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Abstract
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1 Introduction

In this work we study the e-limit behavior of an elastic body whose microstructure is periodic of period
¢ and €2, and whose volume may also depend on this small parameter ¢, by a I'-limit argument. We
refer to the books of Braides [13], Braides and Defranceschi [14] and Dal Maso [19] for a comprehensive
treatment on this kind of variational convergence. We seek to approximate in a I'-convergence sense
the microscopic behavior of such materials by a macroscopic, or average, description. The asymptotic
analysis of media with multiple scale of homogenization is referred to as Reiterated Homogenization.

Let Q. denote the reference configuration of this elastic body and assume 2. to be a bounded and
open subset of RY (N > 1). In the sequel we identify RV (resp. Q) with the space of real (resp.
rational)-valued d x N matrices and @ will stand for the unit cube (0,1)" of RY.

To take into account the heterogeneous periodic structure of this material, we suppose that its stored
energy density, given by a function f : Q. x RN xRN xRN — R, is Q-periodic with respect to its second
and third variables, and we treat the nonconvex case under standard growth and coercivity conditions of
order p, with 1 < p < co. Under a deformation u : Q. — R? the elastic energy of this body is given by
the functional

/QE f (:c, %, E%,Vu(a:)) dx. (1.1)

Its dependence upon the small parameter ¢ allow us to consider materials whose microscopic hetero-
geneities scales like € and 2. The generalization of this study to any number of scales k > 2 follows by
an iterated argument similar to the one used in Braides and Defranceschi (see Remark 22.8 in [14]).

We will address two independent problems: In Section 2 we will analyze the behavior of bodies with
periodic microstructure whose volume does not depend on ¢, yielding to a reiterated homogenization
problem (Figure 1). The originality of this part is that we do not require any uniform continuity hy-
potheses on the first and second variables of f, as it is customary in the existing literature (see references
below).

*Corresponding author



JEAN-FRANCOIS BABADJIAN AND MARGARIDA BAfa

R E:ag:a o
Pere s oo ¢

Figure 1: Example of a domain with periodic microstructure of order £ and &2

In Section 3 we consider three dimensional cylindrical bodies with similar periodic properties as before,
whose thickness scales like ¢, leading to a homogenization and dimension reduction problem. The main
contribution here is that our arguments allow us to homogenize this material in the reducing direction.

More precisely, in Section 2 we describe the case where Q. = Q and our family of energies is of the

form
/Qf (x, g, E%,Vu(a:)) dz. (1.2)

This kind of asymptotic problems can be seen as a generalization of the Iterated Homogenization Theorem
for linear integrands, proved by Bensoussan, Lions and Papanicolau [10], in which the homogenized
operator is derived by a formal two-scale asymptotic expansion method. This result has been recovered
in several ways via other types of convergence such as H-convergence, G-convergence, and multiscale
convergence (see Lions, Lukkassen, Persson and Wall [28, 29] and references therein). In the framework
of T'-convergence, Braides and Lukkassen (see Theorem 1.1 in [15] and also [30]) investigated the nonlinear
setting for integral functionals of the type

|1 (% 5 vat) as,

where the integrand f : RY x RN x RN — R is assumed to satisfy usual periodicity and growth
conditions and

- f(y,-;€) is measurable for all (y,¢) € RN x RN,
- f(y,#;) is continuous and convex for all (y, z) € RV x RY;

- there exist a locally integrable function b and a continuous positive real function w, with w(0) = 0,
such that

1f(y,26) = f(, 29 <w(ly — v [b(2) + f(y, 2 )] (1.3)
for all y, v/, z € RV, £ € RN,

This result has been extended to the case of nonconvex integrands depending explicitly on the macroscopic
variable z, as in (1.2), under the above strong uniform continuity condition (1.3) (see Theorem 22.1
and Remark 22.8 of Braides and Defranceschi [14]). Using techniques of multiscale convergence and
restricting the argument to the convex and homogeneous case (no dependence on the variable z), Fonseca
and Zappale were able to weaken the continuity condition (1.3). Namely, they only required f to be
continuous (see Theorem 1.9 in [26]). Recently, in an independent work, Barchiesi [9] studied the T'-limit
of functionals of the type (1.2) in the convex case under weak regularity assumptions on f with respect
to the oscillating variables.

All the above results share the same property: The homogenized functional, as it is referred in the
literature for the I'-limit of (1.2), is obtained by iterating twice the homogenization formula derived in
the study of the I'-limit of functionals of the type

/Qf (m, g,Vu(a:)) dzx. (1.4)
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This can be seen from formula (14.12) in Braides and Defranceschi [14], or in Bafa and Fonseca [8]
where f : Q x RV x RN — R is assumed to satisfy standard p-growth and p-coercivity conditions,
Q-periodicity with respect to the oscillating variable, and

- f(=z,-;-) is continuous for a.e. z € Q;
- f(-,y;€) is measurable for all y € RY and all ¢ € R¥*N

(see Theorem 1.1 in [8]; it will be of use for the proofs of Theorems 1.1 and 1.2 below).

As these previous results seem to show, it is not clear what is the natural regularity on f for the
integral (1.2) to be well defined. Such problems have been discussed by Allaire (Section 5 in [1]). In
particular, the measurability of the function x — f(z, /e, 2/e2;€) is ensured whenever f is continuous
in its second and third variable. Following the lines of Bafa and Fonseca [8] we will assume that

(Hy) f(z, -, ;) is continuous for a.e. x € Q;
(Hs) f(-,y,2 &) is measurable for all (y, z,&) € RV x RN x RN,

(H3) f(z, -,2;€) is Q-periodic for all (2,£) € RV x RN and a.e. z € Q, and f(z,y, -;£) is Q-periodic
for all (y,&) € RY x RN and a.e. x € Q;

(Hy) there exists 3 > 0 such that for all (y, z,&) € RY x RY x RN and a.e. x €
1

From the applications point of view it would be interesting to consider functions that are continuous with
respect to the first variable and only measurable with respect to some of the oscillating variables, as it is
relevant, for instance, in the case of mixtures. Nevertheless, the arguments we use here do not allow us
to treat this case.

In what follows we write I'(LP(2))-limit whenever we refer to the I'-convergence with respect to the
usual metric in LP(€;RY). The above considerations lead us to the main result of Section 2 that in
particular recovers Theorem 1.9 in Fonseca and Zappale [26].

Theorem 1.1. Let f: Q x RY x RN x R™>*N — R be a function satisfying (Hy)-(Hy). For each € > 0
define F. : LP(;R?) — R by

z x 4 .
Folu) = /Qf<x,?€—2;Vu(x)> dx if u € WhP(Q;R?), (1.5)

+00 otherwise.

Then the T'(LP(Q))-limit of the family {F:}eso is given by the functional

f ;Vu(x))dr  if u ’ R
ﬁmm(u) — /thom(xvv ( ))d f € Wlp(Q’R )a

400 otherwise,

where fi., is defined for all ¢ € RN and a.e. z € Q by
= . 1
Fhom(@3) 1= lim lgf{TN | ronle €+ Vo) dy: o€ W&’p((07T>N;Rd>}, (16)
—Tee (0,7~

and

T—+o0c0 ¢

from(z,y;€) := _lim inf {11\[/ f(@,y, 2,6+ Vd(2))dz: ¢ € Wol’p((O,T)N;Rd)} (1.7)

for a.e. x € Q and all (y,&) € RY x RN,
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Figure 2: Cylindrical thin domain of thickness ¢

As mentioned before one homogenizes first with respect to z, considering y as a parameter, and then one
homogenizes with respect to y.

We remark that most of the proofs presented in this section follow the lines of the ones in Braides and
Defranceschi [14] (Theorem 22.1 and Remark 22.8), and that our main contribution is to use arguments
that allow us to weaken the strong uniform continuity hypothesis (1.3). Let us briefly describe how we
proceed: The idea consists in proving the result for integrands which do not depend explicitly on z (see
Theorem 2.2 in Subsection 2.2), and then to treat the general case by freezing this macroscopic variable
(Subsection 2.3). To do this, we start by claiming that under hypotheses (Hy)-(Hy), f is uniformly con-
tinuous up to a small error. Indeed, since f is a Carathéodory integrand, Scorza-Dragoni’s Theorem (see
Ekeland and Temam [22]) implies that the restriction of f to K x RN xRN x R¥*¥ is continuous, for some
compact set K C 2 whose complement has arbitrarily small Lebesgue measure. Then the periodicity of
f with respect to its second and third variable leads f to be uniformly continuous on K x RY x RV x B,
for some closed ball B of RN of sufficiently large radius. Finally, to ensure that the energy remains
arbitrarily small on the complement of K and on the set of x’s such that the gradient of the deformation
does not belong to B, we use the Decomposition Lemma (see Fonseca, Miiller and Pedregal [25] or Fonseca
and Leoni [24]) which allows us to select minimizing sequences with p-equi-integrable gradient. Thus,
in view of the p-growth character of the integrand, the energy over sets of arbitrarily small Lebesgue
measure tends to zero.

In Section 3 we consider the case where {2, is a cylindrical thin domain of the form Q. := w X (—¢,¢)
(Figure. 2), whose heterogeneities may depend periodically upon its thickness. We assume that its basis,
w, is a bounded open subset of R? and we seek to characterize the behavior of the elastic energy (1.1)
when ¢ tends to zero.

Two simultaneous features occur in this case: a reiterated homogenization and a dimension reduction
process. As usual, in order to study this problem as ¢ — 0 we rescale the e-thin body into a reference
domain of unit thickness (see e.g. Anzellotti, Baldo and Percivale [4], Le Dret and Raoult [27], and
Braides, Fonseca and Francfort [16]), so that the resulting energy will be defined on a fixed body, while
the dependence on € turns out to be explicit in the transverse derivative. For this, we consider the change
of variables

1
Q= Qi=wxl, (:61,332,3:3)*—><3:17x278333 ,

and define v(xq, x3/€) = u(zq,x3) on the rescaled cylinder €2, where I := (—1,1) and z4 := (21, 22) is
the in-plane variable (Figure. 3).

In what follows we denote by V; = 9/9x; for i € {1,2,3} and V,, = (V1,V3). For all £ = (21]22) €
R3*2 and z € R3, (£]2) is the matrix whose first two columns are z; and 2z and whose last one is z.
After replacing v by w in (1.1), changing variables and dividing by €, our goal is to study the sequence of
rescaled energies

T To 1
/QW (x, Pl Vav(a:)’€V3v(x)) dz, (1.8)
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Figure 3: Rescaled domain of unit thickness

where to simplify notations we set

(2,9, 2,€) = W(Za,Y3: Yo 23, 2a; §) (1.9)

for W:Q x R? x R?2 x R3*3 — R (or equivalently W (a',y/, 20; &) = f(a!,, 23,9, 75, 2., y4; €)).
Similar results have been already studied independently by Shu [34] (Theorem 3 (i)) and by Braides,
Fonseca and Francfort [16] (Theorem 4.2) for energies of the type

/ w (1’3, x—a;vav
Q 3

where W : I x R? x R¥*3 — R is a Carathéodory integrand. Later Babadjian and Bafa [6] (Theorem
1.2) treated the case where the integrand W depends also on the macroscopic in-plane variable x,, under
measurability hypothesis with respect to z = (x4, x3), and a continuity requirement with respect to the
oscillating variable. Integral functionals of the form

1V3v> dx
€

1
VgU) dx,
€

have been studied by Shu [34] (Theorem 5) under different length scales for the film thickness and the
material microstructure. Homogenization in the transverse direction x3 remained an open question and
follows as a consequence of the main result of this section.

In the sequel we denote by £V the N-dimensional Lebesgue measure in RY, by Q' := (0,1)? the
unit cube in R? and we will identify W1 (w;R?) (resp. LP(w;R3)) with those functions u € WP(Q; R3)
(resp. LP(2;R3)) such that Vzu(x) =0 a.e. in Q.

Following the lines of Babadjian and Baifa [6] and Babadjian and Francfort [7] we assume that

(Ay) W(x, -, -; -) is continuous for a.e. = € {;
(A2) W(-,y, za; &) is measurable for all (y, zq, &) € R3 x R? x R3¥3;

Yo = WI(T, Yo, Y3, 2a; &) is Q'-periodic for all (z4,y3,€) € R? x R3*3 and a.e. x € 0,
o (Za, y3) — W2, Ya, Y3, 2a; &) is Q-periodic for all (ya,&) € R?2 x R**3 and a.e. z € Q;

(A4) there exists 3 > 0 such that for all (y, 24,&) € R? x R? x R3*3 and a.e. z €

%Kw—ﬁgWQWJmO<ﬁU+KM-

We prove the following theorem.
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Theorem 1.2. Let W : Q x R? x R? x R**3 — R be a function satisfying (A1)-(As). For each e > 0,
consider the functional W, : LP(Q;R3) — R defined by

T Za, 1 . Lp(O. 3
W (u) = /QW (m, - g,Vau(x)‘ 6V3u(x)> dx if u € WHP(Q; R?), (1.10)
+o00 otherwise.

