SYMMETRIC PERIODIC REEB ORBITS ON THE SPHERE
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ABSTRACT. A long standing conjecture in Hamiltonian Dynamics states that every contact
form on the standard contact sphere S2"! has at least n + 1 simple periodic Reeb orbits.
In this work, we consider a refinement of this problem when the contact form has a suitable
symmetry and we ask if there are at least n + 1 simple symmetric periodic orbits. We show
that there is at least one symmetric periodic orbit for any contact form and at least two
symmetric closed orbits whenever the contact form is dynamically convex.
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1. INTRODUCTION

Consider the unit sphere S?"*1 = {y e R*"*2; |v| = 1} and the Liouville form )\ =
%Z?:ll ¢idp; — pidg;. The standard contact structure on S?"*! is given by & = ker A|gzn+1
and a contact form supporting this (cooriented) structure is a 1-form o = fA|g2n+1, where
f: 821 5 Ris a positive function. Associated to o we have its Reeb vector field R,, uniquely
characterized by the equations tg, do = 0 and a(R,) = 1. Reeb flows form a prominent class
of Hamiltonian systems on energy levels and the study of Reeb flows on the standard contact
sphere $2"*1 is equivalent to the study of Hamiltonian flows of proper homogeneous of degree
two Hamiltonians H : R?""? — R.

Let us denote by P the set of simple (i.e., non-iterated) closed Reeb orbits of . A long
standing conjecture in Hamiltonian Dynamics establishes that for every contact form « on
S?n+1 we have that #P > n + 1. It was proved for n = 1 by Cristofaro-Gardiner and
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Hutchings [18] (in the more general setting of Reeb flows in dimension three) and indepen-
dently by Ginzburg, Hein, Hryniewicz and Macarini [22]; see also [29] where an alternate
proof was given using a result from [22]. In higher dimensions, the conjecture is completely
open without additional assumptions on «, such as convexity or certain index requirements
or non-degeneracy of closed Reeb orbits. For instance, it is not know if every contact form on
S® has at least two simple closed Reeb orbits (although the conjecture states that we should
have at least three closed orbits).

In order to explain the convexity assumption, note that there is a natural bijection between
contact forms a on (S?"*1 ¢) and starshaped hypersurfaces ¥, in R?"*2 given by

a= g1 «— ¥ = {m& TE 52"“}

and it satisfies the property that if X, is the energy level of a homogeneous of degree two
Hamiltonian H, : R?®*2? — R then the Hamiltonian flow of H, on X, is equivalent to the
Reeb flow of a. We say that « is convex if ¥, bounds a strictly convex domain.

When « is convex, Ekeland and Hofer proved in [20] that #P > 2. Later on, Long and
Zhu in the remarkable work [32] showed that #P > |[(n+ 1)/2|+ 1. This result was improved
when n is even by Wang [38], furnishing the lower bound #P > [(n+1)/2] + 1. In particular,
#P > n + 1 for every convex contact form on S?"*! when n = 2 (it was proved before in
[40]). In [39], Wang proved that it also holds when n = 3.

The notion of convexity is not natural from the point of view of Symplectic Topology
since it is not a condition invariant under contactomorphisms. An alternative definition was
introduced by Hofer, Wysocki and Zehnder [27], called dynamical convezity. A contact form
on S?"*+1 is dynamically convex if the Conley-Zehnder index of every closed orbit is bigger than
or equal to n + 2. It is not hard to see that every convex contact form is dynamically convex.
Clearly, dynamical convexity is invariant under contactomorphisms. Moreover, dynamical
convexity is more general than convexity: there are contact forms that are dynamically convex
and are not contactomorphic to a convex one [12, 13]; see also [1, 23].

When « is dynamically convex, Ginzburg and Giirel [21] and, independently, Duan and
Liu [19], proved that #P > [(n + 1)/2] + 1, generalizing the previous works of Long-Zhu and
Wang.

In this work, we will consider a refinement of this conjecture when the contact form has a
symmetry. More precisely, given an integer p > 0, consider the Zp-action on S§2n+1 regarded
as a subset of C"*1\{0}, generated by the map

2w/ =14 27m/=141 2m/—1ln
V(z0y..yzm)=|e P zo,e P zi,...,e P zp |, (1.1)

where {y, ..., £, are integers called the weights of the action. Such an action is free when the
weights are coprime with p and in that case we have a lens space obtained as the quotient of
S2n+1 by the action of Z,. We denote such a lens space by L;"Jrl(ﬁo,fl, ..., 0y). From now
on, we will assume that the weights are coprime with p.

The question that we will address in this work is the following one. Given the action of a
Lie group G on a manifold M and a vector field X on M invariant under this action, we say
that a periodic orbit v of X is symmetric if g(Im()) = Im(~) for every g € G.

Question: Let a be a contact form on S?"*! invariant under the above Z,-action generated
by . Denote by Ps the set of simple symmetric closed orbits of the Reeb flow of c. Is it true
that #Ps = n + 17
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Note that when p = 1 the Zj-action is trivial and therefore every periodic orbit is sym-
metric. Thus, in this case the question is equivalent to the aforementioned problem if every
contact form on S?"*! carries at least n + 1 closed orbits. Moreover, the irrational ellipsoids
are invariant under this Z,-action for any p and weights (o, ..., ¥, and carry precisely n + 1
periodic orbits which are all symmetric.

Girardi proved in [24] that when p = 2, that is, when 9 is the antipodal map, we have
that #Ps > 1 for any symmetric contact form. In the same work, it was proved that if
Y. satisfies suitable pinching conditions then #Ps > n + 1 when p = 2. This result was
generalized by Abreu and Macarini in [1, Theorem 1.21] for any p assuming that « is convex

and lyp = -+ = £, = 1. In [5], Bihni showed that #Ps > 1 for any symmetric contact form
when p is even.
When « is convex and symmetric, for any p and weights £, . .., £,, it was proved by Zhang

[41] that #Pg = 2. This result was generalized to dynamically convex contact forms by Liu
and Zhang [30] assuming that p = 2.
The main results in this work are the following generalizations of these results.

