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ABSTRACT. A long-standing conjecture in Hamiltonian Dynamics states that the Reeb flow
of any convex hypersurface in R?" carries an elliptic closed orbit. Two important contribu-
tions toward its proof were given by Ekeland in 1986 and Dell’ Antonio-D’Onofrio-Ekeland
in 1995 proving this for convex hypersurfaces satisfying suitable pinching conditions and for
antipodal invariant convex hypersurfaces respectively. In this work we present a general-
ization of these results using contact homology and a notion of dynamical convexity first
introduced by Hofer-Wysocki-Zehnder for tight contact forms on S3. Applications include
geodesic flows under pinching conditions, magnetic flows and toric contact manifolds.

1. INTRODUCTION

Let (M?"*1 €) be a closed (i.e. compact without boundary) co-oriented contact manifold.
Let a be a contact form supporting & and denote by R, the corresponding Reeb vector field
uniquely characterized by the equations tg da = 0 and «(R,) = 1. We say that a periodic
orbit v of R, is elliptic' if every eigenvalue of its linearized Poincaré map has modulus one.

The existence of elliptic orbits has important consequences for the Reeb flow. As a matter
of fact, fundamental contributions due to Arnold, Birkhoff, Kolmogorov, Moser, Newhouse,
Smale and Zehnder establish that, under generic conditions, the presence of elliptic orbits
implies a rich dynamics: it forces the existence of a subset of positive measure filled by
invariant tori (this implies, in particular, that the flow is not ergodic with respect to the volume
measure), existence of transversal homoclinic connections and positivity of the topological
entropy; see [2] and references therein.

The search for elliptic closed orbits goes back to Poincaré [44] and a long-standing con-
jecture in Hamiltonian Dynamics states that the Reeb flow of every convex hypersurface in
R?" carries an elliptic periodic orbit [22, 38]. By the dynamical consequences of the exis-
tence of elliptic orbits mentioned before, this conjecture leads to deep implications: if it holds
then Boltzmann’s ergodic hypothesis would fail for a large class of important and natural
Hamiltonian systems.

Unfortunately this is still an open question, but there are some important partial results.
The first one, proved by Ekeland [21], asserts the existence of an elliptic closed orbit on a
regular energy level of a convex Hamiltonian in R?" satisfying suitable pinching conditions on
the Hessian. The second one, due to Dell’Antonio-D’Onofrio-Ekeland [19], establishes that
if an hypersurface in R?" is convex and invariant by the antipodal map then its Reeb flow
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1Some authors rather call this an elliptic-parabolic periodic orbit .

1



2 M. ABREU AND L. MACARINI

carries an elliptic closed orbit. The proofs are based on classical variational methods and use
in a strong way the hypothesis of convexity.

The goal of this work is to generalize these results for contact manifolds using contact
homology and a neck-stretching argument. In order to do this, we introduce a generalization
of the notion of dynamical convexity originally defined by Hofer, Wysocki and Zender [28] for
tight contact forms on S3. Several applications are given, like the existence of elliptic closed
geodesics for pinched Finsler metrics and the existence of elliptic closed orbits on sufficiently
small energy levels of magnetic flows given by a non-degenerate magnetic field on a closed
orientable surface of genus different from one.

Finally, it should be mentioned that, although the general machinery of contact homology
is yet to be fully put on a rigorous basis [29, 30, 32|, the results in this paper are rigorously
established, with no transversality issues. Indeed, due to special properties of the periodic
orbits involved, we have to deal only with somewhere injective holomorphic curves; see Remark
2.6.
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2. STATEMENT OF THE RESULTS

2.1. Dynamical convexity. In order to understand the results of this paper, it is important
to define a notion of dynamical convexity for general contact manifolds in terms of the under-
lying contact homology. We will use contact homology in the definition although this is yet
to be fully put on a rigorous basis [29, 30, 32]. However, our results do not have transversal-
ity issues and in many situations can be stated in terms of other invariants, like equivariant
symplectic homology. (As proven in [15], equivariant symplectic homology is isomorphic to
linearized contact homology whenever the late is well defined.)

Let us recall the basic definitions. Cylindrical contact homology HC (M, «) is an invariant
of the contact structure £ := ker o, whose chain complex is generated by good periodic orbits
of Ry. This is defined whenever the periodic orbits of R, satisfy suitable assumptions; see
Section 4 for details. Throughout this paper, we will assume that the first Chern class ¢1(&)
vanishes on Ha(M,7), take the grading given by the Conley-Zehnder index and use rational
coefficients.

The Conley-Zehnder index is defined for non-degenerate periodic orbits and there are differ-
ent extensions for degenerate closed orbits in the literature; see, for instance, [28, 38, 47]. We
will consider here the Robbin-Salamon index and lower and upper semicontinuous extensions
of the Conley-Zehnder index. We will denote them by prs, pc, and Néz respectively (see
Section 3 for precise definitions; the lower semicontinuous index coincides with those defined
in [28, 36, 37, 38, 39]).
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In their celebrated paper [28], Hofer, Wysocki and Zehnder introduced the notion of dy-
namical convexity for tight contact forms on the three-sphere: a contact form on S2 is called
dynamically convex if every periodic orbit 7 satisfies p1,(7) = 3. They proved that a convex
hypersurface in R* (that is, a smooth hypersurface bounding a compact convex set with non-
empty interior) with the induced contact form is dynamically convex. Notice that, in contrast
to convexity, dynamical convexity is invariant by contactomorphisms. Their main result es-
tablishes that the Reeb flow of a dynamically convex contact form has global sections given by
pages of an open book decomposition. The existence of such sections has several dynamical
consequences like, for instance, the dichotomy between two or infinitely many periodic orbits.

In this work, we propose a generalization of the notion of dynamical convexity for general
contact manifolds and show how it can be used to obtain the existence of elliptic closed orbits.
To motivate our definition, let us consider initially the case of higher dimensional spheres. As
observed in [28], the proof that a convex hypersurface in R* is dynamically convex works in
any dimension and shows that a periodic orbit v on a convex hypersurface in R?"*2 satisfies
toy(v) = n + 2 (see Section 3.4 for a proof). It turns out that the term n + 2 has an
important meaning: it corresponds to the lowest degree with non-trivial contact homology for
the standard contact structure & on S*"1. Indeed, an easy computation shows that

Q if*=n+2+2kand ke {0,1,2,3,...}
0 otherwise.

HC (5P, &) = {

In Theorem 2.19 we show that this is a particular instance of a much more general phenomenon
for toric contact manifolds. Based on this variational property, we introduce the following
definition of dynamical convexity. In order to deal with contact manifolds that are not simply
connected, we will make use of the fact that cylindrical contact homology has a filtration
given by the free homotopy class of the periodic orbits: HCy(M,§) = @,e(s1, 1 HC5 (M, €).

Definition. Let k_ = inf{k € Z; HC(§) # 0} and k4 = sup{k € Z; HC},(§) # 0}. A contact
form a is positively (resp. negatively) dynamically convex if k_ is an integer and pu, () = k-
(resp. ki is an integer and pg,(y) < ki) for every periodic orbit v of Re. Similarly, let a be
a free homotopy class in M, k* = inf{k € Z; HC}(§) # 0} and k} = sup{k € Z; HC}(§) # 0}.
A contact form « is positively (resp. negatively) a-dynamically convez if k® is an integer and
Poy(v) =k (resp. k& is an integer and /AJCCZ(W) < k%) for every periodic orbit v of Ry with
free homotopy class a.

Remark 2.1. The motivation to consider negative dynamical convexity comes from applica-
tions to magnetic flows; see Section 2.3.

2.2. Statement of the main results. Our first main result establishes that, under some
hypotheses, dynamically convex contact forms have elliptic orbits with extremal Conley-
Zehnder indexes. In order to state it, we need some preliminary definitions. We say that
a Morse function is even if every critical point has even Morse index. A contact manifold
(M, &) is called Boothby-Wang if it supports a contact form S whose Reeb flow generates a
free circle action. If M is Boothby-Wang then the quotient N := M/S! is endowed with a
symplectic form w given by the curvature of S and we say that M is a prequantization of
(N,w). Given a finite subgroup G' = S* and a contact form a supported by a Boothby-Wang
contact structure &, we say that a is G-invariant if ((;520)*04 = «, where qﬁtﬁ is the flow of Rpg

and ¢y € S! is the generator of G. A periodic orbit v of a G-invariant contact form « is called
G-symmetric if qﬁg) (v(R)) = v(R).
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Theorem A. Let (M?"*1 €) be a Boothby-Wang contact manifold over a closed symplectic
manifold (N,w) such that ¢1(TN) = Aw for some constant X € R. Let ¢ be a simple orbit
of Rg and denote by a the free homotopy class of p. Assume that one of the following two
conditions holds:

(H1) N admits an even Morse function, a =0 and X > 1.
(H2) wlry(vy = 0 and w1(N) is torsion free.

Let G be a finite subgroup of S' and o a G-invariant contact form supporting &. Then « carries
a G-symmetric closed orbit 4 with free homotopy class a. Moreover, if G is non-trivial and
every periodic orbit vy of o with free homotopy class a satisfies g, () = prs(p) —n in case
(H1) or p&y(v) < prs(e) + nin case (H2) then 7 is elliptic and its Conley-Zehnder index

satisfies woy(Y) = prs(p) —n in case (H1) or p,(7) = prs(e) + n in case (H2).

The statement above can be nicely rephrased using dynamical convexity in the following
way. Under the assumptions of Theorem A, one can construct a non-degenerate contact form
B (given by a perturbation of ) supporting & for which cylindrical contact homology is well
defined (that is, its differential 0 is well defined and satisfies 02 = 0) and k% = prs(¢) —n in
case (H1) and k% = prs(p) +n in case (H2) (see Section 5.2.1). Thus, if G is non-trivial and
a is positively a-dynamically convex in case (H1) or negatively a-dynamically convex in case
(H2) then « carries an elliptic G-symmetric closed orbit. We did not state Theorem A in this
way because, as was already noticed, contact homology is yet to be fully put on a rigorous
basis.

Remark 2.2. Tt can be shown that 7 is actually strictly elliptic, that is, 7 is elliptic and every
eigenvalue of its linearized Poincaré map different from one is Krein-definite; see Remark 5.11.

Remark 2.3. The hypothesis that ¢;(T'N) = Aw for some constant A € R is equivalent to the
condition that c1(§)|m,(a,z) = 0; see Section 5. The hypothesis that 71(V) is torsion free is
used only to ensure that, under the hypothesis (H2), the free homotopy class of the fiber is
primitive; see Section 5.2. If 7,.(N) = 0 for every r > 2 then (H2) is automatically satisfied;
see [25].

Remark 2.4. As usual, the indexes of v and ¢ are computed using a trivialization of £ over a
closed curve representing the free homotopy class a (see Section 3). It is easy to see that the
assumptions on « do not depend on the choice of this trivialization: the difference between
prs () and p&,(7) does not depend on this, see (3.10).

Remark 2.5. Theorem A implies, in particular, that the Weinstein conjecture holds for con-
tact manifolds satisfying the hypotheses (H1) or (H2) using techniques of contact homology
without transversality issues. Notice that M does not need to admit an aspherical symplectic
filling. In fact, in the proof we do not need a filling of M at all. This is important because in
the proof we consider the contact homology of the quotient M /G which, in general, does not
admit an aspherical symplectic filling.

Remark 2.6. In (H1), the hypotheses on A can be replaced by the weaker assumption that
A > 0 if we assume that the relevant moduli spaces of pseudo-holomorphic curves used to
define and prove the invariance of the contact homology can be cut out transversally. (This
condition is used only to assure that in case (H1) a positively a-dynamically convex contact
form has the property that every contractible periodic orbit has non-negative reduced Conley-
Zehnder index; see Remark 5.10.) Moreover, the argument is easier in this case, as will be
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explained along the proof; see Remarks 5.6 and 5.10. However, with the hypotheses of the
main theorem the proof is rigorously established, with no transversality issues. A crucial
ingredient for this is the fact that the orbit used in the neck-stretching argument developed
in Section 5.2.2 has minimal index and action in case (H1) and maximal index and action
in case (H2). This ensures that we have to deal only with somewhere injective holomorphic
curves.

Now, notice that S?"*! with the standard contact structure is Boothby-Wang and its first
Chern class vanishes. Moreover, the quotient is CP™ which clearly admits an even Morse
function (as any toric symplectic manifold) and the Robbin-Salamon index of the (simple)
orbits of the circle action is equal to 2n + 2 (for a trivialization given by a capping disk). The
action of Zy — S is generated by the antipodal map. Consequently we obtain the following
generalization of the result proved by Dell’Antonio, D’Onofrio and Ekeland [19] mentioned in
the introduction.

Corollary 2.7. If a contact form on S*"*! is dynamically convex (that is, every periodic
orbit v satisfies po,(y) = n+2) and invariant by the antipodal map then its Reeb flow carries
an elliptic Zs-symmetric closed orbit v. Moreover, pa,(y) = n + 2.

Remark 2.8. Clearly the Zs-invariance of the contact form in the previous corollary can be
generalized to Zp,-invariance for any m > 2. This means that if a starshaped hypersurface
S in R?"+2 is dynamically convex and invariant by the map z — e2™/™2 then it carries an
elliptic Z,,-symmetric closed characteristic. If S is convex then this result follows from a
generalization of [19] due to Arnaud [4]. Moreover, Long and Zhu [39] proved the existence of
an elliptic closed characteristic on a convex hypersurface S in R?"*2, without any hypothesis
of invariance, under the restrictive assumption that its Reeb flow carries only finitely many
simple periodic orbits. Under more restrictive assumptions, several results have been obtained
concerning the multiplicity of the elliptic periodic orbits; see, for instance, [37, 38, 49, 50] and
references therein.

Remark 2.9. It can be shown that if S is a convex hypersurface in R?"*2 then the elliptic
periodic orbit given by the previous corollary is simple.

Our second main result shows that the hypothesis of non-triviality of G used to ensure
that the periodic orbit given by Theorem A is elliptic can be relaxed once we impose certain
bounds on the Conley-Zehnder indexes of some high iterate of the periodic orbits.

Theorem B. Let (M?"*1 ¢) be a contact manifold satisfying the hypotheses of Theorem A
and a a contact form supporting £. Suppose that there exists an integer k > 1 such that
every periodic orbit v of o with free homotopy class a satisfies pig,(v) = prs(@) —n and
A1) = k(@) — n in case (H1) or pihy() < () +n and jufln*) < hiins(e) +n
in case (H2). Then a carries a elliptic periodic orbit 5. Moreover, j1o,(7) = prs(e) —n in
case (H1) and ply(7) = prs(e) +n in case (H2).

Remark 2.10. As in Remark 2.2, we actually have that # is strictly elliptic.

The hypothesis in Theorem B has the following subtle homological meaning. In dynamical
convexity, the inequalities pcz(y) = k- and pcz(y) < k4 are obvious necessary conditions for
a non-degenerate closed orbit v being homologically essential: clearly v cannot contribute to
the contact homology if one of these inequalities is violated due to the very definition of k_
and k.. On the other hand, as explained in Section 5.2.1, under the assumptions of Theorem
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A, the contact homology of a prequantization M of a closed symplectic manifold (N,w) is
given by copies of the singular homology of N with a shift in the degree. More precisely, we
have the isomorphism

HC*(M) = (‘BkeNH*+n—k,uRs(go) (N)7

see (5.4). Thus, the inequalities ucz(v*) = kurs(¢) — n and pcz(v*) < kurs(p) + n are
obvious necessary conditions for 4* being homologically essential in the k-th copy of Hy(N)
in the contact homology.

