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Abstract
A lower semicontinuity and relaxation result with respect to weak-* convergence of measures
is derived for functionals of the form

pe MR~ [ foe@dns [ = (G @) awlw,

where admissible sequences {u,} are such that {Au,} converges to zero strongly in W,.(Q)
and A is a partial differential operator with constant rank. The integrand f has linear growth
and L°°-bounds from below are not assumed.

1 Introduction

In this work we start by deriving a lower semicontinuity result with respect to weak-* convergence of
A-free measures for the functional

/f da:+/f°° (d S|> dlp®|, pe M(QRY), (1.1)

where ) is an open bounded subset of RY, M (Q;R9) stands for the set of finite R%valued Radon
measures over , p = pu*LY + p® is the Radon-Nikodym decomposition of p with respect to the
Lebesgue measure £V. Here and in what follows, the integrand f : R? — R is assumed to be A-
quasiconvex (see Section 2 for other notations and preliminary definitions), where A is a linear first
order partial differential operator of the form

N
A::ZA()a—xi, AW e MM*4R), M €N, (1.2)

that we assume throughout to satisfy Murat’s condition of constant rank (see Murat [15] and Fonseca
& Miiller [10]) i.e., there exists ¢ € N such that

N
rank (Z A(i)&) =c forall £=(&,..,&n) € SNTL

i=1
In addition we assume f to be Lipschitz continuous and we remark that this condition implies f to
satisfy a linear growth condition at infinity of the type
[f(w)] < C(A+[v]) (1.3)

for all v € R? and for some C' > 0. As usual we denote by f° the recession function of f (see Remark
3.2 below) which for our problem is defined as

F°(€) := limsup @

t—o0 t

(1.4)



As already proved by Fonseca & Miiller [10] A-quasiconvexity with respect to the last variable
turns out to be a necessary and sufficient condition for the lower semicontinuity of

(u,v) = [ flz,u(z),v(z))dx
Q
for positive normal integrands f with linear growth among sequences (u,,v,) such that u, — u in
measure, v, — v in L' and Awv, = 0. In Fonseca, Leoni & Miiller [9] this result was partially extended

by considering weak-* convergence in the sense of measures (in the variable v). Precisely the authors
considered a funtional of the form

v—>/9f(ar,v(x))dx

and, in particular, it was proved that

/Qf (z,p%(x)) dx < lim [ f(x,v,(x))dx (1.5)

n—oo Q

for any sequence v, C L'(€;R?) Nker A such that v,£Y > in the sense of measures, under the

assumptions that f is a Borel measurable positive function with linear growth, Lipschitz continuous
and A-quasiconvex in the last variable, and satisfying an appropriate continuity condition on the first
variable (see Theorem 1.4 in [9]). Note that in (1.5) the term p® has not been considered.

Here we extend this last result for a larger class of integrands where L°°-bounds from below are
not assumed and to functionals taking into account the singular part of the limit measure p. Namely,
we prove the following theorem.

Theorem 1.1. Let Q@ C RN be a bounded open set and let f : Rdiﬂ R be A-quasiconver and
Lipschitz continuous. Let {j,} € M(5R®) be such that p, = € M(QGRY), A, € W2 D9(Q; RM),

1<q< 2, A — 0 in WD RM) (thus A= 0) and || = A € M(Q) with A(9Q) = 0.
Then

F(p) < liminf F(u,) (1.6)

n—oo

where F is the functional in (1.1) with f>° defined by (1.4).

Note that lower semicontinuity may fail if A(02) # 0 (see Example 3.3).

The proof of Theorem 1.1 (see Subsection 3.1) is a consequence of a similar result for sequences
of C*°-functions (Proposition 3.1) by a regularization argument and an upper semicontinuous result
based on Reshetnyak Continuity Theorem. To show Proposition 3.1 with a regular sequence of func-
tions {uy} we start, following ideas of Kristensen & Rindler [13], by estimating from below the limit
of the sequence of local energies \,(A) := [ 4 f(un) dz. Contrary to the case for positive integrands,
this step is essential to write the limit energy of A,, A, exclusively in terms of p. The result then fol-
lows from pointwise estimates on the Radon-Nikodym Derivatives of A obtained by the usual blow-up
argument (introduced in Fonseca & Miiller [11]). The main difficulty here arises in the treatment of

the singular part #j\sl since the blow-up of the measure ;® may be a non-constant singular measure

at points x € supp p® such that %(x) belongs to the characteristic cone C of the operator A. To
overcome this difficulty a suitable average process (taking advantage that the operator A does not

penalizes discontinuities in the directions of C) is needed to use the .A-quasiconvexity property of f.

In the particular case where = Du for w € BV (i.e. A = curl) Theorem 1.1 has been derived
by Kristensen & Rindler [13]. In this context the notion of .A-quasiconvexity reduces to that of
quasiconvexity (which implies Lipschitz continuity).



The second objective of the present paper is to give a relaxation result for the functional (1.1) in
the context of A-quasiconvexity. Namely we prove that the functional G defined by

—1,q M
G(u) ::inf{ m inf F (i) © fin = gy Apin € WE DY RM), Apy, Wige " (R )0,

n— 00 loc

] = A with A(O) = 0}

admits an integral representation as stated in the following theorem.

Theorem 1.2. Let 2 C RYN be a bounded open set and let f : R* — R be Lipschitz continuous. Then
for p € M(;R?) NkerA such that |p|(99) = 0 we have that

6n) = [ Quftu@) de+ [ (@an™ () dl

where Qa4 f denotes the quasiconvex envelope of f.

In the proof of Theorem 1.2 the lower bound is a immediate consequence of Theorem 1.1, while
the upper bound is based on a regularization procedure together with an approximation by piecewise
constant functions, that follows naturally from the definition of A-quasiconvexity.

We refer to Braides, Fonseca & Leoni [6] for other relaxation results in the context of A-quasiconvexity
(for p > 1) and to Kristensen & Rindler [13] for relaxation for signed functionals in the context of
gradients (i.e, as mentioned before y = Du for some u € BV).

The motivation for this work relies on a characterization of Young measures generated by uniformly
bounded and A-free sequences of measures through the duality with an appropriate set of functions
with linear growth (work in progress).

The overall plan of this work in the ensuing sections will be as follows: Section 2 collects the main
definitions and auxiliary results used in the proof of Theorem 1.1 that can be found in Section 3. In
Section 4 we present the proof of Theorem 1.2.

2 Preliminary results

In this section we recall the main results used in our analysis. We start by fixing some notations.

