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The objective of this work is to study the asymptotic behavior, as a small parameter ¢ tends to zero,

of a sequence of functionals of the form

%/Qf<x,u<x>,sw<x>,s?v2u<w>>dw
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obtained as a singular perturbation of a non-convex second order functional of the type
[ Faute), Vuto), Vu(w) do
Q

where f(-,u(-), Vu(-), V2u(-)) represents the free energy of a mixture of N fluids (N € N, N > 2),
occupying a fixed container Q C R? (d € N,d > 2), and is a function of the density u = (u1, ..., uy) and
its first and second order derivatives. The bulk energy density f is assumed to be continuous, positive and
such that for all z €  the function f(z,-,0,0) achieves its minimum value zero at exactly two vectors
a, B € Rf , a # 8. In addition, each component w; (the density of the ith-ingredient of the mixture) is
considered to be nonnegative and the total amount of bulk material is assumed to be preserved, i.e., u
belongs to the following set

V= {u : / u(z)dr =V, V e RY, | min(c’, ) < V' < Q| max(a’, 87), i = 1, ...,N},
Q

where V', o and 3 are the i-th components of V', o and 3, respectively.

More specifically, our aim is to study, via I'-convergence techniques, the family of minimum problems

min 1 f(z,u(z),eVu(z),e*V3u(x))dz, ueV}. (1.1)
€Ja

Starting with the works of Modica [30] and Sternberg [35], following ideas of Modica & Mortola [31],
minimum problems involving singularly perturbed functionals of the type (1.1) have been extensively
studied in the literature to solve the classical problem proposed by Gurtin [26] (see also Gurtin [27]) of

minimizing
/ W (u) dz,
Q

ﬁ/ﬂu(x)dx =fa+ (1-0)8,

where u: Q2 - R, 0 < # < 1 and W has two potential wells, that is, W (u) = 0 if and only if u € {«, 8}.

Given that the above problem has infinitely many solutions, to resolve this non-uniqueness one con-
siders the perturbed functionals

subject to the constraint

1
- / fe(z,u, Vu) dz, (1.2)
€ Ja
where the energy density has the form
fe(z,u, Vu) = W(u) + £%|Vul?. (1.3)
The I'-limit of this sequence of functionals, identified in [30], shows that for a given volume fraction 6 the

physically prefered solution has minimal interfacial area.

Still considering w : Q@ — R, Bouchitté [8] and Owen & Sternberg [32] considered the more general
coupled case where the energy density is given by

fe(@,u, Vu) = g(x,u,eVu)

and where the function g is taken to be convex in the last variable. In the vectorial case, u : Q — RY, and
for integrands given by (1.3), the study of the above minimization problem was undertaken by Fonseca
& Tartar [25], and by Baldo [5] in the case of multiple wells, whereas Barroso & Fonseca [6] identified
the I'-limit of the rescaled energies (1.2) when the integrands are of the type

fe(z,u, Vu) = W(u) + £2h*(z, Vu),
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and Fonseca & Popovici [24] did the same in the coupled case in which
fe(z,u, Vu) = g(z,u,eVu).

The characterization of the I'-limit for functionals involving higher order terms is due to Conti, Fonseca
& Leoni [13] for an energy of the form

1
/ —W(Vu) + ¢|V?ul? dz.
o€

We also mention the work of Chermisi, Dal Maso, Fonseca & Leoni [10], where, for scalar functions u,
the authors addressed a model on pattern formation based on the Ginzburg-Landau energy

/ W (u) — q|Vul* + |V2u|? dx
Q

(see Coleman, Marcus & Mizel [12] and Seul & Andelman [33]) by considering a perturbed second order
energy of the form
fe(@,u, Vu, V2u) = W(u) — ¢e?|Vul? + | VZul?, ¢>0

(see also Fonseca & Mantegazza [21] for the case ¢ = 0, Cicalese, Spadaro & Zeppieri [11] for ¢ > 0 in the
one-dimensional case, and Hilhorst, Peletier & Schiitzle [29] for the case ¢ < 0 where |V2u|? is replaced
by |Aul?).

In this work we treat general non-convex second order singular perturbed problems of the form (1.1).
For this purpose, and under some technical hypotheses (we refer to Section 3 for our list of hypotheses
and to Section 4 for the complete statement of our main result), we prove in Theorem 4.1 that the family
of functionals

F.(u) :=

%/Qf(;v,u(x)7sVu(m),s2V2u(x)) dz, ue W22(Q;RY) NV, (1.4)
+00,

otherwise

I-converges, with respect to the L'(Q;RY)-convergence, to the functional F : L' (;RY) — R U {+o00}
defined by

o(x, v, (x)) dHI ™ (2), uwe€ BV (Q;{«, 8}) NV,
F(u):= /Ju ( ) ( ) (1.5)
400, otherwise,
where o : 2 x §971 — [0, +-00) is given by
1
o(x,v) :=inf { / Ef(a:,w(y),ti(y),tQVQw(y)) dy:t>0,we .A(l/)}, (1.6)
and where for every v € S971, the class A(v) of admissible density functions, is defined by
1 1
Av) = {w € VVli’f(Su;Rf) rwly)=aify-v= —5 wy)=pify-v= 3
(1.7)

w(y) =w(ly+1ly), foralye S, i=1,...,d—1, andleZ}

where {v1,...,v4_1,v} is an orthonormal basis of R? and S, is the strip

1
Syzz{xeRd:|x-v<2}.
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The proof of our main result relies on the blow-up method, introduced by Fonseca & Miiller (see e.g
[22] and [23]), which allows us to consider the case where ) is a small cube and the target function has
planar interface. We will also use a slicing argument (cf. Lemma 3.3) enabling us to modify a sequence
near the boundary of the cube without increasing the total energy. The construction of a recovering
sequence to prove the upper bound inequality for the I'-limit, for which we provide the full details, is
done in several steps according to the geometry of ) and to the interface of the target function. We
follow the main ideas of the proofs presented in Barroso & Fonseca [6], in Fonseca & Popovici [24] and
in Chermisi, Dal Maso, Fonseca & Leoni [10].

Due to a compactness result (see Theorem 3.1), and by the properties of I'-convergence, which we
mention in Subsection 2.5, a sequence of minimizers of the functionals F. defined in (1.4), assuming
they exist, will converge (up to a subsequence) to a minimizer of the limiting functional F' in (1.5) (see
Corollary 3.2).

The overall plan of this work in the ensuing sections will be as follows: in Section 2 we set up the
notation and state some preliminary results on measure theory, BV functions and I'-convergence that will
be used throughout the paper. In Section 3 we list our hypotheses and prove some auxiliary results which
will be needed in the sequel. The statements and proofs of our main results can be found in Section 4.

2. PRELIMINARIES

The purpose of this section is to give a brief overview of the concepts and results that are used in the
sequel. Almost all these results are stated without proofs as they can be readily found in the references
given below.

2.1. Notation. Throughout the text, unless otherwise specified, Q C R?, d > 2, will denote an open
bounded set with Lipschitz boundary and we will use the following notations:

e |Q| denotes the Lebesgue measure of (.

o RY :=[0,+00)V.

e £% and H? ! stand, respectively, for the d-dimensional Lebesgue measure and the (d — 1)-
dimensional Hausdorff measure in R?.

e Given z € R? we write x = (2/, 24), where 2’ stands for its first d — 1 coordinates and z4 for the

d-th one. For any set Q C R? we denote by € the set of points 2’ € R4~! for which there exists

xq € R such that x = (2/,24) € Q.

(Q is the open unit cube centered at the origin with faces normal to the coordinates axes.

B(z,7) denotes the open ball centered at € R? with radius r > 0.

Si-1l:={x e R¢: |z|=1}.

Given v € S the set S, represents the strip

1
Sl,::{xe]Rd: |x-u|<2}

and @, denotes an open unit cube centered at the origin with two of its faces normal to v, i.e.,

if {v1,...,v4_1,v} is an orthonormal basis of R? then
. 1 1
@R, =q2x€R :|1’~l/|<§,|l‘~Vi|<§,Z:1,...,d71 . (2.1)
o Q,(z0,7) :=z0 +7Q, for 1o € R% r >0 and v € S¥ L. If {e1,...,eq} is the canonical basis of

R? then Q.,(wo,7) = z0 +rQ =: Q(z0,7).
o Cpher(Q) represents the set of all continuous and @Q-periodic functions.
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o LP(Q; Cher(Q)) is the space of all measurable functions f : Q@ — Cher(Q) such that

v 1/p
1l @can = ( [ 15, g dr) " < +oc

where, for z € Q, [|f(2)llc,..@) = supyeq | (z,y)| and [f(z,y) := f(x)(y).

Sym® stands for the space of symmetric N x N matrices.

o TNxNxd g the space of tensors A = (A!,...,A%), A e Sym”", i=1,...,d.

® and © represent, respectively, the usual tensor product and symmetric tensor product of two
tensors.

C denotes a generic positive constant whose value might change from line to line.

2.2. Some useful covering and convergence theorems. The following covering theorem due to
Whitney [36] (see also Stein [34, Chapter 1, Theorem 3] or Guzman [28]) is used in the proof of our main
result and gives the decomposition of the complement of a given closed set into a disjoint union of cubes
whose sides are parallel to the axes.

Theorem 2.1 (Whitney’s Covering Theorem). Let ' C R? be a non-empty closed set. Then there exists
a countable family of cubes of the form Q; = a; + 6;Q, a; € R%, §; > 0, such that the following properties
hold:

(i) Rd\F: U@w
i=1
(ii) the cubes Q; are mutually disjoint;

(iii) diam @; < dist (Q;, F') < 4diam Q;.

Given the periodicity of our admissible functions in the first d — 1 variables, the following version of
the Riemann-Lebesgue Lemma (see Lemma 5.2 in Allaire [2] and also Bensoussan, Lions & Papanicolaou
[7] and Donato[17]) will be used in the construction of a recovering sequence.

Lemma 2.2 (Riemann-Lebesgue Lemma). Let f € LP(Q; Cher(Q)), 1 < p < 400, and let {e,}n be a
fized sequence of positive real numbers converging to zero. Then, for every n € N, the function f(-, =) is

measurable in €2, -
(=)
En/ L (o)

lién/Q f(m,i) pdac:/Q/Q|f(ac,y)|pdydx.

2.3. Remarks on measure theory. In this section we recall some notations and well known results
in measure theory (see e.g. Ambrosio, Fusco & Pallara [4] and Fonseca & Leoni [20], as well as the
bibliography therein).

< FllLr (@:Cper (@)

and

Let X be a locally compact separable metric space and let C.(X;RY), N > 1, denote the set of
continuous functions with compact support in X. We denote by Co(X; RY) the completion of C,(X;RY)
with respect to the supremum norm. Let B(X) be the Borel o-algebra of X. By the Riesz-Representation
Theorem the dual of the Banach space Co(X;RY), denoted by M(X;RY), is the space of finite R"-valued
Radon measures j : B(X) — R under the pairing

N
<u,s0>:=/<pdu5 /Spidﬂi
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where ¢ = (p1,...,on) and p = (y1, ..., un). The space M(X;RY) will be endowed with the weak*-
topology deriving from this duality. In particular, a sequence {y,,} € M(X;RY) is said to weak*-converge
to € M(X;RYN) (indicated by p, = u) if for all ¢ € Co(X;RYN)

I din = | pdp.

If N =1 we write by simplicity M(X) and we denote by M™(X) its subset of positive measures.

Given u € M(X;RY) let |u| denote its total variation and let supp p denote its support. In addition,
given E € B(X) we denote by pL E the measure given by ul_ F(A) := u(E N A) for every A € B(X).

