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1. Introduction

The objective of this work is to study the asymptotic behavior, as a small parameter ε tends to zero,
of a sequence of functionals of the form

1

ε

∫
Ω

f(x, u(x), ε∇u(x), ε2∇2u(x)) dx

1
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obtained as a singular perturbation of a non-convex second order functional of the type∫
Ω

f(x, u(x),∇u(x),∇2u(x)) dx

where f(·, u(·),∇u(·),∇2u(·)) represents the free energy of a mixture of N fluids (N ∈ N, N ≥ 2),
occupying a fixed container Ω ⊂ Rd (d ∈ N, d ≥ 2), and is a function of the density u = (u1, ..., uN ) and
its first and second order derivatives. The bulk energy density f is assumed to be continuous, positive and
such that for all x ∈ Ω the function f(x, ·,O,O) achieves its minimum value zero at exactly two vectors
α, β ∈ RN+ , α 6= β. In addition, each component ui (the density of the ith-ingredient of the mixture) is
considered to be nonnegative and the total amount of bulk material is assumed to be preserved, i.e., u
belongs to the following set

V :=

{
u :

∫
Ω

u(x) dx = V, V ∈ RN+ , |Ω| min(αi, βi) < V i < |Ω| max(αi, βi), i = 1, ..., N

}
,

where V i, αi and βi are the i-th components of V , α and β, respectively.

More specifically, our aim is to study, via Γ-convergence techniques, the family of minimum problems

min

{
1

ε

∫
Ω

f(x, u(x), ε∇u(x), ε2∇2u(x)) dx, u ∈ V
}
. (1.1)

Starting with the works of Modica [30] and Sternberg [35], following ideas of Modica & Mortola [31],
minimum problems involving singularly perturbed functionals of the type (1.1) have been extensively
studied in the literature to solve the classical problem proposed by Gurtin [26] (see also Gurtin [27]) of
minimizing ∫

Ω

W (u) dx,

subject to the constraint
1

|Ω|

∫
Ω

u(x) dx = θα+ (1− θ)β,

where u : Ω→ R, 0 < θ < 1 and W has two potential wells, that is, W (u) = 0 if and only if u ∈ {α, β}.
Given that the above problem has infinitely many solutions, to resolve this non-uniqueness one con-

siders the perturbed functionals
1

ε

∫
Ω

fε(x, u,∇u) dx, (1.2)

where the energy density has the form

fε(x, u,∇u) = W (u) + ε2|∇u|2. (1.3)

The Γ-limit of this sequence of functionals, identified in [30], shows that for a given volume fraction θ the
physically prefered solution has minimal interfacial area.

Still considering u : Ω → R, Bouchitté [8] and Owen & Sternberg [32] considered the more general
coupled case where the energy density is given by

fε(x, u,∇u) = g(x, u, ε∇u)

and where the function g is taken to be convex in the last variable. In the vectorial case, u : Ω→ RN , and
for integrands given by (1.3), the study of the above minimization problem was undertaken by Fonseca
& Tartar [25], and by Baldo [5] in the case of multiple wells, whereas Barroso & Fonseca [6] identified
the Γ-limit of the rescaled energies (1.2) when the integrands are of the type

fε(x, u,∇u) = W (u) + ε2h2(x,∇u),
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and Fonseca & Popovici [24] did the same in the coupled case in which

fε(x, u,∇u) = g(x, u, ε∇u).

The characterization of the Γ-limit for functionals involving higher order terms is due to Conti, Fonseca
& Leoni [13] for an energy of the form ∫

Ω

1

ε
W (∇u) + ε|∇2u|2 dx.

We also mention the work of Chermisi, Dal Maso, Fonseca & Leoni [10], where, for scalar functions u,
the authors addressed a model on pattern formation based on the Ginzburg-Landau energy∫

Ω

W (u)− q|∇u|2 + |∇2u|2 dx

(see Coleman, Marcus & Mizel [12] and Seul & Andelman [33]) by considering a perturbed second order
energy of the form

fε(x, u,∇u,∇2u) = W (u)− qε2|∇u|2 + ε4|∇2u|2, q > 0

(see also Fonseca & Mantegazza [21] for the case q = 0, Cicalese, Spadaro & Zeppieri [11] for q > 0 in the
one-dimensional case, and Hilhorst, Peletier & Schätzle [29] for the case q < 0 where |∇2u|2 is replaced
by |4u|2).

In this work we treat general non-convex second order singular perturbed problems of the form (1.1).
For this purpose, and under some technical hypotheses (we refer to Section 3 for our list of hypotheses
and to Section 4 for the complete statement of our main result), we prove in Theorem 4.1 that the family
of functionals

Fε(u) :=


1

ε

∫
Ω

f(x, u(x), ε∇u(x), ε2∇2u(x)) dx, u ∈W 2,2(Ω;RN+ ) ∩ V,

+∞, otherwise

(1.4)

Γ-converges, with respect to the L1(Ω;RN+ )-convergence, to the functional F : L1(Ω;RN+ ) → R ∪ {+∞}
defined by

F (u) :=


∫
Ju

σ
(
x, νu(x)

)
dHd−1(x), u ∈ BV

(
Ω; {α, β}

)
∩ V,

+∞, otherwise,

(1.5)

where σ : Ω× Sd−1 → [0,+∞) is given by

σ(x, ν) := inf

{∫
Qν

1

t
f
(
x,w(y), t∇w(y), t2∇2w(y)

)
dy : t > 0, w ∈ A(ν)

}
, (1.6)

and where for every ν ∈ Sd−1, the class A(ν) of admissible density functions, is defined by

A(ν) :=

{
w ∈W 2,2

loc (Sν ;RN+ ) : w(y) = α if y · ν = −1

2
, w(y) = β if y · ν =

1

2
,

w(y) = w(y + lνi), for all y ∈ Sν , i = 1, . . . , d− 1, and l ∈ Z

} (1.7)

where {ν1, . . . , νd−1, ν} is an orthonormal basis of Rd and Sν is the strip

Sν :=

{
x ∈ Rd : |x · ν| < 1

2

}
.
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The proof of our main result relies on the blow-up method, introduced by Fonseca & Müller (see e.g
[22] and [23]), which allows us to consider the case where Ω is a small cube and the target function has
planar interface. We will also use a slicing argument (cf. Lemma 3.3) enabling us to modify a sequence
near the boundary of the cube without increasing the total energy. The construction of a recovering
sequence to prove the upper bound inequality for the Γ-limit, for which we provide the full details, is
done in several steps according to the geometry of Ω and to the interface of the target function. We
follow the main ideas of the proofs presented in Barroso & Fonseca [6], in Fonseca & Popovici [24] and
in Chermisi, Dal Maso, Fonseca & Leoni [10].

Due to a compactness result (see Theorem 3.1), and by the properties of Γ-convergence, which we
mention in Subsection 2.5, a sequence of minimizers of the functionals Fε defined in (1.4), assuming
they exist, will converge (up to a subsequence) to a minimizer of the limiting functional F in (1.5) (see
Corollary 3.2).

The overall plan of this work in the ensuing sections will be as follows: in Section 2 we set up the
notation and state some preliminary results on measure theory, BV functions and Γ-convergence that will
be used throughout the paper. In Section 3 we list our hypotheses and prove some auxiliary results which
will be needed in the sequel. The statements and proofs of our main results can be found in Section 4.

2. Preliminaries

The purpose of this section is to give a brief overview of the concepts and results that are used in the
sequel. Almost all these results are stated without proofs as they can be readily found in the references
given below.

2.1. Notation. Throughout the text, unless otherwise specified, Ω ⊂ Rd, d ≥ 2, will denote an open
bounded set with Lipschitz boundary and we will use the following notations:

• |Ω| denotes the Lebesgue measure of Ω.
• RN+ := [0,+∞)N .

• Ld and Hd−1 stand, respectively, for the d-dimensional Lebesgue measure and the (d− 1)-
dimensional Hausdorff measure in Rd.

• Given x ∈ Rd we write x = (x′, xd), where x′ stands for its first d− 1 coordinates and xd for the
d-th one. For any set Ω ⊆ Rd we denote by Ω′ the set of points x′ ∈ Rd−1 for which there exists
xd ∈ R such that x = (x′, xd) ∈ Ω.

• Q is the open unit cube centered at the origin with faces normal to the coordinates axes.
• B(x, r) denotes the open ball centered at x ∈ Rd with radius r > 0.
• Sd−1 := {x ∈ Rd : |x| = 1}.
• Given ν ∈ Sd−1 the set Sν represents the strip

Sν :=

{
x ∈ Rd : |x · ν| < 1

2

}
and Qν denotes an open unit cube centered at the origin with two of its faces normal to ν, i.e.,
if {ν1, . . . , νd−1, ν} is an orthonormal basis of Rd then

Qν :=

{
x ∈ Rd : |x · ν| < 1

2
, |x · νi| <

1

2
, i = 1, . . . , d− 1

}
. (2.1)

• Qν(x0, r) := x0 + rQν for x0 ∈ Rd, r > 0 and ν ∈ Sd−1. If {e1, . . . , ed} is the canonical basis of
Rd then Qed(x0, r) = x0 + rQ =: Q(x0, r).

• Cper(Q) represents the set of all continuous and Q-periodic functions.
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• Lp(Ω;Cper(Q)) is the space of all measurable functions f : Ω→ Cper(Q) such that

||f ||Lp(Ω;Cper(Q)) =
(∫

Ω

||f(x)||pCper(Q) dx
)1/p

< +∞

where, for x ∈ Ω, ||f(x)||Cper(Q) := supy∈Q |f(x, y)| and f(x, y) := f(x)(y).

• SymN stands for the space of symmetric N ×N matrices.
• T N×N×d is the space of tensors Λ = (Λ1, . . . ,Λd), Λi ∈ SymN , i = 1, . . . , d.
• ⊗ and � represent, respectively, the usual tensor product and symmetric tensor product of two

tensors.
• C denotes a generic positive constant whose value might change from line to line.

2.2. Some useful covering and convergence theorems. The following covering theorem due to
Whitney [36] (see also Stein [34, Chapter 1, Theorem 3] or Guzmán [28]) is used in the proof of our main
result and gives the decomposition of the complement of a given closed set into a disjoint union of cubes
whose sides are parallel to the axes.

Theorem 2.1 (Whitney’s Covering Theorem). Let F ⊂ Rd be a non-empty closed set. Then there exists
a countable family of cubes of the form Qi = ai + δiQ, ai ∈ Rd, δi > 0, such that the following properties
hold:

(i) Rd \ F =

∞⋃
i=1

Qi;

(ii) the cubes Qi are mutually disjoint;
(iii) diamQi ≤ dist (Qi, F ) ≤ 4 diamQi.

Given the periodicity of our admissible functions in the first d − 1 variables, the following version of
the Riemann-Lebesgue Lemma (see Lemma 5.2 in Allaire [2] and also Bensoussan, Lions & Papanicolaou
[7] and Donato[17]) will be used in the construction of a recovering sequence.

Lemma 2.2 (Riemann-Lebesgue Lemma). Let f ∈ Lp(Ω;Cper(Q)), 1 ≤ p < +∞, and let {εn}n be a
fixed sequence of positive real numbers converging to zero. Then, for every n ∈ N, the function f(·, ·εn ) is
measurable in Ω, ∣∣∣∣∣∣∣∣f (·, ·εn

)∣∣∣∣∣∣∣∣
Lp(Ω)

≤ ||f ||Lp(Ω;Cper(Q))

and

lim
n

∫
Ω

∣∣∣∣f (x, xεn
)∣∣∣∣p dx =

∫
Ω

∫
Q

|f(x, y)|p dydx.

2.3. Remarks on measure theory. In this section we recall some notations and well known results
in measure theory (see e.g. Ambrosio, Fusco & Pallara [4] and Fonseca & Leoni [20], as well as the
bibliography therein).

Let X be a locally compact separable metric space and let Cc(X;RN ), N ≥ 1, denote the set of
continuous functions with compact support in X. We denote by C0(X;RN ) the completion of Cc(X;RN )
with respect to the supremum norm. Let B(X) be the Borel σ-algebra of X. By the Riesz-Representation
Theorem the dual of the Banach space C0(X;RN ), denoted byM(X;RN ), is the space of finite RN -valued
Radon measures µ : B(X)→ RN under the pairing

< µ,ϕ >:=

∫
X

ϕdµ ≡
N∑
i=1

∫
X

ϕi dµi
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where ϕ = (ϕ1, ..., ϕN ) and µ = (µ1, ..., µN ). The space M(X;RN ) will be endowed with the weak∗-
topology deriving from this duality. In particular, a sequence {µn} ⊂ M(X;RN ) is said to weak∗-converge

to µ ∈M(X;RN ) (indicated by µn
?
⇀ µ) if for all ϕ ∈ C0(X;RN )

lim
n→+∞

∫
X

ϕdµn =

∫
X

ϕdµ.

If N = 1 we write by simplicity M(X) and we denote by M+(X) its subset of positive measures.

Given µ ∈M(X;RN ) let |µ| denote its total variation and let supp µ denote its support. In addition,
given E ∈ B(X) we denote by µ E the measure given by µ E(A) := µ(E ∩A) for every A ∈ B(X).

The following result can be found in Fonseca & Leoni [20, Corollary 1.204].

Proposition 2.3. Let µn ∈ M(X) be such that µn
∗
⇀µ in M(X) and |µn|

∗
⇀ν in M(X). If A ⊂ X

is open, Ā compact and ν(∂A) = 0 then

µn(A)→ µ(A).

We recall that a measure µ is said to be absolutely continuous with respect to a positive measure ν,
written µ << ν, if for every E ∈ B(X) the following implication holds:

ν(E) = 0 ⇒ µ(E) = 0.

Two positive measures µ and ν are said to be mutually singular, written µ ⊥ ν, if there exists E ∈ B(X)
such that ν(E) = 0 and µ(X \E) = 0. For general vector-valued measures µ and ν we say that µ ⊥ ν if
|µ| ⊥ |ν|.

