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Abstract
The purpose of this article is to study the behavior of a heterogeneous thin film whose microstructure os-
cillates on a scale that is comparable to that of the thickness of the domain. The argument is based on a
3D-2D dimensional reduction through a I'-convergence analysis, techniques of two-scale convergence and a
decoupling procedure between the oscillating variable and the in-plane variable.
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1 Introduction and main result

In this work we study the asymptotic behavior of a heterogeneous e-thin domain with periodic microstructure of
period €, as € — 0, through a I'-limit analysis. Techniques of two-scale convergence and a decoupling procedure
between the microscopic oscillating variables and the macroscopic in-plane variables are used to derive the
relaxed two-dimensional energy from its three-dimensional counterpart.

Let w be an open and bounded subset of R2. For each 0 < & < 1 define Q. := w x (—¢,¢). Consider a
deformable thin body occupied by a hyperelastic material with a periodic microstructure of period & whose
reference configuration is given by the thin domain ., and whose stored energy density W (e) : Q. x R3*3 — R
is assumed to be a Carathéodory function satisfying some p-growth and coercivity conditions (1 < p < o0).
We assume that the body is pinned on the lateral boundary, that is v(z) = = on dw X (—¢,¢), for all its
admissible deformations, and that it is subjected to the action of regular surface traction densities g(g) on
Y. = w x {—¢,¢}, and regular dead loads f(g). The total energy of this body under the action of this forces is
the difference between the elastic energy and the work of external forces. More precisely,

Ee)(v) == / W (e)(x; Dv) dx — / f(e) -vdx — / gle) - vdH?,
Q. Qe e
for v € V(g) := {v € WHP(Q;R?) : v(x) = ¢ on dw x (—¢,¢)}, and where H? stands for the two-dimensional
Hausdorff measure. It may occur that the minimization problem associated with this energy admits no solution
over the set of kinematically admissible fields V(¢). However, we can introduce the notion of almost-minimizer
of £(¢), v(e) € V(e), by requiring that

E(e)(v(e)) < inf E(e)(v) + e h(e),
veV(e)
where h(e) \, 0T when ¢ — 0. Note that if the minimization problem admits a solution — for instance if W (e)
is quasiconvex in its second variable — then we can take h = 0.
As usual, in order to study this problem as € — 0 we rescale the e-thin body into a reference domain of unit
thickness (see e.g. Acerbi, Buttazzo and Percivale [2], Anzellotti, Baldo and Percivale [4], Le Dret and Raoult



[18], Braides, Fonseca and Francfort [11]), so that the resulting energy will be defined on a fixed body, while
the dependence on ¢ turns out to be explicit in the transverse derivative. For this, we consider the change of
variables

1
Q.- Q:=wxI, (xl,xg,xg)H<x17x2,8x3 ,

and define u(zq,r3/c) = v(xqa,r3) on the rescaled cylinder Q, where I := (—1,1) and z, := (x1,22) is the
in-plane variable. It is well known that membrane theory arises at the order ¢ of a formal asymptotic expansion
(see Fox, Raoult and Simo [17]), provided that the body forces are of order 1 and the surface loadings are of
order €. Since this energy is of order ¢ we divide the total energy by ¢ and, in addition we assume that

{ f(E)(J?a,E.’L‘g) = f(.’IJa7.'II3),

g(e)(stxg) = Eg(l‘a,xg),

where f € L ((;R?), g € LP (3;R3) (1/p+1/p =1) and £ 1= w x {=1,1}. If We (24, z3;-) = W(e)(@a, ex3; ),
for fixed € minimizing £(g) on V(e) is equivalent to minimizing

£.(u) :_‘%)("’)_/QWE (:L‘;Dau(z)‘i_l)gu(x)) d:z:—/ﬂf-uda:—/zg-ude

on V. = {u € WH?(Q;R3) : u(z) = (z4,cx3) on dw x I}. Denote by D; = B%i for i € {1,2,3} and D, =
(D1, D5). In the sequel, we identify RN (resp. Q™) with the space of real (resp. rational) d x N matrices.
For all £ = (21]22) € R®*% and 2 € R3, (£|2) is the matrix whose first two columns are z; and 2 and whose last
one is z. Denoting a almost-minimizer of the rescaled energy by uc(zq,x3) := v(€)(zq,ex3), we obtain

E(ue) < inf & (u) + h(e). (1.1)
u€Ve

Our aim is to study the asymptotic behavior of the equilibrium problem (1.1) as ¢ — 0 via a I'-convergence
method (we refer to Braides and Defranceschi [10], Braides [12] and Dal Maso [14] for a comprehensive treatment
and bibliography on I'-convergence).

The motivation for studying problem (1.1) comes from the work in Braides, Fonseca and Francfort [11] where
the authors have established an abstract dimensional reduction variational convergence result in a general setting
for a family of stored energies of the form W, (x;¢) and derived specific characterizations for particular cases.
In Section 3 of [11] a heterogeneous nonlinear membrane model is derived by I'-convergence, and heterogeneity
in the transverse direction is considered. Precisely, the authors treat the case where the stored energy density is
of the form W (z3;€), generalizing the previous work of Le Dret and Raoult in [18] who treated a homogeneous
material, i.e. when W depends only in . Later, Babadjian and Francfort [5] considered energies of the form
W (z;€) with a general heterogeneity. Furthermore in Section 4 of [11], a 3D-2D analysis coupled with a
homogenization in the in-plane direction is studied in the case where W, (x;&) = W (x3,z4/¢;&). Shu [23] also
investigated similar problems, in the framework of martensitic materials, with different length scales for the film
thickness and the material microstructure.

Here we propose to establish a dimensional reduction and homogenization result, where both scales are
identical, by adding in the stored energy density an explicit dependence on the macroscopic in-plane variable
To. Namely, we assume that W.(z4,23;°) = W (24,73, 74/c;) for some function W : Q x R? x R3*3 — R
whose hypotheses will be introduced later.

