PERIODIC ORBITS OF NON-DEGENERATE LACUNARY
CONTACT FORMS ON PREQUANTIZATION BUNDLES
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ABSTRACT. A non-degenerate contact form is lacunary if the indexes of every contractible
periodic Reeb orbit have the same parity. To the best of our knowledge, every contact form
with finitely many periodic orbits known so far is non-degenerate and lacunary. We show
that every non-degenerate lacunary contact form on a suitable prequantization of a closed
symplectic manifold B has precisely rg contractible closed orbits, where rp = dim Hy (B; Q).
Examples of such prequantizations include the standard contact sphere, the unit cosphere
bundle of a compact rank one symmetric space (CROSS) and many others. We also consider
some prequantizations of orbifolds, like lens spaces and the unit cosphere bundle of lens
spaces, and obtain multiplicity results for these prequantizations.
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1. INTRODUCTION

1.1. Introduction and Main Results. Let (M?"*! ¢) be a closed co-oriented contact man-
ifold. Let v be a contact form supporting £ (i.e. such that kera = £) and denote by R, the
corresponding Reeb vector field uniquely characterized by the equations tp, do = 0 and
a(Ry) = 1. Reeb flows form a prominent class of Hamiltonian systems on regular energy lev-
els. Indeed, if M is a contact type hypersurface in a symplectic manifold W and H : W — R
is a Hamiltonian such that M is a regular energy level of H, then the Hamiltonian flow of
H on M is a reparametrization of the Reeb flow. There are several important examples,
including proper homogeneous Hamiltonians H : R?® — R and geodesic flows.

In this work, we will address the problem of the multiplicity of periodic orbits of Reeb
flows, that is, the number of simple (i.e. non-iterated) periodic Reeb orbits. Two key tools
to attack this problem are (positive) equivariant symplectic homology and linearized contact
homology. The latter was introduced by Eliashberg, Givental and Hofer in their seminal
paper [24]. The first was introduced by Viterbo [46] and developed by Bourgeois and Oancea
[9, 10, 11, 12, 13]. As proved in [13], these homologies are isomorphic whenever linearized
contact homology is well defined.

When the linearized contact homology (with rational coefficients) is unbounded, that is,
the dimension of the corresponding vector spaces goes to infinity for some sequence of degrees
k; — oo we have that every contact form on M has infinitely many simple closed orbits [37];
cf. [42]. We say that this is the homologically unbounded case; see the survey [40].

Thus, in the multiplicity problem the interesting case is the homologically bounded one. This
case is much more involved since, in this context, we do have examples of Reeb flows with
finitely many simple periodic orbits. Let us consider a prequantization S*'-bundle (M?"+1,¢)
of a closed integral symplectic manifold (B,w). This can be considered as a prototypical
example of a homologically bounded contact manifold. As a matter of fact, under suitable
hypotheses on B, its positive equivariant symplectic homology is given by a sum of copies of
the singular homology of the basis with a shift in the degree; see, for instance, [2, 3, 29, 30]
and Section 2.2.

When w is aspherical, that is, wl|,g) = 0, it was proved in [29, 30], under minor extra
assumptions on M (probably just technical), that every contact form on M has infinitely
simple closed orbits; see also [33]. If w is not aspherical the problem is more delicate since
there are examples of contact forms with finitely many closed orbits. Indeed, the standard
contact sphere S?"*1 is a prequantization of CP™ and it has contact forms with precisely n+1
simple closed orbits given by the irrational ellipsoids. More generally, every prequantization of
a closed symplectic manifold admitting a Hamiltonian circle action with isolated fixed points
has a contact form with finitely many simple closed orbits, and all these symplectic manifolds
are necessarily not aspherical. Thus, if w is not aspherical we have, in general, to obtain a,
ideally sharp, lower bound for the number of simple closed orbits.

A result in this direction is the following theorem proved by Ginzburg, Giirel and Macarini
[30]. In order to state it, we need some preliminary definitions. A closed Reeb orbit ~ is
non-degenerate if its linearized Poincaré map does not have eigenvalue one. A contact form «
is non-degenerate if every closed orbit « of « is non-degenerate. Given a closed Reeb orbit -,
let w(+y) and fi(7) be its Conley-Zehnder index and mean index respectively (see, for instance,
[45]). A contact form « supporting £ is index-positive (resp. indez-negative) if the mean index
fi(7y) is positive (resp. negative) for every contractible periodic orbit v of a. We say that «
is index-admissible if every contractible closed orbit v of « satisfies u(y) > 3 —n. Given a
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symplectic manifold B, let
cp = inf{k e N | 35 € mo(B) with {¢1(T'B),S) = k}
be its minimal Chern number.

Theorem 1.1 ([30]). Let (M?"*1 &) be a prequantization S*-bundle of a closed symplectic
manifold (B,w) such that w|,,g) # 0, cg > n/2 and Hy(B;Q) = 0 for every odd k. Let a
be a non-degenerate contact form supporting & which is index-positive and has no contractible
periodic orbits v such that u(y) = 0 if n is odd or u(v) € {0, £1} if n is even. Assume that
one of the following two conditions holds:

(F) M admits a strong symplectic filling (W, Q) such that Q| -,y = 0 and cit(TW)|ryowy =

0, and the map w1 (M) — w1 (W) induced by the inclusion is injective.
(NF) c1(§) = 0, c1(T'B)|ry(B) = A|ry(y for some A > 0 and « is inder-admissible.

Then a carries at least rg geometrically distinct contractible periodic orbits, where rg =
dim H, (B; Q).

Remark 1.2. The theorem in [30] (namely, [30, Theorem 2.1]) is actually a bit more general
and relaxes the assumption that Hy(B;Q) = 0 for every odd k if ¢cg > n. However, in this
case the lower bound obtained in [30] is no longer given by the total rank of the homology
of B. To the best of our knowledge, every prequantization of a symplectic manifold B that
admits a contact form with finitely many closed orbits known so far has the property that
H.(B;Q) is lacunary.

Remark 1.3. In the theorem in [30], under the assumption (F), the contact form is allowed
to be index-negative instead of being index-positive. We do not state the theorem in [30]
in its original form because its statement is somewhat technical and involved, and it is not
necessary for the purposes of this work.

Remark 1.4. The condition that |,y = 0 in hypothesis (F) can be dropped and the
condition that ¢;(§) = 0 in assumption (NF) can be relaxed to the condition that ¢;(§) is
torsion; see Remark 1.8.

Hypothesis (F) means that M admits a “nice” symplectic filling and the assumption (NF)
does not require the existence of a filling at all, with the expense that the contact form has
to be index-admissible. This last condition allows us to define the equivariant symplectic
homology of M without a filling, using its symplectization; see Section 2.1.

Examples satisfying the hypotheses of the previous theorem include the standard contact
sphere S?"*1 and the unit cosphere bundle of a compact rank one symmetric space (CROSS)
with dimension bigger than two. More precisely, as already mentioned, S?"*! is a prequan-
tization of CP™, and its obvious filling in R?"*+? clearly satisfies the hypotheses above. A
connected Riemannian manifold NV is a symmetric space if for every p € N there exists an
isometry f, : N — N such that f,(p) = p and f, o exp,(v) = exp,(—v) for every v € T N.
The rank of a symmetric space N is the maximal dimension of a flat totally geodesic sub-
manifold in N. By the classification of symmetric spaces, a CROSS is given by one of the
following manifolds: S™, RP™, CP™, HP™ and CaP?; see [8] for details. Thus the filling
of the unit cosphere bundle S*N given by the unit codisk bundle D*N in T*N meets the
condition (F) of the previous theorem whenever the (real) dimension of N is bigger than two.
(In dimension two, we have that N is either S? or RP? which are the only cases where the
map m1(S*N) — 7 (D*N) is not injective. However, in these cases it is well known that
every Reeb flow on S*N has at least two simple closed orbits.)
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Prequantization rp = dim Hy(B; Q) cB
S2n+1 n+1 n+1
S5*82 or S*RP? 2 2
S*S™ or S*RP™ with m > 2 even m m—1
S*S™ or S*RP™ with m odd m+1 m—1
S*cpm m(m + 1) m
S*HP™ 2m(m + 1) 2m +1
S*CaP? 24 11

TABLE 1. Some prequantizations and the corresponding rp and cp.

Every CROSS N admits a metric such that all of its geodesics are periodic with the
same minimal period; in other words, the geodesic flow generates a free circle action on
S*N. (To the best of our knowledge, a CROSS is the only known example so far of a closed
manifold admitting such a metric [8].) Thus the unit cosphere bundle S* N is a prequantization
of a closed symplectic manifold (B,w). Moreover, a homological computation shows that
Hy(B; Q) = 0 for every odd k; see [47, page 141]. In this case, the total rank rp of Hy(B;Q)
and the minimal Chern number cp are given by Table 1.

Hence, we have the following corollary, which was previously proved for the standard con-
tact sphere by Duan, Liu, Long and Wang in [19] and for Finsler metrics on a simply connected
CROSS by Duan, Long and Wang in [22].

Corollary 1.5 ([30]). Let (M,&) be either the standard contact sphere S*" ™1 or the unit
cosphere bundle S*N of a CROSS and let o be a contact form supporting €. Assume that o
satisfies the conditions of the previous theorem. Then a has at least rg geometrically distinct
pertodic orbits, where rg is given by Table 1.

Theorem 1.1 is sharp. Indeed, the prequantizations in the previous corollary admit non-
degenerate contact forms with precisely rp geometrically distinct periodic orbits. These
contact forms are given by irrational ellipsoids and the Katok-Ziller Finsler metrics [47].

To the best of our knowledge, all the examples of Reeb flows with finitely many closed
orbits known so far are non-degenerate. When the contact form is non-degenerate, under the
index assumptions of Theorem 1.1, we have at least rg closed orbits and, as noticed before,
this lower bound is sharp. This raises the following hard question:

Question: Let (M, ¢) be a prequantization of a closed symplectic manifold B. Is it true that
every contact form supporting & has at least rp periodic orbits?

