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Example nea

rational slope m az f 3Â À
00 many periodic orbits

irrational slope me f EÂ À
no periodic orbitso

Exercise state and prove a proposition
regarding the number of periodic orbits
of a linear flow on IT

Periodic Orbits of Diagonal Linear
Convex Flows on Santi Ranta

R E 5 zeet.IBIEEB.FI
Rt S _S ter

Relzi gnt feiiz eiantitza

for some given constants ai anelRT



Example n 1 Sa CER
h E R
ziza hlza 32 1311 1321

han

P PrPa p p 1
MORE h

Â p ziza e C 1312ps and 3Epa

Six S T whenever pa pa 0

Riley is a linear flow on IT

Hence as before it has either

i oo many periodic orbits azia
ii no periodic orbits ay e RIO
But note that

til 110 5 and F1 10,11 5
are always 2 distinct periodic orbits
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Proposition Amy diagonal linear convex

flow on 5 has either nt I or

00 many distinct periodic orbits

Conley Zelinder index of orbits

Measure of flow twisting around orbit

For Q independent ai am and orbit

Na that passes at thepointzen e zj o jer
we have that upto a dime shift
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Example n 1 Sae.IR
i A 1 92 1 2

Mani 2 INJALNCHEI 4N for Nada

Malti 2 LNEj.lv 4N 2 for Nick

Suppose 10 Ia 11 Then

Multi 36 Maki 40 Mahi 46

Multi 38Multi 42 Maki 44

ii a 1 9 E

Mani 2 INJALNEI 2N for Nate

Madri a LNIJ.LU 2N 2111
Suppose 10 Ia 11 Then

Multi 20 Maki 24 Maki 22

Proposition For any Q independent ai am
and even 2m me IN there exist unique
kept na and Nen suck that

Ma Ti 2m



Reeb flows on Sam
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Hamiltonian flow

Examples
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Let ftp.RE.IR be the homogeneous
of degree 2 function s t

Hfle If

corresponding Hamiltonian flow on

5 f Ee Reeb flow
If If is the ellipsoid 15912171
we get the previous example

Conjecture any Reeb flow on 5
has at least na geometrically distinct

periodic orbits

status

n 1 proved by Cristoforo Gardiner and
Hutchings 2016 in a more generalsetting
and independently by Ginzburg Hein
Hryniewicz and Macarini 2015

and Lin and Long 2016

n 1 widely open without extra assumptions



Some Results
P Rabinowitz 1978 any Reeb flow on

5 has at least one periodic orbit
Y Long C Zhu 2002

i any convex Reebflow on S has at least

Inft 1 geometrically distinct periodic orbits

Iii if also non degenerate then it has at
least htt geom distinct periodicorbits

Dynamical Convexity HoferWysockiZelinder 1998
i I Gutt I Kang 2016 any dynamical convex
and non degenerate Reeb flow on 5 has

at least na geom distinct periodic orbits
ii A LMacarini 2017 any dynamical convex
Reeb flow on San has at least 2
geom distinct periodic orbits
Ekeland Hofer 1987 same result for convex Reeb flows

Reeb flows on SS leg geodesicflows
A Macarini 2017 any dynamical convex
and non degenerate Reeb flow on 55
has at least a 1 geometrically
distinct periodic orbits
Katok Ziller 1983 dyn convex and nowdog Finsler
metric examples with exactly 21h21 1 closedgeodesics



Main Tools
Variational Principle
Action Functional A CSRn R
Oleit alt Jed A 8 III xjld.j.CH dt

Any critical point Jo of it subject to the
constraint Hp f at at with nonzero

Lag multiplier d is such that 8 eita
is a 25A periodic orbit ofReeb flow onze

Bad variational problem A is not bounded

from below or above critical points have o

index and co index etc

Rabinowitz 1978 first to overcome some

of these problems

Floer Homology Morse homology of A
graded by Me

Gromov 1985 pseudo holomorphic curves

Floer 1988 Floer homology

Hofer 1993 and Eliashberg Givental Hofer 2000

contact homology Symplectic FieldTheory SF



Theorem For any non degenerate Reeb

flow on S and any even 2m me IN
there exists at least one periodic orbit Um
such that Mez Ju 2m Morse

Inequalities

Note this only guarantees 1 geom distinct

periodic orbit since apriori we could have
a single 8 such that

Melfi 2m

Index Theory
R Bott 1956 indexTheory in the context
of geodesic flows which are examples
of Reeb flows on the unit cosphere
bundle 5M of a manifold Ma

Y Long 4990s cf book with title
Index Theory for Symplectic Paths with
Applications 2002

Reebflows on toric contact manifolds
A Macarini 2012,2020 A Macarini Lin preprint 2022
A Macarini Moreira 2022 preprint 2022

use symplectic contactreduction and convex polytopes
as additional tools to compute contacthomology



Most recent application
Theorem A Macarini ALin arXiv 2211.16470
Let Me Li lo ln and aetalm a generator

Then any dynamically convex Reeb flow on

M has at least 2 simple periodic orbits with
homotopy class a

Generalizes Ekeland Hofer 1987 p 1 convex

D Zhang 2013 convex A Macarini 2017 P D
H Lin L Zhang 2022 p 2