The following result can be found in Fonseca & Leoni [20, Corollary 1.204].

Proposition 2.3. Let p, € M(X) be such that ju, —p in M(X) and |p,| v in M(X). IfAC X
is open, A compact and v(0A) = 0 then
pin(4) = pi(4).

We recall that a measure u is said to be absolutely continuous with respect to a positive measure v,
written u << v, if for every E € B(X) the following implication holds:

v(E)=0 = p(E)=0.

Two positive measures p and v are said to be mutually singular, written p L v, if there exists E € B(X)
such that v(E) = 0 and (X \ E) = 0. For general vector-valued measures p and v we say that g L v if
) L Jvl.

Theorem 2.4 (Lebesgue-Radon-Nikodym Theorem). Let u € M (X) and v € M(X;RYN). Then
(i) there exist two RN -valued measures v, and vy such that
V="V,+ v, (2.2)

with v, << p and vy L u. Moreover, the decomposition (2.2) is unique, that is, if v = Ug + Us
for some measures Uy, Vs, with U, << p and Us L p, then v, = U, and vy = Ug;
(ii) there is a u-measurable function u € L*(Q;RYN) such that

vo(F) = / wdp
E
for every E € B(Q). The function u is unique up to a set of u measure zero.

The decomposition v = v, + v; is called the Lebesgue decomposition of v with respect to p (see [20,
Theorem 1.115]), v, and vs are called, respectively, the absolutely continuous part and the singular part
of v with respect to p and the function u is called the Radon-Nikodym derivative of v with respect to p,
denoted by u = dv/du (see [20, Theorem 1.101]).

The next result is a strong version of the Besicovitch Derivation Theorem due to Ambrosio and Dal
Maso [3] (see also [4, Theorem 2.22 and Theorem 5.52] or [20, Theorem 1.155]).

Theorem 2.5. Let p € MT(Q) and v € M(;RYN). Then there exists a Borel set E C Q with u(E) =0
such that for every x € (supp p)\E

D)ynQ
LAy S (Ch.) IALL R
du du =0+ p((z+eD)NQ)
and
s D)nQ
dys(:v): lim 2 (@ +eD)n ):O,

du =0+ p((z+eD)NQ)
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where D is any bounded, conver, open set containing the origin and the exceptional set E is independent
of the choice of D.

2.4. BV-functions and some of their main properties. Now we introduce some definitions and
standard facts from the theory of BV-functions and we refer to Ambrosio, Fusco & Pallara [4] for an
exhaustive exposition of the subject.

A function u € L' (€;RY) is said to be of bounded variation, and we write u € BV (;RY) (or BV (Q)
for N = 1), if all its first order distributional derivatives D;u; belong to M() for ¢ = 1,..., N and
Jj =1,...,d. The matrix-valued measure whose entries are D;u; is denoted by Du.

Clearly, we have that any u € WH1(Q;RY) is a BV-function with Du € L*(; RY) and the measures
Dué are absolutely continuous with respect to the Lebesgue measure.

The space BV (€2;RY) is a Banach space when endowed with the norm
[ullv = llullzr + | Du|(£2).

Given u € BV (;RY), let Q, be the set of points €  where the approximate limit of u exists, i.e.
such that there exists z € RN with

lim lu(y) — z|dy = 0.

e—0+ B(z,e)

If © € Q, and z = u(x) we say that u is approzimately continuous at x (or that x is a Lebesgue point of
u). The function v is approximately continuous £%a.e. x € €2, and

Ed(su) =0

where we denote by S, the set of points where u is not approximately continuous, ie., S, = Q\ Q,. We
say that = € S, is an approximate jump point of u if there exists v, (z) € S?~! and u*(z) € RN such

that
1
lim — u(y) —ut(z d+/ uly) —u (z)|dy | =0,
r—0+ 74 </B+(a:,7‘)| (y) ( )| Y B*(m,r)| (y) ( >| y)

with B*(z,7) := {y € B(x,7) : (y — z) - v (x) > 0}. The triple (v, (2),u* (z),u™(z)) is unique up to a
change of sign of v, (z) and a permutation of u*(z) and v~ (z). The set of approximate jump points is
denoted by J,.

By the Lebesgue-Radon-Nikodym Theorem 2.4, if u € BV (£;RY) then Du can be split into the
sum of two mutually singular measures D*u and D*®u (the absolutely continous part and singular part,
respectively, of Du with respect to the Lebesgue measure £%). We denote by Vu the Radon-Nikodym
derivative of D%y with respect to £¢, so that we can write

Du = Vul?|Q + D*u.

By the Calderén-Zygmund Theorem, the L!-function Vu coincides with the approzimate differential
of u (see, e.g., [4, Theorem 3.83 and Definition 3.70]).

We recall that an H% '-measurable set £ C R? is said to be a countably H%'-rectifiable set if it
can be covered H% !-almost everywhere by a countable family of (d — 1)-dimensional surfaces of class

C'. The proof of the well known Structure Theorem for BV-functions can be found in [4, Theorem 3.78
(Federer-Vol’pert) and Proposition 3.92].

Theorem 2.6 (Structure Theorem for BV -functions). If Q € R? is open and u € BV (;RY), then J,
is a countably He~'-rectifiable set oriented by v,, H4" (S, \ Ju) = |Du|(S. \ Ju) = 0 and D*u can be
decomposed as D°u + D’u, where |Du|(E) = 0 for every Borel set E with HY™'(E) < +o0, and

Diu= (u" —u”) @ v, HILJ,.
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D°u and DJu are called the Cantor part and the jump part of the measure Du, respectively.

We also recall that a £%-measurable subset E C R? is a set of finite perimeter in €2 if the characteristic
function yg of E is a function of bounded variation. In this case, the perimeter of E in 2 is given by the
total variation of xg in Q, i.e., Perq(E) := |Dxg|(9).

Definition 2.7 (Reduced boundary). Let E be a £%measurable subset of R? and €2 be the largest open
set such that F is locally of finite perimeter in €, i.e., such that xg € BVioc(Q2). The reduced boundary
of E, 0*F, is the collection of all points zy € € such that

(i) |DXE’(B(.1‘Q,’/‘)) > 0 for all r > 0, that is, xg € supp|Dxgl;

. .. — lim DXE(B(xO’T))
(ii) the limit vg(xo) := Tl_>0+ —|DXE| (Blzo.))
(iil) |vg(zo)| = 1.

The function vg : 0*E — S is called the generalized unit inner normal to E.

exists in R%;

It can be easily checked that 0*F is a Borel set and that vg is a Borel map. By the Besicovitch
Derivation Theorem the measure |Dxg| is concentrated on 0*E and Dxg = vg|Dxg|. In addition, by
De Giorgi’s Rectifiability Theorem, see [4, Theorem 3.59], |Dxg| coincides with H?~'L_9*E, and for
every x € 0*E the following properties hold

Jim, le_lﬂd”(é)*EﬂQyE(ﬁ) (x,r)) =1 (2.3)
Tl_i}rng%E%{yeB(mm)\E: (y—2) vp(z) >0})=0 (2.4)
rl_i>%1+rid£d({y63(x,r)ﬂE: (y—x) ve(z) <0}) =0 (2.5)

(see also Evans & Gariepy [18, § 5.7.2, Corollary 1]).

Definition 2.8 (Essential boundary). For every t € [0,1] and every L%-measurable subset E C R? let
Et be the set of all points where E has density t, i.e.,

. . Ed(EﬂB(x,r)) B
E! .= {xGRd. Tg%+wt}.

The essential boundary of E is the set 0°E :=R%\ (E° N E') (set of points where the density is neither
0 nor 1).

We remark that every set E! in Definition 2.8 is a Borel set, and that the sets E° and E' could be
considered, respectively, as the measure theoretic exterior and interior of E motivating the definition of
0°E.

The following result is due to Federer and provides a way to compute the perimeter of a set of finite
perimeter (see Federer [19] or [4, Theorem 3.61]).

Theorem 2.9. Let E be a set of finite perimeter in Q). Then
FECEV?COE  and HTHQ\(E°UO'EUE")) =0.
In particular, E has density either 0 or 1/2 or 1 at H% '-a.e. x € Q, and H* '-a.e. x € QNOI°E belongs

to O*E. Moreover,
Perg(E) = HI1(QN EY?) = HE Y QN O°E).

Example 2.10. (The set BV (Q;{a,3})) Given a, 3 € RY, a # 3, we denote by BV(Q; {a,ﬁ}) the set
of all vector-valued functions u of bounded variation in  such that u(x) € {«, 8} for L%a.e. z € Q. If
u € BV (Q;{, 8}), that is, u = Bxg + axo\ g for some L%measurable set E of finite perimeter, then
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S., the reduced boundary 9*E and the jump set J, of u have the same H% l-measure in 2. By (2.4)
and (2.5), we also have v, (z) = vg(z), uT(z) = B and u™ (x) = «, for H¥ '-a.e. x € O*E.

The following theorem is a variant of a well-known approximation result for sets of finite perimeter.

Theorem 2.11. Let © be an open, bounded set with Lipschitz boundary and let E be a subset of Q with
Perq(E) < +oo. There exists a sequence {E,} of polyhedral sets (i.e., for each n, E, is a bounded
Lipschitz domain with OE,, = Hy , UHs , U...Hr, ,, where each H;,, is a closed subset of a hyperplane
{xeR?: z- vj = ¢;}, for some ¢; € R and vj € St j=1,...,L,, L, € N) satisfying the following
properties:

(i) xe, — xe in LY(Q), as n — +o0,

(ii) ngrfm Perq(E,) = Perq(FE),

(iii) H¥"1(0*E,N0Q) =0,

(iv) LY E,) = LYE).
Moreover, for every nonnegative continuous function ¢ on R?, we have

Jim o (va (@) dH*\(z) = / o (v(z)) dH (x), (2.6)
n=+00 Jor B, nQ 8*ENQ

where v, (x) and v(zx) denote the generalized unit normals to E,, and E, respectively, at x.

For the construction of the sets E,, in Theorem 2.11 we refer to Lemma 3.1 in Baldo [5]. Assertion
(2.6) is due to Acerbi & Bouchitté [1, Lemma 3.6 ii].

2.5. The notion of I'-convergence of a family of functionals and related properties. We briefly
recall De Giorgi’s notion of I'-convergence and some of its basic properties. We refer to De Giorgi &
Dal Maso [15] and De Giorgi & Franzoni [16] and to Braides [9] and Dal Maso [14] for a comprehensive
treatment and bibliography on the subject.

Let X denote a metric space.

Definition 2.12. (T-convergence of a sequence of functionals) Let F,,, F : X — R U {+oo}. The
functional F is said to be the T-liminf (resp. T'-limsup) of {F,}, with respect to the metric of X if for
every u € X

{un} n—+00 n——+oo

F(u) = inf { liminf Fy (uy) © un € X, up — u in X} (resp. limsup).
In this case we write

n—+00 n——+oo

F =T-liminf F,, <resp. F= F—limsupFn> .

Moreover, F is said to be the I-lim of {F,}, if
F =T-liminf F,, = I'-limsup F,,
n—+00 n——+oo
and in this case we write

F=T-lim F,.

n—-+oo

For every € > 0 let F. be a functional defined in X with values in RU {400}, F. : X = RU {+o0}.
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Definition 2.13. (T'-convergence of a family of functionals)

A functional F : X — RU {400} is said to be the I'-liminf (resp. I'-limsup or I'-lim) of {F.}. with
respect to the metric of X, as € — 0%, if for every sequence &, — 07,

F =T-liminf F, (resp. F =T-limsupF,, or FF=T- lim F5n> ,

n—-+o0 n— 400 n——+oo

and we write

F =T-liminf F, (resp. F =T-limsup F. or FF =T-lim FE) .

e—0t 0+ e—0t

One of the most important properties of I'-convergence is that under appropriate compactness as-
sumptions it implies the convergence of minimizers of a family of functionals to the minimum of the
limiting functional, as a consequence of the following result (see Corollary 7.20 in [14]).