Now, let M be an hypersurface in R?**2 such that M = H~1(1/2), where H : R>"*2 - R
is a convex Hamiltonian homogeneous of degree two. As defined in [22, 21|, we say that M is
(r, R)-pinched, with 0 < r < R, if

[v]?R™2 < (d®H (z)v,v) < [v]*r~

for every x € M and v € R?"*2 where d?>H (z) is the Hessian of H at z. Using results due to
Croke and Weinstein [18] and lower estimates for the Conley-Zehnder index, we can show that

if M is (r, R)-pinched with § < 4/ % for some real number k£ > 1 then every periodic orbit

~ of M satisfies ug, (YI*¥) > |k](2n + 2) — n, where |k| = max{j € Z | j < k} (note that when
k — 1 we conclude that every convex hypersurface is dynamically convex); see Section 3.4.
Thus, we derive the following result mentioned in the introduction due to Ekeland [21, 22].

Corollary 2.11. Let M be a (r, R)-pinched convex hypersurface in R>"*2 with R/r < /2.
Then M carries an elliptic closed Reeb orbit vy such that pig,(y) = n + 2.

Remark 2.12. It can be shown that the elliptic orbit given by the previous corollary is simple.

2.3. Applications. The hypothesis of non-triviality of G in Theorem A is probably just
technical, but it is crucial in our argument. However, in many applications this condition
is automatically achieved due to topological reasons. Let us start illustrating this with an
application to geodesic flows on S?. Let F be a Finsler metric on S? with reversibility
r = max{F(—v) | v e TM, F(v) = 1}. It is well known that the geodesic flow of any
Finsler metric on S? lifts to a Hamiltonian flow on a suitable star-shaped hypersurface in
R* via a double cover, see [17] (the sphere bundle $S? is contactomorphic to RP3 with the
contact structure induced by S® tight). It is proved in [26] that, if the flag curvature K of
F satisfies the pinching condition (r/(r + 1))2 < K < 1, then the lift of the geodesic flow
to S is dynamically convex. We refer to [45] for the precise definitions; we just want to
mention here that if F' is a Riemannian metric then r = 1, K is the Gaussian curvature and
the pinching condition reads as the classical assumption 1/4 < K < 1. Thus, we have the
following theorem. It was proved before by Rademacher [46] using different methods and
assuming that the pinching condition is strict.

Theorem 2.13. Let I be a Finsler metric on S? with reversibility v and flag curvature K
satisfying (r/(r +1))> < K < 1. Then F carries an elliptic closed geodesic v whose Morse
index satisfies piprorse(y) < 1. Moreover, if (r/(r + 1)) < K < 1 then 7 is prime and

MMO?"SE(V) = 1.

The case where the inequality (r/(r + 1))? < K is not strict can be dealt with using a
perturbation argument; see Section 6 for details.

Applications to geodesic flows in higher dimensions are given by the next two results.
Consider a Finsler metric F on S™*! with n > 1, reversibility » and flag curvature K.
An easy computation of the contact homology of the unit sphere bundle SS™*! shows that
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k_ = prs(¢) — n = n, where ¢ is a prime closed geodesic of the round metric and ugrs(y) is
computed using a suitable trivialization. Results due to Rademacher [45] establish that if F
satisfies the pinching condition (r/(r+1))? < K < 1 then every closed geodesic v of F satisfies
toy (7) = n. In other words, this pinching condition implies that the contact form defining the
geodesic flow is positively dynamically convex. Moreover, SS™*! is a prequantization of the
Grassmannian of oriented two-planes G4 (R"*2) which admits an even Morse function and is
monotone with constant of monotonicity A > 1; see Section 6 for details. Therefore, we get the
following result which generalizes [6, Theorem A(ii)]. It was also proved by Rademacher [46]
using different methods and assuming that the pinching condition is strict. In the statement,
K_ and K, are continuous functions defined on the unit sphere bundle of RP"*! defined as
K_(x,v) = min,cp gpn+1 K(o,v) and K (r,v) = max,cr,gpr+1 K(0,v), where o runs over
all the planes in T,RP""! and K (o,v) is the flag curvature; see Section 6.2 for details. Notice
that K_ = K ifn = 1.

Theorem 2.14. Let F be a Finsler metric on RP™ ! with n > 1, reversibility r and flag
curvature K satisfying (r/(r + 1)) < K < 1. If K is not strictly bigger than (r/(r + 1))2,
suppose that K_(z,v)/K,(z,v) > (r/(r + 1))? for every (z,v) in the unit sphere bundle of
RP™ 1. Then F carries an elliptic closed geodesic vy. Moreover, vy is prime and fiprorse(y) = 0.

Remark 2.15. The hypothesis that K_(x,v)/K, (x,v) > (r/(r+1))? allows us to make a C'*-
perturbation of F' such that the flag curvature K’ of the new metric F” satisfies (r/(r+1))? <
K’ < 1; see Proposition 6.1. This, together with a uniform bound for the period of the closed
orbit given by Theorem A, enables us to deal with the case that the pinching condition is not
strict. An analogous assumption appears in the next theorem by the same reason.

Under the stronger pinching condition §(r/(r + 1))> < K < 1, Rademacher [45] proved
that every closed geodesic v of F satisfies pgy(7?) = 3n = 2urs(p) — n. Hence, we have
the following generalization of [6, Theorem A(i)] proved before by Rademacher [46] using
different methods and assuming that the pinching condition is strict. Similarly to the previous
theorem, in the statement K_ and K are defined as K_(x,v) = min,cp, gn+1 K(o,v) and
K, (z,v) = max,cp,gn+1 K(0,v), where o runs over all the planes in T, S""!.

Theorem 2.16. Let F be a Finsler metric on S™*' with n > 1, reversibility r and flag
curvature K satisfying 2(r/(r + 1))> < K < 1. If K is not strictly bigger than (r/(r + 1)),
suppose that K_(z,v)/K(z,v) > 2(r/(r + 1))? for every (z,v) in the unit sphere bundle of
S"tL. Then F carries an elliptic closed geodesic v such that ppsorse(Y) < n. Moreover, if
(r/(r+1))* < K <1 then v is prime and pasorse(y) = n.

Our next result applies to magnetic flows and motivates our definition of negative dynamical
convexity. Let N be a Riemannian manifold and € a closed 2-form on N. Consider on T* N
the twisted symplectic form w = wg + 7%, where wg is the canonical symplectic form and
7 :T*N — N is the projection. Let H : T*N — R be the Hamiltonian given by the kinetic
energy. The Hamiltonian flow of H with respect to w is called the magnetic flow generated
by the Riemannian metric and the magnetic field €.

It is well known that if NV is a closed orientable surface with genus g # 1 and 2 is a
symplectic form then there exists € > 0 such that H~1(k) is of contact type for every k < e,
see [7, 25] (an easy argument using the Gysin sequence shows that it cannot be of contact
type if N = T2). Benedetti proved in [7] that if N = S? then every periodic orbit 7 of the
lifted Reeb flow on S? satisfies yug,(7) = 3 if € is chosen sufficiently small.
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Moreover, it follows from his estimates that, for surfaces of genus g > 1, a homologically
trivial periodic orbit v on H (k) satisfies pul;(v) < 2x(INV) + 1, where x(IN) stands for the
Euler characteristic of N and the index is computed using a suitable global trivialization of
the contact structure; see Section 6.5 for details. Now, fix k < € and consider S := H~1(k)
with the contact form a. One can prove that S is Boothby-Wang and there is a |x(N)|-
covering T : S — § such that 5 := 7*3 (where  is the contact form whose Reeb flow is
periodic) generates a free circle action and the deck transformations are given by the induced
action of Zj(n) < S1. Moreover, the orbits of this circle action in S are homologous to

zero. Let @ be a (simple) orbit of the Reeb flow of 3. An easy computation shows that
prs(P) = 2x(N). Consequently, the lift of a to S furnishes a Zjy(ny|-invariant contact form
satisfying the hypothesis (H2) in Theorem A.

In other words, the magnetic flow on a sufficiently small energy level has a lift to a |x(N)|-
covering that is positively dynamically convex if g = 0 and a-negatively dynamically convex
if g > 1, where a is the free homotopy class of @. Therefore, we obtain the following result.

Theorem 2.17. Let (N,g) be a closed orientable Riemannian surface of genus g # 1 and
Q a symplectic magnetic field on N. There exists ¢ > 0 such that the magnetic flow has an
elliptic closed orbit -y on H=1(k) for every k < e. Moreover, ~y is prime, freely homotopic to
a fiber of SN and satisfies pig,(v) =1 if g = 0 and pg,(y) = —1 if g > 1, where the indezes
are computed using a suitable global trivialization of & over H— (k).

Remark 2.18. There are in [7] explicit lower bounds for € in terms of the Riemannian metric
and the magnetic field.

2.4. Toric contact manifolds. As pointed out previously, it is proved in [28] that a convex
hypersurface in R?” is dynamically convex. Our next result shows that this is a particular case
of a more general phenomenon for toric contact manifolds. Details are given in Sections 7 and
8. Toric contact manifolds can be defined as contact manifolds of dimension 2n + 1 equipped
with an effective Hamiltonian action of a torus of dimension n + 1. A good toric contact
manifold has the property that its symplectization can be obtained by symplectic reduction
of C%\{0}, where d is the number of facets of the corresponding momentum cone, by the action
of a subtorus K < T¢, with the action of T¢ given by the standard linear one. The sphere
5§27+ is an example of a good toric contact manifold and its symplectization is obtained from
C"*! with K being trivial (that is, there is no reduction at all; the symplectization of S?*+!
can be identified with C"*1\{0}).

Consequently, given a contact form « on a good toric contact manifold M we can always
find a Hamiltonian H, : C¢ — R invariant by K such that the reduced Hamiltonian flow of
H is the Reeb flow of a. Notice that H, is not unique. We say that a contact form « on M
is convez if such H, can be chosen convex on Z := F~1(0), where F is the momentum map
associated to the action of the subtorus K. By a technical reason, we will also suppose that the
linearized Hamiltonian flow of H, along every periodic orbit in Z satisfies d@fqa (VF,) =VF,
for all t € R and every component Fj of the momentum map, where the gradient is taken
with respect to the Euclidean metric; see Section 8. Clearly, a contact form on the standard
contact sphere S?"*1 is convex in this sense if and only if the corresponding hypersurface in
C"*! is convex. Moreover, every toric contact form on any good toric contact manifold is
convex; see Section 7.

It is shown in [3] that good toric contact manifolds admit suitable non-degenerate contact
forms whose cylindrical contact homology is well defined (in fact, its differential vanishes
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identically). Moreover, it can be computed in a purely combinatorial way in terms of the
associated momentum cone. Using this computation in our definition of dynamical convexity,
we achieve the following result.

Theorem 2.19. A convexr contact form a on a good toric simply connected contact mani-
fold (M, ¢€) is positively dynamically convex. More precisely, for every periodic orbit v of «
there exists a non-degenerate contact form & on (M, &) with a well defined cylindrical contact
homology such that pi.,(y) = inf{k € Z | HCy(&) # 0}.

Remark 2.20. It is proved in Proposition 7.5 that (M, §) always supports a non-degenerate
contact form & with a well defined cylindrical contact homology such that k_ := inf{k € Z |
HCy(&) # 0} is an integer. Recall that well defined cylindrical contact homology means that
its differential ¢ is well defined and satisfies 0% = 0.

Notice that dynamical convexity for general toric contact manifolds is a property sensitive
to the choice of the contact structure. For instance, it is shown in [3] a family of inequivalent
toric contact structures & on S% x S3, k€ {0,1,2,...}, for which k_ = 2 for {g and k_ = 0
for & with k£ > 0.

Now, let M be a prequantization of a closed toric symplectic manifold (N,w) such that
[w] € H2(N,Z). It is easy to see that M is a good toric contact manifold. Moreover, N admits
an even Morse function. We have then the following generalization of the aforementioned
result from [19].

Corollary 2.21. Let M be a simply connected prequantization of a closed toric symplectic
manifold (N,w) such that [w] € H?*(N,Z) and G a non-trivial finite subgroup of S*. Suppose
that N is monotone with constant of monotonicity A bigger than one. Then every G-invariant
convex contact form on M has an elliptic G-symmetric closed orbit.

Remark 2.22. As mentioned in Remark 2.6, the hypotheses on N can be relaxed if we assume
suitable transversality assumptions for the relevant moduli spaces of pseudo-holomorphic
curves.

Organization of the paper. In Section 3 we introduce the basic material and give some
estimates for the indexes of periodic orbits used throughout this work. In Section 4 we review
the background concerning almost complex structures and holomorphic curves necessary for
the proofs of Theorems A and B, established in Section 5. The applications are proved in
Section 6. Finally, Sections 7 and 8 are devoted to introduce the basic material about toric
contact manifolds and prove Theorem 2.19 respectively.

3. THE CONLEY-ZEHNDER INDEX

3.1. The Conley-Zehnder index for paths of symplectic matrices. Let P(2n) be the
set of paths of symplectic matrices I' : [0, 1] — Sp(2n) such that I'(0) = Id, endowed with the
Cl-topology. Consider the subset P*(2n) = P(2n) given by the non-degenerate paths, that is,
paths I" € P(2n) satisfying the additional property that I'(1) does not have 1 as an eigenvalue.
Following [48], one can associate to I' € P*(2n) its Conley-Zehnder index pucz(I') € Z uniquely
characterized by the following properties:

e Homotopy: If I'; is a homotopy of arcs in P*(2n) then pcz(I's) is constant.
e Loop: If ¢ : R/Z — Sp(2n) is a loop at the identity and I" € P*(2n) then ucz(¢l') =
1oz (D) 4+ 2unMasiov (@), where pinasiov (@) is the Maslov index of ¢.
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e Signature: If A € R>"*2" is a symmetric non-degenerate matrix with all eigenvalues
of absolute value less than 27 and I'(t) = exp(JyAt), where Jy is the canonical complex
structure in R?", then pcz (L) = 3Sign(A).

There are different extensions of pucyz : P*(2n) — Z to degenerate paths in the literature.
In this work we will use the Robbin-Salamon index prs : P(2n) — 3Z defined in [47] and
lower and upper semicontinuous extensions denoted by pc, and ,uzgz respectively. The later
are defined in the following way: given I' € P(2n) we set

(3.1) poz(T) = sup inf{pcz(I') [T" € U nP*(2n)}
and
(3.2) iy (T) = ir(}f sup{pucz(I") | T € U n P*(2n)},

where U runs over the set of neighborhoods of I'. The index i, coincides with [38, Definition
6.1.10]. We have the relation

(3.3 UG (D) = 11y ().
for every I' € P(2n). This follows immediately from the fact that if I' € P*(2n) then
pez(P71) = —pez(T).

3.2. An analytical definition of j,. Following [28], we will give an alternative analytical
definition of ¢, which will be useful for us later. Denote by S the set of continuous paths
of symmetric matrices A(t) in R?"*2" 0 < t < 1, equipped with the metric d(A, B) =
Sé |A(t) — B(t)|| dt. Associated to a path A € S we have the symplectic path I' € P(2n) given
by the solution of the initial value problem

(3.4) D(t) = JoAHT(t), T(0) =1d, 0 <t < 1.

Conversely, every symplectic path I' € P(2n) is associated to a unique path of symmet-
ric matrices A satisfying the previous equation. Consider the self-adjoint operator L4 :
H(SY, R*™) — L2([0,1],R?") given by

L(v) = —Jov — A(t)v.

This operator is a compact perturbation of the self-adjoint operator —Jyv whose spectrum
is 2nZ. Thus, the spectrum of L4, denoted by o(A), is given by real eigenvalues having
multiplicities at most 2n and is unbounded from above and below. The spectrum bundle

B — S is defined as
B = {4} x a(4)).
AeS

The spectrum bundle has a unique bi-infinite sequence (A;)kez of continuous sections char-
acterized by the following properties:

A — A\;(A) is continuous.

Me(A) K Mgy1(A) forall ke Z, Ae S, and 0(A) = (A(A))kez-

For 7 € 0(A) the number of k’s satisfying A;(A) = 7 is the multiplicity of 7.

The sequence is normalized at A = 0 when A;(0) = 0 for all j such that —n < j <n.