Theorem 2.4 (Lebesgue-Radon-Nikodým Theorem). Let µ ∈M+(X) and ν ∈M(X;RN ). Then

(i) there exist two RN -valued measures νa and νs such that

ν = νa + νs (2.2)

with νa << µ and νs ⊥ µ. Moreover, the decomposition (2.2) is unique, that is, if ν = ν̄a + ν̄s
for some measures ν̄a, ν̄s, with ν̄a << µ and ν̄s ⊥ µ, then νa = ν̄a and νs = ν̄s;

(ii) there is a µ-measurable function u ∈ L1(Ω;RN ) such that

νa(E) =

∫
E

u dµ

for every E ∈ B(Ω). The function u is unique up to a set of µ measure zero.

The decomposition ν = νa + νs is called the Lebesgue decomposition of ν with respect to µ (see [20,
Theorem 1.115]), νa and νs are called, respectively, the absolutely continuous part and the singular part
of ν with respect to µ and the function u is called the Radon-Nikodým derivative of ν with respect to µ,
denoted by u = dν/dµ (see [20, Theorem 1.101]).

The next result is a strong version of the Besicovitch Derivation Theorem due to Ambrosio and Dal
Maso [3] (see also [4, Theorem 2.22 and Theorem 5.52] or [20, Theorem 1.155]).

Theorem 2.5. Let µ ∈M+(Ω) and ν ∈M(Ω;RN ). Then there exists a Borel set E ⊂ Ω with µ(E) = 0
such that for every x ∈ (supp µ)\E

dν

dµ
(x) =

dνa
dµ

(x) = lim
ε→0+

ν
(
(x+ εD) ∩ Ω

)
µ
(
(x+ εD) ∩ Ω

) ∈ R

and
dνs
dµ

(x) = lim
ε→0+

νs
(
(x+ εD) ∩ Ω

)
µ
(
(x+ εD) ∩ Ω

) = 0,
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where D is any bounded, convex, open set containing the origin and the exceptional set E is independent
of the choice of D.

2.4. BV-functions and some of their main properties. Now we introduce some definitions and
standard facts from the theory of BV -functions and we refer to Ambrosio, Fusco & Pallara [4] for an
exhaustive exposition of the subject.

A function u ∈ L1(Ω;RN ) is said to be of bounded variation, and we write u ∈ BV (Ω;RN ) (or BV (Ω)
for N = 1), if all its first order distributional derivatives Djui belong to M(Ω) for i = 1, ..., N and
j = 1, ..., d. The matrix-valued measure whose entries are Djui is denoted by Du.

Clearly, we have that any u ∈W 1,1(Ω;RN ) is a BV -function with Du ∈ L1(Ω;RN ) and the measures
Duij are absolutely continuous with respect to the Lebesgue measure.

The space BV (Ω;RN ) is a Banach space when endowed with the norm

‖u‖BV = ‖u‖L1 + |Du|(Ω).

Given u ∈ BV (Ω;RN ), let Ωu be the set of points x ∈ Ω where the approximate limit of u exists, i.e.
such that there exists z ∈ RN with

lim
ε→0+

−
∫
B(x,ε)

|u(y)− z| dy = 0.

If x ∈ Ωu and z = u(x) we say that u is approximately continuous at x (or that x is a Lebesgue point of
u). The function u is approximately continuous Ld-a.e. x ∈ Ωu and

Ld(Su) = 0

where we denote by Su the set of points where u is not approximately continuous, ie., Su = Ω \ Ωu. We
say that x ∈ Su is an approximate jump point of u if there exists νu(x) ∈ Sd−1 and u±(x) ∈ RN such
that

lim
r→0+

1

rd

(∫
B+(x,r)

∣∣u(y)− u+(x)
∣∣ dy +

∫
B−(x,r)

∣∣u(y)− u−(x)
∣∣ dy) = 0,

with B±(x, r) := {y ∈ B(x, r) : ±(y − x) · νu(x) > 0}. The triple (νu(x), u+(x), u−(x)) is unique up to a
change of sign of νu(x) and a permutation of u+(x) and u−(x). The set of approximate jump points is
denoted by Ju.

By the Lebesgue-Radon-Nikodým Theorem 2.4, if u ∈ BV (Ω;RN ) then Du can be split into the
sum of two mutually singular measures Dau and Dsu (the absolutely continous part and singular part,
respectively, of Du with respect to the Lebesgue measure Ld). We denote by ∇u the Radon-Nikodým
derivative of Dau with respect to Ld, so that we can write

Du = ∇uLdbΩ +Dsu.

By the Calderón-Zygmund Theorem, the L1-function ∇u coincides with the approximate differential
of u (see, e.g., [4, Theorem 3.83 and Definition 3.70]).

We recall that an Hd−1-measurable set E ⊂ Rd is said to be a countably Hd−1-rectifiable set if it
can be covered Hd−1-almost everywhere by a countable family of (d − 1)-dimensional surfaces of class
C1. The proof of the well known Structure Theorem for BV-functions can be found in [4, Theorem 3.78
(Federer-Vol’pert) and Proposition 3.92].

Theorem 2.6 (Structure Theorem for BV -functions). If Ω ⊂ Rd is open and u ∈ BV (Ω;RN ), then Ju
is a countably Hd−1-rectifiable set oriented by νu, Hd−1(Su \ Ju) = |Du|(Su \ Ju) = 0 and Dsu can be
decomposed as Dcu+Dju, where |Dcu|(E) = 0 for every Borel set E with Hd−1(E) < +∞, and

Dju = (u+ − u−)⊗ νuHd−1 Ju.
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Dcu and Dju are called the Cantor part and the jump part of the measure Du, respectively.

We also recall that a Ld-measurable subset E ⊂ Rd is a set of finite perimeter in Ω if the characteristic
function χE of E is a function of bounded variation. In this case, the perimeter of E in Ω is given by the
total variation of χE in Ω, i.e., PerΩ(E) := |DχE |(Ω).

Definition 2.7 (Reduced boundary). Let E be a Ld-measurable subset of Rd and Ω be the largest open
set such that E is locally of finite perimeter in Ω, i.e., such that χE ∈ BVloc(Ω). The reduced boundary
of E, ∂∗E, is the collection of all points x0 ∈ Ω such that

(i)
∣∣DχE∣∣(B(x0, r)

)
> 0 for all r > 0, that is, x0 ∈ supp|DχE |;

(ii) the limit νE(x0) := lim
r→0+

DχE
(
B(x0, r)

)
|DχE |

(
B(x0, r)

) exists in Rd;

(iii) |νE(x0)| = 1.

The function νE : ∂∗E → Sd−1 is called the generalized unit inner normal to E.

It can be easily checked that ∂∗E is a Borel set and that νE is a Borel map. By the Besicovitch
Derivation Theorem the measure |DχE | is concentrated on ∂∗E and DχE = νE |DχE |. In addition, by
De Giorgi’s Rectifiability Theorem, see [4, Theorem 3.59], |DχE | coincides with Hd−1 ∂∗E, and for
every x ∈ ∂∗E the following properties hold

lim
r→0+

1

rd−1
Hd−1

(
∂∗E ∩QνE(x)(x, r)

)
= 1 (2.3)

lim
r→0+

1

rd
Ld
({
y ∈ B(x, r) \ E : (y − x) · νE(x) ≥ 0

})
= 0 (2.4)

lim
r→0+

1

rd
Ld
({
y ∈ B(x, r) ∩ E : (y − x) · νE(x) ≤ 0

})
= 0 (2.5)

(see also Evans & Gariepy [18, § 5.7.2, Corollary 1]).

Definition 2.8 (Essential boundary). For every t ∈ [0, 1] and every Ld-measurable subset E ⊂ Rd let
Et be the set of all points where E has density t, i.e.,

Et :=

{
x ∈ Rd : lim

r→0+

Ld
(
E ∩B(x, r)

)
Ld
(
B(x, r)

) = t

}
.

The essential boundary of E is the set ∂eE := Rd \ (E0 ∩ E1) (set of points where the density is neither
0 nor 1).

We remark that every set Et in Definition 2.8 is a Borel set, and that the sets E0 and E1 could be
considered, respectively, as the measure theoretic exterior and interior of E motivating the definition of
∂eE.

The following result is due to Federer and provides a way to compute the perimeter of a set of finite
perimeter (see Federer [19] or [4, Theorem 3.61]).

Theorem 2.9. Let E be a set of finite perimeter in Ω. Then

∂∗E ⊂ E1/2 ⊂ ∂eE and Hd−1
(
Ω \ (E0 ∪ ∂∗E ∪ E1)

)
= 0.

In particular, E has density either 0 or 1/2 or 1 at Hd−1-a.e. x ∈ Ω, and Hd−1-a.e. x ∈ Ω∩∂eE belongs
to ∂∗E. Moreover,

PerΩ(E) = Hd−1(Ω ∩ E1/2) = Hd−1(Ω ∩ ∂eE).

Example 2.10. (The set BV (Ω; {α, β})) Given α, β ∈ RN , α 6= β, we denote by BV
(
Ω; {α, β}

)
the set

of all vector-valued functions u of bounded variation in Ω such that u(x) ∈ {α, β} for Ld-a.e. x ∈ Ω. If
u ∈ BV

(
Ω; {α, β}

)
, that is, u = βχE + αχΩ\E for some Ld-measurable set E of finite perimeter, then
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Su, the reduced boundary ∂∗E and the jump set Ju of u have the same Hd−1-measure in Ω. By (2.4)
and (2.5), we also have νu(x) = νE(x), u+(x) = β and u−(x) = α, for Hd−1-a.e. x ∈ ∂∗E.

The following theorem is a variant of a well-known approximation result for sets of finite perimeter.

Theorem 2.11. Let Ω be an open, bounded set with Lipschitz boundary and let E be a subset of Ω with
PerΩ(E) < +∞. There exists a sequence {En} of polyhedral sets (i.e., for each n, En is a bounded
Lipschitz domain with ∂En = H1,n ∪H2,n ∪ . . . HLn,n, where each Hj,n is a closed subset of a hyperplane
{x ∈ Rd : x · νj = cj}, for some cj ∈ R and νj ∈ Sd−1, j = 1, . . . , Ln, Ln ∈ N) satisfying the following
properties:

(i) χEn → χE in L1(Ω), as n→ +∞,

(ii) lim
n→+∞

PerΩ(En) = PerΩ(E),

(iii) Hd−1(∂∗En ∩ ∂Ω) = 0,

(iv) Ld(En) = Ld(E).

Moreover, for every nonnegative continuous function φ on Rd, we have

lim
n→+∞

∫
∂∗En∩Ω

φ
(
νn(x)

)
dHd−1(x) =

∫
∂∗E∩Ω

φ
(
ν(x)

)
dHd−1(x), (2.6)

where νn(x) and ν(x) denote the generalized unit normals to En and E, respectively, at x.

For the construction of the sets En in Theorem 2.11 we refer to Lemma 3.1 in Baldo [5]. Assertion
(2.6) is due to Acerbi & Bouchitté [1, Lemma 3.6 ii].

2.5. The notion of Γ-convergence of a family of functionals and related properties. We briefly
recall De Giorgi’s notion of Γ-convergence and some of its basic properties. We refer to De Giorgi &
Dal Maso [15] and De Giorgi & Franzoni [16] and to Braides [9] and Dal Maso [14] for a comprehensive
treatment and bibliography on the subject.

Let X denote a metric space.

Definition 2.12. (Γ-convergence of a sequence of functionals) Let Fn, F : X → R ∪ {+∞}. The
functional F is said to be the Γ-lim inf (resp. Γ-lim sup) of {Fn}n with respect to the metric of X if for
every u ∈ X

F (u) = inf
{un}

{
lim inf
n→+∞

Fn(un) : un ∈ X, un → u in X

}
(resp. lim sup

n→+∞
).

In this case we write

F = Γ-lim inf
n→+∞

Fn

(
resp. F = Γ-lim sup

n→+∞
Fn

)
.

Moreover, F is said to be the Γ-lim of {Fn}n if

F = Γ-lim inf
n→+∞

Fn = Γ-lim sup
n→+∞

Fn,

and in this case we write

F = Γ- lim
n→+∞

Fn.

For every ε > 0 let Fε be a functional defined in X with values in R ∪ {+∞}, Fε : X → R ∪ {+∞}.
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Definition 2.13. (Γ-convergence of a family of functionals)

A functional F : X → R ∪ {+∞} is said to be the Γ- lim inf (resp. Γ-lim sup or Γ-lim) of {Fε}ε with
respect to the metric of X, as ε→ 0+, if for every sequence εn → 0+,

F = Γ-lim inf
n→+∞

Fεn

(
resp. F = Γ-lim sup

n→+∞
Fεn or F = Γ- lim

n→+∞
Fεn

)
,

and we write

F = Γ-lim inf
ε→0+

Fε

(
resp. F = Γ-lim sup

ε→0+

Fε or F = Γ- lim
ε→0+

Fε

)
.

One of the most important properties of Γ-convergence is that under appropriate compactness as-
sumptions it implies the convergence of minimizers of a family of functionals to the minimum of the
limiting functional, as a consequence of the following result (see Corollary 7.20 in [14]).

Theorem 2.14. (Fundamental Theorem of Γ-convergence) Let {Fε}ε be a family of functionals defined
in X and let

F = Γ- lim
ε→0+

Fε.

If uε is a minimizer of Fε in X and uε → u in X then u is a minimizer of F in X and

F (u) = lim
ε→0+

Fε(uε).

3. Hypotheses and auxiliary results

In this section we list our hypotheses and we state and prove several results which will be used in the
sequel.

We recall that our goal is to prove that the family of functionals Fε defined in (1.4) Γ-converges,
with respect to the L1(Ω;RN+ )-convergence, to the functional F given in (1.5). To simplify the notation
throughout this work we define

Eε(u;U) =
1

ε

∫
U

f(x, u(x), ε∇u(x), ε2∇2u(x)) dx (3.1)

for all ε > 0, u ∈W 2,2(U ;RN+ ) with U ⊂ Ω an open set.