Theorem 2.14. (Fundamental Theorem of I'-convergence) Let {F.}. be a family of functionals defined
i X and let
F=T-lim F..

e—0t
If ue is a minimizer of F. in X and u. — u in X then u is a minimizer of F' in X and

F(u) = Elir(r)lJr F.(ue).

3. HYPOTHESES AND AUXILIARY RESULTS

In this section we list our hypotheses and we state and prove several results which will be used in the
sequel.

We recall that our goal is to prove that the family of functionals F. defined in (1.4) I'-converges,
with respect to the L(€; Rf )-convergence, to the functional F' given in (1.5). To simplify the notation
throughout this work we define

E.(u;U) = é/Uf(x,u(az),sVu(x),eQVQU(x))dx (3.1)

foralle >0, u € WQ’Q(U;RQ) with U C Q an open set.
We assume that the integrand f satisfies the following hypotheses
(H1) f:QxRY x RV*d 5 TNXNxd 5 [0 +00), f = f(z,u,& A) is continuous;
(H2) f(z,u,0,0) =0 if and only if u € {a, 8} C RY;
(H3) there exists a continuous function g : @ x RY — [0, +00) such that
1
= (90@u) + 162+ 1AR) < £(,u,6,4) < C(g(au) + 62 + A1)
for all (z,u,&,A) € Q x ]Rj\_f x RVXd o TNXNXd where g satisfies

Sl =€ < g, u) < O(1 4 Jul?) (32)

for some ¢ > 2, some C' > 0 and for all (z,u) € @ x RY;
(H4) for every zg € Q and every 7 > 0 there exists § > 0 such that |z — x| < ¢ implies

|f(337u’§7A) - f(anuagvA)l < Tf(ZE,U,f,A)

for all (u,&,A) € RY x RNxd x TNxNxd,
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In addition, due to the constraint v € V), in order to obtain a recovering sequence to prove the upper
bound inequality for our I'-limit result, we need to assume further that

(H5) for every M > 0 there exists Cpy > 0 such that for every uy,us € Rf with [u1], |us] < M, and
every (z,&,A) € Q x RV*d 5 TNxNxd

|f(@,u1, 6 A) = fl,uz, & A)| < Carlur — ua|(1+ |6 + [A]);
(H6) there exist 6o > 0 and C' > 0 such that
f(z,u,0,0) < Clu—af?
whenever |u — «a| < dp and z € Q, and
f(z,u,0,0) < Clu— B2
whenever |u — 8] < §p and x € Q.

As a consequence of our hypotheses we show that any sequence {u.} which has uniformly bounded
energy is relatively compact in L'. Precisely, we have the following result.

Theorem 3.1. Assume that hypotheses (H1) — (H3) hold. Let {u.} C W*2(Q;RY) NV be such that
lim inf F, (ue) < +00.
e—0+
Then there exist a subsequence {uc, } C {us} and a function v € BV (Q;{a, 8}) NV such that u., — u
in L* (O RY).
Proof. Assume, without loss of generality, that

lim F,(u:) =L < +o0.

e—0+
The lower bound on the function g in hypothesis (H3) implies that there exist constants R > C > 1 and
C > 0 such that

lu| > R = g(z,u) > Clul.
Again by (H3) we have

F.(uc) E/Qg\us(xﬂ—i—qug(m)P dx.

Thus, by the compactness result in [25, Theorem 4.1] we conclude that {u.} is relatively compact
in L'(Q;RY). The argument given in Lemma 4.3 shows that any cluster point of {u.} belongs to
BV (Q;{«a,8}) N V. O

It follows immediately from Theorem 3.1 and Theorem 2.14 that
Corollary 3.2. Under hypotheses (H1) — (H6), if {u.} is a sequence of minimizers of F. satisfying the

constraint
/ Ue (SC) dr =V,
Q

then {u.} is relatively compact in L*(Q;RY) and any cluster point of {u.} belongs to BV (Q; {c, 8}) NV
and is a solution of the minimization problem

min { F(u) 1w € L' (4 RY)NV}.

Our next auxiliary result is crucial to apply a blow-up argument in the proof of Theorem 4.1. It relies
on a slicing argument applied in the cube Q,, for v € S?~! (see (2.1)), and to a target function of the

form
0, ifre@,, x-v>0,
ug(z) =

(3.3)
Q, if re@,, x-v<O0,
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allowing us to replace a sequence {u,} converging to up in L'(Q,;RY) by a sequence {v,} C A(v), still
converging to ug in L*(Q,;RY), without increasing the total energy.
To present this result we need to introduce the following notation. Given an even function ¥ €

C2° (R?) with supp ¥ C B(0,1) and / U (x) dx = 1, for every € > 0 we define the standard mollifier
Rd

1 T d

V. (2) = ¥ (g) , zeRY (3.4)

and we observe that
(ug*xU) ()= if z-v>e¢, (up*x¥) () =a if z-v<-—¢, (3.5)

and
V (ug*¥,) () =0 if |z-v|>e. (3.6)
Note that supp ¥. C B(0,¢) and that given u € L] _ (R?) the function
we(@)i= (x W) (0) = [ We(e-y)uly) dy. weRL (3.7
Rd

belongs to C'*° (Rd). In addition, if u is bounded, then for every 1 < p < 400,

loc

3 u > u o
ue = win I (RY), JJue|l < llully, Vel < Cw, HVQuEHOO < C%. (3.8)

Lemma 3.3. Assuming that [ is defined in Q, and satisfies hypotheses (H1)-(HS3) in this domain,
let {e,} be a sequence such that e, — 07 as n — +oo, let v € S and ug be defined as in (3.3).
If {un} is a sequence in W22(Q,;RY) converging in L'(Q,;RY) to ug, then there exists a sequence
{vn} € W22(Qu; RY) such that

i) v, — g in L'(Q,; RY);
i) v, =ug* Ve, on0dQ,;
iii) there is no increase in the total energy when w,, is replaced by v, that is,

limsup E., (vn; Q) = limsup/ if(x,vn(:L'),aSann(:zz),siVQ'Un(os))d:z:
Q

n—-+0o0o n—-+0oo v En

1
< liminf — f (2, un(2), 60 Vuy (), £2 V2, (z) ) da

n—-+oo Q. En

= hm ll’lf Egn (Una Ql’)

n—-+oo

where E., € > 0, is the functional given in (3.1) with the integrals taken in Q, .

Proof. For simplicity we assume that v = e; and we write @, = Q. Conclusions i)-iii) clearly follow if
liminf E.  (un; Q) = 400
n—oo

so it suffices to consider the case where

liminf B, (un; Q) < C. (3.9)

n—-+o0o

Passing to a subsequence if necessary, let us also assume that
Un(z) = ug(x) L —ae. z€Q (3.10)

and that
liminf B, (un; Q) = lim E. (un;@), (3.11)

n——+oo n—-+oo
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which implies, from (3.9), that for n large enough
E., (un;Q) < C. (3.12)
We start by showing that

n—-+o0o

lim sup/ |tn () — up(z)|? dx = 0, (3.13)
Q
where ¢ is the exponent given in (3.2). In fact, by (H3) we have that

|un () — uo(:r)|q < C[f(z un(z),enVun(z),e2Vu,(z)) + 1], z € Q, (3.14)
for some C > 0. In addition, by (3.9) and (3.11),

. 22 _
ngr}rloo [z, un (), 2, Vu(2), 7 Vuy (z)) de =0 (3.15)
and, consequently,
EIE f(z un(@),enVuy (), €2V, (2)) dz = 0, (3.16)

for a.e z € Q.
Thus, using (3.15), (3.14), Fatou’s Lemma, (3.16) and (3.10), we obtain

C’|Q\—hmsup/ |tn () — up(x)|? dx

n—-+4o0o
= liminf/ {C’f(:c,un(x),anVun(m),siVQun(m)) +C — |un(z) — uo(x)]q} dx
n——+o0o Q
> / lim inf [Cf(:n Un (), €0 Vn (2), €2 VU () + C — |un(z) — uo(ac)|q] dx
Q n—-+oo
> Clel,

which proves equality (3.13).

Therefore, as ¢ > 2, we also conclude that

L?(Q:RY
Up, (Q—>+)u0. (3.17)

n—-+oo

For every I, m € N, with [,m > 4, define

Lz,m:{er 7<d1st(x 8Q)<;+ 1}

and divide L; ,, into {5; 1} pairwise disjoint layers of width n

, where {6_1—‘ denotes the smallest

1
mfen’]
integer greater than ¢!, i.e, we consider

L = {er: %+i<dist(x,8@) <l }, i=1,...,[e1].

' mfen'] I mlent]

We observe that for €,, < 1,
<[] <en (3.18)
Set

Up(x) = (up * Ve, )(z), 2 €Q

and note that if w,, = wu, for infinitely many n, then there is nothing to prove. Thus, without loss of
generality, we may assume that for every n € N

llun — ﬂn”LQ(Q;Rf) > 0.
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Ll,m -

(i) =
Ll m,n Al,m,n

Bl,m,n -

FIGURE 1. Geometry of the sets A; ,, pn, Bim,»n and L)

lm,n"

By (3.12), (3.17) and since @, — uo in L?(Q; RY) (see (3.8)), it follows that
[ET_LW ~ 2
1 _
> /. Lf(x,un<x>,snwn(x),eiv%n(x)) + plintz) ~ () ] d
im1 Y Limn [T )

l|wn — ﬁn”LQ(Q;Rf

:/L’ [1f(xv“”(w)’gnv“n(ff)vEiV2un(x))+ [ty () — U ()]

€n l[un — ﬂ7L||L2(<;2;]R<{§)

Using a contradiction argument and (3.18), this implies that there exists i, = i.(m, n) such that

]dm<C.

