TWO CLOSED ORBITS FOR NON-DEGENERATE REEB FLOWS
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ABsTRACT. We prove that every non-degenerate Reeb flow on a closed contact manifold M
admitting a strong symplectic filling W with vanishing first Chern class carries at least two
geometrically distinct closed orbits provided that the positive equivariant symplectic homol-
ogy of W satisfies a mild condition. Under further assumptions, we establish the existence
of two geometrically distinct closed orbits on any contact finite quotient of M. Several ex-
amples of such contact manifolds are provided, like displaceable ones, unit cosphere bundles,
prequantization circle bundles, Brieskorn spheres and toric contact manifolds. We also show
that this condition on the equivariant symplectic homology is preserved by boundary con-
nected sums of Liouville domains. As a byproduct of one of our applications, we prove a
sort of Lusternik-Fet theorem for Reeb flows on the unit cosphere bundle of not rationally
aspherical manifolds satisfying suitable additional assumptions.

1. INTRODUCTION

A contact manifold is an odd-dimensional manifold M?"*! endowed with a contact struc-
ture, i.e. a codimension one distribution £ having a maximal non-integrability property. If
we write locally the distribution as the kernel of a 1-form, £ = ker «, the condition is that
a A (da)™ is nowhere vanishing; such a 1-form « is called a contact form. Throughout this
paper we will tacitly assume that a contact structure is co-oriented, that is, « is defined glob-
ally. Associated to a contact form « we have the corresponding Reeb vector field R, uniquely
characterized by the equations tg_ da = 0 and a(R,) = 1.

A central question in contact geometry is the Weinstein conjecture which states that every
contact form on a closed manifold carries at least one closed Reeb orbit. The Weinstein
conjecture was proved in dimension three by Taubes in 2007 [50]. Taubes’ result was later
improved by Cristofaro-Gardiner and Hutchings [16] who proved that every contact form on
a closed manifold of dimension three carries at least two simple closed Reeb orbits (this result
for the tight sphere S® was proved independently in [25]; see also [38] for another alternative
proof using a result from [25]). Unfortunately, these results hold only in dimension three and
the situation in higher dimensions is wide open.

Suppose that M admits a strong symplectic filling (W, w) such that ¢;(TW) = 0. For the
sake of simplicity, assume, for a moment, that W is a Liouville domain, that is, w = d\ is
exact and the dual vector field of A with respect to w points outwards along dW. Then,
one can associate to W its positive S'-equivariant symplectic homology HC,(W) with an
integer grading. It was introduced by Viterbo [53] and developed by Bourgeois and Oancea
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[10, 11, 12, 13]. (For the sake of brevity and to emphasize the analogy with contact homology,

we denote this homology by HC, (W) rather than the usual notation SHI’Sl(W) used in
[10, 11, 12, 13].) The positive equivariant symplectic homology has a filtration given by the
free homotopy classes of loops in W and given a set I' of free homotopy classes of loops we
denote by HCL (TW) the corresponding homology.

Given a non-degenerate contact form a on M, it turns out that HCL (W) can be obtained
as the homology of a chain complex generated by the good closed Reeb orbits of o with free
homotopy class in T'; see [22, 24, 30]. In particular, the Weinstein conjecture holds whenever
HC, (W) does not vanish.

Assuming that HC,(W) does not vanish, it is natural to ask if we can get more than one
closed orbit. This is the multiplicity problem for closed Reeb orbits and the fundamental
difficulty here is how to distinguish simple orbits from iterated ones. This difficulty already
manifests itself in the classical problem of the multiplicity of closed geodesics on Riemannian
manifolds; c.f. [35].

If HC, (W) is asymptotically unbounded, that is, there exists a sequence k; — o0 such that
lim;_, o, dim HCy, (W) = oo then it was proved in [32, 41| that every Reeb flow on M carries
infinitely many simple closed orbits. (These results were inspired by the corresponding result
for geodesic flows due to Gromoll and Meyer [27].) Thus, it is natural to ask what happens
when HC, (W) is not asymptotically unbounded.

In this case, the situation is more delicate since we do have several examples of contact forms
with finitely many simple closed orbits. Some works provide lower bounds for the number of
simple closed orbits (some of these estimates are sharp), but, in general, these bounds request
certain index conditions on the closed Reeb orbits; see [3, 18, 22, 24, 29| and references therein.

The main result in this work establishes that a contact form o on M has at least two
simple closed orbits provided that HC, (W) satisfies a certain mild condition and assuming
only the non-degeneracy of . More precisely, we have the following statement. Throughout
this paper, we will use the convention that the natural numbers are given by the positive
integers. Moreover, the grading of HC, (W) is given by the Conley-Zehnder index. Under the
assumption that ¢ (TW) = 0, this grading is well defined up to a choice of the homotopy class
of a non-vanishing section of the determinant line bundle AZ™'TW; see [4, Section 3], [20],
[42] and [43, Appendix C]. For a shorter notation, we will omit this dependence.

Theorem 1.1. Let (M?"*1 &) be a closed contact manifold admitting a strong symplectic
filling W such that ci(TW) = 0. Let T be a set of free homotopy classes of loops in W closed
under iterations and assume that there exist K € N and a non-vanishing section o of the
determinant line bundle AgHTW such that

dim HC), (W) < dim HC}, | (W)

or

dimHCY,,(W) < dimHCY,, ;1 (W)

for every j € N, where the grading in HCL (W) is taken with respect to the homotopy class
of 0. Then every non-degenerate Reeb flow on M carries either infinitely many geometrically
distinct closed Reeb orbits or at least two geometrically distinct closed Reeb orbits v1 and o
such that their Conley-Zehnder indices satisfy u(’yf) # ,u(vf) for some k € N. Moreover, all
these orbits have free homotopy class in I.



TWO CLOSED ORBITS FOR NON-DEGENERATE REEB FLOWS 3

Remark 1.2. When I' = {0}, i.e. when looking at contractible orbits, it is enough to assume
that c1(TW)|,w) = 0. Moreover, in this case the grading of HCL (W) does not depend on
the choice of the homotopy class of o.

Remark 1.3. Note that we are not assuming that W is a Liouville domain. When w is not
exact, HCL (W) is a vector space over the universal Novikov field and we have to use an action
filtration introduced by McLean and Ritter in [43]; see Section 2. Using this action filtration
we also have that, given a non-degenerate contact form o on M, HCE(W) is the homology of
a chain complex generated by the good closed Reeb orbits of a with free homotopy class in T'.

Let M 5 M be a finite covering. Suppose that M carries a contact structure & preserved
by the deck transformations so that M has an induced contact structure € such that 7*€ = ¢.
We say in this case that M is a contact finite quotient of M. Assume that (M, &) satisfies the
hypotheses of Theorem 1.1 and that H'(M,R) = 0. Given a non-degenerate contact form &
on M we can consider its lift to M and applying Theorem 1.1 we can deduce that & has at
least two simple closed orbits; see Section 4. Thus, we have the following corollary.

Corollary 1.4. Let (M,§) be a contact manifold satisfying the hypotheses of Theorem 1.1
and H'(M,R) = 0. Then every non-degenerate Reeb flow on a contact finite quotient of M
carries at least two simple closed orbits. Moreover, the closed lifts of iterates of these orbits to
M have free homotopy class in W contained in T

Remark 1.5. The hypothesis that H'(M,R) = 0 can be dropped if the first Chern class of the
contact structure on the quotient vanishes; see Remark 4.1.

Remark 1.6. When I' = {0}, the hypothesis that H'(M,R) = 0 can be replaced by the
assumption that the map m (M) — 71 (W) induced by the inclusion is injective.

Remark 1.7. Since the deck transformations do not necessarily extend to the filling W, it is
not clear that when I' = {0} the assumption that ci(TW)|, ) = 0 is enough to conclude
the previous corollary, unless the map m (M) — (W) induced by the inclusion is injective;
c.f. Remark 1.2.

In what follows, we will provide several examples of contact manifolds satisfying the hy-
potheses of Theorem 1.1. The simplest one is the standard contact sphere S?*+1 with its
obvious filling W given by the ball D?"*2 whose positive equivariant symplectic homology is

Q if j =n + 2k for some ke N
0 otherwise.

HC](W) = {

The existence of at least two simple closed orbits for every non-degenerate contact form on
the standard contact sphere is well known; see, for instance, |28, 33]. We will furnish a very
large class of examples, for which the sphere is a very particular case.

To the best of our knowledge, all the examples known so far of closed contact manifolds
admitting contact forms with finitely many simple closed orbits are prequantization circle
bundles over symplectic orbifolds admitting Hamiltonian circle actions with isolated fixed
points. Our list below covers several examples of such manifolds; see Corollaries 1.17, 1.19
and 1.26. This raises the following question.

Question: Let M be a prequantization circle bundle over a closed symplectic orbifold admit-
ting a Hamiltonian circle action with isolated fixed points. Suppose that M admits a strong
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symplectic filling W such that ¢;(TW) = 0. Is it true that W satisfies the hypothesis of
Theorem 1.1 for some I" and o7

Note that there are examples of contact manifolds admitting fillings with vanishing first
Chern class that do not satisfy the hypothesis of Theorem 1.1, at least for a naturally chosen
non-vanishing section of the determinant line bundle. For instance, consider the cosphere
bundle S*N of an orientable closed manifold admitting a Riemannian metric g with negative
sectional curvature and take the symplectic filling D* N given by the unit disk bundle. We
have that ¢;(T'D*N) = 0 because N is orientable. Moreover, the choice of a volume form in
the base naturally induces a non-vanishing section of AgHT D*N so that the Conley-Zehnder
index of every non-degenerate closed geodesic coincides with its Morse index; see [1, Section
1.4.5]. Since the geodesic flow of g is non-degenerate and the index of every closed geodesic
vanishes, we have that HC,(D*N) is non-trivial only in degree zero and therefore it does not
satisfy the hypothesis of Theorem 1.1. However, every contact form on S*N supporting the
standard contact structure has infinitely many simple closed orbits; see [39].

Displaceable contact manifolds.

Given a contact manifold (M, ¢) and an exact symplectic manifold (X, d\), an embedding
M — X is called an exact contact embedding if it is bounding and there exists a contact
form « supporting £ such that o — A|ps is exact. Here bounding means that M separates
X into two connected components, with one of them relatively compact. This embedding is
displaceable if M can be displaced from itself by a Hamiltonian diffeomorphism with compact
support on X. We say that X is convex at infinity if there exists an exhaustion X = up X
by compact subsets X < X1 with smooth boundaries such that A|sx, is a contact form for
every k. A big class of contact manifolds admitting displaceable exact contact embeddings in
exact symplectic manifolds that are convex at infinity is given in [9]: the boundary of every
subcritical Stein manifold.