We assume that the integrand f satisfies the following hypotheses

(H1) f : Ω× RN+ × RN×d × T N×N×d → [0,+∞), f = f(x, u, ξ,Λ) is continuous;

(H2) f(x, u,O,O) = 0 if and only if u ∈ {α, β} ⊂ RN+ ;

(H3) there exists a continuous function g : Ω× RN+ → [0,+∞) such that

1

C

(
g(x, u) + |ξ|2 + |Λ|2

)
≤ f

(
x, u, ξ,Λ

)
≤ C

(
g(x, u) + |ξ|2 + |Λ|2

)
for all (x, u, ξ,Λ) ∈ Ω× RN+ × RN×d × T N×N×d, where g satisfies

1

C
|u|q − C ≤ g(x, u) ≤ C(1 + |u|q) (3.2)

for some q ≥ 2, some C > 0 and for all (x, u) ∈ Ω× RN+ ;
(H4) for every x0 ∈ Ω and every τ > 0 there exists δ > 0 such that |x− x0| < δ implies

|f(x, u, ξ,Λ)− f(x0, u, ξ,Λ)| ≤ τf(x, u, ξ,Λ)

for all (u, ξ,Λ) ∈ RN+ × RN×d × T N×N×d.
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In addition, due to the constraint u ∈ V, in order to obtain a recovering sequence to prove the upper
bound inequality for our Γ-limit result, we need to assume further that

(H5) for every M > 0 there exists CM > 0 such that for every u1, u2 ∈ RN+ with |u1|, |u2| ≤ M , and

every (x, ξ,Λ) ∈ Ω× RN×d × T N×N×d,∣∣f(x, u1, ξ,Λ)− f(x, u2, ξ,Λ)
∣∣ ≤ CM |u1 − u2|(1 + |ξ|2 + |Λ|2);

(H6) there exist δ0 > 0 and C > 0 such that

f(x, u,O,O) ≤ C|u− α|2

whenever |u− α| < δ0 and x ∈ Ω, and

f(x, u,O,O) ≤ C|u− β|2

whenever |u− β| ≤ δ0 and x ∈ Ω.

As a consequence of our hypotheses we show that any sequence {uε} which has uniformly bounded
energy is relatively compact in L1. Precisely, we have the following result.

Theorem 3.1. Assume that hypotheses (H1)− (H3) hold. Let {uε} ⊂W 2,2(Ω;RN+ ) ∩ V be such that

lim inf
ε→0+

Fε(uε) < +∞.

Then there exist a subsequence {uεk} ⊂ {uε} and a function u ∈ BV (Ω; {α, β}) ∩ V such that uεk → u
in L1(Ω;RN+ ).

Proof. Assume, without loss of generality, that

lim
ε→0+

Fε(uε) = L < +∞.

The lower bound on the function g in hypothesis (H3) implies that there exist constants R > C ≥ 1 and

C̃ > 0 such that
|u| > R⇒ g(x, u) ≥ C̃|u|.

Again by (H3) we have

Fε(uε) ≥
∫

Ω

C̃

ε
|uε(x)|+ ε|∇uε(x)|2 dx.

Thus, by the compactness result in [25, Theorem 4.1] we conclude that {uε} is relatively compact
in L1(Ω;RN+ ). The argument given in Lemma 4.3 shows that any cluster point of {uε} belongs to
BV (Ω; {α, β}) ∩ V. �

It follows immediately from Theorem 3.1 and Theorem 2.14 that

Corollary 3.2. Under hypotheses (H1)− (H6), if {uε} is a sequence of minimizers of Fε satisfying the
constraint ∫

Ω

uε(x) dx = V,

then {uε} is relatively compact in L1(Ω;RN+ ) and any cluster point of {uε} belongs to BV (Ω; {α, β})∩ V
and is a solution of the minimization problem

min
{
F (u) : u ∈ L1(Ω;RN+ ) ∩ V

}
.

Our next auxiliary result is crucial to apply a blow-up argument in the proof of Theorem 4.1. It relies
on a slicing argument applied in the cube Qν , for ν ∈ Sd−1 (see (2.1)), and to a target function of the
form

u0(x) :=

{
β, ifx ∈ Qν , x · ν > 0,

α, if x ∈ Qν , x · ν < 0,
(3.3)
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allowing us to replace a sequence {un} converging to u0 in L1(Qν ;RN+ ) by a sequence {vn} ⊂ A(ν), still

converging to u0 in L1(Qν ;RN+ ), without increasing the total energy.

To present this result we need to introduce the following notation. Given an even function Ψ ∈
C∞c

(
Rd
)

with supp Ψ ⊂ B (0, 1) and

∫
Rd

Ψ (x) dx = 1, for every ε > 0 we define the standard mollifier

Ψε (x) :=
1

εd
Ψ
(x
ε

)
, x ∈ Rd, (3.4)

and we observe that

(u0 ∗Ψε) (x) = β if x · ν > ε, (u0 ∗Ψε) (x) = α if x · ν < −ε, (3.5)

and

∇ (u0 ∗Ψε) (x) = 0 if |x · ν|> ε. (3.6)

Note that supp Ψε ⊂ B (0, ε) and that given u ∈ L1
loc

(
Rd
)

the function

uε (x) := (u ∗Ψε) (x) =

∫
Rd

Ψε (x− y)u (y) dy, x ∈ Rd, (3.7)

belongs to C∞
(
Rd
)
. In addition, if u is bounded, then for every 1 ≤ p < +∞,

uε → u in Lploc

(
Rd
)
, ‖uε‖∞ ≤ ‖u‖∞ , ‖∇uε‖∞ ≤ C

‖u‖∞
ε

,
∥∥∇2uε

∥∥
∞ ≤ C

‖u‖∞
ε2

. (3.8)

Lemma 3.3. Assuming that f is defined in Qν and satisfies hypotheses (H1)–(H3) in this domain,
let {εn} be a sequence such that εn → 0+ as n → +∞, let ν ∈ Sd−1 and u0 be defined as in (3.3).
If {un} is a sequence in W 2,2(Qν ;RN+ ) converging in L1(Qν ;RN+ ) to u0, then there exists a sequence

{vn} ⊂W 2,2(Qν ;RN+ ) such that

i) vn → u0 in L1(Qν ;RN+ );
ii) vn = u0 ∗Ψεn on ∂Qν ;
iii) there is no increase in the total energy when un is replaced by vn, that is,

lim sup
n→+∞

Eεn(vn;Qν) = lim sup
n→+∞

∫
Qν

1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx

≤ lim inf
n→+∞

∫
Qν

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx

= lim inf
n→+∞

Eεn(un;Qν)

where Eε, ε > 0, is the functional given in (3.1) with the integrals taken in Qν .

Proof. For simplicity we assume that ν = ed and we write Qν ≡ Q. Conclusions i)-iii) clearly follow if

lim inf
n→∞

Eεn(un;Q) = +∞

so it suffices to consider the case where

lim inf
n→+∞

Eεn(un;Q) ≤ C. (3.9)

Passing to a subsequence if necessary, let us also assume that

un(x)→ u0(x) Ld − a.e. x ∈ Q (3.10)

and that

lim inf
n→+∞

Eεn(un;Q) = lim
n→+∞

Eεn(un;Q), (3.11)
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which implies, from (3.9), that for n large enough

Eεn(un;Q) ≤ C. (3.12)

We start by showing that

lim sup
n→+∞

∫
Q

|un(x)− u0(x)|q dx = 0, (3.13)

where q is the exponent given in (3.2). In fact, by (H3) we have that∣∣un(x)− u0(x)
∣∣q ≤ C [f(x, un(x), εn∇un(x), ε2

n∇2un(x)
)

+ 1
]
, x ∈ Q, (3.14)

for some C > 0. In addition, by (3.9) and (3.11),

lim
n→+∞

∫
Q

f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx = 0 (3.15)

and, consequently,
lim

n→+∞
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx = 0, (3.16)

for a.e x ∈ Q.

Thus, using (3.15), (3.14), Fatou’s Lemma, (3.16) and (3.10), we obtain

C|Q| − lim sup
n→+∞

∫
Q

|un(x)− u0(x)|q dx

= lim inf
n→+∞

∫
Q

[
Cf
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)

+ C −
∣∣un(x)− u0(x)

∣∣q] dx
≥

∫
Q

lim inf
n→+∞

[
Cf
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)

+ C −
∣∣un(x)− u0(x)

∣∣q] dx
≥ C|Q|,

which proves equality (3.13).

Therefore, as q ≥ 2, we also conclude that

un
L2(Q;RN+ )
−→

n→+∞
u0. (3.17)

For every l,m ∈ N, with l,m ≥ 4, define

Ll,m :=

{
x ∈ Q :

1

l
< dist(x, ∂Q) ≤ 1

l
+

1

m

}
and divide Ll,m into

⌈
ε−1
n

⌉
pairwise disjoint layers of width

1

m
⌈
ε−1
n

⌉ , where
⌈
ε−1
n

⌉
denotes the smallest

integer greater than ε−1
n , i.e, we consider

L
(i)
l,m,n :=

{
x ∈ Q :

1

l
+

i− 1

m
⌈
ε−1
n

⌉ < dist
(
x, ∂Q

)
≤ 1

l
+

i

m
⌈
ε−1
n

⌉}, i = 1, . . . ,
⌈
ε−1
n

⌉
.

We observe that for εn < 1,
εn
2
≤
⌈
ε−1
n

⌉−1 ≤ εn. (3.18)

Set
ũn(x) := (u0 ∗Ψεn)(x), x ∈ Q

and note that if un = ũn for infinitely many n, then there is nothing to prove. Thus, without loss of
generality, we may assume that for every n ∈ N

‖un − ũn‖L2(Q;RN+ ) > 0.
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l,m,nL(i  )*

B

A

L =

=

=
l,m,n

l,m,n

l,m

Q

Figure 1. Geometry of the sets Al,m,n, Bl,m,n and L
(i∗)
l,m,n.

By (3.12), (3.17) and since ũn → u0 in L2(Q;RN+ ) (see (3.8)), it follows that

dε−1
n e∑
i=1

∫
L

(i)
l,m,n

[
1

εn
f(x, un(x), εn∇un(x), ε2

n∇2un(x)) +
|un(x)− ũn(x)|2

‖un − ũn‖L2(Q;RN+ )

]
dx

=

∫
Ll,m

[
1

εn
f(x, un(x), εn∇un(x), ε2

n∇2un(x)) +
|un(x)− ũn(x)|2

‖un − ũn‖L2(Q;RN+ )

]
dx ≤ C.

Using a contradiction argument and (3.18), this implies that there exists i∗ = i∗(m,n) such that∫
L

(i∗)
l,m,n

1

εn
f(x, un(x), εn∇un(x), ε2

n∇2un(x)) dx+

∫
L

(i∗)
l,m,n

|un(x)− ũn(x)|2

‖un − ũn‖L2(Q;RN+ )

dx ≤ Cεn,

which, together with (H3) and the fact that

1

εn
Ld
(
L

(i∗)
l,m,n

)
≤ C

m
,

leads to the following inequalities

1

εn

∫
L

(i∗)
l,m,n

|un(x)|q dx ≤ C

εn
Ld
(
L

(i∗)
l,m,n

)
+
C

εn

∫
L

(i∗)
l,m,n

g(x, un(x)) dx ≤ C

m
+ Cεn, (3.19)

1

εn

∫
L

(i∗)
l,m,n

[
ε2
n|∇un(x)|2 + ε4

n|∇2un(x)|2
]
dx ≤ Cεn, (3.20)

and ∫
L

(i∗)
l,m,n

|un(x)− ũn(x)|2

‖un − ũn‖L2(Q;RN+ )

dx ≤ Cεn. (3.21)

Let ϕl,m,n ∈ C∞c (Q; [0, 1]) be a family of cut-off functions such that

ϕl,m,n(x) = 0, x ∈ Al,m,n :=

{
x ∈ Q : dist(x, ∂Q) ≤ 1

l
+

i∗ − 1

m
⌈
ε−1
n

⌉},

ϕl,m,n(x) = 1, x ∈ Bl,m,n :=

{
x ∈ Q : dist(x, ∂Q) >

1

l
+

i∗

m
⌈
ε−1
n

⌉},
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(see Figure 1 above),

‖∇ϕl,m,n‖∞ = O

(
m

εn

)
and ‖∇2ϕl,m,n‖∞ = O

(
m2

ε2
n

)
(3.22)

and define

vl,m,n(x) := [ϕl,m,nun + (1− ϕl,m,n)ũn](x), x ∈ Q. (3.23)

It can be easily verified that

∇vl,m,n = ϕl,m,n∇un + (1− ϕl,m,n)∇ũn + (un − ũn)⊗∇ϕl,m,n (3.24)

and

∇2vl,m,n = ϕl,m,n∇2un + (1− ϕl,m,n)∇2ũn + 2∇ϕl,m,n � (∇un −∇ũn) + (un − ũn)⊗∇2ϕl,m,n. (3.25)

Note that Q is the disjoint union of Al,m,n, L
(i∗)
l,m,n and Bl,m,n, and that vl,m,n ∈ W 2,2(Q;RN+ ). Since

un, ũn → u0 in L2(Q;RN+ ) then

lim
n→+∞

‖vl,m,n − u0‖L2(Q;RN+ ) = 0 (3.26)

for all l,m ≥ 4. Moreover,

Eεn
(
vl,m,n;Q

)
= Eεn

(
ũn;Al,m,n

)
+ Eεn

(
vl,m,n;L

(i∗)
l,m,n

)
+ Eεn

(
un;Bl,m,n

)
≤ Eεn

(
ũn;Al,m,n

)
+ Eεn

(
vl,m,n;L

(i∗)
l,m,n

)
+ Eεn

(
un;Q

)
. (3.27)

To estimate Eεn
(
vl,m,n;Q

)
we start by noting that, by (H2), (3.5) and (3.6),

Eεn
(
ũn;Al,m,n

)
= Eεn

(
ũn;Al,m,n ∩ {|xd| < εn}

)
(3.28)

and that, by (H3) and (3.8),

Eεn
(
ũn;Al,m,n ∩ {|xd| < εn}

)
≤

∫
Al,m,n∩{|xd|<εn}

C

εn

[
1 + |ũn(x)|q + ε2

n|∇ũn(x)|2 + ε4
n|∇2ũn(x)|2

]
dx

≤ C

εn
Ld
({

x ∈ Q : dist(x, ∂Q) ≤ 1

l
+

1

m
, |xd| < εn

})

≤ C

(
1

m
+

1

l

)
,
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for all n sufficiently large. On the other hand, using the fact that |ϕl,m,n| ≤ 1, and by (3.6), (H3), (3.22),
(3.24), (3.25), (3.8) and (3.18)-(3.21), we have

Eεn

(
vl,m,n;L

(i∗)
l,m,n

)
≤
∫
L

(i∗)
l,m,n∩{|xd|<εn}

C

εn

[
|ũn(x)|q + (2m2 + 1) ε2

n|∇ũn(x)|2 + ε4
n|∇2ũn(x)|2

]
dx

+

∫
L

(i∗)
l,m,n

C

εn

[
1 + |un(x)|q + (2m2 + 1) ε2

n|∇un(x)|2 + ε4
n|∇2un(x)|2

]
dx

+

∫
L

(i∗)
l,m,n

C(m4 +m2)

εn
|un(x)− ũn(x)|2 dx

≤ C

εn
(1 + 2m2)Ld

(
L

(i∗)
l,m,n ∩

{
x ∈ Q : |xd| < εn

})
+

C

m
⌈
ε−1
n

⌉
εn

+

∫
L

(i∗)
l,m,n

C

εn

[
|un(x)|q +m2 ε2

n|∇un(x)|2 + ε4
n|∇2un(x)|2

]
dx

+
Cm4

εn

∫
L

(i∗)
l,m,n

|un(x)− ũn(x)|2 dx

≤ C(1 + 2m2)
εn
m

+
C

m
+ Cεn + Cm2εn + Cm4‖un − ũn‖L2(Q;RN+ ),

(3.29)

where we have also used the inequalities 2m2 + 1 ≤ Cm2 and m4 +m2 ≤ Cm4. Thus, by (3.27)-(3.29),
we obtain

lim
l→+∞

lim
m→+∞

lim
n→+∞

Eεn
(
vl,m,n;Q

)
≤ lim
n→+∞

Eεn
(
un;Q

)
. (3.30)

In view of (3.26) and (3.30), the result now follows by a standard diagonalization argument. �

Remark 3.4. By (3.23) we notice that if the sequence {un} is such that ‖un − u0‖L1(Qν ;RN+ ) = O(εn),

then ‖vn− u0‖L1(Qν ;RN+ ) = O(εn). In addition, by (3.5) and Lemma 3.3 i)-ii), we have that the extension

of vn to Sν is an element of A(ν) for n sufficiently large.