The answer is positive in the very particular case of M = S with the standard contact
structure. It was proved independently by Cristofaro-Gardiner and Hutchings (in the general
case of three dimensional manifolds) [16] and Ginzburg, Hein, Hryniewicz and Macarini [31].
In higher dimensions, there are several partial positive results under some hypotheses on the
contact form, like index assumptions, convexity and symmetry; see the survey [40].

To the best of our knowledge, all the examples known so far of contact forms with finitely
many closed orbits on prequantizations of a symplectic manifold B have precisely rp periodic
orbits. This raises the following even harder question:

Question: Let (M, &) be a prequantization of a closed symplectic manifold B. Is it true that
every contact form supporting & has either rp or infinitely many periodic orbits?
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The answer is also positive in the case of M = S3 with the standard contact structure as
was recently proved by Cristofaro-Gardiner, Hryniewicz, Hutchings and Liu [18]. In higher
dimensions, it is a widely open and very difficult problem; see however the recent work of
Cineli-Ginzburg-Giirel [14] with important results on S?"*! under assumptions of symmetry,
convexity and non-degeneracy of the contact form.

A periodic orbit is elliptic if every eigenvalue of its linearized Poincaré map has modulus
one. All the examples of contact forms with finitely many closed orbits that we know so far
are non-degenerate and have the property that every periodic orbit is elliptic. It is well known
that if a non-degenerate periodic orbit « is elliptic then u(vy) = n (mod 2). In particular,
these contacts forms are geometrically perfect, that is, the indexes of every periodic orbit
in the same free homotopy class have the same parity. Another example of geometrically
perfect contact forms are those with Anosov Reeb flows (e.g. the geodesic flow of a metric
with negative sectional curvature) [41]. In these examples, every periodic orbit is hyperbolic.
We do not know examples of geometrically perfect contact forms with elliptic and hyperbolic
orbits.

We say that a non-degenerate contact form « is lacunary if the indexes of every contractible
periodic orbit have the same parity. In particular, if every periodic orbit of « is elliptic then
« is lacunary. So, all the examples that we know so far of contact forms with finitely many
closed orbits are lacunary. Now, we can state the main result of this work, which represents
a small step towards the last question. In what follows, a simple contractible closed orbit is
a contractible orbit which is not an iterate of another contractible orbit, although it can be
the iterate of a non-contractible orbit.

Theorem 1.6. Let (M?"*1 €) be a prequantization S*-bundle of a closed symplectic manifold
(B,w) such that w|,py # 0 and Hx(B; Q) = 0 for every odd k. Assume that B is spherically
positive monotone, that is, c; (TB)]WQ(B) = )\w]m(B) for some A > 0. Let o be a non-degenerate
lacunary contact form supporting £. Suppose that one of the following two conditions holds:

(F) M admits a strong symplectic filling W such that c¢i(TW)|r,w) = 0 and the map
T (M) — m (W) induced by the inclusion is injective.
(NF) c1(§)|myr0) = 0, e > 1 and « is index-admissible.

Then « has precisely rp simple contractible closed orbits, where rp = dim H,(B; Q).

We originally proved this theorem under the assumption that ¢g > n/2 as in Theorem 1.1.
Indeed, the proof given in Section 4 assumes this hypothesis. In Appendix A, written jointly
with Baptiste Serraille, we dropped completely this assumption.

Remark 1.7. Instead of considering only contractible orbits, we can consider every periodic
orbit. Then the assumption that the map 71 (M) — 71 (W) is injective in hypothesis (F) can
be dropped. The price, of course, is that in this case the condition to be lacunary is stronger,
since we ask that the indexes of every closed orbit have the same parity instead of just the
indexes of the contractible ones. We consider this situation in [6].

Remark 1.8. The hypothesis (F) in the previous theorem dropped the assumption that the
symplectic form on W is aspherical in Theorem 1.1. This is possible due to the use of
Novikov fields and an action filtration introduced by McLean and Ritter [44]. Furthermore,
the hypothesis (NF) in the previous theorem is weaker than the assumption (NF) in Theorem
1.1: we allow ¢1(§) to be torsion. See Sections 2 and 6.
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Remark 1.9. The assumption cg > 1 in (NF) is used to compute HC2(M) when we do not
have a filling in Proposition 2.1. More precisely, it is used to obtain an index-admissible
contact form given by a small perturbation of the connection form; cf. Remark 1.18.

Remark 1.10. An example of a prequantization satisfying the conditions of Theorem 1.6 under
the assumption (F) such that the symplectic form of the filling is not aspherical is given by
the prequantization M of S§? x S? x S? endowed with the product symplectic form, where
the symplectic form on S? has area 1. One can check that M is simply connected and has a
filling W, given by a 4-ball bundle over S? x S?, with vanishing first Chern class. However,
the symplectic form on W is not aspherical since the zero section S? x S? is a symplectic
submanifold. For more examples, see Remark 1.15.

Remark 1.11. We have that c1(§)|g,(a,g) = 0 if and only if B is monotone, that is, ¢1(T'B) =
A[w] in H2(B; Q) for some A € R.

As in Theorem 1.1, the hypothesis (F) means that M admits a “nice” symplectic filling
and the assumption (NF) does not require the existence of a filling, with the expense that
the contact form has to be index-admissible.

We have the following immediate consequences.

Corollary 1.12. Let (M?"*1 €) be a prequantization S'-bundle of a closed symplectic man-
ifold (B,w) and a a non-degenerate lacunary contact form supporting & as in Theorem
1.6. Assume that 7 (M) is finite. Then « has precisely rg simple closed orbits, where
rp = dim H,(B; Q).

Indeed, when 71 (M) is finite, the set of simple contractible closed orbits is in bijection with
the set of simple closed orbits.

Remark 1.13. One can define a Hamiltonian diffeomorphism of a symplectic manifold B as a
pseudo-rotation if it has a finite and minimal number of periodic points, although the notion
of the minimal number is ambiguous in general [28]. Based on our previous discussion, one
is tempted to define a Reeb pseudo-rotation on a prequantization M as above as a Reeb flow
with precisely rp simple closed orbits. (Another definition, given in [15], is that the Reeb flow
has finitely many simple closed orbits. By our previous discussion, these definitions should be
equivalent although it is far from being known.) In this way, the previous corollary says that
the Reeb flow of a non-degenerate lacunary contact form on M is a Reeb pseudo-rotation. A
natural question is the converse of this result, that is, if a Reeb pseudo-rotation must be the
Reeb flow of a non-degenerate lacunary contact form; see Section 7. It is true when M = S3
as proved in [17].

Corollary 1.14. Let (M?"*1 &) be either the standard contact sphere S*"*1 or the unit
cosphere bundle S*N of a CROSS and let a be a non-degenerate lacunary contact form
supporting €. Then a has precisely rp simple closed orbits, where rp is given by Table 1.

The last corollary improves results due to Duan-Liu-Ren [21] and Duan-Xie [23]. In the case
of the standard contact sphere S?"*! it follows easily from Theorem 1.1 and [35, Theorem
1.5]. (Actually, we do not need to use Theorem 1.1: we just have to note that a non-degenerate
lacunary contact form on S?**! is dynamically convex (i.e. every closed orbit has index at
least n 4 2) and use the fact that a non-degenerate dynamically convex contact form on S2"+!
has at least n + 1 simple closed orbits [3, 36]. On the other hand, by [35, Theorem 1.5] the
number of simple periodic orbits of a non-degenerate lacunary contact form on S?"*! is at
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most n + 1.) As mentioned before, the unit disk bundle D* N meets the assumption (F) of
Theorem 1.6 whenever the dimension of N is bigger than two. If N is a surface then it is
given by either S? or RP? and in this case the result follows easily from Theorem 1.1 and [35,
Theorem 1.5].

Remark 1.15 (More examples). As explained before, we proved originally Theorem 1.6 under
the assumption that cg > n/2 which is satisfied by the examples of the previous corollary.
Without this hypothesis, we have plenty of other examples of prequantizations satisfying the
assumptions of Theorem 1.6. As a matter of fact, let us consider first examples meeting the
assumption (F). We have, for instance, that every closed toric symplectic manifold (B,w)
satisfies w|r,(p) # 0 and Hy(B;Q) = 0 for every odd k. We claim that if B is monotone
and has dimension four then it admits a number m € N such that [w/m] € H*(B,Z) and the
prequantization (M, ¢) of (B,w/m) has a filling as in hypothesis (F). Indeed, take m € N such
that [w/m] € H3(B,Z) and [w/m] is a primitive class, that is, there is no ¢ € H?(B,Z) such
that [w/m] = lc for some integer [ > 2. This last condition is equivalent to the existence of
an element S € mo(B) =~ Hy(B,Z) such that {Jw/m], S) = 1. Then one can easily check, using
the long exact homotopy sequence of the S'-bundle M — B, that M is simply connected
(note that B is simply connected because it is toric). Moreover, since B is monotone, we
have that ¢1(§) is torsion; cf. Remark 1.11. But, since M is simply connected, we conclude
from the universal coefficient theorem for cohomology that H?(M, Z) is torsion-free and hence
c1(§) = 0. Thus, (M,¢§) is a simply connected toric contact manifold with ¢;(§) = 0. It can
be proved that when M has dimension five then it admits a (toric) symplectic filling W such
that ¢ (TW) = 0; see [4, Section 5]. (Notice that the symplectic form on W is not aspherical
in general.) Hence, W satisfies hypothesis (F). Finally, note that if B is monotone then it
is positive monotone because it is toric. We can easily construct several examples in higher
dimensions; cf. [4, Section 5|. Examples satisfying (NF) are given by any prequantization
of a closed monotone toric symplectic manifold with minimal Chern number bigger than one
(e.g. monotone products of complex projective spaces).