Let (M, &) be a contact manifold admitting a displaceable exact contact embedding into a
convex at infinity exact symplectic manifold X such that ¢ (T'X)|, (x) = 0 and denote by W
the compact region in X bounded by M. In Section 5 we show that W satisfies the hypothesis
of Theorem 1.1 for T" = {0}. Hence, we get the following result; see Remarks 1.2 and 1.7.

Corollary 1.8. Let (M,§) be a contact manifold admitting a displaceable exact contact em-
bedding into a convex at infinity exact symplectic manifold X such that ¢1(TX)|r,x) = 0 and
denote by W the compact region in X bounded by M. Then every non-degenerate Reeb flow on
M has at least two simple closed orbits contractible in W. If c1(TX) = 0 and H*(M,R) = 0
then every Reeb flow on a contact finite quotient of M carries at least two simple closed orbits.
Moreover, the closed lifts of iterates of these orbits to M are contractible in W.

Cosphere bundles and closed geodesics.

Let N be a closed Riemannian manifold and AN its free loop space. There is an isomorphism
between the (non-equivariant) symplectic homology of 7% N and the homology of AN twisted
by a local system of coefficients. For the S'-equivariant version, if N is orientable and spin,
we have the isomorphism

(1.1) HC.(D*N) ~ H,(AN/S', N;Q),

where N = AN/S! indicates the subset of constant loops, D*N is the obvious filling of
the cosphere bundle S*N given by the unit disk bundle and we are taking the grading of
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HC.(D*N) given by a non-vanishing section of A@JFITD*N induced from the choice of a
volume form in the base so that the Conley-Zehnder index of a non-degenerate closed geodesic
coincides with its Morse index, see e.g. [13]. This isomorphism respects the filtration given by
the free homotopy classes, that is,

(1.2) HCL(D*N) = H,(A'N/S*, N;Q)

for every set I' of free homotopy classes in D* N, where AT N denotes the set of loops in N
with free homotopy class in I'. (Note that, since m(D*N) = 71 (N), the set of free homotopy
classes in D*N and N are naturally identified. Moreover, N = A°N/S! and therefore if T
does not contain the trivial free homotopy class then the right hand side of the isomorphism
(1.2) has to be understood as H,(A"N/S';Q).) For general N, it is expected that the same
isomorphism holds with a local system of coefficients as in the non-equivariant case but a
rigorous proof has not been written in the literature yet.

It turns out that if N is simply connected and H,(AN/S', N;Q) is not asymptotically
unbounded then it satisfies the assumption in Theorem 1.1. Using this, we can prove the
following result. The proof is given in Section 6. Before we state it, let us recall a definition
and introduce a notation. A topological space X is k-simple if 71 (X)) acts trivially on 7 (X).
If a closed manifold N has dimension bigger than one and 71 (N) = Z then N is not rationally
aspherical, that is, there exists j > 1 such that 7;(N) ® Q # 0; see Section 6. Let k be the
smallest such j. In what follows, £, denotes the canonical contact structure on S*N.

Corollary 1.9. Let N be a closed oriented spin manifold with dimension bigger than one.
Suppose that N satisfies one of the following conditions:

(i) m1(N) is finite;

(ii) m(N) = Z, mo(N) = 0 and N is k-simple, with k as discussed above;

(iii) m1(N) is infinite and there is no a € m(N) such that every non-zero b € wi(N) is

conjugate to some power of a.

In case (i), we have that every non-degenerate contact form on (S*N,&qn) has at least two
simple closed orbits. Under hypothesis (ii) or (iii), we have two simple closed orbits for any
contact form on (S*N,Ecan), without assuming that it is non-degenerate.

Remark 1.10. The hypothesis that N is oriented spin is used only to have the isomorphism
(1.2). Possibly, it can be relaxed once we have this isomorphism with the relative homology
of (AN/S*, N) twisted by a local system of coefficients.

Remark 1.11. In case (ii), the hypothesis that N is k-simple can be relaxed in the following
way: let a be a generator of 71 (V) and denote by A the linear map corresponding to the action
of a on 7 (N)® Q. Then it is enough that ker(A — Id) # 0; see Remark 6.6. This hypothesis
and the assumption that mo(N) = 0 are probably just technical but we do not know how to
drop them so far.

Theorem 1.1 is used to prove Corollary 1.9 only under hypothesis (i). For hypotheses (ii)
and (iii), we show the existence of two periodic orbits 71 and -9 such that no iterate of ~;
is freely homotopic to 9. This is easy in case (iii) using (1.2) but highly non-trivial in case
(ii) where we show that HC{(D*N) # 0 and HC%(D*N) # 0 for some non-trivial homotopy
class a. The proof in case (ii) actually shows the following result; see Remark 6.8. It can be
considered as a sort of Lusternik-Fet theorem for Reeb flows; see e.g. [6].

Theorem 1.12. Let N be a closed not rationally aspherical manifold. Suppose that N is
oriented spin, w1 (N) is abelian, wo(N) = 0 and N is k-simple, with k as discussed above.
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Then every (possibly degenerate) Reeb flow on S*N carries a contractible closed orbit. As a
consequence, if, furthermore, w1 (IN) is infinite, then every Reeb flow on S*N has at least two
simple closed orbits.

Remark 1.13. Similarly to Corollary 1.9, the hypothesis that N is k-simple can be weakened;
see Remark 6.8.

The hypothesis that N is oriented spin and the second and third conditions in item (ii)
can be dropped when we restrict ourselves to Reeb flows given by geodesic flows of Finsler
metrics as follows. The proof of item (i) in Theorem 1.1 uses only the fact that, given a
non-degenerate contact form  on M, HCL (W) is the homology of a chain complex generated
by the good periodic orbits of o with free homotopy class in I' graded by the Conley-Zehnder
index; the nature of the differential is absolutely unessential. Let F' be a Finsler metric on
N. It is well known that the closed geodesics of F' are the critical points of the corresponding
energy functional defined on the free loop space. We will say that F' has only one prime closed
geodesic if either the corresponding geodesic flow has only one simple closed orbit or F' is
reversible (i.e. F(z,v) = F(z,—v) for every (z,v) € TN) and its geodesic flow has only two
simple periodic orbits (given by the lifts of a closed geodesic v(t) and its reversed geodesic
A(—1).

It turns out that if F'is bumpy (i.e. its geodesic flow is non-degenerate) and has only one
prime closed geodesic then H,(AN/S', N;Q) is the homology of the chain complex generated
by the good periodic orbits of the geodesic flow of F' with trivial differential. Using this fact
we can prove the following result. In what follows, we say that F' has at least two prime closed
geodesics if it does not have only one prime closed geodesic in the sense above. (Note that
every Finsler metric has at least one prime closed geodesic.)

Corollary 1.14. Let N be a closed manifold with dimension bigger than one. Suppose that
N satisfies one of the following conditions:

(i) m(N) is finite;

(i) m(N) = Z;

(iii) m1(N) is infinite and there is no a € m (N) such that every non-zero b € wi(N) is

conjugate to some power of a.

In case (i), we have that every bumpy Finsler metric F' on N has at least two prime closed
geodesics. Under hypothesis (ii) or (iii), we have two prime closed geodesics for any Finsler
metric F' on N, without assuming that it is bumpy.

Remark 1.15. Our contribution in this corollary is that we find two closed geodesics when N
has finite fundamental group and F' is bumpy. The remaining cases can be covered by classical
minimax methods. This is in contrast with Corollary 1.9 for which these minimax methods
are not available, making the proof of item (ii) much harder than in the case of geodesic flows.

Remark 1.16. We are not aware of any example of IV which is excluded in the statement, see
[49, Section 5|. For instance, if 71 (V) is abelian, N meets the hypothesis in Corollary 1.14.

Good toric contact manifolds.

Toric contact manifolds are the odd dimensional analogues of toric symplectic manifolds.
They can be defined as contact manifolds of dimension 2n + 1 equipped with an effective
Hamiltonian action of a torus of dimension n + 1. Good toric contact manifolds of dimension
three are (52, &) and its finite quotients. Good toric contact manifolds of dimension greater
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than three are compact toric contact manifolds whose torus action is not free. These form
the most important class of compact toric contact manifolds and can be classified by the
associated moment cones, in the same way that Delzant’s theorem classifies compact toric
symplectic manifolds by the associated moment polytopes. We refer to [37] for details.

In [2] we showed that on any good toric contact manifold (M?2"*1 ¢) such that c;(€) = 0,
any non-degenerate toric contact form is even, that is, all contractible closed orbits of its Reeb
flow have even contact homology degree, where the contact homology degree of a closed orbit
~v is given by u(y) + n — 2. (As proved in [4], this is also true for the non-contractible closed
Reeb orbits.) Suppose that M admits a symplectic filling W with vanishing first Chern class.
Then, as showed in [2, 4], HC2(W) can be computed in a purely combinatorial way in terms
of the associated momentum cone. Using this computation, we show in Section 8 that W
satisfies the hypothesis of Theorem 1.1 for I' = {0} and consequently we get the following
result. Note that the fundamental group of every good toric contact manifold M is finite and
consequently H'(M,R) = 0.

Corollary 1.17. Let (M,§) be a good toric contact manifold admitting a strong symplectic
filling W such that c1(TW) = 0. Then every non-degenerate contact form on a contact finite
quotient of M carries at least two geometrically distinct contractible closed orbits.

Remark 1.18. It turns out that every good toric contact manifold (M, ) in dimensions three
and five such that ¢;(£) = 0 admits a (toric) filling with vanishing first Chern class [4].

Prequantization circle bundles over symplectic manifolds.

Let (B?",w) be a closed integral symplectic manifold. Consider the prequantization circle
bundle (M,¢) of (B,w), that is, the contact manifold given by the total space of a principal
circle bundle over B whose first Chern class is —[w] and with contact structure given by the
kernel of a connection form. Suppose that M admits a symplectic filling W with vanishing
first Chern class. Then, under some assumptions on B, we can show that W satisfies the
hypothesis of Theorem 1.1 with I' = {0}. More precisely, we have the following result. In
what follows,

cp = inf{k € N|3S € mo(B) with {¢1(T'B),S) = k}

denotes the minimal Chern number of B.

Corollary 1.19. Let (M,§) be a prequantization circle bundle of a closed integral symplectic
manifold (B,w) such that w| ,g) # 0, c1(T'B)|rpB) # 0 and, furthermore, Hy(B;Q) = 0
for every odd k or cg > n. Suppose that M admits a strong symplectic filling W such that
c1(TW) = 0. Then every non-degenerate Reeb flow on M carries at least two geometrically
distinct closed orbits contractible in W. If, additionally, H'(M,R) = 0 then every contact
form on a contact finite quotient of M carries at least two geometrically distinct closed orbits.
Moreover, the closed lifts of iterates of these orbits to M are contractible in W.