The maps A\ have the following important monotonicity property. If B € S satisfies B(t) = 0
then

(3.5) )\k:(A + B) < )\k(A)
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and if additionally we have B(to) > eld for some ¢ € [0,1] and € > 0 then

(3.6) Me(A+ B) < M\ (4)

for every A € S and k € Z. Consider the map pupwz : P(2n) — Z defined as
pnwz(I') = max{k € Z | \p(A) < 0}.

It was proved in [28] that if I' is non-degenerate then upwz(I') = pcz(I'). We claim that for
any I' € P(2n) we have the identity

(3.7) pawz(I) = peg (T).

Indeed, given a non-degenerate perturbation I'” of T, it follows from the continuity of the map
A )\k(A) that ucz (F/) = UHWZ (F/) = unz(F) which implies that pupwz (F) < Uy, (F) On
the other hand, let A be the path of symmetric matrices associated to I' via (3.4) and take
€ > 0 arbitrarily small such that the path I generated by A’ := A — €eld is non-degenerate.
By (3.5) and the properties of Ay we have that

pez() = pawz (') = pawz(T),
which implies that ppwz(I') = pe,(I).

3.3. The Conley-Zehnder index of periodic Reeb orbits. Let a be a free homotopy
class of a contact manifold M?"+!. Fix a closed curve ¢ representing the free homotopy class
a and let ®; : £(p(t)) — R?™ be a symplectic trivialization of ¢ over . Given a periodic
orbit v of R, with free homotopy class a, consider a homotopy between ¢ and . The
trivialization ® can be extended over the whole homotopy, defining a trivialization of £ over
~. The homotopy class of this trivialization does not depend on the extension of ®. Moreover,
if c1(€)|m,(a,z) = 0 then this homotopy class does not depend on the choice of the homotopy
as well. Therefore, the index of the path

(3.8) L(t) = @(7(t)) © d},(7(0))]¢ © 27 (+(0))

is well defined, where ¢, is the Reeb flow of «. In this way, we have the indexes urg(7y; ®),
oy (v @) and ply,(v; @) which coincide with pcz(v; @) if v is non-degenerate, that is, if its
linearized Poincaré map does not have one as eigenvalue. The mean index of « is defined as

N
A(7;®) = lim —pugy (7" ).

It turns out that this limit exists. Moreover, the mean index is continuous with respect
to the C?-topology in the following sense: if a; is a sequence of contact forms converging
to a in the C%-topology and 7; is a sequence of periodic orbits of a; converging to « then

J—®©

A(yj) —— A(v) [48]. It is well known that the mean index satisfies the inequality
ez (3; @) = Aly; @) < n
for every closed orbit vy and non-degenerate perturbation 4 of «v. By the definition of ,uJC—rZ this
implies that
(3.9) 1Sy (7 @) — Al @) <

for every periodic orbit ~.

The trivialization can be omitted in the notation if it is clear in the context. If ~ is
contractible, we say that a trivialization of £ over + is induced by a capping disk if ¢ is the
constant path and ®; : £(¢(t)) — R?" does not depend on t.
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If we choose another trivialization W, : £(¢(t)) — R?™ over ¢ then we have the relations

(3.10) 1E7 sV ) = piEy ps (1 @) + 2iMasiov (¥ 0 D7),

The reduced Conley-Zehnder index of a non-degenerate periodic orbit « is defined as

pcz(Y) = pez(y) +n —2.

If ~ is contractible we always take a trivialization over ~ induced by a capping disk in the
definition of the reduced Conley-Zehnder indexr. The reason for this is that the reduced
Conley-Zehnder index is used in the computation of the Fredholm index of holomorphic
curves with finite energy in symplectic cobordisms, see Section 4.

3.4. Some estimates for the Conley-Zehnder index. In this section we will provide
some estimates for the Conley-Zehnder index used in the proof of Corollary 2.11. Consider
a Hamiltonian H : R?"*2 — R homogenecous of degree two. In what follows, we will use the
convention that the Hamiltonian vector field Xy is given by w(Xpg,-) = dH. Suppose that
M := H-'(1/2) is (r, R)-pinched, that is,

(3.11) H’UHQR_Q < <d2H(x)v,v> < HUH27”_2

for every x € M and v € R?™*2. Let € be the contact structure on M and & its symplectic
orthogonal with respect to the canonical symplectic form w. Clearly both £ and &“ are
invariant by the linearized Hamiltonian flow of H. Let v be a periodic orbit in M with period T’
and consider a capping disk o : D? — M such that ¢|sp2 = 7. Denote by ®¢ : 0*¢ — D? x R??
and ¢ : ¢*¢¥ — D? x R? the unique (up to homotopy) trivializations of the pullbacks of
¢ and & by o. Fix a symplectic basis {e, f} of R?2. Note that ®° can be chosen such
that ®¢°(Xpg) = e and ®¢7(Y) = f, where Y(z) = x (note that {Xy(o(z)),Y (o(z))} is a
symplectic basis of o*¢¥(x) for every z € D?). Indeed, let A : D?> — Sp(2) be the map
that associates to 2 € D? the unique symplectic map that sends ®¢” (X (o(2))) to e and

(Y (o(x))) to f. Then Ao®E” gives the desired trivialization, where A : D? xR? — D? x R?
is given by A(z,v) = (z, A(x)v).

We have that ® := ®¢PPE” gives a trivialization of o*TR?***2, Let T : [0,7] — Sp(2n +2)
be the symplectic path given by the linearized Hamiltonian flow of H along ~ using ®. By
construction, we can write I' = T¢ @ I'*”, where I'* and T'¢” are given by the linearized
Hamiltonian flow of H restricted to & and & respectively. By the construction of ®¢”, the
last one is given by the identity (H is homogenous of degree two and therefore its linearized

Hamiltonian flow preserves both Xy and Y) and consequently pg,(I¢”) = —1. Thus,

(3.12) ,uéz(P) = Méz(rg) + Naz(r‘gw) = Naz(ré) -1,
where the first equality follows from the additivity property of the Conley-Zehnder index.

Now, note that ® is homotopic to the usual (global) trivialization ¥ of R?"*2 because both
are defined over the whole capping disk. Thus, we will keep denoting by I', without fear of
ambiguity, the symplectic path given by the linearized Hamiltonian flow of H along ~ using
U. Let H, : R*"*2 & R and Hp : R?"*2 — R be the Hamiltonians given by

1 1
Hy(r) = 5 5lal? and Hi(e) = ool

Given a (not necessarily closed) trajectory yg : [0,S] — R?"*2 of Hp the index of the
symplectic path ' : [0,S] — Sp(2n + 2) induced by the corresponding linearized flow in
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R?7+2 (using the global trivialization ¥) is given by

(2n+2)527 —n—1if ;25 € Z

(2n + 2)[%] +n + 1 otherwise.

(3.13) 4o (Tr) = {

Using the monotonicity property (3.5) and the first inequality in (3.11) we conclude that if
S =T then

(3.14) tioz () = pey (Tr)-
On the other hand, the second inequality in (3.11) applied to v = x furnishes
H(z) < H.(z).

(Indeed, note that, by homogeneity, H(z) = 3{d*H(x)z,z).) A theorem due to Croke and
Weinstein [18, Theorem A] establishes that if H : R***2 — R is a convex Hamiltonian
homogeneous of degree two such that H(z) < H,(x) then every non-constant periodic solution
of H has period at least 2772,

Now suppose that R/r < y/#2; for some real number k > 1. Then we have that |k|52= >

|k| = > k] — 1. Using this inequality, (3.13) and (3.14) we arrive at
pey (TEDY > (2n 4+ 2)([k] = 1) +n + 1
=2n+2)]k]—n—1.
Consequently, by (3.12) we infer that
(3.15) 1z (W 0%) = g, (T = (20 + 2)|k] —n.

(Recall here that T'¢ is given by the restriction of T' to the contact structure &; clearly, (Ff)lkJ
denotes the |k]-th iterate of T'¢ and, by (3.12), ug, (T)¥)) = ug, (T*]) +1.) In particular,
as mentioned in Section 2.2, taking k — 1 we conclude that every convex hypersurface in R?"
is dynamically convex.

4. HOLOMORPHIC CURVES AND CYLINDRICAL CONTACT HOMOLOGY

4.1. Cylindrical almost complex structures in symplectizations. In what follows we
will provide a geometric description of almost complex structures on topologically trivial
cobordisms. Although we will follow a more coordinate free approach, this is equivalent
to the standard coordinate dependent perspective usually found in the literature (see, for
instance, [11]). Let £\0 be the annihilator of £ in 7% M minus the zero section. It is naturally
endowed with the symplectic form we := dA, where X is the Liouville 1-form on 7% M. The
co-orientation of ¢ orients the line bundle TM /¢ — M and consequently also (TM/€)* ~ ¢+,
The symplectization W of (M, €) is the connected component of £\0 given by the positive
covectors with respect to this orientation.
A choice of a contact form « representing ¢ induces the symplectomorphism

Uyt (Wwe) = (R x M,d(e"a))

60— (Inf/a, 7(6)),
where r denotes the R-coordinate, 7 : T*M — M is the projection and 6/« is the unique
function on M such that 8 = (6/a)a. The free additive R-action ¢ - (r,x) — (r + ¢,x) on the

right side corresponds to ¢- 6 — €0 on the left side. An almost complex structure J on W is
called cylindrical if J is invariant with respect to this R-action. It is called w¢-compatible if

(4.1)
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we(J-,-) defines a Riemannian metric. We say that J is compatible with « if it is cylindrical,
we-compatible and J := (¥,),J satisfies Jo, = R, and J(£) = €. Denote the set of almost
complex structures compatible with a by J(«). It is well known that J(«) is non-empty and
contractible.

4.2. Almost complex structures with cylindrical ends. The fibers of 7: W — M can
be ordered in the following way: given g, 6; € 7-1(z) we write 6y < 6; (resp. 6y < 61) when
01/60p > 1 (resp. 01/6p = 1). Given two contact forms a_,a, for £, we define a_ < ay if
a_|y < |, pointwise and, in this case, we set

W(a—,ar) ={0eW [a_|. ) <0<yl )}

which is an exact symplectic cobordism between (M, a_) and (M, a4 ). Recall that this means
that the oriented boundary of W(a_, o) equals M, U M _, where M. are the sections given
by a+ and M _ stands for M_ with the reversed orientation, there is a Liouville vector field
Y for we (given by the radial one) transverse to the boundary and pointing outwards along

M, and inwards along M_ and the 1-form iy wg restricted to My equals a+. Define
W (a)={0eW|0<a_| @},
WH(ar) ={0eW |al g <0}
It follows that
W=w-() |J Weoan) [J W

W (o )= o ar)
0~ W(a—,ay) "Wt (ay)

D

An almost-complex structure J on W satisfying

e J coincides with J; € J (a4 ) on a neighborhood of W (avy),

e J coincides with J_ € J(«_) on a neighborhood of W~ (a_),

e J is we-compatible
is an almost-complex structure with cylindrical ends. The set of such almost-complex struc-
tures will be denoted by J(J_,J;). It is well known that this is a non-empty contractible
set.

4.3. Splitting almost complex structures. Suppose we are given contact forms a_ < a <
ay supporting . Let J_ € J(a-), J € J(a) and J; € J (a4 ) and consider almost complex
structures Jy € J(J_,J), Jo € J(J,J4). Let us denote by g.(f) = e°6 the R-action on W.
Given R > 0, define the almost complex structure

(9-r)*J2 on W (a)
(gr)*J1 on W~ (a)

which is smooth since J is R-invariant. We call J; og Jo a splitting almost complex structure.
Note that if ¢y > 0 is small enough then J; og Jo € J(J_, J;) for all 0 < R < ¢p.

We will show that JyogJs is biholomorphic to a complex structure in 7 (J_, J) for every R
sufficiently large. For this, given R > 0 take a function ¢ : R — R satisfying or(r) =7+ R
if r< —R—eo, pr(r) =r—Rif r > R+ ¢ and ¢, > 0 everywhere. This function can be
chosen so that supg . [¢R(r)] < 1 and

(42) Jl OoR JQ = {

N

inf inf{py(r) | r € (—ow0,—R] U [R, +0)} =
R>0
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In particular, ¢! has derivative bounded in the intervals (—oo, pgr(—R)] and [¢r(R), +o0
uniformly in R. Consider the diffeomorphisms 9 : R x M — R x M given by ¢¥g(r,z) =
(pr(r),x) and define

Pr=U_toproW,: W — W,
where ¥, is defined in (4.1). It is straightforward to check that

(4.3) Jp = (PRr)«(J1 or Jo)
belongs to J(J_, J;), for every R sufficiently large.

4.4. Finite energy curves in symplectizations. Let ¥ = S?\I" be a punctured rational
curve, where S? is endowed with a complex structure j and I' = {x,1,...,ys} is the set
of (ordered) punctures of 3. Fix a non-degenerate contact form « for £ and a cylindrical
almost complex structure J € J(«). A holomorphic curve from ¥ to W is a smooth map
u:(X,5) — (W, J) satisfying du o j = J o du. Its Hofer energy is defined as

E(u) = supf u*da?,
PpeN B

where A = {¢ : R — [0,1];¢/ = 0} and a® := Ui(¢(r)a). Let r = m o ¥, o u and
% = mg oWy ou, where mp : R X M — R and m : R x M — M are the projections onto the
first and second factor respectively. Consider a holomorphic curve u with finite Hofer energy
such that r(z) —» w0 as z > z and r(z) > —w as z — y; for i = 1,...,s (we say that x is
the positive puncture and yq, ..., ys are the negative punctures of u). Then it can be proved
that there are polar coordinates (p, ) centered at each puncture p of ¥ such that

{7(—T9/27r) ifp=x

4.4 lim @(p, ) =
(4.4) im (p, 6) Yi(T30/2m) if p = y; for some i = 1,...,s.

p—0
where ~ and ~; are periodic orbits of R, of periods T and T; respectively. Denote the set
of such holomorphic curves by M(’y,’yh ..,7s;J) and notice that j is not fixed. Define an
equivalence relation ~ on M (V,71, -+, Vs; J) by saying that u and u’ are equivalent if there is
a biholomorphism ¢ : (S%,5) — (52, ;') such that ¢(p) = p for every p e I' and u = v/ o .
Define the moduli space M(7y,71,...,7s; J) as /(/l\(%yl, v Ysy J)/ =

A crucial ingredient in order to understand the moduli space M(vy,71,...,7s;J) is the
linearized Cauchy-Riemann operator Dy, j) associated to each holomorphic curve (u,j) €

./ﬁ(”y, Y15+, Ys3 J)- If Dy j) is surjective for every (u, j) € ./(/l\(’y,’yl, ey Ysy J) then M(y, 91, ..., vs; J)
is either empty or a smooth manifold with dimension given by

ficz(v) = Y ficz ().
i=1

Unfortunately, this surjectivity cannot be achieved in general and suitable multi-valued per-
turbations of the Cauchy-Riemann equations are needed in general to furnish a nice structure
for M(~v,71,...,7s;J) [29, 30, 32]. However, these problems can be avoided if we restrict
ourselves to the space of somewhere injective holomorphic curves. More precisely, u is some-
where injective if there exists z € S?\I" such that 4~ !(7(z)) = {z} and 7 o d@i(z) # 0, where
7 1 Tyy)M — &5(») is the projection along the Reeb vector field R, in (z). Consider the

moduli space Mgi(v,71,...,7s; J) given by somewhere injective curves in ./{/l\(fy,fyl, e Ys3 J)-
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Theorem 4.1 (Dragnev [20]). There exists a residual subset Jreg(V,71,...,7s) < J(a) such
that the moduli space Mi(y, V1, ..., Vs; J) is either empty or a smooth manifold with dimension

given by ficz(v) — 25_q fiez(vi) for every J € Treg(y, 71, -, Vs)-

Now notice that, since « is non-degenerate, the set of closed orbits of R,, is countable (here
we are tacitly identifying a periodic orbit v(t) with v(¢ + ¢) where ¢ is any real number). It
follows from the previous theorem that there exists a residual subset Jreg(®) © J (o) such
that Msi(y,71,.--,7s; J) is a smooth manifold for every periodic orbits 7,71, ...,7s and all
seN.