A consequence of the proof of Theorem 1.6 is the following result which provides more
examples where our main result holds. Note that if the basis B admits a Hamiltonian action
of the torus T¢ then we have a lifted contact T%F!-action on M; see Section 5. Given the
action of a Lie group G on a manifold M and a vector field X on M invariant under this
action, we say that a periodic orbit v of X is symmetric if g(Im(vy)) = Im(v) for every g € G.

Theorem 1.16. Let (M?"*1 €) be a prequantization S*-bundle of a closed symplectic mani-
fold (B,w) such that w|,g) # 0, cg > 1 and Hy(B;Q) = 0 for every odd k. Assume that B
is spherically positive monotone, that is, c1(TB)|x, By = A|xy(B) for some A > 0 and that M

satisfies the hypothesis (F) of Theorem 1.6. Suppose that B admits a Hamiltonian T?-action
with isolated fized points and consider the corresponding lifted T+ -action on M. Let G be
a finite subgroup of T acting freely on M and let M = M /G be the quotient. Then every
non-degenerate lacunary contact form o on M has precisely rg simple contractible closed or-
bits, where rg = dim Hy(B; Q). Moreover, the lifts of these orbits to M are symmetric closed
orbits of the lifted contact form & on M with respect to the G-action.

Remark 1.17. One can show that dim H, (M /S'; Q) = rp, where the S'-action on M is the
one induced by the obvious circle action on M, whose orbits are the fibers, which commutes
with the G-action.
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Remark 1.18. The hypothesis that ¢cg > 1 is used only to ensure that « is index-admissible
and therefore we can argue as in Theorem 1.6 under the assumption (NF); cf. Remark 1.9.
This hypothesis can be dropped once M has a filling satisfying (F).

The main point in the previous theorem is that M is not, in general, a prequantization of a
symplectic manifold: it is the prequantization of a symplectic orbifold. (Indeed, the S'-action
on M is not free in general: it is only locally free.) For instance, symplectic manifolds meeting
the assumptions of the previous theorem are monotone toric closed symplectic manifolds B
such that ¢g > 1. Take the particular case where B = CP"™ with the standard symplectic
form w normalized so that w evaluated at a generator of Ho(B,Z) =~ Z is +£1. Then M is
the standard contact sphere S?"*! which of course has a filling W satisfying the hypotheses
of the theorem. Clearly, CP"™ has a Hamiltonian 7™-action with isolated fixed points. The
lifted 7" *!-action on S?"*!, regarded as a subset of C"*!, is given by

(Boy .., 00) - (205 2n) — (eieozo, - ew"zn). (1.1)
Given an integer p > 1, consider the Z,-action on S2n+1 generated by the map
2milg 2mily 2miln
w(zo,...,zn)=(e Pzg,€e P Z],...,€ P zn>, (1.2)
where {y, ..., £, are integers called the weights of the action. Such an action is free when the

weights are coprime with p (that we will assume from now on) and in that case we have a
lens space obtained as the quotient of $?"*! by the action of Z,. We denote this lens space
by L2"(f, ..., 0y). In general, L2"*1({y, ..., £y,) is not a prequantization of a symplectic
manifold: it is a prequantization of a weighted complex projective space.

Corollary 1.19. Every non-degenerate lacunary contact form on a lens space Lg”“(ﬁo, cey )
has precisely n + 1 closed orbits. Moreover, the lifts of the corresponding contractible closed
orbits are symmetric closed orbits on S?"*1.

Another application of Theorem 1.16 is to unit cosphere bundles of lens spaces, which are
also, in general, just prequantizations of orbifolds. Consider the CROSS given by the sphere
S™ with the round metric. As mentioned before, the geodesic flow generates a free circle
action on S*S™. Let B be the symplectic manifold given by the quotient S*S™/S. B is the
Grassmannian of oriented two-planes G3 (R™*!). The linear action of SO(m + 1) on R™*1
naturally induces an action of SO(m + 1) on B which is Hamiltonian. The group SO(m + 1)
also induces an isometric action on S™ and it turns out that the action on B is the one
induced by the lifted action to S*S™ (note that the action of SO(m + 1) on S*S™ sends
geodesics to geodesics).

This group has a maximal torus T' of dimension
odd so that the dimension of T is d. The corresponding action of 7% on §™ c C? is given by
rotations in each coordinate as in (1.1). The lifted action of T to S*S™ coincides with the
lift of the Hamiltonian T%action on B to S*S™ which commutes with the S'-action induced
by the geodesic flow, generating the aforementioned contact action of 79! on $*S™. Given
an integer p > 1, consider the Z,-action on S generated by the map ® as in (1.2) with the
weights £y, ..., ¢q_1 coprime with p. The quotient S™/Z, is the lens space Ly (Lo, - - - la—1)
and the quotient S*S™/Z,, with respect to the lifted action is the unit cosphere bundle of this
lens space. Therefore, we conclude the following corollary.

||, Suppose now that m = 2d — 1 is
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Corollary 1.20. Every non-degenerate lacunary contact form on the unit cosphere bundle
of a lens space me(fo, ooy lg—1) has precisely m + 1 closed orbits. Moreover, the lifts of the
corresponding contractible closed orbits are symmetric closed orbits on S*S™.

Remark 1.21. It follows from the previous discussion and the proof of Theorem 1.16, presented
in Section 5, that a lens space admits a Finsler metric with finitely many simple closed orbits
(more precisely, m + 1 closed orbits if the lens space has dimension m); see Remark 5.4. The
point here is that the Z,-action on S*S™ is the lift of an action on S™ which is isometric
with respect to the Katok-Ziller metric. Thus, a CROSS is not the only example of a closed
manifold admitting a Finsler metric with finitely many simple closed orbits; cf. [47, Page
140].

Remark 1.22. Using the previous discussion and the proof of Theorem 1.16 one can obtain,
inspecting the proof of Theorem 1.1, multiplicity results for lens spaces and unit cosphere
bundles of lens spaces, extending Corollary 1.5. See Theorems 6.1 and 6.2 in Section 6.

Remark 1.23. Similarly to Theorem 1.6, we originally proved Theorem 1.16 under the as-
sumption that cg > n/2. As in Remark 1.15, under the weaker hypothesis that cg > 1 we
can obtain several new examples where we can apply Theorem 1.16.

Theorem 1.16 raises the question if Theorem 1.6 can be generalized to prequantizations of
orbifolds. In [6], we obtain this generalization for several such prequantizations, including a
large class of toric contact manifolds. We also prove multiplicity results like Theorem 1.1 for
these prequantizations. In particular, we drop the assumption on the minimal Chern number
in Theorem 1.1.

1.2. Organization of the paper. The rest of this paper is organized as follows. Sections
2 and 3 furnish the necessary background for the proof of Theorem 1.6. More precisely, in
Section 2.1 we briefly review several facts about positive equivariant symplectic homology.
This homology is computed for suitable prequantization S'-bundles in Section 2.2. The
resonance relations for equivariant symplectic homology are presented in Section 2.3. Section
3 states the index recurrence theorem, which is a key tool in the proof of Theorem 1.6. The
proof of Theorem 1.6 is established in Section 4 under the assumption that cg > n/2. This
hypothesis is dropped in Appendix A. The proof of Theorem 1.16 is presented in Section 5.
Section 6 establishes results about the multiplicity of periodic Reeb orbits on lens spaces and
their unit cosphere bundles, extending some results from [30]. Finally, Section 7 poses some
questions concerning contact forms with finitely many closed orbits.

1.3. Acknowledgments. We are grateful to Viktor Ginzburg for useful comments on a
preliminary version of this work.

2. EQUIVARIANT SYMPLECTIC HOMOLOGY

2.1. Equivariant symplectic homology. In this section we briefly recall several facts about
positive equivariant symplectic homology, treating the subject from a slightly unconventional
perspective, following [30].

Let first (M, &) be a closed contact manifold and (W, Q) be a strong symplectic filling of
M with c1(TW)|z,w) = 0. Usually, we also ask that Q|,w) = 0 but this condition can be
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dropped using the universal Novikov field

o0
A:{ZniT‘“ ;aieR,aiHoo,nieQ},
=1

and an action filtration introduced by McLean and Ritter [44]; cf. [1, Section 2]. Let « be a
non-degenerate contact form on M supporting the contact structure £. Recall that a periodic
orbit v of a is good if its index has the same parity of the index of the underlying simple closed

orbit. Then the positive equivariant symplectic homology SHfl’+(W) with coefficients in A
is the homology of a complex CC, () generated by the good closed Reeb orbits of «; see [27,
Proposition 3.3]. (More precisely, [27, Proposition 3.3] is proved assuming that Q) = 0
and using Q-coeflicients but its proof can be readily adapted to our context since it is purely
algebraic; cf. [1, Section 2].) This complex is graded by the Conley—Zehnder index and
filtered by the action. Furthermore, once we fix a free homotopy class of loops in W, the part
of CCy(a) generated by closed Reeb orbits in that class is a subcomplex. As a consequence,
the entire complex CC,(«) breaks down into a direct sum of such subcomplexes indexed by
free homotopy classes of loops in W.