Then the T'(LP(2))-limit of the family {W:}eso is given by the functional

Whom (1) = 2/wWhom(xa;Vau(xa)) dr, if u € WHP(w;R3),

400 otherwise,

where Whom is defined, for all £ € R3*2? and a.e. x4 € w, by

— - L. 1 z
Whom(‘rou 5) = TETOQ 1%f {m /(;LTVXI Whom(mon Y3, ya7§ + Va(b(y)|V3¢(y)) dy .
6 € WIP((0.T) x LRY),  ¢=0 on 9(0,T)? x I} (111)
and
1
Whom (T, Ya; &) = TETOO igf {Ti” /(0,T)3 W (x,Ya, 23, 20; € + V(2)) dz

¢ € Wol’p(((),T)?’;R?’)}, (1.12)
for a.e. x € Q and all (ya,&) € R? x R3*3,

Remark 1.3. It can be proved that the limits as ' — 400 in (1.11) and (1.12) can be replaced by an
infimum taken for every T > 0 as in Braides and Defranceschi [14] or Bafa and Fonseca [8].

Let us formally justify the periodicity assumptions (A43): Since the volume of Q. is of order ¢ and €2 <
€, in a first step, we can think of ¢ as being a fixed parameter and let €2 tend to zero. Then at this point
dimension reduction is not occurring and (1.1) can be seen as a single one-scale homogenization problem
as in (1.4), in which it is natural to assume f(x4,y,-;&), or equivalently, (z4,y3) — W(Z, Yo, Y3, 2a; )
to be Q-periodic (see (1.9)). The homogenization formula for this case give us an homogenized stored
energy density Whom (2, ya; &) that, in a second step, is used as the integrand of a similar problem than
the one treated in Babadjian and Bafa [6]. In particular the required @'- periodicity of Wyom(x, ;&) can
be obtained from the @Q’-periodicity of yo — W(Z, Ya, ¥3, 2a; &)-

As before, we start by treating the case where the integrand does not depend explicitly on z (see
Theorem 3.2 in Subsection 3.2). We observe that the proof of Theorem 3.2 is very close to the one
of its N-dimensional analogue Theorem 2.2, the main difference being the use of the Scaled Gradients
Decomposition Lemma derived by Bocea and Fonseca in place of the usual Decomposition Lemma (com-
pare Theorem 1.1 of [11] with Fonseca and Leoni [24] or Fonseca, Miiller and Pedregal [25]). As it has
been noted in [6, 7], Theorem 1.2 and Theorem 1.1 cannot be treated similarly. In the former case we
need to extend our Carathéodory integrands by a continuous function by means of Tietze’s Extension
Theorem (see e.g. DiBenedetto [20]). This argument was already used in Babadjian and Bafa [6] and
Babadjian and Francfort [7] where the authors used a weaker extension result (see Theorem 1, Section
1.2 in Evans-Gariepy [23] and Lemma 4.1 in [6]).

In the sequel, given A > 0 we denote by B(0,\) the closed ball of radius A in R?*¥ | that is the set
{€ € RN+ €] < A}, and the letter C stands for a generic constant. Throughout the text lim := lim lim

n,m n m

while lim := lim lim with obvious generalizations.
m,n m n
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2 Reiterated homogenization

The main objective of this section is to prove Theorem 1.1. In Subsection 2.1 we state the main properties
of fhom and fi,.,, that are basic for our analysis. In Subsection 2.2 we present some auxiliary results for
the proof of the homogeneous counterpart of Theorem 1.1, Theorem 2.2, in which we assume that f does
not depend explicitly on z. The proof of Theorem 1.1 in its fully generality is presented in Subsection
2.3. Finally, in Subsection 2.4 we remark an alternative proof for convex integrands.

Remark 2.1. In the sequel, and without loss of generality, we assume that f is non negative. Indeed, it
suffices to replace f by f + § which is non negative in view of (Hy).

As for notations Q(a,8) := a + §(—=1/2,1/2)¥ (cube of center a € RY and edge length &) and
Q = (0,1)" stands for the unit cube in RY.

2.1 Properties of ?hom

Repeating the argument used in Bafa and Fonseca [8] (Theorem 1.1), we can see that the function fhom
given in (1.7) is well defined and it is (equivalent to) a Carathéodory function:

from (- -3 &) is LY ® £N-measurable for all &€ € RV (2.1)
from (2, y; ) is continuous for LN @ LN-a.e. (z,y) € Q x RY.

By condition (Hj) it follows that
from(z, -1 €) is Q-periodic for a.e. 2 € Q and all £ € RV, (2.3)

Moreover, fhom is quasiconvex in the £ variable and satisfies the same p-growth and p-coercivity condition
(Hy) as f:

%qu — B < foom(w,y:6) < B+ [€F) for ae. € Qand all (y,§) € RY x RV, (2.4)

where [ is the constant in (Hy).

As a consequence of (2.1), (2.2) and (2.4), the function f,,,, given in (1.6) is also well defined, and
is (equivalent to) a Carathéodory function, which implies that the definition of Fip is well posed on
Whr(Q;R?).

Finally, f}., is also quasiconvex in the ¢ variable and satisfies the same p-growth and p-coercivity
condition (Hy) as f and fhom:

1 _
B|§|p — B from(@:6) < B +|E]P) for ae. z € Q and all £ € RN, (2.5)
where, as before, (3 is the constant in (Hy).

2.2 Independence of the macroscopic variable

We assume that f does not depend explicitly on z, namely f : RY x RN x RN — R+, In addition,
according to (Hy) and (Hz), unless we specify the contrary, we assume f to be continuous and to satisfy
hypotheses (H3) and (Hy).

For each ¢ > 0 consider the functional F. : LP(€2;RY) — [0, +00] defined by

T T
- . d if ﬂfl,p Q'Rd
Fe(u) == /szf (5’ 62,Vu(x)) vonue (&R, (2.6)
+00 otherwise.

Our objective is to prove the following result.
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Theorem 2.2. Under the assumption that f is continuous and hypotheses (Hs) and (Hy) are satisfied
the T'(LP(Q))-limit of the family {F:}eso is given by

f ' 2(Q: R4
Fhom (1) = /thom(Vu(x))dz if u e WhP(Q; RY),

400 otherwise,

where f..,, is defined by

From(©) = lim mf{TlN / thom@;gqu(y»dy:¢eW&’P<<O7T>N;Rd>} (27)

T—+oc0 ¢ (0,T)

for all € € RN | and where

L 1 P
fhom(y;g) = Thm inf {T:N ~/(O,T)N f(yuzvg + Vqﬁ(z)) dz : ¢ € W()l’ ((OvT)Nde)} (28)

for all (y,€) € RN x RIXN,

This result can be seen as a generalization of Theorem 1.9 in Fonseca and Zappale [26] (for s = 1), in
which, as it is usual for the convex case, it is enough to consider variations that are periodic in the cell
Q. Their multiscale argument (see Subsection 2.4 below) does not apply here since, as it is expected in
the non convex case, the variations should be considered to be periodic over an infinite ensemble of cells,
as it is seen from (2.7) and (2.8).

We start the proof of Theorem 2.2 by localizing the functionals given in (2.6) in order to highlight
their dependence on the class of bounded, open subsets of RY, denoted by Ag. As it will be clear from the
proofs of Lemmas 2.8 and 2.9 below, it would not be sufficient to localize, as usual, on any open subset
of Q. Indeed, formulas (2.7) and (2.8) suggest to work in cubes of the type (0,7)", with T arbitrarily
large, not necessarily contained in €.

For each ¢ > 0 consider F. : LP(RY;R9) x Ag — [0, +00] defined by

T .
Felu; A) = /Af (E’?V“(w)) dz ifu€Whr(ARY), (2.9)

+00 otherwise.

We will prove (Subsections 2.2.1 and 2.2.2 below) that the family of functionals {F.(-; A)}es0, with
A € Ag, D-converges with respect to the strong LP(A; R?)-topology to the functional Fjom(-; A), where
Fhom : LP(RY:RY) x Ay — [0, +00] is given by
/ From(Vu(x))dr if u € WHP(A;RY),
A

+00 otherwise.

fhom (U, A) =

As a consequence, taking A = ) yields Theorem 2.2.

2.2.1 Existence and integral representation of the I'-limit

Given {e;} \, 07 and A € Ay, consider the I'-lower limit of {F.,(-;A)}jen for the LP(A; R%)-topology
defined for u € LP(RY;R%) by

Fiey(us A) i= inf Jliminf 7 (uj;4) 0wy — uin LP(A;RY) b
! {uj} Li—toe
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In view of the p-coercivity condition (Hy) it follows that Fy. y(u; A) is infinite whenever u € LP(RY; R?)\
WhP(A;RY) for each A € Ay, so it suffices to study the case where u € WP (A; R?).

The following result states the existence of I'-convergent subsequences and can be proved by classical
arguments on the lines of those of Braides, Fonseca and Francfort [16].

Lemma 2.3. For any sequence {e;} \, 0T, there exists a subsequence {e,} = {e;, } such that Fy.,(u; A)
is the T'(LP(A))-limit of {F-, (u; A)}nen for all A € Ay and all u € WHP(A;RY).

Our goal is to study the behavior of Fy. y(u;-) in A(A) (family of open subsets of A) for each
u € WHP(A; R?). Following the proof of Lemma 2.10 in Bafa and Fonseca [8], it is possible to show that
Fieny(u;-) is a measure on A(A) for all A € Ag. Namely, the following result holds.

Lemma 2.4. For each A € Ay and allu € WP (A;R?), the restriction of Fi., 1 (u;-) to A(A) is a Radon
measure, absolutely continuous with respect to the N-dimensional Lebesgue measure.

For the moment, we are not in position to apply Buttazzo-Dal Maso Integral Representation Theorem
(see Theorem 1.1 in [17]) because, a priori, the integrand would depend on the open set A € Ag. The
following result prevents this dependence from holding since it leads to an homogeneous integrand as it
will be seen in Lemma 2.6 below.

Lemma 2.5. For all £ € RN yy and 29 € RN, and § > 0

Fieny(§5Q(Yo,6)) = Fe,y (£ Q(20,6)).

Proof. Clearly, it suffices to establish the inequality
Fieat(€5Q10,0)) = Fre,y (§ -3 Q(20,0)).