Remark 1.20. It follows from the Gysin exact sequence that H'(M,R) = 0 whenever H (B; Q) =
0.

Remark 1.21. When w|,,2( B) = 0 and B satisfies some extra conditions (for instance, when
mi(B) = 0 for every i > 2) it is proved in 23] (c.f. [26]) that every Reeb flow on M (possibly
degenerate) carries infinitely many simple closed orbits.

Remark 1.22. We have that H,(B; Q) vanishes in odd degrees and ¢1(7'B)|,(py # 0 whenever
B admits a Hamiltonian circle action with isolated fixed points.
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The proof of the previous corollary is given in Section 9. Now, note that the prequantization
bundle M has a natural symplectic filling W given by the corresponding disk bundle in the
complex line bundle L > B whose first Chern class is —[w]. Suppose that B is monotone,
that is, [w] = Ac1(T'B) for some X € R. (We say that B is positive monotone if A > 0.) One
can check that

a(TW) = (1 - N7*e1(TB).
Consequently, when A = 1 we have that ¢;(TW) = 0. Now, suppose that A is an integer
bigger than one and let M be the prequantization bundle of (B, /\w) It is easy to see that M

is the finite quotient of M by the Zy-action induced by the obvious S'-action on M. Thus,
we have the following corollary; see Remark 1.20.

Corollary 1.23. Let (M,&) be the prequantization circle bundle of a closed integral symplectic
manifold (B,w) such that w|,gy # 0, c1(T'B)|x, ) # 0 and, furthermore, Hi(B;Q) = 0 for
every odd k or cg > n. Suppose that [w] = A1 (T'B) for some X\ € N and that Hi(B;Q) = 0.
Then every contact form on a contact finite quotient of M carries at least two geometrically
distinct closed orbits. Moreover, the closed lifts of iterates of these orbits to M have contractible
projections to B.

Remark 1.24. If a closed curve v in M has contractible projection to B then it must be
homotopic to some iterate of the fiber and therefore, since w\m # 0, its homotopy class

[v] € m1(M) is nilpotent, i.e. [y]¥ = 0 for some k.

Remark 1.25. Note that if cg = 1 then, since w has to be integral, A must be an integer.
Therefore, [w] = Ac1(T'B) for some A € N whenever B is positive monotone and cp = 1.

Brieskorn spheres.

Given a = (ao, ..., an+1) € N"™2 define ¥, as the intersection of the hypersurface
2004t =0

in C"*? with the unit sphere S?"*3 — C"*2. It is well known that a, = éZ?J}} aj(z;dz; —
Zjdzj) defines a contact form on ¥, and (34,&, := keroy,) is called a Brieskorn manifold.
When n is even, ag = +1 mod 8 and a1 = - - - = a,41 = 2 we have that X, is diffeomorphic to
the sphere S?"*! and called a Brieskorn sphere. Brieskorn spheres admit strong symplectic
fillings given by Liouville domains W satisfying ¢1 (TW) = 0 and it turns out that W satisfies
the hypothesis of Theorem 1.1 with I' = {0}; see Section 10. Therefore, we obtain the following
result which is a generalization of |33, Theorem C].

Corollary 1.26. Let M be a contact finite quotient of a Brieskorn sphere. Then every non-
degenerate Reeb flow on M carries at least two geometrically distinct closed orbits.

Connected sums.

Let (Wi, A1) and (Wa, A2) be two Liouville domains of dimension 2n + 2. The boundary
connected sum of them is again a Liouville domain (W1#Wa, \i#X2) and the contact con-
nected sum (OW1#0Wa, 1#E€2) is the boundary of it. The following result establishes that
the main hypothesis of Theorem 1.1 is preserved by boundary connected sums of Liouville
domains, furnishing many other examples of contact manifolds satisfying the assumptions of
Theorem 1.1.
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Theorem 1.27. Let (Wi, A1) and (W2, A2) be Liouville domains of dimension 2n+2 with van-
ishing first Chern class. Assume that there are non-vanishing sections o1 and o2 of Ag“TWl
and A€+1TW2 respectively satisfying the hypothesis of Theorem 1.1 with I' given by the set
of all free homotopy classes. Suppose that ci (T (W1#W2)) = 0 and let o be a non-vanishing
section of Ag+1T(W1#W2> extending o1 and oy. Then W1#Ws satisfies the hypothesis of
Theorem 1.1 with the grading of HC(W1#W3) induced by o.

Organization of the paper. In Section 2 we discuss equivariant symplectic homology for
symplectic fillings with vanishing first Chern class. The proof of Theorem 1.1 is established
in Section 3. Corollaries 1.4, 1.8, 1.9, 1.14, 1.17, 1.19 and 1.26 are proved in Sections 4, 5, 6,
7, 8, 9 and 10 respectively. Finally, Section 11 is devoted to the proof of Theorem 1.27.

Acknowledgements. We are grateful to Viktor Ginzburg, Marco Mazzucchelli and Otto van
Koert for useful discussions and to Gustavo Granja for suggesting us the proof of Proposition
6.2 and explaining us the Whitehead-Serre theorem for nilpotent spaces.

2. EQUIVARIANT SYMPLECTIC HOMOLOGY FOR SYMPLECTIC FILLINGS WITH VANISHING
FIRST CHERN CLASS

Let (M?"*1 ¢) be a closed contact manifold admitting a strong symplectic filling W such
that ¢;(TW) = 0. Fix a non-vanishing section of the determinant line bundle Afé“TW. Then,
as we will shortly explain in this section, one can associate to W its positive equivariant
symplectic homology HC,(W). This construction, briefly discussed in Section 2.1, is well
known when W is a Liouville domain, but without this assumption we have to use coefficients
in the universal Novikov field and an action filtration introduced by McLean and Ritter [43];
c.f. [26, Section 2.2].

In Section 2.2, we discuss Morse-Bott spectral sequences which play a key role in the
computation of equivariant symplectic homology. Using these sequences, one can show that
given a non-degenerate contact form o« on M, HC, (W) can be obtained as the homology of
a chain complex generated by the good closed Reeb orbits of .. In particular, this homology
is a contact invariant whenever (M, ) admits a non-degenerate contact form such that every
periodic orbit has Conley-Zehnder index with the same parity or, more generally, the set of
Conley-Zehnder indexes is lacunary, i.e. does not contain any two consecutive integers.

2.1. Equivariant symplectic homology. Suppose that the symplectic filling W is a Liou-
ville domain. The positive equivariant symplectic homology HC, (W) of W was introduced
by Viterbo [53] and developed by Bourgeois and Oancea [10, 11, 12, 13|. As noticed in the
introduction, the equivariant symplectic homology has a filtration given by the free homo-
topy classes in W and given a set I' of free homotopy classes we denote by HCE(W) the
corresponding homology.

It turns out that HCL (W) can be obtained as the homology of a chain complex CCL (o) with
rational coefficients generated by the good closed Reeb orbits of a non-degenerate contact form
« on M with free homotopy class in I' graded by the corresponding Conley-Zehnder indices;
see |22, Proposition 3.3] and [30, Lemma 2.1]. (Recall that a non-degenerate closed Reeb orbit
is good if its index has the same parity of the index of the underlying simple closed orbit;
otherwise it is called bad.) In general, the differential in CCL () depends on the filling W
and several extra choices. However, if M admits a contact form such that the Conley-Zehnder
indices of every good closed orbit have the same parity then clearly, by degree reasons, the
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differential must vanish and consequently the positive equivariant symplectic homology is a
contact invariant.

Now, suppose that (W,w) is a strong symplectic filling with vanishing first Chern class but
not necessarily a Liouville domain (in particular, w does not need to be exact.). Then we
can still associate to W its positive equivariant symplectic homology as we will briefly explain
below. The novelty in this case is that HCL (W) is a vector space over the universal Novikov
field and we have to use an action filtration introduced by McLean and Ritter in [43]. We will
follow [43, Appendixes D and F| closely.

Let a be a non-degenerate contact form on dW such that da = w|sw. Consider the
symplectic completion W of W obtained by attaching to W the symplectic cone (Weope 1=
[1,00) x W, d(ra)) where r is the coordinate in [1, 00).

Let Z = ro, be the Liouville vector field defined on Weone and uniquely characterized by
the equation tzw = ra. Denote by Y the Reeb vector field on Weope defined by tyda = 0 and
a(Y) = 1 (clearly, here we are tacitly identifying 0W with {1} x dW). In what follows, by
Reeb periods we mean thg\ periods of the closed orbits of Y. Given ry = 1, a compatible almost
complex structure J on W is said to be of contact type for r = r¢ if JZ =Y on [rg, ) x dW.

Let J be a compatible almost complex structure on W and H : W — R a smooth Hamil-
tonian. We will use the sign convention that its Hamiltonian vector field X is given by the
equation tx,w = dH. The pair (H,J) is called admissible if there exists 79 > 1 such that

(1) J is of contact type for r = o,

(2) Hlry,)xow = h(r) only depends on the radial coordinate,

(3) h/(ro) > 0 is smaller than the minimal Reeb period,

(4) h"(ro) > 0 and R"(r) = 0 for r = ro,

(5) if A”(r) = 0 for some r > ro then we require that h’(r) is not a Reeb period,

(6) for large r, h/(r) is a constant not equal to a Reeb period,

(7) for r < rg,i.e. on WuU[l,79] x 0W, H is Morse and C?-small so that all closed 1-orbits
of Xy in r < rg are the critical points of H.

Note that in the definition of admissible Hamiltonians we are fixing the contact form « used
to define the radial coordinate r in Weone. Moreover, by our aforementioned sign convention,
the Hamiltonian vector field Xz is a negative multiple of the Reeb vector field for r = ry.

With the conditions above, the necessary compactness results for Floer trajectories hold,
and this allows us to define the Floer homology HF(H, J) using coefficients in the universal
Novikov field

0
A= {ZniTc” ca; €ER, a; — o0, nieK},
i=1

where K is any given field of characteristic zero. Moreover, this homology does not depend
on the choice of J satisfying property (1). (More precisely, we need to pick time-dependent
perturbations H; and J; (l-periodic in time) such that H; is non-degenerate and we have
transversality for the relevant spaces of Floer trajectories. Moreover, it is required that, for a
sufficiently large R, J; is of contact type and H; is of the form ar + b for r = R, where a is
not equal to any Reeb period. We call the corresponding pair (Hy, J;) regular.)