Theorem 1.1. Let a be any contact form on S*™*! invariant under the above ZLp-action.
Then a has at least one symmetric closed orbit.

This result generalizes the results of Rabinowitz [35] (that corresponds to the case p = 1),
Girardi [24] (that corresponds to the case p = 2) and Béhni [5] (that corresponds to the case
that p is even).

Theorem 1.2. Let o be a dynamically convex contact form on S*"*1 invariant under the
above Zy-action. Then o has at least two simple symmetric closed orbits.

The last result generalizes the results of Zhang [41] (that corresponds to the case that « is
convex) and Liu-Zhang [30] (that corresponds to the case p = 2).

Let 3 be the induced contact form on L]%"H(fo, ..., 4n). A natural question is how the
previous results can be seen in terms of periodic orbits of 8. The simple unparametrized
symmetric closed orbits of « are in bijection with the simple unparametrized closed orbits of
[ whose homotopy classes are generators of 771(L12,"+1(€0, ..., ln)); see Proposition 4.1. Thus,
Theorem 1.1 is equivalent to the statement that given any a € mi (L2 (£, ..., £,)) then every
contact form [ on Lg”“(ﬂo, ..., 0y) has at least one periodic orbit with homotopy class a.
Theorem 1.2, in turn, is equivalent to the statement that given any a € ﬂl(LgnH(ﬂo, )
and a dynamically convex contact form (§ on LIQ)”H(EO, ..., lpn) (we say that 8 is dynamically
convex if so is its lift to S2"*1) we have at least two a-simple periodic orbits, where a periodic
orbit is called a-simple if it has homotopy class a and it is not an iterate of another periodic
orbit with homotopy class a, although it can be the iterate of a closed orbit with another
homotopy class.

Organization of the paper. The rest of the paper is organized as follows. The background
on symplectic homology and Lusternik-Schnirelmann theory in Floer homology necessary for
this work is presented in Section 2. Symplectic homology/cohomology of orbifolds is discussed
in Section 3, where there is also a brief explanation of Chen-Ruan cohomology in Section 3.1.
The proofs of Theorems 1.1 and 1.2 are given in Sections 4 and 5 respectively.

Acknowledgements. The third author is grateful to Alexandru Oancea and Zhengyi Zhou
for useful discussions regarding this paper. We are grateful to a referee for his/her helpful
suggestions.



4 MIGUEL ABREU, HUI LIU, AND LEONARDO MACARINI

2. SYMPLECTIC HOMOLOGY AND LUSTERNIK-SCHNIRELMANN THEORY

2.1. Sign conventions. Our sign conventions agree with the ones in [21]. In what follows, we
will explain these conventions and compare them with the ones in [25]. It will be important
to relate, in Section 3.2, the equivariant symplectic homology in [21] with the equivariant
symplectic cohomology in [25].

Given an exact symplectic manifold (W,w = d\), a Hamiltonian H; : W — R and a closed
curve v : S' — W we take the action functional

An(y) = LA - H (50 dt

as in [21]. This is minus the action functional in [25]. Thus, in both works Hamilton’s equa-
tion, whose closed orbits are critical points of the action functional, is 7 Xp, W = —dH;. The
Conley-Zehnder index p is normalized so that, when S is a small positive definite symmetric
matrix, the symplectic path T : [0,1] — Sp(2n) given by I'(¢) = exp(tJpS) has u(I') = n,
where Jy is the complex structure such that wg(:, Jo-) is a metric, with wo = >, dg; A dp;
being the canonical symplectic form in R?". It agrees with the conventions in [21] and [25].

As in [21], a compatible almost complex structure J on W is defined by the condition that
w(J-,+) (with J acting in the first argument) is a Riemannian metric. It has the opposite sign
of the complex structure in [25], determined by the condition that w(-, J-) (with J acting in
the second argument) is a Riemannian metric. Floer’s equation is given by

Osu+ J(Ouw — Xg,) =0

as in [21]. Floer’s equation in [25] looks the same, but, since the complex structures in [21]
and [25] have opposite signs, solutions u(s, ) of our Floer’s equation correspond to solutions
u(—s,-) of Floer’s equation in [25].

2.2. Symplectic homology. Let (M?"*1 ¢) be a closed contact manifold endowed with a
strong symplectic filling given by a Liouville domain W such that ¢i(TW)|g,wr) = 0. The
symplectic homology SH. (W) of W is a symplectic invariant introduced by Cieliebak, Floer,
Hofer and Viterbo [15, 37]. It is obtained as a direct limit of Floer homologies, graded by the
Conley-Zehnder index, of a suitable class of Hamiltonians on W and a nice reference with full
details can be found in [7].

Symplectic homology has a natural action filtration which allows us to define the negative
and positive symplectic homologies SH, (W) and SH; (). These homologies are related via
the tautological exact triangle

SH; (W) SH, (W) . (2.1)

[-1] /

SHy (W)

Symplectic homology has a decomposition given by the free homotopy classes a of loops
in W and the previous exact triangle respects this decomposition. Denote by SHS (W) and
SHi’i(W) the corresponding homologies. The negative symplectic homology is generated by
constant periodic orbits and therefore SH; (W) = SHY ™ (W). It turns out that SH (W) is
isomorphic to H®+D=*(Ty).
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The action functional of an autonomous Hamiltonian is invariant under the natural S'-
action given by translations in the parametrization of the closed curves. An equivariant version
of symplectic homology, taking into account this symmetry, is the equivariant symplectic
homology SHfl(W) introduced by Viterbo [37] and developed by Bourgeois and Oancea
[8, 9, 10, 11]. As established in [10], the groups SH. (W) and SHfl(W) fit into the Gysin
exact triangle

SH..(W) SHS" (W) (2.2)

