 x R2 x R3*3 — R satisfies:
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- W(x, -, -, -) is continuous for a.e. x € Q;
-W(-, -, -, 8) is £2® L3 ® L2-measurable for all £ € R3%3;

- Yo = W(Z, Yo, U3, Za, &) is Q'-periodic for all (z4,ys,&) € R x R3*3 and for a.e. x €
Q, where Q' := (0,1)?;

- (Zary3) = WI(Z, Y, Y3, 2a, €) is Q -periodic for all (ya,€) € R2xR3*3 and for a.e. x €
Q, where Q := (0,1)3;

— there exists 3 > 0 such that for all (y, za, &) € R3 x R? x R3*3 and for a.e. x €

%Ié!” B EW(2,y, 20, ) < B+ [€P).

We identify WP (w; R3) with the set of functions u € W1P(Q; R3) such that Dzu(x) = 0 for
a.e. € Q. Under the above hypotheses, the T'(LP(Q2))-limit of the family {W.}. is given
by the functional

2/Whom(:ca,vau(xa))da:a ifue Wl’p(w;R3),
Whom (1) 1= ¢

s otherwise,

where Whom is defined, for all € € R3*2 and for a.e. z, € w, by

_ _ (1 .
Whom(Za,€) = lim inf —2/ Whom(Ta, Y3, Yo € + Vad(y)|Vad(y)) dy
T—oo ¢ 2T (0,1)2xT

¢ € WHP((0,T)2 x I;R?), ¢ =0on 0(0,T)* x I} (1.10)

and where, for all (ya, &) € R? x R3*3 and for a.e. x € ,

N 1
Whom(xayomg) = Th—rgol?)f{_g (0.3 W(waya7237za,§+v¢(z))d2:

oe W&’P<<0,T>3;R3>}.

Our main contribution is that we are able to homogenize this material in the reducing
direction. As far as we know, there have not been previous results in this direction (see
Braides, Fonseca and Francfort [20] and Shu [75]). Let us outline the idea for the derivation

of the formula (1.10). In a first step, since the volume of €. is of order ¢ and €% < ¢, we
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can think of € as being a fixed parameter and let €2 tend to zero. At this point, dimension
reduction is not occurring, and (1.9) can be seen as a single one-scale homogenization
problem, as in (1.5). This leads to the stored energy density Wyom(z,ya,&). In a second

step, Whom (2, Ya, &) is used as the integrand for the following reduction dimension problem.

Auziliary problem (Theorem 5.1.1): Characterize the asymptotic behavior of a family of
functionals Z. : LP(£; R?) — R given by

/ W (.CE, %, Vau(x)’éV;))u(x)) dr if u € WHP(Q;R3),
Z.(u) = .

00 otherwise.

This problem will be studied in Section 5.1. Two features differentiate our approach from
what is available in most of the literature on the subject (see Braides, Fonseca and Francfort
[20] and Shu [75]; see also Chapter 3). The first feature is the use of a two-scale convergence
argument as in problem (1.8). The second feature is a decoupling argument, motivated by
the work in Babadjian and Francfort [11], to take into account the different nature of the

variables that appear in the structure of the limit functional.

We note that if €2 is assumed to be Lipschitz, as p > 1, the I'-limit of the previous functionals
for u € WP(Q; R%) would be the same if the weak W P-topology had been considered in
place of the strong LP-topology. For p = 1 our argument fails to characterize this I'-limit
for u € WH1(Q;RY), either with the strong L!-topology or with the weak W'!-topology,
since sequences whose gradients are bounded in L' are not necessarily relatively compact
in WH1(€;RY). They are relatively compact only in the space of functions of bounded

variation.

We finally remark that, from the applications point of view, it would be interesting to
prove similar results to the ones addressed in Chapters 4 and 5 for integrands that are only
measurable with respect to (some of) the oscillating variables. This is what is relevant in
the case of mixtures. In Chapter 6 we conclude with some generalizations in this direction

and we address some open problems for future research.
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PRELIMINARIES AND PREVIOUS RESULTS






2. PRELIMINARIES

The purpose of this introductory chapter is to give a survey of the concepts and results that
are used throughout this dissertation. Almost all these results are stated without proofs as

they can be readily found in the references given below.

2.1 A short review of Measure Theory

In this section we recall well known results in Measure Theory (see e.g Ambrosio, Fusco and
Pallara [7], Evans and Gariepy [46] and Fonseca and Leoni [47], as well as the bibliography
therein; see also Brezis [29] and Dugundji [44] for a reference on functional analysis and

topological notions).

2.1.1 Measures and integration

A measurable space is a pair (X, M) where X is a nonempty set and M is a o-algebra in
X. A set £ C X is said to be measurable if E € M. If X is a topological space and if not
otherwise said, then M is taken to be the Borel o-algebra in X, that we denote by B(X),

i.e. the smallest o-algebra that contains all open subsets of X.

Definition 2.1.1. (Measure) A measure on (X, M) is a set function p : M — [0, 0] such
that p(0) = 0 and p is o-additive, i.e.

w( UB) =3 uE)

n=0 n=0

for any sequence {E, },, of pairwise disjoint elements of M.

The triple (X, M, u) is called a measure space; it is said to be o-finite if X is the union of

an increasing sequence of sets with finite y-measure, and it is said to be finite if u(X) < co.
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Definition 2.1.2. (Borel measure) Let X be a topological space and let (X, M, u) be a
measure space. The measure p is said to be Borel if B(X) C M.

Remark 2.1.3. Any measure p on (X, M) is monotone with respect to set inclusion and
continuous along monotone sequences, that is, if {E,}, is an increasing sequence of sets
(respectively a decreasing sequence of sets with p(E7) finite), then

u( fj En) = lim wu(E,), resp. ,u( ﬁ E'n) = lim wp(E,).
n=1 n=1

n—oo n—od
Definition 2.1.4. Let (X, M, u) be a measure space.

i) A set N C X is said to be p-negligible if there exists E € M such that N C E and
n(E) = 0.

ii) A property P(z), depending on the point x € X, is said to hold p-a.e. (or simply
a.e. ) in X if the set where P fails is a p-negligible set.

Proposition 2.1.5. Let (X, M, ) be a measure space and let M,, be the collection of all
the subsets of X of the form F' = EUN, with E € M and N p-negligible. Then M, is a
o-algebra and it is called the p-completion of M.

Definition 2.1.6. (u-measurable set) Let (X, M, 1) be a measure space. A set E C X is
said to be p-measurable if £ € M,,.

Given (X, M, 1) a measure space the measure p extends to M, by setting, for F' as above,
p(F) = p(E), and p is said to be complete it M = M,,. Throughout this work any Borel

measure is tacitly understood to be extended to its completion.

We denote by £V the usual Lebesgue measure in RY as well as its restriction to B(RY). The
set £V stands for the o-algebra of all Lebesgue measurable sets (that is £V = B(RY) -n).
Given E € £V we will write indifferently £V (E) or |E|.

Definition 2.1.7. Let (X, M) and Y be, respectively, a measurable and a topological
space. Let u: X — Y.

i) (Measurable function) The function w is said to be M-measurable, or simply measur-

able, if u=(B) € M for every open set B C Y.

ii) (Borel function) Assuming that X is also a topological space, the function u is said

to be Borel if u=!(B) € B(X) for every open set B C Y.
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Definition 2.1.8. (u- measurable function) Let (X, M, 1) and Y be, respectively, a mea-
sure and topological space. A function v : X — Y is said to be p-measurable if it is

M ,-measurable.

The following theorem provides conditions guaranteeing the existence of a measurable se-
lection of a given multifunction. It can be found in Castaing and Valadier [30] (Theorem

I11.30) and it is important for the analysis undertaken in Subsection 4.2.4 below.

Theorem 2.1.9. Let (X, M, u) be a finite complete measure space, and let' Y be a complete
and separable metric space. Let F : X — {C C Y : C # () and Cis a closed set} be a
multifunction such that {(z,y) € X xY : y € F(z)} € M ® B(Y).! Then there ezists a

sequence of measurable functions u, : X — Y such that

F(z) ={un(z): n €N}

for p a.e. x € X.

Let (X, M, i) be a measure space and let us denote by LP(X, ), with 1 < p < oo, the usual
Lebesgue spaces, that is the set (of the equivalence classes) of all y-measurable functions

u: X — R such that the (Lebesgue) integral

1/p
lllzrcx = ( / IUIpdu> < o0

[ull oo (x ) = If{C € [0,00] : |u(z)| < C for p-ae. z€ X} < 0.2

for p < o0, or

We abbreviate LP(X, ) by LP(X) when this will cause no confusion (e.g. when p is the
Lebesgue measure in RY). Is is well known that LP(X, u) is a Banach space with the norm
[ |[zp(x,u) for 1 < p < oo (Hilbert when p = 2); it is a reflexive space for 1 < p < oo, and
in this case its dual space is (identified with) L9(X) with ¢ = p/(p — 1). If (X, M, pu) is
o-finite then L>°(X, p) is the dual space of L'(X, p); if, in addition, X is separable® then
LP(X, p) is separable for 1 < p < oo.

! The set M ® B(Y) denotes the usual product o-algebra of M and B(Y).

% ||u|| Lo (x,p.) is sometimes called the essential supremum of u and written |[u|zoc(x ) = ess sup |u(z)|;
usual convention: inf{@} = oco. e

3 We recall that a measurable space (X, M) is said to be separable if there exists a sequence {E,}, C M
such that the smallest o-algebra that contains all the sets F,, is M. If X is a metric space and M is a Borel
o-algebra, then (X, B(X)) is a separable space.
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Lemma 2.1.10. (Chebyshev inequality) Let (X, M, u) be a measure space. Ifu € LP(X; p),
with 1 < p < oo, then for any t > 0

w{z e X - Julz)] > 1)) < /\UIpdu

We assume that the reader is familiar with the properties of integrals, measurable functions
and LP-spaces. For the sake of completeness we state here the fundamental convergence

results in the theory of integration on abstract measure spaces.

Theorem 2.1.11. (Levi’s Theorem or Monotone Convergence Theorem) Let (X, M, u) be
a measure space, and let u, : X — R be an increasing sequence of p-measurable functions.

Assume that u, > v for any n € N, with v € L'(X, 1), then

lim Up dp = / lim wu, du.
Lemma 2.1.12. (Fatou’s Lemma) Let (X, M, ) be a measure space and let u, : X — R

be a sequence of p-measurable functions.

i) If there exists v € LY(X, n) such that u, > v for any n € N, then

/ liminf u, du < liminf [ w, du.
b'e

n—oo n—oo X

ii) If there exists v € L'(X, u) such that u, <v for anyn € N, then

/ lim sup uy, dp > lim sup / Uy, .
X X

n—oo n—oo
As a consequence we get the following result.

Corollary 2.1.13. Let (X, M, u) be a measure space and let {u,} C LP(X, p) with 1 <

p < o0, be such that u, — u p-a.e. as n — oo, for some function u € LP(X,u). Then

[un — ullLex )y — 0 if and only if [[un||rr(x 0y — |ulloe(x,p)-

Theorem 2.1.14. (Dominated Convergence Theorem) Let u, u, : X — R be p-measurable

functions, and assume that u, — u p-a.e. as n — oo. If

/ sup |un|dp < oo
X neN

then

lim und,u:/ w dps.
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The following variant of the Dominated Convergence Theorem can be found in Evans and

Gariepy [46] and it will be of use in the sequel.

Proposition 2.1.15. Let v, v, € L'Y(X,pu) and let u, u, be p-measurable, for n € N.
Suppose that |uy| < v, for all n € N, and that u, and v, converge p-a.e. to u and v,
respectively. If in addition
lim vnd,u:/ vdpy,

X X

n—oo

then
lim |tun, — u|dp = 0.
X

n—oo

Theorem 2.1.16. (Fubini-Tonelli Theorem) Let (X1, M1, p1) and (Xa, Mo, p2) be two o-
finite measure spaces. Then, there is a unique positive o-finite measure p on (X1 x Xa, M1 ®
M) such that

p(Er x Ey) = pn(Ev)pe(E2)

for all E1 € My and Ey € Ms.

i) (Tonelli) In addition, for any measurable function u : X1 x X9 — [0, 00] we have that

r— | u(z,y)dpa(y) and y— [ u(z,y)dp(x)
X2 Xl

are My-measurable and Ma-measurable respectively, and

/xlxx2 wdp = /X (/X u(%y)dm(y)) dp (x) (2.1)
= /X2 </X1 u(%l/ﬂ/ﬂ(ﬂ:)) dpsa(y).

ii) (Fubini) If u € LY (X7 x Xa; ), then u(x, ) € LY(Xa, po) for pi-a.e. x € X1, u(-,y) €
LY (X1, 1) for pa-a.e. y € Xa, the a.e. defined functions

r— [ u(z,y)dpa(y) and y— [ u(z,y)dpi(y)
X2 Xl

are in LY (X1, pu1) and LY (Xa, p2), respectively, and equality (2.1) holds.

We present here another version of Fubini-Tonelli’s Theorem which deals with complete

measures and is relevant to Lebesgue integration on R,
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Theorem 2.1.17. Suppose that (X1, M1, p1) and (Xo, Mo, p) are two complete and o-
finite measure spaces. If u : X1 x Xo — [0,00] is p-measurable (where p is the measure

given by theorem 2.1.16)*, then the functions

r— [ wu(r,y)dpx(y) and y— [ u(z,y)dui(y)
XQ Xl

are respectively py-measurable and pa-measurable and

/Xlxxfd“ - /X1 </X2 “(ww)duz(y)) dpy ()
- /X2 </X1 U(w,y)dul(:c)) dpia(y).

2.1.2 Radon measures and Vitali’s Covering Theorem

Definition 2.1.18. (Radon Measure on (X, M)) Let X be a topological space. A Radon
measure on a measurable space (X, M) is a Borel measure, finite on compact sets, and such

that for every open set £ C X

p(E) =sup{u(K): K C E, K compact} (inner-reqularity),

and for every set £ € M
w(E) =sup{u(A): E C A, Aopen} (outer-reqularity).

Remark 2.1.19. If X is a locally compact Hausdorff space the following two properties hold.?

i) (see Theorem 2.7 in Rudin [71]) Let E, K C X be an open and compact set, re-
spectively, with X' C E. Then there is an open set A with compact closure such
that

KCACACE.

4 By Definition 2.1.6 this means measurable with respect to the completion o-algebra of M; ® Ma; if p is
a Borel measure then it is understood to be extended to (M1 ® Maz),. In the case of the Lebesgue measure
BRY) = BR) © - & B(R).

5 A topological space X is said to be Hausdorff if given two distinct points z and y, there are disjoint
open sets E1 and F»> such that x € F1 and y € E»; X is said to be locally compact if for each x € X there
is an open set E containing z such that E is compact. Metric spaces are Hausdorff spaces and RY with the

usual metric is Hausdorff and locally compact.
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ii) Let u be a Radon measure on X and let E be an open set of X. Then

w(E) =sup{u(K): K C E, K compact} = sup{u(A): A CC E, A open},
where A CC E means that A is a compact set with A C E.

Given a topological space X we denote by A(X) the family of all its open subsets. The
following lemma provides sufficient conditions for a set function IT : A(X) — [0,00) to
be the restriction of a Radon measure on A(X). It is close in spirit to De Giorgi-Letta’s
criterion (see [39]) and it is of importance to apply the Direct Method of I'-convergence (see
Chapters 4 and 5 below) as well as for the use of relaxation methods that strongly rely on

the structure of Radon measures.

Lemma 2.1.20. (see Fonseca and Maly [48]; also Fonseca and Leoni [47]) Let X be a locally
compact Hausdorff space, let I1 : A(X) — [0,00), and let p be a finite Radon measure p on
X satisfying

i) (nested-subadditivity) II(D) < II(D\B) + II(C) for all B,C,D € A(X) with B CC
C C D;

ii) Given D € A(X), for all € > 0 there ezists D, € A(X) such that D. CC D and

I(D\D.) < ¢;
i) T(X) > p(X);

iv) TI(D) < u(D) for all D € A(X).

Then Il = M’A(X)'

Proof. Fix D € A(X). We start by proving that the inequality II(D) < p(D) holds. Let
e > 0 and by condition ii) choose D. € A(X) such that D, is a compact set, D. C D and
II(D\D.) < e. As X is a locally compact Hausdorff space, we can find C. € A(X) such
that D. C C. C C. C D (see Remark 2.1.19).

By hypotheses i), ii) and iv) we have

(D) < I(D\ D.) + I(C.) < & + p(Ce) < e + (D),
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e D)

and then letting € — 0 it follows that

To prove the reverse inequality, using the inner regularity property of the measure u (see
Remark 2.1.19), for every £ > 0 we may find B € A(X) with B CC D and such that

n(D) < &+ p(B).
Therefore
u(D) < e+ pu(X) — u(X \ B)
and, consequently, by iii) and the previous step
w(D) <e+1I(X) - TI(X \ B).
Hence by i) we have
u(D) < e+ pu(D)

and therefore letting ¢ — 0 we get p(D) < II(D).

Given a € RY and § > 0 we denote by B(a,d) := {x € RN : |z —a| < J}.

Theorem 2.1.21. (Vitali’s Covering Theorem) (see Braides and Defranceschi [19]) Let
Q C RY be a bounded open set with N > 1, and let F be a family of closed subsets of Q. If
there exists a positive number M > 1 such that for each F € F, B(x,§) C F C B(xz, MJ)
for some x € Q and § > 0, and if

inf{diamF : z € F, FCF} =0

for a.e. x € Q, then there exists a disjoint countable subfamily {F;}; of F such that

‘Q\Upj’:o.



2. Preliminaries 19

2.1.3 Decomposition and differentiation of measures

Definition 2.1.22. Let (X, M, p) and (X, M, v) be two measure spaces. The measure v
is said to be absolutely continuous with respect to u, and we write v << u, if for every

E € M the following implication holds:

uw(E)=0 = v(E)=0.

The measures 4 and v are said to be mutually singular, and we write v L u, if there exists
E € M such that pu(F) =0 and v(X \ E) = 0.

Theorem 2.1.23. (Lebesgue-Radon-Nikodym Theorem) Let (X, M, ) and (X, M,v) be
two o-finite measure spaces. Then there exists a unique pair of measures v, and vs such

that vy << p, Vs L u and v = v, + vs. Moreover, there is a unique measurable function
u: X — [0,00] such that for all E € M

vo(E) = /E wdp.

The decomposition v = v, + v,, where v, << p and vs L pu, is called the Lebesgue decom-

position of v with respect to p. In the case where v << u, Theorem 2.1.23 says that

v(E) = /Eud,u

for all £ € M. This result is known as the Radon-Nikodym Theorem, and u is called the
Radon-Nikodym derivative of v with respect to p, u = dv/dpu.

Theorem 2.1.24. (General version of the Besicovitch derivation Theorem)(see Proposition
2.2 in Ambrosio and Dal Maso [6]) Let . and v be two Radon measures on RY and let
vV =V, + Vs be the Lebesque decomposition of v with respect to p (dv, = udp). There exists
a Borel set E C RN, with u(E) = 0, such that, for every x € RV \ E and C C RN open
bounded convex set containing the origin, the limit

lim v(xz+6C)
510 p(z +00)

exists, is finite, and coincides with u(z).

Let X be a topological space and let u be a measure on X. A function u is said to be in
Ll

loc

(X, p) if u € LY(E, 1) whenever E CC X. Theorem 2.1.24 implies the following result.
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Proposition 2.1.25. (Lebesgue Differentiation Theorem) Let p be a Radon measure on

RY and let u € L (RN, ). Then for a.e. x € RN
1

i s | i) —u@ldu) <o, (2.2)

and in particular

- 1
u(x) :lalfﬁl (B@.0) /BW) u(y) du(y).

Definition 2.1.26. Any point = where (2.2) holds is called a Lebesgue point of w.

Theorem 2.1.27. (see Theorem 2.8 in Fonseca and Miiller [49]) Let p1 be a Radon measure
on RN and u € L} _(R™, y). Then there exists a Borel set E C RN, with u(E) = 0, such

that for every x € RN \ E

. 1
i s | )~ u(@)] duty) =0, (2.3)

for every C C RY open bounded convex set containing the origin.

Definition 2.1.28. (Signed measure) A signed measure on a measurable space (X, M) is
a set function p : M — [—00, 00] such that p(0) = 0, u takes at most one of the values oo

or —oo, and for any family {E,}, of pairwise disjoint elements of M

i U Bn) = 3 B
n=0 n=0

In particular a measure is a signed measure.

Definition 2.1.29. (Total variation of a signed measure) Let (X, M) be a measurable
space and let p : M — [—00, 0] be a signed-measure. Its total variation |p| : M — [0, 00]

is defined by

o0 oo
|| (E) := sup {Z |W(En)| : En € B(M) pairwise disjoint, E = | En} .

n=0 n=0
If 1 is a positive measure then p = |u|, and if p is a signed-measure then |u| is a measure.
The signed measure p is said to be o-finite if || is a o-finite measure on X; p is said to be
a (signed) Radon measure if its total variation |u| is a Radon measure. Finally, given two
signed measures p and 7 on a measurable space (X, M), u is absolutely continuous with
respect to 7 (respectively mutually singular) if |u| << |7| (respectively |u| L |7]), and an

analog of the Lebesgue-Radon-Nikodym Theorem holds for signed-measures.

5 The absolutely convergence of this series is understood.
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2.1.4 Weakx* convergence of measures

Let X be a locally compact Hausdorff space, and let C.(X) denote the set of continuous
functions with compact support on X. We denote by Cy(X) the completion of C.(X) with

respect to the supremum norm.”

By the Riesz-Representation Theorem the dual of the
Banach space Co(X) is the space of finite (signed) Radon measures p : B(RY) — R. This
characterization leads to the following notion of convergence of a sequence of finite (signed)

Radon measures.

Definition 2.1.30. (Weakx convergence of measures) Let {u,}, be a sequence of finite
(signed) Radon measures on X. This sequence is said to weakx converge to a finite (signed)

Radon measure z on X, and we write p,, = p, if for all ¢ € Cp(X)

lim ¢dun:/ o d.

Proposition 2.1.31. (Weakx compactness property) Let X be a o-compact metric space.’

Then every sequence { iy }n of finite (signed) Radon measures on X with sup{|u,|(X)} < oo
neN
has a weakx converging subsequence.

Proposition 2.1.32. Let X be a locally compact Hausdorff space and let {py,}n be a se-
quence of finite (signed) Radon measures on X such that R w. Then

i) if K C X is compact
(K > limsup p, (K);

n—oo

it) if A C X is open
1(A) < liminf pu, (A);

1) if ACC X is open and u(0A) =0

p(A) = lim_ g, (A).

" The support of u is by definition supp (u) := {z € X : u(zx) # 0}; the function u is said to have compact

support in X if supp (u) CC X.
8 A metric space is said to be o-compact if it is the union of a countable collection of compact subsets;

for instance RY is a o-compact metric space.
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2.2 Sobolev spaces

The aim of this section is to give the main properties needed throughout the text on weak
derivatives and Sobolev spaces. We refer to the books of Adams [3], Brezis [29], Evans and
Gariepy [46], Fonseca and Leoni [47], Giusti [57], and Ziemer [77] for a detailed analysis on
this topic.

2.2.1 Definition and main properties

Let © be an open subset of RY with N > 1, and let 1 < p < oo. In the sequel WP(Q)
(respectively I/Vl})f (©)) stands for the usual Sobolev space, that is the space of functions
u € LP(Q) (respectively L
LP (€))% For any u € W(Q) we set Vu := (V14 ..., Vyu). The space W, ?(2) stands for
the closure of C§°(Q) in W1P(Q) for 1 < p < oo. Wol’oo(Q) denotes the closure of C5°(2) in

the weakx topology of W1 (). It is well known that WP(Q) is a Banach space (Hilbert

(©)) with weak derivatives of order one in LP(Q2) (respectively

for p = 2) when endowed with the norm

N 1/17
|’U||W1m(ﬂ) = (Hul!ip(m +Z ||viu||§?(§2))
i=1

for 1 < p < oo; for p = 0o the norm is given by

N
[ullwi0e () = [[ull oo (o) + Z [ Viul| oo () -1°
=1

Since for 1 < p < oo the space WHP(Q) is reflexive, for each bounded sequence {u,}, C
WLP(Q), with 1 < p < oo, there exists a subsequence {u,, }y C W1P(Q) and u € WP(Q)
such that u,, — u in W1P(Q) (see Theorem II1.27 in Brezis [29]). For 1 < p < oo the
space W1P(Q) is separable. Finally we remark that the W1P(Q)-weak limit of a sequence
in WO1 P(Q) still belongs to W[} P(Q)) since a convex subset of a Banach space is closed with

respect to the weak topology if and only if it is closed with respect to the strong topology.

9 For any i € {1,...,d} we set V; := 9/0z;. Given u, v € LF, (Q) we recall that v is said to be the

loc

it"-derivative of u and we write V;u = v, provided
/ uVipdr = —/ vp dx
Q Q

U lullwir ey = lullLe@) + [1VullLr@)-

for all functions ¢ € C° ().
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For d > 1 we denote by

LP(Q;RY) = {u QR € LP(Q) for all i € {1, ...,d}} ;
WiP(Q;RY) = {u € LP(RY) : Vu € LP(RY) for j = 1, N} ,

where Vju := (Vjui, ..., Vjug). If u € WHP(Q; RY) we write Vu := (Viul...|V yu).

The following result gives a sufficient condition for a function to belong to W1P(€). It is a

straightforward consequence of the definition of the space and of the properties above.

Proposition 2.2.1. Let Q C RN be open, and let {uy}, be a sequence in WP () converg-

ing in LP(Q) to some function u. Then

i) if 1 < p < oo and there exists a function g € LP(;RYN) such that Vu, — g in
LP(Q;RY), then u € WIP(Q) and g = Vu;

i) if 1 < p < oo and the sequence {Vuy}y, is bounded in LP(S;RN) then u € WP(Q)

and Vu, — Vu in LP(Q;RY) (weakx if p = o0).M

2.2.2 Extension, approximation and traces

Theorem 2.2.2. (Extension Theorem) Let Q be an open bounded subset of R with Lip-
schitz boundary and let 1 < p < 0o. Let Q be any open set such that ) CC Q. Then there

exist a bounded linear (extension) operator

E:Whr(Q) — WhP(RY)
such that Eu = u in Q and supp(Eu) C Q for all u € W'P(Q).

Theorem 2.2.3. (Approximation by smooth functions) Let Q be an open subset of R and
let1 < p<oo. Then

i) (Meyers-Serrin) C*(Q) N W1P(Q) is dense in WLHP(Q);

i) if, in addition, Q2 is a bounded Lipschitz set, then the restriction to Q of functions in

CX(RN) is dense in WIP(Q).

1 If p = 1 the function u is in BV(Q), the space of functions with bounded variation, but not necessarily
in Wh(Q).
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Next we recall a Trace Theorem that makes it possible to assign “boundary values” along
0N to a function u € WHP(Q).

Theorem 2.2.4. (Trace Theorem) Let Q@ C RN be a bounded set with Lipschitz boundary,
and let 1 < p < co. Then there erists a bounded linear operator T : W1P(Q) — LP(09)
such that

i) Tu=ul0Q if u € C(Q);

i) ||Tullea0) < Cllullwirq) for each u € WLP(Q), for some constant C = C(N,p,Q).

Moreover Ker(T) = W, ().

2.2.3 Compactness and Poincaré inequalities

Theorem 2.2.5. (Sobolev-Rellich-Kondrachov Theorem) Let Q2 be an open bounded set in
RN with Lipschitz boundary and let 1 < p < oco. Then

Z')fOT’1<10<Ncmd1§q<p*:NN__P]D

WhP(Q) ¢ LI(Q),
and the imbedding is compact;'?
it) if p= N then for every 1 < ¢ < o©

whr(Q) c LY(Q),

and the tmbedding is compact;

it1) if p > N then
WP (Q) c C(Q),

and the tmbedding is compact.

Remark 2.2.6. Under hypotheses of Theorem 2.2.5:
12 Recall that given X and Y two Banach spaces, X C Y, the space X is said to be compactly embedded in

Y if ||z||y < C||z||x for some constant C, and if each bounded sequence in X has a convergent subsequence
inY.
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a) condition #i7) is still true for p = oo;

b) the imbedding W1P(2) C LP(£2) is compact for every 1 < p < oo (when p = oo this

follows from Morrey’s inequality and the Arzela-Ascoli Theorem; see Brezis [29]);
¢) if up, — w in WHP(Q) with 1 < p < oo (= if p = 00) then

1< p< N, u, — uin LIUQ) for every 1 < g < p*;
. if p=N, u, — uin LI(Q) for every 1 < g < oc;

. if N < p < oo, then u,, — u in L*>(Q).

In particular u, — u in LP(Q) for every 1 < p < oc.

Remark 2.2.7. All the conclusions of Theorem 2.2.5 hold in I/VO1 P(Q) for a general open
bounded set Q2 C RY.

Proposition 2.2.8. (Poincaré-type inequalities)

i) (Poincaré inequality) Let 0 be an open set in RN with finite width, that is, a subset
of RN that lies between two parallel hyperplanes, and let 1 < p < co. Then there exist
a constant C (depending only on p, N and the distance between the two planes) such

that for all u € Wy™P(Q)

/ |ulP dz < C/ |VulP dz.13
Q Q

ii) Let Q2 be a bounded and connected subset of RN with Lipschitz boundary. Then there
exists a constant C = C(N,p, Q) such that

lu —uql|Lr) < ClIVullpr(q),

for all w € WIP(Q) with 1 < p < oo, where ug = %'/ udz.
Q

13 Thus ||ul|y1.» and ||[Vu||Ls ) are equivalent in the space W, *(€2). In particular, this result is true for

any open bounded set of RY.
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2.2.4 Weak convergence and decomposition lemmas for sequences of

gradients and of scaled-gradients

We conclude this section by recalling two decomposition lemmas that will allow us to char-
acterize the I'-limit of the functionals studied in Chapters 4 and 5 by considering recovering
sequences whose gradients have equi-integrability properties. We start with a short review
of equi-integrability. Throughout this part we assume that €2 is an open bounded subset of

RY with N > 1.

Definition 2.2.9. (Equi-integrability) A sequence of functions {u,}, € L'(Q) is said to
be equi-integrable if for all € > 0 there exist § > 0 such that

whenever E C Q with |E| < 6.
Proposition 2.2.10. A sequence {uy}, C L*(Q) is equi-integrable if and only if one of the

two following conditions holds:

i) for every e > 0 there exists a constant M > 0 such that for alln € N

/ lup| dz < ¢
{ze: |un|>M}

it) (De la Vallée Poussin Criterion) there exists an increasing and continuous function

¢ :[0,00) — [0,00] satisfying

and such that
/ o(Jup|)de <1 for all n € N.
Q

Theorem 2.2.11. (Dunford-Pettis Theorem) A sequence {uy}, C L*() is weakly compact
in LY () if and only if

i) {tn}n is bounded in L'(2),

i1) {un}n is equi-integrable.

In particular, if u, — wu in L'(Q) then {u,}, is equi-integrable. In fact the following

characterization holds.
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Proposition 2.2.12. A sequence u, — u in L'(Q) if and only if

i) sup ||un|1(0) < oo,
neN

i1) /unda:—>/ud:1:for any cube C C RY,
C C

it) {un}n is equi-integrable.

Definition 2.2.13. (p-equi-integrability) A sequence {u,}, C LP(Q), with 1 < p < oo, is

said to be p-equi-integrable if {|u,|P}, is equi-integrable.

Theorem 2.2.14. (Vitali’'s Theorem) Let 1 < p < co. A sequence {uy,}, C LP(2) converges
strongly to w in LP(Q) if and only if

i) {un}n converges to u in measure',

i1) {un}n is p-equi-integrable.

In general u, — u in LP with 1 < p < co does not imply that {u,}, is p-equi-integrable.

Ezample. Let u,(x) = \/ﬁX[O 1)(x) with z € R, where X[y 1) denotes the characteristic

function of the interval [0,2]. Then u, — 0 in L*(R) but {|un|?}, is not equi-integrable.

The following result characterizes weak convergent sequences in LP(2) for 1 < p < oc.

Proposition 2.2.15. A sequence u, — u in LP(Q) with 1 < p < co (= if p = o0) if and
only if

i) sup |[un||Lr(0) < o0,
neN

i1) /undx%/uforany cube C C RV,
C C

4 This means that [{z € Q: |un(x) —u(z)| > e} — 0, as n — oo, for every & > 0.
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As a consequence of next theorem each sequence with bounded gradients in LP, for 1 <
p < 0o, admits a subsequence that can be decomposed as a sum of a sequence with p-
equi-integrable gradients and a remainder that converges to zero in measure. This property
turns out to be an important tool for the asymptotic analysis of integral functionals relying

on localization arguments.

Theorem 2.2.16. (Decomposition Lemma) (see Fonseca and Leoni [47]; see also Fonseca,
Miiller and Pedregal [50] and Kristensen [56]) Let 1 < p < oo and assume that 0 is
Lipschitz, and that u, — vo in WHP(Q;R?). Then, there exists a subsequence {un, }r of
{un}n and a sequence {vy}, € WH¥(RN;R?) such that

i) vp — vo in WHP(Q;RY),
i1) vk = vy in a neighborhood of S,
i11) {Vug}i is p-equi-integrable,
iv) kli)rgo LY ({z € Q:vg(z) # up, (z)}) = 0.
The analog of this Theorem for sequences of scaled-gradients in a cylindrical domain of R?
will be relevant for the applications to thin films.

Theorem 2.2.17. (Theorem 1.1 in Bocea and Fonseca [22]) Let Q := w x (—1,1), where
w C R? is an open bounded set with Lipschitz boundary. Let {e,}, be a sequence of positive

real numbers converging to zero, and let {uy}, be a bounded sequence in WHP(€;R3), with

1
sup/ (Vaun —Vgun>
neNJQ En

Suppose further that u, — vo in WHP(;R3) and %ngn — b in LP(S;R3). Then there
exists a subsequence {un, 1. of {un}n and a sequence {vg}r C WH°(Q; R3) such that

1 < p < o0, satisfying

p
dxy drs < 00.

i) vp — vo in WHP(Q;R3);

i) —L-Dgv, — b in LP(Q;R3);

ank

ii1) {(Davk}ing;J }k 18 p-equi-integrable;

i) khﬂrgo L3{z € Q: vp(w) # up, (2)}) = 0.
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2.3 An overview of the Direct Method of the Calculus of

Variations

A typical problem in the Calculus of Variations is to minimize an integral functional (energy)

of the form

I(u):/gf(az,u(x),Vu(x)) dx (2.4)

in a class of admissible functions u : @ — R? with d > 1 (deformations in the context of
elasticity) where € is an open bounded set in RY with N > 1 (reference configuration) and
the integrand is some Borel function f : Q x R? x RN — R satisfying appropriate growth
and coercivity conditions. The objective of this section is to give an overview of Tonelli’s
Direct Method of the Calculus of Variations. This is the most classical way of proving the

existence of a minimizer for this kind of variational problems.

2.3.1 The basic notions

We start by recalling the notions of semicontinuity and coercivity on a topological space
X, the two main ingredients of Tonelli’s Direct Method of the Calculus of Variations. For
our purposes in this work it is sufficient to use the sequential versions of these topological
notions and we refer to Dal Maso [35] and Fonseca and Leoni [47] for a more detailed

description of the properties presented here.

Definition 2.3.1. (Sequential lower semicontinuity) A function Z : X — [—o00, 00| is said
to be sequentially lower semicontinuous, s.l.s.c for short, if, whenever {uy,}, is a sequence
converging to u

Z(u) < liminf Z (uy,).

n—oo

Ezxample. Let X be a Banach space then || - || x is sequentially lower semicontinuous for the

weak topology of X.

The supremum of a family of s.l.s.c functions is s.l.s.c while the infimum of a finite fam-
ily of s.l.s.c functions is s.l.s.c A function Z is sequentially upper semicontinuous if -7 is

sequentially lower semicontinuous.