Remark 2.1. Due to our sign conventions, the grading of Floer homology is given by minus
the Conley-Zehnder index. This is in accordance with the fact that the Hamiltonian vector
field is a negative multiple of the Reeb vector field for r = ry.
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We define a partial ordering on the set of admissible Hamiltonians in the following way:
Hy < Hy if Hy(x) < Hy(x) for every x € W, (For time-dependent perturbations H;+ (i = 0, 1)
we require that Ho.(z) < Hi(z) for every (z,t) € W x S1.) An admissible homotopy is a
family of pairs (Hs, Js) satisfying properties (1)-(7) above for a fixed rg such that dsh), < 0,
where h is the function such that Hg|[,g )xew = hs(r). Given an admissible homotopy
(Hs, Js) we can define the continuation morphisms HF(Hy, Jy) — HF(Hy, J1). (As before, we
actually have to take suitable time-dependent perturbations Hy; and Js; chosen generically
in order to achieve transversality for the relevant spaces of parametrized Floer trajectories.)

Using this, we can define the symplectic homology as

SH, (W, @) := lim HF . (H)

where the direct limit is taken over the set of admissible Hamiltonians with the partial ordering
and continuation morphisms defined above. It turns out that this homology does not depend
on the choice of a; see [47, Theorem 8| and [8, Section 2.2].

Now, we will discuss an action filtration introduced by McLean and Ritter [43, Appendix

D]. Fix an admissible Hamiltonian H : W — R and consider a smooth non-decreasing cut-off
function ¢ : R — [0, 1] such that

(1) ¢ =0 for r < rg and ¢ > 0 for r > o,
(2) ¢ >0 for ro <r <ry; and h/(r) is constant for r > ry,
(3) ¢(r) =1 for large r.

Consider the 2-form 7 on W given by

_)d(o(r)a)  on Weone
= 0 on W.

Notice that, by property (1) of ¢, this form vanishes on W U [1,7r¢] x dW. We associate to n
the 1-form €, on the free loop space C*(S*, W), with S = R/Z, given by

1
GWAM=Ln@@¢@—XMMWMt

for every x € C© (S, W) and X € T,C® (S, W). Following [43], we will introduce a primitive
for Q, which will give us our action filtration. Let f : R — [0,00) be the smooth function
given by

ﬂﬂ=£¢ﬁW&Mﬁ

Note that, by the properties of h and ¢, it satisfies

(1) f=0forr<rpand f >0 for r>ro,
(2) f is bounded.

The filtration functional F : C®(S?, 17[\/') — R is defined as

1
Fa) = = |_a*(00) = | ferta)

where r(x(t)) is the r-coordinate of z(t). (Note that ¢ and f vanish on W and consequently
F is well defined for any curve in W.)
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Remark 2.2. Notice that our action functional differs from that in [43] in the sign in the second
term. Moreover, we are using the sign convention ¢tx,w = dH rather than ¢x,w = —dH as in
[43]. The reason is that we are using homological conventions rather than cohomological ones
as in [43]. It is easy to see that the arguments from [43] work in this case with the appropriate
sign changes.

Given an admissible homotopy (Hs, Js) such that h)(r) is constant for r > r1 and all s (this
constant depends on s), define Fs as the corresponding filtration functional for Hy, that is,

Fy(x) = = g 2*(¢0) = §; fo(r(2(1))) dt where fy(r) = {5 &/ ()W, (7) dr.

This action functional has the following nice properties.

Theorem 2.3 (Theorem 6.2 in [43]). The filtration functional F' satisfies
(1) Ezactness: F is a primitive of §,,.
(2) Negativity: dF(0su) < 0 for any Floer trajectory u : R x S' — W of an admissible
(H,J).
(3) Separation: F =0 on all loops in r < ro and F > 0 on the 1-orbits of H in r = 1y.
(4) Compatibility: dFs(dsu) <0 for any parametrized Floer trajectory u : R x S — 1% of
an admissible homotopy (Hs, Js) such that h,(r) is constant for r = r1 and all s.
(5) Strictness: F(x—) > F(xy) for any Floer trajectory joining distinct orbits x_ and x4
with r(z4) = 10.
Thus, F determines a filtration on the Floer chain complex of a given admissible pair (H,J)
and this filtration is respected by Floer continuation maps for admissible homotopies (Hs, Js).

Let CF.(H,J) be the Floer complex of (H,.J), CFQ(H,.J) the subcomplex generated by
the 1-orbits with action F' < 0 and CF}(H,J) := CF.(H,J)/CFY(H,J). The homology of
CF;(H,J) is denoted by HF} (H,J). Note that, in principle, this homology depends on the
choice of the cut-off function ¢ but, as proved in [43, Corollary 6.4], actually it does not.
Moreover, it does not depend on the choice of J and the direct limit

SH; (W, ) := lim HF} (H)

is the positive symplectic homology of (W, «). As before, it turns out that this homology
does not depend on the choice of a (c.f. [47, Theorem 8|) and therefore will be denoted by

Now, the construction of positive equivariant symplectic homology is analogous to the
construction from [10, 11, 12, 13, 53]. In what follows, we will very briefly explain this;
we refer to [10, 11, 12, 13, 36] for details. Given N € N, we have to consider S'-invariant
families of (non-degenerate time-dependent perturbations of) admissible Hamiltonians H :
W x §2N+1 5 g1 R, where the S'-action is the diagonal one on S?N+1 x S' and the space
of S'-equivariant Floer trajectories, consisting of pairs (u, z) given by maps u : R x S* — W
and z : R — $?N+1 such that

Ostu + J 5 1 (u) (Oru — XHZ(S),t(“)) =0,

Z(s) — o V.H(u(s,t),z(s),t)dt =0
and

lim (u(s,t),z(s)) = (7—(t)7z—)7 lim (u(s7t>7z(3>) = (7+(t)72+)

§——00 §—+00
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uniformly in ¢, where J,;, with (2,t) € G2N+1 5 S1is a parametrized family of S'-invariant
compatible almost complex structures, V, stands for the gradient in the z-coordinate with
respect to an S'-invariant metric on S*N*t!, 24 € S2VF1 and 4 are closed l-orbits of H, ;.
Choosing H and J generically, we have the corresponding S'-equivariant Floer homology
HFfl’N(H ). Using parametrized versions of the previous equations, we can define continuation

morphisms HFfl’N(HO) — HFfl’N(Hl) and using these we can define, analogously to the non-
equivariant case,

SHY N (W, ) = lig HFS N (H)
where the direct limit is taken over the set of admissible S'-invariant families of Hamiltonians
with the partial ordering and continuation morphisms similar to the non-equivariant case.
The S'-equivariant symplectic homology of W is defined as

1 . 1
SHy (W, a) := lim SHY N (W, a),
N
where the direct limit is taken with respect to the embeddings S?V*+1 < §2N+3 which induce
1 1
maps SHY MW, a) - SHS MW, ). As in the non-equivariant case, SH::"1 (W, a) does not
depend on the choice of «a, since the proof of [47, Theorem 8| extends to the equivariant setup.
Therefore, we will denote it by SHfl(W). Finally, the positive S!-equivariant symplectic

homology HC, (W) := SHI’Sl(W) is defined in the same way as in the non-equivariant case,
using the action filtration F' defined above.

2.2. Morse-Bott spectral sequence. Assume that the contact form « is non-degenerate
or, more generally, Morse-Bott. If o is degenerate, assume, furthermore, that the linearized
Reeb flow is complex linear with respect to a unitary trivialization of the contact structure
along every periodic orbit. This last condition is satisfied, for instance, when the Reeb flow
of a generates a free circle action; see [36, Remark 8.8]. Under this assumption, we have a

Morse-Bott spectral sequence that is very useful to compute SHY ' (W) and SHI’S1 (W) as we
will very briefly explain in this section.

Given an admissible Hamiltonian H as in the previous section, note that the non-constant
closed 1l-orbits of H have radius 1 < ro < --- < 1p, . where the r,’s are such that h'(rp)
is a Reeb period of a (by our assumptions on H there are finitely many such radii). Take
G : Z — R such that

(1) G is increasing (not necessarily strictly),

(2) G(p) = p for p <0,

(3) G(p) = ¢p(rp)W (rp) — f(rp) for pe {1,...,Pmaz}-

(4) limy, . G(p) = 0.
Note here that ¢(r)h/(r) — f(r) = 0 for r < rg and (¢h' — f)'(r) = ¢(r)h"(r) = 0 for every r
and therefore the existence of G is clear. Note also that F'(x) = G(p) for every closed 1-orbit
x of H such that r(z) = r, and F(z) = 0 for every constant orbit z.

Define A(H) = {F(z); = is a closed 1-orbit of H} and choose € > 0 sufficiently small such
that

(2.1) AH) < [ J(Glp—1) +€,G(p) +¢)
peZ
and

(2.2) H(A(H) ~ (Gp—1) + €, G(p) + ) < 1
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for every p € Z . Consider the filtration on the Floer complex CF,(H) given by
F,CFy(H) = {z € CF (H); F(z) < G(p) + €}.
(As mentioned in the previous section, we actually have to take a generic non-degenerate
time-dependent perturbation of H.) This filtration exhausts the complex in finitely many
steps due to our assumptions on H and the condition that lim, ., G(p) = 0. Consider the
corresponding spectral sequence whose E%-page is given by
0 ~ ~
Epg = FpCFpiq(H)/Fp1CFpiq(H).

Using properties (2.1) and (2.2) of our filtration, we can show that the first page of this spectral
sequence is given by

@ HF (Bye, H) 0 <p < pax
Epy = Hopn1(W.0W;A) p=0
0 p <0orp> prac,
where the sum above runs over the connected components B, . of the Morse-Bott components
with F-action p and HFY¢(B, ., H) stands for the local Floer homology of B, .; see [36, 43].
In general, this local Floer homology is isomorphic to the singular homology of B, . twisted by

a local system of coefficients, but it turns out that this system is trivial under our assumption
on « as the following lemma shows.

Lemma 2.4 (Lemma 8.9 in [36] and Lemma 7.1 in [43]). Suppose that v is Morse-Bott and, if
« is degenerate, assume furthermore that the linearized Reeb flow is complex linear with respect
to a unitary trivialization of the contact structure along every periodic orbit of . Then

HFY(Bpe, H) = Hy\y (5, ) (Bpe; A)
where (1(By, ) ts the Robbin-Salamon index of any closed orbit in By ..
Thus, since our filtration is bounded and exhausting, we obtain convergent spectral se-
quences
E,, = HF.(H) and E)} = HF](H)
whose first pages are given by

D, Hprqiu(Byo)Bpe;A) 0 <p < prax

p<0o0rp> pmaz-
It turns out that analogous spectral sequences exist in the equivariant setup converging to
HFS' (H) and HFS (H).

Choosing a suitable sequence of Hamiltonians, we have that these spectral sequences pass
to the limit, furnishing the following result.