Two features differentiate our approach from what is available in most of the literature in the subject. The
first one is the use of a two-scale convergence argument (see Nguetseng [21, 22] and Allaire [3] for the notion
and properties of two-scale convergence). The same argument was used by Bafa and Fonseca in [6] in a purely
homogeneous context, i.e. without considering the dimensional reduction problem. The second feature is due to
the definition of the homogenized stored energy in which two independent variables appear (see identity (1.4)
below). To take into account this structure, we are led to decouple the macroscopic in-plane variable z,, from



the microscopic oscillating variable z,, /¢ via an extension argument along the lines of Babadjian and Francfort
[5].

For a comprehensive treatment on the homogenization of integral functionals via a I'-limit approach, we refer
to Braides and Defranceschi [10] and references therein. We will denote by £V the N-dimensional Lebesgue
measure in RN (in the sequel N will be equal to 2 or 3).

For each ¢ > 0 we define Z, : LP(Q;R3) — R by

1
[w (x e, Daum\&_Dgu(x)) dr ifue W(QRY),
Q

Z.(u) :== (1.2)

400 otherwise,

with 1 < p < 0o, where we assume that W : Q x R? x R3*3 — R satisfies the following hypotheses:

(Hy) W{(z, -; -) is continuous for a.e. x € €;
(Hz) W(-,ya; &) is measurable for all (y,,&) € R? x R3%3;

(H3) there exists 0 < 3 < +oo such that

%|§|p —BL<W(2,9a; &) < B(L+EJP), for ae. z € Q and forall (y,,&) € R? x R3*3;

(Hy) W(x, -;¢) is Q'-periodic for a.e. x € Q and all ¢ € R3*3 where we denote by Q' = (0,1)? the unit cube
of R?%

Remark 1.1. We remark that due to hypothese (H;) and (Hjz) the function W is a Carathéodory integrand
as W(z,-;-) is continuous a.e. x € Q and W(-,y,;¢) is measurable for all y, € R? and ¢ € R3*3. This
implies (see e.g. Proposition 3.3 in Braides and Defranceschi [10] or Proposition 1.1, Chapter VIII in Ekeland
and Temam [15]) that W is equivalent to a Borel function, that is there exist a Borel function W such that
Wiz, ;) =W(z, -;-) for ae. z € Q. As a consequence the integral in (1.2) is well defined. As noted by
Allaire in [3], Section 5, the measurability of W in the pair (z,y,) does not let us conclude that, for fixed &,
the function = — W (z,z,/e;€) is measurable. The continuity of W(x,y,;€) in at least one of the variables x
or ¥y, turns out to be sufficient to guarantee the measurability of this function. In the present paper, we decide
to impose the continuity in the y, variable. Note that we could also have considered W to be continuous in
and measurable in y, but the proof of our main result does not hold anymore in this context.

As for notation, we will identify WP (w; R?) with the set of functions u € W1P(Q;R3) such that Dzu(x) =0
for a.e. z € 2 and we will use the notation I'(LP(2))-limit whenever we refer to the I'-convergence with respect
to the usual metric in LP(£2;R?). We prove the following main result.

Theorem 1.2. If W satisfies (H1)-(Hy), then the family {Z.}c~o T'(LP(Q))-converges to the functional Tnom :
LP(Q;R3) — R defined by

2/ Whom (Ta; Dat(24)) dre  if u € WHP(w; R3),

Thom (u) := (1.3)
400 otherwise,

where Wyom 18 given by



_ 1 _
Whom (a3 =l inf § — W(Za, Y3, Ya; D, D dy:
hom (€5 €) = lim in { T /(O’T)M(x Y3, Yai & + Da(y)| Dap(y)) dy

p € WHP((0,7)% x I;R?), ¢ =0 0n 9(0,T)* x f} (14)

for a.e. xo € w and all £ € R3*2,

As a consequence of Theorem 1.2 we deduce the usual convergence of (almost-)minimizers. More precisely,
we have the following result.

Corollary 1.3. Let {u.} C V. be a sequence of almost-minimizers for {Z.}eso (see identity (1.1)). Then {uc}
is weakly relatively compact in W1P(€;R?). Furthermore, any limit point u of this sequence is a solution of the
minimization problem

min {Q/UWhom(xa;Dav(ma))dxa —/w(7+g++g‘)(xa) -v(wa)dwa},

v—(xa,0)EWS P (w;R3)
where f =1 [, f(,z3) dzs and g* := g(-, £1).

This corollary departs from the classical result on the type of boundary conditions that have been considered
(see e.g. Proposition 7.2 in Braides and Defranceschi [10]). This difficulty is overcome by the fact that we can
prescribe the lateral boundary conditions of recovering sequences (see Remark 3.2). We do not include the proof
of this corollary here because it is similar to that of Corollary 1.3 in Bouchitté, Fonseca and Mascarenhas [9].

The plan of this work is as follows: In Section 2 we will discuss some properties of Wy, namely that it is
well defined, proving that the limit on the right hand side of (1.4) exists, and that Wyom(z4; - ) is continuous
for a.e. x, € w. Section 3 is devoted to the proof of our main result, Theorem 1.2. The starting point of
our analysis is the T'-limit integral representation result, Theorem 2.5, in Braides, Fonseca and Francfort [11].
Our objective is to identify the limit integrand, showing that it coincides (almost everywhere) with Wy, We
will use an argument of two-scale convergence to derive an upper bound for the limit integrand (Lemma 3.4).
Since the problem at fixed £ and the asymptotic problem as ¢ — 0 are of different nature (one is a full three-
dimensional problem, the other a two-dimensional one), we will need to use a decoupling argument to prove
the other inequality (Lemma 3.5). For this purpose it will be convenient to extend W to a function which is
(separately) continuous everywhere. This is the aim of Lemma 4.1 (see Appendix in Section 4) which provides
conditions under which a Carathéodory function such as W can be extended to a separately continuous function
in the macroscopic in-plane variable z,, and the microscopic variable z /e.