Definition 2.3.2. (Sequential coercivity) We say that Z : X — [—o00,00] is sequentially
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coercive if for any t € R the closures of the sublevel sets of 7

{ue X|Z(u) <t}

are sequentially compact in X.1

Ezample 1.14 in Dal Maso [35]. If X is a reflexive normed space (e.g. WP(Q;R?) with
1 <p<oo)and Z(u) — oo as ||Ju||x — oo, then Z is sequentially coercive with respect to

the weak topology of X.
The Direct Method of the Calculus of Variations can be summarized in the following result.

Theorem 2.3.3. (Weierstrass Theorem) Let 7 : X — [—00, 00] be sequentially coercive and

s.l.s.c. Then I attains its minimum in X.

Proof:
Step 1. (if Z # o0) take a minimizing sequence {uy}, of Z in X:

inf Z(u) = lim Z(uy) < oo;

ueX n— oo

Step 2. (compactness property) as Z is sequentially coercive, this sequence has a

convergent subsequence {up, }x;

Step 3. as I is sequentially lower semicontinuous, the limit ug of the subsequence

{tn, }1 is a minimum point of Z on X since

Z(uo) < lim Z(un,) = inf I(u) < Z(uo).

In general, the topology of X needs to be weak enough to ensure that the previous com-
pactness argument hold. In the applications of this method to functionals of the form (2.4),

X is typically a Sobolev Space endowed with the weak or weakx topology.

Typical minimization problem for the functional (2.4). To study:

inZ
min L)

5 Recall that a subset K of X is said to be sequentially compact in X if every sequence in K has a
subsequence which converges (with respect to the topology of X) to a point of K. In a metric space

sequential compactness and compactness are equivalent notions.
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where
A={ue W@RY) : u=p e MIP(Q), o e W)}

or

A= {uGWl’p(Q;Rd): /u:C},
Q

C € R, given. In this example, if 1 < p < oo and if we assume that f(z,s,&) > C|¢|P—C for
some positive constant C, then by virtue of Poincaré inequalities - modulo some regularity
in the domain - and by the reflexivity of the space W1P(Q;R?), the functional Z given
in (2.4) is sequentially coercive with respect to the weak topology of W1P(Q;R?) in the
admissible (weakly closed) class A. Generally, the main difficulty here is to ensure the

sequential lower semicontinuity of the functional Z.

To simplify, we will write s.w.l.s.c on WHP(€Q;RY) and s.wx.l.s.c on WH*°(Q; RY) when we
refer to functionals sequentially lower semicontinuous with respect to the weak or weakx
convergence of W1P(Q; R?) and Wh*°(Q; R?), respectively.

When sequentially lower semicontinuous properties fail, one usually tries to relax this con-

dition.

Definition 2.3.4. (Sequential lower semicontinuous envelope) The sequential lower semi-

continuous envelope (or relazed functional) of T : X — [—o0,00] is defined by

slscZ :=sup{G : X — [—o0, 0|, G sequentially lower semicontinuous, G < ZL}.

The functional slscZ is sequentially lower semicontinuous (it coincides with Z if the function
7 is sequentially lower semicontinuous). If Z is sequentially coercive, so is slscZ. The next
theorem describes the limits of minimizing sequences of a functional Z, not necessarily

sequentially lower semicontinuous, in terms of minimum points of slscZ.

Theorem 2.3.5. Assume that the functionZ : X — [—o0, 0] is sequentially coercive. Then

slscT has a minimum point in X and

min slscZ(u) = inf Z(u).
ueX ueX

If X satisfies the first axiom of countability, that is if every point x € X has a countable base

of open sets, then it is possible to derive a characterization of slscZ in terms of sequences.
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Proposition 2.3.6. Suppose that X satisfies the first aziom of countability. Let T : X —
[—00,00] and let u € X. Then slscZ(u) is characterized by the following properties

i) for every sequence {uy}, converging to u in X

slscZ(u) < liminf Z(uy,),

n—oo
i) there exists a sequence {uy}, converging to u in X such that

slscZ(u) = limsupZ(uy).

n—oo
As a consequence, if X is metrizable then

slscZ(u) = ég&{llﬂl&gfl(un), Up, — u in X }.
We turn back to the study of functionals of the type (2.4). In the scalar case (N =
1 ord = 1), and under some standard growth, coercivity and regularity conditions on f,
the convexity of f(x, s,-) turns out to be a necessary and sufficient condition for the s.w.l.s.c
of T in W'P(Q;R?) (s.wk.l.s.c if p = o0). In the vectorial case (N > 1 and d > 1) this

condition (still sufficient) is no longer necessary - quasiconvexity is.

2.3.2 Convex and quasiconvex functions: main properties

We refer to Fonseca and Leoni [47] for the proofs of the results presented here; see also
Braides and Defranceschi [19], Dacorogna [34], Evans and Gariepy [46], as well as the
references therein. Throughout this part N,d > 1.

Definition 2.3.7. (Convex function) A function f : RV — R is said to be convez (resp.

strictly conver) if

FOE+ (1 =0)n) <Of(§) +(1—0)f(n)
(resp. <) for all &, n € RY and 0 € (0,1).

Definition 2.3.8. The subdifferential f of a convex function f : RV — R at a point
¢ € RV is a set-valued function characterized by the property that n € 9f(€) if and only if
for all v € RY

fO) = fO+<ny—E>.
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For all points ¢ € RY the set 0f(£) is nonempty and convex. Moreover, f is differentiable
at a point £ if and only if Jf(£) contains a single element, which is then V f(§).

Theorem 2.3.9. (see Theorem 1 in section 6.3 of Evans and Gariepy [46]) Let f : RY — R
be a convex function. Then f is locally Lipschitz in RN, and there exists a constant C
(depending only on N ) such that for every ball B(¢,7) C RN, r >0,

C

sup |f(n)] < m B(&,r)

neB(&3)

| ()| dn.

As a consequence of Theorem 2.3.9 and Rademacher’s Theorem!S, if f is convex then it is

differentiable almost everywhere. For all points & where f is differentiable

) =2 fE)+ V(&) (n—¢) (2.5)

for all n € RN, which expresses the geometrical fact that the graph of f lies above its
tangent hyperplane at the point . If f is convex and satisfies 0 < f(§) < C(1 + [£|P), for
some C' >0, 1 < p < oo and for all £ € RV, then

[F(©) = f()] < CA+[EPH + InPhIE —nl, (2.6)

for all ¢ and 5 in RY.

Theorem 2.3.10. (Theorem 1 in section 6.3 of Evans and Gariepy [46]) Let f : RN — R
be a convex function. Then for each ball B(&,7) C RN, r > 0, we have

C
ess sup |V f(n)| < £ (n)] dn.
neB(es) r[B(& )| Jper
Theorem 2.3.11. (Jensen inequality) (see also Lemma 23.2 in Dal Maso [35]) A function
RN — R is convex if and only if given any measure u on a measurable space (E, M),

with E C RN containing at least two distinct points and such that u(E) = 1 (probability
measure on E), and given any g € L'(E, i; RY) then

#([adn) < [ s@an

16 Rademacher’s Theorem (see section 3.1.2 in Evans and Gariepy [46]): Every locally Lipschitz function
f:RY — R is differentiable a.e.
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Definition 2.3.12. (Convex envelope) The convex envelope (or converzification) of a func-
tion f:RY — R is the function Cf : RN — [~o00, c0] defined by

Cf(€) ==sup{g(¢): g:RY =R, g convex, g < f}.7

Clearly Cf = f if the function f is convex. We now recall Morrey’s notion of quasiconvexity.

Definition 2.3.13. (Quasiconvex function; Morrey [65]) A Borel measurable function f :

RN 5 R is quasiconvex at a point & € RNV if

£(6) < /Q F(€+ Vo(n) dn (27)

for every ¢ € I/VO1 °(Q; R?Y) (for which the integral (2.7) is well defined), and for every open
bounded set Q@ C RY with [9Q| = 0. The function f is said to be quasiconvex if it is

quasiconvex at every & € RV,
Remark 2.3.14.

i) A quasiconvex function is locally Lipschitz.

ii) Using the Vitali’s Covering Theorem (Theorem 2.1.21), it can be seen that it suffices
to check (2.7) for one fixed open bounded set € of RY, for instance Q = Q = (0,1)V
(see also Remark 5.15 in Braides and Defranceschi [19]).

iii) In view of Jensen’s inequality (Theorem 2.3.11), if a function f : RN — R is convex

then it is quasiconvex. Indeed for every & € RN

6 = f< /Q §+V¢(77)d77)
< /Q €+ Vo) dn, Vo e WEe(Q). (2.8)

The converse is not generally true (e.g. f(&) = |det &| with & € R?*2; see for instance
Fonseca and Leoni [47]), but both notions are equivalent in the scalar case N =1 or
d=1.

Proposition 2.3.15. (Marcellini [64]) If f : RN — R is quasiconver and if it satisfies
the growth condition 0 < f(€) < C(1 + [£[P) for all € € RN and some 1 < p < oo, then
for all €, n € RN

[F(&) = F] < CA+ [P+ [nlP~ e — . (2.9)

17 Usual convention: sup{0} = —co.
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Definition 2.3.16. (Quasiconvex envelope) The quasiconvezr envelope (or quasiconverifi-

cation) of a function f : RN — R is the function Qf : RN — [—o0, 00] defined by
Qf(&) :=sup{g(¢): g: RN - R, g quasiconvex, g < f}.
Remark 2.3.17. Clearly Qf = f if the function f is quasiconvex. In general Cf < Qf < f.

As a consequence of this remark and the fact that the function ¢ — |£|P, &€ € RPN is

convex for p > 1, we get the following useful lemma.

Lemma 2.3.18. If f : RN — R satisfies

¢
B _c<rg<carien
for some positive constant C and for all ¢ € RN with 1 < p < oo, then for all £ € RN
lE1” _

o~ Os e <COEl).

Theorem 2.3.19. If f : RN — R is locally bounded and Borel measurable then for any
open bounded set Q C RN with |0Q| =0

o1(6) =t { g [ e+ Votian: o e wp=@mh |,
€2 Jo
In addition the function Qf is quasiconver.

Next we recall a stronger notion called W!P-quasiconvex introduced by Ball and Murat
in [13] that allows the competing functions ¢ to belong to the Sobolev space WOl P(Q;RY)
rather than to the smaller space WOLOO(Q; R%).

Definition 2.3.20. (W!P-quasiconvexity) Let f : RN — R be a Borel measurable func-
tion, and let 1 < p < oo. The function f is said to be WP-quasiconvex at & € RN
if

76) < [ 7€+ Vom)dn (2.10)

for every ¢ € WO1 P(€; R?) (for which the integral (2.10) is well defined) and for every open
bounded set @ C RY with |992] = 0. The function w is said W'P-quasiconvex if it is

WhP-quasiconvex at every & € R¥V,

Remark 2.3.21.
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i) As before, it is enough to check inequality (2.10) for Q = Q.
ii) When p = oo we recover the notion of quasiconvexity.

iii) It f is W1P-quasiconvex then f is W9-quasiconvex for all ¢ with p < ¢ < co. Thus

Whl_quasiconvexity is the strongest condition and W1 *°-quasiconvexity the weakest.

Proposition 2.3.22. (see Proposition 2.4 in Ball and Murat [13]) Let f : RN — R be a

Borel function and assume that

f(&) <O+ ¢fP)

for all € € RN where C is a positive constant and 1 < p < oco. Then f is WhP-

quasiconvex if and only if f is quasiconver.

Lemma 2.3.23. If f : RN — R is a locally bounded and Borel measurable function such
that

f&) <C+¢f)
for some positive constant C' and for all ¢ € RN | with 1 < p < oo, then, for any open
bounded set @ C RN with |0Q| = 0,

Of(€) = int {ﬁ [ e+ votmyan: o W&”’m;Rd)} |

There are very few explicit examples in the literature of quasiconvex envelopes due to the
nonlocal character of its definition. A very interesting example in the nonlinear elasticity

setting is the Saint-Venant-Kirchhoff stored energy function.
Ezample. (Le Dret and Raoult [54]) Let

Nz 2
16 = gty €6 B+ gy (6 -9

81—|—I/

where I? denotes the identity matrix in R?, and ¢ > 0 and 0 < v < % are respectively the

Young modulus and the Poisson ratio of a hyperelastic material. Then
Qf (&) = (e (§), a2(§), 2()),

where 0 < a;1(€) < aa(§) < az(§) are the singular values of the matrix &, i.e. the square

roots of the eigenvalues of ¢7¢, and where

2 2
Dlar,az,00) = E[(0F = )|+ gty [(0F + vad - (1 +v))*]

2
s | (L= v)ad +v(ed +ad) — L+ )]
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Here (-)* stands for the positive part.
We conclude this Subsection with the following result.

Lemma 2.3.24. (see Dal Maso, Fonseca, Leoni and Morini [36]) Let Q C RN with N > 1
be an open set, and let f: Q x RN S R with d > 1 be a lower semicontinuous function

which satisfies the following hypotheses:

i) for every x € Q the function f(x,-) is continuous in RN ;

i) there exist two locally bounded functions a,b : Q — [0,00), a lower semicontinuous

function ¢ : Q — (0,00), and a constant 1 < p < oo such that for every (z,§) €
QO x RdXN

c(@)[g]” = b(x) < f(z,€) < alz)(1+ [¢F).

For every x € Q let Qf(x,-) be the quasiconvexification of the function f(x,-). Then

Qf is lower semicontinuous on £ x RN,

2.3.3 Lower semicontinuity characterization for integral functionals

defined on Sobolev spaces

We start by recalling the definition of an important class of integrands.

Definition 2.3.25. (Carathéodory integrand) Let @ € RY with N > 1 be an open set, and
let B be a Borel set of Rt with [ > 1. A function f : Q@ x B — R is said to be a Carathéodory

integrand if

i) x — f(x,£) is measurable for every & € B,

ii) &€ — f(x,€) is continuous for almost all z € Q.

In this work we will deal with Carathéodory integrands f : © x Rl — R with [ > 1, and we

will use the following characterization.

Theorem 2.3.26. (Scorza-Dragoni Theorem) (see Ekeland and Teman [45]) Let Q C RY
with N > 1 be an open set. A function f : Q x Rl — R, with | > 1, is Carathéodory if
and only if given a compact set K C ) and a positive number ¢, there exists a compact set

K. C K such that LN (K \ K.) < € and the restriction of f to K. x R is continuous.
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The following result shows that every Carathéodory integrand is (equivalent to) a Borel

function.

Proposition 2.3.27. (see Proposition 3.3 in Braides and Defranceschi [19] or Ekeland and
Teman [45]) Let @ C RN with N > 1 be an open set, and let B be a Borel set of Rl with
[ > 1. Every Carathéodory integrand f : Q x B — R is (equivalent to) a Borel function,
that is there exists a Borel function g : Q x B — R such that f(x,-) = g(z,-) for a.e. x.

As a consequence of the Dominated Convergence Theorem (Proposition 2.1.15) a useful

result follows.

Lemma 2.3.28. Let Q C RN with N > 1 be an open bounded set, and let f : Q x R¢ x
RN R with d > 1 be a Carathéodory integrand. Let 1 < p < co and assume that

[f(z,8,6)| < C(L+[E)

for a.e. x € RY and for all (s,€) € RS x RN | for some positive constant C. Then the
functional T : WHP(;RY) — R defined by

Z(u) = / f(z,u(z), Vu(zx)) dz
Q
is continuous for the strong topology of WP (€;RY).

The following theorem shows that quasiconvexity is a necessary and sufficient condition for
s.w.l.s.c on the Sobolev spaces W1P(Q; R?) (s.wx.l.s.c if p = oo) for integral functionals
T:Whr(Q;RY) — R,

Z(u) := /Qf(m,u(x),Vu(x)) dx. (2.11)

Theorem 2.3.29. (see Statement I1.5 in Acerbi and Fusco [1]; see also Morrey [65]) Let
Q c RN with N > 1 be an open set, and let f : RN x R4 x RN — R withd > 1 be a
Carathéodory integrand satisfying

i) 0 < fx,8,8) <a(x)+ C(|s]P + [£P) with 1 < p < oo, for every (z,s,£) € RN x RY x

RN “where C > 0 and a is a non-negative function in L%OC(RN);

i) 0 < f(x,s,&) < bx)+c(s,§), for every (z,s,€) € RV x R x RN | where b is a non-

1
loc

on RE x RN if p = oo.

negative function in Li (RN), and c is a non-negative and locally bounded function
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Then the functional T given in (2.11) is s.w.l.s.c on WHP(Q; R?) for s.wx.l.s.c on W1 (€; RY)

if p = 0o/ if and only if f(x,s,-) is quasiconvex for every x € RN and for every s € RY,

We conclude this part with a relaxation theorem obtained in Acerbi and Fusco [1] (see
Statement II1.7; see also Dacorogna [34]). We will denote the sequential lower semicontin-
uous envelope of Z with respect to weak topology of WP (weakx topology if p = co) by

swlscT.

Theorem 2.3.30. Let Q C RY with N > 1 be an open set, and let f : RN xR x RN — R
with d > 1 be a Carathéodory integrand such that

i) 0< f(z,s,8) < a(z)+C(|s[P + [£F), p=1;

ii) 0 < f(2,5,€) < b(x) + c(s,€), p= oo,

for every (z,s,£) € RN xRIxRN where C is a non-negative constant, b is a non-negative
function in LIIOC(RN) and c is a locally bounded and non-negative function on R% x RN,
Then

swlscl'(u)—/QQf(:L’,u(:r),Vu(ac))d:p,

where T is the functional given in (2.11) and Qf(x,s,§) stands for the quasiconvezxification
of f(z,s,.) at €.

2.4 Integral representation of nonlinear local functionals

defined on Sobolev spaces

In this section we recall two integral representation theorems for local functionals depending
on Sobolev functions and on open sets, that are useful in relaxation and I'-convergence

theories.

The first theorem was obtained by Buttazzo and Dal Maso and gives abstract conditions

under which a local functional Z admits an integral representation of the form
T(u,A) = / f(z, Vu(x)) dz
A

for some Carathéodory integrand f (see Theorem 1.1 in [26] and references therein).
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Theorem 2.4.1. Let Q be an open subset of RN with N > 1. Let T : WhP(; RY) x A(Q) —
R, withd > 1 and 1 < p < 00, satisfies the following properties

i) T is local on A(R), i.e. T(u,A) = T(v, A) whenever A € A(R), u,v € WhP(Q;R?)
and u=v a.e. on A;

i) I is a measure on A(SY), i.e. for every u € WIP(Q; R?) the set function I(u,.) is the

restriction to A(Q2) of a finite Radon measure;

iii) T satisfies a growth condition of order p, i.e. when p < oo there exist a € L'(Q) and
b > 0 such that for every A € A(Q) and every u € WHP(Q;RY),

|Z(u, A)| < /A[a(fv) + b|VulP] dx,

and when p = oo for every r > 0 there exist a, € L'(Q) such that

T(u, 4)] < / ar(z) dz,

A
for every A € A(Q) and every u € Wh°(Q;RY) with |[Vu| <7 a.e. in A;
iv) T is translation invariant, i.e. for every A € A(Q), u € WHP(Q;R?), ¢ € RY,

IT(u+c,A) =Z(u,A);

v) for every A € A(Q), the function I(-, A) is s.w.l.s.c on WP (s.wx.ls.c if p = o0).

Then, there ezists a function f: Q x RN — R such that

a) for every A € A(Q) and every u € WHP(Q;R?) the integral representation formula
holds

I(U,A):/Af(x,Vu(x))da:;

b) f is a Carathéodory integrand;

c) f(x,z) satisfies a growth condition of order p, that is, when p < oo there exist a €
LY(Q) and b > 0 such that

|/ (x, 2)| < afz) +blz[",
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for a.e. x € Q and for all z € RN and when p = oo for every r > 0 there exists
a, € LY(Q) such that

|z, 2)| < ar(x)
for a.e. x € Q and for all z € RN with |z| < r.

Remark 2.4.2.

e Conditions a), b), ¢) imply i), ii), iii), iv) but not v). Nevertheless, the integral repre-
sentation theorem does not hold if we drop hypothesis v) (see examples in Buttazzo
and Dal Maso [26]).

e Conditions a), b), ¢) and v) imply that for a.e. z € Q the function £ — f(z,§) is

quasiconvex (see Theorem 2.3.29).

The second theorem was derived in Bouchitté, Fonseca, Leoni and Mascarenhas [24] (Theo-
rem 1.1), and gives abstract conditions under which a local functional Z admits an integral

representation of the form
T(a,4) = [ f@,ula), Vu(a)) da
A

for some Borel function f (see references in [24]; see also Buttazzo and Dal Maso [27] where
under additional uniform continuity hypothesis they derive a similar result in terms of a

Carathéodory integrand).

Theorem 2.4.3. Let @ C RN with N > 1. Let T : WYP(Q;RY) x A(Q) — [0, 0], with
1 < p < o0, be a functional satisfying hypotheses

(1) Z(u;-) is the restriction to A(Q) of a Radon measure;
(i) Z(u; A) = Z(v; A) whenever u = v LN-a.e. on A € A(Q);
(iii) Z(-; A) is s.l.s.c with respect to the L' (Q; R?)-topology;
(1v) there exists C > 0 such that

1
—/ |VulP de < Z(u; A) gC/(1+Vu|p)dx.
CJa A
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Then, for every u € WHP(Q; RY) and A € A(Q) we have
I(u; A) = / f(z,u, Vu)dz
A

where f is the Borel function given by

m(s +£(- — 2)); Q(x, €))

N

£ (2, 5,€) = lim sup
e—0 €

for all (z,5,€) € A x R x RN and where for (v, A) € WIP(Q;R?) x Ay (Q)

m(v; A) := inf{Z(w; A) with w = v in a neighborhood of 0A},

and Q(x,e) == x +eQ for x € Q and € > 0. Here Ay () denotes the class of Lipschitz

subdomains of Q.

2.5 TI'-convergence of a family of functionals

The aim of this section is to recall the notion of I'-convergence introduced by De Giorgi and
afterwards applied to a large number of different problems in the Calculus of Variations
(see De Giorgi and Franzoni [40]; see also De Giorgi and Dal Maso [38]). I'-convergence
plays an important role in situations where, to understand properties of equilibrium states
of a given functional, it is necessary to study the behavior of a family of minimum problems

depending on a small parameter e:

umel)r(lfa(u). (2.12)

A typical example concerns periodic homogenization problems. Here one is led to consider

functionals of the type
Z.(u) = / fe(z,u(z), Vu(zx)) dz (2.13)
Q
where the integrands f. are increasingly oscillating in the first variable as the parameter ¢
goes to zero.
In general to characterize the solutions of problem (2.12) one is led to consider an “effective

minimum problem” (not depending on ¢)

min Z(u),
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that captures the relevant behavior of minimizers and for which a solution can be obtained
more easily. The effectiveness of I'-convergence is linked to the possibility of obtaining
convergent sequences from minimizers (or almost-minimizers) of problem (2.12). This is

possible in the class of integral functionals (2.13) under suitable conditions on the integrands
e

We give the abstract definition of I'-convergence and we collect some of its most useful
properties for the analysis of functionals of the type (2.13). We refer to Braides [18] and
Dal Maso [35] for a comprehensive treatment and detailed bibliography on this subject.

2.5.1 The notion of I'-convergence and main results

Throughout this part (X, d) denotes a metric space.

Definition 2.5.1. (I'-convergence of a sequence of functionals) Let {Z,}, be a sequence
of functionals defined on X with values on R. The functional Z : X — R is said to be the
I-liminf (resp. I-limsup) of {Z,}, with respect to the metric d if for every u € X

Z(u) = inf { liminf Z,, (u,) : u, € X, vy, — w in X} (resp. limsup).

{un} n—00 n—o00

In this case we write

n—oo n—00

Z =T-liminfZ, <resp. 7 =T-lim supIn> .

Moreover, the functional Z is said to be the I'-lim of {Z,},, if

7 =TI'-liminfZ,, = I'-limsup Z,,

n—oo n—o0

and in this case we write

Z =TI-lim Z,.

n—oo
Lemma 2.5.2. Let 7,,,7 : X — R. Then T = T'- lim Z,, if and only if for every u in X

n—oo

the following conditions hold:

i) for all sequences {un}n converging to u in X,

Z(u) < liminf Z,, (uy,); (2.14)

n—oo
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i1) (recovering sequence) there erists a sequence {un}, converging to u in X such that

Z(u) > limsup Z,, (un,). (2.15)

n—0oo

Due to this result, Definition 2.5.1 can be also given pointwise: The family of functionals
{Z,,}n, I'-converges to the value Z(u) at a point u € X if inequalities (2.14) and (2.14) hold;
in this case we write Z(u) = I'- nhigo Zn(u). Thus, 7 is the I'-lim of {Z,,},, with respect to
the metric d if and only if Z(u) = I'- nh_)rgo Zn(u) for all u € X.

For every € > 0 let Z. be a functional over X with values on R, Z. : X — R.

Definition 2.5.3. (I'-convergence of a family of functionals)

A functional Z : X — R is said to be the I-liminf (resp. I-limsup or I'-lim) of {Z.}. with

respect to the metric d, as ¢ — 0, if for every sequence &, | 0,
Z =T-liminf7Z, <resp. Z =T-limsupZ,, or T =1T-lim Isn) ,
n—00 N—00 n—00

and we write

7 =T-lim iglfliE (resp. I =T-limsupZ, or Z =1- hI%IE> .

e—0

The expressions “I'-converge to Z” or “is the I'-lim of Z.” are used interchangeably.

Remark 2.5.4.

i) If a family of functionals I'-converges so does every sub-family (and to the same limit).

ii) As a consequence of Proposition 2.3.6, if Z. = 7 then {Z.}. I'-converges to slscZ

(hence a constant family may I'-converges to a limit different from the constant itself).
iii) Obviously, the notions of I'-convergence and pointwise or uniform convergence do not
coincide.

Ezamples (see Dal Maso [35]). Let X = R with the usual metric.

o Let Z.(u) := 1g‘exp[—2(1—‘)2]. Then {Z.}. converges pointwise to 0 but it I'-

€

converges in R to the function
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Stexpl3] if u#0,
Z(u) :=
0 it u=0.

e Let Z.(u) := sin (%). Then {Z.}. I-converges in R to the constant function
7 := —1 but it does not converge pointwise, except at u = 0.

Proposition 2.5.5. If7 = I'-lim iélf Z. (orI'-limsup) then T is lower semicontinuous (with
e e—0

respect to the metric d). Consequently, if T = F—li]rr(l)IE then T is lower semicontinuous.
E—

The following result studies the I'-limit of a continuous perturbation of a family of func-

tionals.

Proposition 2.5.6. Let G : X — R be a continuous functional and let {Z.}. be a family of

functionals on X. Then
i) T- limiénf(fe +G)="I- limi(r)lffE +G;
E— E—

ii) T'- limsup(Z; + G) =T'- limsupZ. + G.

e—0 e—0

In particular, if {Z.}e T'-converges to T in X, then {Z. + G} T'-converges to T+ G in X.

The next result states that a metric space (X, d) satisfies the Urysohn property with respect

to I'-convergence.

Proposition 2.5.7. Given T: X — R and &, | 0, T =T- lim Z., if and only if for every
n—oo

subsequence {ey, }; there exists a further subsequence {€;, }r such that {Z; }p I'-converges

to T.

If, in addition, (X, d) is a separable metric space then the following compactness property
holds.

Theorem 2.5.8. Fach sequence e, | 0 has a subsequence {e;}; = {e;}; such that T'-

lim 7. exists.
j—oo 7

Remark 2.5.9.

i) If the space X is not separable the conclusion of Theorem 2.5.8 may fail (see a coun-

terexample in Braides and Defranceschi [19)]).
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ii) We remark that, as a consequence of Theorem 2.5.8 and Proposition 2.5.7, if (X, d)

is separable then to conclude that I'- hl’I(lJ T = T it suffices to prove that given €, | 0
E—>

there exists a subsequence {e,, }; = {g;}; such that Z =T- liminfZ, .
Jj—00

Definition 2.5.10. A family of functionals {Z. }. is said to be equi-coercive if for every real

number A there exists a compact set K in X such that for each sequence ¢, | 0,
{ue X: I, (u) < A} C K for every n € N.

Example. Let Q be an open, bounded subset of RY with N > 1. Let Z. and f. be given as
in (2.13), and assume that C[|{|P — C < fc(z,s,§) for some positive constant C' and some
1 < p < 00. Then by Poincaré inequality the family of functionals Z. is equi-coervice on

Wol’p(Q) with respect to the strong topology of LP.

As mentioned before, one of the most important properties of I'-convergence, and the reason
why this kind of convergence is so important in the asymptotic analysis of variational
problems, is that under appropriate compactness properties it implies the convergence of
(almost) minimizers of a family of equi-coercive functionals to the minimum of the limiting
functional (the minimum exists by virtue of Weierstrass’s Theorem, Theorem 2.3.3). More

precisely, we have the following result.

Theorem 2.5.11. (Fundamental Theorem of T'-convergence) If {Z.}. is a family of equi-
coercive functionals on X and if

Z =T-lim Z,
e—0
then the functional T has a minimum on X and

inZ(u) = lim inf Z.(u).
mp ) =y ol R

Moreover, given €, | 0 and {uy}n a converging sequence such that

lim Z. (u,) = lim inf Z. (u), (2.16)
n—oo

n—oo ueX

then its limit is a minimum point for T on X.

If (2.16) holds, then {uy}, is said to be a sequence of almost-minimizers for 7.
Theorem 2.5.12. Let {Z.}. be a family of functionals on X. The following equalities hold

i) I'- liminfZ, = T'- liminf slscZ.,
e—0 e—0
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it) I'- limsupZ, = I'- limsup slscZ,,
e—0 e—0
where slscZ. denotes the sequential lower semicontinuous envelope of I. (see Definition

2.8.4). In particular, {Z.}. T'-converges to T if and only if {slscZ;}c I'-converges to I.

2.5.2 The Direct Method of I'-convergence for a class of integral

functionals

The purpose of this part is to give an overview of the Direct Method of I'-convergence, first
outlined by De Giorgi and later used by many other authors (see De Giorgi [37], Dal Maso
and De Giorgi [38]; see also Braides [17] and Dal Maso [35]). It is an important tool to
obtain the representation of the I'-limit of a family of functionals, and is used in Chapters

4 and 5. We restrict ourselves to a LP-setting and discuss the Direct Method for

MWFA&@MMWMDM

with « € WP(Q; R?), where Q ¢ RY with N > 1 is an open set, and f. : Q x RE x RN —
R, with d > 1, is a family of Borel functions satisfying standard coercivity and growth
conditions. In what follows, we will use the notation I'(LP(2))-limit to refer to the I'-
convergence with respect to the usual metric in LP(Q;R?) for 1 < p < co. Denoting by

Z=T(LP(Q))- ii_r%l'g (if it exists), the main questions are:

e Does there exist a Borel function f : RY x R? x RN — R such that for all u €
WP (Q;RY)
I(u) = / f(z,u(z), Vu(z)) dz ?
Q

e Is it possible to derive f explicitly, or, at least, to determine some of its properties?
The main steps to arrive at an answer are:

i) Consider the dependence of the integrals on the integration set (localization), that
is, consider the family of functionals Z. : LP(;R?) x A(Q) — R defined for u €
Whr(Q;RY) by

L(.A) = [ 1. (@ u(a): Va(o)) do.
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and then study the functional

Z(u, 4) = D(L/(Q)- lim T (u, A).

ii) Examine the dependence of 7 on the variable A in order to prove that the set function
A — T(u, A) is the trace of a Radon measure for every u € W1P(Q;R%), using, for

instance, Lemma 2.1.20 above or another De Giorgi’s-Letta type of argument.

We remark that, in general, the main difficulty in applying this lemma is to prove the

(nested) subadditivity of Z(u, -):

Z(u, D) < Z(u, D\B) + Z(u, C),

C
D

for all B,C, D € A(?) with B CC C C D. By the definition of Z, this means that we
should be able to construct recovering sequences for Z(u, D) from recovering sequences
for Z(u, D\ B) and Z(u, C) by some matching process. For families of functionals that
satisfy standard growth and coerciveness conditions, this procedure is possible by a

slicing argument introduced by De Giorgi in [37] described in Theorem 2.5.13 below.

iii) If the functional Z has good continuity or convexity properties, the next step is to use
convenient integral representation theorems (for instance Theorems 2.4.1 and Theorem

2.4.3) to prove that the measure Z(u, A) can be written in the form
Z(u,A) = / f(z,u(z), Vu(x)) dz.
A
Due to Remark 2.5.9, one can use this strategy to prove both the existence of the I'-limit

of the family {Z.}. and its integral representation:

Step 1. Establish a compactness result that guarantees each sequence {Z, },, with €, | 0,

has a subsequence I'(LP({2))-converging to an abstract limit functional.
Step 2. Establish an integral representation result.

Step 3. Prove the representation formula is well defined, i.e. does not depend on the subse-

quence.
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This method involves testing on the linear functions only (Step 3), as opposed to working
with general recovering sequences (Lemma 2.5.2). In addition, the two first steps can be
carried out in a systematic way for a large class of situations, due to the properties of

I'-convergence.

The next result is an important tool for the application of I'-convergence to variational
problems for functionals of the form {Z.}. with Dirichlet boundary conditions. It states
that, under appropriate hypotheses on the integrand f., the boundary conditions do not
affect the limit functional. In particular, it provides appropriate conditions to accomplish

point ii) above.

Proposition 2.5.13. Let Q be an open and bounded subset of RN and let p > 1. Assume
that fo : Q@ x R x RN R is a family of Carathéodory integrands such that

ZIEP = O < fo(a,5,6) < C(L+ |sP + [€]?) (27)

for a.e. x € Q and for all (s,£) € REx RN | for some constant C > 0. Consider the family
of functionals T. : LP(;R?) — [0, 00] defined by

/ fe (zyu(x), Vu(x)) de ifu e Wl’p(Q;Rd),
Q
Z(u) :=

o0 otherwise,

and for each ¢ € WIP(Q;RY) define the functional

T.(u) ifu—¢ e WyP(Q;RY,
G¢ (u) =

00 otherwise.

If{Z.} T(LP(R2))-converges to a functional I, then the family of functionals {GE }. T(LP(Q))-

converges to the functional

I(u) ifu—¢ € WyP(RY),
G¥(u) :=

00 otherwise.
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Proof. (for an alternative proof see Proposition 11.7 in Braides and Defranceschi [19]; see
also Theorem 21.1 in Dal Maso [35]) We start by remarking that there is no loss of generality
in assuming that f is positive. If not, we may replace f by f+C that, in view of hypotheses
(2.17), is positive. As mentioned before, the proof relies on De Giorgi’s slicing argument
introduced in [37]. Let u € W'P(Q) and let ¢, | 0. If u — o & Wol’p(Q;Rd) then, by (2.17),

I- lim GZ (u) = oo.

n—oo

Let us assume that u—¢ € I/VO1 P(€;RY). The conclusion will follow if we can find a sequence
{wp}n C WEP(Q) with w,, = u on 9 such that

Z(u) = lim [ f., (z,wp, Dw,) dz (2.18)

n—oo Q

holds. Let {v,}, C WHP(Q;R?) be a sequence such that ||u — Unl|r) — 0 and

I(u) = lim Z., (vp).

n——ao

Set
Bo = sup/(l + [Dvy|P) dz < oo (by (2.17)),
n JQ

o — ull? Lo

o= [V

and define for n € N

)

i

and finally
M,
Q, = {x € Q: dist(z,00) < K—},

n

where [[-]] stands for the integer part function.

We observe that by definition K,, T oo and £V (Q,) | 0 as n — oo. For each n,subdivide Q,, (*)

into M, disjoint subsets

. v 1+1
Q= Q, : di , 00 —_—, , 1=0,..., M, —1,
. {x € dist(z,00) € |:Kn X, ]} i=0

and choose i,, € {0, ..., M,, — 1} such that

/, (1+|Dvn|p)dx</ (1+ |Dvnl?) da
Qin QF

n
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Q
I LT
@ T ik
Qi
n
foralli=0,..., M,, — 1. Then
My —1
M, (1+\Dvnp)d:v</ A+ Dun)dz = 3 / (1+|Dvn|p)dx</(1+\Dvnp)d
i—0 /% 2

Qi Q

or, equivalently,

/W(H |Dvg|P) dae < %.