2.1 General Notations
Throughout the text we will use the following notations:

- QC RY, N > 1, denote an open bounded set;

e; stands for the i*"-element of the canonical basis of RY;

- £V and HN~! denote, respectively, the N-dimensional Lebesgue measure and the (N — 1)-
dimensional Hausdorff measure in RY;

- SN=1 stands for the unit sphere in RY;
- B stands for the unit open ball centered at the origin;
-Q={zeRN: |z;| < 1/2};

- Q¢ stands for any open unit cube centered at the origin with two of its faces normal to § for
£e sh-1;



- D(z0,6) := 29+ 6D for 1o € RV, § > 0 and D C RY an open convex set containing the origin;
- MM*4(R) stand for the set of M x d real matrices;

- C32.(Q;RY) is the space of all Q-periodic functions in C°°(RY;R%);

- Lo (Q; R9) is the space of all Q-periodic functions in L{ (RM;R%);

- D'(;RM) denotes the space of distributions in € with values in RM.

C represents a generic positive constant, which may vary from expression to expression;

- lim:= lim lim .
n,m n—oo0 m—oo

2.2 Measure Theory

In this section we recall some notations and well known results in Measure Theory (see e.g Ambrosio,
Fusco & Pallara [5], Evans & Gariepy [12] and Fonseca & Leoni [8], as well as the bibliography therein).

Let X be a locally compact metric space and let C.(X;R%), d > 1, denote the set of continuous
functions with compact support on X. We denote by Cp(X;R?) the completion of C.(X;RY) with
respect to the supremum norm. Let B(X) be the Borel o-algebra of X. By the Riesz-Representation
Theorem the dual of the Banach space Cy(X;R?), denoted by M(X;R%), is the space of finite R9-
valued Radon measures p : B(X) — R? under the pairing

d
<u,so>::/ pdp = /wdui

where ¢ = (1, ..., 0qa) and pu = (u1, ..., ta). The space M(X;R?) will be endowed with the weak*-
topology deriving from this duality. In particular a sequence {,} C M(X;R9) is said to weak*-

converge to € M(X;R?) (indicated by p, = ) if for all p € Co(X;R?)

lim godun:/ pdu.
X X

n—oo

If d = 1 we write by simplicity M(X) and we denote by M™(X) its subset of positive measures.
Given p € M(X;R?) let |u| denote its total variation and let supp p denote its support.
The following result can be found in Fonseca & Leoni [8, Corollary 1.204].

Proposition 2.1. Let y, € M(X) such that p, — p in M(X) and |p,| v in M(X). If AC X
is open, A compact and v(0A) = 0 then

a(A) = p(A).

We recall that a measure p is said to be absolutely continuous with respect to a positive measure v,
written p << v, if for every E € B(X) the following implication holds:

v(E)=0 = u(E)=0.

Two positive measures p and v are said to be mutually singular, written 1 L v, if there exists F € B(X)
such that v(E) = 0 and pu(X \ E) = 0. For general vector-valued measures p and v we say that p 1 v
if [u] L |y

Theorem 2.2 (Lebesgue-Radon-Nikodym Theorem). Let p € M (X) and v € M(X;R?). Then



(i) there exists two R%-valued measures v® and v* such that
v=v?+r° (2.1)

with v* << p and v L p. Moreover, the decomposition (2.1) is unique, that is, if v = 0% + 0°
for some measures 0%, 0%, with v* << p and v° L p, then v* = 0® and v° = 0%;

(ii) there is a p-measurable function u € L*(;RY) such that

v (E) = / udp
E
for every E € B(Q). The function u is unique up to a set of p measure zero.

The decomposition v = v* 4+ v° is called the Lebesgue decomposition of v with respect to u (see
[8, Theorem 1.115]) and the function w is called the Radon-Nikodym derivative of v with respect to u,
denoted by u = dv/du (see [8, Theorem 1.101]).

The next result is a strong form of the Besicovitch’s derivation theorem and is due to Ambrosio
and Dal Maso [4] (see also [5, Theorem 2.22 and Theorem 5.52] or [8, Theorem 1.155]).

Theorem 2.3. Let y € MT(Q) and v € M(;RY). Then there exists a Borel set N C 0 with
w(N) =0 such that for every x € (supp p)\N
dv dv®
i) = - lim AN
ap\ ™) = g @ = lim u(D(@,e) N Q)

and
dv® v (D(z,e) N Q)

B b ane)

where D is any bounded, convex, open set D containing the origin (the exceptional set N is independent
of the choice of D).

The definition of tangent measures was originally introduced by Priess [16] and turns out to be
relevant for studying the local behaviour (or blow-up) of a given measure. Here we give an adaptation
of this notion that can be find in Rindler [18] (see also [5]).

Definition 2.4. (Tangent measures on convex sets) Let D C RY be an open convex set containing
the origin. Given p € M(;RY) and 2o € Q we define the measure T,(fo’é)u € M(D;R%), for any
0 > 0 small enough, by

< T o >= /
D(wo,d)

@ (x _5330) du, ¢ € C(D;R?).

The tangent space of u at xo, Tanp(u, zo), consists of all the R?-values measures v € M(D;R?) which
are the weak™-limit of a rescaled sequence of measures of the type
T)(k$075n)'u
lul(D (o, 6n))

for some infinitesimal sequence {6, }nen.

In the conditions of Definition 2.4, from an adaptation of Theorem 2.44 in [5] to convex sets, it follows

that J
Tanp (4, z0) = ﬁ(ﬂﬂo) - Tanp (|ul, o) (2.2)

whenever %(mo) exists and it is finite.

A closer analysis of the proof of Lemma 3.1 in Rindler [18] leads to the following result.



Lemma 2.5. Let u € M(2;R?). Then there exists E C Q with |u|(Q\ E) = 0 such that for all zg € F
given D C RN an open convex set containing the origin there exist T € Tanp(u, x¢) with |7|(D) = 1
and |T|(0D) = 0.

Remark 2.6. We note that from the proof of Lemma 3.1 in [18] it follows that:

i) The measure T in Lemma 2.5 is defined in an open set U containing D, which will be useful for
reqularization purposes. Moreover we have that AT = 0 in U whenever Ay = 0 in Q.

ii) Given A € M (D) it is possible to find a sequence 6,, with A(OD(xo,6,)) = 0 such that

T)(kw(hén)lu R
[ul(D(20,0n))

In the sequel we denote by W~14(Q; RY) the dual space of Wol’q/(Q;]Rd) where ¢/, the conjugate

exponent of ¢, is given by the relation % + % = 1. We finish this part by recalling that M(Q2; R?) is

compactly embedded in W~14(Q;R?), 1 < ¢ < £, since WEe (Q;RY) CC Co(Q) for ¢/ > N.
2.3 A corollary of Reshetnyak’s Theorem

The objective of this part is to present a corollary of Reshetnyak’s Continuity Theorem useful for our
main result in Section 3.

Definition 2.7. (The space E(;R?)) Let E(S;RY) denote the space of continuous functions f :
Q x RY — R such that the mapping

(,8) = (1 —|&])f (z,1_5|€|>, r €N, €€ B, (2.3)

can be extended to a continuous function to the closure Q) X B.