Ep 4 = Hysne1(W,0W; A) p=0
0 p <0orp> pmaz,
and
ELF = {O@c Hyiqru(8,0)(Bpe; ) 0 <P < Pmax

Theorem 2.5 (Corollary 7.2 in [43]). Under our assumption on «, there are convergent
spectral sequences

El, = SHY' (W) and ELF = SHPS' (W)
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whose first pages are given by

51 .
1 @ClHP+Q+u(Bp,c)(Bp’C’A> p>0
Epq = H&9+n+1(m oW A) p=0
0 p <0,

and

st .
EbLtT — D. H) ins, ) (BpeiA) p>0
" 0 p <0,

where the S*-action on W is the trivial one so that HS' (W,0W; A) = Dy jos Hi(W,0W; A)®
H;(CP*®;A).

Clearly, all the constructions above respect the filtration given by the free homotopy classes
in W. Using the spectral sequence E;;; established in the previous proposition, one can show
that if o is non-degenerate then, given a set I' of free homotopy classes in W, HCL (W) can
be obtained as the homology of a chain complex CCL(a) with coefficients in the universal
Novikov field generated by the good closed Reeb orbits of o with free homotopy class in T"
graded by the corresponding Conley-Zehnder indices. As a matter of fact, this is proved when
W is a Liouville domain in [22, Proposition 3.3] and [30, Lemma 2.1] and one can check that
the proof extends to our context since it is purely algebraic.

3. PROOF OF THEOREM 1.1

We will prove the theorem when
dim HC}, (W) < dim HC), ;5 (W)

for some K € N and every j € N, since the argument in the other case is analogous up to
some sign changes. Throughout the proof we will use the following theorem taken from [24,
Theorem 4.1]. This result can also be derived from a refinement of the common index jump
theorem proved in [19].

Theorem 3.1 (|24]). Let ®q,...,®P, be strongly non-degenerate paths in Sp(2n) starting at
the identity with positive mean index. Given N € N and £y € N there exist two integer vectors
(A k... kF) and (d=, kT, ..., k) such that d*, ki, ... kE are all divisible by N and

» T

u(@ ) = (@),
k; - kit +
(@) —d” = —(u(®;" ) —d”),
and )
(@) — d*| <n
for everyi e {1,...,r} and £ € Z in the range 1 < [¢| < {y.

Suppose that « has finitely many simple orbits ~1,...,7, with free homotopy class in I'.
Here, simple means that the closed orbit is not a multiple of a closed orbit with free homotopy
class in I' (but it can be a multiple of an orbit with free homotopy class not in I'). Note that
r > 1 since HCL (W) is not trivial. Arguing by contradiction, suppose that u(yF) = u(’y;“) for
every i,j € {1,...,r} and k € N. Consequently, HCL () is the homology of a chain complex
generated by the good closed orbits of o with trivial differential.
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Let v = 1. By hypothesis, we have that the mean index of -y, denoted by A(~), is positive
(otherwise, we would have that HCE (W) = 0 for every k > n). Since |kA(y) — u(¥*)| < n for
every k € N we conclude that u(y¥) > —n for every k € N.

Lemma 3.2. There exists £y € N such that u(y***) > u(y*) + 2n for every k € N and £ = 4.
Proof. Taking £y = ﬁ we have
p(F ) > (k+0OA>R) —n
> p(y") = 2n + €A(y)
> p(v*) +2n
for every £ > ¢y and k € N. O

Applying Theorem 3.1 to the linearized Reeb flow along v with N = 2K and {y given by
the previous lemma, we find even numbers d and k, which are multiples of K such that

(3.1) p(y ) = d £ p(y")

for every £ such that 1 < £ < {p and

(3.2) d—mn < p(™) <d

Lemma 3.3. If u(vy*) = d +n then k = ky 4 £ for some £ such that 1 < £ < {y.
Proof. 1t follows from Lemma 3.2 and (3.2) that

p(y" 7 < () - 2n
<d-—2n

and

p(Y ) > p(y*) + 2n
>d+n

for every £ > £y. Since pu(y*) > —n for every k € N, we deduce from (3.1) that

p(y* = =d — p(y")
<d+n

for every 1 < ¢ < £y. Finally, notice that, by (3.2), u(y*) # d + n. O

Now, the fact that d is a multiple of K and our hypothesis imply HCdF+n(W) # 0. This
implies that there exists k& € N such that u(y¥) = d + n for every i € {1,...,r}. By Lemma
3.3 and our assumptions, £k = k, + £ for some ¢ such that 1 < ¢ < fy5. Thus, it follows
from (3.1) that u(yf) = n for every i € {1,...,r}. This means that for every contribution
to HCdF+n(W), necessarily given by %MM with 1 < ¢ < 4y and i € {1,...,7}, we get a
contribution to HCL (W) given by ~f with 1 < ¢ < £y and i € {1,...,7} (notice here that,
since k., is even, Vf s good if and only if %‘é is good). But this contradicts the assumption
that dim HCL (W) < dim HC};HK(W) for every j € N.
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4. PROOF OF COROLLARY 1.4

Let M be a contact finite quotient of M and 7 : M — M the corresponding quotient
projection. Given a non-degenerate contact form @ on M, consider its lift & = 7*a. Arguing
by contradiction, suppose that @ has only one simple closed orbit. By Theorem 1.1 and our
assumptions, « has at least two simple closed orbits ; and 9 such that

(4.1) u(vy) # (vs)

for some k € N, where the index is computed using a non-vanishing section o of AEHT w.
Since @ has only one simple closed orbit, we have that v = 1o, for some deck transformation

.
Let £ be the contact structure on M and note that TW |y = £ D EY, where £ is the trivial

bundle given by the symplectic orthogonal of £. Choose a compatible almost complex structure
J on W satisfying J(&) = £ and J(£¥) = & so that A?é“TW\M = AZE®EY. Then o induces
a non-vanishing section o¢ of AZ{ and it turns out that the grading of HC, (W) induced by
o (viewing HC, (W) as the homology of a chain complex generated by the good closed orbits
of a non-degenerate contact form) is given by the Conley-Zehnder index of the closed Reeb
orbits defined using a trivialization of the contact structure (along each closed orbit) induced
by o¢. Given a closed orbit +, denote by 1i(v, 0¢) the corresponding Conley-Zehnder index.

The deck transformation ) induces an isomorphism ¥ : AZ{ — AZE, where we are identi-
fying the top exterior power of ¢ with respect to the complex structures J|¢ and *(J|¢). It
turns out that A A

p(yi, Wroe) = vz, 0¢)
for every j € N. But, since H'(M,R) = 0, we have that ¥*o¢ and o¢ are homotopic; see [42,
Lemma 4.3]. Hence,
(i, o¢) = w73, 0¢)

for every j € N, contradicting (4.1).
Remark 4.1. If the first Chern class of the contact structure & on M vanishes, we do not need

that *o¢ and o¢ are homotopic to obtain a contradiction. Indeed, choose a section og of A@E
and consider its lift 7¢ to AR, Since 0¢ is invariant by deck transformations, we have that

(i, 0¢) = p(, U*G¢) = u(3, )
for every j € N. However, note that ¢ is not necessarily induced by the section o of AEHT wW.
In order to fix this, we claim that the equality p(v,5¢) = pu(73,0¢) implies that

w715 o¢) = p(v3, 0¢)
for any section o¢ of AZ{. As a matter of fact, given a periodic orbit v we have that the
difference pu(v;0¢) — pu(v;0¢) depends only on the homology class [y] € Hi(M;R); see [42,
Lemma 4.3] and [43, Remark 5.1]. Hence, it is enough to have that 7{ and ’7% represent the
same homology class in H;(M;R). But the deck transformations act trivially in Hy(M;R)
and consequently [’y{] = [’y%] for every j € N,

5. PROOF OF COROLLARY 1.8

In this section we prove Corollary 1.8 showing that the compact domain W < X bounded
by M satisfies the hypothesis of Theorem 1.1. More precisely, we have the following result.
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Proposition 5.1. Let (M?"*1 €) be a contact manifold admitting a displaceable exact con-
tact embedding into an exact symplectic manifold X which is convexr at infinity and satisfies
c1(TX)|xy(x) = 0. Denote by W the compact region in X bounded by M. We have that

dim HCY , o, (W) = dim HCO(W) + 1
for every k e N.

Proof. Note that, since X is exact, we can take the positive equivariant symplectic homology
with rational coefficients. Since M is displaceable, we have that the S'-equivariant symplectic
homology of W vanishes (see [48, Theorem 13.4] and [13, Theorem 1.2]). Using this and the
Viterbo sequence (see e.g. [21, 33|) we have that

HCIW) >~ @ H;(W,0W;Q)® H;(CP*;Q).

i+j=%+n
Therefore,
dim HCY,(W) = ) dim Hy; (W, 0W; Q)
i=1

and

n+1

dim HCY , o, (W) = > dim Hyy (W, 0W; Q)

i=1

for every k € N. Since Hap1o(W,0W;Q) = Q, we conclude the desired result. O

6. PROOF OF COROLLARY 1.9

Let « be a non-degenerate contact form on (S*N, {4 ). We will split the proof according to
the three hypotheses. In what follows, we will identify, without fear of ambiguity, N with the
subset of constant loops in AN/S' and AN. Moreover, we will take a non-vanishing section
of AEHTD*N induced from the choice of a volume form on N whenever N is orientable.

(i) N satisfies the first hypothesis.

Let N 5> N be the universal covering of N. Recall that H*(Alv /S, N ; Q) is asymptotically
unbounded if there exists a sequence of integers k; — oo such that dim Hy, (AN/S',N;:Q) — o
as ¢ — 00; otherwise, we call H, (AN/Sl,]\NT; Q) asymptotically bounded. It is not hard to
see that the dimension of H, (AN /S, N; Q) is asymptotically unbounded if and only if the
dimension of H, (A]\Nf ; Q) is asymptotically unbounded.

Note that since N is spin so is N: the corresponding second Stiefel-Whitney classes satisfy
wy(N) = 7*wy(N) = 0. By the isomorphism (1.1), if H,(AN/S*, N;Q) is asymptotically
unbounded so is HC,(D*N). Thus, in this case results from [32, 41] establish that every Reeb
flow on S*N has infinitely many simple closed orbits. This implies that every Reeb flow on
S*N has infinitely many simple closed orbits since S* NV is a contact finite quotient of S *N.