Let {w,} € W P(Q(yo,0); RY), with w,, — 0 in L?(Q(yo,d); R?), be such that

: T
Fieny(§3Q(v0,0)) = nEI-iI-loo - f(s—, 6—2;5 + an(x)) dz
0, no=n

(see e.g. Proposition 11.7 in Braides and Defranceschi [14]). By hypothesis (H4) and the Poincaré
Inequality, we can suppose that the sequence {w,} is uniformly bounded in W?(Q(yo,d); R?). Thus
by the Decomposition Lemma (see Fonseca and Leoni [24] or Fonseca, Miiller and Pedregal [25]), there
exists a subsequence of {w,} (still denoted by {w,}) and a sequence {u,} C Wy ™ (Q(yo,d); RY) such
that u, — 0 in WHP(Q(yo,d); RY),

{|Vu,|P} is equi-integrable (2.10)

and

LYy € Qyo,0) :  unly) # wa(y)}) — 0. (2.11)
Then, in view of (2.10), (2.11) and the p-growth condition (Hy),

. x €T
Fier(€3QUn.8) > timsup [ F(E 564 Vunle)) da
Q(yo,0)N{un=wn} €n

n—-4oo n
. T

= 11msup/ f(—, i€+ Vun(x)) dx (2.12)
n—too JQ(yo,5) " \En €7

For all n € N we write =20 = m_ + s, with m., € Z" and s., € [0,1)",

mEn — een + lEn (213)

En
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with 6. € Z¥ and I, € [0,1)", and we define

= me, &, — €21 (2.14)

Le nben-

n

Note that x., = yo — 20 — €nSe, — €21, — Yo — 20 as n — +oo. For all n € N, extend u,, by zero to
the whole RY and set v, (2) = u,(x + xc,) for # € Q(20,6). Then {v,} C WIP(Q(20,6);R?), v, — 0
in LP(Q(20,6); R?), and the sequence {|Vv,|P} is equi-integrable by the translation invariance of the
Lebesgue measure. In view of (2.12), (2.13), (2.14) and (Hs),

. T+ T, TH T,
Frer (&3 Q(yo,0)) = hmsup/ f( = 5 &+ Vg (o + x5)> dx
Q(yﬂ_x5n76) €

n—+o00 En n

= limsup/ f(£ —éenle,,, %; §+ V’Un(x)> dx
Q(yo—iﬂs, ,5) 8n

n—-+oo n

WV

x x
limsup/ fl— —enle,, ;€ + Vo, () ) de
Q(ZO,(s) ( ¢ E% )

n—-+o0o En

—limsup/
n—+00 JQ(20,0)\Q(yo—<,, ,0)

Since v, = 0 outside Q(yo — 7, ,9), the p-growth condition (H,) and the fact that LN (Q(z0,9) \ Q(yo —
Ze,,0)) — 0 yield

F(2 = s i€+ Vrala)) do

limsup/ f(i —enle,,, %;54— an(x)) dx
n—+00 JQ(20,6)\Q(yo—xe,, ,0) En €n

< hmsup 6(1 + |£‘p)‘cN(Q(ZOa 6) \Q(yo - $5n,5)) = Oa

n—-+o0o

and therefore

Fieny (&5 Q(yo0,0)) = limsup/ f(i —enle,, %;{ + an(x)> dx. (2.15)
n—+oo JQ(z0,6) “En €n
To eliminate the term &, ., in (2.15), and thus to recover Fy. y(&-;Q(20,0)), we would like to apply a
uniform continuity argument. Since f is continuous on RY x RY x R¥>*N and separately Q-periodic with
respect to its two first variables, by hypothesis (H3), then f is uniformly continuous on RY x RN x B(0, \)
for any A > 0. We define
Ry = {z € Q(20,6) : [€ + Vo (2)] < A},

and we note that by Chebyshev’s inequality
LY(Q(20,0) \ By) < C/A7, (2.16)

for some constant C' > 0 independent of A or n. Thus, in view of (2.15) and the fact that f is nonnegative,

. T T

Fien1(€5Q(yo,0)) = hmsup/ f(— —éenle,, 53§+ an(sc)> dx.
A,n R} n €n

Denoting by wy : RT — R* the modulus of continuity of f on RY x RN x B(0, )\), we get that for any

r € R)

T

(5 6+ Von@)) = 1(5 — enlens 36+ an(l”))‘ <walenls,).

n n n

Then, the continuity of wy and the fact that wy(0) = 0 yield

Fle}(€3Q(0,9)) > limsup { /R (5 S+ Voula)) da - aNmsnzsn)}

A,n En
= lim sup/ f(i, %;5 + an(x)> dz.
A,n R;\l En En

10



MULTISCALE NONCONVEX RELAXATION AND APPLICATION TO THIN FILMS

The equi-integrability of {|Vv,|P}, the p-growth condition (Hy) and (2.16), imply that

limsup/ f(ﬁ, %; £+ an(x)> dx
An - JQ(z0.0)\R) \En En

< Blimsup sup/ (14 |Vou(z)|P)dz =0,
A—+oo neENJQ(20,0)\R)

and since v,, — 0 in LP(Q(zp,d); R?),

r T
*3 1) > 1 o5 n d
Fln(€:Qwa) > tmsw [ (2 e Vo) e

> Fre1(€5Q(20,0)).

As a consequence of this lemma, we derive the following result.

Lemma 2.6. There erists a continuous function fi. y : RIXN — Rt such that for all A € Ay and all
u € WHhP(A;RY),

Frony(u: A) = /A Freny (V) de.

Proof. Let A € Ay. By Buttazzo-Dal Maso Integral Representation Theorem (Theorem 1.1 in [17]),
there exists a Carathéodory function fén} : A x RN L RY satisfying

Fieny(u; U) :/ fén}(x;Vu(x))dx
U
for all U € A(A) and all w € WHP(U;R?). Furthermore, for a.e. x € A and all £ € RV

Fre . 5
I (@) = lim = n}(g(sNQ(z )

Define fi.,} : RN — RT by
. fsn (f?Q(Ov(s))
feny(€) = lim 2 :

§—0 6N

As a consequence of Lemma 2.5, f{‘in}(x;f) = fre,y(€) for ae. x € A and for all £ € RN Then

Freny(u A) = /A Fiony (Vu(z)) de
for all u € WHP(A;RY). [

2.2.2 Characterization of the I'-limit

Our next objective is to show that Fy. y(u; A) = From(u; A) for any A € Ag and all u € WHP(A;R?). In
view of Lemma 2.6, we only need to prove that f,... (&) = freny(§) for all £ € RN and thus it suffices
to work with affine functions instead of general Sobolev functions. In order to estimate fi. ; from below

in terms of f,.,, we will need the following result, close in spirit to Proposition 22.4 in Braides and
Defranceschi [14].

Proposition 2.7. Let f : RY x RN x RN — RY be a (not necessarily continuous) function such that
f(z, -5 -) is continuous, f(-,y;&) is measurable, and (Hs) and (Hy) hold. Let A be an open, bounded,
connected and Lipschitz subset of RN . Given M and n two positive numbers, and ¢ : [0, +00) — [0, +00] a

11



JEAN-FRANCOIS BABADJIAN AND MARGARIDA BAfa

continuous and increasing function satisfying p(t)/t — +00 ast — +oo, there exists g = o(p, M, 1) > 0
such that for every 0 < & < g¢, every a € RN and every u € WP (a + A;R?) with

/ o(|Vu|P)dx < M,
a+A

there exists v € Wol’p(a + A;RY) with vl r (a4 asre) < 1 satisfying

/ f(m7 f; Vu) dr > / Shom (z; Vu + Vo) dx — 1.
at+A € a+A

Proof. The proof is divided into two steps. First, we prove this proposition under the additional hypothesis
that a belong to a compact set of RV. Then, we conclude the result in its full generality replacing a by
its decimal part a — [a]] and using the periodicity of the integrands f and fhom-

Step 1. For a € [— 1,1}V, the claim of Proposition 2.7 holds. Indeed, if not we may find ¢, M and n
as above, and sequences {¢,} — 0%, {a,} C [-1,1]Y and {u,} C W'P(a, + A;R?) with

/ ) e(IVup[?) de < M (2.17)
an+

such that, for every n € N

/ f (m, x;Vun) dx
an+A En

< _inf {/ Jhom (23 Vun, + Vo) dz @ [|v] 1 (a,+are) < 77} —. (2.18)
veWy P (an+A;R9) an+A
From (2.17) and the Poincaré-Wirtinger Inequality, up to a translation argument, we can suppose that
the sequence {||un|w1.p(a,+a;re)} is uniformly bounded. From this fact and since the set a,, + A is an
extension domain, there is no loss of generality in assuming that {u,} is bounded in W?(R¥;R%) and
that, due to (2.17),
Sup/ o(|Vun|?P) de < My (2.19)
neN JRN
for some constant M; > 0 depending only on M (see the proof of the Extension Theorem for Sobolev
functions, Theorem 1, Section 4.4 in Evans and Gariepy [23]). Passing to a subsequence, we can also
assume that u,, — u in WHP(RY;R%). Let B be a ball of sufficiently large radius such that a,, + A C B
for all n € N. De La Vallée Poussin criterion (see e.g. Proposition 1.27 in Ambrosio, Fusco and Pallara
[3]) and (2.19) guarantee that the sequence {|Vu,|P} is equi-integrable on B. This implies that there
exists 6 = §(n) such that
sup B [ (1+|VulP 4+ |[Vu,|?)dr < L (2.20)
neN E 2
whenever E is a measurable subset of B satisfying £V (E) < 6 and where 3 is the constant given in (Hy).
As {a,} C [~1,1])" we may suppose, without loss of generality, that a, — a € [ — 1,1}V, and that for
fixed 0 < p < 1, with pV < 4, the following hold for n large enough:

a+(1—pACap+ACa+ (1+p)A,
LN(S,) <6, where S,, == [a,, + A]\ [a+ (1 — p)A] C B, (2.21)

and  [lu, — u||LP(a+(1+p)A;Rd) <.
Take now a sequence of cut-off functions ¢, € C2°(R¥;[0,1]) such that

1 ona+(1-pA,

Pn =
0 outside a, + A,

12
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and ||V, | pe@yy < C/p for some constant C' > 0. Let w, = ppu + (1 — ¢n)u,. Then w, —u, €
Wyt (a, + A;R?) and
/ |wn—un|pdx</ gpn|u—un\pdx</ |u — up|P dx < nP.
an+A an+A

a+(14+p)A

Then, taking v := w,, — u, as test function in (2.18), it follows from (2.4), (2.20), and (2.21) that

/ f (a:, x;Vun> dr < / from(x; Vwy,) dz —n
an+A En an,+A

< [ Vo
at(l-p)A
c
+ﬁ/ 1+|Vu\p+|Vun\p+;\u—un|p dr —n
Sn
< / From (23 V) dz — 1+ hC / lu — up, [P da. (2.22)
at(1-p)A 2 p Js,

Since u, — u in LP(RY;R9), by (2.21) and (2.22) we have

n—-+4oo

limsup/ f (:v, m;Vun) dr < / Shom (z; Vu) de — E, (2.23)
an+A €n a+(1—p)A 2

and as u, — u in WP(a + (1 — p)A; R?), by Theorem 1.1 in Bafa and Fonseca [8] and (2.23), we get

/ fhom(z; Vu)dax < liminf/ f <x, ﬁ; Vun> dx
a+(1—p)A n—+00 at+(1—p)A En

< liminf/ f (x,:E;Vun) dx
n—-+4oo an+A En

< / fhom(x;vu) dx — E
a+(1—p)A 2

which is a contradiction.

Step 2. (General case) Let a € RY. Then a — [a] € [-1,1]V. Given u € W'P(a + A;RY), set
@(z) := u(x + [a]) and thus @ € WP (a — [a] + A;R?). Applying Step 1 with 7/3, we get the existence
of 0 < ey = e)(M, @, n) such that, for all 0 < & < &), there exist & € Wy (a — [a] + A;R?) satisfying
191l 2r (a—[al+ Asra) < 1/3 and

T . ) )
/{1_[[&]]+A f (337 = VU(ZE)) dr > /a—[[a]]-i—A Jhom (73 Va(x) + Vo(z)) do — 3

Setting v(x) := o(z — [a]), then v € W, (a4 A;R?) and ]| (a4 a;re) < 4 < 7. Therefore, by a change
of variables

/ f (:107 v~ la] ; Vu(:t)) dex > / Srom (z; Vu(x) + Vo(z)) de — ﬂ, (2.24)
a+A € a+A 3
where we have used condition (Hs) and (2.3). Writing
M:: me + 1., with m. € Z¥ and \7'5\<\/N€
€

by (Hjs) the inequality (2.24) reduces to

/ f (x, - Te; Vu(m)) dx > / from (23 Vu(z) + Vo(z)) de — n (2.25)

a+A € a+A 3

13
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Choose A > 0 large enough (depending on 7) so that

1+ |VulP)de < 2. (2.26)

(=)

2
{IVul>A}n[a+A]

Fixed p > 0, by Scorza-Dragoni’s Theorem there exists a compact set K, C a+A with LV ([a+A]\K,) < p
such that f: K, x RN x RN — R is continuous. Take p = p(n) small enough as for

ﬁ/ (1+|VulP)dz < 2. (2.27)
[at ANK, 6

Then, from (2.26), (2.27) and the p-growth condition (Hy)

x x n
flz, = —re;Vu(z dzg/ flz,— —re;Vu(z) ) de+ 3. 2.28
/a+A ( € : ( )> {IVu|<AINK, ( € ) ( )) 3 ( )

But since f is Q-periodic in its second variable, then f is uniformly continuous on K, xRY x B(0, A). Thus,
as re — 0, for any 7 > 0 there exists e = ¢(j(n) > 0 such that for all e < e and all z € {|Vu| < A}NK,,

1 o2 rvte) - o 205009 < s

Hence
n

/ f (x, r_ re; Vu(x)) dr < / f(z, E, Vu)dx + -, (2.29)
{IVul<AINK, & {|Vul<AINK, € 3

and consequently, by (2.25), (2.28) and (2.29), for all € < gg := min{e}, &) } we have
0 €0

/a+A I (yc7 g,Vu(x)) dx > /a+A Shom (z; Vu(z) + Vo(x)) de — 1.