The recession function of an element f of F(£;R?) is the continuous extension of (2.3) to the
boundary of €2 x B. Namely we have the following definition.

Definition 2.8. (Recession function) Let f be a function in E(Q;R?). Then recession function of f
is defined by

f@' )
SR

[, = lim (2.4)

for all (z,£) € Q x B.

The next lemma is an approximation result by functions in E(Q;R?) and is due to Alibert and
Bouchitté [3, Lemma 2.3].

Lemma 2.9. Let f : QxR — R be a lower semicontinuous function such that for all (z,£) € Q x R?

f(@,8) = =C(1+[€]),

for some C > 0. Then, there exists an nondecreasing sequence {fr} C E(;RY) such that for all
(z,£) € A x R?

Supfk(x?g) :f(l’,f) and Supfkoo(x?g) :hf<.’17,£)

keN keN



where

@' te)

hy(z,§) == liminf ”

’
& — £

t — oo

The version of Reshetnyak’s Continuity Theorem we present here can be found in Kristensen and
Rindler [13, Theorem 5]

Theorem 2.10. (Reshetnyak’s Continuity Theorem) Let f € E(S;RY) and let i, p, € M(2;RY) be
such that p, — pin M(QRY) and (u,)(Q) — (u)(Q), where

W) =1+ e PLN + 0%, v=v'LY +v° € M(QRY).
Then

lim 7 () = (1)

n—oo

where

Fv) ::/Qf(x,u“(x))der/wa (:c,jz;(x)) dvi|, ve MQRY. (2.5)

As a corollary of Lemma 2.9 and Theorem 2.10 we derive an upper semicontinuity result useful in
the proof of our main result Theorem 1.1.

Corollary 2.11. Let f : Q x R* — R be a continuous function such that there exists C > 0 with
|f(2, &) < CQUL+[g]), for all (,€) € 2 x RY.
Let p, pin, € M(;RY) be such that p, — pin M(Q;RY) and (un)(Q) — (u)(Q). Then

n—oo

F(p) > limsup F () (2.6)
where F is the functional defined in (2.5) and where the recession function of f is defined for (z,€) €
Q x R as follows

foo(xag) = liInSup M

z —z
’
& — ¢

t — oo

Proof. By Lemma 2.9 we can find a nondecreasing sequence of continuous functions f;, € E(Q;R9),
k € N, such that for all (z,&) € Q x R?

supfk(x,f):ff(x,f) and Supf]?o(;p7£):h_f(x7£):7foo(gj,$)
keN keN

For each k£ € N we have that

liyrln_)solipf(un) = _linnl,io%f{_ﬁ(“”)}
< i [ [ pegoyde s [ 5 (5 0) di)
= | [ ntrnacs [ 5 (o 55 w) dwl (27)

by Theorem 2.10. Taking the infimum over k in (2.7), inequality (2.6) follows by the Monotone
Convergence Theorem.

O



2.4 A-quasiconvexity
We recall here the notion of A-quasiconvexity introduced by Dacorogna [7] and further developed by
Fonseca & Miiller [10], as well as some of its main properties.

Let A: D (4 R%) — D (Q;RM) be the first order linear differential operator defined in (1.2).

Definition 2.12. (Characteristic cone of A) The characteristic cone of A is defined by

C= {v e R?: 3w e RV \ {0}, (iA(i)uh) UZO}.

i=1

We note that the set C was introduced in the works of Murat and Tartar (see [15] and [19]). Given
v € R? we define the linear subspace of RY

Vo = {w cRY . (i A(i)wi> v = 0} . (2.8)

Clearly if v ¢ C then V,, = {0}, otherwise V), is a non trivial subspace of R".

Definition 2.13. (A-quasiconvex function) A locally bounded Borel function f : R — R is said to
be A-quasiconvez if

f0) < [ fw+w)ds (29)
Q
Jor all v € RY and for all w € C3%,(Q;R?) such that Aw =0 in RN with fQ w(zx)dx = 0.

Remark 2.14. If f has g-growth, i.e. |f(v)] < C(1 + |v]?) for all v € R?, then the space of test
functions C22,(Q; R?) in Definition 2.13 can be replaced by L4,,.(Q,R?) (see Remark 3.3.2 in [10]).

per per
The following proposition can be found in [10, Lemma 2.14].

Proposition 2.15. Given q > 1, there exists a linear bounded operator P : L1, (Q; R?) — L1, (Q; RY)
such that A(Pu) = 0. Moreover we have fQ Pu =0 and the following estimate holds

lu = Pull L, < CllAully -1
Jor every u € L1,,.(Q; RY) with Jou=0.

The following lemma states that for a Lipschitz continuous and A-quasiconvez function inequality
(2.9) still holds when the unit cube is rotated.

Lemma 2.16. Let f : R* — R be a Lipschitz continuous and A-quasiconvex function. Then for any
g c SN—l
fo)y< [ flot+w(z))da
Qe
Jor allv € RY and for all w € C3%,(Q¢; RY) such that Aw =0 in RN with st w(z)dz = 0.

Proof. Given ¢ € S¥~! let R > 0 be such that Q¢ CC T = Q(0, R). By a change of variables it is
easy to check that the A-quasiconvexity definition also holds in T'.
Let v € R and w € C32,(Q¢; RY) be such that Aw = 0 in RV with er w(x) dx = 0. Define for each
neN

wn(z) = w(nz), = cRY.

Note that
TGN
n—oo



and by a change of variables

flo+w(x))de = fv+wy(z))de. (2.10)
Qe Qe

Consider a sequence of cut-off functions {@m, tmen, om € CZ(Q¢; [0, 1]) with ¢, = 1in Q¢(0,1—1/m).
Then by the Lipschitz continuity of f

fo+wy(x))dx Z/ f(v+ (ermwy)(z)) dsz/ 11 — om||w,| dx (2.11)

Q¢ Qe
][ PmWn| -
T

Letting 2z, = P ((pmwn — f—Tgomwn), where P is the projection operator in Proposition 2.15, we
have that

Qe

and

/T PO+ (pmwn) (@) dz > /

T

£+ (@)~ f o) do— L

T

L1+ Gnud@)de = [ 0+ zm) dm—0||A<somwn>||W1,q—L\][T oot

Y

FO)IT] = CllAGmwa) oo — L \ £ omv

by the A-quasiconvexity of f since the projection operator gives a function with zero average. Hence

/ F 0+ (Pmiwn) (@) de / £+ (pmwn) (@) dz + F(0)|T\ Qe
T Q¢

][ PmWn
T

—L/ |1 — oml|w,|dz.  (2.12)
Qe

Y

f@)|T] = CllA(emwn)|lw-1a — L

][ PmWn
T

Consequently by passing to the limit in (2.12) and using (2.10)

from where, using (2.11) it follows that

0 f+wn(z))de = f(v) = CllA(pmwn)llw-1.0 = L

flo+w(x))de > f(v).
Q¢

O

Definition 2.17. (A-quasiconver envelope) Let f : R? — R be a continuous function. We define the
A-quasiconvex envelope of f, Qaf : R* = RU {—occ}, as

Qaf(v) :=inf {/ flo+w(x))de: we ngr(Q;Rd) such that Aw = 0 in RN and /
Q Q

w(z) do = 0}.