SHY., (W)

where D is the so called shift operator [21].
As in the non-equivariant case, the equivariant symplectic homology has an action filtration

that allows us to define the positive/negative equivariant symplectic homology SHfl’i(W).
It turns out that the positive equivariant symplectic homology with rational coefficients can
be obtained as the homology of a chain complex CC,(a) generated by the good closed Reeb
orbits of a non-degenerate contact form « on M; cf. [21, Proposition 3.3] and [26, Lemma
2.1]. This complex is filtered by the action and graded by the Conley-Zehnder index. In this
work, we will take the grading using trivializations of the contact structure along periodic
orbits ~ using sections of the determinant line bundle AZ*'TW following [33, 36]. These
trivializations behave well under iterations: the trivialization induced on 77 coincides, up to
homotopy, with the j-th iterate of the trivialization over 7; see [1, Section 2.3]. If ¢; (TW) does
not vanish, this grading is, in general, fractional; cf. [1, Section 2.3]. The differential in the
complex CCy(«), but not its homology, depends on several auxiliary choices, and the nature
of the differential is not essential for our purposes. The complex CCy () is functorial in «
in the sense that a symplectic cobordism equipped with a suitable extra structure gives rise
to a map of complexes that induce an isomorphism in the homology. For the sake of brevity
and to emphasize the obvious analogy with contact homology, we denote the homology of

CCy () by HC, (W) rather than SHfl’+(W). Furthermore, once we fix a free homotopy class
of loops in W, the part of CCy(«) generated by good closed Reeb orbits in that class is a
subcomplex. As a consequence, the entire complex CC,(«) breaks down into a direct sum of
such subcomplexes indexed by free homotopy classes of loops in W.

A remarkable observation by Bourgeois and Oancea in [11, Section 4.1.2] is that under
suitable additional assumptions on the indices of closed Reeb orbits the positive equivariant
symplectic homology is defined even when M does not have a symplectic filling, using the
symplectization of M, and therefore is a contact invariant. To be more precise, we assume
that ¢1(€)] my(m,r) = 0 and that M admits a non-degenerate contact form « such that all of
its closed contractible Reeb orbits have Conley—Zehnder index strictly greater than 3 — n.
Furthermore, under this assumption once again the equivariant symplectic homology of M
with rational coefficients can be described as the homology of a complex CC,(«) generated by
good closed Reeb orbits of «, graded by the Conley-Zehnder index and filtered by the action.
The complex breaks down into the direct sum of subcomplexes indexed by free homotopy
classes of loops in M. We will use the notation HC%(M) to denote the homology of the
complex generated by the orbits with free homotopy class a.

With the same assumption on «, we can also define a non-equivariant symplectic homology
SH. (M) in terms of the symplectization of M and that therefore does not require the existence
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of a filling W and is a contact invariant. The construction of this homology is analogous to
the one in [11, Section 4.1.2]: the admissible Hamiltonians H¢ : (0,00) x M — R are of
the form H¢(r,z) = h°(r), with h® : (0,00) — R a convex increasing function such that
dhe(r)/dr — 0, r — 0, dh®(r)/dr = c for r » 0 and d*h¢(r)/dr? > 0 whenever dh®(r)/dr < c.
(Here, of course, H¢ has to be slightly perturbed to a time-dependent Hamiltonian in order
to achieve nondegeneracy of its 1-periodic orbits.) The condition on the indices of the orbits
prevents the bubbling off of planes in the concave end, so that the resulting Floer homology
is defined. Then the argument developed in [10] to establish the Gysin exact triangle (2.2)
works verbatim to prove the exact triangle

SH, (M) HC, (M) . (2.3)

1] /

HC,_o(M)

These groups have a decomposition by the free homotopy classes in M and this exact triangle
respects this decomposition.

Finally, let us briefly recall the definition of equivariant local symplectic homology. Given
an isolated (possibly degenerate) closed orbit v of a we have its equivariant local symplectic
homology HC, () [21, 28]. It is supported in [u(7y), u(y) + v(7)] (i.e. HCk(y) = 0 for every
k¢ [n(y), u(y) + v(v)]), where p(y) is the Conley-Zehnder index of v and v(y) is the nullity
of v, i.e., the geometric multiplicity of the eigenvalue 1 of the linearized Poincaré map. (The
index of a degenerate periodic orbit here is defined as the lower semicontinuous extension of
the Conley-Zehnder index for non-degenerate periodic orbits; cf. [23].) If « carries finitely
many simple closed orbits with free homotopy class a then if HC}(M) # 0 there exists a
closed orbit v with free homotopy class a such that HC(y) # 0; see [28]. In particular, this
implies that |u(y) — k| < 2n.

2.3. Lusternik-Schnirelmann theory. In what follows, we will explain briefly the results
from Lusternik-Schnirelmann theory in Floer homology necessary for this work. We refer to
[21] for details.

Let (M?"*1 ¢) be a closed contact manifold and a a free homotopy class in M. Let a be a
non-degenerate contact form on M such that every contractible closed Reeb orbit has index
strictly bigger than 3 — n. Given numbers 0 < T} < T < 00 we denote by HCi’(Tl’TQ)(a) the
equivariant symplectic homology of a with free homotopy class a and action window (77, 7%).
When « is degenerate and both 7} and 75 are not in the action spectrum of o we define
HC ") (o) as HOPT5") (4) for some small non-degenerate perturbation @ of a. (Recall
that the action spectrum of « is given by A(«) = {S7 a; v is a closed Reeb orbit of a}.) Given

T € (0,00] we denote by HCZ’T(a) the filtered equivariant symplectic homology HCZ’(E’T)(

for some e > 0 sufficiently small such that e < min{T; T' € A(a)}.

Let a be a contact form on M such that every closed orbit with homotopy class a is isolated
and T € (0,0]\A(«). Given a non-trivial element w € HCZ’T(a) we have a spectral invariant
given by

a)

cwl(e) = inf{T" € (0,T)\A(a); w e Im(i*T")}

where i7" : HCi’TI(oz) — HC%" (@) is the map induced in the homology by the inclusion of
the complexes. It turns out that there exists a periodic orbit v with action ¢, (a) and free
homotopy class a such that HCy(y) # 0; cf. [21, Corollary 3.9].
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The shift operator D : HCL(M) — HC§_,(M) in the exact triangle (2.3) satisfies the
property
cw(@) > cp(uw (@), (2.4)

see [21, Theorem 1.1]. Suppose now that there exists /, € Q such that HC{ o, (M) # 0 and
D : HC} |9, (M) — HCJ o) o(M) is an isomorphism for every k € Ng. Then it follows from
(2.4) and the previous discussion that there exists an injective map 1 : Ny — &, where
P, is the set of closed orbits of o with homotopy class a, such that ~; := (k) satisfies
HCy, 12r—2(7k) # 0. In particular, |p(vx) — (I + 2k — 2)| < 2n. The map 9 is called a carrier
map; see [21].