1 n - ~n 2
/(_ ) —f(r,un(:c),{—:nVun(z),sflVQUn(z))das+/ v [un () = tin(2)]
L\ En ()

~ dx < Cey,
Lmon Un — UnHLZ(Q-,Rf)

1,m,n

which, together with (H3) and the fact that

leads to the following inequalities

C ; C c
R q < = d L(l*) 7/ cC N
en JLi), (@) de < €n£ (L) + En JL) 9(x; un(x)) de < T Ceny, (3.19)
1
— [ ., [BIVu@)P + e} V2u, (@) do < Cen, (3.20)
nI Ly
and
iy, 2
/ : [un(@) ~ i@y,  ce,. (3.21)
i) un = tnl[p2ry)

Let @1m.n € C°(Q;]0,1]) be a family of cut-off functions such that

—_

1
Olmn(z) =0, T € Al i= {xEQ: dist(z,0Q) < = + ! — },
" " e

1 .
Ormn(T) =1, T € Bipmp = {x € Q: dist(z,0Q) > 7 + ! },
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(see Figure 1 above),

m m2
Veimalle =0 (2) and 19%1mal =0 (%) (322)
and define
Ul,m,n(x) = [(Pl,m,nun + (1 - (Pl,m,n)an](x)a HANS Q (323)

It can be easily verified that
v(Ul,m,n = Sol,m,nvun + (1 - @l,m,n)van + (un - ﬂn) (24 v@l,m,n (324)

and

V20mn = PlmnViun + (1= @rmn) ViU, + 2V im0 © (Vi — Vi) + (= ) @ V2ermn. (3.25)

Note that @ is the disjoint union of A, », Lz(lm)n and By, pn, and that vy, € W22(Q; Rf) Since
Up, Uy, — up in L2(Q; RY) then

ngr_ir_loo [v1,m.n — UOHLQ(Q;Rf) =0 (3.26)
for all I, m > 4. Moreover,
Ean ('Ul,mm; Q) = Ean (ﬂny Al,m,n) + Esn (Ul,m,n; Ll(,z:n),n) + Esn (un; Bl,m,n)
_ o (is) .
< Esn (Una Al,m,n) + Esn Vi,m,n; Ll,m,n + Een (uru Q) (327)

To estimate E., (vi,mn; Q) we start by noting that, by (H2), (3.5) and (3.6),

E, (ﬂn? Al7m,n) =k, (ﬂn; At O {]zal < En}) (3.28)
and that, by (H3) and (3.8),
- C - - -
Egn (un; Al,m,n n {|xd| < En}) < / — [1 + |un(x)‘q + €i|vun(x)|2 + Ei‘vzun(x)‘Q] dx
Al,1n,nn{|xd|<5n} En
1 1
< C,Cd({a: €Q: dist(z,00Q) < -+ —, |zq4| < 5n}>
En I m
<

o2+
m 1
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for all n sufficiently large. On the other hand, using the fact that |¢; ., | < 1, and by (3.6), (H3), (3.22),
(3.24), (3.25), (3.8) and (3.18)-(3.21), we have

i C |- - -
B (oimni L) < [ = [m(x)w + (2m? + 1) €2V (2)]” + si|v2un<x>|2] da
L{%) 0{lzal<en} En
C
+ /(v L= {1 + Jup (z)|? + (2m2 +1) 6,21\Vun(x)|2 + €i|V2un(x)|2] dx
Llj’:n,n n
C(m* 2 -
[ O A M) () — () de
L), En
C i C
< Lot (1), o e Qs foal <o) + o
€n o m(en|en

+ /(_ ) Eg {|un(x)|q +m? €2 |Vuy, (x)|? +Ei|V2un(x)|2] dz
Ly, cn

+

4
Cm/ i (2) — ()2 i
En JpGo

l,m,n
2\ En C 2 4 o~
< C(1+2m®)—= + — + Cep + Cmep + Cmfup = Tnll L2 qumy).
(3.29)

where we have also used the inequalities 2m? + 1 < Cm? and m* +m? < Cm*. Thus, by (3.27)-(3.29),
we obtain

Jmtim B, (0mai Q) < T B, (un; Q). (3.30)
In view of (3.26) and (3.30), the result now follows by a standard diagonalization argument. O

Remark 3.4. By (3.23) we notice that if the sequence {uy,} is such that |lu, — UOHLl(Q,,;JRIj) = O(en),
then ||v, — UOHLl(QU;Rf) = O(ey,). In addition, by (3.5) and Lemma 3.3 i)-ii), we have that the extension
of vy, to S, is an element of A(v) for n sufficiently large.

Our next result analyses some continuity properties of the surface energy density o which describes
the limiting interface energy arising from our model (see (1.6)).

For this purpose, for z € Q, we extend o(z,-) to the whole R? by setting

= d

5(x,2) = |Z|U(9L‘, ‘Z‘) for every z € R%, 2 #£0
0 z=0.

For simplicity of notation we will always denote ¢ by o.

Proposition 3.5. Let Q be an open and bounded subset of R?, and let f be an integrand such that
hypotheses (H1) — (H4) hold. Then the following properties are satisfied:

(i) For all (z,v) € Q x S4-1
0<o(e,0) < O+ ol + |81 + o B2).
(ii) For all (zg,v) € QxS and T > 0 there exists § > 0 such that |v — x| <, x € Q, implies that

lo(@,v) = o(wo, V)| < TC(1+[a|” + [B]7 + |o = B]%).
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(iii) For all (z,v) € Q x S4-1

o(z,v) = inf { / 1f(z:,w(y),75Vw(y)RT,tQRVQw(y)RT) dy:t >0, w e Aleq),
Q! (3.31)
Req=w, R SO(d)},

where SO(d) denotes the set of rotations in R.
(iv) The function o(x,-) is upper semicontinuous on the whole space R?.
Proof. (i) Let (z,v) € Q x S%~! and consider

wiy) = (B—a)y- )+ 228 yeq,

2
Since w € A(v), f > 0 and (H3) holds, we have

0<o(w,r) < / F(,wly), V), V2u(y)) dy

v

< / C (g, w(w)) + (V@) + [V2w@)[?) dy

v

IN

/QV c (1 + w(y)|? + |(ﬂ —a) ®y‘2) dy

C(1+ |a|? + 8|7 + o — B[?).

IN

(i) Fix (z9,v) € @ x S¥71 and 7 > 0. Let § be such that the conclusions of hypotheses (H4) hold
and consider z € Q with |z — z¢| < d. Let ¢, > 0 and w,, € A(v) be such that

| @)tV (0). 70, (0) dy < o) + .
Q n

v n

Then, by definition of o(x,r) and (H4), we have

o(zo,v) —o(z,v) < /Q1f(xo7wn(y%thwn(y)JiVan(y))dy

utn

[ ) V). V) dy +
Q

v 'n

1 1
P )t T ), B ) dy

v n

IA

= ot 1)

and the desired inequality follows from (i) and by letting n — +o0. To obtain the reverse inequality it
suffices to exchange the roles of o(z,v) and o(xg, V).

(iii) Follows by a change of variable argument.

(iv) Since we have extended o(z,-) as a positively homogeneous function of degree one (see Fonseca
& Miiller [23]), it suffices to prove that o(z,-) is upper semicontinuous on S?~!. Fix v € S?~! and take
vp € S such that v, — v. Using (iii), given € > 0 choose . > 0, w. € A(eq), and a rotation R. such
that R.eq = v and

o) = [ A (o) V) RE 2RV ) BE) dy | < e (332)

€
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Notice that, by (3.32),

1
/Q t—f(x,ws(y),tEVwE(y)RZ,t?REVQwE(y)RgT)dy < 400
g

since, from (i), o(z,v) < +oco . For every n € N, let R,, € SO(d) be such that R,eq = v, and R,, — R.
as n — +o00. Since w, € A(ey), in view of (3.31), we have

oz, v,) < / tlf(x,ws(y),tsvws(y)Rf,tiRnVQwE(y)RZ) dy. (3.33)

S

As f is continuous,

1 1
lim t—f(x, we(y), te Vwe (y)RE thnVng(y)R,:f) = t—f(x, we (y), t€sz(y)RZ, t§R5V2w5(y)RET),

n—-+oo e

for a.e. y € Q. Moreover, by (H3), we have that for a.e. y € Q,
f(x,u}g(y),tEV’LUE(y)RZ:,thnV2w€(y)RZ:) <C (1 + [we(y)|* + tg\VwE(y)F + t§|v2w€(y)|2)
< 0 (1t el ) + 2IVwe e + 190 2 ) -
Thus, by Lebesgue’s Dominated Convergence Theorem, we obtain that

) 1
Erf t—f(:c,we(y),tEng(y)RZ,thnvzwg(y)RZ) dy
n oo Q 5

1
= /Q t—f(ac7 we(y), te Vwe (y)RT, t?REVQwE(y)RET) dy.

Passing to the limsup as n — 400 in (3.33), and taking into account (3.32), we have

limsupo(x,v,) < o(z,v) +e.
n——+4oo

We conclude the proof by letting € — 0. O

4. MAIN RESULT

Our goal is to prove that the family of functionals (1.4),

1/ f(x,u(x), eVu(z), 2 V3u(x)) dr, ue W RY) NV,
F.(u):=¢ €Ja
+00,

otherwise

I'-converges, with respect to the Ll(Q;Rf)—convergence, to the functional F : Ll(Q;Rf) — RU {+00}
given in (1.5),

/ O’(:E,Vu(ﬂj)) dH 1 (z), u € BV(Q; {a,ﬁ}) ny,
F(u) := Ju
400, otherwise,

where, for o, § € ]Rﬁ, «a # 3, the space BV(Q; {a, 5}) is defined in Example 2.10, the set V is given by

V= {u : / u(z)dr =V, V € RY, |Q] min(a’, 8°) < V' < Q| max(a’, B%), i = 1, ...,N},
Q
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where V%, o and ° are the i-th components of V', a and 3, respectively, the function o : Q x S¥~1 —
[0, +00) is defined by

o(x,v) ;= inf { / %f(as,w(y),ti(y),tQVZw(y)) dy:t>0,we .A(V)},

and
A(v) = {w € Wf)’f(S,,;]Rf) cwly)=aify-v=—1 wy) =pify-v=1,
w(y) =w(ly+1ly), forallye S,, i=1,...,d -1, anleZ}
for every v € S%=! with {vy,...,v4_1,v} an orthonormal basis of R9.

Precisely, our main result states the following.

Theorem 4.1. Let Q be an open and bounded subset of R® with Lipschitz boundary, let F. and F be given
by (1.4) and (1.5), respectively, and assume that hypotheses (H1)—(H6) hold. Then for allu € L'(;RY)
we have that

F(u)=T— lim F.(u)

e—0t

with respect to the L'(€%; RY)-convergence.

Remark 4.2. As a byproduct of the proof of Theorem 4.1, under hypotheses (H1)— (H4) it is immediate
that the unconstrained functionals

Fg(u) — é /Qf(l“,U(x),&?Vu(x), 52V2u(;17)) dx’ = W2’2(Q;Rf),
400,

otherwise
I-converge, with respect to the L'(€2;RY)-convergence, to the functional F : L'(;RY) — R U {+o00}

given by

Flu) = /J o(z,vu(z)) dH (2), u € BV (Q;{a,B}),

u

400, otherwise.
The following lemma addresses the proof of Theorem 4.1 in the case where the function v € L*(Q; RY)\
[BV (Q;{a,8}) N V).
Lemma 4.3. Let u € L*(;RY) \ [BV(Q;{a,8}) NV]. Then
I — lim F.(u) =400 (4.1)

e—0t

Proof. Givenu € L*(; RY)\ [BV (Q; {a, 8}) NV], to show (4.1) it is enough to see that for every sequence
{un,} € L' (Q;RY) such that u, — u in L'(Q;RY) we have that

liminf F,  (u,) = +o0.
n—-+oo

Without loss of generality we can consider the case u € [L*(€;RY) N V] \ BV (€ {«, 8}) and u,, — u in
LY RY) with {u,} € W22(Q;RY) NV (otherwise there is nothing to show). Let us prove that

liminf F, (uy) = lim inf/ if(ac, Un(2), €, Vun (2), 2 V2, (2)) dz = +o0. (4.2)
Q

n—-+o0o n—-+oo En
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Step 1. We consider first the case where
Cd({x €Q: u(z) ¢ {a,B}}) > 0. (4.3)
To show (4.2) we argue by contradiction. In fact, if for such a sequence {u,} we had that
1
sup Fr,, (un) = Sup/ 7f($7un(x),Envun(w)veiv2un(w)) dz < C,
neN neENJQ En
for some C > 0, then by (H3) and Fatou’s Lemma we would get, in particular, that

/Q g(w,u(w)) dz = 0,

and so g(z,u(z)) = 0 for L%a.e. x € Q. Thus, by (H2) and (H3), we would obtain u(z) € {a, 8} for
L-a.e. x €, contradicting (4.3).