Our next result analyses some continuity properties of the surface energy density σ which describes
the limiting interface energy arising from our model (see (1.6)).

For this purpose, for x ∈ Ω, we extend σ(x, ·) to the whole Rd by setting

σ̃(x, z) :=

{
|z|σ

(
x, z|z|

)
for every z ∈ Rd, z 6= 0

0 z = 0.

For simplicity of notation we will always denote σ̃ by σ.

Proposition 3.5. Let Ω be an open and bounded subset of Rd, and let f be an integrand such that
hypotheses (H1)− (H4) hold. Then the following properties are satisfied:

(i) For all (x, ν) ∈ Ω× Sd−1

0 ≤ σ(x, ν) ≤ C
(
1 + |α|q + |β|q + |α− β|2

)
.

(ii) For all (x0, ν) ∈ Ω×Sd−1 and τ > 0 there exists δ > 0 such that |x−x0| < δ, x ∈ Ω, implies that

|σ(x, ν)− σ(x0, ν)| ≤ τC
(
1 + |α|q + |β|q + |α− β|2

)
.
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(iii) For all (x, ν) ∈ Ω× Sd−1

σ(x, ν) = inf

{∫
Q

1

t
f
(
x,w(y), t∇w(y)RT , t2R∇2w(y)RT

)
dy : t > 0, w ∈ A(ed),

Red = ν, R ∈ SO(d)

}
,

(3.31)

where SO(d) denotes the set of rotations in Rd.
(iv) The function σ(x, ·) is upper semicontinuous on the whole space Rd.

Proof. (i) Let (x, ν) ∈ Ω× Sd−1 and consider

w(y) := (β − α)(y · ν) +
α+ β

2
, y ∈ Qν .

Since w ∈ A(ν), f ≥ 0 and (H3) holds, we have

0 ≤ σ(x, ν) ≤
∫
Qν

f
(
x,w(y),∇w(y),∇2w(y)

)
dy

≤
∫
Qν

C
(
g(x,w(y)) + |∇w(y)|2 + |∇2w(y)|2

)
dy

≤
∫
Qν

C
(

1 + |w(y)|q +
∣∣(β − α)⊗ ν

∣∣2) dy
≤ C

(
1 + |α|q + |β|q + |α− β|2

)
.

(ii) Fix (x0, ν) ∈ Ω × Sd−1 and τ > 0. Let δ be such that the conclusions of hypotheses (H4) hold
and consider x ∈ Ω with |x− x0| < δ. Let tn > 0 and wn ∈ A(ν) be such that∫

Qν

1

tn
f(x,wn(y), tn∇wn(y), t2n∇2wn(y)) dy ≤ σ(x, ν) +

1

n
.

Then, by definition of σ(x0, ν) and (H4), we have

σ(x0, ν)− σ(x, ν) ≤
∫
Qν

1

tn
f(x0, wn(y), tn∇wn(y), t2n∇2wn(y)) dy

−
∫
Qν

1

tn
f(x,wn(y), tn∇wn(y), t2n∇2wn(y)) dy +

1

n

≤ τ

∫
Qν

1

tn
f(x,wn(y), tn∇wn(y), t2n∇2wn(y)) dy +

1

n

= τ

(
σ(x, ν) +

1

n

)
+

1

n

and the desired inequality follows from (i) and by letting n → +∞. To obtain the reverse inequality it
suffices to exchange the roles of σ(x, ν) and σ(x0, ν).

(iii) Follows by a change of variable argument.

(iv) Since we have extended σ(x, ·) as a positively homogeneous function of degree one (see Fonseca
& Müller [23]), it suffices to prove that σ(x, ·) is upper semicontinuous on Sd−1. Fix ν ∈ Sd−1 and take
νn ∈ Sd−1 such that νn → ν. Using (iii), given ε > 0 choose tε > 0, wε ∈ A(ed), and a rotation Rε such
that Rεed = ν and∣∣∣∣σ(x, ν)−

∫
Q

1

tε
f
(
x,wε(y), tε∇wε(y)RTε , t

2
εRε∇2wε(y)RTε

)
dy

∣∣∣∣ < ε. (3.32)
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Notice that, by (3.32),∫
Q

1

tε
f
(
x,wε(y), tε∇wε(y)RTε , t

2
εRε∇2wε(y)RTε

)
dy < +∞

since, from (i), σ(x, ν) < +∞ . For every n ∈ N, let Rn ∈ SO(d) be such that Rned = νn and Rn → Rε
as n→ +∞. Since wε ∈ A(ed), in view of (3.31), we have

σ(x, νn) ≤
∫
Q

1

tε
f
(
x,wε(y), tε∇wε(y)RTn , t

2
εRn∇2wε(y)RTn

)
dy. (3.33)

As f is continuous,

lim
n→+∞

1

tε
f
(
x,wε(y), tε∇wε(y)RTn , t

2
εRn∇2wε(y)RTn

)
=

1

tε
f
(
x,wε(y), tε∇wε(y)RTε , t

2
εRε∇2wε(y)RTε

)
,

for a.e. y ∈ Q. Moreover, by (H3), we have that for a.e. y ∈ Q,

f
(
x,wε(y), tε∇wε(y)RTn , t

2
εRn∇2wε(y)RTn

)
≤ C

(
1 + |wε(y)|q + t2ε|∇wε(y)|2 + t4ε|∇2wε(y)|2

)
≤ C

(
1 + ‖wε‖qL∞(Q) + t2ε‖∇wε‖2L∞(Q) + t4ε‖∇2wε‖2L∞(Q)

)
.

Thus, by Lebesgue’s Dominated Convergence Theorem, we obtain that

lim
n→+∞

∫
Q

1

tε
f
(
x,wε(y), tε∇wε(y)RTn , t

2
εRn∇2wε(y)RTn

)
dy

=

∫
Q

1

tε
f
(
x,wε(y), tε∇wε(y)RTε , t

2
εRε∇2wε(y)RTε

)
dy.

Passing to the limsup as n→ +∞ in (3.33), and taking into account (3.32), we have

lim sup
n→+∞

σ(x, νn) ≤ σ(x, ν) + ε.

We conclude the proof by letting ε→ 0+. �

4. Main result

Our goal is to prove that the family of functionals (1.4),

Fε(u) :=


1

ε

∫
Ω

f(x, u(x), ε∇u(x), ε2∇2u(x)) dx, u ∈W 2,2(Ω;RN+ ) ∩ V,

+∞, otherwise

Γ-converges, with respect to the L1(Ω;RN+ )-convergence, to the functional F : L1(Ω;RN+ ) → R ∪ {+∞}
given in (1.5),

F (u) :=


∫
Ju

σ
(
x, νu(x)

)
dHd−1(x), u ∈ BV

(
Ω; {α, β}

)
∩ V,

+∞, otherwise,

where, for α, β ∈ RN+ , α 6= β, the space BV
(
Ω; {α, β}

)
is defined in Example 2.10, the set V is given by

V :=

{
u :

∫
Ω

u(x) dx = V, V ∈ RN+ , |Ω| min(αi, βi) < V i < |Ω| max(αi, βi), i = 1, ..., N

}
,
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where V i, αi and βi are the i-th components of V , α and β, respectively, the function σ : Ω × Sd−1 →
[0,+∞) is defined by

σ(x, ν) := inf

{∫
Qν

1

t
f
(
x,w(y), t∇w(y), t2∇2w(y)

)
dy : t > 0, w ∈ A(ν)

}
,

and

A(ν) :=

{
w ∈W 2,2

loc (Sν ;RN+ ) : w(y) = α if y · ν = − 1
2 , w(y) = β if y · ν = 1

2 ,

w(y) = w(y + lνi), for all y ∈ Sν , i = 1, . . . , d− 1, and l ∈ Z

}

for every ν ∈ Sd−1 with {ν1, . . . , νd−1, ν} an orthonormal basis of Rd.
Precisely, our main result states the following.

Theorem 4.1. Let Ω be an open and bounded subset of Rd with Lipschitz boundary, let Fε and F be given
by (1.4) and (1.5), respectively, and assume that hypotheses (H1)–(H6) hold. Then for all u ∈ L1(Ω;RN+ )
we have that

F (u) = Γ− lim
ε→0+

Fε(u)

with respect to the L1(Ω;RN+ )-convergence.

Remark 4.2. As a byproduct of the proof of Theorem 4.1, under hypotheses (H1)−(H4) it is immediate
that the unconstrained functionals

Fε(u) :=


1

ε

∫
Ω

f(x, u(x), ε∇u(x), ε2∇2u(x)) dx, u ∈W 2,2(Ω;RN+ ),

+∞, otherwise

Γ-converge, with respect to the L1(Ω;RN+ )-convergence, to the functional F : L1(Ω;RN+ ) → R ∪ {+∞}
given by

F (u) :=


∫
Ju

σ
(
x, νu(x)

)
dHd−1(x), u ∈ BV

(
Ω; {α, β}

)
,

+∞, otherwise.

The following lemma addresses the proof of Theorem 4.1 in the case where the function u ∈ L1(Ω;RN+ )\
[BV

(
Ω; {α, β}

)
∩ V].

Lemma 4.3. Let u ∈ L1(Ω;RN+ ) \ [BV
(
Ω; {α, β}

)
∩ V]. Then

Γ− lim
ε→0+

Fε(u) = +∞ (4.1)

Proof. Given u ∈ L1(Ω;RN+ )\[BV
(
Ω; {α, β}

)
∩V], to show (4.1) it is enough to see that for every sequence

{un} ⊂ L1(Ω;RN+ ) such that un → u in L1(Ω;RN+ ) we have that

lim inf
n→+∞

Fεn(un) = +∞.

Without loss of generality we can consider the case u ∈ [L1(Ω;RN+ ) ∩ V] \BV
(
Ω; {α, β}

)
and un → u in

L1(Ω;RN+ ) with {un} ⊂W 2,2(Ω;RN+ ) ∩ V (otherwise there is nothing to show). Let us prove that

lim inf
n→+∞

Fεn(un) = lim inf
n→+∞

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx = +∞. (4.2)
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Step 1. We consider first the case where

Ld
({
x ∈ Ω : u(x) /∈ {α, β}

})
> 0. (4.3)

To show (4.2) we argue by contradiction. In fact, if for such a sequence {un} we had that

sup
n∈N

Fεn(un) = sup
n∈N

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx ≤ C,

for some C > 0, then by (H3) and Fatou’s Lemma we would get, in particular, that∫
Ω

g(x, u(x)) dx = 0,

and so g(x, u(x)) = 0 for Ld-a.e. x ∈ Ω. Thus, by (H2) and (H3), we would obtain u(x) ∈ {α, β} for
Ld-a.e. x ∈ Ω, contradicting (4.3).

Step 2. Let us now assume that u = βχE + α
(
1 − χE

)
, and u /∈ BV (Ω;RN+ ), i.e., PerΩ(E) = +∞.

We argue again by contradiction and assume that there exists a sequence {un}, as in the previous step,
such that

sup
n∈N

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx ≤ C.

Then, by (H3), we would have that

sup
n∈N

∫
Ω

[
1

εn
g
(
x, un(x)

)
+ εn|∇un(x)|2

]
dx ≤ C,

which would imply, by the Cauchy-Schwarz inequality, that

sup
n∈N

∫
Ω

√
g
(
x, un(x)

)
|∇un(x)| dx ≤ C. (4.4)

Let

g(v) := min
x∈Ω

g(x, v), v ∈ RN+ .