3

Let ¢y, € C§°(£2) be such that 0 < ¢, < 1, ||[Dop||oo < Kp,

1 if dist(z,0Q) > tl

Kn
On 1=
0 if dist(z, 0Q) < 2,
Q
I T
o/ N
i iKa

and define wy, := ¢pvn + (1 — dp)u € WHP(Q;RY). Clearly w,, — u strongly in LP(€;R9),
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wy, = u in Q\K,,, with I, := {a: € Q: dist(x,0Q) > ;(—’;} and |Q\K,,| — 0. Moreover

Z(u) = lim Z. (vy)

n—oo

> lim sup fe,, (x,wp, Dwy,) dz.

n—oo /Qﬂ{m: dist(m,@Q)}%}

Consequently,

Z(u) > lim sup/ fen (2, Wy, Dwy) — C liminf (1 + |u? + |Du?) dz
Q

Nn—00 n—00 /Qnﬂ{x: dist(m,89)<7i£;}

-Cp liminf/_ (14 |vn|P 4+ |Dvp|P) dx — CB liminf |Kn|p/ |, — ul? dz
Q?An‘n n—oo

_CB liminf / (Jul? + |Dul?) de,

where C' is the constant given in hypothesis (2.17) and [ is some positive constant. Then

1 D
T(u) > limsup /Q oo 2,1, Dug) — OB liminf ~ — €8 liminf o, — o[,

n—oo n

= limsup Z,, (wy),

n—oo

Accordingly (2.18) holds, that is

Z(u) = lim [ f., (z,wp, Dwy) dz.

n—oo 0

The next result shows that in many situations we can assume, without loss of generality,
that our functionals Z. have good convexity properties. More precisely, as a consequence of

Theorem 2.3.30 and Theorem 2.5.12 we have the following result.

Corollary 2.5.14. Let Q € RY be an open bounded set with N > 1. For each ¢ > 0 let
o QX REx RN L R be a Carathéodory integrand and suppose that

0 < fe(z,5,6) < alz) + CO(|s|” + [€]7),
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for a.e. x € Q and for all (s,&) € RIXRXN with 1 < p < oo, where C is a positive constant,

and a is a non-negative function in L (RN). For each ¢ > 0 consider the functional Z.

loc
defined in WP (; RY) by
Z.(u) = /Qfa(m,u(x),Vu(m)) dx.

Then {Z:}c T'(LP(2))-converge to a functional Z if and only if the family of functionals J:
defined in WP (; R?) by

jg(u):AQfg(x,u(x),Vu(x))dx,

[(LP(Q2))-converge to T, where Qf:(x,s,§), stands for the quasiconvezification of f-(x,s,.)
at €.

2.6 Two-Scale Convergence

The origins of two-scale convergence are in a paper by Nguetseng [69] (see [61] and also
[70]) concerning the homogenization of linear elliptic problems with periodic coefficients of

the form
—div(A(£)Vu:)) =g on Q,

ue =0 on 01,

where (2 is some open, bounded and Lipschitz subset of RY with N > 1, u. € W}(Q),

g € L*(Q), and some ellipticity conditions on the coefficients of A are assumed.

Nguetseng gives an alternative proof of the classical homogenization result previously ob-
tained by two-scale asymptotic expansion and energy methods (see Bensoussan, Lions and

Papanicolau [14] and Tartar [76]), by means of a detailed study of functionals of the form

/an(ac)qS(w, é) dzx.

The key point of his argument was to prove that from each bounded sequence {f,}, in

L?(2) there exists a subsequence (still denoted by {f,},) such that

[ 5@o(e ) e [ [ s oty dyas,
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and to derive a similar result for sequences of gradients. Allaire [3] called this two-scale
convergence and developed further properties of this notion as a tool to study more general
homogenization problems. Later this was extended to the notion of n-scale convergence by
Allaire and Briane (see [5] and Lukkassen, Nguetseng and Wall [61]) to study reiterated

homogenization problems of the type

—div(A(%, .55 Vue)) =g on

u: =0 on 0f).

Since then two-scale convergence is a well-known tool in the theory of homogenization and
has been generalized by many authors. As explained later, the great advantage of using
two-scale convergence techniques in our work is that it allows us to substantially weaken
the continuity hypothesis required in the current literature when studying homogenization
of integral functionals. The aim of this section is to present in a schematic way the main

properties of two-scale convergence.

Definition 2.6.1. (Periodic function) A function f : RN — R, with N > 1, is

i) Q- periodic if f(-) = f(- 4+ le;) for all | € Z, where {ey,...,en} is the canonical basis
of RV:

ii) kQ- periodic (or k- periodic), with k € N, if f(k-) is Q-periodic.

As for notation, we denote by Cper(Q) the Banach space of all Q-periodic continuous func-
tions defined on RY with values in R endowed with the supremum norm, and by Wgéf (kQ)
the WhP-closure of all kQ- periodic and C'-functions defined on RN with values in R

endowed with the W1P-norm.

Given € an open bounded subset of RY and 1 < p < oo, we denote by LP(2; Cper(Q))
(resp. LP(Q; Wi2(kQ))) the space of all measurable functions f : Q — Coer(Q) (f : Q@ —
W (kQ)) such that

/Q ||f(x)||gper(Q) dr < oo, <resp. /Q Hf(x)H];Vééf(kQ) dr < oo>

where

f (@) cper(@) = sup | f (@, )]
yeRQ
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(resp. 5@y = [ Vel iy [ 9ut )Py <oc).

Clearly a function f € LP(£; Cper(Q)) (resp. LP(£2; Wp 2(kQ))) may be identified with the
function defined on Q x RY via f(z,y) := f(z)(y) (Vyf denotes its derivative with respect

to the second argument ).

2.6.1 Generalized Riemann-Lebesgue Lemmas

We start by recalling some facts about periodic oscillating functions of the form f.(z) =
f (:r, %), which play an essential role in homogenization theory (see Cioranescu and Donato
[32]). When f does not depend on the first variable, we have the following well known

result.

Lemma 2.6.2. (Riemann-Lebesque Lemma) Let f € L (RY) with 1 < p < oo, and assume
that f is kQ-periodic. For ¢ > 0 define f.(v) := f(%). Then fe— fin LP (RN) (weakx if

p=o0), where F = & /k iy

loc

A generalized version of the Riemann-Lebesgue Lemma holds for functions in LP(£2; Cper (Q))-

Lemma 2.6.3. (see Lemma 5.2 in Allaire [4]; see also Bensoussan, Lions and Papanicolaou
[14] and Donato [43]) Let f € LP(2; Cper(Q)) and let {e,}, be a fized sequence of positive

real numbers converging to zero. Then, for every n € N, the function f(-, a_n) is measurable

n €,
1/p
()| < Wlacumon = ([ 1718, 0 d0)
LP(Q) @ ’

(a: —> dm—//]fmy|pdxdy

We finish this part with a useful characterization of functions in L' (£; Cper(Q)).

and

Lemma 2.6.4. (see Lemma 5.3 in Allaire [4]) A function f belongs to L'(Q; Cper(Q)) if

and only if there exists a subset E C Q) of measure zero such that

i) the function y — f(x,y) is continuous and Q- periodic for any x € Q\ E;
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ii) the function x — f(x,y) is measurable for any y € Q;

iii) @ — sup|f(z,y)| has finite L'(Q)-norm.
yeQ

2.6.2 The notion of two-scale convergence and some properties

Let p and ¢ be real numbers such that 1 < p < oo and % =+ % =1, and let {e,}, be a

sequence of positive numbers converging to zero.

Definition 2.6.5. A sequence of functions {f,}, in LP() is said to two-scale converge to
a limit f € LP(Q x Q), and we will write f,, =X f, if

J (e ) o= [ s vyote ) ayas

for all ¢ € LI(€2; Cper(Q)).

Ezxamples. (see e.g. Lukkassen, Nguetseng and Wall [61])

i) 1f fo 2 £, then £, 22 f.

i) 1 £, % . then £, = [ f(.g)dy in L(©).
Q

iii) If f € LP(Q; Cper(Q)), then fo(-,-) == f(-, =) = f.

Lemma 2.6.6. (see e.g. Lukkassen, Nguetseng and Wall [61]) For each sequence {fu}n

bounded in LP(Q2) there exists a subsequence (still denoted by {fn}n) and f € LP(Q x Q)
2s

such that f, = f.

For sequences weakly convergent in WP (Q) the following compactness result holds.

Theorem 2.6.7. (see Allaire [4] or Nguetseng [69]) Assume that {fn}n weakly converges
to a function f in WHP(Q). Then f, 2% f, and there exist a subsequence (still denoted by
{fu}n ) and f1 € LP(%WoE(Q)) such that

Vi BV 4+ V.

We finally remark that analogous properties hold for the extended notion of n-scale conver-

gence and we refer to Allaire and Briane [5].



3. VARIATIONAL PROBLEMS IN PERIODIC
HOMOGENIZATION: PREVIOUS RESULTS

In this section we give a brief account of the developments on periodic homogenization of

integral functionals, along with several references, that motivated the present work.

3.1 Pure periodic (iterated) homogenization

We turn our attention to the asymptotic analysis of a family of functionals defined on
LP(Q;RY), with 1 < p < 0o and d > 1, by

/Qf (a:, g, 8%,u(:t:),Vu(a:)) dr if u € WHP(Q;R?),
T (u) :== (3.1)

%) otherwise,

for some open bounded set 2 C RY with N > 1. The results below provide conditions on

the integrands f under which the I'-limit of {Z.}. can be obtained. We set @ := (0,1).
Main problem: Study the I'(LP(Q2))- lim Z..

e—0

3.1.1 The case where Z_(u) = /
Q

f (g,Vu) dx

Let d = 1, that is, assume that u is a scalar-valued function, and let f : RV x RY — R be
a measurable function @-periodic with respect to the first variable, strictly convex and of

class C'! with respect to the second one, and satisfying

i) 1€ = &ol” < f(2,€) < C(L+[¢P), for all 7, £ € RY and some & € RY;

i) [f(2,8)7 — f(x,&)

3=

| <Cl¢-¢|, forallz, & eRY,
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for some positive constant C. Then Marcellini [63] showed that the I'(LP(2))- limit of {Z. }.,
with respect to the strong topology of LP(2) is given by

Ihom(u) Z/thom(Vu(x))dx

for all u € W1P(Q), where fhom is defined by

from(€) = i { /Q .6+ Vo(y) dy, ¢ € W;gm)} | (3.2)

The function fiom is strictly convex and satisfies the same growth conditions as f. We note
that if Q is assumed to be Lipschitz, then by Proposition 2.2.1, Remark 2.2.6 and the fact
that p > 1, the I-limit of the previous functionals for u € W1P(Q2) would be the same if
the weak W P-topology had been considered in place of the strong LP-topology.

To illustrate the main idea in the convex case we give a sketch of Marcellini’s proof.

Step 1. Use a compactness argument due to C. Sbordone [73] to obtain converging (sub)sequences

{Z,}; to an integral I'-limit functional whose integrand f.; is convex.
Step 2. Prove that fi. y is independent on the variable z.

Step 3. Observe that by Jensen’s inequality (see (2.8))
fie;1(§) = inf {/Qf{aj}(@r Vo(y))dy: ¢ € WyP(Q) } <resp- ¢ € WH(Q), /QVcb = 0) :

Step 4. Show that

e—0

lim sup mq;n{/Qf <§,£+V¢(y)> dy: ¢ € Wol’p(Q) }
< fhom(g)
< liminf m(;n{/@f <g,§+ Vé(y)) dy: ¢ Whr(Q), /QV¢ = 0}-

e—0

Step 4. By Theorem 2.5.11 <resp. for ¢ € WHP(Q), / Vo = 0>
Q

j—oo ¢

lim min{/ f <£,£+V¢(y)> dy: ¢ € Wol’p(Q) }
Q \&j
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— in | | e votm)ay: bW}

Step 5. Conclude that f{sj}(f) = fhom(&).

We refer to Carbone-Sbordone [31] and Cioranescu, Damlamian and De Arcangelis [33] for

similar results in the convex case.

Miiller shows in [66] that the homogenized formula (3.2) does not necessarily hold in the
nonconvex case when d > 1, that is, when « is assumed to be a vector-valued function; in
fact for nonconvex f and d > 1 it is necessary to consider variations which are periodic over
an infinite ensemble of cells, instead of considering variations which are periodic over just
the unit cell Q. Under the assumptions that f : RY x RN — R, with d > 1, is a Borel

measurable function not necessarily convex and @-periodic in the first variable, and

i) there exist C, § > 0 such that
BIEP < flw,8) < C(1+[€F); (33)
ii) there exists L > 0 such that the p-Lipschitz condition

|f(2,€) = fl2, &) < L(L+ [P~ + €' [€ — €]

holds, Miiller proved that

[(LP(Q))- hmI /fhom (Vu(x (3.4)

for all u € WHP(Q; R?), where fiom satisfies the same growth conditions as f, and is given

by

e 1
From(€) := Inf lgf {T—N /(o,T)N fW,E+Vo(y)dy, ¢e W&’p((O,T)N;Rd)} , (3.5)

or, equivalently,

e 1
from(€) = jnf inf {T—N /( g T VO, 6 € W;gﬁ((o,T)N;Rd)} . 39)

TEN ¢

The idea of the proof is to establish the lower bound for the I'-limit for affine limit functions

u and to prove that this lower bound is achieved for an affine recovering sequence; the next
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step is to use an approximation argument (for which €2 is required to be Lipschitz) to obtain

the same bounds for a general function v € WP (Q; R%).

When f is convex, Miiller (see Theorem 1.5 in [66]) recovered Marcellini’s result under
weakened growth conditions but assuming more regularity on the domain €2, showing in
Section 4 of [66] that for convex integrands the expressions (3.5) or (3.6) are equivalent
to (3.2). Miiller remarks that when d = 1 this equivalence holds independently of any

convexity assumption, because in this case

TEN ¢

inf inf {/ f,&+Vo(y)dy, ¢c Wﬁé’r’((O,T)N)}
(0,T)N

TEN ¢

— inf inf {/(0 . Cfy,E+Voly)dy, € ngg((o,T)N)}

where Cf denotes the convex envelope of f (see Definition 2.3.12). Finally, Miiller showed
with the example below that, when d > 1 and f is nonconvex, expressions (3.5) or (3.6) are

not necessarily equivalent to (3.2).

Ezample. Let f0:R?*2 — R be given by f0(¢) := |¢|* + h(det £), where

8040l _8(1+a) — 4 if £ >0,

h(t) :=
M—S(Ura)—‘l—wa#t ift <0,

for 0 < a < 3. Let now R := (0,3) x (0,1), and define for z € @ := (0,1)? and £ € R?*?

f(@,8) = {Xr(x) + 5Xq\n()}f*(€)

where 0 is a small positive number. Extend f by Q-periodicity in the first variable and let
§ = diag(1,c), § < ¢ < 1. Miiller showed that

it { [ 70+ Vo) dy, 6 € WRR(Q:R) | > 0> 0
¢ UJQ
and
e 1
jnf inf {ﬁ /(07T)2 fW, €+ Vo) dy, ¢ < W&’p((O,T)Q;RQ)} < 06,

for some positive constant C'. Thus

inf inf {% /( oy [ ET VO Ay, G € W&’p(<0,T)2;R2)}

TEN ¢
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< igf {/Q f(y, £+ Vo(y))dy, ¢ € WQ&’Z(Q;RQ)} :

provided ¢ is sufficiently small. The function f can be interpreted as the energy density of
a composite material consisting of a strong and a very weak component (see Figure. 3.1),
where ¢ represents the strength of the weak material. The first block (unit cell) can support
compression while the second block (which shows T x T cells rescaled to the unit cell) can

achieve very low energetic states as T — oo.

Fig. 3.1: Two different behaviors under compression

In an independent work Braides [16] also treated the vectorial and nonconvex case. Precisely,
using a compactness I'-convergence result of Fusco [53], Braides proved that equality (3.4)
holds whenever f : RN x RN — R is a Borel measurable function, almost periodic,
quasiconvex and satisfying the standard growth and coercivity conditions (3.3). Braides

remarks that equality (3.5) is equivalent to

1
from(€) = Jim inf{T—N RS O WM(O,T)N)}, (37)

and that from is a quasiconvex function. By Corollary 2.5.14 this result implies that (3.4)
holds under the assumptions that f is a Borel measurable function @-periodic in the first
variable and such that (3.3) holds (for a more direct proof see Braides and Defranceschi [19]
where the authors derived a compactness result for functionals with this class of integrands

and used the integral representation theorem of Buttazzo and Dal Maso [26]).

L A function f : RY — R is said to be almost periodic if for every § > 0 there exists Lg > 0 such that for
every a € RY | there exists 7 € a 4 [0, Lg]™ such that, for a.e. z € RN, |f(x +7) — f(x)| < e. In particular,

if f is Q- periodic it is also almost periodic.
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3.1.2 The case where Z_(u) = /

Qf (x,g,u, Vu> dx

In [15] Braides studied functionals of the form

Z(u) = /Qf<:n, g,u(m),Vu(x)) dz,

for scalar-valued u under the assumptions that the integrand f : RN xRY xRxRN — [0, 00),

f=f(x,y,s,€), is convex in ¢, and that there exist b € LL (R") and a continuous positive

real function w with w(0) = 0 such that
[f(@y,5.6) = f(@,y. 8, )| Sw(jz — 2’| +]s = ') [b(y) + f(@,9,5,9)] (3-8)

for all z, 2/, y, € € RY and all s, s € R In addition, f is assumed to be measurable, Q-
periodic with respect to ¥, continuous with respect to the variables x and s, and to satisfy

the growth condition
0< flz,y,5,€) < alz)[b(y) + s + €[]

for all (z,v,s,£&) € RN x RV x R x RY, and for some continuous function a : RY — [0, c0).

Using a compactness and representation result by Buttazzo and Dal Maso (Theorem 4.4 in
[28]), Braides showed that

[(LP(02))- lirr(l)IE(u) = / Jhom (z, u(z), Vu(x)) dz,
g— Q
for all u € W1P(Q), where fhom is the convex function given by

from(z,5,€) :=igf{ / f(@,y,5.6+Voly)dy, ¢¢€ W;éf;’(Q;Rd)}-
Q

In a first step Braides proves the result for integrands of the form f = f(y,£) by an argument
similar to the one used by Marcellini. Then he uses this case to deduce the general one by

an argument that takes into account some properties derived in [28].

A sketch of the proof of an analogous result in the vectorial setting for f = f(x,y,£) can be
found in Exercise 14.6 of Braides and Defranceschi [19] (convex and nonconvex case) and

also in Theorem 1.3 of Braides and Lukkassen [21] (convex case).

Our goal in Theorem 4.1.1 is to prove a similar result under substantially weaker continuity

hypothesis than (3.8). This will be possible by combining I'-convergence and two-scale
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convergence arguments. We treat the nonconvex case assuming that the integrand f =
f(x,y,€) is continuous with respect to the pair (y,&), measurable in z, and Q-periodic
as a function of y. We note that the improvement in (3.8) is done at the expense of
requiring continuity in the variable y, as opposed to only measurability as in [15], [19] and
[21]. Recently we were able to prove another version of this result for integrands that are
continuous with respect to the first variable x and measurable with respect to the second
one y (see Chapter 6). This case turns out to be more relevant for the applications to

problems of mixtures. We still use a two-scale argument but the analysis is more delicate.

3.1.3 The case where Z.(u) = /

f(x,?%,Vu) dx
QO g €

In Theorem 1.1 of [21] Braides and Lukkassen (see also [60]) study the I'-convergence of a
family of functionals of the type

L = [ 1(%.5 Vuw) do

g &

where the integrand f : RY x RY x RN — [0, 00) is periodic in the first two oscillating

variables and satisfies usual coercivity and growth conditions. In addition,

- f(y,-;€) is measurable for all (y, &) € RV x RN,
- fly, z;-) is convex for all (y, z) € RN x RY;

- there exist b € Ll (RY) and a continuous positive real function w, with w(0) = 0,

such that
‘f(ya zaf) - f(y/? Z,f)’ < w(’y - y,‘) [b(z) + f(ya 275)] (39)

for all y, 3/, z € RV, and all £ € RN,

A compactness and integral representation theorem by Fusco [53], an analogous argument
to the one used by Marcellini, and the reiteration of the homogenization formula (3.2) are

used in the proof. They showed that

DL@)- EmZo(w) = [ Fron(Vu(e) da
g— (9]
for all u € WHP(Q; R?), where f,,,, is defined by

From(€) = inf { [ Bronwi+ Votmyay: o ngz@;Rd)} ,
¢ Ug
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and

ﬁmw@wznﬁ{/fw¢£+vmawh:¢GW&ﬂ@R%}
¢ Uq

The analysis has been extended to the case of nonconvex integrands (see Theorem 22.1 in
Braides and Defranceschi [19]) and to the case where f depends explicitly on the macro-
scopic variable z, as in (3.1) (see Remark 22.8 of Braides and Defranceschi [19]), under the
strong uniform continuity condition (3.9) or (1.6), respectively. Using techniques of mul-
tiscale convergence and restricting the argument to the convex and homogeneous case (no
dependence on the variable z), Fonseca and Zappale were able to recover these results with
weaker continuity conditions than (3.9). Namely, they only required f to be continuous
(see Theorem 1.9 in [51]).

As these results seem to show, it is not clear what is the natural regularity on f for the
integral (3.1) to be well defined. Motivated by Theorem 4.1.1 we treat in Theorem 4.2.1
the case where the integrand f satisfies the following conditions:

- f(z, -, -, -) is continuous for a.e. = € Q;

- f(-,y,2&) is measurable for all (y,z,£) € RV x RV x RN,

- f(z, -, 2,€) is Q-periodic for all (z,€&) € RNV x RN and for a.e. z € Q; f(z,y, -,£) is
Q-periodic for all (y,&) € RN x RN and for a.e. 2 € ;

- there exists § > 0 such that for all (y, z,£) € RN x RN x RN and for a.e. z € Q

%mw—ﬂ<ﬂ%%a®<ﬂu+£M-

We recover Theorem 1.9 in Fonseca and Zappale [51].

We point out that our analysis follows the lines of the one in Braides and Defranceschi [19]
(Theorem 22.1 and Remark 22.8), and that our main contribution is to use arguments that

allow us to weaken the strong uniform continuity hypothesis (1.6).

3.2 Thin films with periodic microstructure in the

nonlinear membrane theory

Reduction dimension arguments are used variationally to study minimization problems over

domains whose dimension, in one or more directions, is small compared with the dimension
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in the other direction. Membranes are 3-dimensional continuum bodies with a reference
configuration with cylindrical shape, such that the height of the cylinder - the thickness -
is small in comparison with the other dimensions. This feature suggests the possibility of
deriving 2-dimensional models in membrane theory from the full 3-dimensional theory. The
idea is to regard the thickness of these thin cylindrical bodies as a small parameter ¢ and

then to study the asymptotic behavior as € goes to zero.

Starting from the works of Acerbi, Buttazzo and Percivale [2], '-convergence has become
an important tool to do this asymptotic analysis in nonlinear elasticity. We briefly discuss

the main approach to this study.

Let w be an open and bounded subset of R%. For each 0 < £ < 1 define Q. := w x (—¢,¢)
and denote X, := w x {—¢,¢} (Figure. 3.2).

Fig. 3.2: Cylindrical thin domain of thickness

We assume that the body is pinned on the lateral boundary, that is v(xz) = x on dwx(—e,¢),
for all its admissible deformations, and that it is subjected to the action of regular surface
traction densities g(¢) on X, and regular dead loads f(g). The total energy of this body
under the action of this forces is the difference between the elastic energy and the work of
external forces. More precisely,

WE W= [ W Do)do— [ f(e)-vdm—/ g(e) - vdS,

for v € V(e) := {v € WHP(Q;R3) 1 v(z) =2 on Ow x (—¢,¢)}.

Main problem: To study

li in W
limy min, (e)(v)

by means of ['-convergence. As usual, in order to study this problem as ¢ — 0 we rescale
the e-thin body into a reference domain of unit thickness (see e.g. Acerbi, Buttazzo and
Percivale [2], Anzellotti, Baldo and Percivale [8], Le Dret and Raoult [55], Braides, Fonseca
and Francfort [20]), so that the resulting energy will be defined on a fixed body, while the
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dependence on ¢ turns out to be explicit in the transverse derivative. For this, we consider

the change of variables

1
QEHQ::wXI7 (x17x27x3)H (1’1,1’27gx3 9

b o

Qe Tt
X, 1
% .

e
a =12 Z_
Fig. 3.3: Rescaled domain of unit thickness
and define u(xy,z3/e) = v(zq,x3) on the rescaled cylinder Q, where I := (—1,1) and

Zq = (T1,72) is the in-plane variable. We denote ¥ := w x {—1,1} (Figure. 3.3).

It is well known that membrane theory arises at the order € of a formal asymptotic expansion
(see Fox, Raoult and Simo [52]), provided that the body forces are of order 1 and the surface
loadings are of order . Since this energy is of order ¢, we divide the total energy by ¢ and

in addition we assume that

{f(E)(xmms) = f(za,23),

9(e)(xa,ex3) = €g(2a,3),

where f € LP (Q;R?), g € LV (5R%) (1/p+ 1/p' = 1). If We(za, 235 ) = W(e)(a, 235 ),

for fixed € minimizing W(e) on V(e) is equivalent to minimizing

We(u) == — —/QWE (x,Vau(a;)EV;gu(x)) da:—/ﬂf-udm—/xg‘udS

on V. := {u € W'P(Q;R?) : u(z) = (za,e23) on Ow x I'}. We recall that for £ € R3*2 and
z € R3, (£]2) denote the matrix whose first two columns are those of £ and the last one is
z, Va = (Vl,VQ).
Main step: To study

P(LP(Q))—IH%WE.

E—>
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3.2.1 The case W.(u) = /

Lo
Wlx,—,Vau
Q £

1
—Vgu) dx
€

The motivation to study this case comes from the works of Braides, Fonseca and Francfort
[20], of Babadjian and Francfort [11] and from Theorem 4.1.1.

Starting point: In [20] Braides, Fonseca and Francfort derived a homogenization result for
energies We(z; &) = W(x3,x4/¢, ). Namely, under the hypotheses that W is a Carathéodory

function satisfying standard coerciveness and growth conditions, they proved that if

To

We(u) :/QW (xg,?,vau

1Vgu) dx
€
then
[(LP(Q))- linéwg(u) = 2/ Whom (Vau) dzg
E—> w

for all u € WHP(w;R?) = {u € WHP(Q;R?) : Dsu(z) = 0 for a.e.x € Q}, where

N .
Whom (§) ‘_TLITOO lgf {W /(o,T)2sz/(y3’ Yo, &+ Vad(y)|V3o(y)) dy

d € WHP((0,T)2 x I;R3), ¢ = 0 on 9(0,T)? x I}. (3.10)
Their analysis is based on a compactness property for a family of energies of the form
We.(z,€&). We state here this result since it is important for our applications in Chapter 5.2

Theorem 3.2.1. (Theorem 2.5 in [20]) Let w be an open bounded subset of R? and let
Q:=wxI. Let W : Q x R3>*3 — [0,00) be a family of Carathéodory functions such that
for a.e. x € Q and any & € R3*3

BIET < We(z,6) <CL+|E7), 0< <O, 1T <p<oo
For each € > 0 define W. : LP(;R3) x A(w) — [0,00) by

/ We <:U, Dau(x)EDgu(az)> dr if u € WHP(A x I;R3),
We(u; A) == ad

00 otherwise.

Z1n [20] the authors prove a more general result for thin films with varying profiles. For our purposes it

is enough to present this simpler case.
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Let
. — .. . . . P .3
Wiy (u; A) {135} {llgl}(r)lfwg(ug,A) cue — uin LP(A x I;R )}
Then every sequence &, | 0 admits a subsequence {ey; }; = {€;}; such that Wi, y(-; A) is the
L(LP(A x I))-limit of {We,(-; A)}; for all A € A(w). Further there exists a Carathéodory
function Wiyt w x R3%2 — R such that

Wiy (us A) = 2/ Wiy (@a; Dau(za)) dza, (3.11)
A
for all A € A(w) and all u € WHP(A;R3).

The proof of Theorem 3.2.1 is based on the Direct Method of I'-convergence. In a first step
the authors derive a useful version of Proposition 2.5.13 that will allow us the matching of
recovering sequences in the lateral boundary of open sets A x I, with A C w. Its proof is
based on De Giorgi’s slicing argument and the possibility of considering cut-off functions

independent on the transverse direction of the thin film.

Lemma 3.2.2. (Lemma 2.6 in [20]) Under the hypotheses of Theorem 3.2.1 on W¢, let A €
A(w), u € WYP(A;R3), and let €; | 0 be a sequence for which T'(LP(A x I))—lir{)loWaj (u; A)
exists. Then there exists {w;}; C WHP(A x I;R3) and a sequence of compjact sets of A,
{K;};, such that

L(LP(A x I))-lm W, (u; A) = lim W, (w;, A)

Jj—o0 Jj—00

and wj =u in (A\ Kj;) x I.

In Chapter 5 we study the asymptotic behavior of a heterogeneous e-thin film whose mi-
crostructure oscillates on a scale that is comparable to that of the thickness of the domain
(see Figure 3.4). We propose in Theorem 5.1.1 to establish a dimensional reduction and ho-
mogenization result, where both scales are identical, by adding in the stored energy density

an explicit dependence on the in-plane variable x,. Namely, we assume that
Tq
We(xvf) =W (33, ?75) .
We seek to find the I'(LP(€2))-limit of the following family of energies

We(u) == /QW (ac, %‘“,vau(x)(%v?)u(a;)) dx
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M‘Q

Fig. 3.4: Thin domain with periodic structure in the in-plane direction

for u € WHP(€;R?), and some function W : Q x R? x R3*3 — R whose hypotheses will

be introduced later (in this case in the reference configuration . we have W(e)(x,§) =
W (za, £,€))-

Two features differentiate our approach from what is available in most of the literature in
the subject (see Shu [75] and Braides, Fonseca and Francfort [20]). The first one is the
use of two-scale techniques as in Theorem 4.1.1. The second one is based on a decoupling
argument used by Babadjian and Francfort [11] to derive a nonlinear membrane model for
stored energy densities of the form W (z, £) generalizing the case where W (z, &) = W(x3,§)
that was studied in Braides, Fonseca and Francfort [20]. This decoupling procedure is
necessary to take into account the different nature of the two variables y, and x, that

appear in the structure of the limit functional (see (5.24) below).

3.2.2 The case W.(u) = /

w <x,z Ta Vau‘lvgu> dx
Q €

e g2’

In Theorem 5.2.1 we want to study the asymptotic analysis of e-thin elastic bodies whose
microstructure is periodic of period ¢ in the in-plane direction and periodic of period €2 in
all directions. To take into account these heterogeneities, our goal is to study the sequence

of energies
T T
We(x7§) =W (:1:7 g7 5_276)

(in this case in the reference configuration Q. we have W(e)(z, &) = W (zq, 8, 2, % €)).

We seek to find the I'(LP(Q))-limit of the following family of energies
o 1
We(u) == /QW (a:, g, %,Vau(x)‘EV3u(x)> dx,

for u € WP(Q; R?), and for some function W : Q x R? x R? x R3*3 — R whose hypotheses

will be introduced later. As a corollary, we derive a homogenization result for heterogeneous
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e-thin films of periodic structure of period ¢ in the in-plane variable , and of period €2 in
the transverse direction x3. That is, we derive an homogenization formula for a family of

energies

W (1) = /Q % (x,g,vau(x)EV;:,u(:E)) do

for u € W1P(Q;R?). Integral functionals of the form

/W(%,Vav
Q

have been studied in Shu [75] (Theorem 5) under different length scales for the film thickness

1
—Vgu) dx,
€

and the material microstructure. As far as we know there have no been previous results

that allow for homogenization in the transverse direction of the film.



Part II

MAIN RESULTS






4. '-CONVERGENCE OF FUNCTIONALS WITH
PERIODIC INTEGRANDS

The main goal of this chapter is to characterize the asymptotic behavior of a family of

multiple scale integral functionals whose integrands have periodicity properties.

From now on, unless otherwise specified, C' will denote a generic constant, and for every
a € RY and § > 0 we write Q(a, ) := a + 6Q = (a,0)", where Q := (0,1)"V. Throughout
this chapter 2 stands for an open bounded set in RY with N > 1.

4.1 An approach by 2-scale convergence

This section is devoted to proving the following result.

Theorem 4.1.1. Let f: Q x RN x RN L R be a function such that

(Hy) f(x,-,-) is continuous a.e. x € €;
(Ha) f(-,y,&) is LN -measurable for ally € RN and all £ € RN,
(H3) f(z,-,€) is Q-periodic for a.e. x € Q and for all £ € RN,

(Hy) there exist a real number p > 1 and a constant 3 > 0 such that

1€rr
&

for a.e. z € Q, for ally € RN and all € € RN,

For each £ > 0 define the functional I. : LP(Q;RY) — [0, 00] by
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T (u) == (4.1)

00 otherwise.
If u € LP(Q; R?) then

/thom(l',VU(.%')) dx ifu € Wl’p(Q;Rd)’
Thom(u) := T(LP(Q))- lim 7. (u) = (4.2)

e—0

o0 otherwise,

where the integrand from @S given by

fhom($7 g) :

1

= lim inf TN / f(:L‘,y,§+ qu)(y)) dy, ¢ € Wol’p((o,T)N;Rd) (43)
T—oo ¢ T (0,T)N

for a.e. x € Q and for all € € RN | It turns out that from is (equivalent to) a Carathéodory

function and satisfies p-coercivity and p-growth conditions similar to those of f. Moreover

fhom(z, ) is quasiconvex for a.e. x € €.

Theorem 4.1.1 was obtained in collaboration with I. Fonseca [12], and the main idea of its
proof is to use the Direct Method of the Calculus of Variations (see Section 2.5.2) combined
with the integral representation theorem of Buttazzo and Dal Maso (Theorem 2.4.1) to
derive the existence of I'-converging (sub)sequences to an abstract integral functional. Then
the idea is to use arguments of two-scale convergence to derive an upper bound for the
integrand of this functional. To get the other bound we use the fact that, under hypotheses
(H1)-(Hy), the integrand f is “uniformly continuous up to a small error”. Indeed, since
f is a Carathéodory integrand, Scorza-Dragoni’s Theorem (Theorem 2.3.26) implies that
the restriction of f to K x RY x R¥¥ ig continuous, for some compact set K C £ whose
complement has arbitrarily small Lebesgue measure. Then the periodicity of f with respect
to its second variable leads f to be uniformly continuous on K x RY x B, for some closed
ball B of R¥™N of sufficiently large radius. Finally, to ensure that the energy remains
arbitrarily small on the complement of K and on the set of z’s such that the gradient of
the deformation does not belong to B, we use the Decomposition Lemma (Theorem 2.2.16)
which allows us to select minimizing sequences with pt"-equi-integrable gradients. Thus, in
view of the p-growth character of the integrand, the energy over sets of arbitrarily small

Lebesgue measure tends to zero.
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Like for quasiconvex envelopes, there are very few explicit examples of homogenized densities
in the literature. A classical explicit derivation of the function fyom for elliptic operators in
the homogeneous case, that is, for integrands f that do not depend on the variable x, can
be found in De Giorgi and Spagnolo [41]. We present a classical example that can be found

in the book of Dal Maso [35] (see references therein for more examples).

Ezample. Let N =1 and let f(y,¢) := a(y)|£]P for (y,&) € R? and 1 < p < oo, where a is a

measurable and @-periodic function, such that for all y € R

B<aly) <C, 0<B<LC.

Then from(§) = anom|§|P where

Ahom := (/01 (%)p/N)l_p.