Remark 2.18. Let f:R? — R be a continuous function.

i) If f has linear growth at infinity and Q4 f(0) > —oco then Q4f(v) is finite for all v € R In
addition Q 4 f has also linear growth at infinity.

ii) If f is Lipschitz continuous then Q4 f is also Lipschitz continuous.

The next lemma is an adapted version of Lemma 4 in Kristensen & Rindler [13] for .A-quasiconvex
envelopes.



Lemma 2.19. Let f : R — R be a continuous function with linear growth at infinity such that
Q4f(0) > —oco. Given v > 0 define f,(v) := f(v) +y|v| for v € RL Then Qaf,(v) | Qaf(v) and
(Qafy)® () | (Qaf)>®(v) pointwise in v as vy — 0.

The following lower semicontinuity result is used in the proof of Theorem 1.1.

Lemma 2.20. Let f, : RY — R be a family of Lipschitz continuous function with the same Lipschitz
constant L. Let {u,},{v,} C L2, (Q;R?) be sequences such that u, — v, — 0 in M(Q;R%) and

per
[un| + [vn| = A in MH(Q), with A(OQ) = 0, and A(up, — v,) — 0 in WH4(Q;RM) for some

1< q< 5. Then there exists a sequence {z,} C L3, (Q;R?) such that fQ zn =0, Az, =0 and

1-

n—oo n—o0

lim inf/ frn(up) dz > lim inf/ fn(zn +vp) de.
Q Q

Proof. Choose ¢, € C°(Q;]0,1]) satisfying the condition ¢, = 1 on @ (0;1 — %) and define
{Wmn} C Lger(Q;Rd) by W n = @m(Un — vy). Writting

A(wm,n) = (-A@m) (un - Un) + ‘Pm-A(un - Un)

we can conclude that

—la/n.mM
lirf Wi n(2)dr =0 and AW wTHQRT)
n—-+0o0 Q n—oo

0 (2.13)

since u,, — v, — 0 in M(Q; R?) implies that u, — v, — 0 in W~19(Q; RM). Define now the sequence

{#Zmmn} C Lger(Q§Rd) by
Zmn = P (wm,n - / Wm,n d$> .
Q

Then, by Lipschitz continuity and Proposition 2.15 we have that

/Q falun) do = /Q Falttn — v + va) do

> /fn(wm)n—l—vn) dac—L/|1—g0mHun—vn\dx
Q Q
Z /fn(wm,n_/wm,n+vn> d.’L‘—L/ ‘1_@m||un_vn|dm
Q Q Q
fL‘/ Wi dx’
Q
> /fn(zmm—I—vn)—L/ |1—<pm||un—vn|da:—L’/wm7n dm‘
Q Q Q
—L/ ’wm,n—/ Wyn.pn AT — Zm n | dT
Q Q
>

/fn(zm7n+vn)fL/ 11 = @l (Jtn + [oa]) da:fL‘/ T
Q Q Q

—CLHAwm’nnw—l,q(Q).

10



Taking first the limit as n — oo and using the definition of w,, , and (2.13), we have

liminf/ fn(uy) dz > liminf/ Jn(Zmn +vn) — LA <Q\Q(071 - 7711)>
Q Q

n—oo n—oo

The result now follows letting m — oo (and using an appropriate diagonalization) since by hypothesis
A(OQ) = 0. O

Remark 2.21.

i) Note that Lemma 2.20 can also be applied to any cube P C RN . Indeed if P is a dilation of the
unit cube Q this assertion follows by a simple change of variables. If P = RQ, for some rotation
R, then the conclusion follows by applying this lemma to a rotated operator Ar (which has also
constant rank) and a change of variables.

it) If in Lemma 2.20 we consider the particular case where v, = a and f, = f (f A-quasiconvex
and Lipschitz continuous function) we get that

liminf | f(up,)dz > liminf [ f(z, +a) > f(a).

2.5 Regularization of measures

The aim of this part is to recall the definition of the regularization of a measure by means of its
convolution with a standard mollifier as well as to gather its main properties.

Let p e C (RN) with supp p C B and f]RN p(x) dz = 1. For every € > 0 let us define the mollifier

pe () == Ein (%) , zERY (2.14)

Note that supp p. C B(0,¢). Given u € M (ﬁ; Rd) we may think y as an element of M (RN;Rd)
with support contained in Q. We define u. : RN — R? by

we @)= (uep) @) = [ pew—) duty), weRY (2.15)

and for every Borel set E C 2 we denote
B.(E) :={z e RN : dist (z, E) < €}.

Proposition 2.22. Let p € M (ﬁ; Rd) and u. be given as in (2.15). Then the following statements
hold:

(i) The function ue € C*> (RY;R?) and suppu. C B.(2). Moreover D*(u  p.) = D% * p. for
a € NV and the inequality

[E r pel (@) de < || (Bo(B)) (2.16)

holds whenever E C € is a Borel set.
(ii) The measures ji. == u. LN and |pu.| weak*- converge in RN to u and |u|, respectively, as e — 0.
(iii) If |u|(092) = 0 then (ue)(2) — (u)() ase — 0.

. - Wi (RM)
(iv) If Au e W, 1’q(Q;RM), 1< q< oo, then Au,, '°—

loc n—00

Ap.

11



Proof. The assertions (i)-(ii) follow Theorem 2.2 in Ambrosio & Fusco & Pallara [5].
Proof of (iii). Let fi := (u, LN). As fi % p. = [1, we have
liminf £ % pe|(2) = [4] ().
On the other hand as |fi * p.| — |f1| and |u|(9Q) = 0 we have that
lim sup |2 # pe|(€2) < limsup | # pe|(Q) < [2[(Q) = |i|().