In view of (H2) and (H3), it follows that g(v) = 0 if and only if v ∈ {α, β} and, in addition,

g(v) ≥ C|v|
for a suitable constant C and for |v| large enough. As in Fonseca & Tartar [25], we consider the function

Φ(v)=inf

{∫ 1

−1

√
min

{
g
(
ϕ(s)

)
,M
}∣∣ϕ′(s)∣∣ ds: ϕ continuous and piecewice C1, ϕ(−1) = α, ϕ(1) = v

}
(see Lemma 3.7 in [25] for the definition of the constant M in this case) which is Lipschitz continuous
and satisfies ∣∣∇(Φ ◦ v)(x)

∣∣ ≤√g(v(x))
∣∣∇v(x)

∣∣, (4.5)

for every v ∈W 2,2(Ω;RN+ ), for Ld-a.e. x ∈ Ω. We observe that

(Φ ◦ u)(x) = Φ(β)χE(x), x ∈ Ω,

and, consequently, ∣∣D(Φ ◦ u)∣∣(Ω) = Φ(β)PerΩ(E). (4.6)

In addition, we note that

Φ(β) > 0. (4.7)

In fact, to show (4.7), let ϕ be a continuous and piecewise C1-function with ϕ(−1) = α and ϕ(1) = β.
By continuity we can find t1 ∈ (−1, 1) such that

|ϕ(t1)− β| = |α− β|
3

and |ϕ(s)− β| > |α− β|
3

for all −1 ≤ s < t1. (4.8)
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Let t0 := max
{
t ∈ (−1, t1) : |ϕ(t)− α| = |α− β|/3

}
. By the Mean Value Theorem it follows that

|ϕ(s)− α| > |α− β|
3

for all s ∈ (t0, t1). (4.9)

Set now

TM := min

{√
min{g(z),M} : |z − α| ≥ |α− β|

3
, |z − β| ≥ |α− β|

3

}
which is positive since {g}−1(0) = {α, β}. In view of (4.8) and (4.9) we have∫ 1

−1

√
min

{
g
(
ϕ(s)

)
,M
} ∣∣ϕ′(s)∣∣ ds ≥ TM ∫ t1

t0

∣∣ϕ′(s)∣∣ ds ≥ TM ∣∣∣∣∫ t1

t0

ϕ′(s) ds

∣∣∣∣
= TM |ϕ(t1)− ϕ(t0)| ≥ TM

|α− β|
3

and therefore Φ(β) ≥ TM
|α− β|

3
> 0.

Using (4.4) and (4.5) we conclude that

sup
n∈N

∥∥∥∇(Φ ◦ un)∥∥∥
L1(Ω;RN+ )

< +∞.

Hence, by the lower semicontinuity of the total variation and the fact that un → u in L1(Ω;RN+ ), it
follows from (4.6) and (4.7) that PerΩ(E) < +∞, which is a contradiction.

�

We note that to complete the proof of Theorem 4.1 it suffices to show that

i) Lower bound: For every u ∈ BV
(
Ω; {α, β}

)
∩ V, for every sequence {εn}, εn → 0+, and every

sequence {un} ⊂W 2,2(Ω;RN+ ) ∩ V such that un → u in L1(Ω;RN+ ),

F (u) ≤ lim inf
n→+∞

Fεn(un).

ii) Upper bound: For every η > 0, every u ∈ BV
(
Ω; {α, β}

)
∩V and every sequence {εn}, εn → 0+,

there exists {uηn} ⊂W 2,2(Ω;RN+ ) ∩ V such that uηn → u in L1(Ω;RN+ ) as n→ +∞ and such that

lim sup
n→+∞

Fεn(uηn) ≤ F (u) +O(η).

Indeed, given η > 0, from i) and ii), for every sequence {εn}, εn → 0+, and every u ∈ BV
(
Ω; {α, β}

)
∩V,

then

Γ− lim sup
n→+∞

Fεn (u)−O(η) ≤ F (u) ≤ Γ− lim inf
n→+∞

Fεn (u) ,

from where, letting η → 0+,

Γ− lim inf
n→+∞

Fεn (u) = Γ− lim sup
n→+∞

Fεn (u) = F (u)

so that the conclusion of Theorem 4.1 holds.

The proofs of properties i) and ii) can be found in Subsections 4.1 and 4.2 below.

4.1. The lower bound inequality.

Proposition 4.4 (Lower bound). Let Ω be an open and bounded subset of Rd with Lipschitz boundary,
and assume that hypotheses (H1)-(H4) hold. Let u ∈ BV

(
Ω; {α, β}

)
∩V and let εn → 0+. Then for every

sequence {un} ⊂W 2,2(Ω;RN+ ) ∩ V such that un −→
n→+∞

u in L1(Ω;RN+ ) we have

F (u) ≤ lim inf
n→+∞

Fεn(un). (4.10)
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Proof. Let E ⊂ Ω with PerΩ(E) < +∞ be such that u = βχE+α
(
1−χE

)
and let {un} ⊂W 2,2(Ω;RN+ )∩V

satisfy un → u in L1(Ω;RN+ ). Without loss of generality, let us assume that

lim inf
n→+∞

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx < +∞

and, up to a subsequence (still denoted by un), suppose also that

lim inf
n→+∞

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx = lim

n→+∞

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx

and that, in addition, un(x) → u(x) Ld-a.e. x ∈ Ω. Recalling the definition of F (u) (see (1.5)), to show
(4.10) we must prove that∫

Ju

σ
(
x, νu(x)

)
dHd−1(x) ≤ lim

n→+∞

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx. (4.11)

Set

fn :=
1

εn
f
(
·, un(·), εn∇un(·), ε2

n∇2un(·)
)
, n ∈ N.

Since the sequence {fn} is bounded in L1
(
Ω; [0,+∞)

)
, there exists a subsequence (still denoted by fn)

and a nonnegative finite Radon measure ζ such that

fn Ld Ω
∗
⇀

M+(Ω)
ζ. (4.12)

Consider the nonnegative measure

π(A) := Hd−1(A ∩ Ju)

defined over all Borel subsets A ⊂ Ω. Recall from Example 2.10 that

Hd−1(Ju) = Hd−1(∂∗E) = PerΩ(E) (4.13)

and that

νu(x) = νE(x) for Hd−1 − a.e x ∈ Ju. (4.14)

Thus, in particular,

π(Ω) = PerΩ(E) < +∞,
i.e, π is a nonnegative finite Radon measure. Hence, by the Lebesgue-Radon-Nikodým Theorem 2.4, we
can decompose ζ as

ζ = ζaπ + ζs,

where ζa is a nonnegative integrable function and ζs is a nonnegative Radon measure such that π and ζs
are mutually singular.

We claim that

ζa(x) ≥ σ
(
x, νu(x)

)
for Hd−1-a.e. x ∈ Ju, (4.15)

which immediately implies (4.11). Indeed, by (4.12) and (4.15) we obtain

lim
n→+∞

∫
Ω

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx ≥ ζ(Ω)

≥
∫
Ju

ζa(x) dHd−1(x)

≥
∫
Ju

σ
(
x, νu(x)

)
dHd−1(x).
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To conclude our argument let us show that (4.15) holds. By (2.3)-(2.5), (4.13) and (4.14) we know
that for Hd−1-a.e x ∈ Ju

lim
r→0+

1

rd−1
Hd−1

(
Qνu(x)(x, r) ∩ Ju

)
= 1, (4.16)

lim
r→0+

1

rd
Ld
({
y ∈ B(x, r) \ E : (y − x) · νu(x) ≥ 0

})
= 0, (4.17)

lim
r→0+

1

rd
Ld
({
y ∈ B(x, r) ∩ E : (y − x) · νu(x) ≤ 0

})
= 0. (4.18)

Let x ∈ Ju be such that (4.16)-(4.18) hold and set ν := νu(x). In view of Theorem 2.5, we can also
assume that

ζa(x) = lim
r→0+

ζ(Qν(x, r))

Hd−1
(
Qν(x, r) ∩ Ju

) < +∞.

Then, choosing rk → 0+ such that ζ
(
∂(x + rkQν)

)
= 0, by (4.16) and (4.12) we have that (see

Proposition 2.3),

ζa(x) = lim
k→+∞

ζ
(
Qν(x, rk)

)
rd−1
k

= lim
k→+∞

1

rd−1
k

lim
n→+∞

∫
Qν(x,rk)

1

εn
f
(
z, un(z), εn∇un(z), ε2

n∇2un(z)
)
dz

= lim
k→+∞

lim
n→+∞

∫
Qν

rk
εn
f
(
x+ rky, un(x+ rky), εn∇un(x+ rky), ε2

n∇2un(x+ rky)
)
dy

= lim
k→+∞

lim
n→+∞

∫
Qν

rk
εn
f

(
x+ rky, vn,k(y),

εn
rk
∇vn,k(y),

ε2
n

r2
k

∇2vn,k(y)

)
dy, (4.19)

where vn,k ∈W 2,2(Qν ;RN+ ) is defined by vn,k(y) := un(x+ rky), y ∈ Qν . We claim that

lim
k→+∞

lim
n→+∞

‖vn,k − u0‖L1(Qν ;Rd+) = 0 (4.20)

where, for y ∈ Qν , u0 is given by

u0(y) :=

{
β if y · ν > 0,

α if y · ν < 0.

Indeed (4.20) holds since

lim
k→+∞

lim
n→+∞

∫
Qν

|vn,k(y)− u0(y)| dy

= lim
k→+∞

lim
n→+∞

[∫
Qν∩{y: y·ν>0}

|un(x+ rky)− β| dy +

∫
Qν∩{y: y·ν<0}

|un(x+ rky)− α| dy

]

= lim
k→+∞

[∫
Qν∩{y: y·ν>0}

|u(x+ rky)− β| dy +

∫
Qν∩{y: y·ν<0}

|u(x+ rky)− α| dy

]

= lim
k→+∞

1

rdk

[∫
Qν(x,rk)∩{y: (y−x)·ν>0}\E

|α− β| dy +

∫
Qν(x,rk)∩{y: (y−x)·ν<0}∩E

|β − α| dy

]
= 0,

where we have first used the fact that un → u in L1(Ω;RN+ ) and then (4.17)-(4.18) in the last equality.
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By (4.19), (4.20) and a diagonalization argument we may find a subsequence {εnk} of {εn} such that

tk :=
εnk
rk

−→
k→+∞

0+, vk := vnk,k
L1(Qν ;RN+ )
−→
k→+∞

u0,

and

ζa(x) = lim
k→+∞

∫
Qν

1

tk
f

(
x+ rky, vk(y), tk∇vk(y), t2k∇2vk(y)

)
dy. (4.21)

Applying Lemma 3.3, see also Remark 3.4, to the sequences {vk} and {tk}, we conclude that there
exists a sequence {wk} ⊂W 2,2(Qν ;RN+ ) ∩ A(ν) such that wk → u0 in L1(Qν ;RN+ ), and

lim
k→+∞

∫
Qν

1

tk
f

(
x, vk(y), tk∇vk(y), t2k∇2vk(y)

)
dy

≥ lim sup
k→+∞

∫
Qν

1

tk
f
(
x,wk(y), tk∇wk(y), t2k∇2wk(y)

)
dy.

(4.22)

Thus, by (4.21), (4.22), the fact that wk ∈ A(ν) and using (1.6) in the last inequality, we conclude that

ζa(x) ≥ lim
k→+∞

∫
Qν

1

tk
f

(
x, vk(y), tk∇vk(y), t2k∇2vk(y)

)
dy

− lim sup
k→+∞

∫
Qν

1

tk

[
f
(
x, vk(y), tk∇vk(y), t2k∇2vk(y)

)
− f

(
x+ rky, vk(y), tk∇vk(y), t2k∇2vk(y)

)]
dy

≥ lim sup
k→+∞

∫
Qν

1

tk
f

(
x,wk(y), tk∇wk(y), t2k∇2wk(y)

)
dy

− lim sup
k→+∞

∫
Qν

1

tk

[
f
(
x, vk(y), tk∇vk(y), t2k∇2vk(y)

)
− f

(
x+ rky, vk(y), tk∇vk(y), t2k∇2vk(y)

)]
dy

≥ σ
(
x, νu(x)

)
− lim sup

k→+∞

∫
Qν

1

tk

[
f
(
x, vk(y), tk∇vk(y), t2k∇2vk(y)

)
− f

(
x+ rky, vk(y), tk∇vk(y), t2k∇2vk(y)

)]
dy.

(4.23)

Finally, hypothesis (H4) yields

lim sup
k→+∞

∫
Qν

1

tk

[
f
(
x, vk(y), tk∇vk(y), t2k∇2vk(y)

)
− f

(
x+ rky, vk(y), tk∇vk(y), t2k∇2vk(y)

)]
dy

≤ lim sup
k→+∞

τ

∫
Qν

1

tk
f
(
x+ rky, vk(y), tk∇vk(y), t2k∇2vk(y)

)
dy

= τζa(x).

(4.24)

Therefore (4.15) follows by (4.23) and (4.24), letting τ → 0+.

�

4.2. The upper bound inequality. In this subsection we prove the upper bound inequality for the Γ-
limit by constructing a recovering sequence. The proof is done in several steps according to the geometry
of the set Ω and to the interface of the function u. We start with the simpler case where Ω is a cube with
two of its faces normal to a given unit vector, the integrand function f does not depend explicitly on the
variable x and the target function u has planar interface.
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Lemma 4.5. Let Ω = Qν(x0, r) with ν ∈ Sd−1, x0 ∈ Rd and r > 0. Assume that the function f does not
depend explicitly on x and that hypotheses (H1)–(H6) hold. Let

u(x) :=

 β if (x− x0) · ν > 0

α if (x− x0) · ν < 0.

Then, for every η > 0 and every sequence εn → 0+, there exists a sequence {uηn} ≡ {un} ⊆W 2,2(Ω;RN+ )
satisfying ∫

Ω

un(x) dx =

∫
Ω

u(x) dx = V (4.25)

such that un → u in L1(Ω;RN+ ) with ‖un − u‖L1(Ω;RN+ ) = O(εn) and

lim sup
n→+∞

Fεn(un) < rd−1σ(ν) + rd−1η = F (u) + rd−1η. (4.26)

Proof. For simplicity, we assume that x0 = 0 and that ν = ed, and let η > 0 and εn → 0+ be given. The
proof is divided into two steps.
Step 1. Let tη > 0 and wη ∈ A(ed) be such that∫

Q

1

tη
f
(
wη(x), tη∇wη(x), t2η∇2wη(x)

)
dx < σ(ed) + η. (4.27)

We extend wη outside of Sed by setting

wη(x) = α if xd < −1/2

and
wη(x) = β if xd > 1/2,

and we define vn,η ∈W 2,2(Ω;RN+ ) by

vn,η(x) :=


wη

(
tηx

εn

)
if x = (x′, xd) ∈ Ω′ ×

(
− εn

2tη
,
εn
2tη

)
,

u(x) if x ∈ Ω and |xd| ≥
εn
2tη

.