Remark 4.1.2. By hypothesis (H;) and (Hj) the integrand f is of Carathéodory-type and
this ensures that f(z,-,-) is a Borel function for a.e. x € Q (see Proposition 2.3.27; in
particular the integral in (4.1) is well defined). Moreover, by hypothesis (H4) replacing f by
f+0 we may assume that f is nonnegative almost everywhere. As a consequence of these two

remarks, in the sequel, without loss of generality, we may assume that f is a positive Borel
function such that hypotheses (Hy), (H3) and (Hy) hold for every (z,y,£) € QxRN x RN,

Two more remarks are worthy of note (see Miiller [66] and Braides and Defranceschi [19];
see also Lemma 4.1.5 and Lemma 4.1.10 below). First, it can be seen that for a.e. x € 2
and for all £ € RN

TEN ¢

from(®,€) = inf inf {TiN | Hae+ Vo), o€ W&’p«o,T)N;Rd)} (4.4)
(0,1)N
and

TEN ¢

N 1
from(@,€) = inf inf {T—N /( oy T @D ETTOW) dy, 6 € Wo(0.T)7; R%} . (49)

Secondly, we observe that under the additional hypothesis that f(x,y, -) is convex for a.e.
x and for all y (in which case (H7) is equivalent to requiring that f(x,-, &) is continuous for

a.e. ¢ and for all £), equalities (4.4) and (4.5) simplify to read, respectively,

Jhom (x,€) = int { /Q F@,y, &+ Vo(y)) dy, ¢ € Wy ((0, 1>N;Rd)} (4.6)



4. T'-convergence of functionals with periodic integrands 76

and

fhom@,s):igf{ /Q F( .6+ Vo(y)) dy. ¢ € Wi((0, 1>N;Rd>}. (4.7)

Moreover, by hypothesis (H;) and by Lemma 2.3.28, equalities (4.3)-(4.7) hold if the ad-
missible test functions are taken in any smooth dense subset of VVO1 P((0,T)NV;R%) and
Wa((0,T)N;R?), respectively.

As a consequence of Theorem 4.1.1, Proposition 2.5.13 and Theorem 2.5.11 we get the

convergence of (almost) minimizers of {Z.}..

Corollary 4.1.3. Under hypotheses (H1)-(Hy) the functional Tyon defined in (4.2) has a
minimum on Vy, := {u € WIP(Q) :u—¢ € Wol’p(Q), o € WHP(Q)} and

in 7, = lim inf Z.(u).
min hom (%) liny inf =(u)

Moreover, given two sequences €, | 0 and {un}n C V,,) such that

lim 7., (u,) = lim inf 7. (u),

n—00 n—ooueV,

then (up to subsequence) {uy,}y is WP-weakly convergent to a minimum for the functional

Thom on V.

4.1.1 Properties of the homogenized density

In this section we turn our attention to the main properties of the function fyon, for later use
in the proof of Theorem 4.1.1. Most of these properties can be deduced from previous works

(see references below), however we present alternative proofs for the sake of completeness.

By Remark 4.1.2 we restrict our analysis to the case where f is a positive Borel function
such that hypotheses (Hi), (H3) and (Hy) hold for every (z,y,£&) € Q x RV x RN,

We start by showing that the limit in (4.3) is well defined. The argument is analogous
to that used in Bouchitté, Fonseca and Mascarenhas [23] and relies on Lemma A.1 in the

Appendix.

Lemma 4.1.4. For all (z,£) € Q x RN there exists

T—oo ¢

lim inf {LN/ flz,y,£+Vo(y))dy, ¢ € W&’p((O,T)N;Rd)} . (4.8)
T (O,T)N
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Proof. (see also Braides and Defranceschi [19]) Let (z,£) € Q x R™Y and let
stay=int{ [ flo.ne + oty o€ Wi}

for A € A(RY). Under the above assumptions on f the function S : A(RY) — [0,00) is
well defined, and it satisfies the hypotheses of Lemma A.1 with 7 = Z~ and M = 1. Hence
we conclude that the limit
. S((0,1)™)

lim ————=,

T—o00 TN
or equivalently (4.8), exists. [
We now want to show that fion is a Carathéodory integrand (see Definition 2.3.25) so that
the functional Zyoy, in (4.2) is well defined. We start by noting the following result.

Lemma 4.1.5. Let fi., From @ © x RN [0,00) be defined, respectively, by

- e 1
Fhom(®, €) = inf inf {T—N /( o T Y EH VW) dy, 0 € Wy ((0,7)%; R%}

TeN ¢

and

From(,€) = inf mf{TLN / Fw,y. €+ Vo)) dy, ¢ € W;éf;((o,T)N;Rd)},
0,7~

TEN ¢

for all (z,&) € Q x RN, Then the relations from = from = fhom hold.

Proof. Let (z,£) € Q x RN We first show that fuom(z,€) = from(7,&). It is clear
that fhom(7,€) = from(2,€). To prove the other inequality, fixed § > 0 let S € N and
pE Wol’p(((), S)N:R?) be such that
- 1
fhom(x7€) +5 2 S—N/ f(xvyvé—i_v@(y)) dy (49)
0,9)N

Extend ¢ periodically to RY with period S. Using Riemann-Lebesgue’s Lemma, (Lemma
2.6.2)

1 . 1 Y Y
N dy = lim —+ Z 2)) d
N /(Ovs)Nf(:c,y,iJrW(y)) Y lim = /(O,S)Nf<x’€’§+v¢<€>> y

_ giE%S—N/(Og)Nf(x,z,f—i—V@a(z))dz, (4.10)
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where 0.(2) := Lp(ez) € Wol’p<(0, g)N;Rd) Therefore from (4.9) and (4.10)

_ N S\ N
From (@,€) +8 > lim igf{;_N/( Flx, 2,6 +V0(2)) dz, GeW(}’p«O,g) ;Rd>}

£E— 07§)N

= fhom(xy 5)
Letting § — 0 we conclude that

7hom(xa§) 2 fhom(xag)'

Finally we show that fi.,(z,€) = fuom(2,€) (see also Braides [19] and Miiller [66] for an
alternative justification). It is clear that fom (2, &) = fhom(2,&). To verify the opposite
inequality, fix § > 0 and take S € N and a smooth function ¢ € Wplézr’((o, SN ;]Rd) such

that
1

(@902 g [ S &+ Vo) dy (.11)

By hypothesis (H3) the function f(z,-,& 4+ Ve(+)) is (0,.8)V-periodic, and thus

SLN/w,S)N [y e+ Vely)dy = limy Qf(x’g’“W(g)) dy
= I f(%%ﬁW%(y)) dy,  (4.12)

where ¥ (y) = 5@(%). For each € > 0 define
Q: = {y € Q: dist(y,00Q) > 5}.

Take 0. € C°(Q) with 6. € [0, 1] such that 6. = 1 on Q. and ||V,||p~ < Ce~!. Then

. Yy L Yy

ti [ 5o L4 V00 w) dy = iy /Q (e vem)y, @
since by the p-growth condition in (H4) we have

[t Ler viewow) dy
Q\Q- €

< C / (14 € + [V ()P + e Plo-(n)PP) dy
Q\Q-

< cl@rars [, e [ () a] o
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Hence by (4.11)-(4.13), defining ¢-(y) := 1 (6-¢2)(ey) € Wol’p((O, é)N;RN), we obtain
~ . Y
i) 40 >l [ 1(o L6+ 9(00)0) dy
>l < /(O’y £ (w964 Vou)) dy
= ?hom(x7§)'

Letting § — 0 we get fuom (7, &) = from (T, &).

The measurability of from follows as a consequence.

Lemma 4.1.6. The function fuom(-,&) is measurable for all ¢ € RN,

Proof. Let &€ € RN, By Lemma 4.1.5 we can write

om\Z, = inf inf
Jhom (7, &) Jnf ¢1€nSTfT,¢($)

where

fro(x) = /T F(y. €+ Vé(2)) dz

for z € ©, and St is a countable subset of C°((0,7)";R?) dense in Wol’p((O,T)N;Rd). By
Tonelli’s Theorem the functions fr 4 are measurable, and so is fhom(-,§) as the infimum of

a countable family of measurable functions.
[

Our next objective is to show that fiom(z,-) is continuous for all x € Q. We are not able
to prove this directly unless f satisfy a p-Lipschitz condition as in (2.9). As quasiconvex
functions satisfy inequality (2.9) (see Proposition 2.3.15), the first step will be to show that
Joom = (Qf)hom where Qf : Q x RNV x RN — R denotes the usual quasiconvexification
of f with respect to the last variable &, that we know to be quasiconvex in £ (see Theorem
2.3.19). We remark that

0f(w. ) =int{ [ ey 6+ o()d: 0 WPP@RY}) @)

for all (z,7,£) € @ x RY x RN (see Lemma 2.3.23) and that consequently Qf satisfies
conditions (Hs) and (Hy4). The following properties of Qf are of interest for the argument
that follows.
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Lemma 4.1.7. We have that

i) Qf(z,-,-) is continuous for all x € Q);

i) Qf(-,y,&) is measurable for all (y,&) € RNV x RN,

T—o00

i) (Qf Jhom (@, &) := liminf inf {%N /( sy @Y EFTOW)dy, 6 € W&’p«o,T)N;Rd)}

T—o00

zlmlnﬁ{%i/ Qﬂ%%£+vdwhw,¢6W®W®JTWR%}
(0N
for all (z,€&) € Q x RN x RN,

iv) (Qf hom (2, €) = from(z, &) for all (z,€) € Q x RN,

Proof. i) The upper semicontinuity of Qf(z,-,-) for z € R follows from equality (4.14) and
hypothesis (H;), while its lower semicontinuity can be obtained by an argument analogous

to that of Lemma 2.3.24.
ii) The proof is identical to that of Lemma 4.1.6 above.

iii) Is a consequence of identities i) and ii), the coerciveness, growth and periodicity prop-
erties of Qf, and of Lemma 4.1.4.

iv) Let (z,£) € Q x RN, Obviously fuom (%, &) = (Qf )hom(z,€). Let us prove the converse
inequality. Let n € N and let 7;, € N and ¢, € Wol’p((O, T,,)V;R%) be such that

1 1
(@ hon@ 43 > g [ QS €+ Vontw) do

Thus
(@ hom (2, > limsup e [ Qf(ay€ + Vou(y) dy (415
(0,7n)N

n—00 n

To compare (4.15) with from(x,§) we apply the Acerbi and Fusco Relaxation Theorem
(Theorem 2.3.30) and the Decomposition Lemma (Lemma 2.2.16). As a consequence of
Theorem 2.3.30, for every n fixed there exists a sequence {¢, x }r € W1P((0,T,)V; RY) such
mwm?%mwwwnWWmm

1 1 _
7 oy S EE oWy = Jm g [ e Vo) i (410
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By Lemma 2.2.16 we can now find a subsequence (still denoted by {¢, 1 }x) and a sequence
(i © Wy (RV;RY) such that ¢, x — ¢, in WP((0, T,); RY) with

{IVin P} equi-integrable (4.17)

and

£y € (0.T)" : Ynr(y) # dnr)} — 0. (4.18)

As f is nonnegative, by (4.17) and (4.18)

1
lim L / £, 53 €+ Vouny)) dy
(OvT’fL)N

k—o00 Té\/
. 1
> limsup — f@, 4§+ Vi r(y)) dy
k—oo n {yE(O,Tn)NI ¢n,k(y):¢n,k(y)}
. 1
= limsup — / [,y &+ Vi, k(y)) dy. (4.19)
k—oo Iy, 0,T0)N

Thus from (4.15), (4.16) and (4.19)

1
(Qf)hom(xag) 2 limsup limsup TN /(OT " f(xayag + v¢n,k(y)) dy > fhom($7£)'

n—oo k—oo n

We are now in a position to prove the continuity property of fhom.

Lemma 4.1.8. The function fuom(z,-) (or equivalently (Qf)nom(z,+)) is continuous for all
x € Q.

Proof. (see also Braides [19]) Fix z € Q. Let £ € RN and ¢, — ¢ in RN, We wish to
show that

fhom($a§) = lim fhom(xagn)-
n—oo
We first establish that (upper semicontinuity)

fhom($7§) > lim sup fhom($>§n)~ (4'20)

n—oo

Fixed 6 > 0, choose S € N and by density a function ¢ € C$°((0, S)";R?) such that

1
fon@9+0 > gy [ Sy &+ o) dy
1

= A, g @G+ V) dy

> lim sup fhom(xa gn)v

n—oo
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as a consequence of Lemmas 2.1.15 and 4.1.5. Letting 6 — 0 we get (4.20).

We show now the converse inequality (lower semicontinuity), i.e.

fhom($a£) < hHi)lnf fhom(magn)~ (421)

We start by remarking that fhom(z,&,) = (Qf)hom(x, &) for all n € N (property iv) in
Lemma 4.1.7). Given n € N, consider T,, € N (7,, /" o0) and ¢,, € Wol’p((O,Tn)N;IR{d) such
that

1

1
fhom(x,gn)+g P Tn—N

/ Qf (2, y, En + Vou(y)) dy

(0,T,)N

= / Of (x, Ty, &n + Vou(Thy)) dy
(01N

_ /( sy L@ Tt V() dy, (4.22)

where 1, (y) := Tin(bn(Tny), Yn € Wol’p((O, 1)N;RY). We note that by the p-coervivity con-
dition of (Qf) the sequence {|[Vn||1p((0,1)¥;raey} is bounded. We write

/ Qf (z, Toy, & + Vibn(y)) dy
0,)N
- /(o by Qf (2, Tny, &n + Vibn(y)) — Qf (2, Ty, £ + Vibn(y)) dy (4.23)

+ / Qf (x, Tny, £ + Vibn(y)) dy.
(0,1

Our task now is to show that the term (4.23) goes to zero as n goes to infinity. As &, — &
and the sequence {||Vin||1r((0,1)~;ra)} 18 bounded, using the p-Lipschitz condition (2.9) and

Hoélder Inequality we have

n—oo

lim sup /(0 s 1Qf (, Tny, En + Vn(y)) — Qf (2, Tny, & + Vibu(y)) | dy

<Ctmow [ (15l + TP 1+ o 0)P ) e~ eldy

n—oo

< C Timsup / (1+ [V ()P |60 — €] dy
(0,1)N

n—oo

<C lim |& — ¢ =0,
n—oo
which, together with (4.22), leads to

n—oo

fhom(wvfn) + % 2 lim sup /(O " Qf(x,Tny,&’ + v¢n(y)) dy > (Qf)hom(xag) = fhom(xag)'
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Inequality (4.21) holds letting n — oc.
|

By Lemmas 4.1.6 and 4.1.8, we conclude that f,on is a Carathéodory integrand and thus

Thom is well defined.

Remark 4.1.9. We note that fhom satisfies analogous growth and coercivity conditions to
the ones of f, which, together with the continuity properties of fhom, imply by standard
arguments (approximation of WP by piecewise affine functions together with the invariance

of the domain of f,,) that this function is quasiconvex with respect to the last variable.

We will show next that in the convex case it is enough to consider one cell period for the
definition of fhom (4.3) (see also Braides [19] or Miiller [66]). We define for all (z,§) €
QO x RdXN

froml.€) = int { [ o€+ o). 0 € WY (0.0)%:R%

and

o (@,€) =inf{ / fl@,y,E+Vo(y)dy, ¢€ Wgéi’((o,l)N;Rd)}-
)

Lemma 4.1.10. Assume, in addition to the hypotheses on f, that f(x,y,-) is convex for
all (z,y) € Qx RN, Then

fﬁom = ﬁ;m = fhom-

*k

Proof. (see Braides [19] and Miiller [66] for an alternative proof). Equality fr = fi*  is

proven by an argument analog to that of the proof of Lemma 4.1.5.

We show that fr = = fhom. Let (z,§) € Q x RN By definition Firom (@) = fhom (2, §).
To prove the opposite inequality, for each n € N take T;, € N and a function ¢, €
W, P((0,T,)N; R?) such that

foom(z,8) ++ = Zx f(@,y,6+ Von(y)) dy
" J0,T)N

(4.24)
= /Qf(x,Tny,SJrV%(y))dy,

where ¥y (y) = T—1n¢n(Tny), (RS Wol’p(Q;Rd). By the p-growth condition in (Hy) the
sequence {||Vnl|1p(@;rd) }n is bounded, and so is {||¢n||y1.5(gra) }n by Poincaré Inequality.
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Hence, there exists a subsequence (still denoted by {ty,},) such that
wip

Un — ¥

for some ¥ = ¥(y) € Wol’p(Q;Rd). As a consequence, by Theorem 2.6.7 and up to a

subsequence
2s

Y =9
and

Vb 22 Vip + V.1

for some ¥ = (y,2) € LP(Q; ngr’(Q; Rd)). We divide the rest of the proof in two steps.

Step 1. We follow an argument of Allaire [4] assuming in addition that
(Hs) g—{](x,y,n) exists for all (z,y,n) € Q x RN x RN,

By inequalities (2.5) and (2.6), and by the p-growth condition in (Hy) there exists a constant
C > 0 such that for all (z,y,7) € Q x RY x RN

L o] < 1+ . (4.25)

Let ¢ = ¢(y,2) € C(Q; ngr(Q;RdXN)). Since f is convex in the last variable then by
inequality (2.5)

/ f2, Thy, &+ Vibn(y)) dy > / [z, Ty, £+ o(y, Tay)) dy
Q Q

of
—|—/Qa—77(x,Tny,<p(y,Tny)) - (Von(y) — (v, Tny))d(ia%)

for each n € N. By Lemma 2.6.3, and as Vi, = Vi + V.1 (see Definition 2.6.5), we have

n—oo

lim [ f(z,Thy, &+ oy, Thy)) dy = / [/ [z, 2, + oy, 2)) dZ] dy (4.27)
Q Qt/o
and
0
lim a—‘;<x,Tny,s0(y,Tny)) (Vu(y) — oy, Thy)) dy

n—oo Q

(4.28)

:/ [/ ?@%w(y, 2)) - (Vo(y) + Va(y, z) — ¢(y, 2)) dz | dy.
QlJgdn
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Therefore, from (4.26)-(4.28) we get

lim inf /Q Pl T €+ V() dy > [

n—oo Q

[/Qf(m,z,f—i—go(y,z)) dz} dy

of _
+/Q [/Qa—n(waz,w(yﬂ)) ~(V(y) + Va(y, 2) —w(yyz))dZ] Z;g)

for all ¢ = ¢(y, z) € C°(Q; Coar(QRPN)). Let now {pp}y C C°(Q; C(Q;RPY)) be a
convergent sequence to V) + V.1 in LP (Q X Q; ]RdXN). In particular from (4.29) we get

liminf /Q (@ Ty, € + V() dy > /

n—oo Q

[/Qf(w,zyfﬂpk(y,z» dZ] dy

+/Q [/Qg—ﬁ(x,z,wk(y,z)) - (Vp(y) + Va1 (y, 2) (pk(y’z))dz:|(dy, |
4.30

for every k € N. Inequality (4.25) and the growth conditions on f and g—£ imply that we
can pass to the limit in (4.30) and get

lim inf /Q £ Ty, € + Vibn(y)) dy > /

n—oo Q

[/Q fz,2,6+ V(y) + Va(y, 2)) dz] dy.
(4.31)

By Jensen’s Inequality and Fubini’s Theorem, for each z € @

| fane+ Vo) + VA dy > f(nz [ (6460 + Va00.2)] dy)
Q Q

= f(magr v [Twad)). @
( (JFeaw))
Thus, by (4.24), (4.31), (4.32), and once more Fubini’s Theorem

fuom(©) 2 [ 1(=26 4+ 9:( | F02)d0)) d= > Fi3n®) = Rl

Step 2. We address now the general case. For each ¢ > 0 set (.(n) := ELNC (g) where
¢ € C®°(R¥N) denotes the standard mollifier, that is,

Cexp (W%J if || <1,
¢(n) =
0 if In| > 1,
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and the constant C' is selected so that / C(n)dn=1. Let

RAXN

fo(,, ) = /B o NSy €=

for all ¢ > 0 and all (z,9,£) € Q x RY x RN 1t is straightforward to show that f.
satisfies conditions (H;)-(Hs). Fix § > 0 and, by a density argument, let S € N and
Y € WH((0,8)N;R?%) be such that

fron@:8) 0> g [ s+ Vo) dy

0,5)N
Then
from(a € +5 > T [ fe e+ Vo) dy,
: 0.9)%
and thus

Jhom(z,€) + 6 = limsup (fe)hom (2, €)

e—0
*k

= hrenj(l)lp (fé)hom (.’B, g)

Z  fiom(2:€)

since f: is convex and f. > f for all € > 0. Indeed, it is easy to show that f. is convex and

the last assertion is a consequence of the convexity of f and Jensen’s Inequality.

4.1.2 Proof of the main result

As in the previous subsection, by Remark 4.1.2 we may suppose that f is a positive Borel
function satisfying hypotheses (Hi), (H3) and (Hy) for every (z,y,£) € Q x RN x RN,

Due to the p-coercivity condition in (Hy), to prove Theorem 4.1.1 it suffices to show that

D(L()- i 7. (u) = /Q From (& u(z), V() da, (4.33)

for all u € WHP(Q;RY), since

[(LP(Q))- lim Z. (u) = oo

e—0
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for all uw € LP(;RN) \ WhP(Q;RY). To prove identity (4.33) we use the Direct Method of
I'- convergence. Accordingly, we start by localizing the functionals Z. in order to highlight
their dependence on the domain of integration, that is, we consider a family of functionals
Z. : LP(Q;RY) x A(Q) — [0, 00] defined by

/ f (m, E,Vu(x)) dzr if u€ WhP(A;RY),
A S

Zo(u; A) =
00 otherwise.
Our goal is to show that
D) T T, A) = | oo, Vu(a) da, (4.34)

for all u € WHP(Q;R?) and A € A(Q). In particular (4.33) will follow by taking A = .

The next step toward the proof of (4.34) is to establish a compactness property that ensures

the existence of I'-converging subsequences of {Z.}..

Proposition 4.1.11. For every sequence {en}n of positive real numbers converging to zero

there exists a further subsequence {e,,}; = {€;}; such that

T(LP(A))- lim T, (- A)(u) =: Ty y (u; A) (4.35)

Jj—0o0
exists for all u € WHP(Q,R?) and all A € A(RQ).
The proof of this proposition follows an argument analog to the one used in Braides, Fonseca
and Francfort [20], but for completeness we present it here.

Let R be a countable collection of subsets of € such that, for any § > 0 and any A € A(Q),

there exists a finite union C4 of disjoint elements of R satisfying

Ca C A,

LN(A) < LY(Cy) + 6.

We may take R as the set of open squares with faces parallel to the axes, centered at points
z € QNQYN and with rational edge lengths. We denote by % the countable collection of all

finite unions of elements of R, i.e.

k
%:{Uci: kzeN,CieR}.
=1
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The next lemma is the starting point for the proof of Proposition 4.1.11.

Lemma 4.1.12. For every sequence {ey}n of positive real numbers converging to zero there
exists a further subsequence {ey,}; (depending on R) such that the I'-limit

[(LP(C))- lim Ze, (5 C)(u) = Ty, 3 (u; C) (4.36)

J—00

exists for all u € WHP(Q,R?Y) and all C € .

Proof. Let C € M. From Proposition 2.5.8 and as LP(;RY) is separable there exist a
subsequence {e,,}; (depending on C') such that the I'(LP(C))-limit of Z.,, (+; C) exists for
all w € Whrp (Q,Rd). But then by a diagonalization procedure we can find a subsequence
{en,}; (depending on R) such that (4.36) holds.

Let now {€,}, be a fixed sequence of positive real numbers converging to zero and {¢;}; a
subsequence for which (4.36) holds.

Proof of Proposition 4.1.11. We wish to show that for all A € A(Q) and u € W'P(Q,R?)

Rd
inf{ liminf/ f(x, Eﬁ, Vuj(x)> dr: uj € WHP(A,RY), u; LP(ARY) u} (4.37)
A J

J—00

pd

= inf limsup/ f(a;, E,Vuj(a?)) dr: uj € Wl’p<A,Rd)7uj LP(A_JI)Q ) ne
j—o0 A Ej

Let A € A(Q2) and u € WP(Q,R%). To prove (4.37) it suffices to find a sequence {v;}; C

P(A;RY)

WLP(A,RY) with v; FUAED | and such that

.Rd
inf { liminf [ f (x%ﬁuﬂw)) dr: uj € WH(A,RY, u; " EE )u}
J—00 A j
(4.38)
= limsup/ f (JS,E,VUj(x)> dx.
A €j

Jj—00

Fix 6 > 0 and choose Cs € R with C5 C A and LV (A\ Cs) << 1, so that

/ (14 [VuP)dz < 2, (4.39)
A\Cs B
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where ( is the constant in (H4). By Proposition 2.5.13 consider a sequence {w?} €
WHP(Cs,RY) such that
5 LP(Cs;RY)
w] — u,

L(LP(Cs))- lim T, (-5 Cs)(u) = lim f (:L‘, i, Dw?(x)) dzx, (4.40)
j—00 Cs

Jj—00 8j

and w? = u on 0Cs. Extending w? by u outside Cj (still denoted by w?) it follows that

5 LP(AR?) S .
¢ — ", and in view of (H3), (4.39) and (4.40) we obtain that

lim sup limsup/ f <:c, E,Vw?(:c)> dx (4.41)
§—0 j—oo JA €j
< limsup lim f <x, E, Vw?(x)) dx +  limsup C(1+|Vul?)dx
§—0 I )y €j §—0  JA\Cs

= limsup I'(L*(Cs))- lim 7., (+; Cs)(u)
5_}0 J—00

.Rd
= limsup inf{ liminf/ f <:U, ;,Vuj(a:)> do : u; € WH(Cs,RY), u; LP(CsiR )u}
Cs J

60—0 J—00

Rd
= inf{ liminf/ f (a:, ;,Vu](x)> dr: u; € WHP(ARY), uy LA (AR u} (by 4.41)
A J

J—00

N

lim inf liminf/ f (aj,ﬁ,Vw?(m)> dx.
A i

§—0 j—o0

By Lemma A.2 in the Appendix there exists a decreasing sequence d(g;) | 0 such that

lim | f (1‘, E, Vw?(aj)(a:)> dz
N .

j—00 63

Rd
= lnf{ hmlnf/ f (fE, ?,VU](JU)) dJC . U] € WLp(Ade), ’LLJ Lpﬂ){ ) U} y
A J

J—o0

for vj := w}s(sj), and this implies (4.38).

We now seek to ensure that Z. , regarded both as a functional on WP(Q,RY) and as a

set function, admits an integral representation of the form

T i) = [ fiepp(o Vu(o) do.
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We will verify that the hypotheses of Theorem 2.4.1 hold. Using Lemma 2.1.20 and the
conditions imposed on f, it is possible to show that I{Ej}(u; .) is a measure, more precisely

we prove the following result.

Lemma 4.1.13. For eachu € W1P(Q;R%), Zie;y(us.) is the trace of a finite, positive Radon

measure restricted to A(£2).

Proof. Let u € WHP(Q;RY). In view of Lemma 4.1.11, let {u;} € WHP(Q;RY) be a sequence
such that
x
Tioa(u; Q) = 1 , —, VU, dx,
e () = lim Qf (x oV (l‘)) x
and consider pu; == f(-, ?j, Vu;)Xq() LY. By (Hy), and up to a subsequence (still denoted

by 1), there exists a finite positive Radon measure on RY such that

*

By — p

(see Proposition 2.1.31). We claim that Ty, y(u;.) [ A(2) = p, ie. Ty y(us A) = p(A) for all
A € A(Q). We apply Lemma 2.1.20 with II(-) = Ty, (u; )

We start by proving condition i) in Lemma 2.1.20, i.e. Zy. 1 (u;.) is nested-subadditive.
Given A, B, C € A(Q) with C CC B C A we have to show that

Tiey (w5 A) < Zpe 3 (ws B) + ey (u; A\ O).
Choose Cs, D? € | with C5 € C and D° C A\ C such that

/ (14 |VulP)der <§ and / (14 |VulP)dz < 6.
C\Cs (A\O\D?

By Proposition 2.5.13 there exist two sequences {v} € WP (Cj; RY) and {UjDé} C WhP(D%; RY)
satisfying

D? C
||Uj - UHLP(D5;Rd) —0, ij *— UHLP(C’(;;[Rd) — 0,

. 5 .
Ty (us D% = lim 7, (ij . DY), Ty (u; Cs) = lim 7, (ch’a; Cs),

§
UjD =u on 8D and vf‘s:u on 90Cs.
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Extend ija and ’UJD(S by u to all A and set

J

vjc‘s if zedC.

5 { oP’ it reA\C
Clearly Hw? — ul[p(a;rey — 0 and we have

T(e,p(u; A) < liminf liminf I (w; A)

6—0 j—o0

< Ty (us D°%) + I, (u; Cs) + lim (1 + |VulP) dzx

0=0J(A\C)\DU(C\Cs)

= Tpe,y (w5 D°) + Ty 3 (u; Cs).

To establish condition ii) in Lemma 2.1.20: Given A € A(2) and £ > 0, consider A, € A(2)

such that A, C A and
B+ [Vu()") X)L (A\A:) <e.

Due to the growth conditions (Hy)

J—0o0

_ o x
Tiey(us ANA) < hmmf/ o f <x, E—,Vu(x)) dx
A\Ae J

<p [ A+ |Vu(@)P)dx
A\A.

<e.

To show iv) fix A € A(Q2). By Proposition 2.1.32

Tiey(us A) < liminf/Af (x,;j,Vuj(x)) dx

J]—00

= liminf 41 (A)

j—o0
< p(A).

Finally, to establish iii) take ' € RN such that Q@ cC Q. As p; = p
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. . x
w(€) < lim pi () = lim f(a:, o Vuj(x)> dr = Ty y(u; Q).
j

j—0o0 Jj—o0 Jo

Therefore p(Q') < Zy.,y(u; Q) for all such Q' Hence Ty, y(u; Q) > pw(RN), and as a conse-
quence of Lemma 2.1.20 we conclude that Ty, 1 (u; A) = u(A) for all A € A(Q).

By Proposition 2.5.5 the functional Zy. (., A) is lower semicontinuous with respect to the
LP- topology for all A € A(Q), hence it is sequentially lower semicontinuous with respect to
the weak topology in WP, As a consequence of the integral representation Theorem 2.4.1

and Remark 2.4.2 we derive the following result.

Lemma 4.1.14. There exist a Carathéodory function

f{gj} : Q% RdXN — [0,00)

quasiconvex with respect to its second variable for a.e. x € § satisfying the same growth

conditions than f does, and such that

Tio 0. d) = [ (o Va@) da
for all uw € WHP(;R?) and A € A(Q).

To conclude that (4.34) holds, by Remark 2.5.9 it suffices to prove that the function fien
is independent on this particular (sub)sequence, so that each I'-convergent (sub)sequence

has the same limit. The remaining of this section is devoted to showing that
f{ej}(:E?g) = fhom(xyg) (4.42)

for a.e. z € Q and for all £ € RN, To start, let T € N and let Sy denote a countable set of
C>((0, T)N; RY)-functions dense in I/Vol’p((O7 T)N;R%). Let L be the set of Lebesgue points
xq for all functions
fre;r(m) (4.43)
and
v | $ T Vo) dy (149



4. T'-convergence of functionals with periodic integrands 93

with n € QN ¢ € Sy and T € N. Since the function f: Q x RV x RN — [0, 00) is of
Carathéodory-type, by Scorza-Dragoni Theorem there exists a non decreasing sequence of
compact subsets { Ko, }men C Q with [Q\K,,,| < L such that f: K, x RN x RN — [0, 00)
is continuous for all m € N. Let K}, be the set of Lebesgue points for xx,, with m € N,
and define
[e.e]
W= J(KmnK}) and E:=LNW.
m=0

We have |\ L| = 0 and |Q\W]| < [Q\Kp| < L for each m € N. Consequently [\ W| =0
and |\ E| = 0. In a first step to prove identity (4.42) we derive the following equality.