The following proposition gives sufficient conditions to guarantee that every holomorphic
curve in M (Ys71, ---,Vs; J) is somewhere injective. This will be crucial for us in the proof of
Theorems A and B.

Proposition 4.2. If v is simple then every holomorphic curve in ﬂ('y, Y1y s Yss J) 18 SOMeE-
where injective. If s = 1 and 1 is simple then every holomorphic cylinder in M(vy,v1;J) is
somewhere injective.

Proof. Suppose that the first claim is not true and let u € M\(y, Y1, -5 Ys; J) be a curve that
is not somewhere injective. Then there exist a holomorphic branched covering ¢ : S? — S2
with degree bigger than one and a somewhere injective holomorphic curve v’ : ¥’ — W such
that u = v/ 0 ¢, where ¥/ = S2\I" := S?\¢(T'), see [20, Theorem 1.3]. Let 2’ = ¢(x), where
x is the positive puncture of u, and notice that x’ is a positive puncture of u’. Since u has
only one positive puncture, ¢~1(2') = {z}. Thus, the branching index of x is equal to the
degree of ¢ which is bigger than one. But this implies that v is not simple, contradicting our
hypothesis. The proof of the second claim is absolutely analogous. O

4.5. Finite energy curves in symplectic cobordisms. Consider non-degenerate contact
forms a_ < ay for &, Jy € J(ax) and J € J(J_,J;). The energy of a holomorphic curve
u: (3,7) — (W, J) is defined as

where

e

Ei(u) = supf w*da?
PeA Jumt (WH(ay))

EO(U) = f - U*OJE.
uw ! (W(aay))

Holomorphic curves with finite energy in cobordisms are asymptotic to periodic orbits of a4
at the positive punctures and to periodic orbits of a_ at the negative punctures in the sense
described in (4.4). Similar results to those described in the previous section hold for complex
structures with cylindrical ends. In particular, given Jy € Jreg(a+) we have a residual
subset Jreg(V, V15 -, Vs J—, J4) < T(J—, J4) such that if J € Treg(v, 71,5753 J—, J+) then
the moduli spaces Mg (7,71, ...,7s; J) is either empty or a smooth manifold with dimension

ficz(v) = ) Aoz ()
izl
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for every periodic orbit v of ay and periodic orbits 71, ...,7s of a—. Denote by Jreg(J—, J4)
the residual subset of J(J_, J;) given by the intersection of Jreg(v, 71, ..o, Vs J—, J4) running
over all the periodic orbits of a. and a_ and s € N.

4.6. Finite energy curves in splitting cobordisms. Consider non-degenerate contact
forms o <a < ay for &, Jr € J(ay), J e J(a) and Jy € J(J_,J), Jo € T(J,J;). Given
R > 0 we have the splitting almost complex structure .JJ; og Jo defined in Section 4.3. The
energy of a holomorphic curve u : (3,7) — (W, Jy og J2) is defined as

(4.5) E(u) = Eq_(u) + Eo, (u) + Eqo(u) + E(a7a+)(u) + Ela_ ) (u)
where
Eq, (u) = supf u*dai, E,(u) = supj u*da?,
peN Ju—1 (W (efay)) ¢eN Ju—1(W (e~ Ra,efa))
E, (u) = supf u*da‘f, Eaa,)(u) = f u*(e_ng),
¢eN Ju—1(W—(e~Ba_)) u=L(W(eRa,eRay))
and E,_ o) (u) = j u*(eflwe).
u=L(W(e=Ra_,e~Ra))

Finite energy holomorphic curves for splitting almost complex structures share all the proper-
ties of finite energy curves for almost complex structures with cylindrical ends. These energies
are important for the SFT-compactness results used in the proofs of Theorems A and B as
explained in Section 5.

4.7. Cylindrical contact homology. Cylindrical contact homology is a powerful invariant
of contact structures introduced by Eliashberg, Givental and Hofer in their seminal work [23].
Let a be a non-degenerate contact form supporting £ and denote by P the set of periodic
orbits of R,. A periodic orbit of R, is called bad if it is an even iterate of a prime periodic
orbit whose parities of the Conley-Zehnder indexes of odd and even iterates disagree. An
orbit that is not bad is called good. Denote the set of good periodic orbits by PY.

Consider the chain complex CCy(a) given by the graded group with coefficients in Q
generated by good periodic orbits of R, graded by their Conley-Zehnder indexes (throughout
this paper we are not using the standard convention where the grading of contact homology
is given by the reduced Conley-Zehnder index).

The boundary operator ¢ is given by counting rigid holomorphic cylinders in the symplec-
tization W of M. More precisely, let J € J(«) and consider the moduli space M(~v,7;J)
of holomorphic cylinders asymptotic to periodic orbits v and 4 of . Since J is cylindrical,
if v # 4 then M(~,%;J) carries a free R-action induced by the R-action ¢ -6 — 0 on W.

Define ion(F
=me) Y > e
7P pcz(¥)=pcz(y)—1 FeM(v,7)/R
where m(v) is the multiplicity of 7, sign(F') is the sign of F' determined by a coherent orien-
tation of M(y,7) [13] and m(F) is the cardinality of the group of automorphisms of F' [11].
Suppose that HCy(a) is well defined, that is, ¢ is well defined and 6?> = 0 (in particular,
we are not addressing the question of invariance). Then clearly cylindrical contact homology
has natural filtrations in terms of the action and the free homotopy classes of the periodic
orbits. More precisely, let A,(v) = Sw a be the action of a periodic orbit v € P and take a

real number 7' > 0. Consider the chain complex C'Cy ’T(a) generated by good periodic orbits
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of R, with free homotopy class a and action less than T'. This is a subcomplex of CCy(«)
and its corresponding homology is denoted by HC%' (a).

Under suitable transversality assumptions, it can be proved that 0 is well defined and
0% = 0 if a does not have contractible periodic orbits with reduced Conley-Zehnder index 1.
Although in general these transversality issues still have to be fixed, contact homology can
be rigorously defined in some particular instances, see [14, 15, 31, 32]. Two such situations
are particularly relevant in this work. The first one is when the chain complex is lacunary
(that is, CCi(a) = 0 whenever CCy_1(c) # 0). Then the boundary vanishes identically
and consequently we obviously achieve the relation 02 = 0. The second situation is when we
consider a free homotopy class with only simple periodic orbits and there is no contractible
periodic orbit (in the relevant action window). In this case, every holomorphic curve with
one positive puncture asymptotic to one of these orbits is somewhere injective and therefore
the contact homology is well defined by standard arguments.

5. PROOF OF THEOREMS A AND B

Firstly, note that the hypothesis that ¢ (TN) = Aw for some constant A € R is equivalent
to the condition that c1(&)|m,(ar,z) = 0. In fact, e1(€)|m,(ar,z) = 0 if and only if ¢1 (&) vanishes
as an element of H?(M,R). But c;(§) = ¢ (T'N), where 7 : M — N is the quotient
projection, and the kernel of 7* : H?(N,R) — H?(M,R) is generated by the cohomology
class of w.

Consider the quotient M = M/G and let 7 : M — M be the projection. Denote the
cardinality of G by m so that G ~ Z,,. By the G-invariance of «, it induces a contact form
@ on M such that 7R, = Rs. Analogously, 3 induces a contact form 3 on M whose Reeb
flow Rj generates a free S Laction (fix the period of the orbits of Rj equal to one). Let @
be the free homotopy class of the (simple) orbits of R5. Note that 7xa = a™. Let € be the

kernel of 3. Clearly, if m = 1 then M = M, =¢, a= o, B = and @ = a. Since M is the
prequantization of (N, mw) it follows from the monotonicity of N that c;(€)] Ha(0,z) = 0-

Now, choose a simple orbit ¢ of Rj as a reference loop for the homotopy class a. It
corresponds to a fiber of the circle bundle 7 : M — N over some point ¢ € N := M/S?.
Take the pullback of a (symplectic) frame in T, N to define a symplectic trivialization ¥ :
£(p(t)) — R over @. Given a periodic orbit 7 in the free homotopy class @, consider a
cylinder connecting v and @ and use this to define a trivialization ¥ of £ over v; see Section
3.3. Since c1(€)] o3,z = 0, this trivialization is well defined up to homotopy. Moreover, the
Robbin-Salamon index of ¢ clearly vanishes with respect to this trivialization.

Similarly, choose a simple orbit ¢ of Rg as a reference loop for the free homotopy class
a. Since the conditions on « in Theorems A and B do not depend on the choice of the
trivialization of £ over ¢ (see Remark 2.4), we can take the trivialization induced by ¥ so
that prs(p) = 0 with respect to this trivialization. Theorems A and B then clearly follow

from the next two results.

Theorem 5.1. Under the assumptions of Theorem A, there is in case (H1) a periodic orbit
Ymin Of @ with free homotopy class a such that if every contractible periodic orbit v of «
satisfies pgy(v; U™) = —n then oy (Ymin: ¥) < —n. In case (H2), there is a periodic orbit
Ymaz Of & with free homotopy class @ satisfying péy(Ymaz; ¥) = n.

Theorem 5.2. Let y be a periodic orbit of & such that g, (v; ¥) < —n (resp. ply(v;¥) =n).
Suppose that there exists an integer j > 1 such that pg,(77; V) = —n (resp. pt,(77;07) <
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n). Then vy is elliptic and the equality holds in the previous inequalities, that is, p s, (v; ¥) =
e (VW) = —n (resp. piy(v; ) = piy (Vs W) = n).

The next sections are devoted to the proofs of these theorems. The proof of Theorem 5.1
is harder since it involves all the machinery of holomorphic curves. With the transversality
assumption (see Remark 2.6) the argument can be considerably simplified and some assump-
tions of Theorem A can be relaxed, as will be explained in the proof; see Remarks 2.6, 5.6
and 5.10. The proof of Theorem 5.2, in turn, does not rely on holomorphic curves at all and
is based on Bott’s formula for symplectic paths developed by Y. Long [38, 36].

5.1. Preliminaries for the proof of Theorem 5.1. We start with the following topological
fact.

Proposition 5.3. Let Ny = {k € N;a* = a}. Then N; = {1} if and only if Wlay vy = 0.

Proof. Since the Euler class of the S'-principal bundle 7 : M — N is given by m[w] €
H?(N;7Z), the corresponding long exact homotopy sequence is

o ma(N) S i (8Y) By (M) S my(N) — -

where 0(S) = mw(S)[S!] with [S?] being the generator of 71 (S?) and 4, is the map induced
by the inclusion. It follows from this sequence that the map i, is injective if and only if
W|ry(n) = 0. The image of i, is a normal subgroup because it is the kernel of 7. Since
ix(m1(SY)) is cyclic and normal we infer that gfg~!' = f*! for every g € w1 (M), where
f = i4[S'] is the homotopy class of the fiber. So suppose that Wny(ny = 0. Then f # f* for
every k > 1 and f is freely homotopic only to f*!. Consequently Nz = {1}. On the other
hand, if w|r, () # 0 then there exists k& > 1 such that f = f* and therefore N # {1}. O

Now, assume the hypothesis (H1) in Theorem A. Since a = 0, w|,(n) # 0. Take k € N3 such
that k # 1. Let ®; : £(p*(t)) — R?" be the trivialization induced by a constant frame in T, N
and let U, : £(@F(t)) — R?"™ be the trivialization over ¢* induced by a constant trivialization
over ¢ via a homotopy between @ and @* as explained above. We want to compare the Robbin-
Salamon indexes of ¥ with respect to the trivializations ® and ¥. In order to do this, consider
a smooth homotopy F' : [0,1] x S' — M such that F(0,t) = @(t) and F(1,t) = @(kt). We
have that 7o F' passes to the quotient [0,1] x S*/(({0} x S1) U ({1} x S!)) ~ S% and therefore
it induces a continuous map f : S? — N such that f outside the poles is given by o F.
Clearly purs(@*; ®) = 0 and we have that

pirs (2% ) = urs("; @) + 2c1(TN), S),

where ¢ (TN) is the first Chern class of TN and S is the homology class of the 2-cycle f(S52).
On the other hand, we have that

S J ’7TOF J
<[ > 01><51 m 01xsl

=l 7 f) lh >0

(Recall here that the simple orbits of Rz have period one.) Thus, it follows from our assump-
tion on the constant of monotonicity A that

(5.2) prs(P"; W) = 2(e1(TN), S) > 4.

(5.1)
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A similar argument shows the following. Consider a capping disk F : D? — M such that
F|op2 = @™ (note that @™ is contractible since a = 0) and let Yy : £(@™(¢)) — R?" be the
trivialization induced by F. As before, 7 o F' induces a continuous map f : S> - N and

prs (@™ 1) = A1 (TN), S),
where S is the homology class of the 2-cycle f(S?). Moreover,

<w,s>—nllf B=1>0.
om

Hence, {¢1(T'N),S) > 0 by our hypotheses. Consequently, if the constant of monotonicity A
of N is bigger than one we have that

(5.3) prs(@™;Y) = 2{c1(TN), S) = 4.

5.2. Proof of Theorem 5.1. For the sake of clarity, we will split the proof in two main
steps: computation of the filtered cylindrical contact homology of a suitable non-degenerate
perturbation 3’ of 3 and a neck-stretching argument for a.

5.2.1. Computation of HCf,:’T(B’). We will show that the hypotheses of the theorem imply
that for a conveniently chosen constant 7' > 1 the filtered cylindrical contact homology
H C’ﬁ’T(B’ ) of a suitable non-degenerate perturbation of 3’ of 3 is well defined and can be
computed. Well defined here means that the moduli space of holomorphic cylinders with
virtual dimension zero is finite and that the square of the differential vanishes (in particular,
we are not addressing the issue of the invariance of the contact homology); see Section 4.
Fix a Morse function f : N — R and let f = f o 7. The next lemma is extracted from [11,
Lemmas 12 and 13] and establishes that there exists a non-degenerate perturbation 3’ of /3
such that the periodic orbits of 5/ with action less than T correspond to the critical points of

1.

Lemma 5.4. [11] Given T > 1 we can choose € > 0 small enough such that the periodic
orbits of the contact form (' := (1 + ef) with action less than T are non-degenerate and
given by the fibers over the critical points of f. Moreover, given a critical point p of f we
have ,LLCZ(%];) = prs(@®) —n + ind(p) and Ap (72’;) = k(1 +€f(p)) for every k, where ~y, is the
corresponding (simple) periodic orbit and ind(p) is the Morse index of p.>

Now, we consider the two cases of Theorem A.
Case (H1). We can choose f even so that every periodic orbit v of 3’ with action less
than T has the property that the parities of the Conley-Zehnder indexes of the orbits are the
same (observe that urs(@”) is always even). Consequently, the chain complex is lacunary.
Thus, the filtered cylindrical contact homology is well defined because its differential vanishes
identically. Moreover, we conclude that

(5'4) HC:}T(B/) = G—)keNaTH*-&-n—uRS(@k;\II)(N)v

where NI' = {k € N3; k < T} (recall that the period of the simple orbits of 3 is fixed equal
to one).

Case (H2). By Proposition 5.3, the hypothesis that w|.,y) = 0 implies that ak # 0 for
every k € N and N; = {1}. Moreover, the hypothesis that 71(N) is torsion free implies

2As usual, the indexes of 'yf,f and @* are computed with respect to a fixed homotopy class of trivializations
induced by a trivialization over a reference loop of the free homotopy class.
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that the free homotopy class a is primitive, that is, every closed curve ~ with free homotopy
class @ is simple; see [25, Lemmas 4.1 and 4.2]. As a matter of fact, suppose that v = ¢F
for some k € N where 9 is a simple closed curve with homotopy class [¢]. We claim that
k = 1. In fact, the proof of Proposition 5.3 shows that [y] = [@]T! which implies that
7] = 0 = m[1]¥ =0 = m.[1)] = 0 since 71(N) is torsion free. Thus, [¢/] is in the
image of the map i, : 71(S') — 7 (M) induced by the inclusion of the fiber. But @’ # @ for
every j # 1, implying that k = 1, as claimed.