2 Preliminary results

In this section we will prove some properties of the stored energy Whyen, that will be of use in the proof of
Theorem 1.2.

Remark 2.1. To prove Theorem 1.2 we may assume, without loss of generality, that 1/ is non negative. Indeed,
in view of (Hs) it suffices to replace W by W + 3.

We begin by showing that in the definition (1.4) of Whep, the limit as T — 400 exists. The proof of this
property is a direct consequence of a result due to Licht and Michaille [19], Theorem 3.1 (see also Lemma 4.3.6
in Bouchitté, Fonseca and Mascarenhas [8]).



Lemma 2.2. If W satisfies (Hy)-(Hy), then

e M M 1 .7 .
Whom (Za; &) = TL”EOO n;f {ﬁ /(O’T)QX‘;V(:EQ, Y3, Ya: E + Dap(y)| Dsp(y))dy :

0 € WHP((0,T)* x I;R?), ¢ =0 on 0(0,T)* x I}

ezists for a.e. 1o, € w and all £ € R3*2

Proof. Let 2, € w be such that (H;), (H3) and (H;) hold and let £ € R3*2 Define u : A(R?) — R by

. 1 -
w(A) = mf{* W(Za, Y3, Yai & + Dap(y)|Dsp(y)) dy :
¥ AxI

@ € WYP(A x I;R®), ¢ =0 on A x I},

where A(R?) stands for the family of open subsets of R2.

The function p is well defined and, thanks to (Hj), it is finite. Moreover this set function satisfies the
assumptions of Theorem 3.1 in Licht and Michaille [19]. Indeed firstly, by (H3), u(A) < B(1 + |€|P) L2(A) for
all A € A(R?). Secondly, p is subadditive, that is u(C) < u(A) + u(B) for all A, B, C € A(R?) with ANB # ()
and C = AU B. Finally, by (H,), for any i € Z?, u(A +1) = u(A) for all A € A(R?). As a consequence the
limit

. 07 T 2 ra
TLHJIrlOO % = Whom(z(x; g)

exists. [ |

Remark 2.3. It can be proved that the limit as T — 400 in (1.4) can be replaced by an infimum taken for
every T > 0 (see Braides and Defranceschi [10] or Bafa and Fonseca [6]).

Now that Whem is well defined, we will show that Whem (z4; ) is continuous for a.e. z, € w for later use in
Theorem 1.2. To prove this property directly it seems that we need more than merely the continuity condition
imposed on W(x,yq;-) (e.g. a p-Lipschitz condition). We remark that if W (z,y.;-) was quasiconvex, then by
the p-growth condition (Hs), W(z,ys;-) would satisfy a p-Lipschitz condition (see Lemma 2.6 below). Since
we do not want to a priori restrict the stored energy density too much, in order to compensate for this lack
of regularity we first prove in Lemma 2.5 that the value of Wiy, does not change if we replace W by its
quasiconvexification QW (see Remark 2.4 below).

Remark 2.4. For a.e. x € Q, all y, € R? and all £ € R3*3 define

QW(ZL’, Yo g) = [QW(CL’, Yas - )](5)
where QW (z, yo; - ) stands for the usual quasiconvexification of W (x,y4; - ). Then, the function OW (x,ya; - )
is quasiconvex (see e.g. Dacorogna [13]) and satisfies (H;)-(Hy4) with the exception that QW (z, -; €) may only be
upper semicontinuous for a.e. x € Q and all £ € R3*3 (as the infimum of continuous functions). By an argument
similar to that of Lemma 2.2 we conclude that

(O 58, {1

,Jim_in QW (Zas Y3, Ya; E+ Dap(y)| Dssp(y)) dy:

(0,7)2x1

0 e WHP((0,T)? x I;R3), ¢ =0 on 9(0,T)? x I}



exists for a.e. 2, € w and all £ € R3*2
Lemma 2.5. If W satisfies (Hy)-(Hy), then (QW )hom (Ta; &) = Whom(2a; ) for a.e. x4 € w and all £ € R3*2,

Proof.  Let z, € w be such that both (QW)gom(Ia; ) and Whom(Za; - ) are well defined. Since W > QW, we
have Whom(70;€) = (QW )hom(7a; ) for all € € R3*2 Let us prove now the converse inequality. Let £ € R3*2
For each n > 0, let T}, € N and ¢,, € WH*°((0,T},)? x I;R3) satisfying ¢,, = 0 on 9(0,T},)? x I, be such that

_ 1 1 _
(OW)hom (% &) + ~ 2 578 /(OT e OW (Za, Y3, Ya; € + Daon(y)|D3pn (y)) dy.
n ydn X

The Lipschitz regularity of ¢,, is ensured because of the density of W1>°((0,T,,)? x I;R3) in WhP((0,T;,)? x
I;R?) together with the p-growth condition (H3). Thus

= . 1 _
(QW)hom(‘ra;g) P hmsupiz QW(xouy&ya;g+Da<pn(y)‘D3(pn(y))dy' (2'1)
n—-+00 2Tn (0,Ty,)2xI
For each n € N fixed, by Acerbi-Fusco Relaxation Theorem (see Lemma III.1 and Statement I11.7 in [1]) and
Remark 2.1, there exists a sequence {@, }r C WH((0,7T,)% x I;R3) satisfying ¢, r = pn on 9[(0,T,)? x I]
with ¢, ¢n and such that

k—-+o0

1 —
—2/ QW (Za, Y3, Yai & + Dawn(y)|Dspn(y)) dy
2T7L (O,Tn)Q x I

1 _
lim — W £+ D D dy.
k—1>I-|r-loc 2T¢% /(O,Tn)2><1 (Ia’ Yoo Yo € * acpn,k(y” 3g0n,k(y)) Y