(4.28)

We claim that
‖vn,η − u‖L1(Ω;RN+ ) = O(εn). (4.29)

Indeed, changing variables we have

‖vn,η‖L1({x∈Ω: |xd|≤ εn
2tη
};RN+ ) =

∫
{x∈Ω:|xd|≤ εn

2tη
}

∣∣∣∣wη ( tηxεn
)∣∣∣∣ dx

=
εn
tη

∫ 1/2

−1/2

∫
Ω′

∣∣∣∣wη( tηx′εn
, yd

)∣∣∣∣ dx′ dyd,
(4.30)

where, by the periodicity of wη with respect to the first d−1 variables and the Riemann-Lebesgue Lemma,

lim
n→+∞

∫ 1/2

−1/2

∫
Ω′

∣∣∣∣wη( tηx′εn
, yd

)∣∣∣∣ dx′ dyd =

∫ 1/2

−1/2

∫
Ω′

∫
Q′
|wη(z′, yd)| dz′dx′dyd

= Hd−1(Ω′)||wη||L1(Q;RN+ ) = rd−1||wη||L1(Q;RN+ ).

Thus, for n sufficiently large, we have that∫ 1/2

−1/2

∫
Ω′

∣∣∣∣wη( tηx′εn
, yd

)∣∣∣∣ dx′ dyd ≤ rd−1||wη||L1(Q;RN+ ) + 1
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and so

‖vn,η‖L1({x∈Ω: |xd|≤ εn
2tη
};RN+ ) ≤

εn
tη

(
rd−1||wη||L1(Q;RN+ ) + 1

)
.

This inequality, together with (4.28), yields

||vn,η − u||L1(Ω;RN+ ) = ||vn,η − u||L1({x∈Ω:|xd|≤ εn
2tη
};RN+ )

≤ ||vn,η||L1({x∈Ω:|xd|≤ εn
2tη
};RN+ ) + Cα,βLd

({
x ∈ Ω : |xd| ≤

εn
2tη

})
≤ εn

tη

(
rd−1||wη||L1(Q;RN+ ) + 1

)
+ Cα,βLd

({
x ∈ Ω : |xd| ≤

εn
2tη

})
= O(εn),

where Cα,β = max{|α|, |β|}. Let us now estimate Eεn(vn,η; Ω). By (4.28), (H2), a change of variables
and the Riemann-Lebesgue Lemma, we can write

lim sup
n→+∞

Eεn(vn,η; Ω) = lim sup
n→+∞

1

εn

∫
Ω

f(vn,η(x), εn∇vn,η(x), ε2
n∇2vn,η(x)) dx

= lim sup
n→+∞

1

εn

∫ εn
2tη

− εn
2tη

∫
Ω′
f

(
wη

(
tηx

εn

)
, tη∇wη

(
tηx

εn

)
, t2η∇2wη

(
tηx

εn

))
dx′ dxd

= lim sup
n→+∞

∫ 1/2

−1/2

∫
Ω′

1

tη
f

(
wη

(
tηx
′

εn
, yd

)
, tη∇wη

(
tηx
′

εn
, yd

)
, t2η∇2wη

(
tηx
′

εn
, yd

))
dx′ dyd

=

∫ 1/2

−1/2

∫
Ω′

∫
Q′

1

tη
f
(
wη(z′, yd), tη∇wη(z′, yd), t

2
η∇2wη(z′, yd)

)
dz′ dx′ dyd

= rd−1

∫
Q

1

tη
f
(
wη(y), tη∇wη(y), t2η∇2wη(y)

)
dy,

and thus, recalling (4.27), we get

lim sup
n→+∞

Eεn(vn,η; Ω) < rd−1σ(ed) + rd−1η. (4.31)

If we did not require (4.25) to hold, a diagonalization argument and (4.27) would now yield (4.26).
However, in order to meet the volume constraint we will need to modify the sequence vn,η to obtain a
new sequence un converging to u in L1(Ω;RN+ ) and such that (4.25) and (4.26) are satisfied. This will be
achieved in the following step.

Step 2. Define

un,η := vn,η + bn,η, where bn,η :=

∫
Ω

u(x)− vn,η(x) dx.

As seen in Step 1 (cf. (4.29)), ||vn,η − u||L1((Ω;RN+ ) = O(εn) so

|bn,η| ≤
∫

Ω

|u(x)− vn,η(x)| dx = O(εn). (4.32)

Thus, as n→ +∞, un,η → u in L1(Ω;RN+ ), and∫
Ω

un,η(x) dx =

∫
Ω

vn,η(x) +

( ∫
Ω

u(y)− vn,η(y) dy

)
dx =

∫
Ω

u(x) dx.

We claim that, for fixed η, we have, for n sufficiently large,

Eεn(un,η; Ω) = Eεn(vn,η; Ω) +O(εn). (4.33)
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Indeed, adding and subtracting the quantity Eεn(vn,η; Ω) and recalling (4.28), it follows that

Eεn(un,η; Ω) = Eεn(vn,η; Ω) +
1

εn

∫
{x∈Ω:xd<− εn

2tη
}
f(α+ bn,η,O,O) dx

+
1

εn

∫
{x∈Ω:xd>

εn
2tη
}
f(β + bn,η,O,O) dx− 1

εn

∫
{x∈Ω:|xd|> εn

2tη
}
f(u(x),O,O) dx

+
1

εn

∫
{x∈Ω:|xd|< εn

2tη
}

f(vn,η(x) + bn,η, εn∇vn,η(x), ε2
n∇2vn,η(x))− f(vn,η(x), εn∇vn,η(x), ε2

n∇2vn,η(x)) dx.

Notice that the integral with integrand f(u(x),O,O) is zero by definition of u and by (H2). By (4.29)
and (4.32), let M > 0 be a suitable constant such that

|vn,η + bn,η| < M and |vn,η| < M

for n large enough. Then, by (H5), a change of variables, the periodicity of wη in the first d− 1 variables
and the Riemann-Lebesgue Lemma and (4.32), we have, for n sufficiently large,

1

εn

∫
{x∈Ω:|xd|< εn

2tη
}

f(vn,η(x) + bn,η, εn∇vn,η(x), ε2
n∇2vn,η(x))− f(vn,η(x), εn∇vn,η(x), ε2

n∇2vn,η(x)) dx

≤ CM
|bn,η|
εn

∫
{x∈Ω:|xd|< εn

2tη
}

(
1 + ε2

n|∇vn,η(x)|2 + ε4
n|∇2vn,η(x)|2

)
dx

= CM |bn,η|

(
rd−1

tη
+

1

εn

∫ εn
2tη

− εn
2tη

∫
Ω′
t2η

∣∣∣∣∇wη ( tηxεn
)∣∣∣∣2 + t4η

∣∣∣∣∇2wη

(
tηx

εn

)∣∣∣∣2 dx′dxd
)

= CM |bn,η|

(
rd−1

tη
+

1

tη

∫ 1
2

− 1
2

∫
Ω′
t2η

∣∣∣∣∇wη ( tηx′εn
, yd

)∣∣∣∣2 + t4η

∣∣∣∣∇2wη

(
tηx
′

εn
, yd

)∣∣∣∣2 dx′dyd
)

≤ CM |bn,η|

(
rd−1

tη
+

1

tη

∫ 1
2

− 1
2

∫
Ω′

∫
Q′
t2η|∇wη(z′, yd)|2 + t4η|∇2wη(z′, yd)|2 dz′dx′dyd + 1

)

≤ C|bn,η|
(

1

tη
+ 1

)
= O(εn).

Furthermore, by (H6) and (4.32) we have that

1

εn

∫
{x∈Ω:xd<− εn

2tη
}
f(α+ bn,η,O,O) dx ≤ C

εn
|bn,η|2Ld(Ω) = O(εn),

since |α+ bn,η − α| = |bn,η| = O(εn) < δ0, for n large enough. Likewise,

1

εn

∫
{x∈Ω:xd>

εn
2tη
}
f(β + bn,η,O,O) dx = O(εn),

and thus (4.33) is proved. Hence, un,η → u in L1(Ω;RN+ ), as n→ +∞, with ||un,η−u||L1(Ω;RN+ ) = O(εn),∫
Ω

un,η(x) dx =

∫
Ω

u(x) dx
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and, by (4.33) and (4.31),

lim sup
n→+∞

1

εn

∫
Ω

f(un,η(x), εn∇un,η(x), ε2
n∇2un,η(x)) dx = lim sup

n→+∞
Eεn(vn,η; Ω)

< rd−1σ(ed) + rd−1η = F (u) + rd−1η.

�

Let us now address the general case.

Proposition 4.6 (Upper bound). Let Ω be an open and bounded subset of Rd with Lipschitz boundary.
Assume that hypotheses (H1)–(H6) hold and let u ∈ BV (Ω; {α, β}) ∩ V. Then, for every η > 0 and
every sequence εn → 0+, there exists a sequence {uηn} ≡ {un} ⊆W 2,2(Ω;RN+ ) ∩ V such that un → u in

L1(Ω;RN+ ) with ‖un − u‖L1(Ω;RN+ ) = O(εn) and

lim sup
n→+∞

Fεn(un) ≤ F (u) +O(η). (4.34)

Proof. Let η > 0 and εn → 0+. The proof is divided into four steps. In the first three steps we will start,
respectively, with target functions with planar and polyhedral interfaces, and we will need to consider
an auxiliary compact subset of Ω satisfying certain geometrical properties. This restriction is removed in
the final step where a general target function is also considered.

Step 1. We consider first the case where u has a planar interface, i.e., for x ∈ Ω,

u(x) =

 β if (x− x0) · ν > 0,

α if (x− x0) · ν < 0,

for some x0 ∈ Ω and ν ∈ Sd−1. For r > 0 sufficiently small, we consider the set U := Qν(x0, r) such
that U ⊂ Ω, and we assume, without loss of generality, that ν = ed and x0 = 0. We will prove that there
exists a sequence {uηn} ≡ {un} ⊆W 2,2(U ;RN+ ) satisfying∫

U

un(x) dx =

∫
U

u(x) dx = V

such that un → u in L1(U ;RN+ ) with ‖un − u‖L1(U ;RN+ ) = O(εn) and

lim sup
n→+∞

Eεn(un;U) ≤
∫
Ju∩U

σ(x, ed) dHd−1(x) +O(η).

Substep 1.a) We begin by showing that there exists a sequence {vηn} ≡ {vn} ⊂W 2,2(U ;RN+ ) such that

vn → u in L1(U ;RN+ ) with ‖vn − u‖L1(U ;RN+ ) = O(εn) and

lim sup
n→+∞

∫
U

1

εn
f(x, vn(x), εn∇vn(x), ε2

n∇2vn(x)) dx ≤
∫
Ju∩U

σ(x, ed) dHd−1(x) +O(η), (4.35)

where

O(η) = η
[ ∫

Ju∩U
σ(x, ed) dHd−1(x) + C(1 + η)rd−1

]
and C is a constant depending only on α, β and f .

Since U is a compact subset of Ω, it is possible to find a δ > 0 such that Proposition 3.5 (ii) and (H4)
are satisfied uniformly in U , i.e.

x, y ∈ U, |x− y| < δ ⇒ |σ(x, µ)− σ(y, µ)| ≤ ηC
(
1 + |α|q + |β|q + |α− β|2

)
, ∀µ ∈ Sd−1 (4.36)
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and

x, y ∈ U, |x−y| < δ ⇒ |f(x, u, ξ,Λ
)
−f(y, u, ξ,Λ

)
| ≤ ηf(x, u, ξ,Λ

)
, ∀(u, ξ,Λ) ∈ RN+ ×RN×d×T N×N×d.

(4.37)
Let m ∈ N be such that

ρ :=
r

m
< min{δ(η), η}, (4.38)

and consider a partition of U ′ into md−1 cubes of dimension d − 1, aligned according to the coordinate
axes and having mutually disjoint interiors

U ′ =

md−1⋃
i=1

(ai + ρQ′). (4.39)

For the sake of simplicity in what follows we write Qi := ai + ρQ.

By Lemma 4.5 there exists a sequence {u(1)
n } ⊂W 2,2(Q1;RN+ ) such that u

(1)
n → u in L1(Q1;RN+ ), with

‖u(1)
n − u‖L1(Q1;RN+ ) = O(εn) and

lim sup
n→+∞

∫
Q1

1

εn
f
(
a1, u

(1)
n (x), εn∇u(1)

n (x), ε2
n∇2u(1)

n (x)
)
dx ≤ ρd−1σ(a1, ed) + ρd−1η.

Now, by Lemma 3.3 and Remark 3.4, we can find a sequence {w(1)
n } ⊂W 2,2(Q1;RN+ ) such that w

(1)
n → u

in L1(Q1;RN+ ), with ‖w(1)
n − u‖L1(Q1;RN+ ) = O(εn), w

(1)
n (x) = u ∗Ψεn

(
x−a1
ρ

)
on ∂Q1 and

lim sup
n→+∞

∫
Q1

1

εn
f
(
a1, w

(1)
n (x), εn∇w(1)

n (x), ε2
n∇2w(1)

n (x)
)
dx

≤ lim inf
n→+∞

∫
Q1

1

εn
f
(
a1, u

(1)
n (x), εn∇u(1)

n (x), ε2
n∇2u(1)

n (x)
)
dx

≤ ρd−1σ(a1, ed) + ρd−1η.

Applying this reasoning in each cube Qi, i = 1, ...,md−1, we obtain sequences {w(j)
n } ⊂W 2,2(Qj ;RN+ )

such that w
(j)
n → u in L1(Qj ;RN+ ), with ‖w(j)

n − u‖L1(Qj ;RN+ ) = O(εn), w
(j)
n (x) = u ∗Ψεn

(
x−aj
ρ

)
on ∂Qj

and ∫
Qj

1

εn
f
(
aj , w

(j)
n (x), εn∇w(j)

n (x), ε2
n∇2w(j)

n (x)
)
dx ≤ ρd−1σ(aj , ed) + ρd−1η (4.40)

for j = 1, . . . ,md−1 and for n sufficiently large.

For x ∈ U define the sequence vn,η by

vn,η(x) :=


w

(j)
n (x), if x ∈ Qj ,

β, if xd ≥ ρ(η)
2 ,

α, if xd ≤ −ρ(η)
2 .