Consequently, every periodic orbit of 5’ with free homotopy class @ is simple and 3’ has
no contractible periodic orbit with action less than 7. Thus, every holomorphic cylinder
connecting periodic orbits of 3 with homotopy class @ and action less than 7' is somewhere
injective (see Proposition 4.2) and the moduli spaces used to define HC2T (3') can be cut out
transversally by choosing a generic almost complex structure on the symplectization of M:;
see Section 4.4. To compute HCZ (3'), we can employ the Morse-Bott techniques from [10]

and it turns out that
(5.5) HCET(B) = Hipn(N).

5.2.2. A neck-stretching argument for &. In this section, we will use a neck-stretching ar-
gument to obtain periodic orbits for & using cobordisms between suitable multiples of f.
This argument was nicely used by Hryniewicz-Momin-Salomao [31] in a similar context. It
remounts to a sandwich trick often used in Floer homology [9] but is more involved since the
cylindrical contact homology of & does not need to be well defined. Moreover, we have to take
care of possible holomorphic curves with negative index that can appear in the boundary of
the SFT-compactification of the space of holomorphic curves with fixed asymptotes.

More precisely, choose positive constants ¢ < ¢4 such that c_3 < @ < ¢4 and define
f+ = c+f for notational convenience. Multiplying & by a constant if necessary, we can
assume that ¢, = 1. In our argument, we do not need to assume that the cylindrical contact
homology of & is well defined. However, in order to merely illustrate the idea of the sandwich
trick, suppose that HCy ’T(d) is well defined and that all the relevant moduli spaces can be
cut out transversally (we stress the fact that we are not assuming this in this work). Then

one can show that there are maps @bgj, é* and 1/1%7 that fit in the commutative diagram
By
aT 7 Vs aT 3
(5'6) HC* <B+) ];IC*7 (5—)
% - ¥g
HC (@)

such that the map wgf is injective. The argument to prove this is standard. The only issue

that is not completely standard is the fact that 3’ is allowed to have a contractible periodic
orbit y with action less than 7 such that the reduced Conley-Zehnder ficz(y) vanishes. (This
can happen only if we relax the assumption on the constant of monotonicity A in the hypothesis
(H1) of Theorem A; see Remark 5.6.) However, this difficulty is overcome using the fact
that, in this case, the symplectization of 5’ admits no rigid non-trivial holomorphic curve
with one positive puncture; see [3, Proposition 4.2] for details. Using the computation of

HC%T(B') one can easily conclude Theorem 5.1 under the assumptions that HC” (&) is
well defined and that all the relevant moduli spaces can be cut out transversally. In fact,
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since HC™1'(3,) +# 0 and HCS" (B.) # 0 we conclude that any non-degenerate perturbation
@' of & has periodic orbits «/ . and 7}, with action bounded by T, free homotopy class
a and such that pcz(v.,,) = —n and pcz(Vhax) = 7. Thus, these periodic orbits must
come from bifurcations of periodic orbits ymin and ymax of & such that ,uaz(%nin) < —n and
(17 (Ymax) = 1.

The proof without these hypotheses is much more involved and is based on a neck-stretching
argument and a careful analysis of the holomorphic curves that can appear in the boundary
of the SFT-compactification of the relevant moduli spaces. In what follows, we refer to
Section 4 for the definitions. Let W be the symplectization of M and fix from now on a non-
degenerate perturbation & of & and almost complex structures Jy € Jreg(8L), J € Jreg(d),
Jp € Treg(J—,J) and Joy € Treg(J, J+) on W. Recall that these complex structures are regular
only for somewhere injective curves.

Take T' > 1 and choose a Morse function f on N with only one local minimum and only
one local maximum and such that f is even in case (H1). The existence of such function in
case (H2) follows from an argument using cancellation of critical points and it is a classical
result due to Morse [43]: every closed manifold admits a polar function, that is, a Morse
function with only one local minimum and one local maximum. Notice that in case (H1), an
even Morse function is obviously perfect and therefore has only one local minimum and one
local maximum.

Let 3’ be the non-degenerate perturbation of 3 given by Lemma 5.4 and define 3, = c. /3.
By our choice of f we have that:

Case (H1). There is only one orbit v, of 3} that generates H o (B}). In fact, by
(5.2) and (5.4), we have that HC’fg(Bﬁ_r) ~ Q. Thus there is only one orbit 7, of 3 that
generates HC™! (B',) since the differential vanishes.

Case (H2). Since NI = {1} and f has only one local maximum, there is only one orbit v,
that generates HCw" (5).

Given a sequence of real numbers R,, — o0 consider the splitting almost complex structures
Jr, = Jiog, Jo defined in (4.2). As explained in Section 4.3, taking a subsequence if necessary,
we have that Jg, is biholomorphic to an almost complex structure Ji € J(J-,Jy) for every
n.

Proposition 5.5.

Case (H1). There exists a Jg, -holomorphic cylinder u, : RxR/Z — W positively asymptotic
to fy:;m and negatively asymptotic to vy, .. for every n.

Case (H2). There exists a Jg, -holomorphic cylinder v, : RxR/Z — W positively asymptotic
to v} . and negatively asymptotic to v, ., for every n.

Remark 5.6. If we assume that all the relevant moduli spaces can be cut out transversally then
the proof of the previous proposition is easier and does not need the hypothesis on the constant
of monotonicity A in case (H1) of Theorem A. In fact, without this hypothesis we may have

possibly several periodic orbits = (i = 1,...,13) of B} that generate HCEE(Bi) Given

- min
i

a periodic orbit ’y+’ there is, for every n, a Jg,-holomorphic cylinder u, : R x R/Z — w

min

such that w, is positively asymptotic to ’y;;lifl and negatively asymptotic to ’y;ﬁ’fl for some

je{l,...,l_}. Indeed, if u,, does not exist we would conclude that the injective maps Q,ZJBj

from the commutative triangle (5.6) satisfy v Bj(['y:;l;]) = 0, a contradiction. The argument
for the existence of v, is analogous.
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Proposition 5.5 is a consequence of the next three lemmas.

Lemma 5.7.
Case (H1). Given J € Jyey(J—, J+), the moduli space M(~,. ~. < J) is finite.
Case (H2). Given J € Jreg(J—, J4), the moduli space M(Vph a0 Vimaz: J) 05 finite.

max?

Proof. Since v~ (resp. ~v..) is simple, every holomorphic cylinder in /(/l\(’yntin,’y;ﬁn; J)
(resp. /Q(7$ax77£ax§ J)) is somewhere injective and consequently M (v, v . :J) (resp.
MVt s Ymax; J)) 18 a smooth manifold of dimension zero. Consider a sequence u, in
My s J) (resp. M(Yhaxs Ymaxs ). We will show that u, has a subsequence converg-
ing to an element uq, in M(y5, . 5 J) (resp. M (Vs Ymaxs J)) and therefore M (v v o J)
(resp. M(Yhaxs Ymax; /) 1 a finite set.

Since the curves u, have fixed asymptotes, there exists C' > 0 such that

E(u,) <C

for every n. Therefore, we can employ the SFT-compactness results from [12] to study the
limit of u, in the compactification of the space of holomorphic curves. It follows from this
that there are integer numbers 1 < [ < m and a subsequence u,, converging in a suitable sense
to a holomorphic building given by

e (possibly several) J,-holomorphic curves u', ..., u!~;
e one J-holomorphic curve u';
e (possibly several) J_-holomorphic curves u!*!, ... u™

Moreover, these holomorphic curves satisfy the following properties:

(a) Each connected component of u! has only one positive puncture. Moreover, u® has at
least one connected component not given by a trivial vertical cylinder over a periodic
orbit.

(b) u! is connected and positively asymptotic to v (resp. Y;h.)-

(c) u™ has only one negative puncture and it is asymptotic to .. (resp. Ymax)-

(d) The boundary data of the curve u' at the negative end match the boundary data of
u**1 on the positive end.

(e) The sum of the indexes of u’ equals the index of u, and therefore vanishes.

Now we split the argument in cases (H1) and (H2).

Case (H1). Since 7, has minimal action (that is, every periodic orbit of Bﬁr has action
bigger than or equal to the action of V;in) the J,-holomorphic curves u',...,u/"! can be
only vertical cylinders over 'y;{lin. But, by property (a), at least one connected component
of each level of the building is not given by a trivial cylinder and therefore [ = 1; see [12].
Thus, u! = u! is positively asymptotic to ’y:{lm and consequently is somewhere injective. Let

Y s--+,7; be the negative asymptotes of u!. We have that

l
index(u') = fez (Vi) — Z fcz(v; ) =0,
i=1

where ficz is the reduced Conley-Zehnder index. It follows from the properties above that
only one of the periodic orbits 717,...,7, has free homotopy class a and all the remaining
orbits are contractible. But in case (H1) every contractible periodic orbit ~ of 8’ with action
less than T has positive reduced Conley-Zehnder index with respect to the trivialization given
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by a capping disk. Indeed, these orbits must come from bifurcations of contractible periodic
orbits of B given by @™ for some k € N. But this implies that

ficz(7) = poz(y) +n—2 = prs(@"™) —n+n—2>2,

where the last inequality follows from our hypothesis that A > 1 = ugrs(¢"™) = prs(p) >
2 = pups(®™) = 4, where the index is computed using a capping disk (note that
prs(@*™) = kurs(@™) because Rp defines a circle action). Moreover, every periodic or-
bit of B’ with free homotopy class @ and action less than T has Conley-Zehnder index bigger
than or equal to ucz(y; ;). We conclude then that u! has to be a cylinder negatively as-
ymptotic to v, because .. is the only periodic orbit of 3’ with index equal to ucz(v':)
and action less than T'. Since 7, ., has minimal action we conclude that the J_-holomorphic

I+1 m

curves u'",...,u" can be only vertical cylinders over 7, . Therefore, the only non-trivial

component of the holomorphic building is the cylinder uy 1= u! = u'.
Case (H2). Since every periodic orbit of Bﬁ_r with free homotopy class @ is simple and Bﬁ_r do
not have contractible periodic orbits with action less than 7', then every holomorphic curve in
this building must be a somewhere injective cylinder. Consequently, every non-trivial cylinder
ul, . u T ult L u™ has positive index. But

m

Z index(u’) = 0.

i=1
Consequently we get only one non-trivial holomorphic cylinder uy = u! = u' € M(Vhaes Ymax: )5
as desired. O

Based on the previous lemma, we can define the maps Ny, : jreg(fy;’lin, Venins J—> J+) = Lo
and Npax : u7reg(’71—£axa Ymax J-, J+) — Zso given by

Nunin(J) = #M (Vi Venins /) (mod 2) and Ninax (J) = #M (Yo Ymax: /) (mod 2),
in cases (H1) and (H2) respectively.

Lemma 5.8. -
Case (H1). There exist J1 € jreg(@/i) and J € Jreg(J—, J+) such that Np(J) = 1.
Case (H2). There exist J+ € Treg(BL) and J € Treg(J—, J4) such that Npaa(J) = 1.

Proof. We will follow an argument from [31]. Let J4 € Jreg(8) (We know that this set is not
empty). Identify the symplectization W of M with R x M through the diffeomorphism ¥ 7,
defined in (4.1). Consider the diffeomorphism F : W — W given by F(r,z) = (r/c_,z) and
define J_ := F*J, € J(") (recall that ¢, = 1). Since every J_-holomorphic curve is of the
form F~! o u for some J;-holomorphic curve u, we infer that J_ € Jyeg(B.).

Let f: R — R be a smooth non-increasing function such that f = 1/c_ near (—o0,In(c_)]
and f =1 near [0,00). Consider the almost complex structure J defined by

1
7(@:) = FRy. J(Ry) =~
By construction, J € J(J_,Jy). We claim that there exists a diffeomorphism G : W — W
such that G*J = J,. Indeed, consider the function ¢ : R — R given by the unique solution
of the initial value problem

5T and J‘g = J+|§ = J_yg.

g'(r) =1/f(g(r)), g(0) =0
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and define G(r,z) = (g(r), z). We have that
G*J|(rzy0r = dG ™ (g(r).2) | (g(r),2) 9 () Or
= dG_l\(g(r),gc)f(g(""))g/(T’)RB/+
_ a1 _ _p
= dG (g R, = Rp

proving the claim. Therefore, since Jy € Jreg(8}) we conclude that J € Jreg(J—, J4). It
is easy to see that the biholomorphism G induces a bijective correspondence between the
moduli spaces M (v v 5 J) and M(vE b L), But M(y 4t s L) contains only
the vertical cylinder over 'y;lin. In particular, Npyin(J) = 1. The argument for Npax is
analogous and left to the reader. O

Lemma 5.9. N, and Nya. are constant functions.

Proof. Let Jo and Ji in Freg(Viins Yimin J—» J+) (1€8P. Treg(Vahaxs Ymaxs I—s J+)). 1t is well
known that we can find a family of almost complex structures J; € J ('Y;;inv%;in; J_,J4)
(resp. Ji € T (Vihaxs Vimax; I—s J+)) joining Jo and J; such that J; is regular for every 0 < ¢ <1
except at finitely many values 0 < 51 < --- < s, < 1 (recall that regularity here means that
the linearized Cauchy-Riemann operator is surjective only for somewhere injective curves).
For these values, the somewhere injective Js -holomorphic curves have index bigger than or
equal to —1.

Case (H1). Define the set

Minin := {(t,u) | t € [0,1] and w e My Vs o)}

This is a smooth 1-dimensional manifold admitting a suitable SFT-compactification. (Notice
that every u € M(y. v, ;Jy) is somewhere injective.) Given a sequence (t;,u;) € Mmin
such that t; — s; for some 1 < j < k, it follows from SFT-compactness (notice here that F(u;)
is uniformly bounded because the asymptotes are fixed) that u; converges to a holomorphic
building given by

e (possibly several) J, -holomorphic curves u', ..., u!~};
e one Jg,-holomorphic curve ul;
e (possibly several) J_-holomorphic curves u!*', ... u™.

Since 'y;{lin has minimal action, the J,-holomorphic curves are only trivial vertical cylinders.
Thus, u! = u! is positively asymptotic to fy;;m and consequently is somewhere injective. Let
Y s--+,7; be the negative asymptotes of ul. We have that u! cannot have index —1 because

!
index(u') = fez (i) — Z ficz(v; ),
i=1

and the reduced Conley-Zehnder index of every periodic orbit of 5’ with action less than T°
is even. Consequently, arguing exactly as in the proof of Lemma 5.7, we conclude that u! is a
cylinder negatively asymptotic to v, ., (because index(u') > 0 and every contractible periodic
orbit of 3’ with action less than T" has positive reduced Conley-Zehnder index). But Vinin 128
minimal action, and therefore the J_-holomorphic curves are only trivial vertical cylinders.
Consequently, M, is a compact 1-dimensional manifold such that

aMmin = M(fy;_lina 7;1111; ']0) v M(VJlin?’Yn_’lin; Jl)
It follows from this that Nyin(Jo) = Nmin(J1)-
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Case (H2). Define the set
Mupax = {(t,u) | t € [0,1] and v € M (V] s Vomaxcs )}

As before, consider a sequence (t;,u;) € Mmax such that t; — s; for some 1 < j < k. From
SFT-compactness, u; converges to a holomorphic building given by

e (possibly several) .J,-holomorphic curves u', ..., u!"";
e one Jg,-holomorphic curve ul;
e (possibly several) J_-holomorphic curves u!*!,... u™.