From (2.1) we have

(OW)hom(74;€) > limsup lim sup

2T2/ W (Za, Y3, Ya; € + Dapn k()| Daon 1 (y)) dy
n—+00 k—+oo n J(0,Ty)

2xI

WV

. . 1 v
limsup inf ~ / W (Za, Y3, Ya; € + Dap(y)|D3p(y)) dy :
277 Jo

n—oo ¢ Tn)2x1
p € WHP((0,T,)% x I;R?), ¢ =0 0n 9(0,T;,)* x I}

= Whom(ma; g)

We are now in position to prove the continuity of Wy, in its second variable :
Lemma 2.6. Let W satisfying (Hy)-(Hy), then Whom(Ta; - ) is continuous on R3*2 for a.e. x, € w.
Proof. We observe that by the p-growth condition in (Hs) and Remark 2.4, QW satisfies a p-Lipschitz condition
(see Marcellini [20]): There exists 3 > 0 such that for all y, € R? and a.e. z € ,

|OW (2, Ya; &1) — QW (@, ya; £2)| < B+ &P+ |&[P7HI6 — &, &, & € RS, (2.2)

Take x, € w such that both (QW)nom(Za; -) and Whom(za; - ) are well defined. By Lemma 2.5 we have
(OW)hom (Ta; ) = Whom (Za; - ). Given € € R3*2 let £, — £ in R3**2 From the definition of Whem (2a; &), for
fixed 6 > 0 choose T € N and ¢ € WHP((0,T)? x I;R3), ¢ = 0 on 9(0,T)? x I, such that



1

e >
Whom(mavf) + ] = 2T2

/ W (e, v Yo € + Dao(y) | Dap(y) dy. (2.3)
(0,7)2x1

Therefore, Remark 2.3 yields

. . , 1
limsup Whom(7a3§,) < limsup — / W (Zas Y3, Ya3 £, + Da(y) | Dap(y)) dy
n—-+o0o n—+oo 21 (0,T7)2x1

1

= % W (Zas Y3, Yai € + Dap(y)| Dsp(y)) dy
(0,T)2xT

due to hypothesis (Hy), the p-growth condition in (H3) and Lebesgue’s Dominated Convergence Theorem. So
by (2.3) and letting § — 0 we conclude that

lim sup Whom(xodg) < Whom(xa;g)~ (24)

n—-+4oo

Similarly, for each n € N consider T, € N (T, /' +o0) and ¢, € WP((0,T},)? x I;R?), ¢, = 0 on 9(0,T;,)? x I,
such that

_ 1 1 _
Whom(Ta;€,) + = 2 5 OW (Ta, Y3, Yas §n + Dapn(y)| Dapn(y)) dy
n 2715 (0,T,)2x1I
1 _
= 3 ot OW(xa, Y3, TnYai n + Dan(TnYa, ¥3)| Dson(ThYa, y3)) dy
%4
1

= 5 /Q QW(xav Y3, Tnyodgn + Da¢7l(y)|TnD37j}n(y)) dy,
<1

after a change of variables and where v, (y) := T%gon(Tnya, y3). Clearly the function v, belongs to W1P(Q' x
I;R?) and v, = 0 on 9Q’ x I.

By the p-coercivity hypothesis in (H3) and (2.4), the sequence {(Dq%n|T, D3stby,)} is bounded in LP(Q’ x
I; R3*3) uniformly in n. We can write that

n— -+o00

lim inf/ OW (Za, Y3, TnYa:; €n + Dathn ()| TnDstpy (y)) dy
Q'xI

n—-+o0o

> lim lnf/ [ QW(xaa Y3, TnYas; En + Doﬂ;[)n (y)|TnD3wn(y))
Q' xI

+ lim inf QW(fEa, Y3y TnYas g + Dot (3/) |TnD3¢n (y)) dy.

ntee Jorxa

Using (2.2), Holder inequality, the fact that {||(Datn|TnD3stn)llLe (@ x1rsxsy} is bounded and £, — & we
obtain

hm_il_nf [ QW(faa Y3y Tnlas gn + Dotn (y)‘TnDBwn (y))
n—+00 Jorg 1

*QW(l’myBaTnyngr Da¢n(y)|TnD3¢n(y))] dy =0,



and consequently

_ 1 _
lm inf Whom (a3 ¢,) > liminf - QW (o, ¥3: TnYa: & + Dathn (y)|Tn Dston (y)) dy
n—-+00 n—-+00 Q'xI
N | =
= it [ QW s €+ Dapal) Dagn () dy
n—+o0 Zly J0,1,)2xT
> (QW)hom(xa;E)
= Whom(Za;&). (2.5)
From (2.4) and (2.5), we conclude that Whom (74; ) is continuous at &. ]

3 Proof of Theorem 1.2

We start by localizing our functionals. Representing by A(w) the class of all open subsets of w, define Z. :
LP(Q;R3) x A(w) — R by

/ w <xa,w3, x—a; Dau(x)‘ngu(x)> dr  ifue WHP(A x I;R3),
T (u; A) = JAXI ¢ ¢

+00 otherwise.

We will prove that the family of functionals {Z.(-; A)}c>o I'-converges with respect to the LP(A x I; R3)-
topology to the functional Zpom(+; 4) : LP(;R3) — R

2/ Whom (Za; Dau(xs)) dzg if u e WHP(A;R3),
A

Thom(u; A) := (3.1)

400 otherwise,

for all A € A(w). As a consequence, taking A = w yields Theorem 1.2.
For any A € A(w) and any sequence {e;} \, 0T, consider the I-lower limit of the family {Z. (-; A)}en,
Tty (5 A) : LP(Q;R?) — R, given by

Tiey (s A) := {inf} {ljmlangj (uj; A) ru; — win LP(A x I, ]R3)} . (3.2)
uj j—4o0

Remark 3.1. In view of the coercivity condition (Hy), for all A € A(w) we have that Zy. y(u; A) = 400

whenever u € LP(€;R?) \ WP(A;R?), hence our objective is to characterize Zy. y(u; A) for u € WHP(A;R?).