Taking into account the definition of w
(j)
n we clearly have that vn,η ∈W 2,2(U ;RN+ ) and

||vn,η − u||L1(U ;RN+ ) = O(εn). (4.41)
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Recall now that for each η we can find δ(η) such that (4.36) and (4.37) hold and so that ρ(η) < δ(η)
(cf. (4.38)). By (4.37) and (4.40), we then get

md−1∑
j=1

1

εn

∫
Qj

∣∣∣∣f (x,w(j)
n (x), εn∇w(j)

n (x), ε2
n∇2w(j)

n (x)
)
− f

(
aj , w

(j)
n (x), εn∇w(j)

n (x), ε2
n∇2w(j)

n (x)
) ∣∣∣∣ dx

≤ η
md−1∑
j=1

1

εn

∫
Qj

f
(
aj , w

(j)
n (x), εn∇w(j)

n (x), ε2
n∇2w(j)

n (x)
)
dx ≤ η

md−1∑
j=1

(
ρd−1σ(aj , ed) + ρd−1η

)
(4.42)

for n sufficiently large, while by (4.36)∣∣∣∣ ∫
Ju∩U

σ(x, ed) dHd−1(x)− ρd−1
md−1∑
j=1

σ(aj , ed)

∣∣∣∣
≤
md−1∑
j=1

∫
Ju∩Qj

∣∣∣∣σ(x, ed)− σ(aj , ed)

∣∣∣∣ dHd−1(x) ≤ Cηrd−1.

(4.43)

Combining the two previous inequalities, we conclude, in view of (4.40) and (H2), that∫
U

1

εn
f
(
x, vn,η(x), εn∇vn,η(x), ε2

n∇2vn,η(x)
)
dx

≤
md−1∑
j=1

∫
Qj

1

εn
f
(
aj , w

(j)
n (x), εn∇w(j)

n (x), ε2
n∇2w(j)

n (x)
)
dx+ η

md−1∑
j=1

(
ρd−1σ(aj , ed) + ρd−1η

)

≤ (1 + η)

md−1∑
j=1

(
ρd−1σ(aj , ed) + ρd−1η

)
≤ (1 + η)

[ ∫
Ju∩U

σ(x, ed) dHd−1(x) + C � ηrd−1
]

≤
∫
Ju∩U

σ(x, ed) dHd−1(x) +O(η)

for n sufficiently large, with

O(η) = η
[ ∫

Ju∩U
σ(x, ed) dHd−1(x) + C(1 + η)rd−1

]
(4.44)

where C is a constant depending only on α, β and f , thus concluding the proof of (4.35).

Substep 1.b) In order to comply with the volume constraint we will now modify the sequence vn
obtained in Substep 1.a). Define

un := vn + bn, where bn :=

∫
U

(
u(x)− vn(x)

)
dx.

Clearly

∫
U

un(x) dx =

∫
U

u(x) dx. In addition, by (4.41)

|bn| ≤
∫
U

|(u− vn)|(x) dx =
1

Ld(U)
||vn − u||L1(U ;RN+ ) = O(εn). (4.45)



COUPLED SECOND ORDER SINGULAR PERTURBATIONS FOR PHASE TRANSITIONS 31

It follows that un → u in L1(U ;RN+ ) with ||un − u||L1(U ;RN+ ) = O(εn). We claim that

lim sup
n→+∞

∫
U

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx

≤ lim sup
n→+∞

∫
U

1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx+O(η). (4.46)

If we show that (4.46) holds, the conclusion of Step 1 will follow by (4.35). To prove (4.46) we add and
subtract the quantity Eεn(vn;U) to obtain

Eεn(un;U) = Eεn(vn;U)

+

∫
U

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
− 1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx

= Eεn(vn;U) +
1

εn

∫
{x∈U :xd<− ρ2 }

f (x, α+ bn,O,O) dx

+
1

εn

∫
{x∈U :xd>

ρ
2 }
f (x, β + bn,O,O) dx

+
1

εn

∫
{x∈U :|xd|< ρ

2 }
f
(
x, vn(x) + bn, εn∇vn(x), ε2

n∇2vn(x)
)
− f

(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx

− 1

εn

∫
{x∈U :|xd|> ρ

2 }
f (x, u(x),O,O) dx.

By (H2) the last integral is zero. Let M > 0 be a suitable constant such that

|vn + bn| < M and |vn| < M,

for n large enough. Then, by (H5), (H3), (4.45) and (4.38), in this order, we have

1

εn

∫
{x∈U :|xd|< ρ

2 }
f
(
x, vn(x) + bn, εn∇vn(x), ε2

n∇2vn(x)
)
− f

(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx

≤ C

εn
|bn|

∫
{x∈U :|xd|< ρ

2 }

(
1 + ε2

n|∇vn(x)|2 + ε4
n|∇2vn(x)|2

)
dx

≤ C

εn
|bn|

∫
{x∈U :|xd|< ρ

2 }

(
1 + f

(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
))
dx

≤ O(ρ) + Cεn

∫
U

1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx ≤ O(η) +O(εn).

Finally, by (H6) and (4.45) we have

1

εn

∫
{x∈U :xd<− ρ2 }

f (x, α+ bn,O,O) dx ≤ C

εn
|bn|2Ld(U) = O(εn),

since |α+ bn − α| = |bn| = O(εn) < δ0, for n large enough. Likewise, we conclude that

1

εn

∫
{x∈U :xd>

ρ
2 }
f (x, β + bn,O,O) dx = O(εn).

Thus,

lim sup
n→+∞

Eεn(un;U) ≤ lim sup
n→+∞

(
Eεn(vn;U) +O(η) +O(εn)

)
= lim sup

n→+∞
Eεn(vn;U) +O(η)

and (4.46) is proved.
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Step 2. Let u be as in the previous step and, as before, without loss of generality, assume that ν = ed
and x0 = 0. Now let U be an open subset of Ω satisfying the following condition

lim
j→+∞

lim
ε→0+

1

ε
Ld

({
x ∈ U : dist (x, Ju ∩ U) < ε, dist (x, ∂U) <

1

j

})
= 0. (4.47)

Notice that, since ∂U ′ ⊆ ∂U and by the triangle inequality, we also obtain

lim
j→+∞

lim
ε→0+

1

ε
Ld

({
x ∈ U : dist (x, Ju ∩ U) < ε, dist (x′, ∂U ′) <

1

j

})
= 0, (4.48)

where x = (x′, xd) and we are using the notation established in Subsection 2.1 for U ′.

We claim that the same conclusion derived in Step 1 holds.

Substep 2.a) As before, let us see that there exists a sequence {vηn} ≡ {vn} ⊂W 2,2(U ;RN+ ) such that

vn → u in L1(U ;RN+ ) with ‖vn − u‖L1(U ;RN+ ) = O(εn) and

lim sup
n→+∞

∫
U

1

εn
f(x, vn(x), εn∇vn(x), ε2

n∇2vn(x)) dx ≤
∫
Ju∩U

σ(x, ed) dHd−1(x) +O(η), (4.49)

where

O(η) = η
[ ∫

Ju∩U
σ(x, ed) dHd−1(x) + C(1 + η)|U

′
|
]
.

Indeed, by Theorem 2.1 we may write

U ′ =

+∞⋃
i=1

(a′i + δiQ
′
ν) =:

+∞⋃
i=1

Qi
′
,

where

diamQ′i = C(d)δi ≤ dist (Q′i, ∂U
′) ≤ 4C(d)δi. (4.50)

Condition (4.50) implies that there exist constants C1(d), C2(d) > 0 such that

C1(d)δi ≤ dist (a′i, ∂U
′) ≤ C2(d)δi. (4.51)

Let C ′(d) be such that the inequality

dist (x′, a′i) ≤ C ′(d)δi, (4.52)

holds for every x′ ∈ Q′i and every i ∈ N. Now choose L > 0 such that(
C ′(d)

C1(d)
+ 1

)
1

L
< 1,

and let

Ω′j :=

{
x′ ∈ U ′ : dist (x′, ∂U ′) ≥ 1

j

}
,

Gj :=

{
Q′i : dist (a′i, ∂U

′) <
1

Lj

}
,

Fj :=

{
Q′i : dist (a′i, ∂U

′) ≥ 1

Lj

}
.

Notice that, for all j ∈ N, Fj is a finite family of cubes. Indeed, if Q′i ∈ Fj , by (4.51), it follows that

δi ≥
1

LC2(d)j
and, if there were infinitely many cubes Q′i in Fj , we would have that

Ld−1(U ′) ≥
∑
Q′i∈Fj

Ld−1(Q′i) =
∑
Q′i∈Fj

δd−1
i ≥ C(cardFj) = +∞,
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contradicting the fact that U ′ is bounded. Also, by our choice of L, it follows that

Ω′j ⊂
⋃

Q′i∈Fj

Q′i.

Indeed, given x′ ∈ Ω′j we can find an index i0 such that x′ ∈ Q′i0 . Then necessarily Q′i0 ∈ Fj , because
otherwise we would have dist(a′i0 , ∂U

′) < 1/(Lj) which would imply, by (4.51) and (4.52), that

dist(x′, ∂U ′) ≤ dist(a′i0 , ∂U
′) + dist(x′, a′i0) ≤ dist(a′i0 , ∂U

′)

(
1 +

C ′(d)

C1(d)

)
<

1

Lj

(
1 +

C ′(d)

C1(d)

)
<

1

j
,

which is a contradiction. Thus Ω′j is covered by finitely many cubes Q′i ∈ Fj .
We denote by Qi the cube Qi := Q′i×

(
− δi

2 ,
δi
2

)
. By Substep 1.a) applied to the cube Q1 there exists

a sequence {v(1)
n } ⊂ W 2,2(Q1;RN+ ) such that v

(1)
n → u in L1(Q1;RN+ ), with ‖v(1)

n − u‖L1(Q1;RN+ ) = O(εn)

and

lim sup
n→+∞

Eεn(v(1)
n ;Q1) ≤

∫
Ju∩Q1

σ(x, ed) dHd−1(x) + η
[ ∫

Ju∩Q1

σ(x, ed) dHd−1(x) +C(1 + η)δd−1
1

]
. (4.53)

Thus, by (4.53) and Lemma 3.3 there exists a sequence {w(1)
n } ⊂ W 2,2(Q1;RN ) such that w

(1)
n (x) =

u ∗Ψεn

(
x−a1
δ1

)
on ∂Q1 and

lim sup
n→+∞

∫
Q1

1

εn
f
(
x,w(1)

n (x), εn∇w(1)
n (x), ε2

n∇2w(1)
n (x)

)
dx

≤ lim inf
n→+∞

∫
Q1

1

εn
f
(
x, v(1)

n (x), εn∇v(1)
n (x), ε2

n∇2v(1)
n (x)

)
dx

≤
∫
Ju∩Q1

σ(x, ed) dHd−1(x) + η
[ ∫

Ju∩Q1

σ(x, ed) dHd−1(x) + C(1 + η)δd−1
1

]
. (4.54)

We can also assume that ‖w(1)
n − u‖L1(Q1;RN+ ) = O(εn) (cf. Remark 3.4).

By applying the above reasoning in each of the finitely many cubes Q′i in Fj , we obtain sequences

{w(i)
n } ⊂W 2,2(Qi;RN ) such that w

(i)
n (x) = u ∗Ψεn

(
x−ai
δi

)
on ∂Qi, ‖w(i)

n − u‖L1(Qi;RN+ ) = O(εn), and

lim sup
n→+∞

Eεn(w(i)
n ;Qi) ≤

∫
Ju∩Qi

σ(x, ed) dHd−1(x) + η
[ ∫

Ju∩Qi
σ(x, ed) dHd−1(x) + C(1 + η)δd−1

i

]
(4.55)

for every Qi such that Q′i ∈ Fj .
We now define the sequence

vn(x) :=

 w
(i)
n (x), if x ∈ Qi, Q′i ∈ Fj

u ∗Ψεn(x), if x ∈ U \ {∪iQi : Q′i ∈ Fj}.
(4.56)

Clearly vn → u in L1(U ;RN+ ) with

‖vn − u‖L1(U ;RN+ ) = O(εn).
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Moreover, taking into account (3.8) and since x ∈ U \ {Qi : Q′i ∈ Fj} implies that dist (x′, ∂U ′) <
1

j
,

by (H2), (H3) and (4.55) we have that

lim sup
n→+∞

∫
U

1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx

≤ lim sup
n→+∞

∫
U\{Qi:Q′i∈Fj}

1

εn
f
(
x, (u ∗Ψεn)(x), εn∇(u ∗Ψεn)(x), ε2

n∇2(u ∗Ψεn)(x)
)
dx

+
∑
Q′i∈Fj

lim sup
n→+∞

∫
Qi

1

εn
f
(
x,w(i)

n (x), εn∇w(i)
n (x), ε2

n∇2w(i)
n (x)

)
dx

≤ C lim sup
n→+∞

1

εn
Ld
({

x = (x′, xd) ∈ U : |xd| < εn, dist (x′, ∂U ′) <
1

j

})
+
∑
Q′i∈Fj

∫
Ju∩Qi

σ(x, ed) dHd−1(x) + η
[ ∫

Ju∩U
σ(x, ed) dHd−1(x) + C(1 + η)|U

′
|
]

≤ C lim sup
n→+∞

1

εn
Ld
({

x = (x′, xd) ∈ U : |xd| < εn, dist (x′, ∂U ′) <
1

j

})
+

∫
Ju∩U

σ(x, ed) dHd−1(x) + η
[ ∫

Ju∩U
σ(x, ed) dHd−1(x) + C(1 + η)|U

′
|
]
.

Taking the limit when j → +∞, by (4.48) we conclude that

lim sup
n→+∞

∫
U

1

εn
f(x, vn(x), εn∇vn(x), ε2

n∇2vn(x)) dx ≤
∫
Ju∩U

σ(x, ed) dHd−1(x) +O(η),

where

O(η) = η
[ ∫

Ju∩U
σ(x, ed) dHd−1(x) + C(1 + η)|U

′
|
]
,

and C is a constant depending only on α, β and f .

Substep 2.b) The change of the sequence vn in order to comply with the volume constraint follows
from (4.56) and Substep 1.b) above.