3. SYMPLECTIC HOMOLOGY/COHOMOLOGY OF ORBIFOLDS

Let (M, &) be a closed smooth contact manifold endowed with an exact orbifold symplectic
filling W. Gironella and Zhou introduced in [25] a symplectic cohomology of W that will
be fundamental in this work. Before we discuss this, we have to recall the definition of the
Chen-Ruan cohomology.

3.1. Chen-Ruan cohomology. In this section, we will give a brief definition of Chen-Ruan
cohomology enough for our purposes. In particular, we will not address its product structure
since it will not be necessary here. We refer to [4] and [14] for details.

A Lie groupoid G consists of a manifold of objects Gy and a manifold of arrows G with the
following structure maps: the source and target maps s, t : G1 — Gg, unit map u : Gy — G1,
inverse map ¢ : G; — G; and composition map m : Gy ;x; G — G;. All these maps are
required to be smooth and to obey the obvious properties: composition has to be associative
and has to interact in the expected way with the unit and inverse maps. Moreover we require
s, t to be submersions; this is needed so that G ;x; G is a manifold.

A Lie groupoid G is said to be proper if the map (s,t) : Gi — Gp x Gy is proper. The
Lie groupoid G is said to be étale if s and t are local diffeomorphisms; in this case we can
define the dimension of G to be dimG = dim Gy = dim G1. An orbifold groupoid is an étale
and proper Lie groupoid. Associated to it we have an underlying topological space: its orbit
space |G| = G/ ~ where ~ is the equivalence relation defined by = ~ y if and only if there is
g € G such that z = s(g) and y = t(g).

A basic example is given by a global quotient orbifold. Let X be a manifold and G a finite
group acting on it. The global quotient [ X /G] is given by the Lie groupoid G = G x X with
Go=X,G1 =G x X, s(g,z) =z and t(g,z) = g(x).

Let G be an orbifold groupoid and consider the commutative diagram

Sg G

b e

GOHA-G()XGO

where A is the diagonal map and Sg = {g € G1; s(g) = t(g)} is naturally equipped with the
map 3 : Sg — Go, g — t(g9) = s(g). Any h € Gy induces a diffeomorphism S~1(s(h)) —
B~L(t(h)) via the action by conjugation h - g = hgh~! for g € f~1(s(h)). In particular, we
can form the Lie groupoid G x Sg with the manifold of objects given by Sg and manifold of
arrows given by G1 ;x5 Sg = {(h,g) € G1 x Sg; s(h) = B(g)}, with source map s(h,g) = g
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and target map t(h,g) = hgh~!. This groupoid G x Sg is called the inertia grupoid of G and
denoted by AG.

Ezample 3.1. Let G < U(n) be a finite subgroup and consider the global quotient orbifold
G =G xC"with Gp =C", G; = G x C", s(g9,z) = x and t(g,x) = g(x). Then

’Ag’ = {(x7 (g)Ga:); r e C" and gE€ Gm}

where G, is the isotropy group of x (i.e. the subgroup {g € G; g(x) = x}) and (g)g, denotes
the conjugacy class of g in G. If G is abelian and acts freely in C™\{0} then clearly

IAG| =C" L {geG; g#1}.

The ungraded Chen-Ruan cohomology of an orbifold G is the just the (ungraded) singular
cohomology of [AG|. In order to describe its grading, we have to introduce a decomposition
of AG into connected components.

For this, we define an equivalence relation ~ on Sg as follows. On each local uniformizer
G x U (a local uniformizer is a sort of local chart for orbifolds; see [25, Definition 2.8] for a
precise definition), for z,y € U, any two g1 € G, € G and g2 € G, < G are equivalent with
respect to ~ if g1, go are conjugated in G. More generally, g1 ~ go iff g1, go are connected by
a sequence {hy = g1,ho,...,hy—1,h, = g2} < Sg, such that h;, h;11 are equivalent in a local
uniformizer. We denote by (g) the equivalence class of g € Sg under the just defined relation
~, and by T the set Sg/ ~ of all such equivalence classes. Then AG can be decomposed as

Ag = |_| g(g)7
(9)eT

where G, is the G-inertia groupoid on the (g)-component of Sg. Notice in particular that
G(1) is naturally isomorphic to G. The orbifolds Gy, for each (g) € T', g # 1, are called the
twisted sectors of G and G(y) is called the untwisted sector.

Ezample 3.2. If G < U(n) is an abelian subgroup that acts freely in C"\{0} and G is the
orbifold given in Example 3.1 then clearly |[AG;| = C™ and |AGy| = {0} for every g € G such
that g # 1.

Now, assume that G admits an almost complex structure, i.e., an almost complex structure
J on Gq such that s*J = t*J. Let g € Sg be an arrow with s(g) = t(g9) = x. Choose an
orbifold chart (U, G, ¢) with U embedded in Gy. Then g € G, is a map g : U — U. Its
differential at x is a map (dg); : T,Go — TyGo. The almost complex structure .J, endows
T,Gp with the structure of a complex vector space, hence identifying T, Gy with C™ where
2n = dim G; the condition that s*J = t*J implies that (dg), preserves the almost complex
structure J, on TGy, so it can be regarded as a linear transformation of complex vector spaces
or, equivalently, a matrix in GL(n,C). Since g has finite order, say m € N, the eigenvalues of
(dg)., always regarded as a complex linear transformation, are of the form e2™1, . . 2™
where \; € Q are such that mA; € Z and A € [0,1) (so that A\; € {0,1/m,2/m, ..., (m—1)/m}).
We then define a map age : Sg — Q by mapping g € Sg to

age(9) = D Aj.
j=1

Since eigenvalues do not change under conjugation, it is invariant with respect to the G-action
on Sg and thus induces a map (still called age) age : [AG| — Q. By continuity of eigenvalues,
the map is continuous and since it takes values in QQ it must be locally constant. Hence, it is
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constant in each of the (un)twisted sectors, so we denote by age(g) the value that it takes in
the (un)twisted sector |G,)|. In particular, it is clear that age(1) = 0.