We are now in position to prove that fi. y = From-
Lemma 2.8. For all £ € RN fi o (€) < fie1 ().

Proof. By Lemma 2.6, given ¢ € R¥N there exists a sequence {w,} C W, *(Q;R%) such that w, — 0
in LP(Q;R?) and
. x
fiey(§) = lim [ f (, —5:&+ an($)> dx (2.30)
n—+00 Q En En
(see e.g. Proposition 11.7 in Braides and Defranceschi [14]). Following the same argument as in Lemma
2.5, by the Decomposition Lemma, there is no loss of generality in assuming that {|Vw,|P} is equi-
integrable. Thus, from De La Vallée Poussin criterion (see e.g. Proposition 1.27 in Ambrosio, Fusco and
Pallara [3]) there exists an increasing continuous function ¢ : [0, +00) — [0, +0o0] satisfying ¢(t)/t — +00
as t — 400 and such that

Sup/ o(|[Vwy|P) de < 1.
neNJQ

Changing variables (2.30) yields

1 T
= 1 — . o d
fey(©) = lm g /(O’TH)N f (:z: an’§+ Vz (x)) T

n

and

7).
Sup — o(|VzplP)de <1, 2.31
SUDTN St (IVzn[?) (2.31)

14
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where we set T), := 1/e,, and z,(x) := Thw,(z/T),) with z, € W&’p((O,Tn)N;Rd). For any n € N define
I, = {1, - [[Tn]]N}, and for i € I,, take a?* € Z” such that

U (ar + Q) < (0,12,)". (2.32)
i€ly
Thus )
x
fre 1 (&) = limsup — / f (x, — &+ Vzn(a:)) dx. (2.33)
{en} (&) 2 TS T ; o’ \en

Let M > 2 and n > 0. For n € N define

™M .= ie[n:/ o(|VznP)do < M 3.
al+Q

We note that for any M > 2, there exists n(M) € N such that for all n > n(M) sufficiently large T,, > M
and IM # (). In fact, if not we may find M > 2 and a subsequence n; € N satisfying

/ o[V, [P)dz > M,
a*+Q

for all ¢ € I,,. Summation in 4 and (2.32) would yield to

| el > T,
0,Tn,)

which is in contradiction with (2.31). We also note that in view of (2.31)

Card(I \ M\ M < 3 / o(|VznlP) da < / (Vo) dz < TV,
i€ \IM 0,7m)N
and so
TN
Card(I,, \ IM) < ]\’/} . (2.34)

By Lemma 2.7 there exists g = €9(M,n) such that, for any n large enough satisfying 0 < &, < ¢ and
for any i € IM, we can find o™ € W, P (a} + Q;R?) with ||v?’M’"||Lp(a?+Q;Rd) < n and

[ 1 (az,x;uwn(x)) do> [ fom (64 Tou + 927 do g
ar+Q En ar+Q

Consequently, for n large enough

> /amf (w ;;fwzn(w)) da >

Z / From (;€ + V2, + VoM7) do — ) card(IM).
iel, 7+Q

ielM e

As Card(IM) < [T,,]V, dividing by TN and passing to the limit when n — +00 we obtain from (2.33)
freny(§) 2 h]rg;sup N Z / g rom e VO do (2.35)

where ¢ M1 € WP ((0;T,,)N; R%) is defined by
2o (@) + 0 M(2) ifzea?+Qandie M,
M) =

Zn () otherwise.

15
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Now, in view of the definition of ¢™*" the p-growth condition (2.4) and (2.34),

N Z / fhom .’K €+v¢nMn) = N Z / fhom £L' £+Vzn)

L, i€l \IM T i€l \IM
< N > / (1 +|Vz,|P) dz
n iel, \IM a?+Q
< —+— > / V2 |P dac
Y i€, \IM 7
B P
< —+8 |Vw,|? dz.
M In\ I} (D)
i€ \I}

By (2.34) we have that

1 1

N — (a? < —.

£ ' U Tn(al +Q) = M
i€l \IM

Consequently, in view of the equi-integrability of {|Vw, [P} and (2.36), we get

timsup o > / From (€ + V™M) d = 0,
a+Q

Mon T i€, \IM

Therefore, (2.35) and (2.37) imply

e (€) 2 limsup 7o 3 / From(: € + VM) d

Mn,n n i€l,

1
limsup — / Jrom(z; € + V(;gn,Mm) dr = 0.
Man Ty (o,T,,{V)\{ U (a?-i'Q)}

i€ln

Similarly, since

N(Q\[U;ww)

iel, ="

as n — +oo, we get that

Hence by (2.38), (2.39) and (2.7) we get that

. 1 . _
flea1 (€) 2 limsup 5 From (@3 &+ V™M) da > Friom ().
M,n,n n (O,Tn)N

Let us now prove the converse inequality.

Lemma 2.9. For all ¢ e RN fi () > fro1 ().

Proof. In view of (2.7), for 6 > 0 fixed take T'= T5 € N, with T5 — +oc as 6 — 0, and ¢ =

WoP((0,T)N; R?) such that

= 1
From® 02 v [ fron(ese + Vot i
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By Theorem 1.1 in Bafa and Fonseca [8] and, for instance, Proposition 11.7 in Braides and Defranceschi
[14], there exists a sequence {¢,} C Wy*((0,T);R?) with ¢, — ¢ in LP((0,T)N; R%) such that

[ fon(wi6+ Vo) de = 1 (o Zie+ Vou(o) ) o (2.41)
(0,T)N n—+o0 Jo, )N €n

Further, in view of the Decomposition Lemma (see Fonseca and Leoni [24] or Fonseca, Miiller and
Pedregal [25]), we can assume — upon extracting a subsequence still denoted by {¢,} — {|Vén|P} to be
equi-integrable. Fix n € N such that ¢, < 1. For all i € ZV let a? € ,ZY N (i(T + 1) + [0,e,)Y)
(uniquely defined) (see Example in Figure 4).

Figure 4: Example for T =1,i=(0,1) and N =2
In particular, the cubes a? + (0, T)" are not overlapping because if 4,7 € Z" with i # j, then |i — j| > 1
and thus |a}' —a%| > T. Set

bn(xz—al) ifzeal+(0,T)N and i € ZV,
Pn(z) =

0 otherwise,

then ¢, € WHP(RV;RY). Let I, := {i € ZV : (0,T/e,)N N (a? + (0,T)N) # 0}. Note that

1 N
Card(I,) < <|[ﬂ + 1) . (2.42)
En
If ¢, (z) := Enqgn(a:/sn) then v,, — 0 in LP((0,7)";R%), as n — +o0, because
~ €T p
[ re = e (2] as
(0,1~ 0,1~ En

= N / (6u(2) Pde
(0,T/en)NV
< entN / |6 — a)Pd
iezli a?+(0,T)N

— PHNCard(L) / (b ()P dz

N
en+ (|H] " 1) [ @ —o,
6n (O,T)N

where we have used the fact that ¢, = 0 on (0,T/e,)N \ Uier, (@ + (0, T)N) and

N

sup || on | Lo 0,1y~ ;rey < +00
neN

17
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by the Poincaré Inequality and (2.41). Consequently,

Fleny(€5(0,T)Y) < liminf f <x,€;§+vwn(x)> dx
(0, T)¥

n—-+oo En €

— Liminf f(x ﬂ,g+v¢n ()) da
n—-+o0o (0 T)N 57L n En

= liminfe? ( ,f—l—qun( )> .
n—-+o0o OT/en)N

Note that since

NN ((OT)N VU <0,T>N>> < v (1 ¥ ] N) ,

icl,

from the p-growth condition (Hy) it follows that

Flen (€5 (0,1)Y) < liminfely / o (af;gwénm) d

n—-+4oo
i€,

7 \N
1 ATV (1 - —— .
(1 + (€l ( (757) )
By a change of variables, for all i € I,

/ I (x, ﬁ;{ + Vg{)n(:c)> dx
a?+(0,T)N En

:/ f<x+a?,m+ai;£+v¢n(a:)> dx
(0,T)N En

:/ f<x+a?i(T+1),x;§+V¢n(z)> dx,
(O’T)N En

where we have used (Hj), the fact that T € N and a”/e,, € ZV. By a similar uniform continuity
argument than the one used in Lemma 2.5 and since (2.42) holds, |a? — (T + 1)| < &5, and {|V¢,|P} is
equi-integrable. It follows that

. - T \"
Fie3(&5(0,T)Y) < lim inf /<0,T>N f <:c ;;§+V¢n(z)> dx + TV (1 - <T+1) ) - (243)

Consequently by (2.40), (2.41, (2.43) and Lemma 2.6

_ T \"
f{an}(g) < fhom(g) +d+c (1 - <M> > ’

The result follows by letting § tend to zero. |

Proof of Theorem 2.2. From Lemma 2.8 and Lemma 2.9, we conclude that fi,,,,(£) = fy.,3(€) for all
£ € RN As a consequence, Fieny(w; A) = From(u; A) for all A € Ag and all u € WhP(A;R?). Since
the I-limit does not depend upon the extracted subsequence, Proposition 8.3 in Dal Maso [19] implies
that the whole sequence F.(-; A) I'(LP(A))-converges to0 From(-; A). [
2.3 The general case

Our aim here is to prove Theorem 1.1.

18
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2.3.1 Existence and integral representation of the I'-limit

The idea in this case is to freeze the macroscopic variable and to use Theorem 2.2 through a blow up
argument. This leads us to work on small cubes centered at convenient Lebesgue points of 2 which,
contrary to Subsection 2.2, allow us to localize our functionals on A(2), the family of open subsets of €.
We define F. : LP(;RY) x A(Q) — [0, +-00] by

E ﬁ 3 Lp( A.Rd
/Af(m,g,gz,Vu(x)) dx if u e WHP(A4;R?),

400 otherwise,

Fe(u; A) :=

and we introduce the functional Fom : LP(;RY) x A(Q) — [0, +o]

/ From (3 Vu(z))do  if u € WHP(A;RY),

+00 otherwise.

Fhom (u A

Given {g;} \, 07 and 4 € A(2), consider the I'-lower limit of {7, (-; A)},en for the LP(A; R?)-topology
defined, for u € W1?(Q;R%), b

Fiep(u; A) = {inf} {hm inf 7., (uj;A): wu; — uin LP(A;]Rd)} .
uj j—+

Due to the p-coercivity condition in (Hy), to prove Theorem 1.1 it suffices to show that for all u €
whp (Q;Rd)

L(LP(Q))- hmf /fhom z, Vu(z)) dz

As a consequence of Theorem 8.5 in Dal Maso [19], there exists a subsequence {e,} = {¢;,} such that
for any A € A(Q), Fi.,} (-5 A) is the D(LP(A))-limit of F. (-; A) and, for all u € WP(Q;R?), the set
function F. ;(u;-) is the restriction of a Radon measure to A(2). Furthermore, from Buttazzo-Dal Maso
Integral Representation Theorem (see Theorem 1.1 in [17]) it follows that

Lemma 2.10. There exists a Carathéodory function fi. y @ ¥ RN 5 R, quasiconvex in its second
variable, satisfying the same coercivity and growth conditions than f, such that

F{En}(u;A):/Af{gn}(x;Vu(m))dx

for every A € A(Q) and u € WHP(Q;R?). Moreover, for all ¢ € RN and a.e. x € Q,

£ 0
f{gn}(x;g) Z%ir% Flen} (€5NQ($ ))

2.3.2 Characterization of the I'-limit

Like in Section 4, we only need to prove that fi. ;(z;§) = From(7;€) for a.e.  and all €. For this purpose

let L be the set of Lebesgue points x¢ for all functions f., (-;¢) and From(-:€), for all € € QXN. We
have LN (Q\ L) = 0 and we will first show in Lemma 2.11 and 2.12 below that the equality f{., y(z;§) =

From (73 €) holds for all 2 € L and all ¢ € Q¥*N. By definition of the set L it is enough to show that

/ Froy(@:6) da = / Foom (23 6) da, (2.44)
Q(zo,6) Q(z0,6)

for every xo € L and each § > 0 small enough so that Q(zg,d) € A(Q).
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Lemma 2.11. For all £ € QN and all 2y € L,

/ f{sn}(mag) dx 2 / ?hom(x;g) dx
Q(z0,0) Q(0,9)