The differential in the complex CCy (), but not its homology, depends on several auxiliary
choices, and the nature of the differential is not essential for our purposes. The complex
CCy(a) is functorial in « in the sense that a symplectic cobordism equipped with a suitable
extra structure gives rise to a map of complexes. For the sake of brevity and to emphasize
the obvious analogy with contact homology, we denote the homology of CCy(«) by HC, (M)

rather than SHfl’+(W). The homology of the subcomplex CC2(a) formed by the orbits
contractible in W will be denoted by HC{(M). However, it is worth keeping in mind that
CCy(a) and hypothetically even the homology may depend on the choice of the filling W.
This description of the positive equivariant symplectic homology as the homology of CC ()
is not quite standard, but it is most suitable for our purposes. (We refer the reader to [27] for
more details and further references and to [9, 10, 11, 12, 13, 46] for the original construction

of the equivariant symplectic homology.) To see why HC, (M) := SHfl’+(W) can be obtained
as the homology of a single complex generated by good closed Reeb orbits, let us first consider
an admissible Hamiltonian H on the symplectic completion of W and focus on the orbits of H
with positive action. Such orbits are in a one-to-one correspondence with closed Reeb orbits
~ with action below a certain threshold 7' depending on the slope of H. The S'-equivariant
Floer homology of H is the homology of a Floer-type complex obtained from a non-degenerate
parametrized perturbation of H; [12, 46]. This complex is filtered by the action. (Here we are
using the action filtration introduced by McLean-Ritter [44].) The El-term of the resulting
spectral sequence (over A) is generated by the good Reeb orbits of a with action below 7'. Now
we can (canonically, once the generators are fixed) reassemble the differentials 0, into a single
differential @ on CC4(H) := E!, in such a way the the homology of the resulting complex

k%

is E* = HFfl’Jr(H ). Roughly speaking, 0 = d1 + d2 + ..., where 0, is suitably “extended”
from E" to E'. Moreover, this procedure respects the action filtration and is functorial with
respect to continuation maps. Passing to the limit in H, we obtain the complex CCy () as
the limit of the complexes CC(H); see [27, Sections 2.5 and 3] for further details.

A remarkable observation by Bourgeois and Oancea in [13, Section 4.1.2] is that under
suitable additional assumptions on the indices of closed Reeb orbits the positive equivariant
symplectic homology is defined even when M does not have a symplectic filling. To be more
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precise, we assume that c1(&)|r, ) = 0 and let a be a non-degenerate contact form on M
such that all of its closed contractible Reeb orbits have Conley—Zehnder index strictly greater
than 3 —n. Furthermore, under this assumption the proof of [27, Proposition 3.3] carries over
essentially word-for-word, and hence again the positive equivariant symplectic homology of M
can be described as the homology of a complex CCy(«) generated by good closed Reeb orbits
of a, graded by the Conley—Zehnder index and filtered by the action. The complex breaks
down into the direct sum of subcomplexes indexed by free homotopy classes of loops in M. As
in the fillable case, we will use the notation HC,(M) and HCY(M). Note that in general, in
spite of the notation, this homology has slightly different properties (and hypothetically could
be different) from the homology defined via a filling. For instance, it has a decomposition by
the free homotopy classes of loops in M, but not in W as when M is fillable. (Intuitively,
one can think of the resulting homology as defined by using a non-compact filling of M by
the bounded part M x (0, 1] of the symplectization of (M, ¢).)

2.2. Equivariant symplectic homology of prequantizations. The next proposition, es-
sentially taken from [30, Proposition 3.1], shows how to compute the equivariant symplectic
homology of a suitable prequantization in terms of the homology of the basis. This compu-
tation will be crucial throughout this work.

Proposition 2.1. Let (M?"*1 ) be a prequantization of a closed symplectic manifold (B,w)
with W|x,p) # 0 and such that Hy(B; Q) = 0 for every odd k or cg > n.

(a) Assume that M satisfies the hypothesis (F) of Theorem 1.6. Then, B is spherically
monotone. When B is spherically positive monotone, the positive equivariant sym-
plectic homology for contractible periodic orbits of M is given by

HCY(M) = P Hi—omep+n(B;A). (2.1)

meN

When B is spherically negative monotone, we have
HCY(M) = P Hivomep—n(B;A). (2.2)

meN
In particular, in both cases the homology is independent of the choice of the filling W
satisfying the hypothesis (F) of Theorem 1.6.

(b) Alternatively, assume that B is spherically positive monotone with cg = 2 and, as
in the hypothesis (NF) of Theorem 1.6, c1(&)|m,y(am0) = 0 and « is a non-degenerate
contact form on (M, &) such that all contractible closed Reeb orbits have index greater
than 3 —n. Then (2.1) also holds.

In other words, (2.1) asserts that HC (M) is obtained by taking an infinite number of copies
of Hy_(B; A) with grading shifted up by positive integer multiples of 2c¢p and adding up the
resulting spaces. We emphasize that in Case (a) of the proposition HC2(M) is the symplectic
homology associated with the filling of M, while in Case (b) this is the “non-fillable” homology
described above.

Remark 2.2. In this work, we do not need to consider the case that B is spherically negative
monotone, but we included it in Proposition 2.1 for the sake of completeness.

Proof. First note that, by the universal coefficient theorem, H,(B;A) = H,(B;Q) ® A since
A is a field. Then the proof goes word-for-word the proof of [30, Proposition 3.1] using the
Novikov field and the action filtration mentioned in the previous section, except in the proof
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of [30, Lemma 3.3], used in the proof of item (b), where it is assumed that ¢;(§) = 0 while
here we are allowing ¢; (&) to be torsion. This lemma establishes that a sufficiently small non-
degenerate perturbation of the connection form is index-admissible, that is, every contractible
periodic orbit v satisfies p(y) > 3 —n. The assumption in [30, Lemma 3.3] that ¢;(§) = 0
is used to ensure that the determinant line bundle A2 is trivial. When ¢;(§) is torsion it is
no longer true in general, but we have that (Ag§ )®N is a trivial line bundle, where N is the
smallest positive integer such that Nci(€) = 0. Choose a trivialization 7 : (ARE)®N — M x C
which corresponds to a choice of a non-vanishing section s of (A%§)®N . The choice of this
trivialization furnishes a unique way to symplectically trivialize @Jl\/ & along periodic orbits of
« up to homotopy. As a matter of fact, given a periodic orbit v, let ® : y* @Y ¢ — St x C*V
be a trivialization of (—BJIV & over v as a Hermitian vector bundle such that its highest complex
exterior power coincides with 7. This condition fixes the homotopy class of ®: given any
other such trivialization ¥ we have, for every t € S, that ®; 0 v, L. ¢V - ¢"N has complex
determinant equal to one and therefore the Maslov index of the symplectic path ¢ +— ®; 0¥ !
vanishes, where ®; := m o @]7*@%@) and U; := mp 0 \I/|7*@11v£(t) with my : ST x C"N — N
being the projection onto the second factor; cf. [5, 43]. Notice that this trivialization is closed
under iterations, that is, the trivialization induced on 4/ coincides, up to homotopy, with the
j-th iterate of the trivialization over 7.

Now, one can define the Conley-Zehnder index p(v;s) of a closed orbit « in the following
way. By the previous discussion, s induces a unique up to homotopy symplectic trivialization
d: @M ¢ —» St x RN, Using this trivialization, the linearized Reeb flow gives the
symplectic path

L(t) = ®; 0 @7 dey, (7(0))] o @5,
where ¢!, is the Reeb flow of a. Then the Conley-Zehnder index is defined as

p(v;s) = M](\,F)

It turns out that if v is contractible then this index is an integer and does not depend on
the choice of s since the trivialization of the contact structure is homotopic to a trivialization
over a capping disk; see [4, Section 3.

The previous discussion allows us to define the mean index for all finite segments of Reeb
orbits, not necessarily closed; see, e.g., [25]. This index depends continuously on the initial
condition and the contact form (in the C?-topology), and for closed Reeb orbits it agrees with
the standard mean index. In this way, it is easy to see that the proof of [30, Lemma 3.3]
works verbatim under the assumption that ¢ () is torsion. g

2.3. Resonance relations. Let vy be an isolated (possibly degenerate) closed Reeb orbit and
denote by HC, (7) its local equivariant symplectic homology; see [27, 37]. For a non-degenerate
orbit v, we have that

HC, () = {A if + = pu(y) and v is good

0 otherwise.

The Euler characteristic of v is defined as

X(7) = D (1) dim HC,, (7).

meZ
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This sum is finite. When ~ is non-degenerate,

(1) = (=1)*() if 5 is good
)= 0 otherwise.

The local mean Euler characteristic of 7 is

o1&
X(7) = lim — » x(¥").
The limit above exists and is rational; see [26]. When + is strongly non-degenerate, i.e. all
iterates of v are non-degenerate, we have

2() = (=1)*) if 42 is good
—1)#M /2 if 42 is bad.
(1)

Assume now that « is index-positive/index-negative and has finitely many distinct simple
contractible closed orbits 71, ..., 7. This assumption ensures that the positive/negative mean
Euler characteristic

o1
X+ (M) := lim = > (=1)"bsp
120 m=0
is well defined, where by, := dim HC?, (M) is the m-th Betti number; see [26]. The mean Euler
characteristic is related to local equivariant symplectic homology via the resonance relation

T ~
X\7i
> X090 ), 23)
= i)
proved in [32] in the non-degenerate case and in [37] in general. Here the right-hand side is
X+ when « is index-positive and x_— when « is index-negative.

3. INDEX RECURRENCE

A crucial ingredient in the proof of Theorem 1.6 is the following combinatorial result
addressing the index behavior under iterations taken from [30, Theorem 4.1]. This result can
also be deduced from the so-called enhanced common index jump theorem due to Duan, Long
and Wang [22]; see also [38, 39].

Theorem 3.1 ([30]). Let ®y,...,P, be a finite collection of strongly non-degenerate elements
of §f)(2n) with 1(®;) > 0 for all i. Then for any n > 0 and any £y € N, there exist two
integer sequences d;—r — o0 and two sequences of integer vectors E;_r = (kf—;, e k:—;) with all
components going to infinity as j — oo, such that for all i and j, and all £ € Z in the range
1 < |4 < 4y, we have

(1)

+ +

+
ﬂ(@k”) — d;—r‘ < n with the equality ,&(@f“) = u(@f“) = dji whenever ®;(1) is

)

hyperbolic,
. k4t " ’
(i) p(®;” ) = di + p(®;), and

1

(i) () - d; = ~(u(2}") — a).