Definition 3.3. Let R be a field of characteristic zero. The Chen-Ruan cohomology of an
orbifold G with coefficients in R is the Q-graded vector space

HiR(G:R) = @@ H*29)(1G, | R).
(9)eT

Ezample 3.4. If G < U(n) is a subgroup that acts freely in C™\{0} then clearly
Hor(C/GiQ) = @ Q[-2age(g)], (3.1)

(9)eConj(G)
where —2age(g) is the shift in the grading.

3.2. Symplectic homology/cohomology of orbifold fillings. Let (M?"! ¢) be a closed
smooth contact manifold endowed with an exact orbifold symplectic filling W (see [25] for a
definition of an exact orbifold filling). Suppose that the rational first Chern class c?(T W)
vanishes. Gironella and Zhou introduced in [25] a symplectic cohomology of W that will
play a fundamental role in this work. Differently from the grading in symplectic homology
established in Section 2.2 (given by plus the Conley-Zehnder index), the grading of SH* (W)
in [25] is given by n + 1 minus the Conley-Zehnder index (note here that the dimension of
the filling W is 2n + 2 and in [25] it has dimension 2n).

The orbifold symplectic cohomology is important for us because when M is a lens space
L2+ (Lo, ..., £,) its natural symplectic filling W = C"*!/Z, is an exact orbifold. Since the
lens space is smooth, we can consider the symplectic homology SH, (M) of its symplectization
but it is defined only for special contact forms (more precisely, for contact forms such that
every contractible periodic orbit «y satisfies u(y) > 3 —n). However, the orbifold symplectic
cohomology SH*(W) is defined for any contact form. Moreover, the computation of SH* (W)
is useful for the computation of the shift operator in the exact triangle (2.3) as we will see in
the proof of Theorem 1.2.

As proved in [25, Theorem A] the tautological exact triangle (2.1) also holds for the sym-
plectic cohomology of orbifolds, but now SH* (W) is isomorphic to the Chen-Ruan cohomology
H% p (W), where from now on we are taking rational coefficients (note the choice of the grading
n + 1 minus the Conley-Zehnder index in SH*(W)). Therefore, we have the exact triangle

HE,, (W) SH* (W) . (3.2)

, /

SH* (17)

The symplectic cohomology of orbifolds is defined, as in the smooth case, as a limit of
Floer cohomologies of a suitable class of Hamiltonians on W. The periodic orbits and Floer
trajectories are orbifold maps « : S — Wandu:R x S! — W respectively, where W is the
completion of W. Suppose, for instance, that W is a global quotient orbifold [X/G]. Then
the periodic orbits and Floer trajectories correspond to smooth maps v : [0,1] — X and
u: R x [0,1] - X satisfying g-boundary conditions for g € G; cf. [34].

Similarly, we can define the symplectic homology SH, (W) of exact orbifold fillings W as
in [21], using the sign conventions and the grading of [21]. It turns out that SH,(W) and
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SH*(W) are the same theory. More precisely,
SHM+HD=* (W) = SH,(W). (3.3)

Indeed, the differential of Floer cohomology in [25] from a periodic orbit 7 to 71 counts
solutions u of Floer’s equation (with the convention of Floer’s equation in [25]) such that
limg_,op u(s, ) = () and lims,_oo u(s,-) = 71(-). On the other hand, the differential in
Floer homology in [21] from a periodic orbit vy to 1 counts solutions u of Floer’s equation
(with the convention of Floer’s equation in [21] which coincides with our convention) such
that limg_, o u(s, ) = vo(-) and limg_,o u(s, ) = 71(+). But, as explained in Section 2.1, the
solutions u(s, -) of Floer’s equation in [21] correspond to solutions u(—s, ) of Floer’s equation
in [25]. Hence, the differentials coincide and consequently we conclude (3.3). Note that the
Fredholm index of the linearized Floer operator in [21] is u(v0) — p(v1) and therefore the
differential in [21] decreases the degree. On the other hand, the Fredholm index in [25] is
(o) — () = ((n+1) — pu(y1)) — ((n+1) — pu(y0)) and consequently the differential in [25]
increases the degree (given by n + 1 minus the Conley-Zehnder index).
Thus, the previous exact triangle (3.2) is equivalent to the exact triangle

HIED ™ (1) SH, (W) . (3.4)

- /

SH (W)

A word is due to the left upper map. Given k € Q this map sends SH} (W) to Hglgl)f(kfl) (W)
so it increases the degree in Chen-Ruan cohomology. The reason why is that, by equality
3.3), when we decrease the degree in symplectic homology we increase the degree in sym-
g ymp gy g y
plectic cohomology. More precisely, the exact triangle (3.4) is obtained in the following way:
we have the tautological exact sequence

-+ — SHf (W) — SH,_ (W) — SHy_1(W) — SH_;(W) — -
where SH, (W) is the negative symplectic homology. By (3.3),
SH;_, (W) = SH" D=0 )y = =D ),

where SH* is the negative symplectic cohomology and the last isomorphism follows from [25].
Therefore the last sequence yields

. — SH (W) - HID %D a1y - SHy_ (W) — SH_ (W) — ---

which is the exact triangle (3.4).

The symplectic homology groups have a decomposition given by the free homotopy classes of
W that correspond to the conjugacy classes of wfrb(W). Consider the case that W = C"*1/G,
where G < U(n) is a finite subgroup. Then 7¢™ (W) = G and, by definition, the Chen-Ruan
cohomology H (W) has a decomposition indexed by the conjugacy classes of G. It is easy to
see from the proof of [25, Theorem A] that the exact triangle (3.4) respects this decomposition.