Proposition 4.1.15. f(.}(20,£) = fhom(0,€) for all zo € E and § € QN
Proof. Consider 2o € E and ¢ € QPN By (4.43) we have

Fiep(@0,€) = lim & /Q e

—0
(4.45)
~ im Tie ;3 (€-5Q(20,0))
6—0 o

Step 1. We first establish the upper bound inequality for the I'-limit of {Z, };, i.e.
f{sj}('TOa 5) < fhom(l‘Ou &-)
Given n € N, let 7,, € N and ¢,, € W, ((0,T;,,)"; R%) such that

1 1
fhom(w07€) + % = TnN

/ F(20,9,€ + Vn(y)) dy.
0,Tn)N

By conditions (H;) and (Hy), and by the density of Sz, in Wy ?((0,T,,)N; R%) we may take
on € ST, With
1 1

Jhom (70, §) + o2 T

/ F(@0,9,€ + Vu(y)) dy.
(0,Tn)N

Extend ¢,, periodically with period T, to RY (still denoted by ¢,). For 2 € R define

ui(z) ==& -z + zsjqﬁn(g)

J
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and let 6 > 0 be small enough so that Q(zo,d) € A(Q). As {¢,}n is bounded in W1», for
fixed n we have lim w7 = v in LP(Q(z0;0); RY) where v(z) = € - x. Hence by equality
(4.45)

J—00

frey(@0,€) < hmlnf hmlnfd /xm ( z, —§+ Von <€—>> dzx. (4.46)

J—00 J

Define now hy,(z,y) := f(z, Thy, & +Vou(Thy)) for all z € Q and y € RY, and for all n € N.
Clearly h,, € LY(Q(z0;6); Cper(Q; R?)) for n € N - recall Definition 2.6.1 and Lemma 2.6.4
- and then by Lemma 2.6.3

lim f (x 26+ Ve <3>) da
70 JQ(x0;0) €5 €j

T,z
i [ (e v (22)) 0
J—00 Q(l‘o;ls) Tn J Tn j

T
li hn , d
]LIBO x07 ( T 8 > .%'
/ / (z,y) dy dx
$07
-/ /Q £, Ty € + Vo (Toy)) dy da (4.47)
zo;

(Allaire [3] shows with counterexamples that this convergence does not hold if the continuity
in one of the variables of f is not assumed). Therefore by identities (4.44), (4.46) and (4.47)

fero® <tmintgy [ 5T et Vot dy e
- /Q [ (0, Ty, € + Vou(Tuy)) dy

_ ! / (0,4, € + Vén(y)) dy
(0,Tn)N

N

< fhom(x[)ag) + %

Letting n — oo we get

f{sj}(l‘Oa 5) < fhom(x()u 5)
Step 2. We now show that the converse inequality holds, a.e.

f{sj}(:EOa 5) 2 fhom(l'l)u 5)
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Fix 6 > 0 small enough so that Q(z¢;9) € A(Q2), and consider {u?}j C WP (Q(z0;6); RY)

with JILm u] =0 in LP(Q(z0;6); RY) and

Tiop(€ Qo) = i [ f (2 6+ V(o)) a,
Q(z0;9) €

j—00
By identity (4.45)

a
fren(zo, &) = lim ,th/ f<z,—,§+vu‘5x>dx
e 0:) " Ja@osn” \ e e

§—0 j—oo

= lim / f ( e+l ) dx
B Joun? " 550 i

xo + 0y

3(6)

vJQ

6—

where v?(é)(y) = %u‘;(é)(xg + 6y) € WHP(Q;R?). Using a diagonalization argument, we

choose the sequence {j(9)} in such a way that

and %EI(I) | "U;s(a) | ’LP(Q;Rd) =0. (448)
For simplicity denote j(d) = 9, v?( 5) = Vs and ug.( 5) = Us- By Theorem 2.2.16 there exists
a subsequence of {vs} (still denoted by {vs}) and a sequence {ws} C WH>(RY;R?) such

that
ws — 0in WP, ws = 0 in a neighborhood of 9Q,

{] Vws |P} is equi-integrable (4.49)

and

[{y €@+ vs(y) #ws(y)} |—= 0. (4.50)

As, by assumption, f is nonnegative

{&5} 6—0 {yeQ: vs(y)=ws(y)}

= liminf )
lgg(gl/Qf<xo+ Ys

xo + Oy

@+Vw@0dy

xo + 6y

f+Vw@Qdy
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from (4.49), (4.50) and (Hy). Since 2o € W, there exists mo € N such that zo € Ky, N K},

and then we can write

—00 6—9

fie,y(20,€) > liminf liminf / f <xo+6y, x“j‘sy,&wg(y)) dy,  (451)
m Qm,6 g
where the set
Qms ={yeQ: z9+0y € Kp, and [Vws(y)| < m}
is such that

lim lim (@ \ @ s| = 0. (4.52)

m—o00 §—0

Indeed, this set has measure zero because on the one hand, as

WeQ: zotbyd Km)l < 1—5%/(9( Xty )
Zo;

and as g € K, , we have
lim lim [{y € Q@ : 2o+ dy & Ky} =0,
m—o0 §—0

and on the other hand, by Chebyshev Inequality (Lemma 2.1.10) and the fact that {Vws}s
is bounded in LP(Q;R?), we have

limsup limsup [{y € @ : |Vws(y)| > m}| = 0.

m—00 —0

Write
Lo
— =mg + 8§
£s
with mgs € Z" and ss € [0,1)V, and define
P —
6= S 6

Note that by (4.48) s — 0 as § — 0. After changing variables once more,

o+ 0
/Q f<$0+5% 056 y7£+vw5(y)) dy
m,8

zo + 0(y + x5)
€

:/Q f <a:0+5(y+a:5), ,§+Vw5(y+x5)> dy

1)
=/ f <ﬂro+5(y+xa),—y,§+Vwa(y+xa)) dy,
Qm,s—Ts €s



4. T'-convergence of functionals with periodic integrands 97

by the periodicity hypothesis (H3) and the fact that %f” = ms € Z". Then by inequality
(4.51) we have

Fie;y(@o,€§) > liminf lim inf /

Qm,s—Ts

f <9Co +0(y + xs5), %y, £+ Vws(y + wa)) dy.
(4.53)

We now write

/ f <xo+5(y+w5),£y,€+Vwa(y+wa)> dy
Qm,s—Ts &g
= / {f (960 +0(y + x5), iy,§+ Vuws(y + 365)) —f <96'0, iy,§+ Vws(y + 365))} dy
Qm,s—Ts €6 €s
1)
+/ ! <3307 —y, &+ Vuws(y + 335)) dy. (4.54)
Qm,s—Ts €5

By hypothesis (Hs) and the continuity of f with respect to y, given m € N the restriction
of f to the set K, x RY x B(€,m), where B(¢,m) := {x € RN : |¢ — 2| < m}, is uniformly
continuous - recall that if ¢ : RY x RN — R is a continuous function kQ-periodic with
respect to the first variable, then for each compact K C RY, g: RN x K — R is uniformly

continuous. Hence there exist p,, € (0,1) such that
= 1
f(z,y,¢) = f(@,7,0)] < —
m
for all 2,7 € Ky, y,7 € RY, and ¢, ¢ € B(£, m) satisfying |z —Z| + |y — 7| + [¢ — &| < pm.
As a result

lim lim
m—o0 §—0 Q

) )
f<330+5(2/+$6)7 -Y §+Vw5(y+$6)> _f<$07 -Y, §+vw5(y+x5)> ’ dy = 07
es &5

m,8 —L§

and then by inequality (4.53) and identity (4.54) we get

m—o00 0—0

1)
fie;3(@0,€) > liminf hminf/@ f <x0,6—§y,§+Vw5(y+:c5)) dy.
m,8 —L§
Consequently,

. 1)
f{sj}($07 g) 2 hm lnf f <.’IIO, —Y, g + vw5(y + 1.5)) dy (455)
6—0 Q—xs Es

Indeed, first we note that

)
/ f (330, —y, &+ Vws(y + 965)) dy
(Q—z5)\(Qm,s—5) €6

<p (1+ &+ Vws(y + x5)|P) dy
(Q—zs)\(Qm,s—5)
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iy / (14 [€ + Vuws(y)|) dy. (4.56)
QA\Qm,s

As {|Vws|P} is equi-integrable, by inequality (4.56) and condition (4.52) we have

m—00 6—0 )

)
lim sup limsup/ f (550, —y, &+ Vws(y + $5)> dy =0,
(Q—z5)\(Q@m,s—s5) €

which, in turn, implies inequality (4.55). In addition, since

)
[ s (xo, 3 €+ Vus(y + x5>> dy <8 (14 [ + Vus(y + 3))dy
Q\Q—zs €s QA\Q—z5

=0 (1 + 1€+ Vws(2)[P)dz — 0
Q+x5\Q

as 0 — 0 (once again because {|Vw;s|P} is equi-integrable and |(Q + x5) \ Q] — 0 as § — 0),
we get from inequality (4.55)

o 0
fiepy (@0, &) = hgrgélf/Qf (mo,g—éy,£+Vwa(y+xa)> dy. (4.57)

In order to compare fi. }(zo,§) With fhom(Z0,§) we need to modify ws(- + z5) close to the

boundary of @) so that it become admissible for fyom. For this purpose, define the sets
Ls:={y € Q: dist(y,0Q) < |zs|}, Ms={ye€Q: dist(y,0Q) > 2[zsl},

and

Ss ={y € Q: dist(y,0Q) € (|zs], 2[s])}-

Consider a function ¢5 € C2°(Q;R) with ||[Vs||re < |% such that

5]

1 if y e My,
¢s(y) =
0 ifye Ls
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and finally set vs5(y) := ¢s(y)ws(y + z5) + (1 — ¢s(y))ws(y) € Wy >(Q; R?). We claim that

0
feplen ) > limint /Q (0, Z 0.6+ Vosly)) do, (4.58)

which implies

ot = timint (3)° [, f(r0.0.6+ Vost) dy

€6

with ¢5(y) := ivg(%‘*y) S WOI’OO(%Q;Rd), and consequently,

€5

fe;3(20:€) 2 from(o, ).

To prove inequality (4.58) we note that

6—0

1)
liminf/ f (mo,—y,§+vw(y)> dy
Q €3

6—0

)
< liminf/ / <$o7 g—yaﬁ + Vw(?ﬂr%)) dy
) 5

+ limsupf [ (14 |Vws(z)P)dx
6—0 Ls

+ limsup B [ (|Vws(x + z5)|P + |Vws(2)|P) do

6—0 Ss
+ timsup BlIVGoll [ ws(o -+ ) — ws(a) da. (4.59)
6—0 Ss

Due to the integrability property of {|Vws|P}s

limsup/ (14 |Vws(z)|P)de =0 = limsup/ (IVws(z + x5)[P + |[Vws(x)|P) dz.  (4.60)
§—0 JLs 0—0  JS;s

This property also implies that

limsup || Vs |? o / |lws(z + x5) — ws(z)|P dz = 0, (4.61)
6—0

Ss
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because

1 p
/ dws(x + txs) dtl de
0

c
HV¢5|1’00/ lws(z + x5) — ws(x)[Pde < /
Ss Ss dt

|zs|P

1
< L/ / |Vws(x + tzs)|P . |xs|P dt dx
lzs|P Js; Jo
1

< C/ / |Vws(z + ts)|P dt dx

Ss J0

1
= [ Vuswraya

0 Ss—txs
< O [Vws(y)lP dy,

Ns
where

Ns ={z € @ : dist(x,0Q) < 3|zs|}.

Hence, inequality (4.58) holds by (4.57), (4.59), (4.60) and (4.61).

As a consequence of this proposition equality (4.42) holds.

Corollary 4.1.16. f(.1(2,€) = fhom(,§) for a.e. z € Q and for all § € RIXN,

Proof. By Proposition 4.1.15 we have that for a.e. € Q and for all £ € Q<N frepy(@;§) =
frhom(x;€). By the continuity properties of fie;1 and fhom with respect to their second
variable, the equality fi. }(2:€) = fhom(z;€) holds true for a.e. z € 2 and for all € RN,

The proof of Theorem 4.1.1 is now straightforward.

Proof of Theorem 4.1.1 As a consequence of Corollary 4.1.16 the I'(LP(A))-limit of Z. (-; A)
is equal to Zhom(-,A). In particular, since it does not depend upon the extracted sub-
sequence, in view of Remark 2.5.9, the whole sequence Z.(-;A) I'(LP(A))-converges to
Thom(-; A). Taking A = Q we conclude the proof of Theorem 4.1.1. |
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4.2 Multiple scale functionals

In this section we allow our functionals to depend on one more scale of periodicity, namely

our goal is to prove the following result.

Theorem 4.2.1. Let f: Q x RN x RN x RN R be a function satisfying
(Hy) f(z, -, -, ) is continuous for a.e. x € §);

(Hs) f(-,y,2,&) is measurable for all (y,z,&) € RY x RN x RN,

(H3) f(x, -,2,€) is Q-periodic for all (z,£) € RN x RN and for a.e. x € Q; flz,y, -, &)
is Q-periodic for all (y,€) € RN x RN and for a.e. x € Q;

(Hy) there exists 3 > 0 and a real number p > 1 such that for all (y, z,£) € RN x RN x RN
and for a.e. x € Q)

For each € > 0 define I. : LP(Q,R?) — R by

() [7 (o2 5 vu) e ewremy,
T.(u) =

00 otherwise.
Then the T'(LP(Q2))-limit of the family {Z.}- is given by the functional

/ Fhom (@, Vu(x))dr if u € WHP(Q;RY),
Thom(u) := “

o0 otherwise,

where fron s defined for all € € RN and a.e. x € Q by

- L 1
Fuom(#,) i= Jim inf {T—N gy fromte €+ Vo) dy o ¢ W&’p«o,T)N;Rd)} ,
(4.62)

and

rom (,9.€) 1= Jim_inf {T% /( oy [ @ 26+ VI Az 1 0 € WGP(O0.1)Y; m}
(4.63)
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for a.e. x € Q and all (y,&) € RNV x RN,

Theorem 4.2.1 was obtained in collaboration with J.F. Babadjian [10]. As previously re-
marked, formula (4.62) is obtained by homogenizing first with respect to z, considering y
as a parameter, and then homogenizing with respect to y. That is, fy., is the density
obtained by iterating twice the homogenization formula (4.3). The generalization of this
result to any number of scales k > 2 follows by an iterated argument similar to the one

used in Braides and Defranceschi (see Remark 22.8 in [19]).

As in Section 4.1 (see Remark 4.1.2), without loss of generality we may assume that f is a
positive Borel function such that hypothesis (H;), (Hs) and (Hy) hold for every (z,y, z,&) €

O x RN x RN x RIXN

We note that most of the proofs presented here follow along the lines of the ones in Braides
and Defranceschi [19] (Theorem 22.1 and Remark 22.8), and that our main contribution
is to weaken the strong uniform continuity hypothesis (1.6). Let us briefly describe how
we proceed: The idea consists in proving the result for integrands which do not depend
explicitly on = (see Theorem 4.2.2), and then to treat the general case by freezing this
macroscopic variable and proceeding as in the proof of Theorem 4.1.1 by using the “uni-

formly continuous structure” of the integrand f up to sets of measure zero.

We divide this section as follows. In Subsubsection 4.2.1 we state the main properties of
fhom and fp., that are basic for our analysis. In Subsubsection 4.2.2 we present some
auxiliary results for the proof of the homogeneous counterpart of Theorem 4.2.1, Theorem
4.2.2, in which we assume that f does not depend explicitly on x. The proof of Theorem
4.2.1 in its full generality is presented in Subsection 4.2.3. Finally, in Subsection 4.2.4
we remark an alternative proof for convex integrands relying on arguments of multiscale

convergence.

4.2.1 Properties of the homogenized density

Repeating the argument used in Section 4.1, we can see that the function fyom given in

(4.63) is well defined and is a Carathéodory function:

from (-, &) is LY @ £N-measurable for all £ € RV, (4.64)
fhom (2, y, ) is continuous for all (x,y) € Q x RY. (4.65)
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By condition (Hs) it follows that

From (z, -, &) is Q-periodic for all z € Q and all £ € RN, (4.66)

Moreover, fnom is quasiconvex in the variable £ and satisfies the same p-growth and p-

coercivity condition as f:

%mp —B< from(@,9,€) < AL+ |€P) (4.67)

for all z € Q and all (y,¢) € RY x R>YN  where 3 is the constant in (Hy). As a consequence
of (4.64)-(4.67), the function f,,, given in (4.62) is also well defined, and is a Carathéodory
function, which implies the functional Zj,op, is well defined on W1P(Q; R?). Finally, fi,o., is
also quasiconvex in the variable ¢ and satisfies the same p-growth and p-coercivity condition

as f and fhom:

1 _
B\ﬁ!p—5< From(,€) < B+ [€) (4.68)
for all z € Q and all £ € RN where, as before, 3 is the constant in (Hy).
In what follows lim :=lim lim lim with obvious generalizations.
k,mmn kK m n

4.2.2 Main result when the integrands do not depend on the

macroscopic variable

We assume that f does not depend explicitly on z, namely f : RY x RV x RN — [0, 00),
and that it satisfies hypotheses (Hs3)-(Hy). In addition, according to (Hy)-(Hz), and unless

we specify the contrary, we assume f to be continuous.

For each & > 0 consider the functional Z. : LP(Q;RY) — [0, c0] defined by

[SEEm) a wcmns
Zelw) = (4.69)

00 otherwise.

Our objective is to prove the following result.

Theorem 4.2.2. Under the above assumptions on f the I'(LP(Q))-limit of the family {Z:}<

s given by
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/ Foom(Vu(@) dr if u € WP(Q:R),
Thom(u) =4

o0 otherwise,

where fiom 5 defined by

From () := lim inf {T—N /( sy T EF VO dy s 6 € Wo (0, 1) Rd>} (4.70)

for all ¢ € RN | and where

: 1
Fhom(y:€) = lim inf {T—N /( gy T WP EH TR & o€ W&’p(m,T)N;Rd)} (4.71)

for all (y,€) € RN x RN,

This result can be seen as a generalization of Theorem 1.9 in Fonseca and Zappale [51]
(for first derivatives), in which, as it is usual for the convex case, it is enough to consider
variations that are periodic in the cell Q. Their multiscale argument (see Subsection 4.2.4
below) does not apply here since, as it is expected in the non convex case, the variations

should be considered to be periodic over an infinite ensemble of cells, as it is seen from
(4.70) and (4.71).

We divide the proof of Theorem 4.2.2 in four steps.
STEP 1. Localization of our functionals (4.69).

We highlight their dependence on the class of bounded, open subsets of RY, denoted by
Ao(RM). As it will be clear from the proofs of Lemmas 4.2.7 and 4.2.8 below, it would
not be sufficient to localize, as in Section 4.1, on any open subset of ). Indeed, formulas
(4.70) and (4.71) suggest working in cubes of the type (0, T)", with T" arbitrarily large, not

necessarily contained in §2.

For each € > 0 consider Z, : LP(RY;R%) x Ay(RN) — [0, 00] defined by

e’ e

Zws )= (4.72)

00 otherwise.
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We will prove that the family of functionals {Z.(-; A)}., with A € Ay(Q2), T'-converges
with respect to the strong LP(A;R%)-topology to the functional Tyom(-; A), where Tpon,
LP(RY;RY) x Ag(RY) — [0, oc] is given by

/ From(Vu(z))dr if u € WHP(A;RY),
Ihom(u; A) = A

00 otherwise.

As a consequence, taking A = () yields Theorem 4.2.2.

STEP 2. Existence of I'-convergent subsequences.
Let &, | 0. For every A € Ap(RY) consider the I'-lower limit of {Z. (-;A)}, for the
LP(A; R%)-topology defined for v € LP(RY;R?) by

Tieny (0 A) i= inf {HminfZ., (un; A) : wy — win LP(4RY)}.

{U«n} n—oo

In view of the p-coercivity condition (Hy) it follows that Zy. (u; A) is infinite whenever
u € LP(RN;RY) \ WHP(A;RY) for each A € Ag(RY), so it suffices to study the case where
u € WHP(A;RY).

By a similar argument to the one used in Section 4.1 it can be seen that there exists a
subsequence {e,,}; = {g;}; such that Ty, y(-;A) is the I-limit of {Z(-; A)}; for each
A € Ap(RY).

STEP 3. Integral representation of the I'-limit.

Our goal is to study the behavior of Zy. y(u;-) in A(A) for each u € WiP(A;R?Y) and
A € Ag(RY). Following the proof of Lemma 4.1.13, it is possible to show that Ziejy(us-) is
a measure on A(A) for all A € Ay(R"Y). Namely, the following result holds.

Lemma 4.2.3. For each A € Ao(RN) and all u € WIP(A;R?), the restriction of Lye,y(u;)
to A(A) is a Radon measure, absolutely continuous with respect to the N -dimensional

Lebesgue measure.

For the moment, we are not in position to apply Buttazzo-Dal Maso Integral Representation

Theorem (Theorem 2.4.1) because, a priori, the integrand would depend on the open set
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A € Ag(RY). The following result prevents this dependence from holding since it leads to

an homogeneous integrand as it will be seen in Lemma 4.2.5 below.

Lemma 4.2.4. For all £ € RN 4y and z0 € RN, and § > 0
T3 (&3 Q(yo,0)) = L3 (63 Q(20,6))-
Proof. Clearly, it suffices to establish the inequality
Zie (€5 Q(Y0,0)) = Ty 3 (€5 Q(20, ).

Let {w;}; C Wol’p(Q(yo,é);]Rd), with w; — 0 in LP(Q(yo,d); RY), be such that

r T

Ty (€:QU00) = Jim [ F(Z €4 Tuy(o)) do
0, J

(see Proposition 2.5.13). By hypothesis (H4) and the Poincaré Inequality, we can suppose
that the sequence {w;}; is uniformly bounded in W1P(Q(yo, §); R?). Thus by the Decompo-
sition Lemma, there exists a subsequence of {w;}; (still denoted by {w;};) and a sequence
{u;}; C WOI’OO(Q(yU, 6); RY) such that u; — 0 in WP(Q(yo, d); RY),

Vu;|P} is equi-integrable 4.73
J

and
LY{y € Qyo.6) = ujly) # wiy)}) — 0. (4.74)

Then, in view of (4.73), (4.74) and the p-growth condition (Hy),

r X
Iy.. (f'§Q(y0,5)) = limsup/ f _a_,€+VU‘(LE) da
{ej} Qo) {uy=w; } ( . 52 J )

j—o0 & €
: x
> hmsup/ f(—, —,&+ Vuj(ac)) dx (4.75)
j—oo JQ(yo,8) “Ei €
For all j € N we write
0 — 20
: =Meg; + 5¢;
€5

with m., € Z" and s, € [0,1)",

me;

=0, +1; (4.76)

€5
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with 0., € Z" and I, € [0,1)", and we define

= me,e; — &5l (4.77)

Te, le;-

J

Note that Te; = Yo— 20 —EjSe; —&‘?lgj — Yo—2zp as J — oo. For all j € N, extend u; by zero to

the whole RY and set v;(z) = uj(z+x.,) for # € Q(20,8). Then {v;}; € WP(Q(z0, 8);RY)
and v; — 0 in LP(Q(20,6); R?) because

/ vy (@)Pde = / i ( + 2, )|Pda
Q(z0,9) Q(20,0)
- [ P
Q(Zo+x5j,5)
SR (4.78)
Q(yo0,9)

since u; = 0 outside Q(yo,d). We also remark that by the translation invariance of the
Lebesgue measure, the sequence {|Vv;[P}; is equi-integrable. In view of (4.75), (4.76),
(4.77) and (Hs),

I{Ej}(é.';@(ym(s)) = hmsup/@(

Jj—00

T+ T, T+ T,
( a;’ . Eg,£_|_Vuj(x+:U5j)> dz
Yo—e;,0) i &;
x x
= limsup/ f(——s-lg.,—,ﬁ—va‘x)da:
Quo—ve,8)” \& e i

Jj—00 J

WV

x x
limsup/ fl——¢il..,—,&+ Vvi(x) ) dx
00 Q(zo,(s) <€] 7€ E? ]( ))

x x
—limsup/ fl——¢jle., —=,&+ Voi(z) ) dz.
Q0:5)\ Qo —a<,.0) (5J' T e i)

Jj—00
Since v; = 0 outside Q(yo—-,, ), the p-growth condition (Hy) and the fact that £~ (Q(zo, §)\

Q(yo — z¢;,0)) — 0 yield

x x
limsup/ fl——¢jle,, =, + Voj(z) ) dx
Q(Zo’é)\Q(yO_zEj 76) <€-7 T 6.? ’ )

Jj—00
< hmsupﬂ(l + |£|p)ﬁN(Q(ZOa 5) \ Q(ZIO - :EE]"(S)) =0,

Jj—0o0
and therefore

. X X
Zie (€5 Q(yo, 0)) = hmsur)/ f(— —gjle;, 5,6+ ij(x)) dz. (4.79)
Q(20,9) &

J—00 €j
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To eliminate the term ; lc; in (4.79), and thus to recover Zy. 1 (€ ; Q(20,9)), we would like
to apply a uniform continuity argument. Since f is continuous on RV x RN x R¥*N and
separately Q-periodic with respect to its two first variables, by hypothesis (H3), then f is
uniformly continuous on RY x RY x B(0,\) for any A > 0. We define

R} = {z € Q(20,0) : | + Vuj(z)| < A},
and we note that by Chebyshev’s inequality

LY (Q(z0.6) \ R}) < C/NP, (4.80)

for some constant C' > 0 independent of A or j. Thus, in view of (4.79) and the fact that f

is nonnegative,

. . x x
Zie;3(&5Q(yo, 6)) = limsup lim sup /R* f(g— —&jle;, ?’5 + ij(x)) dzx.
g J

A—00 j—00 7

Denoting by wy, : [0,00) — [0, 00) the modulus of continuity of f on RY x RN x B(0, \), we
get that for any x € R?

< u))\(ajlaj).

‘f(% %,u V() - f(% — el %,u V()

Then, the continuity of wy and the fact that wy(0) = 0 yield

T3 (65 Q(0,0)) > limsuplimsup{/Af(;,g%,&—i—ij(a:)) da:—deA(sjlgj)}
R <y

A—00 Jj—00 7

. . T T
= hmsuphmsup/ f(—, —,§+ ij(x)) dx.
R‘;‘ Ej Ej

A—o00  j—00 J
The equi-integrability of {|Vv;|P}, the p-growth condition (H4) and (4.80), imply that

lim sup lim sup/ f(i, %, &+ ij(a:)> dx
Q(20,0)\R}

A—oo  j—oo €5 &

< Blimsup Sup/ (1+|Voj(z)P)dx =0,
A—oo  JEN JQ(20,6)\R}

and since v; — 0 in LP(Q(z,6); RY),

Ziey (65 Q(yo, 0)) = limSUP/Q( 5)f<£,£2,£+VUj(m))dm

j—00 €j Ej

> T 3(65Q(20,9)).



4. T'-convergence of functionals with periodic integrands 109

As a consequence of this lemma, we derive the following result.

Lemma 4.2.5. There exists a continuous function fi..y : RN — [0, 00) such that for all
Ac Ay(RN) and all u € WIP(A;R?),

I{Ej}(u;A)—/Af{gj}(Vu(a:))da:.

Proof. Let A € Ag(RY). By Theorem 2.4.1, there exists a Carathéodory function féj} :
A x RN 10, 00) satisfying

T (1) = /U 184, Vu(@)) da

for all U € A(A) and all uw € WHP(U;R?). Furthermore, for a.e. z € A and all £ € RN

Ziey (€5 Q(z, 5))‘

5N

f (@, = lim

0—0
Define fi. ) RN [0, 00) by

fe;3(§) = lim Ti;3 (€5 Q(0,0))

6—0 (SN '

As a consequence of Lemma 4.2.4, féj}(x, §) = fie;3(§) for a.e. z € A and for all £ € RIXN

and we conclude that

Tiey(us A)Z/Af{ej}(vu(x))dfv

holds for all u € W1P(A;RY). [

STEP 4. Characterization of the I'-limit.

Our next objective is to show that Ty, y(u; A) = Zpom(u; A) for any A € Ao(RY) and all
u € WIP(A;RY). In view of Lemma 4.2.5, we only need to prove that fy . (&) = fre3(8)
for all £ € RN thus it suffices to work with affine functions instead of general Sobolev
functions. In order to estimate f{. ) from below in terms of Fhom, We will need the following

result, close in spirit to Proposition 22.4 in Braides and Defranceschi [19].
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Proposition 4.2.6. Let f : RY x RNV x RN — [0,00) be a (not necessarily continuous)
function such that f(x, -, -) is continuous, f(-,y;&) is measurable, and (Hs) and (Hy) hold.
Let A be an open, bounded, connected and Lipschitz subset of RN. Given M and n two
positive numbers, and ¢ : [0,00) — [0,00] a continuous and increasing function satisfying
p(t)/t — oo as t — oo, there exists g = eo(p, M,n) > 0 such that for every 0 < & < g,
every a € RN and every u € WP(a + A;RY) with

/ o(|VulP)de < M,
a+A
there exists v € Wol’p(a + A;RY) with [0l Lp(a+a;rey < 1 satisfying
/ f(a:, E, Vu) dr > / Jrom(z, Vu + Vov)dx —n.
a+A € a+A

Proof. The proof is divided into two steps. First, we prove this proposition under the
additional hypothesis that a belongs to a compact set of RN. Then, we conclude the result
in its full generality replacing a by its fractional part a — [[a]] and using the periodicity of

the integrands f and fhom.

Step 1. For a € [ —1,1]", the claim of Proposition 4.2.6 holds. Indeed, if not then we
may find ¢, M and 7 as above, and sequences ¢; | 0, {a;}; C [~1,1]" and {u;}; C
WhP(a; + A;RY) with
/ o(|Vu;|P)de < M (4.81)
a;+A

such that, for every j € N

/ f <:c, i,Vuj> dx
aj+A 8]

< 1 inf {/ fhom(xa vuj + VU) d : HUHLP(aj—l-A;Rd) < 77}_ n. (482)
veW, ’p(aj+A;Rd) a;j+A

From (4.81) and the Poincaré Inequality, up to a translation argument, we can suppose that
the sequence {||w;|[y1.p(q;4+4;re)} 15 uniformly bounded. From this fact and since the set
a;j+ A is an extension domain (see Theorem 2.2.2), there is no loss of generality in assuming
that {u;}; is bounded in W1P(RY;R9) and that, due to (4.81),

sup [ o(IVuyl?) do < (4.83)
JEN JRN
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for some constant M; > 0 depending only on M (see the proof of the Extension Theorem
for Sobolev functions, Theorem 1, Section 4.4 in Evans and Gariepy [46]). Passing to a
subsequence, we can also assume that u; — u in wirp (RN ; Rd). Let B a ball of sufficiently
large radius so that a;+A C B for all j € N. De La Vallée Poussin criterion (see Proposition
2.2.10) and (4.83) guarantee that the sequence {|Vu;|P}; is equi-integrable on B. This
implies that there exists 6 = d(n) such that

sup B [ (14 |Vul? + |Vu;|P) dx < U (4.84)
jeN JE 2

whenever F is a measurable subset of B satisfying £ (E) < §, and where £3 is the constant
given in (Hy). As {a;} C [-1,1]Y we may suppose, without loss of generality, that this
sequence a; — a € [— 1,1}V, and that for fixed 0 < p < 1, with p¥ < §, the following holds

for j large enough:

a+(1-pACaj+ACa+(1+p)A,

LN (S;) < 8, where S; = [a; + A]\ [a+ (1 — p)A] C B, (4.85)

[ and  [[u; — UHLp(a+(1+p)A;Rd) S -

Take now a sequence of cut-off functions ¢; € C°(R¥; [0, 1]) such that

1 ona+(1—pA,

Pj
0 outside aj + A,

and ||Vl peomny < C/p for some constant C' > 0. Let w; = pju + (1 — ¢j)uj. Then
w; —uj € Wol’p(aj + A;R?) and

/ |wj—uj|pd$</ 90j|u—uj|pd33</ lu — uy|P do < 0P
a;j+A a;+A a+(1+p)A

J

Then, taking v := w; —u; as test function in (4.82), it follows from (4.67), (4.84), and (4.85)
that
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/ f <:r, E,Vuj) dr < / Joom(z, Vw;) dz —n
a;j+A €j a;+A

< / from(z, Vu) dz
a+(1—p)A

C
-l—ﬂ/ (1 + [Vul? + [Vu,|P + ;\u — uj|p> dr —n
Sj

N

C
/ Jhom (7, Vu) dx — 1 + ﬁ—/ lu — Uj|p dx. (4.86)
a+(1-p)A 2 P Js;
Since u; — u in LP(RY;R%), by (4.85) and (4.86) we have

lim sup/ f <£L’, 2, Vuj> dr < / Jhom (z, Vu) dx — ﬂ, (4.87)
aj+A ‘ at+(1—p)A 2

J—00 €j

and as u; — u in WhP(a + (1 — p)A;RY), by Theorem 1.1 and (4.87) we get

/ fhom (2, Vu)dz < liminf / f(;v’i’vuj) dr
a+(1—p)A J=o0 Jar(1—p)A €j

< liminf/ f <x,£,Vuj) dx
7700 Ja;+A €j

g / fhom(xyvu) dx — Q
a+(1—p)A 2

which is a contradiction.

Step 2. (General case) Let a € RY. Then a — [[a]] € [~1,1]V. Given u € W'P(a + A;RY),
set @(z) := u(z + [[a]]) and thus @ € WP(a — [[a]] + A;R?). Applying Step 1 with /3,
we get the existence of 0 < ¢, = (M, ¢,n) such that, for all 0 < € < g, there exist
o € WyP(a— [[a]] + A; RY) satisfying ||3]| 1o (o ffa)+ ) < 7/3 and

/—[[a]]-‘,-A f <x’ g’ Va(m)) dz 2 / From (@, Vii(z) + Vi(z)) dz — .

a—[[all+A 3

Setting v(x) := v(x —[[a]]), then v € Wol’p(a—i—A;Rd) and [[v[| Lp (1 are) < § < 7. Therefore,

by a change of variables

/a+A f <x7 T —6[[(1“ ’ vu(az)) dr > /a+A Jhom (7, Vu(z) + Vo(x)) dr — g, (4.88)

where we have used condition (H3) and (4.66). Writing

@ = Mg + Te, with m. € ZN and ’T€| < \/N&
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by (Hs) the inequality (4.88) reduces to
£ n
/ f (x, — — T Vu(x)) de > / Jhom (2, Vu(z) + Vou(z)) dz — . (4.89)
a+A € a+A 3

Choose A > 0 large enough (depending on 7) so that

3

(14 |VulP)dz < —. (4.90)

(=}

/{|Vu| >A}N[a+A]

Fixed p > 0, by Scorza-Dragoni’s Theorem there exists a compact set K, C a + A with
LN([a+ A\ K,) < psuch that f: K, x RY x RN — R is continuous. Take p = p(n)

small enough so that

8 1+ [VulP)de < 1

[‘H‘A]\Kﬂ

(4.91)

(@)

Then, from (4.90), (4.91) and the p-growth condition (Hy)

T x n
flx,——r,Vu(z dasg/ flax,——rs,Vu(z)) de+ -. 4.92
/a+A (7 @) (VU <AINK, (2 @) oty )

But since f is @-periodic in its second variable, then f is uniformly continuous on K, X
RN x B(0,)). Thus, as 7. — 0, for any 1 > 0 there exists ¢j = ¢f(n) > 0 such that for all
e <ggand all z € {|Vu| <A} N K,

7 (2% = e V@) = f (o 2, Vul@) )| < 3513(14)
Hence
/ f (37, g — T, Vu(x)) dx < / f(z, g, Vu) dx + g (4.93)
{IVul<AInK, {IVul<AnK,
and, consequently, by (4.92) and (4.93) we have
T x 2
/a+A f (:U, -~ Te Vu(:):)) dx < /{|Vu</\}mK,, f <:1:, = Vu(:n)) dx + %7 (4.94)

Thus, for all € < g := min{e, e}, and as a result of (4.89), (4.94) and the fact that f is

nonnegative,

/(1+A f (a:, g, Vu(:v)) dr > /a+A from (%, Vu(z) + Vo(z)) dz — 1.

We are now in position to prove that f. y = From-
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Lemma 4.2.7. For all € € RN, (£) < frey(6)-

Proof. By Lemma 4.2.5, given & € RN

Fen(€) = /Q Fen(©) dz = Ty (65Q). (4.95)

Let {w;} C Wol’p(Q;Rd) be a sequence such that w; — 0 in LP(Q; R?) and

Zep(€Q) = Jim | 1 (; %;5+ij<x>> da

I i €
(Proposition 2.5.13). Following the same argument as in Lemma 4.2.4, by the Decomposition
Lemma, there is no loss of generality in assuming that {|Vw;[P} is equi-integrable. Thus,
from De La Vallée Poussin criterion (see Proposition 2.2.10) there exists an increasing
continuous function ¢ : [0,00) — [0, o0] satisfying ¢(t)/t — oo as t — oo and such that

sup/ o(|Vw;|P) de < 1.
JENJQ

Changing variables

1 T
. = lim —/ <m,—, + Vz(z > dx
f{ ]}(5) 00 TJN (O,Tj)Nf = 5 J( )

and
1

s [ (s de< L, (4.96)
JEN 7 (O,T]‘)N

where we set T} := 1/¢; and z;(x) := Tjw;(z/T;) with z; € W(}’p((O,Tj)N;Rd). For any
j € Ndefine I; := {1, ..., [T}]]"'}, and for i € I; take af € ZN such that

U@l +Q) < (0,7)". (4.97)
i€l
Thus
fie;1(€) = limsup LN / fle, i,‘f—{— Vzj(x) | de. (4.98)
’ j—oo T ip Jal+q &j

Let M > 2 and n > 0. For j € N define

IJM = {ielj:/. <p(|sz|p)dx<M}.
al+Q
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We note that for any M > 2, there exists j(M) € N such that for all j > n(M) sufficiently
large so that T; > M, I JM # (). In fact, otherwise we could find M > 2 and a subsequence
jx € N satisfying
Lo o192 )de > 0,
a*+Q

for all 4 € I;,. Summation in ¢ and (4.97) would yield
Jg Pz > M)

which is in contradiction with (4.96). We also note that in view of (4.96)

Card(1; \ IM)M Z/a (IV27) d /( eIV dr < TV,

1€I \I]M +Q O:Tj
and so
N

Card(/; \IM) < ﬁ (4.99)

By Lemma 4.2.6 there exists g = £o(M,n) such that, for any j large enough satisfying 0 <
<

€j < gg and for any i € IJM, we can find vf’M’" € Wol’p(a{—FQ; R9) with ||U1J",M7WHLP(ag+Q;Rd)

n and

/. f(x,ﬁ,g—kv,zj(x)) dx)/. fhom<$§—|—sz—|—Vv3Mn) dr —n
@] +Q &j al+Q
Consequently, for j large enough

Z/a <m,§j,§+v,zj(x)> dr >

/, Foom (2, € + Vzj + VoMM d
’LEI a]-i—Q

o TM
zGIj

—n card(IJM).
As Card(/ ]M ) < [[T]1Y, dividing by TjN and passing to the limit when j — oo we obtain

T
lim sup / (x,—,f—i—Vz' x > dx
NZ al+Q €j )

j—oo j i€l

> lim SUp Z / fhom(z, &+ Vz; + Vqﬂ MMy dg — . (4.100)
J+Q

J=o0 J ielM
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Hence, from (4.98) and (4.100),

frey(6) = hmsup Z/ From (, & + VM) dy (4.101)

where M1 e WyP((0;T5)N; R?) is defined by

zj(x) + vf’M’"(@ if x € af +Qand i€ IJM,
MM () =

zj(x) otherwise.

Now, in view of the definition of ¢?M+, the p-growth condition (4.67) and (4.99),

Z fhomx§+v¢]Mn)

J i€L\IM a;
—~ > / from (%3 € + V2;) dx

j i€[\IM

-~ > / (1+|VzP) dw

Y i€\ 1M e

g B
<—+T—NZ /aJ_' ’VZj’de‘

M J ’LEI‘\IJI-M TQ
< % + ﬁ/ | Vw;|P de. (4.102)
U 7-@+Q)
ier;\M J
By (4.99)
1, 1
N () < —
L U T,(%"‘Q) <3

) o L
ZEIj\Ij

Consequently, in view of the equi-integrability of {|Vw;|P} and (4.102), we get

1
lmsup Ze Z / From (3 € + VM) o = 0, (4.103)
D o

Therefore, (4.101) and (4.103) imply



4. T'-convergence of functionals with periodic integrands 117

fep(© > tmaw NZ/ from (@, € + V&#M) da

1€l
1 .
= limsup / Jrom(x, & + VP M) d, (4.104)
Mpmg 1L JO,T;)N

because by definition of ¢/ and the p-growth property of fhom, (4.67),

1 .
T—N fhom(x7 5 + V¢J,M,U) dx
j (O,TJN)\[ U (al+Q)
el j
1
= T—N/ - 7 Shom(z, €+ V) da
i 0TI\ U (@d+Q)
_iEIj
< 5 : 1L+ [Vz]P) de
i (0T U @+
_1 ] .