Proof. Let £ € Q™Y and 2y € L. Let {u,} C WHP(Q(x0,6);R%) be a recovering sequence for
Freny(€&5:Q(x0;6)), that is, a sequence {uy,} such that u, — 0 in LP(Q(xo,5); R?) and

. xr X
/ freny(@:8) dov = Fie y(§5Q(0;0)) = lim fla, —, €+ Vuu(z) | de.
Q(z0,0) Q(x0,6) En &y

n—-—+oo

As before, the Decomposition Lemma (see Fonseca and Leoni [24] or Fonseca, Miiller and Pedregal [25])
let us to assume that {|Vu,|P} is equi-integrable. We split Q(x¢,d) into hY small disjoint cubes Q; j,
such that

Q(xo,0 U Qin  and  LN(Qyn) = (5/h)N. (2.45)
Then

I
e de=tm > | ( T e Vun(a >) dz.
/(Q(zl)v(;) { } h7n lz Qz h 2

Let n > 0. By Scorza-Dragoni’s Theorem (see Ekeland and Temam [22]), there exists a compact set
K, C € such that
LY@\ Ky) <, (2.46)

and the restriction of f to K, x RV x RN x R4/ is a continuous function. Given A > 0, we introduce
R?)’\L ={r € Q: [+ Vu,(z)| < A},

for all n € N and we note that due to Chebyshev’s inequality, we have

C

LYQ\RY < 1,

(2.47)

for some constant C' > 0 independent of n and A. Then

hN
T T
(;€) doe > limsup / (x,,; + Vu m)dx.
/Q Ly e imanyT [ (2 i V)

In view of condition (Hs), f is uniformly continuous on K, x Riv x RN x B(0,\). Denoting by wy » :
R* — RT the modulus of continuity of f on K, x RY x RY x B(0,\), for every (z,2') € [Q;n N K, N
R % [Qin N Ky,

\f( T i V(e ))—f(mzj,;;gwunm)\ < opalz—a)

< s (T) S ea)

From (2.45) and (2.48), after integrating in (z,2’) over [Q;, N K, N RY] x [Qin N K], we get since wy
is continuous and satisfies wy 1(0) =0

nN .Y
; 57N /Qi,hﬂKn /Qi,hﬂKnﬂRf‘L
—f( ,En,€2,§+wn( ))‘ dm}da:’

No
< 5an7A (C) ﬁ O,

20
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uniformly in n € N, for all > 0 and A > 0. Hence, by Fubini’s Theorem

/ f{sn}(xag) dx
Q(x0,0)

hmﬁup ¥ Z/ s {/Q .. f (m’, ;, ;;S—FVun(x)) da:’} dzx. (2.49)
Amshon i,nNKyN i,h n <n

However, as a consequence of (Hy) and (2.46) we have that for all A > 0,

hthN:/ / f x’ii'f—i—Vu (x) ) da’ 3 dx
N = Jo,wnr,nry | Jink, en €} !

PN I N
<Osw hN(1+A”)CN(th\K)
=1
<BA+N)LY(Q\K,) — 0 (2.50)

n—0

uniformly in n € N and h € N, and similarly

Z/ \ {/ f(x’,j,§;5+Vun(x>) dx'}dmﬁ(uv)nﬁo, (2.51)
Qi n RIN\K, (JQin n Cn -

uniformly in n € N and h € N. Moreover, (2.45) and (2.47), together with the equi-integrability of

{|Vu,|P}, yield
T
sup f (x’, , =36+ Vuy, ) dz' 3 dx
”hﬁl Z/zh\R {/zh E 62 ( )

< sup 8 (1 + [Vu,(2)[P) dv
neN  JQ(zo,0)\R) A—oo

Finally, (2.49)-(2.52) and Fubini’s Theorem lead to
/ feny(@;8) da
Q(20,6)
r x
>1 P L eV (2)) de S de
1msup6NZ/th{/th (x,en 2 E+Vu (m)) x} T

> i lim inf SN VR de S da’ 2.53
;LIE_T;?éN Z/Q” {T%El_il_rolo/lhf(xagn78%7£+ U (x) €L €T, ( )

where we have used Fatou’s Lemma. Fix 2’ € Q;; such that fy, . (2/;€) is well defined and apply
Theorem 2.2 to the continuous function (y, z,&) — f(2',y,2;€). Since u, — 0 in LP(Q(xo,5); R?), we
can use the I'-liminf inequality to get

0. (2.52)

N
Eglﬂg/ f (x/7 Eﬁ, §;§+ Vun(x)) dx > h—thom(x';g).
ih n n
Then, in view of (2.53) we conclude (2.44). [

Lemma 2.12. For all € € QYN and all 2y € L,
| heawode< [ F@@ds
Q(20,6) Q(z0,9)
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Proof. As in Lemma 2.11, we decompose Q(zg,0) into RN small disjoints cubes Q; , satisfying (2.45).
Since f and fy,,, are Carathéodory functions, by Scorza-Dragoni’s Theorem (see Ekeland and Temam
[22]) for each n > 0, we can find a compact set K, C Q(xo,d) such that

LY(Q(0,0) \ Ky) <, (2.54)
f is continuous on K, x RY x RN x RN and f is continuous on K, x RN Let
n hom n
Ihy = {Z e{l,-- 7hN} o Ky NQin 769)}

For i € I, ,, choose m?’n € K;, N Q4 n. Theorem 2.2, together with e.g. Proposition 11.7 in Braides and
Defranceschi [14], implies the existence of a sequence {u""} € W (Q; »; R%) such that w7 — 0 in
LP(Q;n; RY) as n — +oo and

_ o\N T
h.n. (2 hm ey — 1 ’,177777 n,h,n
Qin fhom(‘ri ’E) dz = (h> fhom( 75) nEIEoo Qin f (Iz ’ En En £+ VU ) d.
Set
u"(z) ifx e Qupand i € Iy,
ul(x) == (2.55)

0 otherwise.

Then {u?} € Wy (Q(z0,6); R, ul — 0 in LP(Q(x0,8); R?) as n — 400 and

lim inf From (@ €) dz = liminf lim Z / ( b i — §+Vu") dx. (2.56)

h—+oo . Qin h=oon=reo i€,y Qi,n

i 3 [ € dn < 0+ )L Qo 6) \ Ky) =0 (257

—0
heNieI;m Qi n\Ky n

thus from (2.56) and (2.57) it comes that

f (m?’", Eﬁ Zey W) (2.58)
i, hﬁK n

’L‘GI}LY Qi

Since fpom(-;€) is continuous on K, it is uniformly continuous. Thus, denoting by w, its modulus of
continuity on K, we have for all z € Q;r, N K,

- - VN6
‘fhom(‘r;g) _fhom(x?m;g)‘ <wn(\x—x?7”|) <w7l <h mo (259)
In view of (2.54), (2.59) and (2.58), we get since Q; , N K, =0 for i & I, ,,

/ ?hom (J}, g) dr = lim / ?hom (J?, g) dx
Q(z0,0)
= hm lnf Z / fhom (SL’ E)

»Lejh QL }J‘IK

= hmlnf Z/ Trom (@ €) d

n:h i€lp . Qi,nNK,

X X
liminf / (W = = +Vu"> d 2.60
UL 621: QinNK,NRY,, t en 5%’5 " 7 (2:60)

WV
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where Rf{,n = {z € Q(x0,9) : |+ Vull(z)| < A}. From (2.56) and the fact that u” = 0 on Q(zg,d) \
Uier, , Qih, we get

sup / |Vul Pdr < +o0. (2.61)
neN,n>0JQ(zo,5)

In particular, according to Chebyshev’s inequality, we have

LY Qo 9) \ BY,) < 1o (2.62)

for some constant C' > 0 independent of n,  and A. Since f is continuous on K, x RN x RN x RN and
separately Q-periodic in its second and third variable (see assumption (Hs)), it is uniformly continuous

on K, x RNV xRN x B(0, \). Thus, denoting by w,,  its modulus of continuity on K, x RY x RY x B(0, \),
we have for all x € Qs N K, ﬂRnn,

(0 2 Ser vua >) (o 2 S v

Then, according to (2.60) and the fact that Q; , N K, =0 for i & I, ,,

_ xr x
w8 dr > hm inf z, —, =€+ Vu) | dz,
/Q(mo,(s) fho ( 5) N5k, n Z /Ql hﬁKnﬂR < en E% g )

o x
= hmmf/ f x,—,—z;f—i—VuZ dz.
Amn JK,NRY En €p

In view of the p-growth condition (Hy), (2.54) and the definition of R}

n,n’

neN

sup/ f(x,‘”,i;gwuz) dr < B(1+A)np —— 0,
R, \Ky En & n—0

then
ro:0) Amn gy, T\ en ey

Let Ay / 400 and 7 \, 07, by a diagonalization procedure, it is possible to find a subsequence {ng}
of {n} such that, upon setting vy := uj* and Ry := R)t  , then vy € Wy P (Q(x0,6); RY), vp — 0 in
LP(Q(x0,6); R?) and

/ From (73 6) dz > liminf/ f (am i, %;54— Vvk) dx.

Q(x0,0) k—too JR, €ny €y,

By (2.61) and the Poincaré Inequality, the sequence {vy} is bounded in WP (Q(xg, §); R?) uniformly with
respect to k € N so that, according to the Decomposition Lemma (see Fonseca and Leoni [24] or Fonseca,

Miiller and Pedregal [25]), there is no loss of generality to assume that {|Vug|P} is equi-integrable. Tt
turns out, in view of the p-growth condition (Hy) and (2.62) that

/ f(x,f”,f;wwk) da;ggsup/ (1+|Vul") dz —— 0.
Q(wo,6)\ Ry, Eny Eny, 1eN JQ(0,8)\ Rx oo
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Thus, using the I'-liminf inequality,

T x

/ ?hom(x;g) dx 2 hmlnf/ f ($7,2;€+V’Uk> dx
Q(0,0) k—=+00 JQ(z0,5) Eny Eny

/ feny(@:6) d.
Q(xo,9)

WV

Proof of Theorem 1.1. As a consequence of Lemma 2.11 and 2.12, we have f, . (7;&) = freny(;€) for
all 7 € L and all ¢ € Q%Y. By Lemma 2.10 and the fact that f, ., is (equivalent to) a Carathéodory
function, it follows that the equality holds for all ¢ € RN and a.e. x € Q. Therefore, we have
Frent(us A) = From(u; A) for all A € A(Q) and all u € W'P(A4;RY). Since the result does not depend
upon the specific choice of the subsequence, we conclude thanks to Proposition 8.3 in Dal Maso [19] that
the whole sequence F.(-; A) I'(LP(A))-converges t0 From(-; A). Taking A = 2 we conclude the proof of
Theorem 1.1. |

2.4 Some remarks in the convex case

We start this section by noticing that under the additional hypothesis that f(x,y,z,-) is convex for a.e.
x and all (y, z), in which case (H;) is equivalent to requiring that f(x,-,-,£) is continuous for a.e. z and
all ¢, equality (1.6) and (1.7) simplify to read

Fhom(@3€) = inf { / Foom (%, y:€ + Vo)) dy, ¢ € WoP(Q;R?) (or equivalently ¢ € W;gI;(Q;R‘i))}
Q
for all £ € RN and a.e. x € Q, and
Fuom (@, 9:€) = inf {/ f@,y, 2.6+ V(2))dz, ¢ € WyP(Q;R?) (or equivalently ¢ € Wﬁé’?(Q;Rd))}
Q

for a.e z € Q and all (y,£) € RY x R¥*¥N (see Braides and Defranceschi [14] and Miiller [33]).
Our objective here is to present an alternative proof of Lemma 2.12 in the convex case. Namely we
would like to show that fi. 1(20;€) < flom(0;€) ae. xp € Q and all £ € RN, without appealing to

Theorem 2.2. For this purpose let us denote by S (resp. C) a countable set of functions in C3°(Q;R?)
(resp. C°(Q x @Q;R%)) dense in Wy P(Q;R?) (resp. LP(Q; Wy *(Q;R%)). Define L to be the set of
Lebesgue points g for all functions

f{sn}(';g% ?hom(';g) (263)
and

2 / / F( %€+ Vyb() + Vatb(y, ) dy dz, (2.64)
QJQ

with ¢ € S, ¢ € C and ¢ € Q¥*V | and for which f, . (zo; -) is well defined. Note that £V (Q\ L) = 0.
Let 29 € L and &€ € Q¥ then

€)= lim — o Fren(€:Q(x0,8)
fieny (03 §) —gl_r%(;N/Q(xm Fley (@3 €) do = lim o . (2.65)

Given m € N consider ¢,, € S such that

?hom(x(); 6) + % = /Q fhom(x()a Y; 5 + v¢m(y)) dy (266)
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Then by Theorem I11.30 in Castaing and Valadier [18] and following a similar argument as in Lemma 4.6
in Fonseca and Zappale [26], there exist ®,,, € L (Q; Wy P(Q; R?)) such that

fhom(x07y;€+v¢m(y)) % /f $0>y72 §+Vy¢m( )+v (b (y7 ))d z.