Step 2. Let us now assume that u = Sxg + a(l - XE)7 and u ¢ BV(Q;Rf), i.e., Perq(FE) = +oc0.
We argue again by contradiction and assume that there exists a sequence {u,}, as in the previous step,
such that

sup [ (100 (2): 20 Vin(0), £V (0)) i < €.
Q

neN En
Then, by (H3), we would have that

Sup/Q Llng(x,un(x)) +€n|Vun(x)|2] dx < C,

neN
which would imply, by the Cauchy-Schwarz inequality, that

sup/ 9(z, un(2))|Vun (z)| de < C. (4.4)
neNJQ
Let
g(v) == min g(z,v), v € RY.
e
In view of (H2) and (H3), it follows that g(v) = 0 if and only if v € {a, 8} and, in addition,

g(v) = Clv|

for a suitable constant C' and for |v| large enough. As in Fonseca & Tartar [25], we consider the function

v)=inf {/ \/mln {g(e(s)), M}|¢'(s)| ds: ¢ continuous and piecewice C*, o(—1) = a, (1) =v }

(see Lemma 3.7 in [25] for the definition of the constant M in this case) which is Lipschitz continuous
and satisfies

’V (P ow)( ‘ Vg ‘Vv (4.5)
for every v € W22(Q;RY), for L%a.e. x € Q. We obberve that
(Pou)(z)=2(B)xe(x), €,
and, consequently,
|D(® o u)|(Q) = ®(8)Perq(E). (4.6)
In addition, we note that
o(B) > 0. (4.7)
In fact, to show (4.7), let ¢ be a continuous and piecewise C!-function with ¢(—1) = a and ¢(1) = B.
By continuity we can find ¢; € (—1,1) such that
lo(t1) — Bl = \a;ﬁl and  |p(s) — B| > |a;6| for all —1 < s < t,. (4.8)
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Let to := max {t € (—1,#1) : |¢(t) — | = |o — B|/3}. By the Mean Value Theorem it follows that

o — A
3

lp(s) — af > for all s € (to,t1). (4.9)

Set now

T ::min{ min{g(z), M} : |z —a| > |a;ﬁ\ |z — B8] > o ﬁ|}

/.

la— 8| —ﬁI

which is positive since {g}~1(0) = {«, 8}. In view of (4.8) and (4.9) we have
/ \/mm{g M}|<p |ds>TM/ )|d$2TM

=T [p(t1) = ¢(to)| = Tar

and therefore ®(3) > Ty > 0.

la — 5|
3
Using (4.4) and (4.5) we conclude that

supHV(q)oun) < +oo.

neN

LY (QRY)

Hence, by the lower semicontinuity of the total variation and the fact that u, — w in Ll(Q;Rf ), it
follows from (4.6) and (4.7) that Perq(FE) < +o0, which is a contradiction.

O

We note that to complete the proof of Theorem 4.1 it suffices to show that
i) Lower bound: For every u € BV(Q; {a,ﬂ}) NV, for every sequence {e,}, €, — 01, and every
sequence {u,} C W22(Q;RY) NV such that u, — u in L' (4 RY),
< limi .
F(u) < légl_il_rg Fe, (un)

ii) Upper bound: For every n > 0, every u € BV(Q; {a, ﬁ}) NV and every sequence {,}, &, — 0T,
there exists {u?} C W22(Q;RY) NV such that u? — w in L*(;RY) as n — +oo and such that
hmsupF (u) < F(u)+ O(n).

n—+
Indeed, given n > 0, from i) and ii), for every sequence {e,}, &, — 07, and every u € BV(Q; {a, B}) ny
then
I' —limsup F,, (u) — O(n) < F(u) <T —liminf F.  (u),

n——+oo n—-+00

from where, letting n — 07,
I' —liminf F. (u) =T — limsup F;, (u) = F(u)

n—+00 n—-+oo
so that the conclusion of Theorem 4.1 holds.

The proofs of properties i) and ii) can be found in Subsections 4.1 and 4.2 below.

4.1. The lower bound inequality.

Proposition 4.4 (Lower bound). Let Q be an open and bounded subset of R% with Lipschitz boundary,
and assume that hypotheses (H1)-(H4) hold. Let u € BV (Q;{c, 8}) NV and let £, — 0T. Then for every
sequence {u,} C W22(Q;RY) NV such that uy, WS U in L (4 RY) we have

F(u) <liminf F._(u,). (4.10)

n—-+oo
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Proof. Let E C Q with Perg(E) < +00 be such that u = ﬁXE—I—a(l—XE) and let {u,} C WQ’Q(Q;]Rf)ﬂV
satisfy u, — u in L*(£; Rf ). Without loss of generality, let us assume that

o 1 22
%gl_il_lg/s) ;f(a:,un(x),enVun(x),an Un(2)) do < +00

and, up to a subsequence (still denoted by w,,), suppose also that

lim inf/ if(x, Un (2), 80 Vun (2),e2 VU, (2)) dz = lim if(ac, Un (), 80 Vun (2), €2V, (2)) da
Q

n— oo En n—+oo Jo &p

and that, in addition, u, (z) — u(z) £%a.e. = € Q. Recalling the definition of F(u) (see (1.5)), to show
(4.10) we must prove that

/J o(z,vy(z)) dHH(z) < lim if(av, Un (), 6,V (2), 82 VU, (2)) da. (4.11)

n—+o0o Jo Ep
Set
1
fn = ;f(7un(),5nV’u,n(),Eiv2un())a n €N

Since the sequence {f,} is bounded in L! (Q; [0, +oo)), there exists a subsequence (still denoted by f,)
and a nonnegative finite Radon measure ¢ such that

A I NN 4.12
f Mm)( (4.12)

Consider the nonnegative measure
m(A) == H"H AN JT,)
defined over all Borel subsets A C . Recall from Example 2.10 that
HITY(T,) = HEHO*E) = Perg(E) (4.13)
and that
vo(x) = vg(z) for HI™' —aex € J,. (4.14)
Thus, in particular,
m(Q) = Perq(F) < 400,

i.e, 7 is a nonnegative finite Radon measure. Hence, by the Lebesgue-Radon-Nikodym Theorem 2.4, we
can decompose ( as

C: <a7r+<sv

where (, is a nonnegative integrable function and (s is a nonnegative Radon measure such that = and (;
are mutually singular.

We claim that
Cal@) > 0(2,vy(2)) for HPae. x € J,, (4.15)

which immediately implies (4.11). Indeed, by (4.12) and (4.15) we obtain

lim [ un (@), 0 Vi (), 2 V2un(2)) die > ()

n—-+oo Q En

x d_lx
>/Ju<a<>cm (2)
>

7/ U(xﬂ/u(x))d?-[d_l(x).

u
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To conclude our argument let us show that (4.15) holds. By (2.3)-(2.5), (4.13) and (4.14) we know
that for H l-a.e x € J,

1

lim, T (Quu (@) N ) = 1, (4.16)
Tl_i)r(r)1+ rld L4{y € B(z,m)\E: (y— ) v,(z) >0}) =0, (4.17)
Tlir(r)l+ :—dﬁd({y €B(z,r)NE: (y—x)- v,(z) <0}) =0. (4.18)

Let « € J, be such that (4.16)-(4.18) hold and set v := v, (). In view of Theorem 2.5, we can also

assume that
C(QV (x, 7"))

< +400.

Then, choosing 7, — 0% such that ((d(z + r,Q,)) = 0, by (4.16) and (4.12) we have that (see
Proposition 2.3),

C(Qu(x; rk))

Calz) = kETOO 1
= lim % lim if(z, Un(2), 60 Vun(2), 65 VU, (2)) dz
k—+o00 rkf n——+00 Qu(z,r) En
= kEI-sI-loo nBTOO o, ;—if(x + 1Y, Un (T + TRY), €0 Vun (T + 11Y), 2 VU, (z + rky)) dy
= it [ (e ), Vo), 500 ) (1.19)
k—-+o00 n—+o0 Q. €n Tk Ty

where v, 1, € W2’2(Qy;Rf) is defined by vy k(y) = un(x + 1Y), y € Q. We claim that

kgffoo nl{ffoo l[vn,, — UO”LI(Q,,;M) =0 (4.20)
where, for y € Q,, ug is given by
B if y-v >0,
uoly) = {a if y-v<O0.
Indeed (4.20) holds since
lim  lim vn.k(y) — uo(y)| dy

k—+o00 n—+o00 Q.

= lim lim / \un(x—l—rky)—mdy—i—/ |un(xz + 1Y) — o dy
k=400 n—+00 Q.N{y: y-v>0} Qvn{y: y-v<0}

= lim V u(z + riy) —ﬂldy+/ lu(z + r1y) —aldy]
k=400 | JQ,n{y: y-r>0} QuN{y: y-v<0}
1

— i | [ a=pldy+ [ 18— ol dy
k=too 1 | JQ, (zri)n{y: (y—a) v>0\E Qu (z,ri)N{y: (y—z)v<O0}NE
= ()’

where we have first used the fact that w, — w in L*(€;RY) and then (4.17)-(4.18) in the last equality.



24 M. BAIA, A. C. BARROSO, M. CHERMISI & J. MATIAS

By (4.19), (4.20) and a diagonalization argument we may find a subsequence {e,, } of {&,,} such that

n LY (QuiRY
tpi= 2y 07, Uk 1= Uny ko Qv +)uo,
T k—+oo k—+o0
and
. 1
Calz) = i lim t—f <x + 7Y, vk (y), te Vo (y), tiv%k (y)) dy. (4.21)
—teo o, tk

Applying Lemma 3.3, see also Remark 3.4, to the sequences {v;} and {tx}, we conclude that there
exists a sequence {wx} C W2(Q,;RY) N A(v) such that wy, — ug in L'(Q,;RY), and

) 1
lim f(x, vk (Y), tk Vur(y), tiV%k(y)> dy
k—+o00 Q. tx

. 1
> hmsup/ Ef(x,wk(y),thwk(y),tivzwk(y))dy.

k—+oco v

(4.22)

Thus, by (4.21), (4.22), the fact that wy € A(v) and using (1.6) in the last inequality, we conclude that

Ca(@) > lim 1f(z,vk<y>,thvk<y>7tiv2vk<y>> dy

k—+4oco Q. tk

— limsup/ { z, v (y), tVor(y), 6 V30,(y)) — f(z +rky,vk(y),thvk(y),tiV%k(y))}dy

k— 400

> timsp [ f(:v wi (). bV (y), tiv%k(y)) dy

k—+oo

v

- limsup/ [f 2, e (y), tVor (), 2 V20 (y)) — f(z +my,U/c(y),tkvvk(y)JiV%k(y))}dy

k— 400

> o (z,vy(x))

— lim SHP/ ti{f(x,vk(y),thvk(y),tivzvk(y)) — fz+ Tky,’Uk(y),tkvvk(y)atzV%k(y))}dy

k——+o0 v
(4.23)
Finally, hypothesis (H4) yields
. 1
lim SUP/ — [f(x,vk(y)kak(y),tiv%k(y)) — fz+ Tky»Uk(y)vthUk(y)atiV%k(y))]dy
k—+oc0 JQ, tk:
. 1 4.24
< thUPT/ — [ (@ + iy, v (v), e Vor(y), 6V 0r(y) ) dy (4.24)
k—+o00 v 12
= 7 ().
Therefore (4.15) follows by (4.23) and (4.24), letting 7 — 0.
]

4.2. The upper bound inequality. In this subsection we prove the upper bound inequality for the I'-
limit by constructing a recovering sequence. The proof is done in several steps according to the geometry
of the set 2 and to the interface of the function u. We start with the simpler case where (2 is a cube with
two of its faces normal to a given unit vector, the integrand function f does not depend explicitly on the
variable x and the target function w has planar interface.
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Lemma 4.5. Let Q = Q,(z,7) with v € S, 29 € R and v > 0. Assume that the function f does not
depend explicitly on x and that hypotheses (H1)-(H6) hold. Let

B if (x —z)-v>0
u(zx) ==
a if (x —xz) v <O.