_ 5/ (1 + |V, P) da
Q\{U %(a +Q)}
i€l j
and consequently, the equi-integrability of {|Vw;[P} and the fact that

ey | Ugdral | —o
ZGIj
as j — oo yield

1
limsup — /
Mg 1j (O,TJN)\[ U (a}+Q)

iely

from(, & + VM) da = 0.

Hence by (4.104) and (4.70) we get that

f{z—:j} (6) Z Thom(f)‘

Let us now prove the converse inequality.

Lemma 4.2.8. For all £ € RN f - (£) > fre;3(6)-
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Proof. 1In view of (4.70), for § > 0 fixed take T'= T5 € N, with Ts — oo as  — 0, and let
p=¢s € Wol’p((O,T)N;Rd) be such that
1

Fhom(§) +0 2> 75 /(O,T)N fhom (z; € + Vo(z)) d. (4.105)

By Theorem 1.1 and Proposition 2.5.13, there exists a sequence {¢;} C Wol’p((O,T)N;]Rd)
with ¢; — ¢ in LP((0,T)";R?) such that

/ Jhom (7;€ + Vo(z)) dz = lim f (m Lt vqu(x)) dz. (4.106)
(0,T)N (0,1)N €

Jj—0o0 j

Further, in view of the Decomposition Lemma, we can assume — upon extracting a subse-
quence still denoted by {¢;} — {|V¢;[P} to be equi-integrable. Fix j € N such that ; < 1.
For all i € ZN let a{ € &;ZN N[i(T + 1),g5)N (uniquely defined).

I
I
|
Ejli‘:
I
|
I
I

\ \
\ \
\ \
x L
\ \
\ \
\ \
\ |
1 2

=

&

T=1, i=(0,1), N=2

In particular, the cubes Q(af, T) are not overlapping because if i, k € ZV with i # k, then
li — k| > 1 and thus |a] — af] > T. Set

¢j(x—al) ifzeQal,T)and i € ZN,

¢j(x) =

0 otherwise.

Then ¢; € W'"P(RV;RY). Let I; := {i € ZV : (0,T/e;)N N Q(al, T) # 0}. Note that

cara(ry < (|| 2]] + 1>N. (1.107)

&j
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If i (x) := £;6;(x/c;), then 1h; — 0 in LP((0,T)N;RY), as j — oo, because

~ T
[ wwra =2 [ 3 (—)
(0,7)N (0,7)N €j
= N / 16;(2)Pda

(0,T/e;)N

< P*Nz/ 65(a — af)Pda

i€l (az’

P
dzx

= eNead(ry) [ gyl
(0,7)N

(L) e

where we have used the fact that ¢; = 0 on (0,7/g;)N \ Uidj Q(a{,T) and that

N

S‘Glp 951l Lo 0,7y~ ey < 00
J

by the Poincaré Inequality and (4.106). Consequently,

T (€5(0,T)Y) < liminf/(DT)Nf <: :'32,§+ij( )) dx

_ liminf/ f x,i,&w]( ) da
Jj—=oo Jo,T)N €5 & €j

= liminfaév/ / <$,£;€+V€¥’j(x)> dz.
j—oo (0,T/e;)N €j

Note that

g;.VcN(@,z;) \gQ )EN( \ZgQawgﬂ )

Thus

(4.108)
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NN (0, ;)N\ U @l

J 1€l

< 70D U Qal.&;T)

i€1;:Q(al &, T)C(0,T)N

= 7N - Card({ze[ Qa ;T) C (O,T)N})gévTN

s (1_5 [ T+1H )

Hence, from inequality (4.108) and the p-growth condition (Hi) it follows that

Tiey(€5(0,7)Y) < liminfel Z/ <x,§,g+véj(x)> dx
a J

—00
J i€l

N
soa+lene” [ (0.2) U e

J

i€l
< h}i})ﬂf‘SN;/ <$, ;j,ﬁ—i—V(gj(a:)) dx
pyTN T Y
+B8(1+ |¢P)T (1 - <T—+1> > . (4.109)

By a change of variables, for all i € I;

/ Y (x,ﬁ,fwcz?j(x)) dz
Q(ai,T) €j

, J
=/ f<x+a YU Ve >> d
(0,7)N €j

:/ f<x+a{—i(T—i—1),£,£+V¢j(m)> dz, (4.110)
(O,T)N €j

where we have used (Hs), the fact that 7' € N and ag /e; € ZN. In order to apply a uniform

continuity argument and recover (4.106) we define

R} :={z € (0,T)N :|¢+ Vo;(x)| < A}
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and we observe that, according to Chebyshev’s inequality,

LN((0, )N\ R}) < C/ NP,

for some constant C' > 0 which does not depend on j and A. Then by (4.109) and (4.110)
ey (65 (0, 1))

.. .. N i . X
< h)\nig;fhmmfz:»sj /Af <x—|—a§ —i(T + 1),;,§+V¢j($)> dx

— 00
J iEIj J J

N
+6(1 + gy TN (1 - <TL+1> ) : (4.111)

Indeed, the p-growth condition (Hy) and the equi-integrability of {|V¢;|P}; imply that

lim sup limsupZeéV / f (ac + a{ —i(T+1), i’g + ng)](:v)) dx
(0,T)N\R3} €5

A=oo oo e

< lim sup lim supﬁejy Card(Z;) /(0 T)N\RA(l + £+ Vo,(x)P)dx
, i

A—o0  j—o00

< limsup { C1LY ((0, )N\ RJ)‘) + s sup/ \Voj(x)|Pdz p = 0.
A—+00 JENJ(0,T)N\R)

As f is continuous and separately periodic in its two first variables, f is uniformly continuous
on RY x RN x B(0,\) for any A > 0. Let wy : [0,00) — [0,00) the modulus of continuity
of f on RN x RY x B(0, ). Then, for all z € R;-‘,

J J

<wa(la? —i(T +1)]) < wale)). (4.112)
In view of (4.112), (4.107), and since w) is continuous and satisfies wy(0) = 0, we get

liminfliminfaév Card(I;) {/R’\ f (x, g,f + ngj(a:)) dx —i—TNu»\(aj)}

A—o00  j—00 j

A—o0 J—00

< liminf liminf(1 + 5§V) {/ f (a:, §,£+ quj(m)) dx + TNw,\(sj)}
R j

< lim inf lim inf f <x, ;,5 + V¢j(x)> dx
J

A—oo  j—0oo  JRpA
J

< liminf/ f <;1:, 2,54— V¢j(x)> dx.
(O,T)N Ej

Jj—00 J
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Consequently by (4.105), (4.106), (4.111) and Lemma 4.2.5,

N
f{aj}(f) < from(6) + 6+ B(1+ [€P) (1 _ (TL—H) ) .

The result follows by letting § tend to zero. |

Proof of Theorem 4.2.2. From Lemma 4.2.7 and Lemma 4.2.8, we conclude that f ., (£) =
fie;3 (&) for all § € RN As a consequence, Ty (w5 A) = Thom(u; A) for all A € Ao(RY)
and all u € WHP(A4; Rd). Since the I'-limit does not depend upon the extracted subsequence,
Remark 2.5.9 implies that the whole sequence Z.(-; A) I'(LP(A))-converges t0 Zhom(-; A).

In particular,

D(LP(A))- i T (1 A) = Ty (: 4) 1= /A From (V) da.

4.2.3 The general case

Our objective now is to prove Theorem 4.2.1.

STEP 1. Existence and integral representation of the I'-limit.

The idea in this case is to freeze the macroscopic variable and to use Theorem 4.2.2 through
a blow up argument. This leads us to work on small cubes centered at convenient Lebesgue

points of €2 which, contrary to the homogeneous case, allow us to localize our functionals

on A(Q).
We define 7. : LP(; RY) x A(Q) — [0, 00] by

/ f (x, E, %, Vu(x)) de if u € WHP(A;RY),
A g €
Z(u; A) :=

s otherwise,

and we introduce the functional Zpop, : LP(Q; R?) x A(Q) — [0, 0]

/Thom(xvvu(x))d.x if w e WhP(A;RY),
Ihom(u;A) = A

00 otherwise.
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Given ¢, | 0 and A € A(R), consider the I'-lower limit of {Z., (-; A)}, for the LP(A;R%)-
topology defined, for u € W1?(Q;R?), by

Zie,y(u; A) = inf {hm infZ,, (uj; A) 1 up — uin LP(A;]Rd)} .

J—00

Due to the p-coercivity condition in (Hy), to prove Theorem 4.2.1 it suffices to show that
for all u € WhP(Q;RY)

L(LP(2))- hmI /fhomeu x))dz.

As in Section 4.1 there exists a subsequence {e;}; = {en,}; such that for any A € A(€Q),
Zic;3(-5 A) is the I'(LP(A))-limit of Z,(-; A) and, for all u € WP(Q;RY), the set function
Zie,;y(u;-) is the restriction of a Radon measure to A(f2). Furthermore, from the integral

representation Theorem 2.4.1, we have

Lemma 4.2.9. There exists a Carathéodory function fi..y : X RN R, quasiconvex

in its second variable, satisfying the same coercivity and growth conditions as f, such that

Ziey (s A)Z/Af{ej}(fﬂ’vu(fﬁ))dév

for every A € A(Q) and u € WHP(Q;RY). Moreover, for all ¢ € RN and a.e. x € Q,

. Ty (€5 Q(x,6))
f{Ej}(‘r7§):%l_>I% ) SN :

STEP 2. Characterization of the I'-limit.

As before we only need to prove that fi. }(x,§) = From (T, &) for a.e. z and all €. For this
purpose let L be the set of Lebesgue points zg for all functions f(. (-, €) and From(-,€), for
all ¢ € QP*N. We have £N(Q\ L) = 0 and we will first show in Lemma 4.2.10 and 4.2.11
below that the equality fi. j(z,§) = From (7, €) holds for all z € L and all £ € Q™. By
definition of the set L it is enough to show that

(2,8 dx = From (T, &) d, 4.113
/Q e /Q o Tronln 9 (4.113)

for every xg € L and each 6 > 0 small enough so that Q(zo,0) € A(Q).
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Lemma 4.2.10. For all ¢ € QN and all g € L,

/ f{aj}(xag) dx > / ?hom(x¢§) dx
Q(zo0,0) Q(z0,58)

Proof. Let & € QN and zy € L. From Lemma 4.2.9, we have

/Q(xo,(;) f{fi]}(aj? 5) dr = I{EJ}(é- ; Q(«TO, 5))

Let {uj} C WHP(Q(x0,0);R?) be a recovery sequence for Zie;3(§5Q(x0:0)), that is, a
sequence {u;} such that u; — 0 in LP(Q(zq,); R?) and

J—0

xr X
o Quod)” \ & € ’

As before, the Decomposition Lemma lets us assume that {|Vu;[P} is equi-integrable. We

split Q(zo,d) into hYY small disjoint cubes Q; such that
Q(0, 6 U Qin  and  LY(Qin) = (6/)N. (4.114)

Then

dr = lim 1 d.
/Q(IO’E)f{sJ (z,§)dz = Lrgojggoz:/lh ( 5 2,£+Vuj( )) T

Let n > 0. By Scorza-Dragoni’s Theorem, there exists a compact set K, C (2 such that
LNQ\K,) <n, (4.115)

and the restriction of f to K, x RY x RN x RN is a continuous function. Given A > 0,

we introduce

R} =={z € Q: ¢+ Vu;(z)| < A},

for all j € N and we note that due to Chebyshev’s inequality, we have

C

LY(Q\ R}) < L

(4.116)

for some constant C' > 0 independent of 5 and A. Then

hN

T T
frea(x, &) dz > limsup g / flz,—, =, + Vu(x) | dx.
/C\g(xo,(;) {51}( ) by pt Qi,hﬂKnng'\ 5]' E? J( )
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In view of condition (Hj), f is uniformly continuous on K, x RN x RY x B(0, \). Denoting
by wy a1 [0,00) — [0,00) the modulus of continuity of f on K, x RY x RY x B(0,\), for
every (z,2') € [Qin N KyN RJ)‘] X [Qin N Ky,

f (:c, ;j, %,54— Vuj(m)> —f (m’, E%" %,{ + Vuj(:t:)) ‘ < wya(jz —2'))
j
< wya (@) (4.117)

J
From (4.114) and (4.117), after integrating in (z,z’) over [Q; N K, ﬂR;‘] X [Qin N Ky, we

get, since wy, ) is continuous and satisfies wy »(0) = 0,

WYy
Zh—N/ / Fla, =, 2 ¢+ Vu(x)
; 0 Qi nNKy Q»;,hr‘lKnﬂR? Ej €j

=1 J

dm} dr’

J =g
< 5NW77,)\ (@) — 0,

h—o00

uniformly in 5 € N, for all n > 0 and A > 0. Hence, by Fubini’s Theorem

ij (.’E,g) dx
/62(%6) {es}

g hmsuPﬂth:/ / 7= 5.6+ Vuy(a) Jda'} dar. (4.118)
= )‘th,j 6N QiyhﬁKnﬁR;. Qiythn b Eja 8?7 9l . .

i=1

However, as a consequence of (H4) and (4.115) we have that for all A > 0,

Wy - o
P f x,7_,—’€+VU‘($) de/ d.’,U
o Z'Zl/Qi,hnKnﬂR? {/Qi,h\Kn £j 8? j

Ry I N N
< 55—]\[ h—N(1+>\p)E (Qin \ Ky)
i1

< B+ W)LY (Q\ Ky)
<AL+ N ——0 (4.119)
77—)

uniformly in j € N and h € N, and similarly

N
hNh , T T
o v, = €+ Vuy(a) | da’ o de < B+ N 0,
55 SN AR] O KA ) G R
(4.120)
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uniformly in j € N and h € N. Moreover, (4.114) and (4.116), together with the equi-
integrability of {|Vu;|P}, yield

ny RN e w ,
SISV oSS+ V() | do' b da
j’h’I:I oN ; /Qi,h\RJA- /Qi,h d €j e? . J( )

J

<supf (1+ |Vuj(z)|’) de —— 0. (4.121)
JEN S Q(x0,0)\R) A—00

Finally, (4.118)-(4.121) and Fubini’s Theorem lead to

[y (@, &) da
/62(1‘075) {&5}
>limsuplimsupﬂ§:/ / fla rr £+ Vu,(x) | dx p da’
- h—oo  j—oo o 4 Qin ih ’SJ”E? ’
T x
211msup / liminf/ fl2', =, 5,6+ Vu;(z) | depda’, (4.122
hsoo oN Z th{ j—00 Qin g 5? ]( ) ( )

where we have used Fatou’s Lemma. Fix 2’ € Q; ;, such that From (@', €) is well defined and
apply Theorem 4.2.2 to the continuous function (y, z,§) — f(2',y,2,£). Since u; — 0 in
LP(Q(z0,0); RY), we can use the T-liminf inequality to get

J—00

. T x SN _
hm lnf/Q f (I/7 5_]" 6_275 + Vu](l‘)> d.’E 2 h—thom(x/7 5)
i,h j

Then, in view of (4.122) we conclude (4.113), that is,

/ f{sj}(x7 f) dx > / Thom(‘r7 6) dx
Q(z0,0) Q(z0,9)

Lemma 4.2.11. For all € € QYN and all zg € L,

/ f{aj}(xag) dr < / Thom(x7£) dx
Q(z0,0) Q(z0,8)

Proof. As in Lemma 4.2.10, we decompose Q(z9,d) into hY small disjoints cubes Q; , such
that

Q(xo,6 U Qipn and  LN(Qin) = (6/h)N
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Since f and f},,, are Carathéodory functions, by Scorza-Dragoni’s Theorem for each n > 0,

we can find a compact set K, C Q(xo,6) such that
£Y(Q(x0,0) \ Ky) <1, (4.123)
f is continuous on K, x RY x RY x RN and f, .., is continuous on K, x RN | Let
Iny={ie{l,- BN} K,NnQi,+#0}.

For ¢ € Iy, choose x?’n € K, NQ;ipn Theorem 4.2.2, together with e.g. Theorem 21.1
in Dal Maso [19], implies the existence of a sequence {uih”} C VVO1 P(Q;p;RY) such that

ug’h’n — 0 in LP(Q; p;RY) as j — oo and

0 .
fhom( g) dr = <_) fhom( hn’é-) = lim f l‘?’n,£>%,§+Vug’h’" dx.
Qih h 170 Qi & &
Set ‘
u(@) if 2 € Qi and i € I,
uj(z) = (4.124)

0 otherwise.

Then {uj} C W, (Q(x0,6); RY), uj — 0 in LP(Q(x0,6); RY) as j — oo and

lim inf Z/ Tnom (27, €) da

h—o0
ZEIh

— liminf lim Y / Flafn 2 2 4 vl | do. (4.125)
h—oo j—00 | Qin €j (o J
i€l © J

In view of (4.68) and (4.123) we have

N —_—
i 3 [ Fon(al e B+ EPIC Qen OV Ky) 0. (4120

thus from (4.125) and (4.126),

lim inf lim inf Z/ Fhom( h’n,f) dx

n—0 h—o0 iel, Qz ROKy,

hmlnf / x; 77, x, * ,f—l—Vu dx. (4.127)

7]7 7] ’LEI J ]
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Since fl,om (-, &) is continuous on K,, it is uniformly continuous. Thus, denoting by w, its

modulus of continuity on K,, we have for all z € Q;; N K,
_ VN6
From(@€) — From @) < wy(Jz — 7)) < wy (T — (4.128)

Since Q; , N K, =0 for i & Iy, ,, then by (4.123), (4.128) and (4.127) we get

/ 7hom($7 5) dzx
Q(0,9)

= lim Thom(xa {) dx
-0 Jk,

—hIHI(I)lthlle Z / From (2, &) dx

Zelh Qz th”?

= lim inf lim inf Z/ Fhom( hn,f)dx

n—0 h—oo i€Iny QZ MKy

hn r X 0
hmlnf Z /thK,,mR* (ﬂfl 7;,5—?,5+Vuj> dx, (4.129)

7777 5J J

where Rﬁ"n = {a: € Q(w0,0) : [§ + Vuj(z)| < )\}. From (4.125) and the fact that uj =0 on
Q(x0,0) \ Uie, , Qin, we get

sup / [VullPdr < oco. (4.130)
JEN1>0JQ(x0,0)

In particular, according to Chebyshev’s inequality, we have

C
£Y(Qw0,0) \ Rjy) < 35 (4.131)
for some constant C' > 0 independent of j, n and A. Since f is continuous on K, X RN x
RN x RN and separately @Q-periodic in its second and third variable (see assumption
(H3)), it is uniformly continuous on K, x RY x RY x B(0, ). Thus, denoting by wy,  its
modulus of continuity on K, x RN x RN x B(0,\), we have for all z € QinNKyN Rg\,n’

‘f (x 22 et Vu;?m) —f (m?’", e Vu;?u))‘
EJ 8j EJ Sj

< wpallz — )

VN6
< wm)\ ( h h—o00 0.
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Then, according to (4.129) and the fact that Q;, N K, =0 for i € I, ,,
/ Thom (mv f) dx
Q(z0,9)
T T
11m1nf / x,—, =, &+ Vu! | dz,
A 777 J Z Qz ;LﬂKnﬁR’\ ( E] 8‘? j)

i€l
f (m,i,%,é—i-Vu?) dx.
ej’ €7

= lim inf /
Mg JK,NRA j

2:M

In view of the p-growth condition (Hy), (4.123) and the definition of R;‘n,

sup/ f x,f,%,f—i-Vu;? dr < B(1+ AP)n —— 0,
JEN J R \Kp €5 5]- n—0
S0

/ 7hom(x7§)dx >llm1nf f x7£?£,§+vun dr.
Q(z0,9) j R, e g2 J

Amsd j j
Let A\ /" oo and 7, | 0. By a diagonalization procedure, it is possible to find a subsequence
{jk} of {7} such that, upon setting vy := u;’]’: and Ry, := R;\:n , then vy, € Wol’p(Q(wo, §); R%),
v — 0 in LP(Q(z0,6); R?) and

/ ?hom(xag) dr > hmlnf/ f %i,%,ﬁ%—Vvk dz.
Q(x0,0) k=00 JRy Ejk €

Jk

By (4.130) and the Poincaré Inequality, the sequence {v;} is bounded in W1P(Q(zo, §); R?)
uniformly with respect to k € N so that, according to the Decomposition Lemma, it is no
loss of generality to assume that {|Vug|P} is equi-integrable. It turns out, in view of the
p-growth condition (Hy) and (4.131) that

/ flo, = S &+ YV dxsﬂsup/ (1+ [Vorl?) dz —— 0.
Q(w0,9)\Rx ST 1eN JQ(z0,0)\ Ry k—o0

Thus, using the I'-lim inf inequality,

/ ?hom(x7£)d'r > hmlnf/ f 1‘,17%754—ka dx
Q(Io,é) k—oo Q(CEO,(S) 8]]@ g4

Jk
> / frea(z,€) dx.
Q(20,0) {e5}
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Proof of Theorem 4.2.1. As a consequence of Lemma 4.2.10 and 4.2.11, we have f} ., (x,§) =
frejy(@,§) for all z € L and all § € Q?N. By Lemma 4.2.9 and the fact that f,,, is a
Carathéodory function we obtain fi,.,(z,£) = frey(@,§) forallae. z € Qand all§ € RIXN
Since the result does not depend upon the specific choice of the subsequence, we get by
Remark 2.5.9 that the whole sequence Z.(-; A) I'(LP(A))-converges to Zhom(-; A). Taking
A = Q we conclude the proof of Theorem 4.2.1. |

4.2.4 Some remarks in the convex case

As in Section 4.1, we note that under the additional hypothesis that f(z,vy,z,-) is convex
for all z and all (y, z) equality (4.62) and (4.63) simplify to read

fhomms):igf{ | From (e, + Fol) do, ¢€Wol’p(Q;Rd)}
Q

for all £ € RN and all z € , and

fhom (z,y,&) = inf {/ flx,y,2,§ +Vo(2))dz, ¢ € W&’p(Q;Rd)}
¢ UJQ

for all z € Q and all (y,&) € RY x RN (see Miiller [66] and Braides and Defranceschi
[19]).

Our objective here is to present an alternative proof of Lemma 4.2.11 in the convex case.
Namely, we would like to show that fi. (zo,§) < From (70, &) a.e. 29 € Q and all £ € RN,
without appealing to Theorem 4.2.2. For this purpose, let us denote by S (resp. &) a
countable set of functions in C®(Q;RY) (resp. C°(Q x Q; R?)) dense in Wol’p(Q; RY) (resp.
LP(Q; Wol’p(Q; R9))). Define L to be the set of Lebesgue points g for all functions

f{aj}('7§)7 Thom('af)

and

€T — / / f(x7y727£+ vyd’(?/) + VZ¢(ya Z)) dy dZ7
QRJQ
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with ¢ € S, ¥ € &. Note that LN(Q\ L) =0. If 29 € L and £ € Q™Y then

.1
fer@® = Bmge [ @O

(4.132)
_ y_{% Zie;3 (€ ‘(;]g(ﬂﬁoa 5))
Given m € N consider ¢,, € S such that
From@,:9) % 102 [ S0, €+ V() . (1133)

Then by Theorem 2.1.9, and following a similar argument as in Lemma 4.6 in Fonseca and
Zappale [51], there exist ®,, € LP(Q; Wol’p(Q; ]Rd)) such that

fhom(x()v y7£ + V¢m(y)) + P /Qf(m()a Y, Zag + vy¢m(y) + qu)m(y> Z)) dz.

1
m
We now choose ®,, , € & such that

— 0, (4.134)

k—oo

||(1)m,k - (I)m”LP(Q;Wol’p(Q;Rd))

and we extend ¢, and @, j, periodically to RY and RN xR¥ | respectively. For each z € RV
define

; x G
ufnk(x) =& T+ Ejdm (g) + efcbmjk (5, 6—2)
J

and consider 6 > 0 small enough so that Q(zg,d) € A(Q2). For fixed m and k we have

S
7 — v in LP(Q(x0;6);RY) as j — oo, where v(z) = £ - 2. Hence by (4.132) and the

U,

p-Lipschitz property of f(z,y,-) (see 2.9)

1 r x x
; < 1 i f_ y 9 9 m | —
fie;y (@0, €) mint oy /Q(%;&)f (w 5 2 £+ Vyo <€j>

r X r X
2y @ (25 ) + Vel (2.5 ) | de
€j Ej €j 6]-

1 r T T
< lim inf —- s 9 9 \Y m\
e 6N /C2(wo;5)f<x GtV <€j>

r X
+v2<1>m,k(€—j, 5_2)> dz. (4.135)
J
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132

Arguing as in Proposition 4.1.15 we define

hm,k(xv y7 Z) = f(x7y7 Z7£ + vy¢m(y) + VZ(I)m,k‘(y7 Z))

Then by Lemma 2.6.3 since hy, , € LP(Q(0,0); Cper(Q X @Q)), we get

imind [ (0 5 Vo (2) Vet (£.5) ) as
= Jowes) "\ &S <

i
= lim ho i | , x,a; dz
j—00 Q(z0;0) €j 6]
/ // (2, Y, 2) dz dy dx
3307

=/ //f 2,Y, 2§ + Vybm (y) + VP k(y, 2))dz dy da.
zo; QJQ

Therefore, by (4.44)

1 T r z
liminf lim inf — m R et d
it [ (o5 BT (2) £ Tma(.5) ) o

J J
- / / F(@0,9, 256 + Vybum(y) + VB (9, 2)) dz dy,
QRJQ

and thus, by (4.133)-(4.135), (H,), and Fubini’s Theorem, we obtain
f(@0.6) < /Q /Q F (50,5 2, € + Vybm(y) + Vs B(y, 2)) d dy
- /Q [ /Q F (20, %1€ + Vybmly) + VoBon(y, ) dz| dy
< [ om0 v+ Von)dy +

< Thom(x()ag) + %

Letting m — oo we deduce that

f{ej}(x07 g) < Thom(ajO’ f)



5. APPLICATION TO THIN FILMS

This part is devoted to studying a reiterated homogenization problem in thin domains of
elastic type with multiple scale and periodic microstructure. The results presented here

were obtained in collaboration with J. F. Babadjian [10, 9].

Throughout this chapter w stands for an open bounded set in R? and € := w x I, with
I :=(—1,1). We will identify WP (w;R3) with the set of functions u € W1P(Q;R3) such
that D3u(x) = 0 for a.e. = € 2, and we set Q’(a,d) := a + 6Q’ for a € R? and § > 0, where
Q' = (0,1)%

5.1 Thin films with periodic microstructure in the in-plane

direction

We start with the case where heterogeneities are allowed in the in-plane direction of the

film and they scale as the thickness of this body.

For each £ > 0 we define W. : LP(£;R3?) — R by

/ W <:ca,:c3, %,Vau(:c)EVgu(x)> dr if u € WHP(Q;R3),
We(u) == . (5.1)

o0 otherwise,

with 1 < p < 0o, where we assume that W : Q x R? x R3*3 — R satisfies the following

hypotheses:

(A1) W(x, -, -) is continuous for a.e. x € ;

(Ag) W (-, -,€)is £3 ® L?-measurable for all £ € R3*3;
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(Ag) there exists 0 < § < oo such that

%mp—ﬂ < W(x,Ya, &) < BA+IEP), forae. x€Q and forall (ya, &) € R*xR3*3;

(Ay) W(z, -,€) is Q'-periodic for a.e. z € Q and all £ € R3*3, where we denote by Q' =
(0,1)? the unit cube of R2

The goal of this section is to prove the following result.

Theorem 5.1.1. If W satisfies (A1)-(A4), then the family {W:}. T'(LP(Q2))-converges to
the functional Whiom : LP(;R3) — R defined by

2/ Whom (Ta, Vatu(rs)) dre if u € WHP(w;R3),
Whom (1) 1= ¢ (5.2)
%) otherwise,

where Wyom s given by

_ 1 —
Whom(xou 5) = Th—rgo igf {—2 /(O,T)ZXI W(l’a, Y3, Yo, § + va¢(y)|v3¢(y)) dy :
¢ € WEP((0,T)2 x I;R%), ¢ =0 on 8(0,T)? x I} (5.3)

for a.e. x4 € w and all & € R3%2,

Remark 5.1.2. We remark that, due to hypotheses (A1) and (Az), the function W is a
Carathéodory integrand as W (x, ;) is continuous a.e. z € 2 and W (-, yq; &) is measurable
for all y, € R? and ¢ € R3*3. This implies (see Proposition 2.3.27) that W is equivalent to
a Borel function, that is there exist a Borel function W such that Wiz, ;)= Wz, -; -)
for a.e. z € Q. As a consequence the integral in (5.1) is well defined. As in the results of
Chapter 4 to prove Theorem 5.1.1 we may assume, without loss of generality, that W is

non negative. Indeed, in view of (As) it suffices to replace W by W + (.

As a consequence of Theorem 5.1.1, we deduce the usual convergence of (almost) minimizers.

Corollary 5.1.3. Let f € L¥ (Q;R%) and g € L (2;R?), where ¥ := w x {—1,1} (1/p +
1/p' = 1). Then every sequence {u:}e C Ve :={u € WHP(Q;R3) : u(z) = (T4, c23) 0n Ow x

I} of (almost) minimizers of
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st’g(u):/QW<x,i—a,Vau(x)EV3u(:p)> dz/ﬂf-udm/zg~ud8

is weakly relatively compact in WYP(Q;R3). Furthermore, any limit point u of this sequence

is a solution of the minimization problem

min {2/wWhom(a:a,Vav(:L‘a)) dma—/

1 F+g"+9)(za) -v(:ca)d:va},
v—(2a,0) €Wy (w;R3) w

where f := %/f(-,l‘g)dl‘g and g% := g(-, £1).
1

Corollary 5.1.3 departs from Corollary 4.1.3 on the type of boundary condition that has
been considered. This difficulty is overcome thanks to Remark 5.1.11, which says that we
can prescribe the lateral boundary condition of the recovery sequence. We do not include
the proof of this corollary because it is similar to that of Corollary 1.3 in Bouchitté, Fonseca
and Mascarenhas [25].

The plan of this section is as follows. In Subsection 5.1.1 we will discuss some properties
of Whom, namely that it is well defined and that Wyom(2z4; - ) is continuous for a.e. x, € w.
Section 5.1.2 is devoted to the proof of Theorem 5.1.1. The starting point of our analysis
is the I'-limit integral representation result Theorem 3.2.1. Our objective is to identify the
integrand, showing that it coincides (almost everywhere) with Wyon. As in Proposition
4.1.15, we will use a two-scale convergence argument to derive an upper bound for the limit
integral (Lemma 5.1.12). However, we cannot use the same argument as in Proposition
4.1.15 to derive a lower bound. The argument in this case (see Lemma 5.1.13) is more
technical and the difficulty comes from the fact that the problem, at fixed ¢, and the
asymptotic problem, when ¢ — 0, are of different nature (one is a full three-dimensional
problem, the other a two-dimensional one). We will need to use a decoupling argument to
take into account the different nature of the two variables z, and y, that appear in the
structure of the limit functional. For this purpose it will be convenient to extend W to a
function which is (separately) continuous everywhere. This is the aim of Lemma B.1 which
provides conditions under which a Carathéodory function such as W can be extended to a
separately continuous function in the macroscopic variable x, and the microscopic variable

To/et

! We could also have used the Scorza Dragoni Theorem and the Tietze Extension Theorem (see Theorem

B.3 in the Appendix). This argument will be used in Subsection 5.2.
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5.1.1 Properties of the homogenized density

In this section we follow very closely the arguments of Section 4.1 to derive some properties

of the stored energy Whom that will be of use in the proof of Theorem 5.1.1.

We begin by showing that in the definition (5.3) of Wy, the limit as T — oo exists. We

introduce the following new condition :
(A}) W (x,ya;-) is continuous for a.e. x €  and all y, € R2

Remark 5.1.4. Note that (A;) implies (A)). Furthermore, if W satisfies (A}) and (Asz), then
W is a Carathéodory function in the following sense : W (-, -; £) is £3® £?-measurable for all
€ € R33 and W (x,1q,; ) is continuous for £3 ® L%-a.e. (z,v,) € Q x R% As a consequence,
there exists a Borel function W’ on Q x R? x R3*3 such that W (z,ya; ) = W' (2, ya;-) for
L3 ® L2-ae. (x,9,) € Q x R2 Thus the integral in (5.3) is well defined. We insist on the
fact that, in principle, W’ and W (see Remark 5.1.2) need not to be equal.

Lemma 5.1.5. If W satisfies (A}), (A2)-(A4), then

z . 1 _
Waon (o) = Jim it (oo [ W (v 15,00, + Vadl0)] Vo) dy:

b€ WP((0,T)2 x I;R%), ¢ =0 on 8(0,T)? x I}
exists for a.e. x4 € w and all € € R3*2

Proof. Let x, € w be such that (A}), (A3) and (A4) hold and let ¢ € R3**%  Define
p: A(R?) — RY by
. 1 =
() = inf {5 [ W5, v+ Vad(y) [ Vao(y) dy :
¢ AxI
¢ € WHP(A x I;R3), ¢ =0 on 8A><I}.

In view of Remark 5.1.4, p is well defined and, thanks to (As), it is a finite function.
Moreover this set function satisfies the assumptions of Lemma A.l. Indeed firstly, by
(A3), p(A) < B(1 + [E]P) L2(A) for all A € A(R?). Secondly, u is subadditive, that is
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w(C) < p(A) + p(B) for all A, B, C € A(R?) with AN B # 0 and C = AU B. Finally, by
(Ayg), for any i € Z2, u(A +1i) = pu(A) for all A € A(R?). As a consequence the limit

i BT

et T2 = Whom(xom E)

exists. [ |

Remark 5.1.6. As in Section 4.1, the limit as 7' — oo in (5.3) can be replaced by an infimum

taken for every T > 0.

Now that Wy is well defined, we will show that Whom (24 +) is continuous for a.e. z, € w,
for later use in Theorem 5.1.1. To prove this property directly it seems that we would need a
little bit more than only the continuity condition imposed on W (x,y4;-) (e.g. a p-Lipschitz
condition). We remark that if W (z, y,;-) were quasiconvex, then by the p-growth condition
(As), W(z,yq;-) would satisfy a p-Lipschitz condition (see Lemma 5.1.9 below). Since we
do not want to a priori restrict too much the stored energy density, in order to compensate
for this lack of regularity we prove first in Lemma 5.1.8 that the value of Wy, does not

change if we replace W by its quasiconvexification QW (see Remark 5.1.7 below).