We now choose ®,, ;, € C such that

H‘Pm,k - @mHL[)(Q;WOlvP(Q;Rd)) m’ O, (267)

and we extend ¢,, and ®,, ; periodically to RN and RN x RY | respectively. For each z € RN define

w4 (2) = &7+ 2ndm () + 20 (S 5

€n €n €2

and consider 6 > 0 small enough so that Q(xo,0) € A(Q). For fixed m and k we have u;, ; — v in
LP(Q(70;6); R?) as n — 400, where v(x) = £ - . Hence by (2.65) and the p-Lipschitz property of
f(z,y,-) (see Marcellini [32])

1 T T T
f n ($0,§> < hmlnf / f (ZC,,,E‘FV ¢m ()
{en} k,0,n oN Q(z0;6) En 5% Y En

+€nVy¢)m,k (17 %) + VZ(I)m,k: (ia l‘2>> dx
En &y 3

x T x
< liminf — f($,7;5+v bm ()
k,0,n (S Q(z036) En 5% Y En

+VZ<I>m,k( i ;)) dz. (2.68)

En n

Arguing as in Proposition 4.10 in Bafa and Fonseca [8], we define

hm,k((E? Y, Z) = f('ra Y, 2,6+ vy¢m<y) + qu)m,k(y7 Z))

Then (see e.g. Allaire and Briane [2] or Donato [21]) since hy, ; € LP(Q(z0,0); Cper (@ X Q)), we get

liminf/ f(m,x,i,€+vy¢m(>+v‘bmk(x z)) de
n—-+o0o Q(z0;0) En € En €
SC

/( //hmkacy, )dz dy dx
QI05

= / / / f(x, Y, 2§+ Vybm (y) + V. Py 1 (v, z))dz dy dx. (2.69)
(20;9) Q

Therefore by (2.64)

n

. L. 1 r T T T
lin inf lfiﬂrg&v/cg(m)f (x,%,gi,uqusm (En> +vzq>m,k(5n 52)> dz dy da:
=/Q/Qf(xo,y,Z;fﬂLme(y)+Vz<1>m,k(y,Z))dzdy,
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and thus, by (2.67), (Hy), (2.68), (2.66) and Fubini’s Theorem, we obtain

o (@0:6) < /Q /Q (20,9, 256+ Vybo(y) + Vo (y, 2)) dz dy

/Q { /Q F (20,5, 216+ Vybm(y) + Vabp (4, 2)) dz| dy
< fromlmo €+ Vout) dy+
< ?hom(x0;§> + %

Letting m — +o0o we deduce that fi,1(20;£) < from (205 €). [

3 Application to thin films

This part is devoted to the study of a reiterated homogenization problem in the framework of 3D-2D
dimensional reduction. Our main result is stated in Theorem 1.2. We organize this section as follows. In
Subsection 3.1 we discuss the main properties of Whom and Whom. Then, in Subsection 3.2 we address the
case where W is independent of the macroscopic in-plane variable x, (Theorem 3.2). Finally, Theorem
1.2 is proved in Subsection 3.3.

Remark 3.1. Without loss of generality, we assume that W is non negative upon replacing W by W + (3
which is non negative in view of (Ay).

3.1 Properties of Wy,

As in Subsection 2.1 we can see that the function Whom given in (1.12) is well defined and it is (equivalent
to) a Carathéodory function:

Whom (-, -3 &) is £3 ® L2 -measurable for all £ € R3*3, (3.1)
Whom (%, Ya; -) is continuous for £3 ®@ L%-a.e. (z,y,) € Q x R, (3.2)

By condition (Aj) it follows that
Whom (2, -3 €) is Q-periodic for a.e. x € Q and all £ € R3*3, (3.3)

Moreover, Wyom is quasiconvex in the & variable and satisfies the same p-growth and p-coercivity condition
(Ay) as W:

1
B|£|p — B < Whom (2, Ya: &) < B(1+|€[P) for ae. z € Q and all (yq,&) € R? x R3*3, (3.4)

where 3 is the constant in (A4). Arguing as in Remark 2.2 in Babadjian and Bafa [6], (3.1), (3.2) and (3.4)
imply that the function Wiem given in (1.11) is also well defined, and is (equivalent to) a Carathéodory
function, which implies that the definition of Wiem makes sense on WHP(;R3). Finally, Wi is also

quasiconvex in the ¢ variable and satisfies the same p-growth and p-coercivity condition (A44) as W and
Whom:

%|E|p — B < Whom(za; &) < B(1+[£]P) for a.e. 24 € w and all £ € R3*2, (3.5)

where, as before, [ is the constant in (Ay).

26



MULTISCALE NONCONVEX RELAXATION AND APPLICATION TO THIN FILMS

3.2 Independence of the in-plane macroscopic variable

In this section, we assume that W does not depend explicitly on 24, namely W : I xR3 xR2xR3*3 — R*,
For each ¢ > 0, consider the functional W, : LP(;R?) — [0, +00] defined by

/ W <x3, L x‘;;vau(x)’lvgu(z)> do if u e WiP(Q;R3),
Q e € €

+00 otherwise.

We(u) = (3.6)

Our objective is to prove the following result.

Theorem 3.2. Under assumptions (A1)-(As) the T(LP(Q))-limit of the family {We}c>o is given by

2/Whom(vau(xa)) dr, if u € WHP(w;R3),

400 otherwise,

Whom(u) =

where Wom is defined, for all € € R3*2, by

- — 1 —
= li inf ¢ — ; :
Whom(§) T_lg_loo 1{; {2T2 /(0,T)2><1 Whom (Y3, Ya3; € + Vad(y)|V3o(y)) dy
¢ € WHP((0,T)2 x I;R®) and ¢ = 0 on 9(0,T)? x 1}, (3.7)
and
. . 1
Whom(y37yaa§) = TEI-EOO lgf{Tg ,/(07T)3 W(ysaya7z372a7§+v¢(2))d3 .

6 € WP ((0.T)%RY) |, (3.8)

for all (y,€) € R? x R3%3,

Since the proofs are very similar to that of Section 2.2, we just sketch them highlighting the main
differences. For the detailed proofs we refer to Chapter 2 in Babadjian [5] .

3.2.1 Existence and integral representation of the I'-limit

For the same reason than in the proof of Theorem 2.2 in Section 2.2, we localize the functionals given
in (3.6) on the class of bounded open subsets of R?, denoted by Ag. For each ¢ > 0, consider W, :
LP(R? x I;R®) x Ag — [0, +00] defined by

T T

1 s 1,p .3
W (s A) 1= /AXIW (:Eg, - 82,V,lu(x)‘gvgu(ac)> de ifue WHP(A x I;R?), (3.9)

+00 otherwise.

Given {e;} \, 0" and A € Ay, consider the I'-lower limit of {W,, (-; A)},en for the LP(AxI; R3)-topology,
defined for u € LP(R? x I;R3), by

Wie,y(u; A) = {iilf} {ljlgigofng (uj;A): uj —uin LP(A x I; R3)} .
In view of the p-coercivity condition (Ay), for each A € Ay it follows that Wy, (u; A) is infinite whenever
u € LP(R? x I; R3)\ W1P(A; R3), so it suffices to study the case where u € WP(A;R?). Arguing as in the
proof of Lemma 2.6 in Braides, Fonseca and Francfort [16], we can prove the existence of a subsequence
{€j.} = {en} such that W, y(-; A) is the I'(LP(A x I)-limit of {W,, (-;A)}nen for each A € Ag. In
addition, following the lines of Lemma 2.5 in Braides, Fonseca and Francfort [16], it is possible to show
the following result.
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Lemma 3.3. For each A € Ay and all u € W'P(A;R3), the restriction of Wy., 3 (u;-) to A(A) is a
Radon measure, absolutely continuous with respect to the two-dimensional Lebesgue measure.

But as in Section 2.2.1, one has to ensure that the integral representation given by Theorem 1.1
in Buttazzo-Dal Maso [17] is independent of the open set A € Ay. The following result, prevents this
dependence from holding since it leads to an homogeneous integrand as it will be seen in Lemma 3.5
below.

Lemma 3.4. For all € € R**2 0 and 20 € R?, and § > 0

«

W{En}(g ) Q/(ygv 5)) = W{Sn} (E ) Q/(Zgu 6))

Proof. Tt is obviously enough to show that
Wieny (€5Q' (4 0)) = Wie, 1 (€3 Q' (20, ).
According to Theorem 1.1 in Bocea and Fonseca [11] together with Lemma 2.6 in Braides, Fonseca and
Francfort [16], there exists a sequence {u,} C WhP(Q'(y3,0) x I;R®) such that {|(Vaun|-Viu,) "} is
equi-integrable, u,, = 0 on 0Q'(y°,8) x I, u, — 0 in LP(Q'(y2,d) x I;R?) and

v /0,0 : T Ta &
W{sn}(g';Q(yavé)) = lim w x377a7§£+vaun(w)
Q' (y9,0)x1 € €n

n—-+oo n

1V3un(x)> dz.
En
We argue exactly as in the proof of Lemma 2.5 with y? and 20 in place of yy and zg. For all n € N,
extend u,, by zero to the whole R? x I and set vy, (Za,23) = un (T + 257, 23) for (24,73) € Q'(22,6) x I,
where 25" 1= m, e, —e2l.,. Then {v,} C WHP(Q'(22,8) x I;R3), v, — 0 in LP(Q'(22,8) x I;R3), the
sequence {|(Vavn|€—1nvgvn) |p} is equi-integrable and

Wiy (€5Q (3, 6))
= hmsup/ 1% (xg” 2ol 2 4 Vau(2)
n—+o00 JQ’(29,8)xI En En &5

where we have used the p-growth condition (A4) and the fact that £2(Q’(22,8)\ Q' (y% — x5, 6)) — 0. To
eliminate the term e, [, in (3.10), we would like to apply a uniform continuity argument. Since for a.e.
x3 € I the function W (w3, -, ;) is continuous on R* x R? x R3*3, then (As3) implies that it is uniformly
continuous on R? x R? x B(0, ) for any A > 0. We define

%ngn (x)) dz, (3.10)

R) = {:c €Q'(22,86) x1I: ‘({Jrvavn(x) Elvgvn(:c)ﬂ < )\},

and we note that by Chebyshev’s inequality
L3[Q (20,0) x I\ Bp) < C/X, (3.11)

for some constant C' > 0 independent of A or n. Thus, in view of (3.10) and the fact that W is nonnegative,

Wi, (&5Q' (10, 0)) = limsup/ w (xs, S - x%;ﬂ Vatn ()
Ry

A n n n

glvgvn(x)> dz.

Denoting by wy(z3,-) : RT — RT the modulus of continuity of W(xs,-,-;-) on R3 x R? x B(0,\),
we can check that for a.e. z3 € I, the function ¢ — wy(z3,t) is continuous, increasing and satisfies
wx(xs,0) = 0 while, for all ¢ € RT, the function x5 — wy(z3,t) is measurable (as the supremum of
measurable functions). We get, for any z € R\

T To — 1
‘W <.’£3,5n,5%;£+va’l}n($) %ngn(x))
a a 1
4 <l‘3, Lo Enlen» B’ %7§ + vavn(x) ngn(l‘)) ‘
n En €2 €n

Swa(zs, enle,)-
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The properties of wy, Beppo-Levi’s Monotone Convergence Theorem and (3.10) yield

1
EVg’Un(I)) dx

1
—62/ w/\((E3,€nlgn)dl’3}

-1

A,n n

Wi (&5Q'(ya,0)) = limsup{/ W<x3,:,§§;§+vavn(x)
R} n

a = 1
= liminf %4 (x;;, E, %;5 + Vaup(z) ngn(x)> dx
Q/(ng6)XI € 6” En

n—-+o0o n

where we have used the equi-integrability of {‘ (Vavn‘év‘gvn) |p}7 the p-growth condition (Ay), (3.11)
and the fact that v,, — 0 in LP(Q'(22,0) x I;R3). [

As a consequence of this lemma and adapting the argument used in the proof of Lemma 2.6, we deduce
that

Lemma 3.5. There exists a continuous function Wy, y : R3%2 — RT such that for all A € Ay and all
u € WHP(A;R3),

Wiey(u; A) = 2/ Wiey(Vau(zy)) dzg.
A

3.2.2 Characterization of the I'-limit

In view of Lemma 3.5, we only need to prove that Wyom(§) = Wy, 3(€) for all £ € R3*2, and thus it
suffices to work with affine functions instead of with general Sobolev functions.
We state, without proof, an equivalent result to Proposition 2.7 for the dimension reduction case.