Furthermore, for any N € N we can make all dji and k% divisible by N.
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4. PROOF OF THEOREM 1.6 UNDER THE ASSUMPTION THAT cp > n/2

Throughout this section, we will assume that cg > n/2. As explained in the introduction,
this hypothesis is dropped in Appendix A.

4.1. Outline of the proof. First of all, let us give an idea of the proof of Theorem 1.6 in
the case where n is odd. The idea for even n is similar, and the detailed proofs in both cases
are in Section 4.2.

The fact that the contact form « is non-degenerate and lacunary implies that every con-
tractible periodic orbit of a is good and the differential in CCY(«) vanishes, where CCY(a)
is the subcomplex of CC,(«) formed by the contractible closed orbits of «. Using this, the
computation of HC2(M) given by (2.1) and a combinatorial lemma (Lemma 4.2) we can show
that « has finitely many simple contractible closed orbits. The idea is that, since every con-
tractible orbit contributes to HC2 (M), the rank of HC2(M) grows with respect to the number
of simple contractible orbits, getting a contradiction if we have infinitely many orbits. This
part of the proof does not depend on the parity of n.

So we have finitely many simple contractible orbits {71,...,7 } and we have to show that
r = rp. Since the differential in CCY(c) vanishes, we have, using (2.1), that every contractible
orbit v satisfies p(y) = n (mod 2), u(y) = kmin = min{k € Z; HCY(M) # 0} > 1 and
fi(y) > 0. Using this and Theorem 3.1, we find integers d, k1, ..., k, such that d = 2scp for
some s € N,

p(YFTY <d -1 Vi<l <k

and

This implies that

m=Fkmin 1=1
T T .
=Y ki = Y #1 <G < ki p(v]) > d}
=1 i=1
=8rp — Ty,

where ¢, is the m-th Morse type number, defined as the number of contractible periodic orbits
(simple or not) with index m, ry := #{1 < i <r; u(y¥) > d} and the equation 3_, k; = srp
follows from Lemma 4.5 which is proved using the resonance relations mentioned in Section
2.3. This equation says that the truncated mean Euler characteristic an:kmm ¢m (note that
¢m = 0 if m is even) equals srp up to the correction term 7.

On the other hand, let b,, be the m-th Betti number. We have, by the fact that the
differential vanishes and (2.1),

d d
S o= 3
=k

m:kmm m min
n—1
= srp— Y, dimH;(B; Q)
i=0
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implying that r. = rp/2. It furnishes at least rp/2 contractible simple orbits. Note that in
the second and third equations we used the fact that n is odd and in the second equation we
used the hypothesis that cg > n/2.

Repeating the above argument and applying again Theorem 3.1, we can find integers
d ki, ... k. such that

r_i=#{l<i<nr M(')’fé) >d'} =rp/2.

Now the point is that these integers, by property (iii) of Theorem 3.1, satisfy

B <i<r p(y) > dy=#{1<i<r; p(f) < d),

giving more distinct rp/2 contractible simple orbits.
Finally, to prove that r = rp, we note that

#1<i<r p(yF) <dy + #{1 <i<r; p(yf) > dy = rp.

But d = 2scp is even which implies that u(y) # d since u(y¥) = n (mod 2) is odd.
Therefore,

#{1 <i <7 p(yi) <dor p(yF) > d} =r.

4.2. Proof of the theorem. As explained in Section 2.1, under the assumptions of the
theorem, we have the positive equivariant symplectic homology of contractible orbits HCO (M)
given by (2.1). Note that if M does not admit a “nice” filling, in the sense of assumption (F),
we assume that our non-degenerate lacunary contact form « is index-admissible.

By the discussion in the same section, HC2(M) is the homology of a chain complex CCY(a/)
generated by the good contractible closed orbits of a. Since « is lacunary, every periodic orbit
is good and the differential in CC2(a) vanishes. Therefore,

HC%(M) = CC%(CV) = @7690((1);#(7)=k1\ (41)

for every k € Z, where 2°() is the set of (not necessarily simple) contractible closed orbits of
a. In other words, every contractible closed orbit of a contributes to the positive equivariant
symplectic homology.

It follows from (4.1) and (2.1) that, for every contractible orbit ~ of «,

fi(y) > 0. (4.2)

Indeed, since |ji(y) — u(77)] < n for every j, if we have some 7 such that fi(y) < 0 then we
have either that HC(M) is non-trivial in arbitrarily large negative degrees k (if ji(y) < 0) or
HCY(M) has infinite dimension in some degree k € (—n,n) (if () = 0) and both situations
are impossible by (2.1).

Define

Emin := min{k € Z; HCY(M) # 0}.
By (2.1) and our hypotheses (including the condition that cg > n/2),
Kmin = 2cg —n > 1.

In what follows, we will prove Theorem 1.6 under the assumption that cg > n/2. For a
clear exposition, we will break down the proof in claims and steps.
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Remark 4.1. As the reader can easily check, the only point in the proof below that uses that M
is a prequantization is the computation of HC2(M) given by (2.1). The proof works verbatim
for any closed contact manifold M (under the assumption (F) or that « is index-admissible)
whenever we have (2.1) with ¢g > n/2. (This assumption on cp can be completely dropped
as explained in Appendix A.) It will be crucial in the proof of Theorem 1.16 established in
Section 5.

Claim 1. « has finitely many simple contractible closed orbits

This part of the proof follows from the work of Giirel [35, Theorem 1.5]. For the sake of
completeness, we will reproduce her argument. Define
2n
b = limsup Z dim HCY_;(M).
k=0 i=p
By (2.1), b is a finite integer.
The key point is the following combinatorial lemma proved in [35] which uses the afore-
mentioned fact that every contractible orbit of o has positive mean index:

Lemma 4.2. [35, Lemma 3.2] Assume that o has a collection of m geometrically distinct
contractible periodic orbits vyi,...,vm. Then for every sufficiently small € > 0, there exist
infinitely many disjoint intervals I of length 2n + € such that for some positive integers ki =
1,...,kpn =1 (depending on the interval), the iterated orbits ’yfl, e fj{” all have indexes in
the interval I.

Since ki > —00, it follows from (4.1) and the previous lemma that « has at most b simple
contractible closed orbits.

Remark 4.3. Note that the dimension of M in [35] is 2n — 1 and here is 2n + 1.

Remark 4.4. When M is the standard contact sphere S?"*! we have b = rg = n+1. However,
there are several examples where b > rg: for instance, when M = S*S™ we have rg = m
when m is even (resp. rg = m + 1 when m is odd) and b = m + 2 when m is even (resp.
b =m + 3 when m is odd).

Claim 2. « has precisely rp simple contractible closed orbits

This is the more involved part of the proof. In what follows, we will use some ideas from [23]
and [30]. We will also use the aforementioned fact that, by the universal coefficient theorem,
H.(B;A) = Hy(B; Q) ® A since A is a field, which implies that dim Hg(B; A) = dim Hg(B; Q)
for every k.

By the first claim, we have finitely many simple contractible closed orbits {7y1,...,7}. By
(4.1), (2.1) and our hypothesis that Hi(B; Q) = 0 for every odd k, we conclude that

pu(v}) = n (mod 2) (4.3)
for every i € {1,...,r} and j € N. In particular, every periodic orbit is good. It also follows
from (4.1) and (2.1) that A

W) = kmin =1 Vi, j. (4.4)

By (4.2) we have that
lo := max {min{ko € N; pu(3}*) > p(4f) Vk > 1 and Ve > ko}}

1<i<r v
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is well defined, i.e., the minima are finite (it follows from the aforementioned fact that |jfi(v;)—
w(77)| < n for every j). By Theorem 3.1, given N € N, > 0 and £, as above we have two

sequences of integer vectors (alJr kf], cey k:fj) satisfying conditions (i), (ii) and (iii) and such

that all d+ k‘fj, . "km are divisible by N. We will only need one such vector from each
sequence. Hence set
(dyky .oy ke) o= (dy  kip, - k) and (& KL, .. kL) = (dy  kygy -y k) (4.5)

The following lemma is one of the key steps in the proof and it is proved using the resonance
relations mentioned in Section 2.3; cf. [3, Sublemma 5.2] and [30, Lemma 5.1].

Lemma 4.5. The numbers N and 1 can be chosen such that d = 2scp for some s € N and

T
Z k; = srp.
i=1

The same holds for d', ki, ... k..

Proof. Let N be any positive integer multiple of 2cp so that d = 2scp for some s € N. It is
easy to see from (2.1) that

X+ (M) = <—1>”2’"C—';,

Now, take n sufficiently small such that ], —) < 1. Using the resonance relation (2.3)
and (4.3), we conclude that

4o (M) = (-1 Y =

nilﬁ*l—(

nilﬂ-ﬁ-(

kzM

5 (d -

D

5 (d -
> ; M% ))

where in the last equation we used the homogeneity of the mean index, that is, ,&(”yf ) = j7(v)
for every j. By property (i) of Theorem 3.1 and the condition on 7,

d—
Z( Ay

o A 1M
Note that by our choice of N the numbers d - x4+ (M) and k; for all i are integers. Therefore,

r

nZ

i=

,
d- X+ n kz
=1
Obviously, the same argument works for d’, K}, ..., k.. O

Let us now break down the proof of Claim 2 into two cases, according to the parity of n.

Case 1. n is odd
We will split the proof in this case in three steps.