By virtue of Remark 3.1, together with Theorem 2.5 in Braides, Fonseca and Francfort [11], it follows that
every sequence {¢; } admits a subsequence {¢;, } = {e,} such that Z;. ;(-; A) defined in (3.2) is the I'(LP(AxI))-
limit of {Z., (-;A)}nen for all A € A(w). Further there exists a Carathéodory function Wy, y : w x R¥*? — R
such that

Ty (us A) = 2/ Wie 1 (@a; Dau(za)) dog, (3.3)
A

for all A € A(w) and all u € WP (A;R?). Our aim is to show that Zj. 1(-; A) = Tnom(+; A) on WHP(A;R?) for
all A € A(w). Given A € A(w), in view of the integral representation (3.3) and (3.1), it is enough to show that
W{En}(:va;g) = Whom (74; ) for a.e. 7, € A and all £ € R3*2 and thus to work with affine functions instead of
general Sobolev functions. We will prove that W{sn}(aﬁa;g) = Whom(74; &) for a.e. 7, € w and all £ € R3X2,



Remark 3.2. Lemma 2.6 of Braides, Fonseca and Francfort [11] implies that Zy. y(u; A) is unchanged if the
approximating sequences {u;} are constrained to match the lateral boundary condition of their target, i.e.
u; =uwon 0A x I.

JFrom now onward, {e, } will denote a subsequence of {€;} for which the I'(L?(A x I))-limit of {Z. (-; A) }nen
exists and coincides with Zy. 1(-; A) for all A € A(w).

For each T > 0 consider St a countable set of functions in C*([0, T]? x [—1, 1];R?) that is dense in

WT = {4,0 S Wl’p((O,T)2 X I;R3): (p:O on 8(0”1”)2 X I}

Definition 3.3. Let L be the set of Lebesgue points 2% for all functions

W{sn}(';g)a Whom(';g) (34)

and

Lo W (Za, Y3, TYa; € + Da9(TYa,y3) | Dsp(Tya, ys)) dy, (3.5)
Q'xI

with T € N, ¢ € Sy and € € Q3*2, and for which Wyom(2%; -) is well defined.

We have that £2(w\ L) = 0. Given 2 € L, we denote by Q'(z%,6) the cube in R? centered in 2% and of
side length § > 0 where § is small enough so that Q'(z2,6) € A(w).

To prove that Wi., }(2a;€) = Whom(#a; ) for a.e. 24 € w and all £ € R¥*? we first show in Lemmas 3.4 and
3.5 below that both functions coincide on L x Q3*2 The general case will only be treated at the end of that
section using the Carathéodory property of both integrands.

Fix £ € Q%2 and set v(x) := £ - 7,. By (3.3) and (3.4)

5§—0 2

I I{En}(’U;Q/(fﬂg,é))
1m
6—0 262

= 1 _
W{an}(mgdf) = lim 7/ W{En}<xa;£) dre
Q’'(x%,,9)

Lemma 3.4. Wi 1(22;€) < Whom(22;€) for all 2 € L and all € € Q3*2.
Proof. Given k € N, let Ty, € N and ¢, € Sy, with ¢ = 0 on 9(0,T))? x I, be such that

_ 1 1 _
Whom (22;€) + = > /(OT . IW(xEl,yaya;ﬁ+Da<pk(y)|D3<pk(y))dy~
s Lk )eX

k= oT,?
This is possible because of the continuity properties (H;) of W, the growth conditions (H3) and the density of
Sr, in Wry,. Extend ¢y, periodically with period Ty, to R?x I. For z € R?x I, define uf (z) := &-xq+enpr (2>, 3).
For fixed k, uf — v in LP(Q'(2%,8) x I;R3) as n — oo, hence, by (3.6)

— 1 T 1
Wie 1 (22:€) <liminf lim inf — W (24, 25, =%; Douk (2)| — Dguk d
fen} (¥a;§) <liminflim inf o= Q,(Igyg)x,@ 73, 5 Datin(2)| — D () ) dz
1 To — T T
— lim inf lim inf — W (20, 25,22 €4+ Dooor [ 22, ’D Lo 10)) de.
R0 it 26 Q’(a:g,(s)u(x e <+ Deco <€n x?’) o (€n 13)) !

Define



1
hi(Za, Ya) 1:/ W (za, 23, Tkya; & + Dar(TkYa, ©3)| D3k (TkYa, x3))dxs,
—1

for a.e. z, € w and y, € R%. The continuity of W with respect to y,, its measurability and periodicity
properties, and the fact that Ty € N lead us to conclude that the function hy € L*(Q'(22,6); Cper(Q")) for fixed
§ > 0, where Cper(Q') denotes the space of Q'-periodic and continuous functions defined on R? (see Lemma 5.3
in Allaire [3]). Lemma 5.2 in [3] together with Fubini’s Theorem yields to

lim W (IL'O“(E:;, :—a;f+ D, p <:a,x3> ‘Dg@k (j‘l,xg)) dxr

=t JQr(2l,6)x 1 n n n
. T
= lim hio [ 2o, —— | dzo
n—+00 Ql(wo ’5) kan

= / / hk(zmya)dya dz
Q'(x2,0) JQ'

=/ W(za, 23, TkYa; € + Do (TkYa, ©3)| D3k (TkYa, ¥3))dYo drs dzy. (3.7)
Q'(29,8) JQrx1

Using (3.5) and passing to the limit in (3.7), as 6 — 0, we have that

W{en} (.’ﬂg; E)

1 _
< 5 W(xg, 23, TiYa; § + Da‘pk(Tkyom x3)|D3$0k(Tkyav xB))dya dx3
Q' xI

1
< Whom(xg;g) + E

Letting kK — 400 we assert the claim.