Proposition 3.6. Given M >0, 1> 0, and ¢ : [0, +00) — [0, 4+00] a continuous and increasing function
satisfying o(t)/t — +00 as t — 400, there exists eg = eo(M,n) > 0 such that for every 0 < e < gg, every
a € R? and every u € WYP((a+ Q') x I;R?) with

/ (| Vul?) de < M,
(a+Q")XT

there exists v e Wy P((a + Q') x I;R?) with vl e ((at+@)x1:r3) < 1 satisfying

/ W(xg,xa,@,x—a;Vu) dm}/ Whom (23, To; Vu + V) dz — 1.
(a+Q")xI e ¢ (a+Q")xI

Lemma 3.7. For all £ € R**2, Wyom(§) < Wy, 3 (€).

Proof. From Lemma 3.5, Theorem 1.1 in Bocea and Fonseca [11] and Lemma 2.6 in Braides, Fonseca
and Francfort [16], we may find a sequence {w,} C W'?(Q' x I;R?) such that {| (Vawn|éV3wn) |p} is
equi-integrable, w, = 0 on Q' x I, w, — 0 in LP(Q" x I;R?) and

T X

2W{E }(6) = lim w <I‘3, — 7272+ vawn(x)
" Q' xI € €n

n—-+4oo n

Elvgwn(x)) dx.

n

Thus, from De La Vallée Poussin criterion (see e.g. Proposition 1.27 in Ambrosio, Fusco and Pallara [3])
there exists an increasing continuous function ¢ : [0, +00) — [0, +00] satisfying ¢(t)/t — +o0 ast — +00

and such that »
1
sup/ %) (‘ (Vawn ngn> ) dr < 1.
neNJ Q' xI En
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Changing variables yields

- . 1 T3 Ta 7
Ww. = lim —/ W(mf,aca,,; 4+ Vazn(2)|V znaz) dx
{811}(5) no—too 2T72L (O,Tn)2><]' 3 " % 5 ( )| 3 ( )

and

supi o(|IVz,|P)dx < 1,

neN T2 Jiom)2 %1
where we set T}, := 1/e,, and z,(x) := Thw,(xa/Tn,x3). Note that z, € WHP((0,T,)? x I;R3) and
zn = 00n 9(0,T,)? x I. For all n € N, define I, := {1, I [[Tn]]2} and for any i € I,,, take al* € Z* such
that

U @+ Q") c (0.7,)*

i€,
Moreover, for all M > 0, let

M.={iel, ;/ o(|VznP)do < M 3.
(an+Q)xI

Applying Proposition 3.6, we get for any 7 > 0 and any i € I the existence of v/""" € W **((a} +
Q) x I;R?) with [[v]"*" || Lo((ar 1 qryx 1r3) < 7 and
T3 To =
/ W(m?nxom37a;§+vazn|v3zn> dx
(ar Q' xI €n &n
1

2 T2 / Whom (‘r?n xa;é""‘ vazn + v()/U:LJW717|V32:71 + V?)’U;LM}W) dxr — n.
T3 Jian+@ryx1

Hence,

. 1 3 n
Wie,3(€) = limsup o772 Z / Whom (23, Za; (€]0) + Vo™ 1) da (3.12)
Mn,n nojerM (aP+Q")xI

where ¢ M:m € WP ((0;T,)? x I;R?) is defined by

Zn(z) + 0P (2) ifze(a? +Q) xTandieIM,

"M (w) =

Zn () otherwise

and satisfies ™" = 0 on 9(0,T},)% x I. In view of the definition of ¢ the p-growth condition (3.4)
and the equi-integrability of {’(Vawn|€ivgwn) ‘p}, we get arguing exactly as in Lemma 2.8,

Wie,1(€) = limsup

1 _ _ _
ﬁ / Whom(x& xa;g + va¢n,M,n|v3¢n,M,n) dz > Whom(f)-
M,n,n n J(0,Tp)2xI

Let us now prove the converse inequality.
Lemma 3.8. For all { € R¥*2, Wyom(§) = Wy 1 (€).
Proof. In view of (3.7), for 6 > 0 fixed take T = T5 € N, with Ty — +oc as d — 0, and ¢ = ¢5 €
WP ((0,T)% x I;R?) be such that ¢ =0 on 9(0,T)? x I and

— — 1
Whom(g) + 0>

- ﬁ /(O,T)zxf Whon (@3, %t;g +Vad(2)|Vad(2)) dz. (3.13)
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From Theorem 1.1 in Bafa and Fonseca [8] (with f(y, 2;&) = W(ys3, Ya, 23, 2a; €)), Proposition 11.7 in
Braides and Defranceschi [14] and Decomposition Lemma (see Fonseca and Leoni [24] or Fonseca, Miiller
and Pedregal [25]) there exists {¢, } € WyP((0,T)%x I; R?) such that {|V¢,|"} is equi-integrable, ¢,, — ¢
in LP((0,T)? x I;R3) and

/ Waom (23, 2o € + Vad(@)|Vsé(x)) da
(0,T)2x1I

= lim w (acg7 Ty ﬁ, :—“;E+ Va¢n(x)|vg¢n(m)) dx. (3.14)

n—+oo (0,7)2x1 n <n
Fix n € N such that &, < 1. For all i € Z? let a? € €,Z° N (i(T + 1) + [0,2,)?) (uniquely defined). Set

} bn(To —al'yz3) if x € (a? + (0,T7)?) x I and i € Z?,
Pn(z) =

0 otherwise,

then bn € WHP(R? x [;R3). Let I,, :== {i € Z* : (0,T/e,)? N (a? + (0,T)2) # 0}, If ¢, (z) :=
En®n(Ta/en,x3) then ¥, — 0 in LP((0,T)? x I;R?), as n — +oo. Consequently, the p-growth condition
(A4) implies that

Wee,y (€5(0,T)%)

< f/ W (3, 2, 2208 4 Vot (0)] — Vatu (@) ) d

< limin T3, —, = athn (z)|— L (z .
n—-+o0o (0,T)2xT 3 En 5% £n 3

r3 Ta < ~ -
hmlnfE Z/ w (x3,$a77;€+Va¢n(x)|v3¢n(x)) dx
o ierl, 7 (a?+(0,1)2)x1 En €En
+CE2 ( \ U n )}
( ) i€l,

= liminf 2 Z/ (a:g,xa+a —i(T+1), ﬁ,&,§+va¢n( )V3¢n(x)> da

e i€l, 0,7)2x1I

+cT? (1 - (TTH)2> (3.15)

where we have used (A3), the fact that T € N and a* /e, € Z*. We now use the same uniform continuity
argument than in the proof of Lemmas 3.4 and 2.9, we get

. T \°
Wiy @ < Wrm(® +5+ ¢ (1 ~(721) ) .

The result follows by letting § tend to zero. |

Proof of Theorem 3.2. From Lemma 3.7 and Lemma 3.8, we conclude that Wom(€) = W{En}(g) for all
£ € R3*2. As a consequence, Wi., y(u; A) = Whom(u; A) for all A € Ay and all u € W'P(A;R3). Since
the T-limit does not depend upon the extracted subsequence, Proposition 8.3 in Dal Maso [19] implies
that the whole sequence W.(-; A) T'(LP(A x I))-converges to Whom(+; A). [ |

3.3 The general case

Our aim here is to study the case where the function W depends also on the in-plane variable.
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3.3.1 Existence and integral representation of the I'-limit

As in Subsection 2.3, to prove Theorem 1.2 it is convenient to localize the functionals W, in (1.10) on
the class of all bounded open subsets of w, denoted by A(w). For each ¢ > 0 we consider the family of
functionals W, : LP(Q; R3) x A(w) — [0, +00] defined by

T Ty

1 1
- = _ i P . TR3
W (s A) = /AXIVV(x,67 E2,Vau(x)‘€V3u(m)> dr if ue WHP(A x I;R%), (3.16)
+o0 otherwise.
Given {g;} \, 0" and A € A(w) we define the I-lower limit of {W,,(-;A)};en with respect to the
LP(A x I;R®)-topology by

Wie,y (s ) = inf {giglgrgf W, (i A uy —win LP(A x I RS)}

for all u € LP(Q;R3). Our main objective is to show that
W{s_,»} = Whom (3.17)
where Whom @ LP(;R3) x A(w) — [0, 4+0o0] is given by

2/ Whom (Ta; Veu(ry)) dre  if u € WHP(A;R3),
A

+00 otherwise.

Whom (u; A) =

The conclusion of Theorem 1.2 would follow taking A = w. By hypotheses (A4) it follows that W, ;(u; A) =
+oo for each A € A(w) whenever u € LP(;R3) \ WHP(A;R3). As a consequence of Theorem 2.5 in
Braides, Fonseca and Francfort [16], given {e;} \, 0" there exists a subsequence {¢; } = {e,} of {¢;}
for which the functional W{En§(~;A) is the T'(LP(A x I))-limit of {W,, (-;A)}nen for each A € A(w).
Moreover given u € W1P(A4;R?)

W{En}(u;A) = 2/ W{En}((ﬂa;va(xa))dl'a,
A

for some Carathéodory function Wy, y:w X R3*2 — R. Accordingly, to prove equality (3.17) it suffices
to show that W{gn}(xa;g) = Whom(%a; §) for a.e. x, € w and all £ € R3*2, which allow us to work with
affine functions instead of with general Sobolev functions.

The following proposition, that is of use in the sequel, allow us to extend continuously Carathéodory
integrands. It relies on Scorza-Dragoni’s Theorem (see Ekeland and Temam [22]) and on Tietze’s Exten-
sion Theorem (see Theorem 3.1 in DiBenedetto [20]).

Proposition 3.9. Let W : Q x R3 x R? x R3*3 — R satisfying (A1)-(A4). Then for any m € N, there
exists a compact set Cp, C Q and a continuous function W™ : Q x R3 x R? x R3*3 — R such that
W™ (x,-, ;) =W(z,-, ;) for all x € Cy, and

L3(Q\ Cp) < % (3.18)

Moreover,
- Yo = WD, Y0, Y3, 205 €) s Q' -periodic for all (24,y3,€) € R? x R3*3 and a.e. v € Q,
- (2o, ¥3) = W™ (2, Y, Y3, 2a; &) s Q-periodic for all (ya,&) € R? x R**3 and a.e. x € Q;
and for some 3 > 0, we have

—BL<W™(x,y, 20;€) < B+ |E[P)  for all (y, za,€) € R x R? x R3*3 and a.e z € Q. (3.19)
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Proof. By Scorza-Dragoni’s Theorem (see Ekeland and Temam [22]) for any m € N there exists a com-
pact set C,,, C Q with £3(Q2\ C,,,) < 1/m such that W is continuous on C,, x R? x R? x R3*3. Since
Cr x R? x R?2 x R3*3 is a closed set, according to Tietze’s Extension Theorem (see DiBenedetto [20])
one can extend W into a continuous function W™ outside C,, x R? x R? x R3*3, By the construction
of W™ it can be seen that it satisfies the same periodicity and growth condition than W and that it is
bounded from below by —/. |

We remark that the above result improve Lemma 4.1 in Babadjian and Baia [6] in which we only
obtained a separately continuous function.
3.3.2 Characterization of the I'-limit

For each T > 0 consider St a countable set of functions in C°°([0,T])? x [—1,1]; R?) that is dense in

{oe WhP((0,T)? x I;R*) : ¢ =0 on 9(0,T)* x I}.
Let L be the set of Lebesgue points 2% for all functions W{an}(‘;g), Whom(+;€) and

Ty Whom (Za, Y3, Ya; € + Var(y)[Vae(y)) dy,
(0,T)2x T

with T € N, p € Sy and £ € Q**2, and for which Wiem(2%; -) is well defined. Note that £2(w \ L) = 0.
We start by proving the following inequality.