Step 3. We consider the case where u has a polyhedral interface, i.e. u = χEβ + (1 − χE)α, where
E = E′ ∩ Ω, ∂∗E ∩ Ω = ∂∗E′ ∩ Ω with E′ a polyhedral set, that is, E′ is a bounded strongly Lipschitz

domain such that ∂E′ =
⋃M
i=1Hi where Hi are closed subsets of hyperplanes in Rd. As in the previous

step let U ⊂ Ω be such that (4.47) holds. Define ū : Rd → RN by ū(·) := χE′β + (1 − χE′)α so that ū
coincides with u in U and let

ūεn(·) :=
1

(εn)d
Ψ

(
·
εn

)
∗ ū, x ∈ Rd

where Ψ is the symmetric mollifier given in (3.4). Recall that {ūεn} is bounded in L∞ and

||∇ūεn ||∞ = O

(
1

εn

)
, ||∇2ūεn ||∞ = O

(
1

ε2
n

)
, supp ∇ūεn ⊂ {x ∈ Rd : dist (x, Jū) < εn}. (4.57)

Notice that when the target function is extended to Rd it could happen that Hd−1(Jū ∩ Ω) > 0. To
avoid this situation, we work with a smaller set U ⊂ Ω satisfying the first condition in (4.47). The second
condition that we impose on U ensures that ∂U does not contain cusps.

We have Ju ∩ U =

M⋃
i=1

(Hi ∩ U) where Hd−1(Hi ∩Hj) = 0, if i 6= j. Let

I := {i ∈ {1, . . .M} : Hd−1(Hi ∩ U) > 0}.
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As before we divide the argument in two substeps.

Substep 3.a) Using an induction argument on card I, we will first show that there exists a sequence
{vηn} ≡ {vn} ⊂W 2,2(U ;RN+ ) such that

vn → u in L1(U ;RN+ ) with ‖vn − u‖L1(U ;RN+ ) = O(εn), vn = ūεn on ∂U and

lim sup
n→+∞

∫
U

1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx ≤

∫
Ju∩U
σ(x, ν(x)) dHd−1(x) +O(η), (4.58)

where

O(η) = η
[ ∫

Ju∩U
σ(x, ν(x)) dHd−1(x) + C(1 + η)Hd−1(Ju ∩ U)

]
.

The case where card I = 0 is trivial and the case where card I = 1 was treated in the previous step.
Recall that the sequence derived in Substep 2.a) satisfies all the conditions in (4.58). We assume that
(4.58) is true for card I = M − 1 and we prove that it still holds when card I = M . Let

S := {x ∈ Rd : dist(x,H1) = dist(x,H2 ∪ . . . ∪HM )}
and

Ω1 := {x ∈ U : dist(x,H1) < dist(x,H2 ∪ . . . ∪HM )}.
Clearly Ω1 is open and Ω1 ∩ (H2 ∪ . . .∪HM ) = ∅ so that card {i ∈ {1, . . .M} : Hd−1(Hi ∩Ω1) > 0} = 1.
Also, given x ∈ Ω1 we have dist(x, Ju ∩ Ω1) ≥ dist(x, Ju ∩ U), and ∂Ω1\(∂Ω1 ∩ ∂U) is contained in
hyperplanes so, by (4.47), it follows that

lim
j→+∞

lim
ε→0+

1

ε
Ld
({

x ∈ Ω1 : dist(x, Ju ∩ Ω1) < ε, dist(x, ∂Ω1) <
1

j

})
= 0.

Likewise, letting
Ω2 := {x ∈ U : dist(x,H1) > dist(x,H2 ∪ . . . ∪HM )},

we have that Ω2 is open, Ju ∩ Ω2 = (H2 ∩ U) ∪ . . . ∪ (HM ∩ U) and

lim
j→+∞

lim
ε→0+

1

ε
Ld
({

x ∈ Ω2 : dist(x, Ju ∩ Ω2) < ε, dist(x, ∂Ω2) <
1

j

})
= 0.

We can apply Substep 2.a) to Ω1 since it contains only one interface. Hence, there exists a sequence

{v(1)
n } ⊂ W 2,2(Ω1;RN+ ) such that v

(1)
n → u in L1(Ω1;RN+ ) with ‖v(1)

n − u‖L1(Ω1;RN+ ) = O(εn), v
(1)
n = ūεn

on ∂Ω1 and

lim sup
n→+∞

Eεn(v(1)
n ; Ω1) ≤

∫
Ju∩Ω1

σ(x, ν(x)) dHd−1(x)+η
[ ∫

Ju∩Ω1

σ(x, ν(x)) dHd−1(x)+C(1+η)Hd−1(Ju∩Ω1)
]
.

(4.59)

Since Ju ∩ Ω2 contains at most M − 1 flat interfaces we can apply the induction hypothesis in Ω2 to

obtain a sequence {v(2)
n } ⊂ W 2,2(Ω2;RN+ ) such that v

(2)
n → u in L1(Ω2;RN+ ) with ‖v(2)

n − u‖L1(Ω2;RN+ ) =

O(εn), v
(2)
n = ūεn on ∂Ω2 and

lim sup
n→+∞

Eεn(v(2)
n ; Ω2) ≤

∫
Ju∩Ω2

σ(x, ν(x)) dHd−1(x)+η
[ ∫

Ju∩Ω2

σ(x, ν(x)) dHd−1(x)+C(1+η)Hd−1(Ju∩Ω2)
]
.

(4.60)

We now define

vn(x) :=


v

(1)
n (x), if x ∈ Ω1 ∩ U

v
(2)
n (x), if x ∈ Ω2 ∩ U

ūεn(x), if x ∈ intS ∩ U.

(4.61)
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We point out that in certain cases it may happen that Ld(intS ∩ U) > 0.

Since ||v(1)
n − u||L1(Ω1;RN+ ) = O(εn), ||v(2)

n − u||L1(Ω2;RN+ ) = O(εn) and ||ūεn − u||L1(intS∩U ;RN+ ) = O(εn), it

follows that

||vn − u||L1(U ;RN+ ) = O(εn). (4.62)

On the other hand, by (4.59), (4.60), (4.57), (H3) and (H2) we have

lim sup
n→+∞

∫
U

1

εn
f
(
x, vn(x), εn∇vn(x), ε2

n∇2vn(x)
)
dx

≤ lim sup
n→+∞

∫
Ω1

1

εn
f
(
x, v(1)

n (x), εn∇v(1)
n (x), ε2

n∇2v(1)
n (x)

)
dx

+ lim sup
n→+∞

∫
Ω2

1

εn
f
(
x, v(2)

n (x), εn∇v(2)
n (x), ε2

n∇2v(2)
n (x)

)
dx

+ lim sup
n→+∞

∫
intS∩U

1

εn
f
(
x, ūεn(x), εn∇ūεn(x), ε2

n∇2ūεn(x)
)
dx

≤
2∑
i=1

∫
Ωi∩Ju

σ(x, ν(x)) dHd−1(x) +O(η)

+ lim sup
n→+∞

1

εn

∫
intS∩U

f
(
x, ūεn(x), εn∇ūεn(x), ε2

n∇2ūεn(x)
)
dx

≤
2∑
i=1

∫
Ωi∩Ju

σ(x, ν(x)) dHd−1(x) + lim sup
n→+∞

C

εn
Ld{x ∈ intS ∩ U : dist(x, Ju) < εn}+O(η)

≤
∫
U∩Ju

σ(x, ν(x)) dHd−1(x) +O(η),

where in the last step we used the fact that

Ld{x ∈ intS ∩ U : dist(x, Ju) < εn} = Ld{x ∈ intS ∩ U : dist(x,Ω1 ∩ Ω2) < εn} ≤ Cεd−1
n , (4.63)

and where

O(η) = η
[ ∫

Ju∩U
σ(x, ν(x)) dHd−1(x) + C(1 + η)Hd−1(Ju ∩ U)

]
and C is a constant depending only on α, β and f .

Substep 3.b) As before, in order to meet the volume constraint, we change the sequence vn defined in
(4.61) by setting

un := vn + bn, bn :=

∫
U

(
u(x)− vn(x)

)
dx.

By (4.62)

|bn| ≤ O(εn) (4.64)

and it follows that un → u in L1(U ;RN+ ) with ||un − u||L1(U ;RN+ ) = O(εn).

Using the same notation as in Substep 3.a) we will show, using an induction procedure on card I,
that the sequence un defined above satisfies

lim sup
n→+∞

∫
U

1

εn
f(x, un(x), εn∇un(x), ε2

n∇2un(x)) dx ≤
∫
Ju∩U

σ(x, ν(x)) dHd−1(x) +O(η). (4.65)

When card I = 1 , since Ld(Ω1) = Ld(U), (4.65) follows immediately from Step 2.b). Assuming the
result is true when card I = M − 1 we show that it also holds when card I = M . In this case, Ju ∩ Ω2
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contains at most M − 1 flat interfaces and Ju ∩ Ω1 only one. Therefore, using the induction hypothesis,
we have

lim sup
n→+∞

∫
U

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx

≤ lim sup
n→+∞

∫
Ω1

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx

+ lim sup
n→+∞

∫
Ω2

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx

+ lim sup
n→+∞

∫
intS∩U

1

εn
f
(
x, un(x), εn∇u(x), ε2

n∇2u(x)
)
dx

≤
∫
Ju∩Ω1

σ(x, ν(x)) dHd−1(x) +O(η) +

∫
Ju∩Ω2

σ(x, ν(x)) dHd−1(x) +O(η)

+ lim sup
n→+∞

∫
intS∩U

1

εn
f
(
x, un(x), εn∇u(x), ε2

n∇2u(x)
)
dx

where by (H3), (4.57), (4.63), (4.64) and (H6),∫
intS∩U

1

εn
f
(
x, un(x), εn∇u(x), ε2

n∇2u(x)
)
dx

≤
∫
{x∈intS∩U :dist(x,Ju)<εn}

1

εn
f
(
x, ūεn(x) + bn, εn∇ūεn(x), ε2

n∇2ūεn(x)
)
dx

+

∫
{x∈intS∩U :dist(x,Ju)≥εn}

1

εn
f (x, u(x) + bn,O,O) dx

≤ C

εn
Ld{x ∈ intS ∩ U : dist(x, Ju) < εn}+

C

εn
|bn|2Ld(U) = O(εn).

Thus,

lim sup
n→+∞

∫
U

1

εn
f
(
x, un(x), εn∇un(x), ε2

n∇2un(x)
)
dx ≤

∫
Ju∩Ω

σ(x, ν(x)) dHd−1(x) +O(η).

Step 4. We conclude with the general case where Ω is a bounded open subset of Rd with Lipschitz
boundary and u = βχE +α(1−χE) with PerΩ(E) < +∞. Applying Theorem 2.11 there exist polyhedral
sets Ek such that χEk → χE in BV (Ω), Ld(Ek) = Ld(E) and Hd−1(∂∗Ek ∩ ∂Ω) = 0. Moreover, in order
to apply the results of the previous step, we choose Ek such that

lim
ε→0+

1

ε
Ld
({
x ∈ Ω : dist(x, ∂∗Ek ∩ Ω) < ε

})
= 0. (4.66)

Substep 4.a) Since ∂Ω is Lipschitz, and using (4.66), we may apply Substep 3.a) in Ω. Hence, for
every k, we find a sequence

v(k)
n → uk := βχEk + α(1− χEk)

as n→ +∞ in L1(Ω;RN+ ) with ‖v(k)
n − uk‖L1(Ω;RN+ ) = O(εn) and such that

lim sup
n→+∞

∫
Ω

1

εn
f
(
x, v(k)

n (x), εn∇v(k)
n (x), ε2

n∇2v(k)
n (x)

)
dx ≤

∫
Juk∩Ω

σ(x, νk(x)) dHd−1(x) + Ckη,

where νk(x) is the measure theoretic unit inner normal to Juk at x,

Ck =

∫
Juk∩Ω

σ(x, νk(x)) dHd−1(x) + C(1 + η)Hd−1(Juk ∩ Ω)
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and C is a constant depending only on α, β and f . Let n(k) be such that

||v(k)
n(k) − uk||L1(Ω;RN+ ) ≤

1

k

and ∣∣∣∣∣
∫
Juk∩Ω

σ(x, νk(x)) dHd−1(x)−
∫

Ω

1

εk
f
(
x, v

(k)
n(k)(x), εk∇v(k)

n(k)(x), ε2
k∇2v

(k)
n(k)(x)

)
dx

∣∣∣∣∣ < 1

k
+ Ckη.

Setting vk := v
(k)
n(k) it follows that vk → u in L1(Ω;RN+ ). Moreover, by Theorem 2.11, every continuous

function h : Ω× Rd → [0,+∞) satisfies

lim
k→+∞

∫
Juk∩Ω

h(x, νk(x)) dHd−1(x) =

∫
Ju∩Ω

h(x, ν(x)) dHd−1(x).

Since σ is upper semicontinuous (cf. Proposition 3.5 - (iii)), there exist continuous functions hm : Ω×Rd →
[0,+∞) such that, for every (x, ζ) ∈ Ω× Rd,

σ(x, ζ) ≤ hm(x, ζ) ≤ C|ζ|,

and

σ(x, ζ) = inf
m
hm(x, ζ),

where we have extended σ(x, ·) as a homogeneous function of degree one. Thus, for all m it follows that

lim sup
k→+∞

∫
Ω

1

εk
f
(
x, vk(x), εk∇vk(x), ε2

k∇2vk(x)
)
dx ≤ (1 + η) lim sup

k→+∞

∫
Juk∩Ω

σ(x, νk(x)) dHd−1(x)

+Cη(1 + η) lim sup
k→+∞

Hd−1(Juk ∩ Ω)

≤ (1 + η) lim sup
k→+∞

∫
Juk∩Ω

hm(x, νk(x)) dHd−1(x) + Cη(1 + η)Hd−1(Ju ∩ Ω)

= (1 + η)

∫
Ju∩Ω

hm(x, ν(x)) dHd−1(x) + Cη(1 + η)Hd−1(Ju ∩ Ω).

Taking the limit when m→ +∞, by Lebesgue’s monotone convergence theorem, we conclude that

lim sup
k→+∞

∫
Ω

1

εk
f
(
x, vk(x), εk∇vk(x), ε2

k∇2vk(x)
)
dx ≤

∫
Ju∩Ω

σ(x, ν(x)) dHd−1(x) +O(η).

Substep 4.b) Following the argument given in Substep 3.b) above, we can change the sequence vk
above so that it satisfies the volume constraint without increasing the energy. This completes the proof
of Theorem 4.1. �
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