Note that the same proof could be used to prove Lemma 2.5 in Babadjian and Francfort [5].
Lemma 3.5. Wy, 1(2%;€) = Whom(22;€) for all 20 € L and all £ € Q32
Proof. Let {v,} C W1P(Q'(29,8) x I;R?) be a recovering sequence for the I'-limit, i.e.

v, — 0in LP(Q'(22,6) x I;R?)

and

I{an}(v;Q/(xgv(s)) = lim w ("Eaax3v%;£+Davn(x)
n—+oo Q' (x9,6)xI En

1

ngn(x)> dz.

En

According to Theorem 1.1 in Bocea and Fonseca [7], there exists a subsequence of {e,} (not relabelled) and a
sequence {u,} C WHP(Q'(29,5) x I;R?) such that, upon setting F,, := {z € Q'(22,6) x I : u,(x) = v, ()}, we
have that

un, — 01in LP(Q'(29,8) x I;R3),

{‘(Daun|%ﬂD3un)

lim £3([Q'(z2,8) x I]\ E,) = 0.

n—-+o0o

p
} is equi-integrable, (3.8)

10



Thus, in view of the p-growth condition (Hs) together with (3.8) and Remark 2.1,

Tiepy (1; Q' (20,,6)) = limsup/ W(ssm:vs,?;erDaun
E’Vl

n—-+4oo n

1
D3un> dzx
En

1
Dgun) dzx
€

n—-+oo n

x —
= limsup/ W<$a7$37a§f+Daun
Q' (x9,6)x I €n

—limsup/ W<$a,$3,%§f+Daun
Q" (29,,6) X I\ En €

n—+o0o n

1
D3un) dx
€

n

€T —
P limSUP/ w <xa7$37 70435"' Daun
Q' (@, 0)x 1 €

n—-4oo n

1
D3Un> dx.
3

n

For any h € N, we split Q' (2%, §) into h? disjoints cubes Q;, of side length &/h so that Q'(28,6) = Uiil ih
and

h2
I{En}(v; Ql(mgu 6)) > limsup thIlpZ/ W (-’Ea,l‘g, E;E"" Daun
Qi nx1 En

1
6Dgun) dx. (3.9)

h—+oco n—-+oo i—1 n

For every n > 0 and A > 0, let K,, C Q and W"* be given by Lemma 4.1 below (with N =d =3, m = 2
and f =W). Then

L2\ K,) <. (3.10)
On the other hand, define

R) = {x cQ'(2%,6)x1: ’(54— Doun(x)

;D3un(x)>‘ < )\} .

Chebyshev’s inequality implies that there exists a constant C' > 0 — which does not depend on n or A — such
that

£3(Q'(x2,0) x I\ By) < - (3.11)

In what follows we denote by limsup the successive limsup limsup limsuplimsup. Since W and W7
. Amhan 7/\—>+oo n—0 h—+oco n—+oo
coincide on K, x R? x B(0, \), where in the sequel the set B(0, \) stands for the closed ball {£ € R3*3 : [¢] < A}
of R3*3 we get in view of (3.9)

Tte,y (v;Q' (20, 0)) =
h2
lim sup Z

A Ta. =
/ wn (xa7x377€+Daun
Amhon 525 J[QL, xIINRANK,, En

1
Dgun) dx.
En

1=

By virtue of (4.1) below and (3.10),

1
Dgun) dx < B(14+ X)) — 0,
3 n—0

n

h2
Z/ WTI)\ (xavx?nxa;g""Daun
i=1 Y ([Q] , XIINRY)\ Ky €

n

uniformly in (n, h), so that

11



Tiey (v; Q' (20,,0)) 2
h2

. To =
lim sup E / WA (:L‘a, x3, —3 € + Daun,
Anshon i=1 [Q;YhXI]ﬁRﬁ En

1
D3Un> dz.
En

Fix yo € Q'. Since W™ (-, y4; -) is continuous, it is uniformly continuous on Q x B(0, ), and we define the
modulus of continuity wy, » : @ x RT — R™ by

W t) 1= 50D { W (@, 40 €) = WA, i €)], where

(2.6, (¢',¢) € @ x B0, Nand |(2:€) — (':¢)| < t}.

Then
wy A (4, t) is lower semicontinuous for all ¢t € R,
Wi A(Ya, ) is continuous and increasing for all y, € @',
Wy A(Ya,0) =0 for all y, € @',
and

(WA (2, ya; €) = W', ya; €)] < wya (Yo, 2 — 2| + 1€ =€) (3.12)
for all (z,¢), (z',¢') € Q x B(0,)). The first property is a consequence of the fact that the supremum of
continuous functions is lower semicontinuous, while the other ones are classical properties of moduli of continuity.

For all t € R*, we extend wy (-, t) to R? by @’-periodicity. Since W (xz, -;£) is Q'-periodic, inequality
(3.12) holds for all y, € R% Consequently, for every (z4,x3) € (@}, x 1N R} and every x/, € Qi ns

‘Wﬂ))\ (xom I3, Zivg + Daun(x)

n

;Dgun(x)>

—WmA (x/a’ T3, Z—a; E + Daun(x)

n
€T
< Wn A (04’ |$Ot - x:x|>
En

To V26
< W\ <7 h> .