Step 1. « has at least rp/2 simple contractible closed orbits
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By property (ii) of Theorem 3.1 and (4.4),

pOF =d—p(y)) <d =1, VI<E<l,

P =d+ p(yf) = d+ 1, VI<L< 4,

Choosing N big enough, we can assume that fg + 2 < min;¢;<, k;. By the definition of 4y,
item (ii) of Theorem 3.1 and (4.4), we have, for all /o +1 < /¢ < k;,

> = =0
1£ k 16 [ 01
p( ) <p( T T I T = u(y Y =d - ply) <d - 1

and, for all £ > ¢y + 1,

(T = p( R T Oy o B —a g () = d 41
Thus, we have
p(YFThY <d -1 Vi<t<k (4.6)
and
p(F Yy > d+1 ve=1. (4.7)

Let ¢, = #{v € 2°(a); u(y) = m} be the m-th Morse type number and b,,, = dim HC? (M)
the m-th Betti number (which, by (4.1), coincide). Note that ¢, and b, vanish if m is even
(recall that n is odd). By (4.7), no periodic orbit = k T ¢ > 1, contributes to anzkmm Cm.-
Hence,

d
D, o« Z#{l j <k p(v) <dy
=k

m=Fkmin i=1
=Zk—2#{1 i< ki pa]) > d}
= srg —1,, (4.8)
where ry = #{1 < i < r; u(’yf") > d} and the last equation follows from Lemma 4.5 and
(4g)n the other hand, by (2.1) and the hypothesis that ¢cg > n/2, we have that
i b = STB — ZdlmH B;Q)
m=Fkmin

= srp —rB/Q, (4.9)

where in the first equality we used the fact that n is odd and the last equality holds by
Poincaré duality and using the facts that n is odd and the homology of B is lacunary.

But, by (4.1),
d d
2, bm= ),
=k —k

m min m min
which implies that
ry =rpg/2.

Step 2. Existence of other rp/2 simple contractible closed orbits
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Applying the argument of the last step for the integer vector (d’,k;,...,k, ) in (4.5) pro-
vided by Theorem 3.1, we get

ro=#{1<i<r; ,u(vf;) >d'} =rg/2.
But, by property (iii) of Theorem 3.1, we have that

A <i<r p() > dYy = #{1 <i<r; p(y") < d).

Step 3. Existence of precisely rp simple contractible closed orbits
By steps 1 and 2,

#1<i<r p(yF) <dy +#{1 <i<r; p(yy) > dy = rp.

But d = 2scp is even which implies that ,u(fyfi) # d since ,u,(*yfi) = n (mod 2) is odd.

Therefore,
#1<i<r u('yf") <dor ,u(%ki) >d} =r.
Case 2. n is even

We will split the proof in this case in four steps. It is similar to the argument in the case
that n is odd although a bit more intricate.

Step 1. Existence of (rp —dimH,(B;Q))/2 simple contractible closed orbits

By (4.3) and (4.4) we have that ,u(yij) > 2 for every i and j. Arguing as in the case that n
is odd, we find integers d, k1, ..., k. such that

p(YFh <d -2 Vi<i<k (4.10)
and
p(F Yy >d+2 V=1 (4.11)
Thus, no 'yf”z, f = 1, contributes to antlkmm cm- Hence,
d+1 r ]
D1 oem =D # <G <k p(y]) <d+ 1
m=kmin i=1

=3 k= > #1 <G <k p(v]) > d+ 1}
i=1 i=1
=srp—rg, (4.12)

where ry 1= #{1 <i<r; u('yfi) > d + 1} and the last equation follows from Lemma 4.5 and
(4.10).
On the other hand, by (2.1) and the hypothesis that ¢g > n/2, we have that

d+1 n—2
D1 by =srp— Y. dimH;(B;Q)
m=kmin i=0
= srp — (rp —dimH, (B;Q))/2, (4.13)

where the last equality holds by Poincaré duality and using the facts that n is even and the
homology of B is lacunary.
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But, by (4.1),
d+1 d+1
Z by, = Z Cm
m=kmm m:kmin

which implies that
ry = (rp —dimH,(B;Q))/2.
Step 2. Existence of other (rp — dim H, (B;Q))/2 simple contractible closed orbits

Applying the argument of the last step for the integer vector (d’,k;,...,k, ) in (4.5) pro-
vided by Theorem 3.1, we get
ro= {1l <i<r; p(y') > d + 1} = (rp — dim H;(B; Q))/2.
But, by property (iii) of Theorem 3.1, we have that

#l<i<r ) >d + 1) =l <i<r p(f) <d-1}.

Step 3. Existence of more dim H,(B;Q) simple contractible closed orbits

By (4.10) and (4.11), the only iterate that can contribute to HCY(M) is ’yzkl But all the
orbits 7; obtained in steps 1 and 2 satisfy either ,u(vfi) >d+1or ,u(yfi) < d— 1. Thus, we
need at least dim HCY(M) = dim H,,(B; Q) new simple contractible closed orbits (the equality
dim HCY(M) = dim H,,(B; Q) holds by (2.1) and the hypothesis that cg > n/2).

Step 4. Existence of precisely rg simple contractible closed orbits

By step 3,
#{1<i<r; p(y)) =d} = dimH,(B; Q).
By steps 1 and 2,

#{1<i<r p(yF) <d—1}+ #{1 <i<r p(y) > d+1} = rp — dim H,(B; Q).

But notice that d is even and d + 1 are odd. Since u(’yfi) is even, it cannot be equal to d £+ 1.
Therefore,

#{L<i<rm u(vfi) <d-1lor u(vfi) >d+1or u(vfi) =d} =r.

5. PROOF OF THEOREM 1.16

Let us first prove that a has precisely rg contractible closed orbits. First of all, note that
M does not need to have a symplectic filling. Thus, we will argue as in the proof of Theorem
1.6 under the assumption (NF), but for this we have to show that a is index-admissible. Let
& be the lift of a to M.

Lemma 5.1. Let 2°(a) and 2°(a) be the set of (not necessarily simple) contractible closed
orbits of & and « respectively. Then there exists a map ¢ : P°(&) — P°a) such that
w(¥) = u((%)). Moreover, this map has an inverse on the right p : 2°(a) — 29(a).

Proof. Let 4 be a contractible closed orbit of & and 7 : M — M be the quotient projection.
Define 9(4) = 7 0 4. Clearly, this is a contractible closed orbit of o with the same index. To
construct p, let v be a contractible closed orbit of o and choose a point zg € 771(7(0)). Since
7 : M — M is a finite covering and v is contractible, we have that v admits a closed lift 4
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such that 4(0) = x¢. This lift is also contractible because given a capping disk f of v (i.e. a
continuous map f : D> — M such that f|;p2 = 7) we have that f admits a lift f to M such
that f|sp2 = 4. Define p(v) = 4. Then ¢(p(v)) = ¥(7) = 7 as desired. O

It follows from the first statement of the previous lemma that & is lacunary. Since M has a
filling satisfying the assumption (F) of Theorem 1.6, we can consider the positive equivariant
symplectic homology of M. As explained in Section 2.1, this is the homology of the complex
CCY(&) generated by the contractible good orbits of 4. Since @& is lacunary, every periodic
orbit is good and the differential of CC2 (&) vanishes. Therefore,

#(7) = kmin = min{k € Z; HCY(M) # 0}
for every contractible closed orbit 4 of &. But, by (2.1),
HCY(M) = P Hi—omey+n(B;A)

meN
which implies that ki, = 2¢g —n. By hypothesis, cg = 2 and therefore ky,;, > 3—n. Hence,
& is index-admissible and so is «, since the map v in Lemma 5.1 is surjective.
Thus, we can argue as in Theorem 1.6 under the assumption (NF). As mentioned in Remark
4.1, the assumption that M is a prequantization in Theorem 1.6 is needed only to achieve the
isomorphism (2.1). Thus, it is enough to show that

HCOY(M) = P Hi omepin(B; A). (5.1)

meN

To prove (5.1), we will construct a non-degenerate, index-admissible and lacunary contact
form n on M such that
CCYn) = P Hi—omey+n(B;A) (5.2)

meN

which readily implies (5.1).

Remark 5.2. Let &€ = 7,.& be the contact structure on M, where 7 : M — M, as before, is
the quotient projection. To define the equivariant symplectic homology of contractible orbits
HCY(M) using the symplectization of M (with an integral grading) it is enough to have that
c1 (g_)lm(p[) = 0: we do not need that Cl(f_)|H2(1\7;Q) = 0 as in assumption (NF). Indeed, this
assumption is needed in Theorem 1.6 in order to compute HCY (M) in item (b) of Proposition
2.1. Here, we do not need this since we compute HCO(M) directly from the construction of
7. The condition ¢; (5)]”(*) = 0 holds because, by the assumption that (M, &) satisfies (F),
we have that ¢1(£)|x,(a) = 0 which is equivalent to the condition ¢ (E)|7r2(1\7) = 0 since the
induced map 7y : ma(M) — m2(M) is an isomorphism.

Consider the Hamiltonian T%-action on B. Let {X1,..., X4} be a basis of the Lie algebra
of T such that the corresponding 1-parameter subgroups are circles. Denote by ¢! the action
on B of the circle corresponding to X;. Without fear of ambiguity, we will denote by X; the
Hamiltonian vector field of ¢! and let H; : B — R be the Hamiltonian function that we will
assume, without loss of generality, to be a positive function.