Remark 5.1.7. For a.e. x € Q, all y, € R? and all £ € R3*3 the functions QW (x,ya; )
(usual quasiconvexification with respect to the last variable £) are quasiconvex. By Remark
5.1.4 if W satisfies (A1)-(A4), then so does QW , except that QW (z, -; §) may only be upper
semicontinuous (as the infimum of continuous functions) for a.e. z € €, and all ¢ € R3*3,

In particular, since QW satisfies (A]), (A2)-(A4), by Lemma 5.1.5 it follows that

— . . 1 _
(@Whon(ea® = Jim int {5 [ QW (g B V) s00) dy:

¢ € WIP((0,T)2 x I;R%), ¢ =0 on 9(0,T)? x 1}

exists for a.e. o € w and all £ € R3*2

Lemma 5.1.8. If W satisfies (A1)-(A4), then (QW)hom(Ta,€) = Whom(Za, &) for a.e.
ZTo € w and all £ € R3*2,

Proof. Let x, € w be such that both (QW )pom(za; ) and Whom(x4; - ) are well defined.
Since W > QW, we have Whom(Ta, &) = (OW )hom(Ta, €) for all € € R3*2 Let us prove now
the opposite inequality. Let & € R3*2 For each n > 0, let T), € N and ¢,, € W1°((0,T,,)% x
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I;R3), satisfying ¢, = 0 on 9(0,T,,)? x I, be such that
| 1 _
(QW)horn(xou 5) + — 2 —2 / QW(‘TOH Y3, yavé + va¢n(y)‘V3¢n(y)) dy
n = 277 (0,T7)2x1

The Lipschitz regularity of ¢, may be ensured due to the density of W1°°((0,T},)? x I;R3)
in WHP((0,T,)? x I;R3) together with the p-growth condition (As). Thus

_ 1 —_
(QW)hom(-rcw 5) 2 lim Sup 55 / QW(:Ucw Y3 Yo, § + Va¢n(y)‘v3¢n(y)) dy' (5'4>
n—oo 213 Jo1)2x1

For each n € N fixed, by the Acerbi-Fusco Relaxation Theorem 2.3.30 and Remark 5.1.2,
there exists a sequence {¢, x}x C W1((0,T,,)? x I; R3) satisfying ¢ . = ¢, on 9[(0, T5,)? x
I] with ¢y, i ké ¢n, and such that

—00

1 —
€ / QW (s Y3, Yo € + Vada(y) [ Van(y)) dy
2T J(o,1)2x1

. 1 =
=l g [ Wt e T Va0 Tatns0) dy
n T )2 x

From (5.4) we have

= . . 1 _
(QW)hom (:L‘Cw 5) = lim sup lim Sup ——5 /( 2 W(xon Y3y Yas 6 + va¢n,k’ (y) |V3¢n,k (y)) dy
0,T0)*x1

1 _
> i inf « — as Y3y Yas a :
imsup inf { TY /m,anW(w Y5, Yo E + Voo ()| V36 (y)) dy

6 € WHP((0,To)? x LR?), ¢ =0 on 0(0,T,)% x I |
= Whom(waag)'

We are now in position to prove the continuity of Wiy, in its second variable :

Lemma 5.1.9. Let W satisfying (A1)-(Ay), then Whom(za; ) s continuous on R3*2 for

a.e. Ty € W.

Proof. We observe that by the p-growth condition in (As) and Remark 5.1.7, QW satisfies
a p-Lipschitz condition: There exists 3 > 0 such that for all y, € R? and a.e. z € Q,

QW (2, a3 &1) — QW (2, ya; &) < B+ [P + &P e — &f, &, &L e R¥. (5.5)
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Take z, € w such that both (QW )pom (za; - ) and Whem (24 - ) are well defined. By Lemma
5.1.8 we have (OW )pom (Ta; ) = Whom (Ta; - ). Given € € R3*? let £, — £ in R3*2 From the
definition of Whom (4, &), for fixed § > 0 choose T' € N and ¢ € WP((0,T)? x I;R3), ¢ =
0 on 9(0,T)? x I, such that

1

Whom(xomf) +6 = W

/ W (20 3, Yo €+ Vad(y) [ Vad(y) dy.  (5.6)
(0,T)2x1

Therefore, Remark 5.1.6 yields

lim sup Whom (%a,&,) < limsup W (Za, Y3, Yai En + Vad(y)|Vso(y)) dy

n—oo n—oo W (0,T)2xI
1

— orn [ Wlra e+ V()| Vad(w) dy
(0,7)2x1I

due to hypothesis (A1), the p-growth condition in (A3) and Lebesgue’s Dominated Conver-
gence Theorem. So by (5.6) and letting 6 — 0 we conclude that

lim sup Wh0m<xo¢u g_n) < Whom(xou E) . (57>

n—oo

Similarly, for each n € N consider T}, € N (T}, / o0) and ¢, € WP((0,T;,)? x I; R3), ¢, =
0 on 9(0,T,,)? x I, such that

- 1 1
Whom(xougn)_'_g > @

1 _
= 5 ox1 QW(xcxa Y3, TnYa, & + Va¢n(Tnya7 y3)’v3¢n(Tnyou y3)) dy
’'x
1 _
= 5 O'xl QW(xOU ys, Tnyon fn + vawn(y”TnVSwn(y)) dy,
’'x

/ OW (s Y3 Yrs £ + Va6 () [ V3 (1) dy
(0,T0)2x T

after a change of variables and where 1, (y) = T—lnqbn(Tnya,yg). Clearly the function ),
belongs to W1P(Q' x I;R?) and ¢, = 0 on Q' x I. By the p-coercivity hypothesis in (As3)
and (5.7), the sequence {(Vatn|T,,V3th,)} is bounded in LP(Q' x I; R3*3) uniformly in n.

We can write that

lim inf OW (Zas ¥3s TnlYar, & + Vaton(y)| TnVatn(y)) dy

n—oo JQ'xI
2 hm ll’lf/Q [ QW(SUa) Ys, Tnya) En + Vawn (y) |TnV3¢n(?/))
n—oo ' I
—QW(l’a, Y3, TnYa, g + vawn (y) |TnV31/fn(y)) ] dy
+ lim inf OW (za, Y3, TnYar € + Vatln ()T Vabn(y)) dy.

n=o0 JQrxI
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Using (5.5), Holder inequality, the fact that {|[(Vatn|T,Vstn)| 1r(q xr;rsx3)} is bounded

and &, — &, we obtain

lim inf /Q y [ QW (@0, Y3: Trlar En + Vathn ()T Vatbn ()

—QW($Q, Y3, TnYa, g + voa¢n (y) |Tnv3¢n(y)) ] dy =0,

and consequently

_ 1 _
lim inf Whom(xav §n) > liminf - QW($a7 Y3, TnYa, § + Va%(y) ’Tnvfiwn(y)) dy

n—oo n—oo Q/ X I

N | W z
= hmlnfﬁ/ Q (xaay3aya7§+va¢n(y)|v3¢n(y)) dy
(0,T7)2x1I

n—oo
n

(QW)hom (-raa E)
= Whom(xaa E) (5'8)

WV

From (5.7) and (5.8), we conclude that Whom(a;-) is continuous at &. [ |

5.1.2 Main result

We start by localizing our functionals. Define W. : LP(€; R3) x A(w) — R by
o 1 .
/ W <xa,x3, %, Vau(x)‘gV;),u(a:)) dr ifu e WHP(A x [;R3),
AxI
We(u; A) := )

00 otherwise.

We will prove that the family of functionals {W.(-; A)}c I'-converges with respect to the
LP(A x I;R3)-topology to the functional Whom(+; 4) : LP(Q;R3) — R,

2/ Whom (Za, Vau(xy)) dxg if u € WIP(A;R3),
A
Whom (u; A) == (5.9)

o0 otherwise,

for all A € A(w). As a consequence, taking A = w yields Theorem 5.1.1.
For any A € A(w) and any sequence e, | 0, consider Wy, 1(+; A4) : LP(;R3) — R the
I-lower limit of {W;,(-; 4)}n,

Wi,y (u; A) := inf {hmianaj (tun; A) : up — uin LP(A x I;]RS)} : (5.10)

{Un} n—oo
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Remark 5.1.10. In view of the coercivity condition (A4), for all A € A(w) we have that
Wi, 1 (u; A) = oo whenever u € LP(Q;R?) \ WHP(A;R?), hence our objective is to charac-
terize Wy, y(u; A) for u € WHP(A;R?).

By virtue of Remark 5.1.10, together with Theorem 3.2.1, it follows that every sequence
{en}n admits a subsequence {en; }; = {¢;}; such that Wy_,(-; A), defined in (5.10), is the
I'(LP(A x I))-limit of {W;, (-;A)}; for all A € A(w). Further, there exists a Carathéodory
function Wiyt w x R3*2 — R such that

Wi, (s A4) = 2 /A Wie,} (@ar Vatu(za)) da, (5.11)

for all A € A(w) and all u € WHP(A4;R3).

Our aim is to show that W, 3(+; A) = Whom(+; A) on WLP(A;R?) for all A € A(w). Given
A € A(w), in view of the integral representation (5.11) and (5.9), it is enough to show
that W{Ej}(xa,g) = Whom(Ta, &) for ae. 2, € A and all £ € R3*2. We will prove that
W{E].}(ma,g) = Whom(Za, ) for a.e. T, € w and all £ € R3*2,

Remark 5.1.11. Lemma 3.2.2 implies that W{sj}(u; A) is unchanged if the approximating
sequences {u;} are constrained to match the lateral boundary condition of their target, i.e.

uj =uon 0A x I.

From now on, {¢;}; will denote a subsequence of {¢;} for which the I'(LP(A x I))-limit of
{We; (5 A)}jen exists and coincides with Wi, 1(+; A) for all A € A(w).

For each T' > 0 consider St a countable set of functions in C*°([0,T]? x [—1,1]; R3) that is
dense in

Wr ={p € WP((0,T)  x ;R®) : ¢$=0 on 9(0,T)% x I}.
Let L be the set of Lebesgue points 20 for all functions

W{aj}('vg)a Whom('7§) (5'12)

and

Lo o W(xaay37Tya7g+ va¢(Tya7y3)’V3¢(Tyaay3)) dye dys, (513)
Ix I

with T € N, ¢ € Sy and £ € Q3*2, and for which Wyom(2%; -) is well defined.
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To prove that W{Ej}(xa,g) = Whom(%a, &) for ae. 2, € w and all £ € R3*2 we first show
in Lemmas 5.1.12 and 5.1.13 below that both functions coincide on L x Q3*2 The general
case will only be treated at the end of that section using the Carathéodory property of both

integrands.

Fix £ € Q3*2 and set v(z) := £ - 4. By (5.11) and (5.12)

_ 1 _
Wiea(22,8) = lim—/ Wi (Ta; €) dzg
{5} (@ar €) . {3 (a3 €)

6—0 (52
Ty (0; Q' (2, 9))
= %12(1] 552 . (5.14)

Lemma 5.1.12. W{Ej}(xg,g) < Whom(22,€) for all 2% € L and all £ € Q3*2.
Proof. Given k € N, let T, € N and ¢ € Sy, with ¢ = 0 on 9(0,T;)? x I, be such that

- 1 1

Whom(xgvg) + E = Fkg /([)T Your W(xgv Ys, yaSE“‘ va¢k(y)’v3¢k(y>) dy'
LK) X

This is possible because of the continuity properties (A1) of W, the growth conditions
(A3) and the density of Sy, in Wr,. Extend ¢ periodically with period T} to R? x I. For
x € R?x 1, define uf(x) = E'$a+€j¢k(i—;‘, r3). Let & small enough so that Q'(22,9) € A(w).
For fixed k, uf — v in LP(Q'(22,8) x I;R?) as j — oo, hence, by (5.14)

_ 1 T 1
Wi 1 (22, 8) < liminf lim inf — W (o, 23, 22,V ’?‘—v k) g
{sj}(xa 5) I{SILI(I)I IJIEIOI; 252 Q'(29,8)x1 <:L‘a 3 €j au] Ej 3uj v

1 _
= lim inf lim inf — w <xa,:1:3, Lo € Vaok (x—"‘ x3> ‘ng)k (‘”—ax3>> de.
-0 j—oo 26 Q' (29,8)xI €5 gj €j

Define
1 p—
T (s o) = / W (s 23, Trtors € + Vbt (Tt 23)[Vabi (Togas 3))das,
-1

for z, € w and y, € R2.

The continuity of W with respect to y,, its measurability and periodicity properties, and
the fact that Ty, € N lead us to conclude that the function hy € LY(Q'(22,6); Cper(Q')) for
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fixed 6 > 0. Lemma 2.6.3 together with Fubini’s Theorem yields

lim W (%;963, 22 €4 Vadk <@,$3> ’V3¢k (96—&,963)) dx
J—00 JQ(29,6)x1 €j &j &j

= lim hy, (:z:a, &> dz,,
j—00 Q' (29,8) Tké‘j

= / / hk xauya dya dma
"(29,,6) /

:/ 05 Jo W (Za, 23, Titia; € + Vadr(TkYas 3) | V3or(TkYas 23))dya drs dzg.
'(x I'x T

Using (5.13) we have
Wie;3 (@ €)

<hm1nf—// o5 Jorn W(wa,$37Tkya,f+Va¢k(Tkya,$3)|V3¢k(Tkya,$3))dya dxzdz,

1 _
== W (22, 23, Teva; € + Vadr(ThYas 23)|Vaor (ThYa, 23))dya drs

2 Q'xI
< Whom(xgaz) +

Letting k£ — oo, we assert the claim.

Note that the same argument could be used to prove Lemma 2.5 in Babadjian and Francfort

11].

Lemma 5.1.13. W{gj}(xg,g) > Whom(22,€) for all 2% € L and all £ € Q3*2.

Proof. Let {v;} C WHP(Q'(29,8) x I;R?) be a recovery sequence for the I'-limit, i.e.

vj — 0 in LP(Q' (22, 0) x I; R?)

and

_ 1
Wie,3(v; Q' (2, 6)) = lim W (xa,xg, Ly Vavj‘—vzvj) dz.
@ (@4.9) € cj

Jj—00 J

According to the Decomposition Lemma result for a sequence of scaled gradients, The-

orem 2.2.17, there exists a subsequence of {¢;} (not relabelled) and a sequence {u;} C
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WLP(Q'(2%,8) x I;R3) such that, upon setting E; := {z € Q'(22,8) x I : u;(z) = v(z)},

then
uj — 0 in LP(Q'(2q, 0) x I;R?),

p
{’(Vauj‘sijv;guj)’ } is equi-integrable, (5.15)

lim £3([Q'(2Y,6) x I]\ E;) = 0.

j—00

Thus, in view of the p-growth condition (As) together with (5.15) and Remark 5.1.2 it
follows that

o = 1
W{gj}(v;Q’(xg,é)) > limsup/ W(xa,xg,a;—,g—l—vauj’_
E

Jj—oo j J €j

Vguj> dx

_ 1
= limsup/ 14 (%“1153, x—aaf + Va“j‘_vfiuj) dx
Q' (@0,8)x 1 € &

Jj—00 J

- 1
- Iimsup/ w <xa,az3, x—,f + Vauj)—v;guj) dx
Q' (22,,0) x I\ E; € €

Jj—00 J

- 1

> limsup/ w (xa,xg, x—a,f + Van‘—v;ng) dx.

j—oo JQ(al.6)xT € &

For any h € N, we split Q'(2%,6) into h? disjoints cubes Q;, of side length d/h so that
2

Q'(5,6) = Ui, @, and

h2
o = 1
W{Ej}(v; Q’(m%ﬁ)) > lim sup lim sup E / w (xa,xg, i—,§+ VOCUjlg—Vgu]‘) dx.
Q; px1 J

h—oo  j—o00 i—1 J

(5.16)

For every n > 0 and A > 0, let K, C Q and WA be given by Lemma B.1 below (with
N=d=3, m=2and f =W). Then

L3O\ K,) <. (5.17)
On the other hand, define
— 1
R? = {x €Q(x2,0) x I ‘(5 + VQUj(.%')’;Vgu]'(.I‘))‘ < )\} .
J

Chebyshev’s inequality implies that there exists a constant C' > 0 — which does not depend
on j or A — such that

L3([Q' (0, 8) x 1]\ R}) (5.18)

<ﬁ.
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Since W and W coincide on K, x R? x B(0,\), we get in view of (5.16)

Wiy (0;Q' (2, 6)) =
h2

lim sup

/ Vguj> dx.
Amhg 57 /@), xIINRINKy, j

A Ta = 1
Wn xaa$37_7§+vauj‘_
€5 €j

By virtue of inequality (0.1) below (Appendix) and (5.17),
Z/ WA <xmx3, ,§—i— Vau]‘ V3Uj> dr < ﬂ(l + )\p)n — 0,
((Q} , xIINRI\ Ky €j €j n—0

uniformly in (7, h), so that

Wie,3 (v Q' (20, 6)) =
h2

lim supZ/ WA (xa, r3, ==, €+ Vauj‘ V3Uj> dx.
)\7777h7J =1 [Q/ hXI}ﬂRA 6_]

Fix yo € Q'. Since W™(-,5,; -) is continuous, it is uniformly continuous on Q x B(0, \),

and we define the modulus of continuity wy  : @' x R — RT by

Wy A (Yar t) = sup WM, yai &) = WA yas )] ¢ [(25€) — (25 €)| <t}
(2,6), (2/,£)€Qx B(0,))
Then
wy (-, t) is lower semicontinuous for all t € RY,
wy A(Ya, +) is continuous and increasing for all y, € @',
| Wy A (Ya,0) =0 for all y, € Q',
and

(W72 (@, i )= W (2, i )] < wya (Y o —a'[+|E=¢']) for all (2,), (2',¢) € DxB(0, ).
(5.19)

The first property is a consequence of the fact that the supremum of continuous functions is
lower semicontinuous, while the other ones are classical properties of moduli of continuity.
For all t € RT, we extend wy, (-, ) to R? by @"-periodicity. Since W(z, -;£) is Q'-periodic,
inequality (5.19) holds for all y, € R% Consequently, for every (zq,x3) € [Q}, x I] N RJA-
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/ /
and every x}, € inh,

o 1
‘Wn’)\ (wou 3, x_7 §+ vauj (.%'a, .%‘3) ) —Vgu]‘ (mo" x?’))
€j €5

To — 1
_Wm)\ (.’E;, x37 6_0475 + vauj(xav $3)‘;v3uj(xa7 .%'3)) ‘
J J

To To V26
S W <_7|$a_$g¢> Swpa | ——— | -
Ej Ej h

We get, after integration in (24,23, 2,) and summation,

Y IRY]
i=1 62 ih R}N[Q] , <]

1

Ty — 1
WA <fva7$37 f;€+ Vauj(ﬂfa,m)’;V:auj(%, 963))
J J

To = 1
_W"h)‘ <x/o¢7 €3, £7 g + vauj (.’Ea, $3) ‘ €—V3U] (.%'a, .%'3))
J J

dw} dz!,

Riemann-Lebesgue’s Lemma applied to the Q'-periodic function wy x(-, V26 /1) yields,

a V2 2
lim 2/ Wy, A x—, ﬁ dzre = 252/ wp | Za, ﬁ dxy,
J—00 Q’(w‘&ﬁ) 6]' h ’ h

and by Levi’s Monotone Convergence Theorem

lim 252/ WnoA (xa, @> dz,, = 0.

h—o0 h

Hence

Wiy (13 Q' (w0, 8)) =

h2
. h? A1 Ta & 1 /
lim sup E 5_2/, h{/{@{ wn (xa’ng, ;;f—i- Vauj(Ta,z3) ;nguj(xa,xg)) dac} dzx,,.

Amhid 521 WxIINR} J

We define the following sets which depend on all parameters (1, A, i, h,n)
T:= {(l’:l,iﬁa,l'g) S in,h X Q;,h x1I: (xixvx?)) € KT] and ($a7$3) € R;\}v

Ty = {(xiyal‘aalﬁ) € Q;h X Q;yh xI: (:L’la,l'g) € Kﬁ and (1:04’$3) € R]A}’

([ T2 = {(20: a,23) € Q) X Qi X I 1 (Ta,73) & R?},
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and note that Q, x Q,, x I = TUT; UTs. Since W(-,ya; -) and WP(-,ya; ) coincide
on K, x B(0,)), we have

Wie,y (0 Q' (20, 6))

h2
h2
= limsup _/ W”]A <ZL‘a,$3, 7£+ vau] (:L'a,l'3)‘ VgU](ZL‘a,.’L'g)) dx diIZ‘

)‘7777}7/7] ’L 1 .7

2
_1 - l h2 / La & 1 d d /!
= limsup ) =5 w %,xsn;,f+Vauj(%,%?))‘;vsuj(%,xz) T AT

An,h,g i—1 T J J

(5.20)

We will prove that the corresponding integrals over 17 and T» are zero. Indeed, in view of

(5.17) and the p-growth condition (Ajz),

h h? To — 1
E _2/ Wz, 23, —, & + Vauj(za, 23)| — Vsuj(za, z3) | dvdal,
— d T Ej €j

h2
< = L2HQi ) L2(1Q1 g, x 1]\ Ky) B(1+ NP)
=1
< B+ )y —0 (5.21)

uniformly in (7, The bound from above in (As), the equi-integrability of the sequence

{‘( au]‘ Vgu ‘ }and (5.18) imply that

))
h?
Z / <fL‘a,CC3, - 7§+ vau](xavx?) ‘—V3U]($a, 1,'3)) dx d(E

e 1
< ) 52(622 h) ﬂ/ (1 + ‘ (Van‘—V3Uj>
<0 Q) x I\R> €j

1
(@ (22.8)x I\R) £j

uniformly in (,n, k). Thus, in view of (5.20), (5.21), (5.22), Fatou’s Lemma yields

P
>dm

p) de —— 0, (5.22)

A—00

Wi,y (03 Q' (2, 6))
h2
2limsuplimsupz 52/ / <:ca,5637 ,f—{—vauj To, T3 ‘—Vgu](xa,x3)>dazdaz
/ /hXI y

h—o0 j—00 j

h2
. h? . To = 1
>limsup E = lim inf Wz, 23, ==, &+ Vauj(za, .Tg)’—Vgu]‘(JIa, x3) |dx dxl,.
— § ;o j—00 / € €
h—oco =7 - Q) <1 j J
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Fix 2, € Q) ), such that Wyom (7}, &) is well defined and set Z(x;&) := W(zl, ¥3, Ta; €). Tt
is easy to check that Z is a Carathéodory integrand. Hence, applying (3.10), we get since
uj — 0 in LP(Q'(zq,0) x I;R?),

2
25—27(5) < liminf Z (x—a,xg,Z—i—Vauj(a;)‘lV;;uj(x)) dx,
h 7700 JQia9.s)xI  \Ej 2
where
Z(€) := inf Z(x,€& + Vad(x)|V3p(x)) de :
® = i [ 2@E Ves@ITsot@)

6 e WP((0,T)2 x I;R%), ¢ =0o0nd0,T)?x I}.

In view of the previous formula together with (5.3) and Remark 5.1.6, we have that Z () =
Whom (7, €). Then

_ 1 262
hm lnf/ w <J;Z)n zs3, i_ﬂé’ { + Vauj(xou l’g)‘-Vng(-ﬁUa, $3)> dx Z =5 Whom(x:x7 6)7
QX j '

J—00 6] h2
and so
/0.0 i h2 252 ! F / ! /
Weea(v; Q' (zy,0)) = limsup —/ — Whom (x4, §)dxy, = 2/ Whom (2, &)dzx,,.
e h—oo = 0% Jqy, 2 Q' (29.9)

Dividing both sides of the previous inequality by §% and passing to the limit when § | 0, we
obtain by (5.12) and (5.14)

W{ej}(xg, E) 2 Whom (a;g, g)

Proposition 5.1.14. W{Ej}(:ca,g) = Whom(Za, &) a.e. T4 € w and all £ € R3%2,

Proof. Let E be the intersection of the set L with the subset of points z¥ € w where
W{aj}(xg; -) and Whem(22; -) are continuous (see Lemma 5.1.9). Then £2(w \ E) = 0 and
in view of Lemma 5.1.12 and 5.1.13, we have that for all 20 € E and for all £ € Q3*2,
W{aj}(acg,Z) = Whom(22,€). Since W{aj}(l’g; -) and Whom(2%; ) are continuous for all

20 € E, the equality W{gj}(xg,f) = Whom (22, €) holds true for 22 € E and all £ € R3%2
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Corollary 5.1.15. I'(LP(A x I))- HmW.(-;A) = Whom(-;A) for all A € A(w), where
Whom(+; A) is the functional defined in (5.9).
Proof. From Proposition 5.1.14 we can conclude that Wi (+; A) is well defined and
I'(LP(A x I))- HmW, (- A) = Whom( -3 4)
J
for all A € A(w) (see Remark 5.1.10). Since this limit does not depend upon the ex-

tracted subsequence, in view of Remark 2.5.9, the whole sequence {W.(-; A)}c I'(LP(AxI))-
converges t0 Whom(-; A) for each A € A(w).

The proof of Theorem 5.1.1 is a consequence of Corollary 5.1.15 taking A = w.

5.2 When heterogeneities are allowed also in the transverse

direction

Following the lines of the previous section and those of Babadjian and Francfort [11] we
assume that

(A1) W(x, -, -; -) is continuous for a.e. z € €;

(Ag) W (-, -, ;&) is £2® L2 ® L2-measurable for all £ € R3*3;

Yo = WL, Y, Y3, 2a; €) is Q'-periodic for all (z4,y3,€) € R3 x R3*3 and a.e. z € Q,
(As)
(Zay ¥3) = W(Z, Yo, U3, 20 &) is Q -periodic for all (yq,&) € R?2 x R3*3 and a.e. x € .

(A4) there exists 5 > 0 such that

1
E|§]p—ﬂ < W(2,y, 20;€) < BA+|EIP)  for all (y, 24, €) € REXR*xR3**3 and a.e x € Q.

We prove the following theorem.

Theorem 5.2.1. Let W : Q x R x R2 x R3*3 — R be a function satisfying (A1)-(A4). For
each € > 0, consider the functional W : LP(Q; R3) — R defined by

Wz, E, x_a; Vau(z) 1Vgu(ac) dr if u € WhHP(Q; R3),
Q g’ g2 €
We(u) == (5.23)

00 otherwise.
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Then the T'(LP(S2))-limit of the family {W;}. is given by the functional

2 / Whom (ZTa; Vau(ra)) dze if u € WHP(w; R3),
Whom (u) := “ (5.24)

o0 otherwise,

where Wem is defined, for all € € R3*? and a.e. x4 € w, by

— = .. 1 =
Whorn(xoug) = Tlgréo lgf {ﬁ /(0,T)2><I Wh0m<waay37ya7§ + Vatb(y)Ingﬁ(y)) dy .
6 € WIP((0,T)2 x I;R%), ¢ =0 on 8(0,T)? x 1} (5.25)
and
.. 1
Whom(ajvyomg) = Th—I»noo H(zl)f {ﬁ (0,T)3 W(.T, Yoy 235 Zas 5 + V(b(z)) dz :

o WP (0,T5R) ), (5.26)
for a.e x € Q and all (ya,&) € R? x R3X3,

Remark 5.2.2. As before, the limits as 7' — oo in (5.25) and (5.26) can be replaced by an

infimum taken over T > 0.

Let us formally justify the periodicity assumptions (Ag): Since the volume of Q. is of order
e and €2 < ¢, in a first step, we can think of € as being a fixed parameter and let &2
tend to zero. At this point dimension reduction is not occurring and (5.23) can be seen
as a single one-scale homogenization problem as in (4.1), in which it is natural to assume
(Zas y3) — W(Z, Yo, Y3, 2a; &) to be @Q-periodic. The homogenization formula for this case
gives us an homogenized stored energy density Wyom(x,yq;€) that, in a second step, is
used as the integrand of a problem similar to the one treated in Section 5.1. In particular,
the required Q- periodicity of Wyom(z,-;€) can be obtained from the @'-periodicity of
Yo = W@, Ya, Y3, 205 §)-

We would also like to remark the difference between assumptions (Hz) in Section 4.2
and (Ag): In the 3D-2D case, if we assume only W (-, y, z4;€) to be L£3-measurable for
all (y,24,€) € R3 x R? x R3*3, then the functional (5.23) is well defined (at least for
u € WHP(Q;R3)) but this would not be the case for the integrals in (5.25) and (5.26)

because their integrands would be only separately measurable.
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We will first study the case where W does not depend on the macroscopic variable 2 (The-
orem 5.2.4). We observe that the proof of Theorem 5.2.4 is very close to its N-dimensional
analogue Theorem 4.2.2; the main difference being the use of the Scaled Gradients Decom-
position Lemma, Lemma 2.2.17, in place of Lemma 2.2.16. As before (compare Theorems
4.1.1 and 5.1.1), Theorem 5.2.1 and Theorem 4.2.1 cannot be treated similarly. We will
need an argument along the lines of what is done in Section 5.1 where we had to consider a
suitable continuous extension of W; in this case we will use a corollary of the Scorza-Dragoni

Theorem and Tietze Extension Theorem (see Lemma B.3 in the Appendix).

We organize this section as follows. In Subsection 5.2.1 we discuss the main properties of
Whom and Whom. Then, in Subsection 5.2.2 we address the case where W is independent
of the macroscopic in-plane variable z, (Theorem 5.2.4). Finally, Theorem 5.2.1 is proved

in Subsection 5.2.3.

Remark 5.2.3. As before, without loss of generality we assume that W is non negative upon

replacing W by W + 3 which is non negative in view of (Ay).

5.2.1 Properties of the homogenized density

As in Section 4.2.1 we can see that the function Wy, given in (5.26) is well defined and is

(equivalent to) a Carathéodory function:

Whom(+, -3 &) is £3 ® L£2-measurable for all £ € R3*3, (5.27)
Whom (2, Ya; -) is continuous for £3 ® L%-a.e (z,y,) € Q x R?. (5.28)

By condition (Ag) it follows that

Whom(, -3 €) is Q'-periodic for a.e. z € Q and all £ € R?*3. (5.29)

Moreover, Whom is quasiconvex in the £ variable and satisfies the same p-growth and p-

coercivity condition as W':

1
Blﬁlp—ﬁ < Whom (2,93 €) < BA+[EP)  for ae. 2 € Q and all (o, €) € R? xR, (5.30)

where 3 is the constant in (A4). Just as before, (5.27), (5.28) and (5.30) imply that the
function Whem given in (5.25) is also well defined, and is (equivalent to) a Carathéodory

function, which implies that the definition of Wy makes sense on WHP(Q;R3). Finally,
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Whom is also quasiconvex in the £ variable and satisfies the same p-growth and p-coercivity

condition as W and Wyom:

%‘E|p — B < Whom(2a; &) < B(1+ [€P)  for a.e. 2, € w and all £ € R3*2, (5.31)

where, as before, 3 is the constant in (Ay).

5.2.2 Main result when the integrands do not depend on the

macroscopic variable

In this section, we assume that W does not depend explicitly on z,, namely W : I x R3 x
R? x R3*3 — [0,00). For each ¢ > 0, consider the functional W. : LP(£;R3) — [0, o0]
defined by

a 1 .
/ w <x3, g, 3;— Vau(x)‘gV;;u(x)) dr if ue WP(Q;R3),
Q
We(u) == (5.32)

00 otherwise.

Our objective is to prove the following result.

Theorem 5.2.4. Under assumptions (A1)-(A4) the T'(LP(Q))-limit of the family {We}e is
given by
2/ Whom(Vau(za)) dre  if u € WHP(w; R3),
Whom (1) = “

o0 otherwise,

where Wem is defined, for all € € R3*2, by
- _ 1 _
m = i inf { — om (Y3, Yas; ey :
W@ = Jim inf {57 [ W (9058 + Va0 V0(0))

6 € WH((0,T)? x I;R?) and 6 =0 on 0(0,T)? x I} (5.33)
and

. 1
Whom(y?nya;f) = Th—rfololgf{ﬁ/(ojw)s W(y3ayaaz3aza§£+v¢(z)) dz :

bc W&’p((O,T)3;R3)}, (5.34)

for all (y,€) € R3 x R3*3,
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Since the proofs are very similar to those of Section 4.2.2, we just sketch them highlighting

the main differences.

STEP 1. Localization and existence of I'-convergent subsequences.

For the same reason than in the proof of Theorem 4.2.2 in Section 4.2.2, we localize the
functionals given in (5.32) on the class of bounded open subsets of R?, denoted by Ag(w).
For each ¢ > 0, consider W, : LP(R? x I;R3) x Ag(w) — [0, 00] defined by

a 1 :
/ w (:t:3, E, Lo, Vau(a:)‘—V;gu(:c)) dr if ue WHP(A x I;R3),
AxI e’ € €

00 otherwise.

(5.35)
Given {e,}, | 0 and A € Ay(R?), consider the I'-lower limit of {W., (-;A)}, for the
LP(A x I;R3)-topology, defined for u € LP(R? x I;R?), by

Wiy (u; A) i= {iif} {hnrriigf We, (up; A) i up — win LP(A X I R3)} .

In view of the p-coercivity condition (Ay), for each A € Ag(R?) it follows that Wiey (w5 A)
is infinite whenever u € LP(R? x I;R3) \ WHP(A;R3), so it suffices to study the case
where u € WHP(A;R3). Arguing exactly as in Section 5.1, we can prove the existence of a
subsequence {&,, }; = {&;}; such that Wy ;(-; A) is the ['(LP (A x I)-limit of {W, (-; 4) }nen
for each A € Ap(R?).

Our next ojective is to show that for every A € Ag(R?) and every u € W1P(A;R?), then
Wiy (us A) = Whom (u; A), where Whom ¢ LP(R? x I;R3) x Ag(R?) — [0, 00] is given by

2/ Whom (Vau(za)) dry if u € WHP(A;R3),
A
Whom(u; A) =

00 otherwise.

STEP 2. Integral representation of the I'-limit.

Following the proof of Lemma 3.2.2, it is possible to show that for each A € Ay(R?) and
all u € WHP(A;R3), the restriction of Wi,y (u;-) to A(A) is a Radon measure, absolutely
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continuous with respect to the two-dimensional Lebesgue measure. But as before, one has
to ensure that the integral representation given by Theorem 2.4.1 is independent of the
open set A € Ag(R?). The following result, prevents this dependence from holding since it

leads to an homogeneous integrand, as will be seen in Lemma 5.2.6 below.

Lemma 5.2.5. For all £ € R3*2 ¥ and 20 € R?, and § > 0

Wi (€+5Q (Y, 8)) = Wi,y (€5 Q' (20, 0)).
Proof. 1t is obviously enough to show that
W{EJ}(E ) Ql(y(o)u 5)) > W{EJ}(E ) Ql(zgﬂ 6))

According to Theorem 2.2.17 and Lemma 3.2.2 there exists a sequence {u;} C WP(Q'(y2, §)x
I;R3) such that {}(Vauﬂginguj)‘p} is equi-integrable, u; = 0 on 9Q'(y2,6) x I, u; — 0
in LP(Q'(y2,8) x I;R?) and

z 17,0 . r To = 1

Wie 3 (5 Q (Ya,0)) = lim Wzs,—,—=;&+ Vauj(x))—Vg;uj(a:) dx.
170 (y3.6)x1 g <
We argue exactly as in the proof of Lemma 4.2.4 with 32 and 20 in place of yg and zy. For
all j € N, extend u; by zero to the whole R? x I and set vj(z4,z3) = u;(Tq + zq , x3) for
(Ta,3) € Q'(20,06) x I, where 2 := me,ej — e5lc,. Then {v;} C W'P(Q'(20,6) x I;R?),
v; — 01in LP(Q'(2%,6) x I;R?), the sequence {‘(Vavj‘%vgvj) !p} is equi-integrable and
J

Wiy (&5Q' (32, 6))

- 1
= limsup/ W| xs, Ta gjle;, @, x—awf + Vavj(x))—Vy)vj(x) dx,(5.36)
Q'(28,0)x1 €j

. . . 27
j—oo €j €5 &

where we have used the p-growth condition (A4) and the fact that £2(Q'(22,6) \ Q' (y2 —
ze,0)) — 0. To eliminate the term gjle; in (5.36), we would like to apply a uniform
continuity argument. Since for a.e. z3 € I the function W (xs,-,-;-) is continuous on
R3 x R? x R3*3, then (As3) implies that it is uniformly continuous on R3 x R? x B(0, \) for
any A > 0. We define

R = {a: € Q(:,6)x1: 1(E+ vamx)\gvgvj(x))‘ < A} |
J
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and we note that by Chebyshev’s inequality

£3(Q(20.0) x 1|\ R)) < O/, (5.37)

for some constant C' > 0 independent of A or j. Thus, in view of (5.36) and the fact that

W is nonnegative,

Wi (&5Q' (12, 6))

- 1
> limsuplimsup/ W | 3, Lo _ gjle;, ﬁ, a:_g;§+ Vavj(:c)‘—viwj(x) dx.
A—oo  j—oo JR) €j €j & &j
Denoting by wy(x3,) : [0,00) — [0,00) the modulus of continuity of W (x3,-,-;-) on R? x

R? x B(0,)), we can check that for a.e. x3 € I, the function t — wy(z3,t) is continuous,
increasing and satisfies wy(z3,0) = 0 while, for all ¢ € [0, 00), the function z3 — wy(x3,t) is

measurable (as the supremum of measurable functions). We get, for any z € R?