4. PROOF OF THEOREM 1.1

Let 8 be the induced contact form on LZ"H(KO, ..., 4y). First we need the following easy
result. Note that given a closed Reeb orbit v : S' = R/Z — M and c € S' we have another
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periodic orbit given by (¢ +c¢). We refer to an equivalence class of parametrized closed orbits
under reparametrization by S! as an unparametrized closed orbit.

Proposition 4.1. The simple symmetric unparametrized closed orbits of o are in bijection

with the simple unparametrized closed orbits of  whose homotopy classes are generators of
L2n+1 /¢ !

7T1( D (07"'an))‘

Proof. Let A be the set of simple symmetric unparametrized closed orbits of o and B the
set of simple unparametrized closed orbits of S whose homotopy classes are generators of
ﬂl(LIQJ"H(EO, ..., 4y)). Given v € A and x € Im(7), note that the symmetry of v implies that
the Zj,-orbit of z is contained in Im(y). Take an isomorphism between i (L2 (£, ..., (y))
and the group of deck transformations on S*"*! and given a € mi(L2" (4o, ..., £n)) let ¥,
be the corresponding map.

Let m: §?"*1 — L[27+1(4y, ..., £,) be the quotient projection. Given v € A define ¢(v) as
the simple unparametrized closed orbit whose image is m o v. We have that the homotopy
class [¢(v)] is a generator of mi (L2 (£y,...,£,)) since, otherwise, the Z,-orbit of z would
not be contained in Im(~y). Thus, ¢ defines a map ¢ : A — B.

We have that ¢ is injective: clearly, given two distinct 71,72 € A we have that ¢(v1) # ¢(72).
To show that ¢ is onto, we argue as follows: given ¥ € B let 4y : [0,T] — Lg"“(ﬂo, ey ln)
be a parametrized simple closed orbit of 8 such that 5o(7) = Y(0) and Im(Jp) = Im(¥). Let
o be a lift of 7y to S?"*1. Let x = 70(0) so that (T) = 1 (x) where a = [¥]. Define the
closed curve g : [0,pT] — S?"*! as

Yo(t) = ¥ o 3o(t — kT) if t € [KT, (k + 1)T] for k€ {0,...,p —1}.

Clearly, by the symmetry of o and the fact that a is a generator of m; (LIZ,"H(KO, cesln))s Yo
is a symmetric simple closed orbit of a. Let v be the corresponding unparametrized closed
orbit. By construction, ¢(v) = 4 and therefore we conclude that ¢ is surjective. O

Thus, in order to prove Theorem 1.1, we have to show that given any a € m; (LI%"Jrl (Lo, ... ln))
there exists a closed orbit of 8 with homotopy class a. Consider the discussion in Section
3.2. Suppose that M = L2"*1(£y, ..., £,) and W = C"*!/Z, where the Zj,-action is the one

generated by (1.1). Note that c?(TW) = 0. Then, by the definition of the Chen-Ruan co-
homology, Hf (W) has a decomposition indexed by (g) = ¢ € Z,. Moreover, SH (W) and

SH; (W) also have decompositions indexed by 79"P(W) = Z,. Denote these decompositions

by

HEp(W) = @ Hig, (W), SHL(W) = @ SHE(W) and SHE (W) = @@ SHE™ (W),
keZyp keZyp keZyp

As mentioned in Section 3.2, an inspection of the proof of [25, Theorem A] shows that the
exact triangle (3.4) respects these decompositions.

Recall that we are taking all these homology groups with rational coefficients. Thus,
by [25, Theorem B] and (3.3), SH«(W) = 0 and therefore, by the exact triangle (3.4),
H(gg 1)_(*_I)(W) ~ SH (W) respecting the aforementioned decompositions (possibly up to a
permutation in the indexes of the decomposition according to the choice of the isomorphism
(W) ~ Z,). By (3.1), given k € {0,...,p — 1} = Z, we have that

Q if » = 2307 (kei/p)

0 otherwise.

HE R (W) = { (4.1)
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Thus, SHY " (W) # 0 for every k. By the definition of SHY™ (W), it immediately implies that
given any a € m (L2"*1(ly, ..., £,)) we have that 3 has a closed orbit with homotopy class a.

5. PROOF OF THEOREM 1.2

Let 8 be the induced contact form on LIQ,"H(KO, ..., 4n). By Proposition 4.1, we have to
show that given any a € m (L}%”H(KO, ..., 0y)) there exist two distinct a-simple closed orbits
of 8 (recall that a periodic orbit is a-simple if it has homotopy class a and it is not an iterate
of another periodic orbit with homotopy class a, although it can be the iterate of a closed
orbit with another homotopy class). Assume, from now on, that £ has finitely many a-simple
periodic orbits (otherwise, there is nothing to prove) and let {71,...,9m,} be the set of a-
simple closed orbits. By Theorem 1.1, m > 1. We have to show that m > 2. As in the
previous section, let M = LIQ)”H(EQ, ooy ly) and W = C""1/Z,, be its orbifold filling, where
the Z,-action is the one generated by (1.1). By [25, Theorem B] and (3.3), SH.(W) = 0
(recall that we are taking rational coefficients) and therefore, by the exact triangle (3.4),
Hg”gl)_(*_l)(W) =~ SH}(W). In particular, by (4.1), we have that SH; (W) = 0 for every
k>n+2.

The following result is well known to experts in the area. For the sake of completeness, we
will provide a sketch of the proof.

Proposition 5.1. Let (M?"*1 €) be a smooth closed contact manifold endowed with an exact
orbifold symplectic filling W such that c?(TW) = 0. Suppose that c1(§)|mymr) = 0 and that
M admits a non-degenerate contact form o supporting £ such that every closed Reeb orbit ~y
contractible in W satisfies () > 3 —n. Then we have an isomorphism between SH, (M) and
SH (W) respecting the grading.

Proof. The proof goes as the proof of [17, Proposition 9.17] ([17, Proposition 9.17] is for
smooth fillings but it works equally well for exact orbifold fillings). It is based on a stretch
of the neck argument already used in [6, 16] and the idea is the following; the reader can
find details in [17]. Consider an admissible Hamiltonian H : S x W — R, where W is
the completion of W, used to define SH{ (W) (take, for instance, the type (II) of Hamilto-
nians considered in [25, Section 3.1], where H is C2-small and autonomous on W and H
depends only on the radius on W\W) Consider the Floer trajectories joining periodic Reeb
orbits (which are located in the symplectization part W\W) Note that these are the Floer
trajectories relevant in the definition of SH; (W).