Lemma 5.3. There exists a compact 1-parameter subgroup of T* whose corresponding circle
action on B has the property that its fixed point set coincides with the fized point set of the
Te-action.
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Proof. Since B is closed, this action has finitely many isotropy subgroups Gi,...,Gp,. At
most one of these subgroups has dimension d, say G,,. Since the codimension of all other
stabilizers G1, . .., Gy—1 is positive, we can find a compact 1-parameter subgroup of 7¢ which
is not contained in any G; with 1 < ¢ < m. The existence of this 1-parameter subgroup follows
from the fact the union of the compact 1-parameter subgroups of 7% is a dense subset of 7.
This is the desired subgroup. O

Thus, we can assume, without loss of generality, that X; generates a circle action whose
fixed points coincide with the fixed points of the T%action. Let 3 be the connection form on
M and consider the contact forms R

ni = B/H;
where H; = H;om with 7: M — B being the quotient projection. We have that the Reeb
vector field of 7; is given by
R; = HiRs + X/

where Rg is the Reeb flow of 3 (that generates the circle action of the prequantization M
whose orbits are the fibers) and X! is the horizontal lift of X;; see [7, Lemma 3.4]. The
flow of R; generates a circle action [7, Proposition 3.6] and commutes with the flow of Rg [7,
Lemma 3.8]. We also have that [R;, R;] = 0 for every ¢ and j. As a matter of fact,

[Ri,R;] = [HiRs + X}', HRs + X
= [H;Rg, H;Rg] + [H;Rg, X1 + [X]", H;Rs] + [X]", X]']
=[x}, X7

[Xi, X;]" + w(Xi, X;)Rg

0,

where [fIiRg, H;Rg] = 0 because H; and H; are invariant by the flow of Rg, [H;Rg, X]h] =0
(and similarly [X, H;R5] = 0) since [Rg,XJ’-‘] = 0 (see [7, Lemma 3.8]) and X]h(ﬁz) =
X;(H;) = {H;,H;} = 0, [X;, X;]" = 0 is the horizontal lift of [X;, X;], and w(X;, X;) = 0
because X; and X; commute.

Thus, Ry,...,Rgy1 generate a contact -action on M, where Rgq.1 := Rg. We claim
that this action preserves n; for every i. Indeed, let g € 79!, Since this action preserves the

contact structure & = ker 8 we have that g*n; = fn; for some function f. To conclude that
f =1 it is enough to show that g*n;(R;) = 1. But g«(R;) = R; because g = ¢%1 0. 0gltl

td+1
for some (t1,...,tar1) € T, where ¢] is the flow of R;, and d¢}(R;) = R; for every j and
t since Ry,..., Rgr1 commute.

Now, let € > 0 be an irrational number and define n¢ = 3/(Hj + €) so that the Reeb vector
field of 7§ is R = Ry + €Rgy1. By the previous discussion, we have that the 79 !-action
preserves 1] as well: given g € T we have that g*ny = fni for some function f and
g+(R$) = R§ which implies that f = 1. Consequently, 7¢ induces a contact form 1 on M. We
claim that 7 is the desired contact form satisfying (5.2).

As a matter of fact, note that the contractible periodic orbits of n{ and n are precisely
the contractible iterations of the fibers over the fixed points of the torus action on B (see
[7, Proposition 3.9]) and that all these orbits are elliptic. Indeed, note that the contractible
orbits of 7§ projects to contractible orbits of 1 and, since M — M is a covering, every
contractible orbit of 7 is a projection a contractible orbit of 1§ (cf. Lemma 5.1); therefore,

Td+1
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the contractible orbits of 7 are elliptic if, and only if, so are the contractible orbits of nf.
But, since RS = (H; + €)Rg + XI' and the vector fields (H; + €)Rg and X} commute, it is
easy to see that every contractible orbit of R is elliptic because every singularity of X is
elliptic. Therefore, n{ and 7 are lacunary. It is also easy to see that, choosing e properly,
they are also non-degenerate (because one can choose € such that, for every fixed point p of
the S'-action generated by X7, all eigenvalues of d¢y,(p) are of the form ¥ with 6 € R\Q,
where ¢f, is the time 1/(H1(p) + €) map of the flow of X;). Moreover, we have that the map
Y POn5) — P9 (n) furnished by Lemma 5.1 is a bijection. Indeed, since the contractible
periodic orbits of 1] are precisely the contractible iterations of the fibers over the fixed points of
the torus action on B, we have that the images of theses orbits coincide with the corresponding
images of the orbits of the T%+!-action and consequently the closed orbits of 7} are symmetric
with respect to the G-action. It easily follows from this that 1) is injective. Therefore,

CCL(n) = CCL(n).
But, since 7 is lacunary, the differential in CCY () vanishes and consequently, by (2.1),

CCQ(U%) = HCS(M) = @ H*mecBJrn(B;A)a (53)

meN
proving (5.2).

Remark 5.4. When M is the unit cosphere bundle of a CROSS N with the flow of Rg being
the (periodic) geodesic flow, the contact form n{ can be chosen such that it is induced by a
Finsler metric. In this way, we get the Katok-Ziller Finsler metrics [47]. When the action
of G on S*N is the lift of a free G-action on N then 7 is a contact form on S*(N/G) also
induced by a Finsler metric on N/G.

Finally, let us prove that the lifts of the contractible closed orbits of o to M are symmetric.
Let {71,...,7 5} be the set of simple contractible orbits of o and {41,...,%,5} be lifts of
these orbits, which are contractible closed orbits of the lifted contact form & on M. These
lifts are also simple contractible orbits. By Theorem 1.6, & has precisely rp simple contractible
closed orbits. If one of the orbits 4; is not symmetric, we would have some g € G such that
Im(9;) # Im(g(%;)) and consequently we would have more than rp simple contractible closed
orbits of &, a contradiction.

6. MULTIPLICITY OF PERIODIC ORBITS FOR LENS SPACES AND THEIR UNIT COSPHERE
BUNDLES

As in Theorem 1.6 (see Remark 4.1), the only point in the proof of Theorem 1.1 in [30] that
uses that M is a prequantization is to achieve the isomorphism (2.1) (when B is spherically
positive monotone). As proved in the previous section, this isomorphism holds for some pre-
quantizations of orbifolds as in Theorem 1.16. In particular, as explained in the introduction,
this isomorphism holds for lens spaces and their unit cosphere bundles. Therefore, we can
conclude the following results.

Theorem 6.1. Let o be a non-degenerate contact form on Lf,"“(@o, ...y 4n) which is index-
positive, index-admissible and has no contractible periodic orbits vy such that u(y) = 0 if n
is odd or u(vy) € {0,+1} if n is even. Then a carries at least n + 1 geometrically distinct
contractible periodic orbits.
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Theorem 6.2. Let o be a non-degenerate contact form on S*L;”(fo, ...y lg—1) which is index-
positive and has no contractible periodic orbits vy such that p(y) € {0,+1}. Then « carries at
least m + 1 geometrically distinct contractible periodic orbits.

Note that in Theorem 6.1 we assume that « is index-admissible because a lens space does
not admit, in general, a filling satisfying the assumption (F') of Theorem 1.6. This hypothesis is

not necessary in Theorem 6.2 because S *L;,”(éo, ..., Lq—1) satisfies this assumption. Moreover,
note that the dimension of S*L*({o, ..., fq-1) is 2m —1 = 2(m —1) + 1 with m — 1 even since
m is odd.

Remark 6.3. Using symplectic homology of contact manifolds with orbifold fillings, developed
in [34], it is possible that the assumption in Theorem 6.1 that « is index-admissible can be
dropped.

7. FINAL QUESTIONS

To finish this work, let us pose some final questions. To the best of our knowledge, all
the examples known so far of contact manifolds admitting a contact form with finitely many
simple periodic orbits are prequantizations of orbifolds.

Question: Is there an example of a contact manifold admitting a contact form with finitely
many simple periodic orbits that is not a prequantization of an orbifold?

The answer is negative in dimension three if we assume that the first Chern class of the
contact structure is torsion [17, 18].

As mentioned in the introduction, all the examples that we know so far of contact forms
with finitely many closed orbits are non-degenerate and have only elliptic closed orbits. This
raises the following natural question.

Question: Is there an example of a contact form with finitely many closed orbits possessing
non-elliptic orbits?

The answer is also negative in dimension three if we assume that the first Chern class of
the contact structure is torsion [17, 18].

Another natural problem, related to the previous question, that arises from our results is
the following:

Question: Is it true that a contact form with finitely many closed orbits is non-degenerate
and lacunary?

If it is true, we would conclude that every contact form on a prequantization M with finite
fundamental group satisfying the assumptions of Theorem 1.6 and admitting a nice filling,
in the sense of assumption (F), has either rp or infinitely many closed orbits. It is true in
dimension three if we assume that the first Chern class of the contact structure is torsion
17, 18].

APPENDIX A. DROPPING THE ASSUMPTION ON THE MINIMAL CHERN NUMBER
(JOINT WITH BAPTISTE SERRAILLE)

In what follows, we will show how to change the proof of Theorem 1.6 in order to drop
the assumption c¢p > n/2 used in Section 4. As before, we split the argument in two cases,
according to the parity of n.
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The main point is the reestablishment of equations (4.8), (4.12), (4.9) and (4.13) without the
assumption on c¢g. The outcomes are (A.6), (A.17), (A.7) and (A.18) respectively. (Note that
the pairs of equations (4.12), (4.13) and (A.17), (A.18) are equivalent under the assumption
¢p > n/2 because, in this case, by (2.1), by = 0.) For the first two equations, we have to deal
with closed orbits with non-positive index, since without this assumption, it is not true that
kmin = 1 anymore; see (4.4). This can be fixed redefining the number ¢y as

0o := max {min{ko € N; p(7¥*) = pu(vF) +n +3 Yk = 1 and V¢ > ko}},

1<i<r

which is well defined (i.e. is a finite number), as in Section 4, by (4.2). The last two equations
are somewhat more involved, and can be dealt with using Lemma A.1 below.