Then, for every n > 0 and every sequence e, — 0T, there exists a sequence {ul} = {u,} C W2?(Q; RY)

satisfying
/ Up (z) de = / u(z)de =V (4.25)
Q Q

such that w, — w in L*(Q;RY) with ||u, — u||L1(Q;R£rV) = O(ey) and

limsup F. (u,) < r¢to(v) + @7 n = F(u) + 9 1n. (4.26)

n——+oo

Proof. For simplicity, we assume that o = 0 and that v = ¢4, and let n > 0 and €, — 0T be given. The
proof is divided into two steps.
Step 1. Let t, > 0 and w, € A(eq) be such that

/Q tlnf(wn(a:)7 tyVwy, (), t,27V2wn(a:)) dr < o(eq) + 1. (4.27)
We extend w,, outside of S, by setting
wy(z) =a if z5<—1/2
and
wy(z) =6 if z4>1/2,
and we define v,, ,, € W>2(Q; RY) by

wy (?x) it o= (a/,2,) € Q x (—25:722”),
U,y () := " o (4.28)
u(x) if v € Qand |z, > —.
2t,
We claim that
[on.n — “”LI(Q;Rf) = O(en). (4.29)

Indeed, changing variables we have

(¥ 1 . En V.pN w X
M LY ({ze: |xd|§2t’; },R+) (zea \Id\,m n en

1/2
= / ( ayd>
77 —1/2 4 €n

where, by the periodicity of w,, with respect to the first d—1 variables and the Riemann-Lebesgue Lemma,

1/2 toq! 1/2
lim / w < 1y )‘dz’ dy, = / / lwy (2, yq)| d2'da’dyq
n—-+00 -1/2 , n En d d ' Jor n

1/2
Thus, for n sufficiently large, we have that

L)

(4.30)
dx’ dy,,

Hd_l(Q/)HwnHLl(Q;M) = Td_l”“’n”Ll(Q;Rf)'

dz’ dyy < Td_1||w?7||L1(Q;Rf) +1
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and so

€ d—1
[vn,nll L1 ({zeo: |zal < 52 }iRY) < ﬁ (T ||wn||L1(Q;R$) + 1) )

This inequality, together with (4.28), yields

|lvnn — UHLl(Q;M) = |jvpy — UHLl({zeQ;de%};M)

IN

En
vnmllLr ((weaitzal< 2o ymyy) + Ca,ﬂﬁd({x €Q:zg < f})
n n

En

< G (T lln@ay +1) + Cont?({z € 0l < 5 }) = Olew),

2,

where Cy g = max{|a/,|3|}. Let us now estimate E. (v ;). By (4.28), (H2), a change of variables
and the Riemann-Lebesgue Lemma, we can write

limsup E., (vp ;) = limsup i / fonn(x),en Vo, n(x), siv%nm(x)) dz
Q

n—-+o0o n—-+oo En

1 3ty [ [ [
= limsup—/ ' / f (wn (") by Vwy, (") 7t727v2w?7 <’7>) da’ dxy
n—+oco En —5{; 4 En En En

1/2 1 tog! tox! tox
= lim sup / —f (wn < n? ,yd) Vo, (M,yd> ,t%Van ( nt ,yd)> dz’ dyq
n—+oo J—1/2 Jo ty En En En

1/2 1
- / / / tifl (wn(Z/’ yd)’ tnvw’fl(zlv yd)a t%van(zl7 yd)) dZ/ dl’l dyd
’ ’ ,,.,
d

~1/2

=it /Q 1 (a5t V0 (9). 50 (1) .

n

and thus, recalling (4.27), we get
limsup E., (vn,; Q) < v to(eq) + 77 1. (4.31)

n—-+oo

If we did not require (4.25) to hold, a diagonalization argument and (4.27) would now yield (4.26).
However, in order to meet the volume constraint we will need to modify the sequence v, , to obtain a
new sequence u,, converging to u in L*(Q;RY) and such that (4.25) and (4.26) are satisfied. This will be
achieved in the following step.

Step 2. Define
Un,y = U,y + bny, where by, = ][ w(x) — vpp(x) de.
Q
As seen in Step 1 (cf. (4.29)), ||vn,, — UHLI((Q;Rﬁ) = O(e,) so

|br n] < ]é lu(x) — vpn(x)| dz = O(ey). (4.32)
Thus, as n — 400, Up,, — u in Ll(Q;Rf)7 and

/Q () dit = /Q V() + ( ]é w(y) = vnn(y) dy) du = /Q u(z) dz.

We claim that, for fixed 1, we have, for n sufficiently large,

E., (tnn; Q) = Ee, (Vn,n; Q) + O(ep). (4.33)
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Indeed, adding and subtracting the quantity E. (v, ;) and recalling (4.28), it follows that

1
Ee, (uny; Q) =E., (Vs Q) + — / fla+byy,0, 0) dx
{zeQ ‘Ed<—K}

1 1
+— fw+mwaomm~f/ f(ul(),0,0) dx
{reQima> 5 En J{zeQi|zal> 5
1
+* F(Wn () + bpyy €0 VU 5 (), 5%V20n,n(x)) = f(vnn(2),en Vo 5 (), 5iv2”n,n(m)) dx.

{zeQ:|zq|< zt" }

Notice that the integral with integrand f(u(z), O, Q) is zero by definition of v and by (H2). By (4.29)
and (4.32), let M > 0 be a suitable constant such that

[V + bnyl <M and |vn,| < M

for n large enough. Then, by (H5), a change of variables, the periodicity of w;, in the first d — 1 variables
and the Riemann-Lebesgue Lemma and (4.32), we have, for n sufficiently large,

1
— () + by €0 V000 (2), €2V %0, 1 (2)) — f(Vnn(2), 60 VOp0 (), €2V>0,,  (2)) da

{wei|zal< 57

< C’MM (1 + ei\an,,,(x)P + €f‘L|Vzvn7n(x)|2> dx

En {ze|zg|< 51
2 2
nx V2w by dz'dxg
n\z,

2t
— Crlbn ,,7|< +7/ /tQ
/ t / 2
Vuw, < 7yd) V2w, < ch ,yd) dx’dyd>
1 [z
+t7/1/ / t727|vwn(zlyyd)2+tf]|vzwn(2/,yd)2dz'dm’dyd+1>
nd-1JaJg

4
+1,

2
4
+1,

(b [

’f‘d_l
S CJV[|bn,n|

n
<O|bn,,|< +1) O(en).

Furthermore, by (H6) and (4.32) we have that

- £(0+ by, 0,0) da < CW by PLAQ) = O(en),

{zeQzg<—3 E"

since |a+ by, — | = |byy| = O(en) < do, for n large enough. Likewise,

1 (B + by 0,0) da = O(,),

{a:EQ:wd>2ET’:I}

and thus (4.33) is proved. Hence, u,, — u in L'(;RY), as n — +oo, with ||y, — u||L1(Q;Rf) = O(en),

/Qunn(x) dx:/ﬂu(m) dx
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and, by (4.33) and (4.31),

1
limsup—/ﬂf(unm(x),EnVun,n(x),s%V2un,n(x))dx = limsup E., (v n; Q)

n—-+oo En n—-+oo

< rd_la(ed) + iy = F(u) + rd=1y.

Let us now address the general case.

Proposition 4.6 (Upper bound). Let 2 be an open and bounded subset of R® with Lipschitz boundary.
Assume that hypotheses (H1)-(H6) hold and let w € BV (Q;{a, 8}) N V. Then, for every n > 0 and
every sequence e, — 07, there exists a sequence {ull} = {u,} C W22(Q;RY) NV such that u,, — u in
LY RY) with [ju, — UHLI(Q;Rf) = O(ey,) and

limsup F., (un) < F(u) + O(n). (4.34)

n—-+oo

Proof. Let n > 0 and &,, — 0F. The proof is divided into four steps. In the first three steps we will start,
respectively, with target functions with planar and polyhedral interfaces, and we will need to consider
an auxiliary compact subset of () satisfying certain geometrical properties. This restriction is removed in
the final step where a general target function is also considered.

Step 1. We consider first the case where u has a planar interface, i.e., for z € Q,
B if (x —xo)-v >0,
u(z) =
a if (z—=z9) v <O,
for some 2y € Q and v € S4L. For r > 0 sufficiently small, we consider the set U := Q,(xo,7) such

that U C €2, and we assume, without loss of generality, that v = ey and xy = 0. We will prove that there
exists a sequence {u} = {u, } C W22(U;RY) satisfying

/Uun(x)da::/Uu(x)dxzv

such that u, — w in L' (U;RY) with |[u, — u||L1(U;R£) = O(e,) and

lim sup Ex,, (un; U) < / o, eq) AHA (z) + O(1).
J,NU

n—-+o0o

Substep 1.a) We begin by showing that there exists a sequence {v!} = {v,} C W22(U;RY) such that
v, = win LY(U;RY) with [jv, — u||L1(U;R$) = O(e,) and

lim Sup/ if(ac, Vn(2), en Vo (), €2 V20, (2)) de < / o(x,eq) d?—[d_l(x) + O(n), (4.35)
n—+oco JU €n J,NU

where
O(n) = 77{/} . o(x,eq) d’}-[d_l(x) +C(1+ n)rd_l]

and C is a constant depending only on «, § and f.
Since U is a compact subset of €2, it is possible to find a § > 0 such that Proposition 3.5 (ii) and (H4)
are satisfied uniformly in U, i.e.

2y el |z—yl<d=lo(@pn) —o(y,w)| <nC(1+a|?+|8"+|a—pB%), YVuesS™  (4.36)
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and

zy €U, |w—y| <d=[f(x,u,&A) = fly,u, & A)| < nf(mu,§A), V(u, & A) € RY x RV TNXNxd,
(4.37)
Let m € N be such that

0= % < min{é(n), n}, (4.38)

and consider a partition of U’ into m?~! cubes of dimension d — 1, aligned according to the coordinate
axes and having mutually disjoint interiors

md*l

U= U (ai + pQ"). (4.39)

i=1
For the sake of simplicity in what follows we write Q; := a; + pQ.
By Lemma 4.5 there exists a sequence {uSP} C W22(Q1; RY) such that u = uin LY(Q1; RY), with

1
HU1(1) — u||L1(Q1;RI+V) = O(e,) and

1

timsup [ (ar0(0), 2 Vul (@) 2920 @) do < g () + 4
n—-+4oo Q1 En

Now, by Lemma 3.3 and Remark 3.4, we can find a sequence {wg)} C W22(Qq; Rf) such that w — u

in L'(Q1; RY), with ||w£11) - u||L1(Q1;R£) = O(ey), w%l)(x) =uxU, (%) on 0Q; and

1
limsup/ —f (al,w,(ll)(x),5an,(ll)(a:),€iV2w,(11)(a:)) dx
Q

n—-+oo 1 En

< lim inf if (al,u%l)(x),enVugll)(x),siV2u£Ll)(x)) dz

n—-+oo Q1 En

< p¥lo(ar,eq) + p* .