En

ngun(x)> '

En

After integration in (24,23, z,,) and summation, we get

ser
= 0 Ja, |/rani@, <1

€T, —
_mA (x;, x3, E—a;f + Doy ()

ngun(x))

En
dx} dz!,

Wn’)\ <$a7 Z3, Zi; E + Daun(x)

n

n

o V20
< 2/ Wi, x—7L dz,,.
QEh.s  \En b

12

;Dgun(x)>




Riemann-Lebesgue’s Lemma applied to the Q'-periodic function wy (-, v/26/h) yields,

o V20 20
lim 2/ Wi\ x—,i dx,, :252/ Wi\ xmi dxy,
n—+o0o Q' (29,5) ’ En h ’ ’ h

and by Beppo-Levi’s Monotone Convergence Theorem

lim 252/ Wi <a:a, \[5) dz, = 0.
h—+o0 ;" h

Hence

Ty (0;Q'(20,6)) >

h2
h? o« = 1
limsupz 2/ / wnA (x;,xg, x—;ﬁ—i— D,u,, D3Un> dx p dx!,
DN 0 L L@, xIINRY En En

(2

Define the following sets which depend on all parameters (n, A, i, h,n) :

T = {(2}, Ta,23) € Qjj, X Qi X [ : (x4, 23) € K,y and (24, 3) € R},
Ty = {(7, Tas 23) € Qi p, X Qp, ¥ I 2 (24, 73) € Ky and (74, 73) € R},

15 = {(xfxammx?)) € Q;JL X Q;,h X1 : (CL’ml‘g) g R’I/’\L}’

and note that Q} , x @}, x I =T UT; UTs. Since W(-,ya; -) and WA(+,yq; - ) coincide on K, x B(0, ), we
have

Tieoy (03 Q' (20, 5))
B2
To =
hmsupg 62/W’7’>‘ <x;,x3,€;§+Daun(x)

)\nhnil n

To — 1
= hmsupz 52 / ($;7$37%;§+Daun(f£) e

Whni 1

1
—Dsu, (1’)) dx dx!,

n

Dgun(ac)> dx dx!,. (3.13)

We will prove that the corresponding terms over 77 and T3 are zero. Indeed, in view of (3.10) and the
p-growth condition (Hs),

h2

h? To = 1
Z 72/ w (‘rfmxl’)v i;g"_ Dyun(z) D3un(x)> dxdx:l
i—1 0% Jr, €n €n
h2
@ QU 11\ K 1)
i=1
< BN —0, (3.14)
/'7*}

13



p
uniformly in (n, k). The bound from above in (Hs), the equi-integrability of {‘ ( aun‘ Dgun> } and (3.11)

imply that

h2

h? o« = 1
272/ w ($;,x3,x;£+Daun(fL‘) -
i=1 o T €n €n

Dsuy, (x)) dx dx!,

p
)dm

,,) doz —— 0, (3.15)

h2
< 752(Qz h)ﬁ (1+ ’(Daun(x)
<0 Q) XTI\ R

o
[Q"(#,,6) X I\ R},

uniformly in (n,n, k). Thus, in view of (3.13), (3.14), (3.15), Fatou’s Lemma yields

1D3un(x))

En

En A——+oo

(Daun(:c) 1D3un(m)>

I{En (U' Ql( o a’ 6))

- 1
>11msuphmsupz 52 / / ( $37%§§+Daun =
’ ’ n n

h—-+o0co0 n—-+oo i—1

Dgun) dr dx!,

— 1
>lim sup Z lim inf w2, zs, x—a; € + Douy, | —Dsu, |dz da’, .
(52 / n—>+oo Q' L xT « En En *

h—-+oo i=1

Fix z;, € @}, such that Whom (21,; €) is well defined and set Z(z;¢) := W (!, 23,74;€). It is easy to check
that Z is a Carathéodory integrand hence, applying Theorem 4.2 of Braides, Fonseca and Francfort [11], we get
since u, — 0 in LP(Q'(22,8) x I;R?),

02 _ - T - 1
% < T Ta 1
2752(8) < 171133;({/62 ot (sn7x3,£+Daun(w)‘€D3un(w)) dz,
where
Z(€) = inf {/ Z(x;€ + Dop(z)|D3p(z)) dx
T>0,¢ L J(0,1)2x1

0 e WIP((0,T)2 x I;R?), =0 ond(0,T)?% x I}.

In view of the previous formula together with (1.4) and Remark 2.3, we have that Z(£) = Whom(2/,;€). Then

1 202 =
Dgun($)> dz > e Whom (255 €),

n

liminf// W(x'a,xg,za;f—FDaun(x)

n—-+o0o

and so

v
5
w0
=
M

ZE U, ! 552”5 i S / W om\ Ly
Q) > tmepd G [ S (el D

2 / Whom (7,; €)dz?,.
Q'(z4,,9)

14
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Dividing both sides of the previous inequality by §% and passing to the limit when § N\, 0T, we obtain by
(3.4) and (3.6)

Wie 3 (22:€) = Whom (22 €).

Proposition 3.6. W{En}(xa;g) = Whom(7a; &) a.e. 14 € w and all £ € R3*2,

Proof. Let E be the intersection of the set L (see Definition 3.3) with the subset of points ¥ € w where
Wi, (2 +) and Wiom (22; - ) are continuous (see Lemma 2.6). Then £?(w\ E) = 0 and in view of Lemma 3.4

and 3.5, we have that for all 953 € FE and for all £ € Q3%2,
W{En}(acoa; €) = Whom(22;€). Since W{En}(acg; ) and Whom (22; +) are continuous for all 29 € E, the equality
Wi 1 (@5 €) = Whom (22 €) holds true for 2% € E and all £ € R3*2
|

Corollary 3.7. T'(LP(A x I))- limZ.(+; A) = Zhom(-; A) for all A € A(w), where Tnom (-5 A) is the functional
defined in (3.1).

Proof. From Proposition 3.6 we can conclude that Zyom(+; A) is well defined and
T(LP(AxI))- imZ. (-;A) = Zhom(-; A)
n
for all A € A(w) (see Remark 3.1). Since this limit does not depend upon the extracted subsequence, in view
of Proposition 7.11 in Braides and Defranceschi [10], the whole sequence {Z.(-; A)}eso I'(LP(A X I))-converges
t0 Zhom (- ; A) for each A € A(w). [ ]

The proof of Theorem 1.2 comes as a consequence of Corollary 3.7 taking A = w.