Case 1. n is odd

Step 1. « has at least rp/2 simple contractible closed orbits

Choose N in Theorem 3.1 such that ¢y + 2 < minj<;<, k;. By property (ii) of Theorem 3.1,

p(vF ) = d— u(yf)

p(yF = d + p(vf)

for every 1 < £ < ¢y. Therefore,
#{L € [~lo, Lo]\(O}; p(3]"*) < d =1} = #{L € [~Lo, ]\{0}; p(3}" ™) = d+1}. (A1)

(Note here that k; > ¢y.) Since there is no contractible closed orbit with index zero (because
n is odd), we get that each index ,u(’yf) is either positive or negative and consequently,

#{0 € [—Lo, Lo]\{O}; p(vFithy < d— 1} + #{0 € [—Lo, Lo]\{0}; p(3FtE) = d + 1} = 20y (A.2)

By the definition of ¢y and the fact that u(y) < () + n for every non-degenerate closed
orbit v,

W < p(F) — (n+3) <A 4n—(n+3) <d+l+n—(n+3)=d—2, (A3)

for every ¢y + 1 < ¢ < k;, where the third inequality holds by property (i) of Theorem 3.1.
Similarly,
p(yft) = d + 2, (A.4)

for all £ = /4.
Thus, we arrive at

#GEN, j# ki () < d} = #{1<j < ki + Lo, j # ki p(v]) < d}
=ki—lo— 1+ #{ki — o <j < ki + Lo, j # ki; p(v]) < d}

1
= ki — by — 1+ S#{ki — lo < j < ki + Lo, j # ki)

1
Zk‘i—fo—l—l-iQfo
ki1, (A.5)



26 MIGUEL ABREU AND LEONARDO MACARINI

where the first equation follows (A.4), the second equation follows from (A.3) and the third
identity is a consequence of (A.1) and (A.2). Hence, we conclude that

d r
Yooem =2 #ieN; pu(v)) < d}
—k .

M=Rmin 1=1
= MG eN, j# ki p(v]) < df + #{1 < i <7 p(yf) < d}
i=1
= Zkzi—r—i-(r—hr)
i=1

r
= Z kz — Ty,
i=1

where, as in Section 4, ry = #{1 <i < r; ,u('yfi) > d} . Therefore, by Lemma 4.5,

d
Z Cm = STB — T4, (A.6)

m=Fkmin

as in (4.8). (Note that we do not use any assumption on ¢p in Lemma 4.5.)
Now, we claim that

d
2 by, = srp —rp/2 (A.7)

as in (4.9). Assuming the claim, this first step follows from (A.6) and (A.7) just as in Section
4. Step 2 and Step 3 follow as in the rest of the proof.

So to finish the argument when n is odd it remains only to prove (A.7). It is an immediate
consequence of the next lemma (note that n is odd and H,(B;Q) vanishes in odd degrees).
Recall that d = 2scpg.

Lemma A.1. We can choose s arbitrarily large such that
d 25—1
2 Y bn= (25— Drp+dimH,(B;Q) +2 > dimH, a5 myes (B; Q).
m=FKmin m=s+1

The result holds for any n (odd or even).

Proof. Take N big enough in Theorem 3.1 such that 2scp > 2n. Change the grading of
HC. (M) to ' = 4scg — * so that

HC*’(M) = @ H4scB—*’—2mCB+n(B;A)~

meN
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Thus, since ki, = 2cp — n,

d 2scp
2 Y bn=2 >, b
m:kmin *=QCB—7’L

n+(4s—2)cg o

=2 Z Z dim H(4sf2m)037*’+n(B; @)

*'=2scg m=1
n+(4s—2)cp 2s—1

=2 Z 2 dim H(4372m)037*’+n(B; Q)

#'=2scg m=1

dm

~

25— 1n+ (4s—2)cp
Z Z dim Hgs—2m)cp— w4n(B; Q) + dimHy, (4372m)cB(B;Q)7

QSCB

where the third equality follows from the fact that 2scg > 2n, the last equation holds by
Poincaré duality and d,, is defined as in the equation.
We have to prove that

2s—1 2s—1

Dl dm = (2s—1)rp + dimH,(B;Q) +2 . dimH, o0 me, (B Q). (A.8)
_ m=s+1

In order to do it, let us look at the first term of d,,,. When #’ runs from 2scp to (4s—2)cg +n,
it sums up the ranks of the homology of B from the degree —2mcp+2cp < 0 ton+2(s—m)cp.
Similarly, the second term of d,, sums up the ranks of the homology of B from the degree
n—2(s —m)cp to 2n + 2(m — 1)cp = 2n.

Hence, we have the following computations of d,, according to the relation between m and

s:
em<s < 2(s—m)ecg>0
n+2(s—m)cp 2n n+2(s—m)cp
dp = > dmH;(B:Q+ )] dimH;(B;Q) =rp+ > dim H;(B; Q).
j=0 j=n—2(s—m)cp j=n—2(s—m)cp
(A.9)
em=s < 2(s—m)ecg=0
n 2n
m = > dimH;(B;Q) + ). dimH;(B;Q) = rp + dimH, (B; Q). (A.10)

7=0
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em>s < 2(s—m)ep<0

n+2(s—m)cp 2n
dp= > dimH;(B:Q) + > dim H;(B; Q)
Jj=0 j=n—2(s—m)cp

n—2(s—m)cp

=TrBp — Z dim Hj(B; Q) + dim Hn+2(s—m)cB (Ba @) + dim Hn—2(s—m)63 (B» @)
j=n+2(s—m)cp

n—2(s—m)cp

—rg— > dim H;(B; Q) + 2dim Hy, , o(s—mye, (B; Q), (A.11)

j=n+2(s—m)cp

where the last equality holds by Poincaré duality.

Clearly,
s—1 n+2(s—m)cp 2s—1 n—2(s—m)cp
> > dimH;(B;Q) = ) > dim H;(B; Q). (A.12)
m=1j=n—2(s—m)cp m=s+1 j=n+2(s—m)cp

Hence, (A.8) follows from (A.9), (A.10), (A.11) and (A.12). O

Case 2. n is even

Step 1. «a has at least (rp —dimH,,(B;Q))/2 simple contractible closed orbits

The identities (A.1), (A.3) and (A.4) still hold in the case where n is even. However, the
other counts will change. We point out that it becomes now possible for an orbit to have
index d (since both d and n are even). This can happen in two different ways: either it is an
orbit of the form ’yfi or an orbit of the form fyf”e for some ¢ € [—{p, £o]\{0}. (Indeed, by the
definition of ¢y, u('yf"ﬂ) # d for every ¢ > fp.) In the last case, u(7/) = 0 and we have the
pair of orbits (fyfife, A¥i ) with index d.

Define co; = #{j € N; p(v}) = 0} and eq; = #{j € [~Lo, Lo]\{0}; u(7["*’) = d}. By the
previous discussion,

Cdi = 26071‘. (A13)
Now, let a; = #{¢ € [0, Lo]\{0}; u(7f*") < d — 1} and b; = #{0 € [~Llo, L]\ {0}; pu(rF ™) >

d + 1} be the two terms in the left hand side of (A.2). Equation (A.2) has to be replaced, in
this case, with

a; + b; + Cd; = 20. (A.14)

Using (A.1), (A.13) and (A.14) we arrive at

a; +co; = L. (A.15)
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Now, equation (A.5) becomes

#{GEeN, j# ki p(v]) <d} = #{1 < < ki + Lo, § # ki p(a]) < d}
= ki — by — 1+ #{ki — b < j < ki + Lo, j # ks p(y]) < d}
Zki—fo—l-i-ai-l-éd,i
= ki—€0—1+ai—|—2coyi
= ki—go—l-i-go-i-q)’i
=k; — 1+ co, (A.16)
where the first equation follows (A.4), the second equation follows from (A.3), the third
equation is immediate from the definitions of a; and ¢4, the fourth equality holds by (A.13)
and the fifth identity is a consequence of (A.15).
Recall that by = dim HC)(M) = dim ®%_; H,,—9mej, (B; Q). Since « is lacunary, Y.1_; co; =
bp. Thus, arguing as before, but now using (A.16),

d+1 d
T
m=kmm m_k?min
=Z#{J€N n(y]) < d}
=1

r

= Y #GEN, j# ki p(y]) <d} + #{1 <i < p()) < d

i=1
—ry+ Z C0,i
i=1

=srp—r4 + bo, (A.17)

I
Mﬁ

where the first equality simply follows from the facts that d and n are even and « is lacunary.
This is similar to (4.12) but with the correction term by.
Note that taking s big enough such that 2(1 — s)cp < —n we have that

2s5—1
Z dim Hn+2(s—m)cB (Ba @) = bo.

m=s+1

Consequently, we conclude from Lemma A.1 that

d+1 d
S b= Y b= srp+bo— (rp — dimH,(B; Q))/2, (A18)
m:kmln m:kmin

where the first identity holds, again, by the fact d and n are even. As before, this is the
analogous of (4.13) but with the correction term by.
Then, the first step follows from (A.17) and (A.18) as in Section 4.

Step 2 is modified according to Step 1.
Step 3. Existence of more dim H,(B;Q) simple contractible closed orbits

As in Section 4, from Step 1 and Step 2 we get rp — dim H,,(B; Q) closed orbits given
by the 4/s such that u('yfi) <d-—1 and u('ylkl) > d + 1. As mentioned earlier, the set of
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contractible orbits with index d splits into two sets: orbits of the form 'yfi such that u(’yfi) =d

ki+4

and pairs of orbits (vf"fe, 7Y with p(vf) = 0. The former set has cardinality © — r— — 7
and the latter has cardinality 2bg. So we get

cq=2bg+r—r_ —ry.

On the other hand, arguing as before and using Poincaré duality,

o
bg = dim @ Hn+2(s—m)cB (Ba Q)

m=1
2s5—1 s—1
= > dimH, oo, (BiQ) + Y. dimHy o(s_m)e, (B Q) + dim Hy, (B; Q)
m=s+1 m=1

= 2by + dim H,(B; Q).

Thus, since ¢q = by, we have that r —r_ — r; = dim H,,(B; Q). It concludes the proof of
Step 3.
Finally, we finish the proof as in Step 4 of Section 4.
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