Assume then that H. (A]V /St N; Q) is asymptotically bounded and let m be the dimension
of N. By Corollary 1.4, using again the fact that S* N is a contact finite quotient of S*N, it
is enough to show that there exists K € N such that

dimHm_l(A]\Nf/Sl,]v; Q) < dimHm_HjK(Aﬁ/Sl,ﬁ; Q) for every j € N.
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(Note that 71 (S*N) is finite because N is simply connected. Therefore, H'(S*N,R) = 0.) So,
assume from now on that N is simply connected. A result due to Vigué-Poirrier and Sullivan
[52] establishes that the dimension of H,(AN;Q) is asymptotically bounded exactly when

H*(N;Q) = Typ+1(z)
for some d and h, where T ;41(x) is the truncated polynomial algebra with generator x of
degree d and height h+ 1. In this case, Rademacher [46] computed H,(AN/S!, N;Q). First of
all, m = dh. When d is even, [46, Theorem 2.4] tells us that the Poincaré series of (AN /S, N)
(for homology with rational coefficients) is given by
1 td(h-i—l)—? 1 — tdh
-2 1 —td(h+1)—2) 1—td’

PAN/S' Q) = #17
Therefore, we deduce from this that
dim Hgp,—1 (AN/S',N;Q) = h and  dim Hyp,— 11 j(ans1)-2)(AN/S', N;Q) = h + 1

for every j € N. When d is odd, h has to be equal to one and N is rationally homotopic to
the sphere S?. The corresponding Poincaré series is given by (see [46, Remark 2.5])

d—1
P(AN/S', N;Q)(t) = td_1<1_1t2 + 1itd_1).
Consequently,
dim Hy_(AN/S',N;Q) =1 and dim Hy_14g-1)(AN/S', N;Q) = 2
for every j € N.

(ii) N satisfies the second hypothesis.

We will show that, under hypothesis (ii), HC2(D*N) # 0 and HC%(D*N) # 0 for any
non-trivial homotopy class a. This readily implies the result in this case.

The non-triviality of HC$(D*N) easily follows from (1.2) and the difficult part is to show
that HCY(D*N) # 0. In order to prove this, we first need the following well known result
for which we give a proof for the convenience of the reader. For a shorter notation, we will
suppress the superscript zero in A°N.

Proposition 6.1. We have that mj41(N) = mj(AN, N) for every j > 1.

Proof. Let QN be the based loop space of contractible loops. The canonical fibration QN «—

AN =5 N admits a section N <> AN given by the inclusion of constant loops, and this implies
that the associated homotopy long exact sequence reduces to the split short exact sequence

0 —— T (QN) —2 1 (AN) —2s 1 (N) —— 0

v
1
so that 8 o4 = Id, where, for a shorter notation, we are using ¢ to denote both the inclusion
N <% AN and its map induced on the homotopy groups. In particular, i is injective.

Since the sequence splits, we have that 7;(AN) = 7;(QN) @ 7;(N) for every j > 2 and
T (AN) = 71 (2N) x 71 (N). However, using the well known isomorphism 7, (QN) = w41 (N)
and our assumptions that m1(N) = Z and m(N) = 0, we have that 7;(AN) = m;(Q2N) @
i (N) = i1 (N) @ mj(N) for every j > 1 and consequently the fundamental group of AN is
abelian.
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Thus, we have an inverse on the left of a, p : T« (AN) — 7, (2N), given by
(6.1) p(b) = o~ (b~ i(B(b)))

and the commutative diagram

0 —— m(QN) —>—— m(AN) SN Tx(N) —— 0

(6.2) \ fﬁ /

T (QN) @ 74 (N)

where 9(b) = (p(b), 5(b)) is an isomorphism and 71 and 7o are the projections onto the first
and second factors respectively.

On the other hand, the homotopy long exact sequence associated to the pair (AN, N)
furnishes the commutative diagram

s Mt (AN, N) % 7 (N) —2 s mp(AN) —2— 7 (AN, N) %
G Lo
(6.3) TH(QN) @ 7 (N)
I
Tha1(N) @ me(N)
where ¢ := 1 oi and we are using the isomorphism 7;(QN) = m,11(/V). Note that the map
T« (AN, N) — m,_1(NN) vanishes because i is injective.
We claim that ¢(c) = (0, ¢). In order to prove this, let us first prove that
110 p(c) =0.
for every ¢ € m(IN). Indeed, we have that
T1o@(c) =T 01 oic)
= p(i(c))
—a(i(c) —ioBoi(c)
= a~!(i(e) —i(c))
=0
where the second equality follows from the fact that ¥ (i(c)) = (p(i(c)), 5(i(c))), the third

equality holds because of (6.1) and the fourth equality follows from the relation 8 oi = Id.
Now, let us show that

T2 0 p(c) = c.
for every ¢ € m(IN). This is a consequence of the relation
o =T90thoi=LFoi=1Id

where the second equality follows from the commutative diagram (6.2).
Finally, we conclude from the claim and the diagram (6.3) that j induces an isomorphism
between 71 1(N) and 7 (AN, N) for every k > 1, as desired. O

Now, we need the following result which is a rational relative Hurewicz theorem for the
pair (AN, N). Note that, by Proposition 6.1, we have that 7;(AN, N) is an abelian group for
every j = 1.
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Proposition 6.2. Suppose that there exists m > 1 such that m;(AN,N)® Q = 0 for every
Jj<m and (AN, N)®Q # 0. Then Hj(AN,N;Q) =0 for every j <m and

Hp (AN, N; Q) = m, (AN, N) ®Q
where w (AN, N) is obtained from m,, (AN, N) by factoring out the action of w1 (N).

Proof. Recall that given a continuous map f : X — Y between topological spaces X and Y one
can associate to it a fibration F — X’ — Y whose total space X’ is homotopically equivalent
to X and with fiber F' called the homotopy fiber. Consider such a fibration F — N’ — AN
associated to the map i : N — AN.

Lemma 6.3. The homotopy fiber F is homotopy equivalent to Q>N . In particular, we have
that

Wj(F) = 7rj+2(N) = 7Tj+1(AN,N)
for every j = 0.

Proof. Consider the commutative diagram

N % AN

This diagram has a fibre extension (up to homotopy) given by a 3 x 3 diagram such that all
the rows and columns are fibration sequences (c.f. [44, Section 3.2])

02N — « — QN

{ { {
F— N — AN
[

* —— N — N.

where * denotes a contractible space. From the first column we conclude that F' is homotopy
equivalent to Q2N.

Consequently, m;(F) = m;(Q2N) = mj42(N) for every j > 0. The isomorphism ;(F) =~
7j+1(AN, N) follows from Proposition 6.1 (c.f. Remark 6.4). O

Remark 6.4. Since F' is the homotopy fiber of the inclusion N «— AN, it is well known that
T (F) = me11(AN, N) (see, for instance, [17, Page 155]). Consequently, one could also deduce
Proposition 6.1 from the isomorphism 7, (F) = m,42(/N) established in the previous lemma.

Therefore, we conclude from the previous lemma and our assumptions that m > 2, F' is
connected and its fundamental group is abelian. Moreover, we have that m,,—1(F) ® Q # 0
and, if m > 2, 7;(F)®Q = 0 for every 1 < j < m—2. The next lemma is a rational Hurewicz
theorem for F.

Lemma 6.5. We have that H;(F;Q) = mj(F) ® Q for every 1 < j <m —1.

Proof. Suppose initially that G := 71 (F") is torsion and let F 5 F be the universal covering.
By the rational Hurewicz theorem for simply connected spaces,

(6.4) Hy(F;Q) =~ m,(F)®Q



22 M. ABREU, J. GUTT, J. KANG, AND L. MACARINI

for every 1 < g < m — 1; see, for instance, [34]. Let BG be the classifying space of G and
p : ' — BG be the classifying map of 7. The fibration associated to ¢ is

F > F - BG

with homotopy fiber F and total space F’ homotopically equivalent to F. Consider the
corresponding Serre spectral sequence Ej , so that

(6.5) E2, =~ Hy(BG; Hy(F;Q)),

P,q =

where &(ﬁ'; Q) is a local system with coefficients Hq(ﬁ'; Q). We claim that H,(BG;Q) = 0
for all p = 1. Indeed, since G is a finite abelian group, we can write

G = G_);:lei

for positive integers ki, ..., k.. Thus, we have the homotopy equivalence

,
BG ~ H BZy,,.
i=1
But clearly H,(BZj,;Q) = 0 for every p > 0 and therefore the claim follows from Kunneth

theorem.
Hence, we have from (6.5) that

E},=0 forallp>1andg>0

which implies that
Hy(F;Q) = By = Ej, = Ho(BG; Hy(F;Q)).

But HO(BG;ﬂ(ﬁ; Q)) is isomorphic to Hq(ﬁ; Q) factored out by the action of 7;(BG) = G

acting as the deck transformations of FLF.

By Lemma 6.3, F' is homotopy equivalent to Q2N and therefore is an H-space. (Recall that
a topological space X is an H-space if there is a continuous multiplication map p: X x X — X
and an identity element e € X such that the maps pu(-,e) and p(e,-) are homotopic to the
identity through maps (X,e) — (X, e).) Therefore, G acts trivially on H,(F;Q). As a matter
of fact, note that F'is also an H-space and 7 is an H-map (i.e. if p and fi are the multiplications
on F and F respectively then the maps 7 o i and po (7 x 7) are homotopic). Let G, < F be
the fiber of 7 over the identity element in F' so that there is a natural identification G = G,.
Then the deck transformation of 7 corresponding to g € G is given by [i(g,-) where g € G,
corresponds to g via the identification G = G.. Since Fis path cwonnected, such map must be

homotopic to the identity and therefore G acts trivially on H,(F'; Q).
Thus, by (6.4),

Hy(BG; Hy(F; Q) = Hy(F;Q) = my(F) @ Q

for every 1 < ¢ <m—1. But wj(ﬁ') >~ 7;(F) for every j > 2 and M(F)®Q=m(F)®Q =0
and therefore

W*(ﬁ)@)(@ = W*(F)®Q
implying that
Hy(F;Q) = mg(F)®@Q

for every 1 < ¢ < m — 1, proving the lemma when 71 (F') is torsion.
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Finally, when 7;(F') is not torsion, we have by Hurewicz theorem and Lemma 6.3 that
H(F;Z) = m(F) = m(AN, N) (note that 71 (F) is abelian) and hence m = 2 and

H(F;Q) = m(F)®Q,
as desired. O

Now, let E, , be the Serre spectral sequence associated to £ — N " — AN so that

E2, = Hy(AN; H(F;Q)),

pq =
where H,(F; Q) is a local system with coefficients in H,(F'; Q) such that the action m1(AN) x

H,(F;Q) — Hy(F;Q) fits in the commutative diagram

T (AN) x Hy(F;Q) —— Hy(F;Q)
(6.6) 2l 2
(V) X 7ge1 (AN, N) @ Q — mg1(AN, N) ® Q

for all 1 < ¢ < m — 1, where in the second line we have the usual action of m(/N) on
Tg+1(AN, N) ® Q and the vertical isomorphisms follow from Lemma 6.5 and the isomorphism
mg(F) = mg11(AN, N).
Since F' is connected, Ho(F; Q) is a trivial system and hence
(6.7) E}o = Hy(AN; Ho(F;Q)) = Hy(AN; Q)
for every p = 0. By Lemmas 6.3 and 6.5,
Hm—l(F;Q) = 7"'m—l(}?)@D(@ = Wm(AN,N)®@ #0
and, if m > 2,
Hy(F;Q) = mg(F)®Q = mg4+1(AN,N)®Q = 0 for every 1 < ¢ <m — 2.
Using this we deduce that