4 Appendix

We now prove a technical result on extension of Carathéodory functions that was useful in the proof of Lemma
3.5. The argument used is very close to that of Theorem 1, Section 1.2 in Evans and Gariepy [16].

Lemma 4.1. Let Q C RY be a bounded open set and f : Q x R™ x RN — R q function such that

f(xz, -; ) is continuous for a.e. x € §;
f(-y;€) is LN -measurable for all y € RY and ¢ € RY;
f(z, -;€) is (0,1)™-periodic for a.e. x € Q and all £ € RN,
Assume also that there exists >0 and 1 < p < oo such that
%|§|P —B< fz,y;6) <BA+|EP),  forae. x€Q and all (y,£) € R™ x RN,

Then for any n > 0 and A > 0 there exist a compact set K, C Q and a function frA RN xR™ x RN R
such that

15



N(Q \ KT]) < T]a
M @,y;€) = fla,y:€) for all (z,y,€) € Ky x R™ x B(0, \),

fPA (-, y; -) is continuous for all y € R™,

[z, - €) is continuous and (0,1)™-periodic for all (z,£) € RN x RN,

and

—B < M @,y;€) < B+ N, for all (z,y,€) € RY x R™ x RN, (4.1)

Proof. Since f is a Carathéodory function, by Scorza Dragoni’s Theorem (see Ekeland and Teman [15]) for
all n > 0 there exists a compact set K, C Q satisfying £V (2 \ K,;) < n and such that f is continuous on
K, x R™ x RN Let C" .= K, x B(O A) = C (to simplify notatlon) and U := (RN x RIXN)\ CnA =
F1x (s,7v) € C, and for all (J: &) € U set

" (57 - @Ol V_, .
) = {2 R0} = 20,

Clearly

U(s,y) 18 continuous on U,
0<u@qy <1

U5,y (2,€) = 0 if and only if |(s,v) — (z,&)[ = 2dist((x, &), C).

Let {s]};j>1 = {s;};>1 and {7}}i>1 = {7;}>1 be countable dense families in K, and B(0,\), respectively.
Define

oz, €) : 22 Us; 4 (2,€) = o(x,§)  for all (z,8) € U.
7=>1

Since ¢ is the uniform limit of a sequence of continuous functions in U, then ¢ is continuous in U. Moreover,
for all (x,&) e U
0<o(x,€) <1

Indeed,assume that o(z,§) = 0 for some (z,§) € U. Then, for all j > 1, u, ) (7,§) = 0 and thus
Si,7v5) — (x,€)| = 2dist((z,£),C). The density of {s;,v,} in C yields that
3> Vi RNl

|(s,7) = (2, )| = 2dist((2,£), C)

for all (s,7v) € C. We obtain a contradiction if we choose (s,7) to be those points of C such that dist((z,§),C) =
dist((z, &), (s,7)) so o(x,&) > 0 for all (z,£) € U. Consequently, the function

27ku(sk,7k) (:C, 6)

="M, £) =
(2,€) = vi(2,€) = 0 (2, 6) o(z,€)

is well defined and continuous in U. Moreover it satisfies that

0 <wvp(x,§) <1, ka(as,g) =1 forall (z,&) € U.

E>1
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Fix y € R™ and define the continuous extension of f(-,y; -) outside C as

[z, y.€) if (z,§) € C
PNy =4 Y vn(w, €) flskoyime) if (2,6 €U
k=1

Obviously, we have f7(z,y;€&) = f(x,y;€) for all (z,y,£) € K, x R™ x B(0,\). On the other hand, if
(z,9,€) is such that (x,€) € U, in view of the p-growth and the p-coercivity condition on f we get

=B < "M@, y;6) < ka(x,é)ﬂ(l + [7[P) < B(1+ AP).
k>1

Since we have

sup [Z 127 usy o (@ §)f(8k,y;wf)|} <BA+I) D> 27F ——0, (4.2)

n—-+o0o
yeER™ (z,£)eU k>n k>n

then the function

Z,Y, f 22 u(s;c 'yk) x f)f(skaya’yk)

k>1

is continuous on {(z,y,&) : (v,€) € U, y € R™}. In particular, for all (z,£) € RY x R¥¥ the function
1A (z, -;€) is continuous. Furthermore, f7*(z, -;¢) is (0, 1)™-periodic because if i € Z™ then for (z,¢) € U

FrM@y+58) =Y ve(@,) flsiy + i) = > ve(@,8) flsk v 1) = 77 (@, y: ).

k>1 k>1
Finally we prove the continuity of f7*(-,4.-). By (4.2) it suffices to show that for all (a, 4) € C
lim 1Az, €) = f(a,y; A).
poolm Py = Sl )
As {(sj,7;)}j>1 is dense in C and f(-,y;-) is continuous on C, for every ¢ > 0 there exists § > 0 such that
|f(a,y; A) — f(s5,9;75)| < € for all j > 1 with |(a, A) — (s5,7;)| < . Assume that |(z,§) — (a, A)| < §/4 and
suppose that j > 1 is such that |(a, A) — (s;,7;)| = 6. Then

0
0 < [(a, 4) = (s5,75)] < @, 4) = (2, ] + (2, €) — (55,7l < 7 +1(2:€) = (55,73)1;
and thus

30 .
|($,f) - (Sj7’7j)| Z 4 > 2|(a>A) - (@, = 2dlst(($,§),0).
Consequently, v;(z,&) = 0 if j is such that |(a, A) — (s;,7;)| = 9, and so

M@, 95 €) = fla,y; A)] < > i@, ) f(s5,957) — fla,y; A)| <,
Jz1, (a,A)=(s5,7;)|<é
because non zero terms of the sum are those which satisfy |f(a,y; A) — f(s;,v;7;)| < €. The continuity of
F2 (-, y; -) now follows. [ |
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