Now the result follows from the equalities (o) (Q) = | * p<|(Q) and ()(2) = |4[(2).
Proof of (iv). We have that Au,, = Ap* p.,. Given U CC § let us see that

w-Le(U;RM)
—

n—00

Au,

Let V with U cCc V cC Q. As Ay € W—H9(V;RM), there exist T; € LY(V;RM), i = 0,..., N, such
that

N

oT;
=T
Ap 0+;8%

(see Adams [1]). Given ¢ € C°(U;RM)

o, al
(Aup, — Ap, @) = <pen * <To + a;.) - <To +
=1

i=1 v

oT;
oz, )%

Op
= (pe. x Ty — To, ) — e x Ty — T, ——
(pe, * To — To, p) <pn* aa:,»>

-

Il
A

7

and consequently, by Holder inequality
N
‘ <Aun — Ap, <P> | < Z Hpsn * T — EHLQ(U;RJW)||S0||W1,q/(U;RJ\/I)‘ (217)
i=0

By density (2.17) holds for any ¢ € W,'? (U;RM) and then as

N
Z lpe, * Ti = Till Lawimry —2 0
i=0
—1,q oM
we conclude that Au, G )Au.

n—oo

O

Remark 2.23. Let U be an open set with U CC Q. Under the conditions of Proposition 2.22 (see
the proof of iw)) we note that if Au =0 in Q, then Au, =0 in U for n large enough.

3 Lower semicontinuity theorem

The aim of this section is to prove Theorem 1.1 that, as it will be proven in Subsection 3.1, is a
consequence of the following proposition for a regular sequence of functions.

12



Proposition 3.1. Let Q C RY be a bounded open set and let f : R? — R be A-quasiconvezr and
Lipschitz continuous. Let u, € C°(RN;R?) be such that [u,| — A in M(Q), with A(OQ) = 0. Then
if

un LN 2 pin M(Q;RY)  and  Au,, — 0 in W D9(Q; RM)

for some 1 < g < N 7, we have that

F(p) < liminf F(u,LN) (3.1)

where F is the functional defined in (1.1).
Proof. To show (3.1) we assume w.l.o.g. that liminf F(u,£Y) = lim F(u,L"). In addition we may
n—oo n—oo

assume that lim F(u,L") < oo, otherwise there is nothing to prove.

n—oo

Given a Borel subset A of Q we define

F(v; A) /f chﬁ/ﬁ«ﬂﬂ(oﬂﬂ,ueMmR%
and for any n € N we set
M (A) == Fu, £V A L/.fun

Since {\,} is a sequence of bounded Radon measures there exist A € M(;R%) and v € MT(Q) such
that (up to a subsequence still denoted by {A,})

An A (3.2)
and
L
M| VD, (3.3)

We remark that by the growth conditions on f (see (1.3)) it follows that

v< LN+ A (3.4)
Step 1. Our first goal is to show that
ALQ > —co(LVLQ+ |u|) (3.5)

for some positive constant ¢y depending just on the integrand f.

Proof of (3.5). By the inner regular property of Radon measures it suffices to prove (3.5) for every
closed cube P C Q. Fixed such a closed cube P C 2, let us see that

A(P) = —co(LY + |ul)(P). (3.6)

For r > 1 let P, denote the open concentric cube of side length r times that of P. Notice that since
Q is open Pg C € for some R > 1.

As A is a positive Radon measure the set
{re(1,R): A(OP,) > 0}

is at most countable. Therefore we can fix an r € (1, R) arbitrarily close to 1 such that

13



A(OP,) =0 (3.7)
and consequently, since |p] < A,

[ul(0F;) = 0. (3.8)

Let &, > 0, e, — 0, and define
n—oo

vn@) i= ik pe, (@), @ ERY,

where p. is as in (2.14). Then by Proposition 2.22

U nfoou (3.9)
vl (3.10)
and since Ay = 0 we get that
Wb (QR?
Av, — . (3.11)

By (3.2), the fact that v¥(0P.) = 0 (from (3.4) and (3.7)), the Lipschitz continuity of f, (3.10),
Lemma 2.20 (see also Remark 2.21), and (3.8) we have that

A(P.) = lim f(un)dx
> liminf/ flu ) dx — L lim |vn|d:v
> fO[P] = Llpl(Pr).

Therefore inequality (3.6) follows by letting r» — 1 with ¢ = max{|f(0)|, L}.

Step 2. In this part we prove that

dX

TN (z0) > f (u®(20)) for LN-a.e. z9 € 0 (3.12)

and

dX
dlp*|
Proof of (3.12). Let x¢ be such that

(xg) > [ ( i S|( )) for |p’|-a.e. xo € Q. (3.13)

dX A %)
<o (w0) = lim w < o0 (3.14)

| 1(Q:)

acw (wo) = lim 5N =0 (8.15)
lim |p(x) — pu*(xo)| dx =0, (3.16)
3=0JQ(w0:9)

14



lim |[AY(z) — A%(zo)| dx = 0, (3.17)

5—0 Q(x0;9)
dA® A*(Q(z0;6
LN (zo) = lim (Q;NO ) dz = 0. (3.18)

Recall that all the above properties are satisfied for £N-a.e. o € Q. Let §; — 0 be such that
A(0Q(z0;0)) = 0. Then by (3.14), (3.2), (3.4), and a change of variables

A A (Q(xo:
a0 = Jim MO

= 1}3111/ S un(zo + 0ry)) dy. (3.19)
;M Q
We claim that for all ¢ € Co(Q;R?)

lim [ up (20 + 1y)p(y) dy = 1 (z0) / o(y) dy. (3.20)
nJq Q

Indeed, let ¢ € Cp(Q;R%). Then by a change of variables and since u,, e M(Q; R?) we get that

lim un(xo + 0xy) o(y)dy = lim un(x) (x _ x0> dy
Q(z0,0%)

n—oo Jg n— o0 6k

T — o
%) 5 dp.
Q(0,0k) k

Hence, decomposing p = u®LY + p*, by (3.15) and (3.16) and a change of variables

m [ un(zo +0ky) p(y)dy = lim @ (x — xo) p(x) do
k,n Q k Q(z0,0k) (Sk
u%@éﬂw@

which concludes the proof of (3.20). We remark that by a similar argument, using (3.17) and (3.18)
it also holds that

QQLWMm+%wa@=M@QLﬂw@- (3.21)

By a diagonalization argument from (3.20), (3.21), the fact that Au,, — 0 in ngcl’q(Q; RM) and (3.19)
we can find a subsequence n = ny such that by letting

wk(y) 1= Un,y, (.’L‘O + 67€y)a ye Q7

15



we have that

wy, = p(xo) LN, (3.22)
lwg| = A%(x0) LY, (3.23)
—1,q .md
Awy k:Z‘R '0 (3.24)
and
dX
77N (@0) = lim f (wi(y)) dy, (3.25)

from where inequality (3.12) follows by ii) in Remark 2.21.

Proof of (3.13). Let E be the set given in Lemma 2.5 applied to p® and let z¢ € supp |u*| N E be
such that

d\s d\ AMQuw (705 6))

d|,us| (iCO) = d|,u5‘ (%0) gli% m < 00, (3.26)
dp o 1(Qu(o3 6))

2] ) = I Qo Goro)) — (3:27)

fQ (20;6) p(x) da
lim w170 =0 3.28
T [(Qu (@07 8)) (3.28)

and

ﬂ Zo) = imM 00
1™ = 3 Qo 0)) (3.29)

for all w € SN~1. Recall that these properties are satisfied for |p*|-a.e. zg € Q (see Theorem 2.3). Fix
one of such zy and denote
A (z0)
Vgy = To
©dp]

We now distinguish two cases:

i) The case where v,, € C (see Definition 2.12). In this case we note that there exists an orthonor-
mal set {w!,...w'}, for some 1 <1 < N, such that

V.