(6.8) E&m_l =7/ (AN,N)®Q
and, if m > 2,

2
(6.9) E}, =0

for every p > 0 and 1 < ¢ < m — 2, where in (6.8) we are using the commutative diagram
(6.6) (c.f. [54, Theorem VI.3.2]).
The spectral sequence converges to

(6.10) E;Oq ~ 0 for every p and ¢ > 0

’ H,(N;Q) for every p and g = 0.
Indeed, by the construction of the spectral sequence, E’;f’o is a quotient of H,(N;Q) and
therefore we have a map ap @ Hp(N;Q) — EJ5 (cf. [54, Section 7, Chapter XIII|). The
composition

Hy(N; Q) =5 Efy — Hy(AN; Q)

is called the edge homomorphism and it turns out that it is the map induced by the projection
of the fibration (c.f. [54, Theorem XIII.7.2|) which in our case coincides with the map induced

by the inclusion N <> AN. Since this map is injective, we conclude that nothing can survive
in E,°, above the line zero and consequently we obtain the isomorphism (6.10).
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From (6.7), (6.8), (6.9) and (6.10) we easily conclude that, for every 0 < j < m, the
differential dio from Eg]‘,o ~ Eio ~ H;(AN;Q) to E(J],jfl ~ Eg,j—l ~ 7r§~(AN, N)® Q induces
an isomorphism

(6.11) (AN, N) ® Q = H;(AN; Q)/ix(H;(N;Q)).

The evaluation map ev : AN — N and i : N — AN satisfy ev oi = Id and consequently iy :
H,.(N;Q) - H.(AN;Q) is injective. Therefore, the homology long exact sequence associated
to the pair (AN, N) readily implies that

Hy (AN, N; Q) = H.(AN;Q)/ix(H«(N;Q))

and the proposition follows from (6.11). O

Now, we claim that there exists j > 1 such that 7;(/N) ® Q # 0. Arguing by contradiction,
suppose that 7;(IN) ® Q = 0 for every j > 1. Recall that a topological space X is nilpotent
if 1(X) is nilpotent (e.g. if m1(X) is abelian) and the action of 71 (X) on 7;(X) is nilpotent
(e.g. if m;(X) is finite) for every j > 1; see [31, 40| for precise definitions. Then, by our
assumptions, N is a nilpotent space. Let m > 1 be the dimension of N and f : S1 — N
be a closed curve whose homotopy class is a generator of m1(/N) = Z. Then f induces an
isomorphism fy : 74 (S1)®Q — 7. (N)®Q. But by the Whitehead-Serre theorem for nilpotent
spaces (c.f. [40, Theorems 3.3.8 and 5.3.2]), this implies that f also induces an isomorphism
H,(S'; Q) — H,(N;Q), contradicting the fact that H,,(N;Q) = Q.

Now, let k& be the smallest integer bigger than one such that 7, (N)®Q # 0. It follows from
Proposition 6.1 that m;(AN,N) ® Q = 0 for every j <k — 1 and 7,1 (AN, N) ® Q # 0. The
action m1(N) x mp—1 (AN, N) — 7_1 (AN, N) fits in the commutative diagram

7T1(N) X Wk_l(AN,N) — Wk_l(AN,N)
(6.12) 2 2l

7T1(N) X Wk(N) e Wk(N),

where in the second line we have the usual action of 71 (/N) on 7, (N) and the vertical isomor-
phisms follow from Proposition 6.1.

Thus, since N is k-simple, we have that 7,1 (AN, N) = 7, (AN, N) and hence, by Propo-
sition 6.2,

(6.13) Hj,_1(AN, N;Q) # 0.

Remark 6.6. Notice that to obtain this inequality we actually only need the following weaker
assumption: let a be a generator of 71 (V) and denote by A the linear map corresponding to
the action of @ on m(N) ® Q = m,_1 (AN, N) ® Q. Since m;,_,(AN,N) ® Q is the quotient
of m—1(AN, N) ® Q by the subgroup {A"g —g; n € Z, g € m—1 (AN, N) ® Q}, it is clearly
enough that ker(A — Id) # 0.

We claim that this implies that H,(AN/S, N; Q) is not trivial, that is, H;(AN /S, N; Q) #
0 for some degree j. As a matter of fact, this is a consequence of the following proposition.

Proposition 6.7. If the total homology Hy(AN /S, N; Q) is trivial then so is Hy(AN, N; Q).
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Proof. Applying the relative Gysin sequence to the S'-bundle AN x ES' — AN x¢1 ES! we
obtain the exact triangle

H.(AN x ES' N x ES';Q) ——— H.(AN xg ES', N xg1 ES'; Q)

T

H*_Q(AN X g1 ESI, N X g1 ESI, Q)
which yields
H.(AN,N;Q) —— HY' (AN, N;Q)

T |

HS',(AN, N; Q).
Since Hy(AN/S!, N;Q) = Hfl(AN, N;Q) we immediately conclude the result. O
Thus, we conclude from (1.2), (6.13) and the previous proposition that
HCY(D*N) # 0

and consequently « carries a contractible periodic orbit «;. Indeed, if o has no contractible
closed orbit then we would have that HCY(D*N) = 0, furnishing a contradiction. Note that
we do not need the non-degeneracy of « here.

Remark 6.8. The proof above shows that if 7;x(N) ® Q # 0 for some k£ > 1 then « carries a
contractible periodic orbit assuming only that N is oriented spin, 71 (/N) is abelian, mo(N) =0
and N is k-simple. The hypothesis that N is k-simple can be relaxed by the assumption
that the subgroup {ag — g; a € m (), g € m(N) ® Q} is strictly contained in 7 (N) ® Q.
When 71 (N) = Z this is equivalent to ask that ker(A — Id) # 0, where A is the linear map
corresponding to the action of a generator of 71 (N) on mx(N) ® Q; see Remark 6.6.

To find a second closed orbit, take a non-trivial homotopy class a € m(N) = m(D*N).
Clearly, we have that

H,(A°N/SY;Q) # 0.

This, together with (1.2), implies that a has a periodic orbit 45 with homotopy class a. Since
7 (D*N) = 7 (N) = Z, a is not nilpotent (i.e. there is no k¥ € N such that a* = 0) and
consequently we have that v; and v, are geometrically distinct.

(iii) N satisfies the third hypothesis.

By hypothesis, given a non-trivial free homotopy class a in N there exists another non-
trivial free homotopy class b such that b # a™ for every n € Z. Thus, we deduce from (1.2)
that (notice that we can naturally identify the free homotopy classes of N and D*N)

HC%(D*N) =~ H,(A*M/S';Q) # 0
and
HCL(D*N) = H,(A*M/S*;Q) # 0.

From this we get two closed orbits v and -5 with free homotopy classes a and b respectively.
From our choice of a and b we conclude that these orbits must be geometrically distinct.
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7. PROOF OF COROLLARY 1.14

As in the proof of Corollary 1.9, we will consider each hypothesis separately. Throughout
this section, we will tacitly identify a closed geodesic v with the corresponding closed orbit
of the geodesic flow restricted to the unit sphere bundle. As in the previous section, if N is
orientable we will take a non-vanishing section of AEHTD*N induced from a volume form
on N so that the Conley-Zehnder index of a non-degenerate closed geodesic coincides with its
Morse index.

(i) N satisfies the first hypothesis.

Arguing as in the proof of Corollary 1.9, it is enough to show that if N is simply connected
then every bumpy Finsler metric F' has either infinitely many geometrically distinct closed
geodesics or at least two geometrically distinct closed geodesics 7 and 79 such that u(vf) #
w(75) for some k € N.

If H,(AN/S*, N;Q) is asymptotically unbounded then the Gromoll-Meyer theorem [27]
implies that F' has infinitely many geometrically distinct closed geodesics. (Note here that
the proof the Gromoll-Meyer theorem works for Finsler metrics.) When H,(AN/S*, N;Q) is
asymptotically bounded, then, as explained in the proof of Corollary 1.9, there exists K € N
such that

dim Hy,—1 (AN/S', N;Q) < dim Hpp—11jx(AN/S', N;Q)  for every je N

where m is the dimension of N.

Arguing by contradiction, suppose that F' has only one prime closed geodesic. As explained
in the introduction, the proof of Theorem 1.1 uses only the fact that given a non-degenerate
contact form a on M then HCI,,:(W) is the homology of a chain complex generated by the good
periodic orbits of « with free homotopy class in I' graded by the Conley-Zehnder index. Thus,
it is enough to show that H,(AN/S', N;Q) is the homology of a chain complex generated by
the good periodic orbits of the geodesic flow of F. (Here, the geodesic flow of F' means the
geodesic flow of F' restricted to the unit sphere bundle.)

In order to do this, consider the energy functional £ : AN — R induced by F. Let v{,...,7,
be the simple closed orbits of the geodesic flow of F'. By our assumption, » = 1 if F' is not
reversible or 7 = 2 and v = —v; if F is reversible, where —v; denotes the corresponding
reversed geodesic. In what follows, we will use well known facts about closed geodesics; see
e.g. |7, 35, 45]. Given a closed geodesic v, define A(y) = E~1([0, E(v))). The (equivariant)
Morse type numbers are defined as

mp= > dimHy((A()) v S"-+])/S" A(Y))/S"; Q)
i€{l,...,r}
jeN

where S1 fyf is the orbit of %j in AN induced by the (obvious) S'-action. Since

Q if k= p(v) and 7 is good
0 otherwise

HL((A) 0 8" 7)/S1,A()/S%Q) {

for every closed geodesic v, we have that my is the number of good orbits with index k.
Consider the Betti numbers

by, = dim H,(AN/S', N; Q).
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We have the Morse inequalities
Mg — M1+ Mp—g — -+ (=1)Fmg = by —bp_1 + bp_g — -~ + (=1)*by
for every k = 0. Since F has only one prime closed geodesic, the index of every good closed
orbit has the same parity p. Hence,
my =0 for every k # p (mod 2).
This fact, together with the Morse inequalities, implies that
by = my for every k.

Thus, we conclude that H,(AN/S', N;Q) is the homology of the chain complex with rational
coefficients and trivial differential generated by the good periodic orbits of the geodesic flow
of F' graded by the Conley-Zehnder index, as desired.

(ii) N satisfies the second hypothesis.