Applying this reasoning in each cube Q;, i = 1, ..., m%~!, we obtain sequences {w,(f)} C W2(Qy; Rf)
such that w$’ — u in LY(Q;;RY), with Jw§ — ull 11 g,y = Olen), wi (z) =ux T, (m;aj> on 9Q);

and

1 . , ,
/Q ?f (aj,wﬁf)(x),anwSLJ)(x),siVQwSL])(x)) dr < pdila(aj, ed) + pdiln (4.40)
for j =1,...,m% ! and for n sufficiently large.

For z € U define the sequence v, , by
w(z), if v €Q;,
vn,n(w) = 6; if Tq Z @7

a, if Tqg < —@.

Taking into account the definition of ng ) we clearly have that v, , € W22 (U; Rf ) and

[on.n — ullpr@ry) = O(en)- (4.41)
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Recall now that for each 1 we can find 6(n) such that (4.36) and (4.37) hold and so that p(n) < §(n)
(cf. (4.38)). By (4.37) and (4.40), we then get

d—1
s 1 , ) . ) ) )
Z = f (:mwﬁf)(x),Eang)(a:),Eivzwg)(x)) —f (aj,wﬁﬂ)(ac),EanSlj)(x),stV2w§lJ)(m)) dx
j=1 " 76
md—l 1
<> o/ 1 (a5, 09 (@), 20V (@), 2 V20 (@) ) do Z (p" o (az ca) + p*'n)
g=1 "I =1
(4.42)
for n sufficiently large, while by (4.36)
md 1
‘/ xed)de I pt 120'@],6,1
JuNU j=1
(4.43)

dH¥ 1 (z) < Cprd—t

o(x,eq) —o(aj,eq)

Jquj

md—l
<3
j=1
Combining the two previous inequalities, we conclude, in view of (4.40) and (H2), that

En

/Uif (ac Unon (@), €0 VUy (), € Vzvnn( )) dx

Z/ 7f aﬁw(a)( ),6an,(lj)(m),stV2w(J )d;p+77 Z ( amed)_’_pd71n>

< (1+mn) Z (Pd 10(aj,ed)+pd’177)

j=1

<(1+7n) [/ o(z,eq) dH (z) + C < nrd*}
JunU
<[ oo dnii@)+00)
JuNU
for n sufficiently large, with
O(n) = n{/ o(z,eq) dH¥ ™ (z) + C(1 + n)rd_l] (4.44)
JunU

where C' is a constant depending only on «, S and f, thus concluding the proof of (4.35).

Substep 1.b) In order to comply with the volume constraint we will now modify the sequence v,
obtained in Substep 1.a). Define

Uy := Up + b,, where b, := ][ (u(x) — vn(x)) dx.
U
Clearly / U, () dx—/ u(z) dz. In addition, by (4.41)
U

1
bl < 1= 0)@) de = s lon = wll sy, = Ofen). (4.45)
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It follows that u, — w in L'(U; RY) with ||u,, — u||L1(U;Rf) = O(e,). We claim that

n—-+o0o En

limsup/ if (2, un (), £, Vun (), 2 VU () d
U
1
< lim sup/ — [ (z,0n(2),enVoy (), e2 V70, (2)) dz + O(n).  (4.46)
n—4oco JU En

If we show that (4.46) holds, the conclusion of Step 1 will follow by (4.35). To prove (4.46) we add and
subtract the quantity E._(v,;U) to obtain

E. (u;U) = E. (v;U)
1 1
+/ ;f (2, un (@), 60 Vg (z), €2 Vuy (2)) — g—f (z,vn(2), 2, VUn(2), 65 V0, (2)) dz
U <n n
1
= Egn(vn;U)—&——/ f(z,a+b,,0,0) dz
En J{zcUiwg<—L
1
+— f(z,8+b,,0,0) dx
En {zeU:zq>5}
Jri f (x,vn(x) + bn,eann(x),siVQUH(x)) —f (z,vn(z),z?"an(x),eiv%n(z)) dx
En {zeU:|zq|< 5}
1

- f (z,u(z),0,0) dz.

En J{zeU:|za|>4}
By (H2) the last integral is zero. Let M > 0 be a suitable constant such that
|vn, +bn| < M and |v,| < M,

for n large enough. Then, by (H5), (H3), (4.45) and (4.38), in this order, we have

L f(z,00(2) + bn, £nVun(2), 62 V?0,(2)) — f (2,00 (2), 0 Vn (), £2 V0, (2)) da
En J{zeU:|zal< 4}

< Zpou) (1+ 22|V (@) 2 + 4 V20, (@)]?) do
En {zeU:|zq< L}
< £|bn| (14 f (z,v0(x), 20 Von(2), 65 V20, (2))) dz
En {zeU:|zq|<5}
1
< 0(p)+ e [ 1f (@00(0) 0 Von(@), 25200 (2) o < O01) + Ol
U ¢n

Finally, by (H6) and (4.45) we have

1 C
— f(z,a+b,,0,0) de < —[bp|?LYU) = O(en),
En J{zeU:zg<—L} En
since |a + b, — a| = |b,| = O(g,,) < do, for n large enough. Likewise, we conclude that
1

— f(x,8+b,,0,0) dx = 0(g,).

€n {zeU:xq>5}
Thus,
limsup E,, (un; U) < limsup (E., (va; U) + O(n) 4+ O(ey)) = limsup E., (v,; U) 4+ O(n)

n——+oo n—-+4oo n—-+oo

and (4.46) is proved.
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Step 2. Let u be as in the previous step and, as before, without loss of generality, assume that v = ey
and zp = 0. Now let U be an open subset of 2 satisfying the following condition

1 — 1
lim lim —£¢ ({x eU: dist (z,J, NU) < e, dist (z,0U) < }) =0. (4.47)
j—+o00e—0t € J
Notice that, since U’ C U and by the triangle inequality, we also obtain
1 — 1
Jim  lim —£¢ ({x eU: dist (z,J, NU) < ¢, dist (z',0U") < }) =0, (4.48)
j—+ooe—0t € i

where z = (2/,24) and we are using the notation established in Subsection 2.1 for U’.
We claim that the same conclusion derived in Step 1 holds.

Substep 2.a) As before, let us see that there exists a sequence {v!} = {v, } C W22(U;RY) such that
v, = win LY(U;RY) with |jv, — u||L1(U;R$) = O(e,) and

lim sup/ if(x,vn(ac),Eann(a:),siv%n(aﬂ)) dzx < / o(z,eq) dH () + O(n), (4.49)
U JunU

n—-+oo En

where

o =n[ [ ata.caya' @)+ O+ it

Indeed, by Theorem 2.1 we may write

“+o0 “+o0
U'=Jd+6.Q,) = Q.

i=1 i=1

where
diam Q; = C(d)é; < dist (Q},0U") < 4C(d)é;. (4.50)

Condition (4.50) implies that there exist constants Cy(d), C2(d) > 0 such that
Let C’(d) be such that the inequality

dist (¢',a}) < C'(d)é;, (4.52)

holds for every z’ € @} and every ¢ € N. Now choose L > 0 such that

(6 )

and let
1
Q; = {x/ e U’ : dist (Il,aU/) > .}7

J
G;:=12Q,: dist (a},0U") < *
J [ 79 L] ’
1
Fj = {Q; . dist (af, 0U") > L]}
Notice that, for all j € N, F; is a finite family of cubes. Indeed, if Q; € F;, by (4.51), it follows that
d; > ———— and, if there were infinitely many cubes Q) in F;, we would have that
LCy(d)j

LTNU = Y L@ = D 6 > Cleard Fy) = +ox,
QieT; QieF;
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contradicting the fact that U’ is bounded. Also, by our choice of L, it follows that

o c | e

Q;G}—j

Indeed, given 2’ € (2 we can find an index ig such that 2’ € Qigo Then necessarily Q; € Fj, because
otherwise we would have dist(a;j, ,0U") < 1/(Lj) which would imply, by (4.51) and (4.52), that

!
dist(',0U") < dist(aj,, OU") + dist (', a},) < dist(a,, OU") (1 + ¢ (d)>

C1(d)
1 C'(d) 1
< (”cl<d>> <7

which is a contradiction. Thus Q; is covered by finitely many cubes Q) € F;.

We denote by Q; the cube Q; := Q) x (— %, %) By Substep 1.a) applied to the cube @ there exists
a sequence {’ug)} C W22(Qq; RY) such that oV 5 win LY(Qq1;RY), with ||v7(11) — u||L1(Q1;R$) =0(en)

and

limsupEsn(v,(Ll);Ql) §/ o(x,eq) deil(;v)Jrn[/ o(x,eq) d’;’-ldfl(x)JrC(lJrn)éf_l . (4.53)
JuNQ1

n—-+oo JuNQ1

Thus, by (4.53) and Lemma 3.3 there exists a sequence {wi”} € W22(Q1;RY) such that w'(z) =
ux U, (@gl‘“) on 0Q); and

n—-+oo 1 En

1
limsup/ —f (aawﬁll)(m),EanS)(x),aiv2wS)(x)> dx
Q

1
< liminf/ —f (a:,v,(ll)(x),enVU,(Ll)(a:),efLVQU,(})(:U)) dz
Q

n—-+oo N En

< /Jqul o(z,eq) dH¥ () + 77{/ oz, eq) dH (z) + C(1 + 77)6?71 ’ (4.54)

Jqul

We can also assume that ng) - u||L1(Q1;R£) = O(e,) (cf. Remark 3.4).
By applying the above reasoning in each of the finitely many cubes @} in F;, we obtain sequences

{wl} € W22(QuRY) such that il (@) = ux ¥, (£52) on 9Q, llwf — ullp1 g, zy) = Ofea), and

lim sup E.. (w(: Q;) < / (2, eq) dH ) + 1 / (2, eq) dH' (@) + C(L+ 0ol (4.55)
JuNQ;

n—+oo JuNQ;

for every @Q; such that Q) € F;.

We now define the sequence
wg)(x), ifxe @, Q) €F;
vp(x) = (4.56)
u*\Ilsn(z), lfIGU\{UZQ1 Q; G.Fj}.
Clearly v, — u in L'(U;RY) with

l|vn — U”Ll(U;]Rf) = O(en).
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1
Moreover, taking into account (3.8) and since z € U \ {Q; : Q} € F;} implies that dist (z',0U") < -,

J
by (H2), (H3) and (4.55) we have that
1
limsup/ — [ (z,vn(2), €, Vy(2),e2 V70, (7)) da
n—+oco JU En
1
< lim sup/ —f (2, (ux0.,)(2), e, V(ux U, ) (2),e5V(ux V., )(z)) do
n—rtoo JU\{Qi:Q[eF;}En
1 . , )
+ Z limsup/ —f (:I:,wgf)(a:),Eanff)(x),aiVQw%’)(x)) dx
Qler, n—+o00 JQ,; €n
1 1
< C'limsup — £¢ ({x = (2", 2q) €U : 14| < &p, dist (2/,0U") < })
n—+oco €n J
+ / a(x,ed)cmdfl(x)m[/ o(, eq) d%dfl(z)+0(1+n)|U’|]
JuNQ; JuNU

QLeF;

< Climsup iﬁd ({x = (2/,1q) € U : |zg| < £p, dist (z/,0U") < 1})

n—-+4oo En .]
+/ o(z,eq) dH () + n[/ o(z,eq) dH (z) + C(1 + 77)|U/\].
JuNU JuNU
Taking the limit when j — 400, by (4.48) we conclude that
1
imowp [, 00(0), 20 Vou(0), V%00 (@) < [ otaca)dit? (@) + O,
U JuNU

n—+o0o En

where
O =n[ [ atw.ca)a' @)+ it

and C'is a constant depending only on «, § and f.

Substep 2.b) The change of the sequence v, in order to comply with the volume constraint follows
from (4.56) and Substep 1.b) above.