Since every periodic orbit of B/i with free homotopy class a and action less than T is simple and
there is no contractible periodic orbit with action less than 7', every holomorphic curve in this
building is a somewhere injective cylinder. Hence, every Ji-holomorphic curve u', ... u!=!,
utl, ..., u™ has positive index and the index of u! is bigger than or equal to —1. We conclude
then that if this building has more than one non-trivial cylinder then we have either
e exactly one J;-holomorphic cylinder (positively asymptotic to v;,.) with index 1 and
one Jg,-holomorphic cylinder (negatively asymptotic to 7,,,,) with index —1;
e or exactly one Js;-holomorphic cylinder (positively asymptotic to Yo o) with index
—1 and one J_-holomorphic cylinder (negatively asymptotic to Yy,,,) With index 1.
The last case is impossible because every periodic orbit of 5. with free homotopy class @ and
action less than T has Conley-Zehnder index less than or equal to pcz (7,5, ). Thus, by a
gluing argument we conclude that
k

OMupax = M(%—gaxv Vmax JO) v M(’)/I—;a)(?’}/r;ax; Jl) Y ( U Mbroken(’yr;axv Vmax; J, JS]'))
j=1

where Mproken (Vihaxs Ymax: 4+ Js;) is the moduli space of the broken cylinders given by one

Ji-holomorphic cylinder with index 1 positively asymptotic to ;- . and one Js;~holomorphic
cylinder with index —1 negatively asymptotic to v,,,,. But by (5.5) we have that
HCR(B)) ~ Q.
Since 7!, is the unique periodic orbit Bﬁr with free homotopy class a, agtion less than T and
Conley-Zehnder index equal to n, it is necessarily a generator of H CZ’T( /3’ ) and consequently
the cardinality of the moduli space of J.-holomorphic cylinders positively asymptotic to
Ymax and negatively asymptotic to a periodic orbit with index pcz(Vmay) — 1 must be even.
(Observe here that every periodic orbit of £/, with free homotopy class @ and action less than
T is simple.) Thus, the cardinality of Muroken(Viax: Ymax; Js;> J+) is even and we conclude
that
#M(7$axv Ymax; JO) = #M(7$axa Ymax’ ‘]1) (mOd 2)7
as desired. 0

Proof of Proposition 5.5. If u,, does not exist, we would conclude that J j%n € ~7reg(7$inv Venin’
J_,J1) and Nyin(Jy ) = 0, contradicting Lemmas 5.8 and 5.9. The same argument implies
the existence of v,. O

We will now finish the proof of Theorem 5.1.
Case (H1). Take a sequence R,, — o0 and a sequence of Jg, -holomorphic cylinders u,, :
R xR/Z — W positively asymptotic to ’yr—;in and negatively asymptotic to v, ; . The existence
of such cylinders is ensured by Proposition 5.5. Since the asymptotes are fixed, the energy of
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Uy, is uniformly bounded. Therefore, by SF'T-compactness there are integer numbers 1 <[ <
I < m and a subsequence u,, converging in a suitable sense to a holomorphic building given
by

e (possibly several) .J, -holomorphic curves u', ..., u!~";
e one Jy-holomorphic curve u!;

e (possibly several) J-holomorphic curves u!*!,... Jul =t
e one Ji-holomorphic curve u’;

e (possibly several) J_-holomorphic curves u!*1, ... u™.

Moreover, these holomorphic curves satisfy the properties (a)-(e) mentioned in the proof of
Lemma 5.7. Since 7:;111 has minimal action, every .J-holomorphic curve u', ..., u'~! must
contain only trivial vertical cylinders. Consequently, u! = u! is positively asymptotic to fygin
which implies that it is somewhere injective. Let v ,...,7, be the negative asymptotes of
u!. Reordering these orbits if necessary, we have that Yin i= 7 has free homotopy class a
and v, ,...,7, are contractible. Thus, & carries a periodic orbit v, with free homotopy
class @; see Figure 1.

FiGURE 1. SFT compactness applied to the sequence wu,,.

Now, suppose that every contractible periodic orbit 4 of « satisfies pic,(7) = prs(p) — n.
Then ficz(y; ) = 0 for every ¢ > 2, where the index is computed using a trivialization T given
by a capping disk. Indeed, by our assumption pucz(y; ,Y) = prs(p, ¥) — n. Thus we arrive
at

ficz(v; ) = pez(y; . T) +n—2 > prs(p, 1) —2 > 2,
where the last inequality follows from the assumption that A > 1 = pugrs(p, ) > 2 which
implies that purgs(e, T) = 4 because Rg defines a circle action and therefore purg(p, T) is an
even integer. Hence,
MCZ(fYrJrrlin) - NCZ(’Y;nin) = index(ul) > 0.
This implies that pcz (V) < —n.
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Remark 5.10. Notice that to achieve the relation ficz(7vi) = 0 we only need the weaker
condition that A > 0. Thus, this is the only hypothesis we need in case (H1) of Theorem A if
we assume that the relevant moduli space of holomorphic curves can be cut out transversally.

Case (H2). Consider a sequence of .Jg, -holomorphic cylinders v, : R x R/Z — W positively
asymptotic to ;.. and negatively asymptotic to 7;,,.. There is a subsequence converging to
a holomorphic building as before. Since every periodic orbit of 4’ with free homotopy class
a has action less than or equal to the action of 7., the J_-holomorphic curves v*+1, ... v™
are trivial vertical cylinders over 7,,,.. Thus, the first (non-trivial) level of this building v"
must contain a Ji-holomorphic cylinder v negatively asymptotic to v, .. Since v, is simple,
this cylinder is somewhere injective. Let 7/ ., be the positive asymptote of v. We have that

index(v) = MCZ(’Y;nax) — HCZ (71?1ax> =0
so that ucz (F)/r/nax) = n.
Finally, as explained before, & is arbitrarily closed to @ and the periodic orbits ~/ .
and 7/, have uniformly bounded action. Therefore, these periodic orbits must come from

bifurcations of periodic orbits ymin and Ymax of @ such that gy, (Ymin) < —n and ,uéz(’}’max) >
n.

5.3. Proof of Theorem 5.2. Following [38, 36], one can associate to v Bott’s index function
I' : S' — Z which satisfies the following properties:
(a) pgy(vF; UF) = 2isest; ok L'(2) for every k € N (Bott’s formula).
(b) The discontinuity points of I' are contained in o(Py) n S1, where P, is the linearized
Poincaré map of v and o(P) is its spectrum.
(c) T'(z) = I'(2) for every z € S'.
(d) The splitting numbers S*(z) := lim._,o+ I'(et*z) — I'(2) satisfy
(d1) 0 < S*(2) < v(z) for every z € o(Py) n S, where v(z) is the geometric multi-
plicity of z;
(d2) S*(2) + S7(2) < m(z) for every z € o(P,y) n S!, where m(z) is the algebraic
multiplicity of z;
(d3) SE(z) = ST(2) for every z € S.
For a definition of I" and a proof of these properties we refer to [38, 36]. Now, suppose that
oy (13 V) < —n and pcy (773 07) > —n for some j > 1. By Bott’s formula,
nop(YiW) = Y T(z) =T(1)+ >, T(2)
zl=1 2I=1;z#1
= ue, () + ), T(z) = —n.
zl=1;z#1

But pcy(7; V) < —n and consequently szzl;#l I'(z) = 0. Together with property (c), this

implies that there exists z = € € S, with 0 < # < 7 such that
(5.7) I'(z)-T(1) =n.
Let {e1,... ¢} be the eigenvalues of P, with modulus one and argument 0 < 6} < 6,

such that 0, < 0,1 for every 1 < k <[ — 1. The properties of I' imply that

l
[(2) =T(1) = (ST(1) = 57 (1) + D (SF(e") — 57 ("))

k=1
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Since the splitting numbers are non-negative (by property (d1)), it follows from (5.7) that

l
+ Z St () = n,
k=1

By property (d3), this implies that

Putting these two inequalities together we arrive at

2n > Z m(z) = Z St(z) + S (2)

2e81 z€S1
l
S+( Z sz —(e—zﬂk)) > 2n,

where the first inequality is trivial by a dimensional reason, the second inequality holds by
property (d2) and the third inequality follows again from the fact that the splitting numbers
are non-negative. This ensures that all of the above inequalities are in fact equalities. Hence,
7 is elliptic. Moreover, >} ;_;.,; I'(2) must vanish and therefore yiq,(v; ¥) = gy (775 07) =
—n.

Remark 5.11. The previous argument actually shows that « is strictly elliptic. More precisely,
let Jy be the multiplication by ¢ in R?” ~ C" and wy the canonical symplectic form on R?".
Consider their extensions .J and w to C?" = R?" ® C by complex linearity. The Krein form is
defined as (v, w) = —iw(v,w). It turns out that § is a non-degenerate Hermitian symmetric
form; see [22, 38]. Given z € o(P,) n S! denote by E, = C?" the generalized eigenspace
of z. The Krein type numbers p, and ¢, of z are defined as the number of positive and
negative eigenvalues of |g, respectively. We say that ~ is strictly elliptic if 5|z, is definite
for every z € o(Py) n (SN\{1}). It is well known (c.f. [38, Theorem 9.1.7]) that p, > S*(2)
and g, > S (z) for every z € 0(Py) n S'. Thus, the previous analysis shows that

l
n> Y pta= Y ST+ (x) =57 # 23S + 57 ) > 2n

zeS1 zeS1

Since all these numbers are non-negative, we conclude that p, = S*(2) and ¢, = S7(2) for
every z € a(Py) n S'. Moreover, S*(z) = 0 for every z ¢ {1,e"1,... €} and S~(z) = 0 for
every z ¢ {1, e~ e*wl}. Therefore, we conclude that v must be strictly elliptic.

In the case that ply,(v; ¥) = n and pud,(77; 97) < n, consider the inverted Reeb flow of a,
—v(t) := v(—t) and the trivialization of (§,d«) along —v given by V_;. By (3.3),

Koz (=1 W) = —ply (13 D).
Then the previous argument applies mutatis mutandis and shows that —v is (strictly) el-
liptic, which is equivalent to saying that ~ is (strictly) elliptic, and that pe,(—v; V) =
piy (—7; U7) = —n, which is equivalent to saying that ud, (v; V) = pd, (17; ) = n.
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6. PROOFS OF THE APPLICATIONS

Before we present the proofs of the applications, let us discuss some useful facts about
trivializations of the contact structure along closed geodesics in Zoll manifolds that will be
important in the next subsections.

6.1. Trivializations of closed geodesics in Zoll manifolds. Let N"*! be a closed Zoll
manifold, that is, a closed Riemannian manifold all of whose geodesics are closed with the
same minimal period. (Equivalently, the geodesic flow generates a free circle action in the
unit sphere bundle SN.) Let 7 : TN — N and 7 : SN — SN/S! be the corresponding
projections. Let g be the metric on N all of whose geodesics are closed and g any metric on
N. Given a closed geodesic v of g freely homotopic to a fiber of S' — SN — SN/S! (given
by a simple closed geodesic of g) we have two natural trivializations of the contact structure
¢ along . The first one is the trivialization ¥ induced by a trivialization on a fiber 4 over
p:=7(¥) € SN/S! given by a constant symplectic frame of T,,(SN/S'). It is easy to see that
tey (Y ¥) = —n.

To define the second trivialization, suppose initially that N is orientable. Consider the
trivialization ® that sends the intersection of the vertical distribution of TT' N with & to a
fixed Lagrangian subspace of R?" (note that, since N is orientable, the normal bundle of
x := m oy is trivial). This trivialization is unique up to homotopy, see [1, Lemma 1.2] (more
precisely, the argument in [1] is for a trivialization of v*TT*N but it can be readily adapted
to a trivialization of the contact structure §). It turns out that p,(v; ®) coincides with the
Morse index of v, see [16, 38, 51]. Since pqy,(7; ¥) = —n, this implies that the difference of
the indexes with respect to the trivializations ® and ¥ is given by

(61) /,L(_DZ(’}/; (I)) - p“az (’7; \IJ) = NMorse(:Y) +n.
If N is not orientable, the normal bundle of = does not need to be trivial and, following [51],
we have to suitably modify the construction of ® in order to produce a trivialization ® of &
over 7y so that

M(_jz(’y; (I)/) = UMorse(’Y) + 17
see [51] for details. (The relation above was proved in [51] for non-degenerate closed geodesics
but it can be extended to degenerate closed geodesics, see [16].) Thus,

(62) Maz(’y; (I),) - Maz(’y; \Il) = ,U'Morse(/?) +n+ 1

6.2. Proof of Theorem 2.13. Recall that F is a Finsler metric on S2, with reversibility r
and flag curvature K satisfying (r/(r + 1)) < K < 1. As explained in Section 2, if we have
(r/(r + 1)) < K < 1, then the lift of the geodesic flow of F to S? is dynamically convex
and Zso-invariant. Thus, we conclude from Theorems 5.1 and 5.2 that F' carries an elliptic
closed geodesic 7 such that v is not contractible in $S? and poy(v; W) = —1, where the
index is computed using the trivialization ¥ discussed in Section 6.1. Since a prime closed
geodesic of the round metric on S? has Morse index equal to one, we conclude from (6.1) that
NMorse(V) = M(_jz(VQ (I)) =1L

Thus, it remains only to deal with the case where the inequality (r/(r + 1))? < K is not
strict. In order to do it, we will need the following general result. Let F' be a Finsler metric on
a closed manifold N and denote by Ny the zero section in TN. Given a point (z,v) € TN\Ny
and a plane 0 < T, M denote by K(o,v) the corresponding flag curvature. Let SN :=
F~1(1) be the unit sphere bundle and consider the continuous functions K_ : SN — R and
Ky : SN — R defined as K_(z,v) = minycr,n K(0,v) and K4 (x,v) = maxscr, N K(0,v),
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where o runs over all the planes in T, N. Define Ky = ming, ,)esy K- (7,v) and Kyax =
maX(z,v)eSN Ky ($7 U).

Proposition 6.1. Suppose that Kpin < Kpmap and K_(z,v)/ K1 (2,v) > Kpin/ Kpnas for every
(x,v) € SN. Then F can be C*-perturbed to a Finsler metric F' whose flag curvature K’
satisfies Kpyin < K'(0,v) < Ky for every (z,v) € SN and o < T, N. In particular, such
perturbation is always possible if N has dimension two.

Proof. Let f be a smooth function CY-arbitrarily close to K_ such that min f = Ky, and
define S = {(z,v) € SN; K_(z,v) = Kpin}. Fix € > 0 such that K, + € is a regular
value of f and Ue := {(x,v) € SN; f(x,v) < Knin + €} is a neighborhood of S satisfying
K_(z,v) > Kpin + 20 for every (z,v) ¢ U and some 6 > 0. Taking e sufficiently small, we can
assume, by our hypothesis, that K (z,v) < Kpax — ¢ for every (z,v) € U and some ¢’ > 0.
Take ¢ < 1 such that Kuyin < (1/c2)K_(z,v) < (1/c?) K4 (2,v) < Kpax for every (z,v) € U.
Let €’ < € such that f has no critical values in [Kpin + €', Kiin + €] and K_(z,v) > Kpin + 0
for every (z,v) ¢ Us. Consider a bump function p : R — R such that p(r) = ¢ for every
r < Kuyin+€ and p(r) = 1 for every r = K, + €. Notice that ¢ can be taken arbitrarily close
to 1 independently of the choice of €. Consequently, p can be chosen C®-close to the constant
function equal to one. Now it is clear from the choices of the constants that F' := p(f)F is
the desired metric. g

By this proposition, if our metric F' on S? does not satisfy the strict inequality (r/(r +
1))2 < K < 1 then we can perturb this to a metric F' whose flag curvature K’ satisfies
(r/(r +1))? < K’ < 1. Now, it is clear from the proof of Theorem 5.1 that the period of the
elliptic closed geodesic 7/ of F” is uniformly bounded from above. Passing to the limit we get
an elliptic closed geodesic v for F' such that pq,(v;®) < —1.