’Uzo

= span{w!, ..., w'}. (3.30)
Let .
Qs={reRY :|z-w|<1/2,i=1,.., N},

where we have completed the set above to an orthonormal basis {w?,..w™} of RN. As 2y € E by
Lemma 2.5 there exists a sequence § = 0 (Qs) — 0 such that

Tanff”"s’“)us
|12 |(Qs (20, 6r))

We may also assume (see Remark 2.6) that

X7 for some T € Tang, (u*,z9) with |7](Qs) =1 and |7(0Qs) =0. (3.31)

A(0Qs(w0,01)) = 0. (3.32)

16



Define
_ "usl (Qs(ﬂfm §k)) )

t
k 5]];,

We note that as f is convex in the directions of the characteristic cone C (see Proposition 3.4 in [10])

then .
i LVm0). (3.33)
k—o0 tr

[ (vzy)

By (3.26), (3.2), (3.4), (3.32) and a change of variables

d\® d\

m(xo) = m(%)

lim MQs (o, 0r))
k—oo |1*] (Qs (o, Ox))
lim A (Qs (o, 61))

k|18 (Qs(zo, 0k))

st(mo,zsk) f(un(fr)) dx

= lim
k,n NS‘(Qs(chvék))
1
= hm—/ f(un(z0 + ory)) dy.
ko ty Qs
Letting
Up (29 + 0
wenly) = OO gy e,
tx
and
t
fily) =L (t:y) for y € Q,
it follows that
d\s 1
o = lim — trwg.n(y)) d
d|us|(x0) i f(tewen(y)) dy
= lim [ fe(wen(y))dy
M JQs

where we note that each fj, inherits the .A-quasiconvexity property of f. As uy, 5o in M(Q;RY) and
(3.28) and (3.31) follows, then for all ¢ € C(Q,;RY)

lim 0 Wi (Y)p(y) dy =< 7,0 >
(we observe that A7 = 0 since Ap = 0, see Remark 2.6). In addition, using (3.29), we get that
dA

lim |wi,n| = =——(x0)
k,n Qs d‘/us|
and
I R C SR
"k d|pe]
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Using a diagonalization argument let wy = wy, ,,(x) be such that

dXs
d s| klgrolo/ fr(wr(y)) dy,
o
wy, M@ )7'
k
and
o] 8 e
e dle T

Given {g1} — 0 define the regularization of T by

vp(2) = (pep *7)(x), xRN,
J— A .pd —
In particular v, € C®(Q,;RY), vp M(QgR )7_’ v M(Qy)
Remark (2.23)). We note that by (2.2)

7] and Av,, = 0 in Qs (see Remark 2.6 and

T = Vg | 7]

and then
Ve = VUzoGk

where g = pe, * |7|. Let us see that for every k € N
Ve () = Vo Gi(z - Wl -z Wh),  x € Qs (3.34)

for some function gj. Indeed applying the operator A to vy it follows that

N 9
<Z A@)az’f(x)) Vo =0, 7€ Q,,
i=1 '

and consequently
Vgi(z) €V, forall z € Q.

Thus for j > 1
_on

va(I) ’ wj - awj

() =0, for all =€ Qs,
from where there exists g with
ge(z) = gr(z - Wb, - x-Wh), zeQ,

which implies (3.34).
We now extend vy, to the whole RN by Q,-periodicity, and denote this extension by ¥j. Let us see
that

A, =0 in RV, (3.35)
To show (3.35) we write
RY = | J(a; +Q,)
j=1

for aj € {kiw' + -+ knw?, k; € Z}. Given p € C°(RY;RM) then

Jo

RN Nsuppy C U(aj +Q,)
j=1

18



and

N Jcp ) 6
BUPIPIINS of o (A(’)/ e dx).
aj+ s

i=1 j=1

We observe that for any j € {1,---,J,}

N ~ ~
a0 [ e -yao( [ Ha [ Sy
i— a;+Qs ox i=1 a;+Qs Ozt a;+Qs ort

and since Av, = 0 in @5, by changing variables,

In addition for any j € {1,---,J,}

N N
_ Z A6 / (gk;p) dr =Y A / ppvide =—Y  AD / vpp(x + aj) v dx
X
i=1

a;+Qs a;+0Qs i=1 0Qs

and consequently

< Avg, o >= — ZZA(/ vpp(x + aj) v; da.

j=11i=1 0Qs

Writing

N

0Q. = J [(0Q. 0 {z & =1/2)) U (9Q N {z - w” = ~1/2})]

r=1
we then have that
< Avg, o >= — A [/ vkw(x—i—a‘)wl’-'dx—/ vep(z + aj) wl dz

321; Z {0Qsn{z-wr=1/2}} ! {8Qsn{z-wr=—1/2}} !

For any j € {1,---,J,}and r € {1,---,{}

vpp(zta;)wl de = — (ZA(” T) / grp(zta;)de =0
{

0Q.N{|z-w"|=1/2}}

N

_ZAm/

i=1 {0Q:sN{|z-wr|=1/2}}

by (3.30). Thus we have

Jo N N
< Ay, p >=— A®) / vpe(x + a;)w; do — / vepp(x + aj) w; dx
Z Z Z {0QsN{z-wr=1/2}} ! {0QsN{z-wr=—1/2}} !

j=1li=1  r=i+1
:_ZA()Z Z [/ vk(p(m—&—aj)w{d:v—/ vkgp(x+aj_w7“)w{dx]
r=l+1j=1 [/{0QsN{z-wr=1/2}} {0QsN{z-wr=1/2}}
by rearranging the sum. A change of variables and (3.34) show that this sum is zero concluding (3.35).
We now apply Lemma 2.20 and find a sequence {2} C LZ_,.(Q; R?) with

per

Az, = 0in RY and / 2 =0 (3.36)

s
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such that

\Y
TE
E
=
?’
N
3‘
+
<
ol
/\
V
¥
QU
<

= hmlnf/ Jr(zi(ky) + v (ky)) dy

likm inf fi </ Ok (ky) dy) )

where in the last step we have added and subtracted st Uk (ky) dy to the argument of fi and used