T To = 1
‘W (.%'3, 5—]" E_]2’§+ vﬂvj(w)lgviﬂjj(x))

€T3 Ty

Lo
-W 3337_‘_5]'[6]'7_‘_2;
8] 5] €j

- 1

£+ Vavj(fv)’;V:zUj(x)) '
J

< wa(ws, gjle;)-

The properties of wy, Levi’s Monotone Convergence Theorem and (5.36) yield

_ " - 1
W{sj}(é;Q’(ygﬁ)) > limsup lim sup / w xg,i,x—2;§+vavj(x)‘fV3vj(x) dx
A—o0  j—oo R} €5 &5 €j
1
_(52/ w)\(xg,ajlaj)dxg}
~1
= liminf/ W x3,£,x—g;g+Vavj(m)‘iv;),vj(x) dx
J—0o0 Q’(zg,ci)xl 8]' €j €j
Z W{EJ}(E ;Ql(zgﬂ 6))7

where we have used the equi-integrability of {!(Vavj|€ijV3vj) ‘p }, the p-growth condition
(Ay), (5.37) and the fact that v; — 0 in LP(Q'(29,0) x I;R3). [ |

As a consequence of this lemma, and adapting the argument used in the proof of Lemma

4.2.5, we deduce the following integral representation result.
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Lemma 5.2.6. There exists a continuous function Wiyt R3*2 — [0, 00) such that for all
A€ Ap(R?) and all u € WHP(A;R3),

Wiy (u; A) = QAW{Ej}(Vau(xa))dxa.

STEP 3. Characterization of the I'-limit.

In view of Lemma 5.2.6, we only need to prove that Wom(€) = W{Ej}(z) for all £ € R3*2,

and thus it suffices to work with affine functions instead of with general Sobolev functions.

We state, without proof, a result equivalent to Proposition 4.2.6 for the dimension reduction

case.

Proposition 5.2.7. Given M > 0, n > 0, and ¢ : [0,00) — [0,00] a continuous and
increasing function satisfying o(t)/t — oo as t — oo, there exists eg = eo(M,n) > 0 such

that for every 0 < e < g, every a € R? and every u € WP((a + Q') x I;R3) with
| elivaryds <o, (5.39)
(a+Q’)
there exists v € Wol’p((a + Q") x I;R?) with 11| Lo (a0 x 1;r3) < 1 satisfying
I3 Tq
/ W(xg,:va,—, ;Vu )d:v / Whom (%3, xo; Vu + Vo) dx — n
(a+Q") € ¢ (a+Q")xI
Lemma 5.2.8. For all £ € R3*2, Wyom(€) < Wien (6).

Proof. From Lemma 5.2.6, Theorem 2.2.17 and Lemma 3.2.2 we may find a sequence
{w;} € WHP(Q" x I;R3) such that {’(Vawj‘aijV;gwj)‘p}j is equi-integrable, w; = 0 on
0Q" x I, wj — 0in LP(Q' x I;R3) and
— . r Ty — 1
2W. 5 (§) = lim W a3, o 67;5 + Vawj(a:)‘gv;),wj(x) dzx.
Q'xI J < J

J—00

Thus, from De La Vallée Poussin criterion (Proposition 2.2.10) there exists an increasing

continuous function ¢ : [0,00) — [0, co] satisfying ¢(t)/t — oo as t — oo and such that

1 p
sup/ %) <’ <Vawj‘—V3wj> ) dr <1
JEN JQ'xI gj

Changing variables yields

1 r3 I3 =
W{EJ}(é) ]lllgﬁ/( )ZX[W (-T?nxous_j 62,€+v Z]( )|V3Z](SU)> du
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and
1
s [ (VP <1,
jen T5 Jo1y)2x1
where we set Tj := 1/¢; and zj(x) := Tjw;(xo/T}, z3). Note that z; € WHP((0,T;)? x I; R?)
and z; = 0 on 9(0,T})* x I. For all j € N, define I; := {1,--- ,[[T}]]*} and for any i € I;,
take ag € 72 such that
U@l + @) c (0,1
’iEIj

Moreover, for all M > 0, let

IJM = {ielj:/_ <p(|sz|p)d$<M}.
(al+Q")xI

Applying Proposition 5.2.7, we get for any n > 0 and any ¢ € [ JM the existence of vg M

Wo((a] + Q') x I;R?) with [ ]|, ) <7 and

aZ+Q’)><I;R3

/ _ w (azg,wa, @, E;E%— Vazjvi;zj) dx
(al+Q")xI €5 &j

1 _ . .
> ﬁ /( ; : Whom (xg, o€+ VaZj + Va’l)lj-’M’n|V3Zj + V3U§’M’n) dx —n.
7 a; +Q")x1I

Hence,

20w s 1 _ .
W{Ej}(f)%lmsupﬁ ) / , Whom (23, Za; (€]0) + V1) da (5.39)
J

where ¢?M1 € WP ((0;T;)? x I;R?) is defined b
J ) Y

zj(x) —|—vf’M’"(x) if x € (a‘g +Q)xTandie€ IJM,
o (@) =

zj(x) otherwise

and satisfies ¢*™7 = 0 on 9(0,7})? x I. In view of the definition of ¢, the p-growth
condition (5.30) and the equi-integrability of {‘(Vawj‘aijv;gwj) ‘p}, arguing exactly as in

Lemma 4.2.7, we get

— 1
Wiea(é) = limsup —5 /
{5]}( ) M,T],j 2T72 (OyTj)QXI

> Whorn (E) .

Whom (73, Ta; € + Vad? M| V¢! M) da
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Let us now prove the opposite inequality.

Lemma 5.2.9. For all £ € R3*2, Wyom(€) > W{aj}(g)-

Proof. 1In view of (5.33), for § > 0 fixed take Ts =T € N, with Ts — oo as  — 0, and let
b5 =¢ € WIP((0,T)? x I;R3) be such that ¢ =0 on 9(0,7)? x I and
1

Whom(g) +0> W /(0,T)2><I Whom(x3a Lo Z + Va¢(x)|va¢($)) dzx. (5'4())

From Theorem 4.1.1, Theorem 2.5.13 and the Decomposition Lemma 2.2.16 there exists
{¢;} € WoP((0,T)% x I;R3) such that {|V¢;[P} is equi-integrable, ¢; — ¢ in LP((0,T)2 x
I;R3) and

/ Whom (23, Ta; & + Vad(2)|V3o(x)) da
(0,T)2x1

= lim w <$3,$a, E, E;Z—l— Vad; (:U)|V3gb](aj)> dz. (5.41)
3= J(0,1)2x 1 € &

Fix j € N such that e; < 1. For all i € Z? let ag € &;2°N[i(T+1),e)? (uniquely defined).

Set
¢j(ra —al,x3) ifx €@ (al,T)x I and i€ Z?

¢j(x) =
0 otherwise,
then ¢; € WIP(R2 x I;R?). Let I; := {i € Z2 : (0,T/e;)> N Q'(al, T) # 0}. If opj(x) :=
£j¢;(Ta/ej, 3) then 1h; — 0 in LP((0,T)? x I;R3), as j — oo. Consequently, the p-growth
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condition (A4) implies that
Wie,3(€5(0,T)?)

o 1
ghminf/ W (@, =, 228 + Vauy( )‘fvgqu(x) da
(0,7)2xI €5 €5 £;

J—00 J

hmmf&‘ Z/ 1 Ty ($37$a, §37 $aa§ + Va(ﬁj( )VS&]'('%')) dx

—00
J i€l J

+20(1+ €L | (o, —) VU Qe

i€l
_hjnigfg?;:/ow IW(xg,xa—Fa —i(T + 1), “:—j’ @ &+ Vadj(x )yv3¢j(x)> da
s T \2
p |
+2B(1 + |EP)T (1 <T+1> ) (5.42)

where we have used (A3), the fact that T € N and af/sj € Z2?. We now use the same

uniform continuity argument than in the proof of Lemmas 5.2.5 and 4.2.8. We get

2
Wiy (€) < Whom(€) + 8+ 268(1 + [€17) (1 - ( TLH ) ) |

The result follows by letting § tend to zero. |

Proof of Theorem 5.2.4. From Lemma 5.2.8 and Lemma 5.2.9, we conclude that Wi, (€) =
W{aj}(g) for all £ € R3%2, As a consequence, Wiy (us A) = Whom (u; A) for all A € Ap(R?)
and all u € WHP(A;R3). Since the I'-limit does not depend upon the extracted subse-
quence, Proposition 2.5.8 implies that the whole sequence We(-; A) I'(LP(A x I))-converges
t0 Whom (-5 A4). [

5.2.3 The general case

Our aim here is to study the case where the function W depends also on the in-plane

variable.

STEP 1. Localization of the functionals.
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As in Subsection 4.2.3, to prove Theorem 5.2.1 it is convenient to localize the functionals
W: in (5.23) on the class of all bounded open subsets of w, denoted by A(w). For each
e > 0 we consider the family of functionals W. : LP(Q; R?) x A(w) — [0, oo] defined by

a 1 .
/ w <x, f, :1:_2; Vau(x)‘—V;»,u(x)) dr ifu e WYP(A x I;R3),
AxI e’ € €

We(u; A) :=

00 otherwise.

(5.43)
Given €, | 0 and A € A(w) we define the I'-lower limit of {W,, (-; A)},, with respect to the
LP(A x I;R3)-topology by

Wiy (u; A) := inf

{fun}

{liminf Wi, (tun; A) : un — uin LP(A x I;R3)}

n—oo

for all u € LP(Q;R3). Our main objective is to show that

W{an} = Whom (5.44)

where Whom : LP(;R3) x A(w) — [0, 00] is given by
2/ Whom(Za; Vau(ry)) drs if u € WIP(A;R3),
A
Whom(u; A) =

00 otherwise.

The conclusion of Theorem 5.2.1 would follow taking A = w.

By hypotheses (Ay) it follows that W, y(u; A) = oo for each A € A(w) whenever u €
LP(;R3) \ WHP(A;R3).

As a consequence of Theorem 3.2.1, given €, | 0 there exists a subsequence {e,,}; = {¢;};
for which the functional Wy y(-;A) is the I'(LP(A x I))-limit of {W,,(-;A)}; for each
A € A(w). Moreover given u € W1P(A;R3)

Wiey(u; A) = Q/AW{E].}(aza;Va(a:a))dxa,

for some Carathéodory function Wy, 1 : w X R3%2 _ R.

Accordingly, to prove equality (5.44) it suffices to show that W{Ej}(xa;z) = Whom(7a;§)

for a.e. £, € w and all £ € R3%2,
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STEP 2. Characterization of the I'-limit.

For each T > 0 consider Sy a countable set of functions in C*°([0,T)? x [~1, 1]; R3) that is
dense in

{6 € W'((0,T)> x ;R*): ¢ =0 on 9(0,T)* x I}.
Let L be the set of Lebesgue points 20 for all functions
W{q}('?%% Whom(';g)

and

To Whom (Zas Y3, Yai € + Vad(y)|[Vad(y)) dy,
(0,7)2xI

with T € N, ¢ € St and £ € Q3*2, and for which Wyem(22; -) is well defined. Note that
L2(w\ L) =0.

We start by proving the following inequality.

Lemma 5.2.10. For all 2% € L and all £ € Q**?, we have W{sj}(l‘g;g) > Whom(29;€).

Proof. Let § > 0 small enough so that Q’(z2,9) € A(w). By Theorem 2.2.17 we can find
a sequence {u;}; C WHP(Q' (22, 6) x I; R3) with uj; — 0 in LP(Q'(29,§) x I;R3), such that

the sequence of scaled gradients {(Vauj\eijvz;uj)} is p-equi-integrable and

V(EQ (22,6 :2/ V(2 &) dag
W{EJ}(é- ;Q(74,0)) 0'(a0.5) W{E;}(x ;€) d

:zxa

1
= lim Wz, —, =&+ Vau,(z )‘—Vguj(a:) dx.
J—0 Q’(xg,ﬁ) €J 8] €j

Given m € N let C,, and W"" be given by Lemma B.3. Then, since W > 0 and W = W™

on Cp x R3 x R? x R3*3, we get

3 = 1
Wiey (€5 Q' (27, 0)) > limsuplimsup/ w2 To gy vauj(x)‘—V;;uj(x) .
[Q'(%9,8) x IINCy £ €5 e

m—oo  j—00

By the p-growth condition (0.5), the equi-integrability of {‘(VaujleijV?)uj) ‘p} and relation
(0.4), we obtain

r To =
/ ( L 208+ Vau(e >]—v3uj<x>> dr
Q" (.8)x1\Cm i &

< ﬁ ( ' (g + vauj(x)\gijvguj(x)>

P
)iz 0,
Q" (28,0) X I\Crm,

m—00
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uniformly with respect to 7 € N. Then, we get

_ — 1
Wiey (& Q' (22,6)) > limsuplimsup/ wm |z, E, —3&+ Vauj(a:)’—V;J,Uj(x) dx.
Q' (@.9) € & €j

m—oo  j—00

For any h € N, we split Q'(22,9) into h? disjoint cubes Q; ), of side length d/h so that

h2
:UQ;,h
i=1
and
= 1.0 . T o 1
Wie(E5Q(,6) > hm:upz W S Ve 7)| = Vauy(a) | da
) =1 i,h % i €5 J

— 1
> hmsupZ/ wm x,z,x—g;f—i—vauj(x)’—V;;uj(x) dx
L xIINR) €5 & i

77]11

where, given A > 0, we define
— 1
Rj‘ = {x €Q'(22,0) x1I: ’(f + Vauj(x)‘g—jV3uj(x))' < )\} :

Since W™ is continuous and separately periodic it is in particular uniformly continuous on
Q x R3 x R? x B(0,\). With similar arguments to that used in the proof of Lemma 5.1.13
(with W™ in place of W™?*), we obtain

Wie,3 (€5 Q' (20, 6))

. = 1
> limsup lim sup — 5 Z/ / , <m'a,:v3, ;, i—Q;ﬁ + Vauj(:x)‘;Vg;uj(x)) dzx dx),
; X 7 J

h—o00 j—00 ih J

o = 1
>lim sup h—2 / lim 1nf/ Wz, x3, i, :17_2; &+ Vauj(x)‘fvguj (x)|dz dzl,, (5.45)
0% = o € € £j

where we have used Fatou’s Lemma. We now fix z;, € @;, such that Whom (2L, 23,9, 2a; &)

is well defined. Then by Theorem 5.2.4 we get that

a7 1 - -
liminf/ W | 2, x3, E, :E—Q; €+ Vauj(m)‘—vguj(x) dz > 25 Whem(7,; §). (5.46)
Q) xI Ej €j €5 h

J—00
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Gathering (5.45) and (5.46), it turns out that

/ W{Ej}(xa;g) dre > / Whom(x;;g) da:/a.
Q' (9,6) Q' (9,,0)

As a consequence the claim follows by the choice of 2, after dividing the previous inequality
by 6% and letting § — 0. |

We now prove the converse inequality.
Lemma 5.2.11. For all £ € Q**2 and all 2° € L, W{gj}(acg;z) < Whom (a3 ).
Proof. For every m € N, consider the set C,, and the function W™ given by Lemma B.3,

and define (W™), and (W™), .. as (5.25) and (5.26), with W™ in place of W. For fixed

n >0 and any m € N let K" be a compact subset of w given by Scorza-Dragoni’s Theorem

hom hom

with £2(w \ K)') < n and such that (Wm), @ K" x R3*2 — R is continuous .

Step 1. There exists a subsequence {my} ' oo such that

2lim inf (Wme),  (24;€)dreg > 2 / Wiy (%0, €) dza.  (5.47)
koo Jqr(ad.9) Q@0
To show this inequality we follow an argument similar to that of Lemma 4.2.11. We first

decompose Q'(zY,6) into h? small disjoint cubes @} ), such that
h2
Q0. 0)=J @i, and  L2Q,) = (6/h)%
i=1

Let
nro={ief{l, - h?} K@iy, #0}.

For i € I}, choose xfnm € K" N Q; ;- By Theorem 5.2.4 and Lemma 3.2.2 there exists a
sequence {ufh”m} C Wl’p(Q;h x I;R3) with u{’h’"’m =0o0n0Q;, x I, ug’h’”’m —— 0 in

LP(Q;JL x I;R3), and such that

i,h

= lim wm (m?’n’m,x:s,
Q<1

J—0
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Setting
ug’h’"’m(:c) if 2o € Q; ) and i € I},
My L
ui () =
0 otherwise,

it follows that {u]"} C WhP(Q' (29, 6) x I;R3) and u)™ —— 0 in LP(Q'(22,0) x I; R?).

n—oo
Thus,

211m1nf Z / Wm)y o (@ h"m i &) dwy

mh e,

T To = 1
hm inf g / ’77’ @3, —, =53 &+ Vau?’m‘—v;z,u?’m dzx.
hXI Ej Ej Ej

771 7.7 Elm

As in Lemma 4.2.11 we obtain

> lim inf / W (2 g TS E 4 Vg ‘—v u”’m> dz,
Am,h,g ieth;'?n (@, xDNRY, . ( €; 5? J ; j
where
R}y = {x €Q'(a2,8) x I ‘<E+ Vauy’m(:c)‘s—jv u?’m(x)>‘ < A}
with
: c
E‘S([Q( 6) x I\ mm)éﬁ, (5.48)

for some constant C' > 0 independent of j, n, m and A. Taking into account that W™ is

continuous we get

xaca

_ _ 1
2/ (W) pom (@ai &) dxg = liminf/ wmle, —, — f—i—Vaun’ ’ Vgu?’m dz.
((@0.4) Bnim K

/\,77,]' Ej 5]

By a diagonalization argument, given my " co, A\ " 0o, and n; | 0 there exists jip " oo
such that

xaca

k—oo k—oo

2liminf/ (ka)hom(xa;g) dxg }hminf/ Wk | x, — f—i—Vavk‘—ngk dx,
Q' (23,9) Ry

jk Jk

where vy 1= u)"™ € WP(Q'(3,0) x [;R?) with v, — 0 in LP(Q'(23,9) x [;R?), and

where Ry := R

ey osing T heorem 2.2.17 we can assume, without loss of generality,
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that the sequence Vaur| 2=V ) [PV is equi-integrable. Then, since W™ = W on
€j
k

Cm,, X R3 x R? x R3*3,

2lim inf / (Wmk), - (20;€) dza
Q' (9,.0)

k—o0

— 1
> liminf/ W™k | 2, i, xTa;E + Vavk‘—vgvk dx
k—o00 Q'(29,8)x I Ei. € €in

Jk Ik

- 1
>liminf/ w x,i,xTa;ﬁqLVavk‘—ngk dx
k=00 J1Q!(29,6)x I)NCrm,, €k €y €k
- 1
:liminf/ w x,i,:ETa;f—f—Vavk‘—ngk dx
k—oo JQ!(29,5)x1 Eik €5, ik

by the growth conditions on W, the p-equi-integrability of the above sequence of scaled
gradients, (0.4) (see the Appendix) and (5.48). As a result we get inequality (5.47).

Step 2. Fixed p > 0, let T' € N and ¢ € St be such that

1

Whom(xgﬁg) +pz T2

/ Whom (20, U3 Vi € + Vad () [Vad()) dy.  (5.49)
(0,T)2x1

Taking (T, ¢) in the definition of (W)
of W) it follows that

and recalling Remark 5.2.2 (with W™ in place

hom

/ (ka)hOm($a§g) dxq
Q' (23,9)

1

< —
272

/ / (W™ ) nom(Ta, Y3, Yasi € + Vad(y)|Vad(y)) dy dag. (5.50)
1(@9,8) J (0,1)2x1
Define
Ey = {(ﬂia,ym%) € Ql($375) X (O>T)2 x1I: (%a,y3) € ka}
From (0.4) it follows that

220 L2(Q(x0.6) x (0,72 x N\ E) = £2@£(([Q(x2.6) x 1]\ Cm,) x (0,T)?)
= T2L3([Q'(22,0) x 1]\ Cpm,)

N
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Since (W™ )pom = Whom on Cp, X R x R3%3,
Lo W™ om0 € + V() Vad(y) dy e
Q'(2,0) J(0,T)2xI

= 5 Whom(xauy&ya;g'i‘ Voz(b(y)‘v%b(y))dy dxq
k

+ / (ka)hom(xav Y3, Yos g + va¢(y)’v3¢(y)) dy dxo
[Q’(I%,&)X(O,T)QX]]\E;C

< Whom(Ta, U3, Yai € + Vad(y)|Vad(y)) dy dzg

/é’(mg,é)x(O,T)sz

+C (1+|Vo(y)|P) dy dxq (5.52)
[Q'(2%,0)x(0,T)2x I\ Ey,

by property (5.30) with W™ in place of W. Passing to the limit as k& — oo, relations

(5.50), (5.51) and (5.52) yield

k—oo

lim sup / (Wmk ) o (@as €) dzq
Q' (23,6)

1 _
<= / / Whom (e 93, Yo € + Vad(y)|Vad(y)) dy dia.
277 Jqgr(a9,5) J0.1)2x1

Hence by (5.47) we obtain

_ 1 3
Wiy (Ta,§) dza < —/ / Whom (Tas Y3, Yai € + Vaod(y)|V dy dz.,.
/Q/(:cg,&) e} (@) 212 Jorw0.5) Joyxs (%o Y35 Yo § (¥)IV3e(y)) dy

As a consequence, by the choice of 20 together with (5.49) we finally get, after dividing the
previous inequality by 62 and letting § — 0, that

1 _
ﬁ /([) Ty IWhom(xgn Y3, Yoy § + Va¢(y)|v3d)(y)) dy
X

< Whom(xg;g) + P

Wieyy (20,€) <

and the result follows by letting p — 0. |

Proof of Theorem 5.2.1. As a consequence of Lemmas 5.2.11 and 5.2.10, we have Wiom (2a; &) =
W{Ej}(ma; &) for all 2, € L and all £ € Q3*2. Since W, and Wi,y are Carathéodory func-
tions, denoting by F the intersection between L and the set of points x, € w such that both
Whom(Za; -) and W{Ej}(xa; -) are well defined and continuous, we obtain Wyom(2a;&) =
W{aj}(xa;g) for all z, € F and all £ € R3*2. But since £2(w \ E) = 0, it follows that
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the equality holds for a.e. xo € w. Therefore, we have Wy, 1 (u; A) = Whom(u; A) for all
A € A(w) and all u € WHP(A;R3). Since the result does not depend upon the specific
choice of the subsequence, we obtain by Proposition 8.3 in Dal Maso [35] that the whole
sequence W;(-; A) I'(LP(A x I))-converges to Whom(-; A). The proof of Theorem 5.2.1 fol-
lows by taking A = w. |

To conclude we state an interesting consequence of Theorem 5.2.1 that could not be obtained

from the analysis made in Subsection 5.1.

Corollary 5.2.12. Let W : Q x R3 x R3*3 — R be a function satisfying (A4), and such
that W (x,-;€) is Q-periodic for all ¢ € R3*3 and a.e. x € Q. Define the functional W :
LP(;R?) — R by

/ w (x, g; Vau(x)EV;gu(a:)) dr if u € WHP(Q;R3),
Welu) = 7

00 otherwise.
Then the T'(LP(Q))-limit of the family {W:}. is given by Whom : LP(;R3) — R with

2 / Whom(Ta, Vau(ra)) dre  if u € WHP(w; R3),
Whom (1) := ’

o0 otherwise,

where, for all £ € R3*? and a.e. T4 € w

T—oo ¢

_ . 1 .
Whom(Za,€&) := lim inf {ﬁ /(0 S Whom (Za, Y3, Ya; § + Vad(y)|V3o(y)) dy :
T)2x

¢ € WHP((0,T)% x I;R3), ¢:00anTﬁxI}
and, for all y, € R? and a.e. x € Q

Whom (%, Y €) := lim inf {% W (2, Yo, 23:€ + V(2))dz: ¢ € W&*’((o,T)i‘;Rs)} .

oo g (0,7)3






6. GENERALIZATIONS AND FURTHER WORK

There are several ways to generalize or improve the results we have presented. First we
could think of energies whose integrands depend also on the function v and not only on its
gradient Vu. In this direction, we have extended Theorem 4.1.1 by proving the following

result.

Theorem 6.0.13. Let f: Q x RY x R4 x RN S R be a function such that

(Hy) f(z,-,-,-) is continuous a.e. x € );
(Hs) f(-,y,5,€) is measurable for ally € RN, s € R and & € RN,
(H3) f(x,-,s,&) is Q-periodic for a.e. z € Q, all s € R? and & € RN ;
(Hy) there exist number p > 1 and a constant 3 > 0 such that

&P

B =B @€ <AL |5+ 61,

for a.e.z €, ally € RN, s € R? and € € RN,

For each € > 0 define the functional I, : LP(Q;R?) — [0, c0] by

Jo f (@, % u(@), Vu(@)) dz if u € WHP(Q;RY),

) e
+o00 otherwise.

If u € LP(;RY) then

Jo Jhom (@, u(z), Vu(z)) de  if u € Whr(Q; RY),
Thom(u) := L(LP(2))- lim 7. (u) =

400 otherwise,
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where the integrand from S given by

from(w,5,€) i=_lim inf{TiN | s Vo) d, ¢eW§”’<<07T>N;Rd>}
0,1)N

T—4co ¢

for a.e. x € Q, all s € RY and ¢ € RN, It turns out that fuom is (equivalent to) a
Carathéodory function and satisfies p-coercivity and p-growth conditions similar to those of

f. Moreover fuom(z,s, -) is quasiconvex for a.e. x € Q and all s € R?,

Another possible generalization is to prove a similar result for integrands that are continuous
with respect to the first variable x and measurable with respect to the second variable y.

In this direction, we were able to prove the following version of Theorem 4.1.1.

Theorem 6.0.14. Let f: Q x RN x RN R be a function such that

(Hy) f(z,-,€) is measurable for a.e. x € Q and all & € RN,
(H3) f(-,y,€) € C(Q) for ally € RN and all ¢ € RN,
(H3) f(x,-,€) is Q-periodic for a.e. x € Q and all £ € RN

(Hy) there exist a real number p > 1 and a constant 3 > 0 such that

&P _
E

for a.e. x € Q, ally € RN and & € RN,
For each € > 0 define the functional Z. : LP(Q;R?) — [0, co] by

< f(y,8,8) < B+ [E),

/ f (:U, E,Vu(x)) de if ue WHP(Q;RY),
T (u) = . i

00 otherwise.
If u € LP(Q ]Rd) then

/Q fhom($7 VU($)) dr ifu€ WLP(Q; ]Rd)7
Thom () := T(LP(Q))-1lim . (u) =

e—0

o0 otherwise,
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where the integrand from S given by

from(2,€) = lim_inf {%N /( e T+ TO0) dus 6 € W&J’((o,T)N;Rd)}

T—oo ¢

for a.e. x € Q and all £ € R>*N | Tt turns out that fuom is (equivalent to) a Carathéodory
function and satisfies p-coercivity and p-growth conditions similar to those of f. Moreover

fhom(z, ) is quasiconvex for a.e. x € Q.

Concerning future work, it would be interesting to extend this study to multiscale gradient
Young measures, and to apply this characterization in different settings, including relaxation

problems. This is the objective of a current collaboration with J. F. Babadjian.
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A Auxiliary lemmas for periodic homogenization

We start by recalling an auxiliary lemma by Licht and Michaille [59] that allowed us to
justify that the function fiom given in (4.3) is well defined (see Lemma 4.1.4 above).

Lemma A.1. Let N € N with N > 1 and let S : A(RY) — R* be such that

i) S(A) < BLN(A), for all A € ARY), where 8 is a positive constant,
ii) S(C) < S(A) + S(B) for all A,B,C € ARN), with ANB #(), C =AU B,

iii) there exists T C RN and M > 0 such that T + [0, M)V = RN and S(A+7) = S(A)
for all A€ ARYN) and T €T.

Then, for any cube A of the form [a,b)N there exists the limit of the sequence {%} as

s — +oo and N
. S(sA) . S([0,5)")
sg{i—noo EN(SA) a SETw N

Furthermore, if {Sp}r is a family of set functions satisfying i),ii),iii) for C, T and M

independent of L, then the above limits are attained uniformly with respect to L.

Next, we recall an auxiliary lemma that was stated in [20] and is useful when diagonalization

arguments are required (see Lemma 4.1.11).

Lemma A.2. Let ai; be a doubly indexed sequence of real numbers (k,j /" +00). If

lim lim ay; = L,
k—oo j—oo

then there exists a subsequence {k(j)}; /* 400 such that

J—00

B Continuous extension results for the applications to thin
films

We prove here a technical result of extension of Carathéodory functions useful in the proof of
Lemma 5.1.13. It was obtained in collaboration with J. F. Babadjian [9] and uses arguments

analogous to those of Theorem 1, Section 1.2 in Evans and Gariepy [46].
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Lemma B.1. Let Q C RN be a bounded open set and f : 2 x R™ x R™>*N R a function
such that

( f(x, -5 +) is continuous for a.e. x € ;

f(,y:€) is LN -measurable for all y € RN and & € RY;

f(z, -;€) is (0,1)™-periodic for a.e. x € Q and all £ € RN,

Assume also that there exists 3 >0 and 1 < p < oo such that

%mp < fey &) <BA+IEP),  for ae. x € Q and all (y,€) € R™ x RN,

Then for any n > 0 and X\ > 0 there exist a compact set K, C €1 and a function frA
RN x R™ x R™>*N - R such that

LY(Q\ Ky) <,
SN, y; €) = fa,y; ) for all (z,y;€) € Ky x R™ x B(0, \),

P2y ) is continuous for all y € R™,

1M, -5 €) is continuous and (0, 1)™-periodic for all (x,&) € RNV x RN,

and
—B < "M@, y;8) < B+ W) for all (,y,£) € RN x R™ x RV, (0.1)

Proof.  Since f is a Carathéodory function, by Scorza-Dragoni’s Theorem for all n > 0
there exists a compact set K,, C Q satisfying £V (Q\ K,)) < n and such that f is continuous
in K, x R™ x R”N_ Let O := K, x B(0,\) = C (to simplify notation) and U™ :=
(RN x R*NY\ C"A = U. Fix (s,7) € C, and for all (z,£) € U set

7\ _ [(s,7) = (@, ] 1 _
Ui (37 €)= max{Z W O} = U(sy) (T, 6)-



Appendix 177

Clearly,
( U(s) 1s continuous in U,

0<u< )él,

s?’y

\ u(sﬁ)(m,f) = 0 if and only if |(s,7) — (z,&)| = 2dist((z,§), C).

Let {5?}1'21 = {s;};>1 and {fy;‘}j;l = {v;}j>1 be a countable dense family in K, and
B(0, \), respectively. Define

oMz, €) = Z2‘ju(sjﬂj)(m,£) =o(x,§) forall (x,£) e U.
i>1

Since o is the uniform limit of a sequence of continuous functions in U, then ¢ is continuous

in U. Moreover, for all (z,¢) € U,

0<o(x,§) <1,

Indeed, assume that o(x,§) = 0 for some (z,€§) € U. Then, for all j > 1, u(, oy (2,§) =0
and thus |(s;,v;) — (z,€)| > 2dist((z, ), C). The density of {s;,v;} in C yields that

[(s,7) = (2, §)| = 2dist((x,£), C)

for all (s,v) € C. We obtain a contradiction if we choose (s, ) to be a point of C' such that

dist((x,¢), C) = dist((x, ), (s,7))
so o(z,§) > 0 for all (z,&) € U. Consequently, the function

—k
(33’,§) = ’Uk’(wvf) = UIZ’/\(.Z',g) = 2 u(skv’)/k)(m)é-)

o(z,¢)
is well defined and continuous in U. Moreover it satisfies
0 < vz, ) <1, ka(:c,ﬁ) =1 forall (z,§) eU. (0.2)
k>1

Fix y € R™ and define the continuous extension of f(-,y; ) outside C' as

N f@,y,6) if (2,€) € C,
F@ 0 =9 S v@s) flswyim) it (2,6) € UL

E>1
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Obviously, we have 7 (z,y;&) = f(x,y;€) for all (z,y;¢&) € K, x R™ x B(0,\). On the
other hand, if (x,y,§) is such that (z,§) € U, in view of the p-growth and the p-coercivity

condition on f we get

—B < frMw,y; € ka ;€)1 + |vlP) < B+ NP).
k>1

Since we have

—k . p —k
yeRme?ﬁ@eU[,;l‘z wsk,m(m,f)f(sk,y,w)(}<ﬁ<1+A)I§L2 o0 (03)

then the function
(@, 3,8 = > 2 Fug (2,8 sk v 1)
k>1
is continuous on {(z,y,¢) : (z,£) € U, y € R™}. In particular, for all (z,£) € RY x RI*N
the function f7*(x, -;&) is continuous. Further, f7*(x, -;&) it is (0,1)™-periodic because

if i € Z™ then for (z,£) € U

FrM @y + 58 =D op(@:8) flsey +Em) = > or(236) s ysm) = f7 (@, 5).

k>1 E>1

Finally, we prove the continuity of f7*(-,y.-). By (0.3) it suffices to show that for all
(a,A) e C
lim  fNa,y;€) = fla,y; A).

Us(z,§)—(a,4)

As {(sj,7j)}j>1 is dense in C and f(-,y;-) is continuous on C, for every ¢ > 0 there exists

0 > 0 such that
|f(a,y; A) — f(sj575) < e

for all j > 1 with |(a, A) — (s4,7;)| < 0. Assume that |(z,£) — (a, A)| < §/4 and suppose
that j > 1 is such that |(a, A) — (s4,7;)| = 0. Then
+ ‘($7£) - (S]a7])|7

6 < |(a, A) = (s5,%)| < |(a, A) = (2,8 + (2, ) = (s5,7)] < g

and thus

(@.6) — (s5.7)] = 22 > 2)(a, 4) — (2,6)] > 2dist((2.,€). ).

4
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Consequently, vj(x,&) = 0 if j is such that |(a, A) — (sj,7;)| = 0, and so by (0.2)

"M@, y;.6) = fla,y; A)| < > vi (@, O1f (s, y375) — fla,y; A)| <e,

since the non zero terms of the sum are those which satisfy |f(a,y; A) — f(sj,y;75)| < e.

The continuity of f7*(-,y;-) now follows.

We recall here the Tietze Extension theorem.

Theorem B.2. (Tietze Extension Theorem)(see DiBenedetto [42]) Let X be a normal topo-
logical space. A continuous function f from a closed subset C of X into R has a continuous

extension on X, i.e, there exists a continuous real-valued function f defined on the whole
X, such that f = f on C. Moreover, if f is bounded, i.e. if

[f(z)| < C
for all z € C for some C' > 0, then f satisfies the same bound.

The following proposition is used in Subsection 5.2.3. It allows us to extend Carathéodory
integrands continuously. It relies on Scorza-Dragoni’s Theorem and on Tietze’s Extension

Theorem.

Lemma B.3. Let W : Q x R? x R? x R3*3 — R satisfy (A1)-(A4) in Section 5.2. Then
for any m € N, there exists a compact set C,, C  and a continuous function W™
O x R3 x R? x R¥*3 — R such that W™(x,-,-;-) = W(zx,-,-;-) for all z € Cp, and

1
L3\ Cp) < —. (0.4)
Moreover,
- Yo = WZ, Yo, U3, 2 &) is Q'-periodic for all (z4,y3,€) € R3 x R3*3 and a.e. v € Q,

- (Zay ¥3) = W™(Z, Yo, U3, Za; &) 18 Q-periodic for all (Yo, &) € RZxR3*3 and a.e. v € Q;

and for some 3 > 0, we have

—B < W™z, y, 20;€) < BAFIEP)  for all (y, za, €) € RXRZXR3*3 and a.e x € Q. (0.5)
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Proof. By Scorza-Dragoni’s Theorem for any m € N there exists a compact set C,, C §2
with £3(Q \ Cn) < 1/m such that W is continuous on C, x R? x R? x R3*3.  Since
Cmn x R? x R? x R3*3 is a closed set, according to Tietze’s Extension Theorem one can
extend W to a continuous function W™ outside C,, x R? x R? x R3*3. By the construction
of W™ it can be seen that it satisfies the same periodicity and growth condition as W and

that it is bounded from below by —z. |

We remark that the above result improves Lemma B.1.
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