Finally, we claim that if (r/(r + 1))? < K < 1 then v must be prime. As a matter of fact,
arguing indirectly, suppose that v = ¥* for some prime closed geodesic ¢ and k > 2. Since
~ is not contractible, we have that k > 3. Note that unorse(?¥) < pimorse(7) = 1 (given a
closed geodesic ¢ we have the relation piorse(c®) = pinorse(c) for every k € N). By (3.9) we
conclude that kA(y; @) = A(y; @) < 2 = AW ®?) < 4/3 =  orse(¥?) < 3. But
? is contractible and therefore admits a lift to S? with Conley-Zehnder index less than 3,
contradicting the dynamical convexity. (Note here that a trivialization given by a capping
disk coincides with ®2 up to homotopy:.)

6.3. Proof of Theorem 2.14. First of all, note that both $S™*! and SRP"*! are Boothby-
Wang contact manifolds with the circle action given by the geodesic flow of the Riemannian
metric with constant curvature. Moreover, the induced Zs-action on SS™*! is generated by the
lift of the antipodal map v : S"*1 — S to SS"F! given by (z,v) — (¥(x),d(x)v). Con-
sequently, SS™!/Zy coincides with SRP™"1. Tt is easy to see that SS"F1/St = SRpn+l/St
is diffeomorphic to the Grassmannian of oriented two-planes G (R"*2) (each oriented great
circle is identified with the oriented two-plane in R™*2 that contains it; see [8]).

The Morse index of the simple closed geodesic of the metric with constant curvature in
RP"™ ! vanishes. Thus, by the discussion in Section 6.1, it is enough to show that if (r/(r +
1)) < K < 1 then F has an elliptic closed geodesic v such that pg,(7; ) = —n. Indeed,
by our assumption and Proposition 6.1, we can argue as in the proof of Theorem 2.13 and
conclude that if (r/(r +1))> < K < 1 then F has an elliptic closed geodesic v such that
oy (13¥) < —n. Clearly, v can be chosen prime since pnorse(7) = 0 and finorse(c®) >
UMorse(¢) for every closed geodesic ¢ and k € N.
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To prove the existence of v when (r/(r + 1)) < K < 1, suppose firstly that n > 1 and
consider the lift F' of F to $"1. By [45, Theorem 1] the pinching condition (r/(r + 1))% <
K < 1 implies that the length of every closed geodesic ¢ of F' satisfies L(c) = m(1 + 1/r).
Using this and [45, Lemma 3] we conclude that the Morse index of ¢ is bigger than or equal
to n. By the discussion in Section 6.1, this means that jic,(c; ®) = n. On the other hand, it
is easy to see that the (prime) geodesics of the round metric on S"*! have Robbin-Salamon
index equal to 2n using the trivialization ®. Therefore, the pinching condition implies that
the geodesic flow of Fis dynamically convex (note here that, since n > 1, SS™*1 is simply
connected). When n = 1, consider the lift of the geodesic flow of F' to a Z-invariant Reeb flow
of a contact form a on S3. By the discussion in the proof of Theorem 2.13, « is dynamically
convex.

Thus, in order to apply Theorems 5.1 and 5.2 to obtain the desired closed geodesic «y of F',
it remains only to show that G (R""?) satisfies the hypothesis (H1) in Theorem A, namely,
that G5 (R™"2) admits an even Morse function and is monotone with constant of monotonicity
A > 1. This Grassmannian is diffeomorphic to the quadric

n+1

Qn="{[20:":2n41] € CP""| Z ZJ2- = 0}.

j=0
The identification goes as follows: an oriented two-plane in R®*2 can be described by an
orthonormal basis (z,y) which can be mapped into CP"*! via the map (x,y) — [z + iy]
defined on the Stiefel manifold Vo(R"™*2), where [-] denotes the classes in CP"*! of non-zero
vectors in C""2. The equations |z|? = |y||> and z -y = 0 read as Z?iol(xj + iy;)? = 0.
One can check that this map descends to the quotient and defines a diffeomorphism between
G5 (R"2) and Q,. Moreover, the pullback w of the canonical symplectic form on CP**!
to Q, is a representative of the Euler class of the circle bundle S' — §5"*! — Q,,. Thus,
S5+ is the prequantization of @,, with the symplectic form w.

Let us show that @, is monotone. Consider first the cases n = 1 and n = 2. We have
that Q1 ~ S? and Q2 ~ S? x S? which one can check that are monotone with constant of
monotonicity A = 2. Thus, suppose that n > 3. A computation shows that H?(Q,;Z) ~
Hy(Qn; Z) ~ m9(Qn) ~ Z. Moreover, [w] is a generator of H?(Q,;Z). The first Chern class
is given by

a(TQy) = nfw],
see [35, Theorem 1.5], [5] and [42, pages 429-430]. Consequently, @, is monotone with
constant of monotonicity bigger than one.

To prove that G; (R"*2) admits an even Morse function, we proceed by induction on n.
Suppose that G (R¥+2) admits an even Morse function for every k < n. It is clearly true for
n = 2 since G§ (R?) ~ S? and G5 (R*) ~ $2 x S2. So suppose that n > 3. It is well known
that G5 (R""2) admits a Hamiltonian circle action whose momentum map f is a perfect
Morse-Bott function such that its critical set has three connected components given by

X =P(2,0,...,0) =pt, Y =G5 (0xR"), Z=P(z0,...,0) = pt,

where X and Z correspond to the two orientations on the real two-plane (z,0,...,0), see
(35, Example 1.2]. The points X and Z correspond to the minimum and maximum of f
respectively. Moreover, since Hy (G5 (R"*2);Z) = 0, Hy(G4 (R"2);Z) # 0 and f is perfect,
we have that the index of Y (given by the index of the Hessian of f restricted to the normal
fibers of Y) is equal to two.
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By our induction hypothesis, ¥ admits an even Morse function g. Fix a Riemannian
metric on G4 (R"*2) and consider a tubular neighborhood V' = exp(N.Y) of Y, where N.Y
is the normal bundle of Y with radius €. Let w : N.Y — Y be the bundle projection and
B :[0,€] = R be a bump function such that f(r) =1if 0 <r <e¢/3, f(r) =0if 2¢/3 < r < e
and f'(r) < 0 for every r. Consider the function h: V' — R given by

h(z) = B(r(exp™ (2)))g(m(exp™ (x))),

where 7(exp~!(z)) is the radius of exp~!(x). By construction, h extends to a smooth function
defined on G (R"*?) which vanishes identically outside V. Define f : G§ (R""?) — R as

f(z) = f(2) + 6h(x),

where § > 0 is a constant. One can check that choosing & sufficiently small then f is Morse
and its critical points are given by X, Z and the critical points of g on Y. Moreover, the
indexes of these last points equal the indexes of the critical points of g plus the index of Y,

which is equal to two. Consequently, f is an even Morse function, as desired.

6.4. Proof of Theorem 2.16. By Theorem 2.13, we can suppose that n > 1. The Morse
index of the simple closed geodesic of the round metric on S"*! is n. Therefore, by the
discussion in Section 6.1, we have to show that if 3(r/(r+1))? < K < 1 then F has an elliptic
closed geodesic y such that pc,(v;¥) = —n. The case that the pinching condition is not
strict can be dealt with using a perturbation argument as in the previous sections.

By [45, Theorem 1 and Lemma 3], the condition §(r/(r + 1))? < K < 1 implies that
every closed geodesic ¢ of F satisfies pg,(c;®) > n and pg,(c? ®) > 3n, where @ is the
trivialization discussed in Section 6.1. The Robbin-Salamon index of the (prime) geodesics
of the round metric on S™*! is equal to 2n with respect to this trivialization. Moreover, as
explained in the previous section, SS™*! satisfies the hypothesis (H1) of Theorem A. Thus,
we can apply Theorems 5.1 and 5.2 and conclude that F' carries an elliptic closed geodesic
7 satisfying pcy,(7; W) = —n. Moreover, v can be chosen prime: if v = ¢* for some prime
closed geodesic 1) then 9 is elliptic and pinorse(1?) = n. Indeed, since v = 1* we have that
UMorse (V) < iniorse(Y) = m. On the other hand, pnorse(?) = n by dynamical convexity.

6.5. Proof of Theorem 2.17. Consider pairs (g,{2) given by a Riemannian metric g and
a non-degenerate magnetic field €2 on N. As explained in Section 2, the magnetic flow
generated by (g,9) is the Hamiltonian flow of Hy(z,p) := (1/2)|p|? with respect to the
twisted symplectic form w = wy + 7. One can check that if ¢ has constant sectional
curvature and Q is the corresponding area form (normalized to have total area equal to one)
then H, ' (k) is of contact type and the magnetic flow restricted to H,'(k) generates a free
circle action such that H L(k)/S* is diffeomorphic to N for every 0 < k < 1/2 (see, for
instance, [40]). Denote by & the corresponding contact structure.

It is well known that given a pair (g, 2) there exists € > 0 such that the energy level H L(k)
is of contact type for every k < € [7, 25]. Fix S := H1(k) and let & be the contact structure
on S. We claim that ¢ is equivalent to &. As a matter of fact, let (gs,€2s) be a smooth
family of pairs given by Riemannian metrics and symplectic forms on N, with 0 < s < 1,
such that gy has constant sectional curvature, )y is the area form (corresponding to ggp) and
(91,21) = (9,9). (The existence of this family follows from the fact that every Riemannian
metric on a connected surface is conformally equivalent to a metric with constant sectional
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curvature.) Define
€(s) = sup{ko e R | Hg_sl(k) is of contact type for every k € (0, ko)}.

By the aforementioned result, ¢(s) > 0 for every s € [0,1] and one can check that ¢ :=
(1/2) inf e[o,1] €(s) is positive. Thus, it follows from Gray’s stability theorem that the contact
structure on H, L(eo) is equivalent to the contact structure on H, g_ol(eg). Applying Gray’s
theorem again we conclude that the contact structure on H - L(ep) is equivalent to the contact
structure on S. Therefore, S is Boothby-Wang and we will use this circle bundle structure in
what follows.

Let us split the proof in the cases that g = 0 and g > 1. In the first case, it was proved in
[7] that if k is sufficiently small then every periodic orbit -y of the lift of the magnetic flow to
S3 satisfies toy(v) = 3 (with a trivialization given by a capping disk). Moreover, the lifted
contact structure is tight. Thus, the lifted contact form is positively dynamically convex and
we can apply Theorems 5.1 and 5.2 to conclude that the magnetic flow carries an elliptic
closed orbit v such that v is not contractible in S and p,(7; V) = —1, where the index is
computed using a trivialization ¥ as in Section 6.1. The contact structure £ on S admits a
global trivialization ® (see [7, Lemma 6.7]) and an easy computation shows that

peg (73 P) = poy (V) +2 = 1.

We claim that v is prime. As a matter of fact, arguing by contradiction, suppose that v = ¢*
for some k > 2, where 9 is a prime periodic orbit. Since 7 is not contractible, we have
that k& > 3. The fact that pug,(¥?) > 3 implies, by (3.9), that the mean index satisfies
A(W?) =2 = A(Y) =21 = A(y) > 3. But this contradicts the fact that pc,(y) = 1.
Now, let us consider the case that g > 1. Denote by 8 the contact form on S that generates
our free circle action and let ¢ be a simple orbit of 5. As before, £ admits a global trivialization
® and a simple computation shows that urs(¢; ®) = —2. One can check that ['] # 0 for
every 1 € N, (¢!) # 0 for every 1 < 1 < |x(N)| and (@XM = 0, where [p] € m1(S) and
(p) € Hi1(S,Z) denote the homotopy and homology classes respectively. Moreover, there is
a |x(NV)|-covering 7 : S — S such that § = %3 generates a free circle action and the deck
transformations are given by the induced action of Z,(n) < S1. Let @ be a (simple) orbit

of the Reeb flow of E and a its free homotopy class. The contact structure £~ of 5 admits a
global trivialization ® (given by the pullback of ®) and pgrs(F;®) = 2x(N).

Let a be the contact form on S whose Reeb flow is the magnetic flow. It follows from the
computations in [7] that

(6.3) [y (7 @) < 2x(N) + 1

for every periodic orbit 7 of & homologous to zero. Indeed, it is proved in [7, Equation (1) and
Remark 6.10] that every periodic orbit v of the magnetic flow homologous to zero satisfies

(6.4) toz (7 @) < 2x(N) + 1.

It turns out that if we take the inverted magnetic flow —R, then the same argument yields
the inequality pio,(—7v; ®) = 2|x(N)| — 1. Indeed, inequality (6.4) is proved showing that the
winding interval I(+y) associated to the linearized flow along v satisfies I(y) < (—o0, x(N)+1);
see [7] for details. On the other hand, when we take the inverted magnetic flow (with the
same trivialization of the contact structure) the corresponding winding interval I(—-y) satisfies
I(—y) = —I(v) < (|x(IV)| = 1, +00) implying that pc,(—v; ®) = 2|x(N)| — 1. Consequently,
inequality (6.3) follows from (3.3).
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Define & = 7*a. By the previous discussion, every periodic orbit ¥ of & freely homotopic
to ¢ has a projection v on S homologous to zero. Therefore, uf, () = ply(v) < 2x(N) + 1
and we conclude that & is negatively a-dynamically convex. Thus, we can apply Theorems
5.1 and 5.2 to conclude that « carries an elliptic closed geodesic v with free homotopy class
a such that pud,(v;¥) = 1, where the index is computed using the trivialization ¥ of the
contact structure & over v induced by a trivialization on a fiber of S over p € N given by a
constant symplectic frame of T}, N, as discussed in Section 6.1. Now, a computation gives the
relation

1z (V3 ®) = pilg (v ¥) — 2 = —1.
Finally, notice that v must be prime because every closed curve with free homotopy class a
is simple (observe that (V) is torsion free).

7. GOOD TORIC CONTACT MANIFOLDS

In this section we provide the necessary information on toric contact manifolds, briefly
introduced in Section 2 for the statement of Theorem 2.19. As in that theorem, we will
restrict ourselves to good toric contact manifolds, i.e. those that are determined by a strictly
convex moment cone. For further details we refer the interested reader to [33] and [3].

7.1. Toric symplectic cones. Via symplectization, there is a 1-1 correspondence between
co-oriented contact manifolds and symplectic cones, i.e. triples (W,w, X) where (W,w) is a
connected symplectic manifold and X is a vector field, the Liouville vector field, generating
a proper R-action p; : W — W, t € R, such that pj(w) = e!w. A closed symplectic cone is a
symplectic cone (W, w, X) for which the corresponding contact manifold M = W /R is closed.

A toric contact manifold is a contact manifold of dimension 2n+1 equipped with an effective
Hamiltonian action of the standard torus of dimension n + 1: T**! = R+ /2777 +1 Also via
symplectization, toric contact manifolds are in 1-1 correspondence with toric symplectic cones,
i.e. symplectic cones (W, w, X) of dimension 2(n+ 1) equipped with an effective X-preserving
Hamiltonian T"*!-action, with moment map p : W — R™*! such that u(p;(w)) = e u(w), for
all we W and t € R. Its moment cone is defined to be C' := u(W) u {0} = R*1L,

A toric contact manifold is good if its toric symplectic cone has a moment cone with the
following properties.

Definition 7.1. A cone C < R™! is good if it is strictly convex and there exists a minimal
set of primitive vectors vy, ...,vqg € Z™ 1, with d = n + 1, such that
. d
(i) C = ﬂj:l{x e R | 4;(x) := (x,v;) > 0}.
(ii) Any codimension-k face of C, 1 < k < n, is the intersection of exactly k facets whose
set of normals can be completed to an integral base of Z"*!.

The analogue for good toric contact manifolds of Delzant’s classification theorem for closed
toric symplectic manifolds is the following (see [33])

Theorem 7.2. For each good cone C < R" ! there exists a unique closed toric symplectic
cone (We,we, Xo, pe) with moment cone C.