Lemma 3.10. For all 20 € L and all £ € Q**%, we have Wi, 1(29;€) = Whom (22;€).

Proof. Let 6 > 0 small enough so that Q’(z%,9) € A(w). By Theorem 1.1 in Bocea and Fonseca [11] we
can find a sequence {u,} C WP(Q'(z%,6) x I;R3) with u,, — 0 in LP(Q’(2,5) x I;R?), such that the
sequence of scaled gradients {(Vaun\iV;»,un)} is p-equi-integrable and

Wiy (E5Q/(0,6) = 2 / Wi, (2a:6) dia
Q' (x2,6)

o = 1
= lim w <x, E, %;5 + Vauy(x) Vgun(x)> dz.
n—+oo Q' (29,6)x1 En &p €n

Given m € N let C,, and W™ be given by Proposition 3.9. Then since W > 0 and W = W™ on
Crn x R? x R? x R3*3 we get

T x
m «
w (x, —,

Wie,) €:Q/(w5,9)) > limsup L, Z5E + Vaun(0)

m.n /[Q%mmxnmcm

;Vgun(x)) dzx.

n

By the p-growth condition (3.19), the equi-integrability of {|(Vaun|2Vsuy,) |p} and relation (3.18), we
obtain

- 1
/ wm (a:, i, %; €+ Vauy(x) Vgun(x)) dx
[Q/ (22 ,0) X I|\Cnm, En & En

(1 + ‘ (5 + Vatn ()

<p

;nvgun(x)>

/[Q’(mg,(;) XI]\CM

uniformly with respect to n € N. Then, we get that

Wiy (& Q(22,68)) = limsup / W (x L2 Vi (x)
Q' (x9,6)xI € €n

m,n n
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For any h € N, we split Q'(zY,6) into h? disjoint cubes Q; 5, of side length §/h so that

h2
= ain
i=1
and
h2
v 170 . m r To —= 1
Wie,y (€5 Q'(20,6)) > limsupy W (@, =, 228 4+ Vo (2)| = Vaun(z) ) do
m,h,n i—1 Q”LX[ En &n En
h? 1
> limsupZ/ Wm( =z x;‘,f—i—v Un () Vgun(ac)> dx
m,\hon T Q) X TINRY, €n n

where given A > 0 we define

R) = {x cQ'(22,6)x1: ‘(f—k Vo ln ()

;V3un(x))‘ < )\}.

Since W™ is continuous and separately periodic it is in particular uniformly continuous on  x R? x R? x
B(0, ). With similar arguments to that used in the proof of Lemma 3.5 in Babadjian and Bafa [6] (with
W™ in place of W), we obtain

Wie,y (€3 Q' (20, 9))

T To = 1
> lims Wal, oy, —, =64V —
> limsup — Z/, /{hXI (xa T3 2 3 aln () s

h,n n

Vgun(x)> dx dx!,

T Ty = 1
>limsu / liminf/ W <x;,z s, = e+ Vit (2) | — Vau, (z > dx dx’,, (3.20
a7l Z ) SR ¢ (@) e ° @) »(3:20)

where we have used Fatou’s Lemma. We now fix z/, € @} ;, such that Wiom(2/,;€) is well defined, then
by Theorem 3.2 we get that

2
Vgun(a:)> dz > Q%Whom(xfl;g). (3.21)

n—-+oo

- 1
liminf/ W(m;,xg,,x,x;;f-i'vaun(x) —
LT En &y En
Gathering (3.20) and (3.21), it turns out that
/ W{sn}(xoc;E) dze = / Whom(m/oﬁg> d.’[:;
Q' (x9,,6) Q' (x2,,9)

As a consequence the claim follows by the choice of 20, after dividing the previous inequality by §% and
letting & — 0. |

We now prove the converse inequality.

Lemma 3.11. For all { € Q**? and all 2% € L, Wy, 1(22;€) < Whom (24 €).

Proof. For every m € N, consider the set C,, and the function W™ given by Proposition 3.9, and define
(W™m)pom and (W), as (1.11) and (1.12), with W™ in place of W. For fixed > 0 and any m € N let
K" be a compact subset of w given by Scorza-Dragoni’s Theorem (see Ekeland and Temam [22]) with

L?(w\ K7") < n and such that (W™)

hom Kt X R3*2 — R is continuous .
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Step 1. We claim that

2 lim inf / (Wm), o (za;€)drg > 2 / Wiy (2a,§) dag. (3.22)
Q' (9,.,6) Q' (9,.9)

m——+o0

To show this inequality we follow a similar argument to that of Lemma 2.12. As before, we first decompose
Q'(z,6) into h? small disjoint cubes Q; ;, and we set

nro={ie{l,-- h*: KI'nQi, #0}.

For i € I}, choose xh SN Qz - By Theorem 3.2 together with Lemma 2.6 in Braides, Fonseca
and Francfort [16] there exists a sequence {u/""""™} C WhP(Q; ), x I; R?) with u™ ™ = on Qi , <1,
u M ——— 0 in LP(Q, ), x I;R?), and such that

n—-+4oo

2 (W) o (25 €) da

’
ih

. h rox h 1 h
= lim w2 g, — ‘;,g+v w T — N gu M) da.
n—-+oo Q' n En
Setting
h . .
u" () if 2o € Qfy and i € I},
MM

Up, (37) -

0 otherwise,

it follows that {u?7™} C WhP(Q'(2%,0) x I;R?) and ™ ——— 0 in LP(Q'(22,0) x I;R?). Thus

n—-—+00

N _
211m1nf E Wm), o (@) dag,
ier, T @in
.. T To — 1
> lim inf E / ( P g —, —3 &+ Vaul™ VguZ’m) dx.
n.h,n Elm hXI En &5 En

As in Lemma 2.12 we obtain

2 (e B e,

> 1/\11111}1LH£ Z /(Q o wm (x?’"’m,xg,,i 2 =€+ Vaul™ 51n VguZ’m) dz,
ierp (@
where
R) o= {:E €qQ(22,0) x I: ‘(5-!— Voul™(z) 1V3u:’l’m(x))‘ < )\}
with
£ ([Q(@5,6) < T\ R 0) < 1 (329

for some constant C' > 0 independent of n, 17, m and A. Taking into account that W™ is continuous we
get that

_ . 1
2/ (W) hom (a3 ) dag > liminf/ wm ( = x2 &+ Vaul™ Vguﬂ’m) dz.
Q' (a9,.9) R, En €

Amn n n
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By a diagonalization argument, given \,, / 400, and 7,, \, 07 there exists n,, / +oo such that

QIiminf/ (Wm)hom(xa;g)dxa > liminf/ Wm< x, I — 2 €4+ Vatm V3vm) dx,
Q' (z2,6) Rom Eng €

m—-+00 m—-+oo
+ + Nom Nm

where vy, 1= um™ € WHP(Q' (22, 0) x I;R®) with v, — 0 in LP(Q'(2Y,6) x I;R?), and where R,, :=
Rﬁm . USlng the Bocea and Fonseca decomposition lemma for scaled gradlents (Theorem 1.1 in [11])
we can assume, without loss of generality, that the sequence {‘( aUm

Then, since W™ =W on C,, x R3 x R? x R3*3 it comes that

ngm)‘ } is equi-integrable.

Enm

2 lim inf / Wbom(xa; g) dza
Q'(22,9)

m——+oo

T To = 1
> liminf/ wm (x, —_— 2—0‘;54— Valm ngm) dx
m—=+00 JQr(29,6)x I Enm Enm Enm,
T
> liminf/ w <x, y 5 2 €+ Valm ngm) dx
M=+ J1Q/(29,6) X I]NCl, Enm Enm €

MNm
. x
= liminf Wiz, —, 5 2 €+ Vaunm
M=+ Jor (20 5)x I Eny € €

MNm

1
ngm> dx

by the growth conditions on W, the p-equi-integrability of the above sequence of scaled gradients, (3.18)
and (3.23). As a result we get inequality (3.22).

Step 2. Fixed p > 0, let T € N and ¢ € St be such that
1 _
Whom( 6) + P Z 572 / Whom (9537 Y3, Yo 6 + va(p(y”vd(p(y)) dy (324)
217 Jio,r)2x1

Taking (T, ) in the definition of (W™)
that

and recalling Remark 1.3 (with W™ in place of W) it follows

hom

/ ( )hom(maag) dx(l
Q'(29.6)
/ / "™om (Zars Y31 Ui & + Vo (1) Vap(y)) dy dra.  (3.25)
Q' (29,6) OT)2><I

Define E,, == {(Ta, Ya»y3) € Q' (28,6) x (0,T)2 x I 1 (74,y3) € Cp}. From (3.18) it follows that
£ L3([Q'(22,6) x (0,T)* x I|\ Ep,) < T?/m. (3.26)
Since (W™)hom = Whom on Cp, x R? x R3*3 it comes that
/ / ™o (T Y Yt € + Vaip(9) Vaip(y)) dy e
(29,8) J(0,1) 2><I
= /E Whom(xa7y37ya§g+ Va@(y)‘v?)‘:a(y)) dy dza
+ [ (W™ o (s 3, 9 € + Vaip ) [Vaip(y) dy d
[Q(2%,0)x(0,T)2xIN\Em,

< / Waom (Zas 3, Ya: & + Vo ()| Vao(y)) dy dra
Q' (22,8)x (0,T)2x I

+C (14 [Ve(y)|P) dy dza (3.27)
[Q/(Ig75)X(OxT)2 XIN\Ey,
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by property (3.4) with W™ in place of W. Passing to the limit as m — 400, relations (3.25), (3.26) and
(3.27) yield to

lim sup / (Wm)hom(xoz; g) dxa
Q' (x4,,6)

m——+oo
1 _
< ﬁ/ / Whom (Za» U3, Ya; € + Vao(y)|Vap(y)) dy dzq.
Q' (29,6) J(0,T)2xI

Hence by (3.22) we obtain
_ 1 _
/ W{e,,,} (xou 5) dr, < ﬁ / / Whom(xou Y3y Ya; § + va@(y)|v3@(y)) dydze.
Q' (x9,5) Q' (29,6) J(0,T)2x1I

As a consequence, by the choice of 20 together with (3.24) we finally get, after dividing the previous
inequality by 42 and letting § — 0, that

1 _
W \/(0 Ty IWhom(xgm Ys, ya;f + va(p(y”vS(p(y)) dy
, X

< Whom(xg; E) + P

Wi,y (20,€) <

and the result follows by letting p — 0. |

Proof of Theorem 1.2. As a consequence of Lemmas 3.11 and 3.10, we have Wiom (243 &) = W{Sn}(xa;g)
for all , € L and all £ € Q3*2. Since Whom and Wi,y are Carathéodory functions, it follows that the
equality holds for all £ € R®*? and a.e. ¥, € w. Therefore, we have Wi, 1(u; A) = Whom (u; A) for all
A€ A(w) and all u € WHP(A;R?). Since the result does not depend upon the specific choice of the
subsequence, we conclude thanks to Proposition 8.3 in Dal Maso [19] that the whole sequence W, (-; A)
T'(LP(A x I))-converges t0 Whom(-; A). Taking A = w we conclude the proof of Theorem 1.2. [

To conclude, let us state an interesting consequence of Theorem 1.2.

Corollary 3.12. Let W : Q xR3 x R3*3 — R be a function satisfying (A1), (A2) and (A4), and such that
W (z, ;&) is Q-periodic for all £ € R3*3 and a.e. x € Q. Define the functional W, : LP(Q; R3) — [0, +o]
by

/ w <x7 x;Vau(x)‘1V3u(:v)> dr if u € WhHP(Q; R3),
We(u) == Q ¢ €

+00 otherwise.

Then the T(LP(Q2))-limit of the family {W:}eso is given by Whom : LP(Q;R3) — [0, +00] with

2/ Whom (Ta, Vaou(ry)) dze if u € WHP(w;R3),

Whom (1)

+o00 otherwise,

where, for all £ € R3*? and a.e. x4 € w

— _ 1 _
Whom(l’a,f) - TEI-:EOO 1gf {ﬁ [07T)2x[ Whom(mony?nyomf + va(b(y)lvfi(b(y)) dy .

b€ W'P((0,T) x LRY),  6=00n 0(0,7) x I}

and, for all yo € R? and a.e. x € Q
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1
Whom (2, Ya; €) := lim inf{ — W (&, Yo, 23;€ + V(2)) dz - ¢ € Wy P((0,T)%R?) 3.
T=too o | 1% Jio.mys
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