Now, degenerate the almost complex structure in stretch-of-the-neck manner near W see
[6, 16, 17]. We claim that, under the assumption on the indices, for a sufficiently stretched
neck all Floer trajectories stay in the symplectization part and thus coincide with the Floer
trajectories involved in the version of symplectic homology SH. (M) defined using only the
symplectization.

Arguing by contradiction, suppose that we would see in the limit a building whose top
component, in the symplectization, is a curve which contains both punctures of the initial
Floer trajectory and solves a Cauchy-Riemann equation with Hamiltonian perturbation. That
this top component curve contains both Floer punctures is a consequence of an asymptotic
behavior lemma developed in [6, Pages 654-655] and [17, Lemma 2.3]. By our hypothesis of
contradiction, it must have at least one negative puncture to which is attached a holomorphic
building which end up eventually in the filling; this implies that the orbit in this negative
puncture must be contractible in W.
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This top component is regular because it solves a perturbed equation near the Floer punc-
tures. But it has a positive Floer puncture with SFT degree k (the Symplectic Field Theory
(SFT) degree is given by the Conley-Zehnder index plus n — 2), a negative Floer puncture
with SFT degree k — 1 (these punctures are the punctures of the original Floer trajectory)
and at least one other negative puncture with SF'T degree strictly bigger than one by our
index assumptions (note that the periodic orbit in this puncture must be contractible in W).
Therefore, the Fredholm index of this top component curve, given by the SFT degree of
the positive puncture minus the sum of the SFT degrees of the negative punctures, must be
negative, contradicting the regularity. Such a curve therefore cannot exist.

Finally, note here that, since the region where we stretch the neck is away from the singu-
larities of W as well as the top component, the singular part of W does not play any role in
this argument. ([l

Clearly, the lens space M = LI%"H(KO, ..o, bn) with its filling W = C"*1/Z, satisfies the

assumptions of the previous proposition. (Note here that 7#{™®(W) =~ m(M) =~ Z, and
therefore a non-degenerate dynamically convex contact form on M has the property that
every periodic orbit « contractible in W satisfies p(y) > 3 — n.) Now, we need the following
result which has independent interest.

Proposition 5.2. We have that

Q if * = kq + 2k for every k € Ny

. (5.1)
0 otherwise,

HC (M) ={

where k, = min{k € Q; HC{(M) # 0}.

Remark 5.3. The grade k, is finite and can be easily computed from the weights of the action
and p; see [1, Equation (1.2)]. Note that for our global quotient orbifold W we can naturally
identify Sg/ ~, where x ~ y if and only if x and y belong to the same connected component of
Sg, with 9™ (W) =~ 71 (M) and consequently we can see the age map, defined in Section 3.1,
as a function age : m (M) — Q. Using [1, Equation (1.2)] we can easily derive the following
computation of k, in terms of the age:
i 2age(a) —n ifa#0
“ n + 2 otherwise.

Proof. As mentioned in Section 2.2, HC, (M) can be described as the homology of a complex
CCy () generated by good closed Reeb orbits, for some non-degenerate contact form «, graded
by the Conley-Zehnder index. For lens spaces, which are very special toric contact manifolds,
we can use toric contact geometry to explicitly write down non-degenerate toric Reeb vector
fields with finitely many simple closed Reeb orbits and explicitly compute the Conley-Zehnder
indices of all of them and of all of their iterates. For lens spaces with zero first Chern class,
i.e. Gorenstein contact lens spaces, this has been done with all details in Section 5 of [2] with
the following outcome:

e With an appropriate choice of toric contact form « and up to an arbitrarily large
degree, CC,(M) is generated by a single good simple closed Reeb orbit v and its
iterates.

e v is a generator of the fundamental group 71 (M) and

p (’yN+p) =pu (’VN) + 2 up to an arbitrarily large N € N (p = |m1(M)]).
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o It follows that HCZ (M) satisfies the result stated in this proposition for any free
homotopy class a.

Using the Conley-Zehnder index formula obtained in Section 4 of [3] and valid in the context
of Q-Gorenstein toric contact manifolds, i.e. toric contact manifolds with torsion first Chern
class, the same approach can be adapted to general lens spaces as we will now explain.

Let M = LIZJ"H(EO, ...,0n) be an arbitrary lens space and assume, without any loss of
generality, that ¢, = 1. As a toric contact manifold, M is determined by a moment cone
C < R™! whose facets have defining normals of the form

0 —ly
: €j :
v=101,v = forj=1,....n=1 vn=1|_¢ |
k 0 q
m m m
where
e {e1,...,6,_1} is the canonical basis of VAL
e me{l,...,p— 1} is the minimal positive integer such that
m-c(TM) =0e H*(M;Z) = Z, (note that m divides p);
e ke{0,...,p— 1} is the minimal non-negative integer such that

/{:-(60—1—61—1—---4—5”):% mod p

(note that ¢1 (M) =4y + 41 + --- 4+ ¢, mod p);
e q=k-(ly+---+1,) —p/m.
In fact, the matrix 8 = [vy|v1]- - |vy] is such that

det(B) = £ (km (by + -+ +lp_1 + 1) —mq)
=J_rm(k(£1+---+£n)—k(£1+...+en)+%>

p

I
-+

and
ker (B . Tn+1 N Tn+1)

< q ]ffl k‘fnfl k‘)
P p )
Hence, the toric contact manifold determined by this moment cone C' < R**! is

L2 (—q, kby, .. kb1, K).

is generated by

Since

—q:—k(€1+~--+€n)+£

m
=—k(li+--+l)+k(lo+l1+---+¢,) modp
=kl
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we have that
L2 (—q,kby, o kb1, k) = L2 (Kb, Kby, . . kb1, k)
= L2V (0o, b1, b, 1)
=M.