Step 3. We consider the case where u has a polyhedral interface, i.e. u = xgf + (1 — xg)a, where
E=FENQoENQ=0*E NQ with E' a polyhedral set, that is, E’ is a bounded strongly Lipschitz
domain such that OE’ = Uzj\i1 H; where H; are closed subsets of hyperplanes in R?. As in the previous
step let U C Q be such that (4.47) holds. Define @ : R? — RN by w(-) := xg8 + (1 — xp')a so that

coincides with « in U and let
_ 1 . _ d
e, (-) == W\II (8n> xu, rT€ER

where ¥ is the symmetric mollifier given in (3.4). Recall that {@., } is bounded in L* and

_ 1 _ 1
IVl =0 () 1920l =0 (5

> , supp Vie, C {z e RY: dist (z,J5) <en}.  (4.57)

Notice that when the target function is extended to R? it could happen that H41(J; N Q) > 0. To
avoid this situation, we work with a smaller set U C (Q satisfying the first condition in (4.47). The second
condition that we impose on U ensures that OU does not contain cusps.

M
We have J, NU = | J(H; NU) where H*~(H; N H;) =0, if i # j. Let

i=1

I={ic{l,...M}: H*" Y (H;nU) > 0}.
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As before we divide the argument in two substeps.
Substep 8.a) Using an induction argument on card I, we will first show that there exists a sequence
{v1} = {v,} € W*2(U;RY) such that

v, — u in LY(U;RY) with |v, — u||L1(U;R$) = O(ep), vy = U, on OU and

1
imsup [ 1 (2,000, 20 V0 (0, 292 0n@) e < [ ol v(a) a4 @) + O, (459
n—+oo JUEN J.NU

where
O(n) = n[/J o) i @) + OO 0 D)

The case where card I = 0 is trivial and the case where card I = 1 was treated in the previous step.
Recall that the sequence derived in Substep 2.a) satisfies all the conditions in (4.58). We assume that
(4.58) is true for card I = M — 1 and we prove that it still holds when card I = M. Let

S :={x e R?: dist(z, H,) = dist(x, Hy U...U Hy)}
and
Oy :={z e U: dist(z, Hy) < dist(z, Ho U... U Hy)}.
Clearly Q; is open and Q N (HaU...U Hy) = 0 so that card {i € {1,... M} : H" Y (H; N Q) > 0} = 1.

Also, given z € O we have dist(z,.J, N Q1) > dist(x, J, N U), and 9Q;\(0Q; N U) is contained in
hyperplanes so, by (4.47), it follows that

j—+ooe—0t € ]

1 — 1
lim lim -£4 ({x € Oy : dist(z, J, N Q) < ¢, dist(z,00) < }) =0.

Likewise, letting
Qg :={z e U : dist(z, Hy) > dist(z, Ho U ... UHp)},
we have that Qg is open, J, N Qs = (HoNU)U...U(Hpy NU) and
1 — 1
lim  lim ~£¢ ({x € Qo : dist(z, J, N Q) < g, dist(x, d0s) < }) =0.
j—+ooe—0t € J
We can apply Substep 2.a) to €; since it contains only one interface. Hence, there exists a sequence
{v,g)} C W22(Q;RY) such that oV 5w in LY(Q; RY) with HUS) - UHLl(Ql;Rﬁ) = O(ey), oV = U,
on 9 and
limsup E., (v{V; Q) < / o(x,v(x)) d?-[d_l(ﬂﬁ)—l-n[/
J. Ny

n—-+oo JuNQy

o(z,v(z)) d%d—l(x)+0(1+nmd—1uml)} .

(4.59)
Since J, N )y contains at most M — 1 flat interfaces we can apply the induction hypothesis in 25 to
obtain a sequence {v,(?)} C W22(Qo; RY) such that v = uin LY(Q9; RY) with ||v£L2) - u||L1(QZ;R$) =

O(en), 0P = U, on 09y and

limsup E. (v/?);Qy) §/J . o(z,v(z)) d?-ld_l(x)—i—n[/ O'(LL',V(.’L‘))d?‘ld_l(-’L‘)‘FC(l-‘r’I])Hd_l(JuﬂQg)}.

n——+oo JuNQo
(4.60)
We now define B
v,(LI)(x), ifreNU
vn(2) == ¢ o) (), ifrecQnU (4.61)

Ue, (z), ifzeintSNU.
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We point out that in certain cases it may happen that £¢(intS N U) > 0.

. 1 2 _ .
Since [[vn) = ull 1 (@,irp) = O(en), 108 = ullp(@ury) = Olen) and ||, — ull1 Gmsvry) = OEn), it
follows that

[ = ullz wiry) = O(en)- (4.62)

On the other hand, by (4.59), (4.60), (4.57), (H3) and (H2) we have

n—-+oo En

limsup/ if (z,v0(2), 2, VU, (2), 65 V0, (2)) dz
U

< limsup/ —f (x o (z ),6an§l1)(m),EiV2v7(ll)(x)) dx
Q

n——+oo . En

—|—limsup/ —f (x v (2),e, Vo' (z), 2 V2 (w)) dx
Q

n—+oo JQ, €n

1
—|—limsup/ —f (a: Ue, (x),en Vi, (x), e Vgugn( )) dx

n—+oo JintSNU €n
<§j/ () a1 (2) + O
QN
+lim supi/ f (2,4, (2),6, Ve, (z),e5 V0., (z)) dz
n—+oo €n JintSNU
d—1 . C d . .
< Z/ x))dH (z) + limsup — Lz € intSNU : dist(z, Jy) < en} + O(n)
Q;NJy n—+oco €n

-1
< /Umu o(z,v(x))dH* " (z) + O(n),

where in the last step we used the fact that
LUz eintSNU : dist(z, J,) < ep} = LYz €intSNU : dist(z, 0 N Q) <e,} <Ce™t (4.63)
and where

o =n[ [ ole@)dH! @) + O+ (10 0)]
JuNU
and C is a constant depending only on «, 8 and f.
Substep 3.b) As before, in order to meet the volume constraint, we change the sequence v,, defined in
(4.61) by setting
Uy = Vp + bp, by = ][ (u(a:) — vn(a:)) dx.
U

v (4.62)
|bn| < O(en) (4.64)
and it follows that u,, — w in L'(U; RY) with ||u, — ull pr my) = Olen)-

Using the same notation as in Substep 3.a) we will show, using an induction procedure on card I,
that the sequence u,, defined above satisfies

n—+oo En

lim sup /U L @ un(2), enVun (@), 22V 2un(2)) d < /J o) @)+ O, (465)

When card I = 1, since £L4(Q) = £4(U), (4.65) follows immediately from Step 2.b). Assuming the
result is true when card I = M — 1 we show that it also holds when card I = M. In this case, J, Ny
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contains at most M — 1 flat interfaces and J,, N 1 only one. Therefore, using the induction hypothesis,
we have

1
limsup/ —f (x,un(x),E,LVun(x),SZVQU,L(J:)) dx
U

n——+oo En

< lim sup/ if (2, un (), €0 Vun(2), 2 VU, (z)) do
Q

n—-+oo 1 En

+1imsup/ if (2, un(2), 60 Vun (), 2 VU (7)) da
Q

n—-+oo 2 En
+1imsup/ if (2, un(z), e, Vu(z), 2 V3u(z)) da
n—+o0 JintSNU €n
<[ or@)ant i@ 0w+ [ atevl@)ant ) + O
Jou Ny Ju N2
—Himsup/ if (2, un(z), e, Vu(z),e2V?u(z)) da
n—+oo JintSNU En

where by (H3), (4.57), (4.63), (4.64) and (HS6),
1

/ f (xaun($)75nvu($),Eiv2u($)) dx
intSNU €n

A

1
_/ 7f (x’aén(x) +bn,€nVﬂEn(l‘),EiV2ﬂgn (l‘)) dx
{z€intSNU:dist(z,J,)<en} En

+

/ if(a:,u(;v) +b,,0,0) dx
{

z€intSNU:dist(z,J, ) >en} En

< gﬁd{m €intSNU : dist(x,J,) < e,} + €£|bn|2£d(U) = O(en).

n

Thus,

n——+oo En

lim sup/U if (2, un(2), 60 Vuy (), 2 V2, (z)) do < /J . oz, v(z))dH¥ 1 (z) + O(n).

Step 4. We conclude with the general case where € is a bounded open subset of R? with Lipschitz
boundary and v = Bxg + a(1 — xg) with Perq(F) < +00. Applying Theorem 2.11 there exist polyhedral
sets Fj such that yg, — xg in BV(Q), LY(Ey) = LYE) and He~1(9*Ex N 0Q) = 0. Moreover, in order
to apply the results of the previous step, we choose Fj such that

1 _
lim ~£? Q: dist(z, 0" B, N Q =0. 4.66
Jim = ({z € ist(z,0"ErNQ) <e}) (4.66)

Substep 4.a) Since 9 is Lipschitz, and using (4.66), we may apply Substep 3.a) in . Hence, for

every k, we find a sequence

rUSLk) — Uk = /BXEk + a(l - XEk)

as n — +oo in L' (Q;RY) with Hv,(Lk) — Uk”Ll(Q;]Rf) = O(e,) and such that
1
limsup/ —f (w,vﬁl’“)(w)veanﬁl’“)(ff)véiV%ﬁk)(x)) da S/ o (@, vi(x)) A (@) + Cun,
n—+oo JQ En Jup, NQ
where vy () is the measure theoretic unit inner normal to J,, at x,

Cr = / o(z,vp(x)) dHTH(z) + C(1 4+ n)HT (T, NQ)
Ju,NQ

k
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and C is a constant depending only on «, 8 and f. Let n(k) be such that

El

k
||U£L(;¢) - Uk||L1(Q;Rf) <

and

1
-+ Cyn.
<k+ kN

_ 1 k k k
/ o(z,vp(x)) dH (x) —/ —f <£C,’UT(L(3€) (x),EvaT(L(L) (m),aiv%;&)(x)) dx
Ju, MO Q €k

Setting vy = ng;c) it follows that vy — w in Ll(Q;Rf). Moreover, by Theorem 2.11, every continuous

function h : Q x R? — [0, +00) satisfies

lim h(zx, v (x)) dHI () = / h(z,v(x)) dH ().

k=to0 ), na JuNQ

Since o is upper semicontinuous (cf. Proposition 3.5 - (iii)), there exist continuous functions h,, : QxR? —
[0, +-00) such that, for every (z,() € Q x R,

o(x,¢) < hm(z,¢) < C|C],
and

o, ) = inf hyn(,€),

where we have extended o(z,-) as a homogeneous function of degree one. Thus, for all m it follows that

1
lim sup / = f (w,00(2), e Vok(w), £} V20r(2)) d < (1+ ) limsup / o (w, () dH ()
k—4o00 JQ €k k—+oo JJy, NQ

+Cn(1 +n)limsup H1 (T, N Q)

k—+oc0

< (1+n)lim Sup/ T (0, vi () AR (@) + Cy(1 + )R (S N Q)
Ju, Q2

k——+o00

=(1+7) / B (2, v()) dHA () + Cn(1 + n)HI (T, N Q).
JunQ
Taking the limit when m — +o00, by Lebesgue’s monotone convergence theorem, we conclude that

lim sup/Q if (z, v (2), 1 Vg (z), e V2oi(2)) do < /J . o(z,v(x)) dH* 1 (z) + O(n).

k——+o0 €k

Substep 4.b) Following the argument given in Substep 3.b) above, we can change the sequence vy
above so that it satisfies the volume constraint without increasing the energy. This completes the proof
of Theorem 4.1. O
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