%

the A-quasiconvexity of fj (which also applies to a rotated cube; see Lemma 2.16). We have by the
Lipschitz continuity of fi that

dA®
m(aso) hm fie(Vzy) — L hm ’/ g (ky) dy — (3.37)
and as
/ O (ky) dy — vay,
inequality (3.13) follows from (3.37) and (3.33) by taking the limit as k — oco.
it) The case where v,, ¢ C. Let t;, P such that
t
F7(vgo) = lim Hrve,) W“), (3.38)
k—o0 T

and choose Jj, h— 0 be such that A(0Q(zo;0x)) = 0 and

_ |1 (Q (0, 01))
o

(see Appendix A for a detailed description of this step). As in the previous case (with the cube Q;
replaced by @) we get that

d\s
(o) im [ fi(win(y))dy
d|p?| n Jg
where
)
Wi (y) = (IOtJr KY) forye @
k
and
t
Aty = T80 pory e

Up to subsequence (that we do not relabel) let 7 € Tang(p®, zo) be such that

T£<$O76k)ﬂs i
|15](Q(z0; 0 ))
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Applying the operator A to the equality
T = Vg | T

and taking into account that A7 = 0 and the fact that v, ¢ C (and thus V,, = {0}) we get
7= v, LY.
As before, using a diagonalization argument let wy = wy, » (1) be such that

dX®

hm/fk (wi(y)) dy,
d|ps] s|

M @;Rd
Wi ? T

and

| M@ dA

> o)

|wk

Applying now Lemma 2.20 we find a sequence {z;} C LZ,,.(Q;R?) with

Az, =0in RY and / 2 =0 (3.39)
Q
such that
d)®
—_— = 1 d
d|us|($0) kg{.lo/ka(wk(y)) y
>

lim inf /Q fre(zr(y) + 'ng) dy

k—oo

> klim f/c (’U:vo)a

where in the last step we have used the A-quasiconvexity of fj. Inequality (3.13) follows from (3.38)
by taking the limit as k — oc.

Step 3. We finally prove inequality (3.1). Let us denote by Aj, the singular part of A* with respect to
|1#|. Since A% is mutually singular with respect to || + £V then by (3.5)

Nu(B) = —co(LN(B) + |u|(B)) = 0

for all Borel sets B C supp A}, that is
AL = 0. (3.40)

Now by the fact that A(0€2) = 0 and by (3.40), (3.12) and (3.13) we get that

liminf F(u,) = lminf F(u,;Q)
= lim 1nf An()
> )\(Q)

d\ d\®
— S SQ
/dﬁNd +/d| S‘d\u|+/\u()

Jororas [~ (i) ae

%
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3.1 Proof of Theorem 1.1

Given {1, } € M(9;R?) such that p,, = pin M(Q;RY), Ap, € W2 9(Q; RM) for some 1 < ¢ < -,
Wioe H(RM)
—

Apy e 0 and || = A in M(Q) with A(OR) = 0, our goal is to show that
F(w) < liminf F(u,) (3.41)

where F is the functional defined in (1.1), that is

F0) = [ sr@ndes [ (55@) dl v e s,

with f : R — R a A-quasiconvex and Lipschitz continuous function with recession function f* given
by (1.4).

Using a regularization procedure (see Proposition 2.22), we can find a sequence of regular functions
VUm.n € C°(RY;R?) such that

Vi — s (Vmon) () = () (Q) and Avy, , — Apy, in W D9(Q;RM)

C

as m — 00. Thus, by Corollary 2.11, we have that

limsupf(vm,n) < ‘F(:un)

m—00

By an appropriate diagonalization procedure we can find a sequence u,, := v, » such that
1
F(un) < Fpn) + w’

Up = 1, [ty] = A and Au, — 0 in ngcl’q(Q; RM). Then by Proposition 3.1 we finally obtain that

F(p) < liminf F(uy,) < liminf F(uy,)

proving (3.41).

Remark 3.2. The definition of recession function given in (1.4) is the usual one when integrands
are assumed to be quasiconvex. It has the advantage to imply f* to be quasiconvex whenever f is
quasiconvex (see Kristensen & Rindler [13]). We note that by a similar argument this last property
also holds in the case of A-quasiconvex integrands. If we were in the framework of quasiconvexity our
measures would be derivatives of BV-functions, i.e, v = Du for some u € L', and their singular part
v® would be rank-one (see Alberti [2]). As quasiconvex functions are convex in rank-one directions,
the limsup in definition (1.4) would be in fact a limit in these directions and thus

) = “ 00 dl/S .
Flv)=F (v):= Qf(v (z))dz + Qi (d|y5|(x)> djv?|
with |
ioo(g) = htniiogf @

(see Miiller [14] for an example of quasiconvex function where f* # f*°). In the A-quasiconvex
framework we do not know if the singular part of an element v € M(Q;R?), v*, belongs to the
directions along which an A-quasiconvex function is convex, i.e, the directions of the caracteristic
cone of A (see Fonseca and Miiller [10]). If in (1.4) we would have used liminf instead, which is
more natural for lower semicontinuity results (see also Rindler [17]), we would have just able to prove
the lower semicontinuity of F for sequences of L!-functions, i.e., the case where p,, = u,, C L' and
un LN 2 with g€ M(Q;R9).
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The next example shows that the conclusion of Theorem 1.1 may not hold if the boundary condition
A(0€2) = 0 is dropped.

Example 3.3. Let Q@ = (0,1), up = x(o,12) and pp := Du, = 61. We have that pu, 260 and

1
curl g, = 0. Let f(v) = —v, v € R. We note that f*° = f. Then

lim inf F(p,) = hmlnf/ feea = f*1)=-1< F(6) =0.

1
n—oo n—o0 n

In this case A(O€) = dp(9Q) # 0.

4 Relaxation

In this section we prove Theorem 1.2, that is, we give an integral representation of the relaxation
of the functional (1.1) with respect the class of sequences {u,} € M(Q;R%) such that p, — u in

M@ RY), A, € WS RM), A, %~ 0 and [jn] = A in M(Q) with A(9Q) = 0

loc

Proof of Theorem 1.2. Set

i [ Quftur@) do+ [ Qur=(5) duel

From the lower semicontinuity Theorem 1.1 :che lower bound G > H follows immediately. We show
now the upper bound, that is, given p € M(Q;R?) NkerA such that |u|(02) = 0 we have to see that
G(u) < H(u). For this purpose let v > 0 and define

£,(0) == F(0) + 3], v € R

It is then enough to show that

< [ Qahrydo+ [ @z () di (41)

and to let v — 0 (see Lemma 2.19).