Any positive linear combination of the normals vg,v1,...,V,, gives rise to a toric Reeb
vector field on M. In particular, we can consider toric Reeb vector fields of the form

n—1
R = ZEjVj-F(l—a)Vn

§=0
for arbitrarily small gqg,...,ep—1 > 0 and ¢ = Z;L;Ol ej. By choosing g, ...,e,-1 such that
{e0,...,En—1,1} are Q-independent, we know that the Reeb flow of R has exactly n + 1
simple closed orbits, one for each edge of the moment cone C = R"*!, and these are all non-
degenerate and generators of the fundamental group (M) (see [2, Section 2.2]). Moreover,
since R ~ vy, the n orbits corresponding to the n edges contained in the facet of C with normal
U, and all their iterates, have an arbitrarily large Conley-Zehnder index (for arbitrarily small
€0y ---3En—1 > 0). Hence, HC,(M) can be completely determined by computing

I (WN) for all N € N and arbitrarily small €g,...,e,-1 > 0,

where ~ is the simple closed R-orbit corresponding to the edge of C' determined by the n
facets with normals vy, ..., v,_1.
This Conley-Zehnder index computation can be done in the following way:

(i) Complete {vg,...,vn_1} to a Z-basis {vo,...,vn_1,n} of Z""! with the vector
n=1(0,...,0,c,d)", where c,d € Z are such that kd — mc = 1.

A simple computation shows that

n—1 n
. p
vy = aglg + Z:l(—gj)vj‘ + pn, with ag = 21@ - da .
J= J=

(ii) Write R in the basis {vp, ..., Vn—1,n}:

n—1
R = Z EjVj+(1—€)Vn

j=0
n—1 n—1
= &yt (1—¢) (aoVo + > (=) +p77>
Jj=0 Jj=1
n—1
= (e0+ (1 —¢&)ag)vo + Z (ej— (1 —e)lj)vj+ (1 —e)pn.
j=1

(iii) Use the Conley-Zehnder index formula obtained in Section 4 of [3] to find that

p(vN) =2 (VZ <a0+ 18_05>J +7§ l]]\; <—€j+ 15_jg>J +N7i) +n. (5.2)

J=1
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We can now complete the proof of the proposition in the following way. Let D € N be an
arbitrarily high degree. It follows from (5.2) that

u('yN)ZQ;V—n, VN e N,

and so

n(¥™) > D, VN>p(D2+”).

Choose €q, . ..,e,—1 > 0 sufficiently small so that:

(i) the n orbits corresponding to the n edges contained in the facet of C with normal v,
and all their iterates, have Conley-Zehnder index greater than D;
(ii) for all N < p(D + n)/2 we have that

o[ o ) B o )] )

(R

7j=1

We can now finish the proof of this proposition by showing that

,u(’yNﬂ’) =,u('yN) +2 for allep(D;n)

In fact,

Jj=1 m
n—1 d
:M(’YN)+2<(10+ Z(—&Hp)
j=1 m
N n dp n—1 pd
—uM) 2 (Y- L Yy +
J=1 oA mn
= (YY) +2(tn)
=pn (YY) +2 foraung(D;")—p.

From the previous two propositions we conclude the following result.

Proposition 5.4. Let a € m1(M) and set l, = min{k, + 2k > n + 2; k € Ny}, with k, as
in the last proposition. Then, for every k € No, HC} .5, (M) = Q and D : HC} 5 (M) —
HC] | o _o(M) is an isomorphism.

Proof. The fact that HC} o, (M) = Q for every k € Ny follows from Proposition 5.2. By
Proposition 5.1, we have that SHy (M) =~ SH (W) and, therefore, SHy(M) = 0 for every k >
n + 2, because, as explained at the end of the previous section, SH; (W) =~ H(ggl)_(*_l)(W)
and HE (W) = 0 for every k < 0. Thus, by the exact triangle (2.3), we have that D :

HCr(M) — HCp_o(M) is an isomorphism for every k > n + 2. As discussed before, D
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respects the decomposition by homotopy classes and consequently D : HC{;(M) — HC{_,(M)
is an isomorphism for every k£ > n + 2. Hence, by the definition of [,, we conclude that
D :HC} 5. (M) — HC} 5, (M) is an isomorphism for every k € Np. O

From the previous proposition and the discussion in Section 2.3, we have an injective map
Y : Ng > H,, where &, is the set of closed Reeb orbits with homotopy class a, such that
i = (k) satisfies

() = (la + 2k — 2)| < 2n. (5.3)

(Note here that the periodic orbits with homotopy class a are isolated since we are assuming
that there exist finitely many a-simple orbits.) Consider the sequence of numbers

z(k) = p(vk)-

By (5.3), its density 0(z) := limj_, %#{z,x(z) < j} equals 1/2.
Recall that {71, ...,%m} is the set of a-simple periodic orbits of the contact form 5. Consider
the sequences of numbers
— . 1 1
zi(i) = p(3;")
for j e {1,...,m} and i € Ny. Since ]u(ﬁ/;pH) — (ip+ 1)A(%5)| < n for every i € Ny, we have
that 6(z;) = 1/(pA(75)), where A(;) = limg_o %u("y]k) is the mean index of 7;.
Now, note that each point in the sequence x belongs to one of the sequences Z; and no
point in the sequences Z; can be used twice, because 9 is injective. So the density of z must
be no more than the sum of the densities of z;:

N

§5(z) < Z 5(z;) < =< Z p&%),

Jj=1 Jj=1

that is,

N3
N
[NagE

>
) =

. (5.4)
= A0)
Now, suppose that m = 1, that is, there exists only one a-simple closed orbit v. Since «
is dynamically convex, A(y”) > 2 (see [31, Corollary 5.1]) which implies that A(y) > 2/p.

Thus,

-
A
SIS

s
2

But, by (5.4),

-
WV
N3

s
2

a contradiction.

Remark 5.5. The assumption of dynamical convexity of « is used to ensure that A(y?) > 2
and that every contractible periodic orbit of 8 has index bigger than 3 — n so that we can
define the equivariant symplectic homology of § in the symplectization of LIQ)”H(EO, coln).
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