Since N is not diffeomorphic to the the circle and 7 (N) = Z, there is j > 2 such that
mj(N) # 0. Let k be the smallest integer bigger than one such that 7 (NN) # 0. Then,
by Proposition 6.1, we have that m,_1(A°N,N) = m(N) # 0. Then, applying classical
minimax arguments to a non-trivial homotopy class in 7x_1(A°N, N) (see e.g. [35]) we obtain
a contractible closed geodesic 7.

Now, taking a non-trivial homotopy class a € m1(/N) one can take a minimum of E|pay
which furnishes a non-contractible closed geodesic 75. Since 71 (N) = Z we conclude that v,
and 9 must be geometrically distinct.

(iii) N satisfies the third hypothesis.

By hypothesis, given a non-trivial free homotopy class a in IV there exists another non-trivial
free homotopy class b such that b # a™ for every n € Z. Minimizing the energy functional on
A°N and AN we obtain two closed geodesics 71 and v with free homotopy classes a and b
which have to be geometrically distinct due to our choice of a and b.

8. PROOF OF COROLLARY 1.17

Let (M?"*1 ¢) be a Gorenstein toric contact manifold (i.e. a toric contact manifold with
vanishing first Chern class) determined by a toric diagram D < R” (see [4]). Let F' denote
one of the facets of D, necessarily a simplex, and assume without loss of generality that its
vertices are vy, ...,v, € Z™. Let n € Z™ be such that

{v1 = (v1,1),...,vn = (vn, 1), (1, 1)} is a Z-basis of Z"*1.
Let R denote a rational toric Reeb vector, which can be uniquely written as

R=) bjvj+b(n,1), with by,...,by,beQand b=1— Y b; #0.
j=1 J=1

Write

m = Pi with pj € Z, q; € Nand ged(pj,q;) = 1.
95

(8.1) q:=lem(qr,...,qn)
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so that ¢b;/|b| € Z for all j = 1,...,n. We then have that

(8.2) b+2bj:1;»N::%eN.
j=1

We will consider irrational perturbations Rs of R that can be uniquely written as

n n
Rs = Y bsjvj +bs(n,1), with bs1,...,bsn,bs € R, by =1— > bs; # 0 and

j=1 j=1
bs;  b;
b0 — L4 d; for some 6; € R\{0}, j =1,.
s [0l
We will say that Rs is e-small for some € > 0 whenever 0 < |0;] < € for all j = 1,...,n.

We will denote by v the simple closed R-orbit associated with F' and by ~s the simple closed
Rs-orbit associated with F'.
The Conley-Zehnder index of 4%, for any k € N, is given by (see [2, Section 5] and [5, Section

3])
(8.3) p(vE) = 22 {k (f;j' + @»)J + 2k|z‘ +n.

This implies that the Conley-Zehnder index of 3 **2%, for any ki, ks € N and ¢ € N defined
by (8.1), is given by

- b; b
ey Z Q + (k1 + k2q)d; J + kgq’b|) + 2(k1 + kgq)m +n
(8.4) : )
Z {k1|b|+ (k1 + kaq)d; J +2k:2| 1 +2k1m+n

Proposition 8.1. For any L € N there exists € > 0 such that, for any e-small Rs and any
ki, ko € N with k1, ks < L, we have
ki+k k
pls ) = p(vst) + 2ka N

where ¢, N € N are defined by (8.1) and (8.2). Moreover, denoting by s the number of negative
0;’s, j =1,...,n, of the e-small Rs, we also have that

M(’Y(I;Qq) =n—25+2kyN .

Proof. Using (8.3) and (8.4), it suffices to choose € > 0 small enough so that

b; b;
klf + k‘l(SJ { + k10 + kgg(SJ
{ 14 el

for all k1,ke < L,j=1,...,n,and any 0 < |0| <e. O

Theorem 8.2. Let (M?"+1 €) be a good toric contact manifold admitting a strong symplectic
filling W such that ¢;(TW) = 0. There exists K € N such that

dimHCY_, (W) < dimHC? . (W) forall s=0,1,...,n, deN.
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Proof. Let D < R™ be the toric diagram of (M?"*! ¢). Pick a rational toric Reeb vector R,
denote by ~v1,...,vm the simple closed R-orbits, associated with the m facets of D, and by
Ny, ..., Ny, the corresponding natural numbers given by (8.2). Define

K :=2lem(Ny,...,Np,p),

where p := |m1(M)] is the order of the fundamental of group pf M.
It follows from the first part of Proposition 8.1, by considering arbitrarily large L € N and
k1, ko multiples of p, that

dim HCY (W) < dimHCY 4 (W) for all dy,ds € N.

On the other hand, one can choose the rational toric Reeb vector R so that one of the above
simple closed orbits, say 71, has an arbitrarily high mean index, in particular greater than
2n. This implies that pcz (7Y s) > n for any e-small Rs, with € small enough, and any k € N.

Hence, there is no contribution of any iterate of v s to HCY , (W), for any s = 0,1,...,n,
but it follows from the second part of Proposition 8.1 that, given s = 0,1,...,n, we can choose

such an Rs so that contractible iterates of ;5 do contribute to HC2_28+dK(W) forallde N
up to an arbitrarily large L € N . Hence, we can indeed conclude that

dimHCY_, (W) < dimHC? ., 4 (W) forall s=0,1,...,n, deN.

n—2s

Corollary 1.17 readily follows from this theorem (with s = 0) and Corollary 1.4.

9. PROOF OF COROLLARY 1.19
Corollary 1.19 is a consequence of Theorem 1.1, Corollary 1.4 and the following proposition.

Proposition 9.1. Let (M?"*1 £) be a prequantization circle bundle of a closed integral sym-
plectic manifold (B,w) such that w|.,g) # 0, c1(T'B)|rym) # 0 and, furthermore, Hy(B;Q) =
0 for every odd k or cg > m. Suppose that M admits a strong symplectic filling W such that
c1(TW) =0. Then

dim HC? (W) < dimHCY .. (W)

n+jcp
or
dim HC?, (W) < dim HC?

—n—jcp

(W)
for every j € N.

Proof. Since ¢;(TW) = 0, we have that ¢;(§) = 0 and this implies that ¢;(T'B) = p[w] for
some p € R. The constant p must be different from zero by our assumption on c¢i(7'B).
Suppose initially that p > 0. Arguing as in the proof of [24, Theorem 3.1(a)| we conclude that

(9.1) dim HCQ(W) = Z dim Hy_omep +n(B; A)
meN

for every k € Z. Indeed, this is proved in [24, Theorem 3.1(a)| under the assumption that the
symplectic form on the filling W is aspherical. Without this assumption, the argument in the
proof of |24, Theorem 3.1(a)| applies word-for-word except for the nuance that in HC, (W) we
have to use coeflicients in the universal Novikov field A and the action filtration introduced
by McLean and Ritter [43]; see Section 2. (Note here that every periodic orbit of a connection
form on M has a unitary trivialization of the contact structure under which the linearized
Reeb flow is complex linear [36, Remark 8.8] and this allows us to use Lemma 2.4.)
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It follows from (9.1) that
dim HCY (W) = ' dim Hap—amey (B; A)
meN

and

dim HC?H—QjcB (W) = Z dim H2n+2(j—m)cB (BvA)

meN

for every j € N. Thus,
dim HC? (W) = dim Hy,(B; A) + ) dim Hop—gmeg (B; A)

n+2jcp
meN
> dim HC (W)
for every j € N. When p < 0 we have the relation
(9.2) dimHC)(W) = > dim Hyamep+n(B; A)

meN

for every k € Z. (Notice here that there is a typo in the sign of n in the isomorphism (3.3) of
[24].) This implies that, for all j € N,

dimHC?,, (W) = ) dim Hamey (B; A)

meN

and
dimHC?,, o0, (W) = > dim Hy(—jyep (B; A).

meN

Hence,
dimHC?,,_y;., (W) = dim Ho(B; A) + ) dim Hapmep (B; A)
meN
> dim HC?, (W)

as desired. ]

10. PROOF OF COROLLARY 1.26

Given p = 1 mod 8 and an even natural number n let 3, := ¥, 5 oy be the corresponding
Brieskorn sphere of dimension 2n + 1. It is proved in [51] that ¥, admits a non-degenerate
contact form « with finitely many simple closed orbits such that the Conley-Zehnder indices
of the good periodic orbits have the same parity. It is well known that 3, admits a symplectic
filling given by a Liouville domain W satisfying ¢ (TW) = 0. Therefore, using the fact that
HC, (W) is the homology of a complex generated by the good closed orbits of a and the
computation of the indices of the orbits from |51, Lemma 4.3] we can conclude that

dim HCn(W) =1 and dim HCn+j(4+2p(n—1))(W) =2

for every j € N. (Note here that in [51] the contact homology degree is used and the dimension
of the Brieskorn sphere is 2n — 1.) Therefore, ¥, satisfies the hypotheses of Theorem 1.1 and
we conclude the proof of Corollary 1.26.
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11. PROOF OF THEOREM 1.27
The following exact triangle can be found in [13, Theorem 4.4] or [15, Corollary 9.26].

Theorem 11.1. Let W be a Liouville domain of dimension 2n + 2 and W' be obtained from
W by attaching a subcritical handle of index k < n + 1. Suppose that c1(TW) and c1(TW')
vanish. Let o be a non-vanishing section of AgHTW and o' a nmon-vanishing section of
AgﬂTW’ extending o. We then have an exact triangle

HC, (D> +1-k)) HC, (W)
3 z//////
HC(W)

in which the map HC(W') — HC (W) is the transfer map and the gradings in HCx (W) and
HC,(W') are induced by o and o’ respectively.

The case that £k = 1 and W = W; u Ws corresponds to boundary connected sums.
Since HC,,(D?") and HC,,_1(D?") vanish, we have that

dim HC,, (W1 #Ws) = dim HC,,(W;) + dim HC,,(W>).

Now, suppose that W7 and Ws satisfy the hypothesis of Theorem 1.27, that is, there exist
natural numbers K7 and K5 such that

dim HCn(Wl) < dim HCn+jK1 (Wl), dim ch(WQ) < dim HCn+jK2(W2)

for every j € N, where the gradings in HC,(WW;) and HC,(W32) are induced by o1 and o9
respectively. Let K = lem{K1, Ko}. Since the dimension of HC,(D?") is at most one in any
degree, it follows from the exact triangle that

dim HCn+jK(Wl#W2) > dim HCn+]’K(W1) + dim HCn+]’K(W2) —1
> dim HCn(Wl) + dim HCn(Wg)
— dim HC,, (W14 W)

for every j € N, where the grading in HC, (W;#W5) is induced by any non-vanishing section
o which extends o1 and o9. Hence, under the additional assumption ¢ (T'(W;#W3)) = 0, we
conclude that W1# W5 satisfies the hypothesis of Theorem 1.1.
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