Proof of (4.1). By Lemma 2.22 let {u,} € C®(RY;R%) such that u, — p, (u,)(Q) — (u)(Q) and

Wige " (RM)
Auy, — 0. By Corollary 2.11 and Remark 2.18 we have

lim sup QAfv Up,) /QAfv /Q““f” <d|M ) -

n—oo
We now decompose

JIn
Q= U Qi,n ) Qn

i=1

where Qi = z; +7,Q (i =1, ..., J,,) are open and disjoint cubes and §2,, is disjoint from any @); ,, and
such that
Q, C{zeQ: dist(z,00) < 1/n}. (4.3)

Using the fact that the class of piecewise constant functions is (strongly) dense in L!(Q;R?), let v,
be a piecewise constant function such that

(4.4)

S|

Hun - Un”Ll(Q) <
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and v, = (., on Q4 for some (;, € R?. For each i, n, by Definition 2.13, we can find Wi €
Coar(Q:R?) with Aw;, = 0 and [, win(2) dw = 0 such that

1
| G+ i) de < QG + - (45)
Q
Note that there exist a constant K, such that
|win(@)] < Ky, forallz e Q, i=1,...,J,.

Let ¢, € C°(Q;R), ¢n(z) € 10,1], z € Q, such that ¢, =1 on Q (0,7,) with 7, — 1, as n — oo,
and such that

1
K, |Q(1 -7, < = (4.6)
n
For each z € Q set
wn(@) + 6n (2555 ) win (m (552)) if 7€ Qum
Upom (X) 1=
Up () if z € Q,
We claim that
/ |Vn,m| < C. (4.7)
Q

Since {u,} is bounded in L' and ||¢, ||z~ < 1 to see (4.7) it is enough to prove that

Tn
£, (o2
i=1 7/ Qin i

By a change of variables

i_;/ Win (m (x ;m))‘ da = ér?’/@ |win(y)| dy. (4.8)

We now use (4.5) to bound (4.8). Indeed by Remark 2.18

Jn g,
;nNQAf’y(Ci,n) = ;/Q Qafy(vn)dr < C/Q(l + Jon|)dz < C

so that ;
erv/ £y (Cim + wi ) dz < C. (4.9)
i=1 Q
On the other hand
JIn Jn
S [ Gt wiade =Y NQar(Ga)
i=1 Q i=1
Jn
= Z/ Qaf(v,)dr
i—1 7 Qin
> —C/(1+\vn|)dx
Q
> -C
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that together with (4.9) implies that

Tn
erv/ [Cin + wip| dx < C.
i=1 Q@

Therefore
Tn In 2
Sor [lwa@lar < 3o [ sl e 3o [ (Gute)ds
i=1 Q =1 Q i=1 Q
< 4+ / o] dz
Q
< C.

Note that as fQ w; n(x) dr = 0 then by Riemman-Lebesgue we have that

Wi n (m ( — ml)) =00 (4.10)
Ti m— 00

Wil (R™M)

and so Avyp, ., —

n,m

Using (4.7) by a diagonalization process we can obtain a sequence {v, . } such that v, ,, — u and
WL (RM)
_ 0

Avn,m,,

Let ¥y, := vp,m, then by the Lipschitz continuity of f (and hence of f,) and (4.4) we get that

In
/fv(ﬁn) dr < Z/ Iy (un+¢n (x_xi)wi,n (mn (x_%») dx
Q i=1 Y Qin T Ty
+c/ (1+ Jun|) do
Qn
<

In
Z/ f"/ (Ci,n""ll)i,n <mn (x ;:L‘Z))) dl“"g
=1 in % n
In ©— v —
w2 [, (e (55)) e (e (557))

+o/ (1+ [un]) da.
Qn

Therefore by changing variables and using the periodicity of wj ,,

I C
JrGnde < 3o [ Gt i) dos

In
N _ .
03 /Q (1= 6u(y)) [win(muy)| dy+C /Q 0t ) e
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Next, by (4.5) and the Lipschitz continuity of @ 4 f., we have that

Jn

- C
/Qf'y(v < ;TzNQ.Af'y(Ci,n)+g
In
RO /Q (1= 6u()) lwin(may)] dy+C /Q 0t ) d
C
< [y [ Qapm)des T
JIn
N _ .
+03r /Q (1= 60(y)) [win (mny)] dy+C /Qn<1+|un|>dx
<

| Qurtu)do+

JIn
+C zN 1- n i,m n d +C 1+ n d
g /Q( 6a(®)) [win(may)| dy /< fun]) dac

y (4.6) it follows that

In
Zr /1—% (W) [win(ma)] dy < K3V QN QU0 7)] < Kal@U(1 — 7)<

=1

which implies that

n—oo

hmsuer / (1 = ¢n(y) |win(mpy)| dy = 0.
Given € > 0 choose ny € N such that £V (Q,) + A(f,,) < € for all n > ng. Then

limsup/ (14 |uy|) de < €.

n—oo n

Therefore from (4.11) and (4.2) we get that

A

1iminf/f7(17n) dr < limsup/QAfW(un)dx—i—a
n—oo  Jo n— 00

[ autr+ [ Qun= (5 +e
< [ Qur )+ [ Qut, ( ) 3

By letting € go to zero inequality (4.1) finally follows.

IN

Hence

A Appendix to the proof of (3.13)
With the notation used in the proof of inequality (3.13) (see (3.26) and (3.27)) let

[n°1(Q(x0; 0))

9(8) = 5N
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for 6 > 0 such that Q(z¢;d) C Q. Notice that the function 6 — |u®|(Q(x0;0)) is nondecreasing and
consequently it has right and left limit at every point. Thus, also the function g has right and left
limit at every point, and we have

g~ (60) < g™ (do),

for every dp > 0, where g~ (dp) = lim g¢(d) and g*(dp) = lim g(d)

5—85 -3
Lemma A.1. For every t > inf{g} there exists 6 > 0 such that

g(6) =t.

In addition g is continuous at d.
Proof. As g(9) 575, 00 we can find 6o > 0 such that
0 < = g(d) >t. (A1)

Define B
0 =sup{o : (A.1) holds}.

Thus

and we conclude that

O
Lemma A.2. Let A € MT(Q). Given a € R there exists {si} with sy 00 such that
£%(a) = Tim 1%:%) (A.2)
k—oo Sk

and A(0Q(xo; 1)) = 0 for {5} such that g(6x) = si.

Proof. We start with a sequence {5} (5 > inf{g}) verifying the condition (A.2). By Lemma A.l
we consider {0z} such that g(6,) = 5x. We may not have the condition A(OQ(xo;d1)) = 0. As g is
continuous at 0;, we can choose d; close enough to d;, such that A(0Q(xg;6,) = 0 and g(6x) = sy is
such that {s; — 3x} is bounded. As f is Lipschitz continuous (A.2) holds. Indeed, since {s; — 5} is
bounded

Sk Sk — Sk

=1+ — 1.
Sk Sk k—oo

In addition as

_ — — +
Sk Sk Sk Sk

flska)  f(5ka)  f(ska) — f(5ka) f(§ka)( Sk)

and, by the Lipschitz continuity of f,

|f(5ra) — f(ska)l < Ljdl |5k — sk
Sk Sk k—o00

and {%}’za)} is bounded, then
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