One source for examples of good toric contact manifolds is the Boothby-Wang (prequanti-
zation) construction over integral closed toric symplectic manifolds. The corresponding good
cones have the form

C:={z(z,1)eR"xR|z€eP, z >0} c R*L
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where P < R" is a Delzant polytope with vertices in the integer lattice Z™ < R™.

7.2. Toric contact forms and Reeb vectors. Let (W,w, X) be a good toric symplectic
cone of dimension 2(n + 1), with corresponding closed toric contact manifold (M, ). Denote
by Xx(W,w) the set of X-preserving symplectic vector fields on W and by X (M,§) the
corresponding set of contact vector fields on M. The T"*!-action associates to every vector
v € R a vector field R, € Xy (W,w) = X(M,¢). We will say that a contact form a,, €
QY(M, €) is toric if its Reeb vector field R,, satisfies

R,, = R, forsomeve R

In this case we will say that v € R"*! is a Reeb vector and that R, is a toric Reeb vector field.
The following proposition characterizes which v € R"*! are Reeb vectors of a toric contact
form on (M,¢).

Proposition 7.3 ([41] or [3, Proposition 2.19]). Let v, ...,vq € R**L be the defining integral
normals of the moment cone C € R"*1 associated with (W,w, X) and (M, &). The vector field
R, € Xx(W,w) = X(M,§) is the Reeb vector field of a toric contact form o, € QY(M,€) if

and only if
d

v = Zajuj with aj € RT forall j =1,...,d.
j=1
7.3. Explicit models and fundamental group. The existence part of Theorem 7.2 is
given by an explicit symplectic reduction construction, which we now briefly describe (as we

did in [3]). For complete details the interested reader may look, for example, at [33].
Let C = (R""1)* be a good cone defined by

d
(7.1) C = (we @] 4(2) = (x,v) > 0)
j=1

where d > n + 1 is the number of facets and each v; is a primitive element of the lattice
7"+t < R™*! (the inward-pointing normal to the j-th facet of C).

Let (e1,...,eq) denote the standard basis of R?, and define a linear map 3 : R? — R"*! by
(72) ,B(ej):l/j,j:L...,d.

The conditions of Definition 7.1 imply that § is surjective. Denoting by ¢ its kernel, we have
short exact sequences

0>t 5RELR™ 50 andits dual 0 — (R™)* 5 (RY)* S e S0 .

Let K denote the kernel of the map from T = R¢/27Z% to T+ = R"*! /277" *+! induced by
5. More precisely,

d
(7.3) K = {[y] eT| ) yvse 27rZ"} :

j=1

It is a compact abelian subgroup of T¢ with Lie algebra € = ker(3).
Consider R?? with its standard symplectic form

d
wstszAdszdujAdvj
j=1
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and identify R?? with C? via zj = uj +ij, j = 1,...,d. The standard action of T on
R%d ~ C? is given by
Y-z = (ezylzl, e elydzd)

and has a moment map given by
- L2
¢’]1‘d(21,..., ZT 3 Rd)
Since K is a subgroup of T, K acts on C? with moment map
| J\Q .
(7.4) dr = * o¢Td_Z ef)ett.

The toric symplectic cone (We,we, X¢) associated to the good cone C' is the symplectic
reduction of (R2\{0},ws; = du A dv, Xg = u0/0u + v d/0v) with respect to the K-action, i.e.

We = Z/K where Z = ¢ (0)\{0} = zero level set of the moment map in R?%\{0},

the symplectic form we comes from wy via symplectic reduction, while the R-action of the
Liouville vector field X and the action of T+ ~ ’IFd/K are induced by the actions of X
and T? on Z.

Lerman showed in [34] how to compute the fundamental group of a good toric symplectic
cone, which is canonically isomorphic to the fundamental group of the associated good toric
contact manifold.

Proposition 7.4. Let W¢ be the good toric symplectic cone determined by a good cone C' <
R, Let N := N{v, ..., vq} denote the sublattice of Z" ' generated by the primitive integral
normal vectors to the facets of C. The fundamental group of We is the finite abelian group

Zn—H / N .
Hence, for simply connected good toric contact manifolds we have that the Z-span of the
set of integral normals {v1,...,v4} is the full integer lattice Z"*1 < R*H!

7.4. Cylindrical contact homology of good toric contact manifolds. In this section
we provide the necessary information, taken from [3] and needed for the proof of Theorem
2.19, on how to compute the cylindrical contact homology of a good toric contact manifold
(M, €). We will also show that k_ is always finite and can be used to provide a lower bound
for the Robbin-Salamon index of the generic orbit of any periodic Reeb flow on (M, &) that
comes from an S'-subaction of the toric T"*!-action.

Let (W, w, X) be the good toric symplectic cone associated with (M,¢) and C' < (R**1)*
its good moment cone defined by (7.1). Consider a toric Reeb vector field R, € Xx(W,w) =
X (M, &) determined by

d
V= Zajyj WithajeR+ forall j =1,...,d,
j=1

as in Proposition 7.3. By a small abuse of notation, we will also write

d
v = Z CL]‘V]‘ .
7j=1
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Moreover, we will assume that

the 1-parameter subgroup generated by R, is dense in T,

which is equivalent to the corresponding toric contact form being non-degenerate. In fact,
the toric Reeb flow of R, on (M, &) has exactly m simple closed orbits 71, ..., ¥m, all non-
degenerate, corresponding to the m edges F1, ..., E,, of the cone C'. Foreach ¢ =1,...,m, we
can use the symplectic reduction construction of (W, w, X) to lift the X-invariant Hamiltonian
flow of R, to a linear flow on C? = R?? that has a periodic orbit 7 as a lift of v,. It then
follows from Lemma 3.4 in [3] that

MRS(’YZZV) = MRS(’%V) , forall #=1,...,m, and all iterates N € N,

where prg is the Robbin-Salamon extension of the Conley-Zehnder index.

To compute MRS(:YéV ) one can use the global trivialization of TR?? and the fact that, since
the lifted flow is given by the standard action on R?? of a 1-parameter subgroup of T¢, the
index can be directly computed from the corresponding Lie algebra vector Rf e R?, which
necessarily satisfies

B(RY) = R, , where 8 : Z% — Z™*! is the linear surjection defined by (7.2).
In fact, denoting by Fy,, ..., Fy,, the n facets of C' that meet at the edge Ey, we have that

Rf = > bheq, + bl with i € Z% and bf,... b, b € R.

y Yno
j=1

Since we are assuming that R, generates a dense 1-parameter subgroup of T"*!, we have that

the n + 1 real numbers {b{, ..., b, b’} are Q-independent, which implies that

y Un»
prs(32) = even + n, VN e N.

Hence, the parity of the Robbin-Salamon index is the same for all periodic orbits of R,,.

We conclude that the cylindrical contact homology of every toric non-degenerate contact
form a,, is well defined since its differential vanishes identically. Consequently, HCy(«, ) is
isomorphic to the chain complex generated by the closed orbits of o, (note that every periodic
orbit of ay, is good). In particular, all of its periodic orbits are homologically essential, i.e.
non-zero in HCy(ay).

Proposition 7.5. If (M,&) is a good toric contact manifold, then there exists a toric non-
degenerate contact form «y, such that

k_:=inf{k e Z | HCk(a,) # 0}
s finite.

Proof. 1t is enough to show that there exists a toric non-degenerate contact form «,, such that
every periodic of its Reeb flow R, has positive mean index (cf. Section 3.3 for the definition
and continuity property of the mean index).

Let us consider the (degenerate) toric Reeb vector field R; given by

d
Rl = ZVJ‘ERHJA.
j=1
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A possible lift to R? is given by
d
R1 = 2 ej s
j=1

which generates the standard diagonal 27-periodic S'-action on C¢. Its 27-periodic orbits
have Robbin-Salamon index 2d, which implies that any 27-periodic orbit of R; has Robbin-
Salamon index 2d. Since R; generates an S'-action on (M, ¢), we conclude that any such
2m-periodic orbit has mean index 2d. Moreover,

V simple periodic orbit v of Ry, 3 N € N such that 'yN is 2m-periodic.

The mean index of such « is then equal to 2d/N. Hence, we conclude that all periodic orbits
of Ry have positive mean index.

By continuity of mean index, the same is true for any sufficiently small perturbation of Ry,
which can then be chosen to give a non-degenerate R, with the required property. (|

In the proof of Theorem 2.19 we will need the following estimate.

Proposition 7.6. Let v € Z""! be a primitive integral Reeb vector and R, the corresponding
toric Reeb vector field. Denote by v, any 2mw-periodic Reeb orbit of the 2m-periodic Reeb flow
on (M,§) generated by R,. Then there exists a toric non-degenerate contact form v, , with
ve € R arbitrarily close to v, such that

prs(Vw) —n = k_,
where k_ = inf{k € Z | HC(ow,) # 0}.

Proof. Since v € Z""! we can express R, as

d
R, = ) bjy; with bj € Z"*!
j=1

and a possible lift to R? is given by

d
RV = Z bjej .
J=1

Such R, generates a 2m-periodic flow on C¢ with

d
urs () = Z 2b; , where 7, is any 27-periodic orbit of R,,.
j=1

Choose any edge E of the good moment cone C' of the symplectization (W, w, X) of (M, §).
As pointed out above, the edge E determines a simple closed orbit v of the toric Reeb vector
R, on (M, €). Since the flow of R, is 27-periodic, by taking a multiple of vZ if necessary, we
can assume that % is a (possibly non-simple) 27-periodic orbit of R,. Denote by 7% its lift
as a 27-periodic orbit of R, on C?. We then have that

d
prs(1) = prs(VE) = urs(3F) = Z 2b; .
j=1
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Assume, without any loss of generality, that the normals to the n facets of C' that meet at

E are v1,...,v, € Z™ 1. It then follows from the explicit form of the symplectic reduction
construction described above that
Al cZn{zeCl| 2= =2,=0}.

This implies that any small perturbation of R, of the form
_ n d
Rl,E = Z(bj—ej)ej—i— Z bjej, €= (61,...,6n)€(R+)n
j=1 Jj=n+1

has &fi := 7L as one of its 2m-periodic orbits. For sufficiently small €, the Robbin-Salamon
index of ’yfi is given by

n d n d
prs(3) Z (2[b; — ;] +1) Z =Y. @b; -+ 1)+ ) 2b=prs(3)) —n,

j=1 j=n+ j=1 j=n+1
where |b] := max{m € Z | m < b}. For sufficiently small and generic € = (e1,...,€,) € (RT)",
where here generic means ey, ..., e, € RT\Q" are rationally independent, the vector

n d
=D b=+ Y, b
j=1 j=n+1

is still a toric Reeb vector, which is non-degenerate and has a 2m-periodic orbit ’yi with a lift
to C? given by ’yfi . We then have that

prs(32) —n = prs(3)) = prs(ve) = k-,

where the last inequality follows from the already pointed out fact that any closed orbit of a
non-degenerate toric Reeb vector, such as R,,, is non-zero in HC\(a, ). O

Note that k_ is an invariant of the contact structure once the foundational transversality
issues in contact homology are resolved. However, this is not essential here and under suit-
able conditions one can use, for instance, equivariant symplectic homology to bypass these
transversality issues.

7.5. Examples. The standard contact sphere (S2"*1, &) is the most basic example of a good
toric contact manifold. Its symplectization is (R2**D\{0}, wy, Xst) and its moment cone has
d = n + 1 facets determined by the normals

vi=ej, j=1,...,n, andl/nH:enH—Eej,

where {e1,...,en41} is the standard basis of R""!. The corresponding symplectic reduction
construction is trivial, i.e. the map § defined by (7.2) is an isomorphism and K < T¢ is
trivial.

In [3] we discussed a family of good toric contact structures & on S? x S3, originally
considered in [24]. Their good moment cones C(k) = R3, k € {0,1,2,...}, have four facets
determined by the normals

v =(1,0,1), o = (0,-1,1), ,v3 = (0,k,1) and vy = (—1,2k — 1,1).
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The corresponding symplectic reduction is non-trivial, with K a circle subgroup of T*. Their
cylindrical contact homology can be explicitly computed, using the method described in the
previous section, with the following result:

k if « =0;

2k +1 if =+ = 2;

2k + 2 if * > 2 and even;

0 otherwise.

rank HC(S? x 83,&,) =

This shows that
k_(5%x 83,¢)) =2 while k_(S?xS3&)=0, Vk>0.

Note that (S? x S3,&) can be identified with the standard contact structure on the unit
cosphere bundle of 3, which is also the Boothby-Wang contact manifold over the monotone
symplectic manifold (S? x S%,w = o x ), where 0(S?) = 27.

8. PROOF OF THEOREM 2.19

As before, we let (M, £) denote a good closed toric contact manifold and (W, w, X) its associ-
ated good toric symplectic cone, obtained via symplectic reduction of (C\{0} = R2%\{0}, wst, Xst)
by the linear action of a subtorus K < T¢ with moment map ¢ : C\{0} — €*. To simplify
notation, let us define F' := ¢x. Then

W =Z/K where Z:=F1(0).

If K = {1} is the trivial subgroup of T¢, we will take F' = 0 so that (W, w, X) = (R?%\{0}, wst, Xst)
and (M,¢§) = (SZd_la &st)-

Let « be an arbitrary, i.e. not necessarily toric, contact form on (M, &), and denote by R,
its Reeb vector field. We can always find a K-invariant function H, : C%\{0} — R such that
its reduced Hamiltonian flow is the flow of R,. Notice that H, is not unique, since it is only
determined on Z (up to a constant). In Theorem 2.19 we assume that M is simply connected
and that « is a convex contact form, i.e. H, can be chosen to be convex on Z:

2
dy(Ha) >0, Vpe Z.

Our goal in this section is to prove that any such contact form « is positively dynamically
convex. Based on the discussion in the previous section, it suffices to prove that every periodic
orbit v of a satisfies pc,(v) = k- := inf{k € Z | HC} (o) # 0} for some toric non-degenerate
contact form «,,. We will do that according to the following main steps and using the following
notational convention: a subscript « indicates something not necessarily torus invariant, like
the contact form « itself, while a subscript A indicates something torus invariant.

(1) Given a periodic orbit v of @ we change the convex Hamiltonian H, by an appropriate
component F of the moment map F' for the linear K-action on C¢, so that v has a
lift 4 in Z < C? which is a periodic orbit of the Hamiltonian flow of

Hy = H, — F.

Note that such an Fy : C* — R is quadratic, being a component of the moment map
for the standard action on C¢ of the subtorus K < T?. Moreover, it follows from
Lemma 3.4 in [3] that

prs(y) = prs(7) -
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(Here we are using the assumption that the linearized Hamiltonian flow of H, along
~ satisfies dtl)fqa (VE,) = VF, for all t € R and every component F, of the moment
map: we need this hypothesis to apply [3, Lemma 3.4].)

(2) Find an appropriate convex quadratic Hamiltonian Hy on C? such that, for any simple
periodic orbit 7y of the linear flow on C? generated by the quadratic Hamiltonian

Qx = H)—F),
we have
prs(Y) = prs(a) — 1
whenever ~ is non-degenerate.
(3) Combining the previous two steps we have that (cf. Proposition 8.2 below)
tez (V) = prs(a) — n

and Theorem 2.19 follows by applying Proposition 7.6 to the periodic flow induced on
(M, &) by reduction of Q.

So fix from now on a periodic orbit v of a. Suppose, without loss of generality, that the
period of 7 is one. Denote by 4’ one of the possible lifts of v to Z = C%\{0} as an orbit of
the Hamiltonian flow of H,. Such a lift 4/ is not necessarily a closed orbit but we know that
there exists A € K such that

Y (1) =X-7(0).
Moreover, for a suitably normalized 7y € €, the Hamiltonian Fy : C¢ — R defined by
Ex(z) = (F(2),m),

where (-,-) denotes the natural pairing between ¢ and €*, has a time-1 Hamiltonian flow
®p, : C4 — C? given by ®p, (2) = Az, V z € C. We can then consider the Hamiltonian

HO[’)\ = Ha - F)\.
Since H, is K-invariant, we have that H, and F)\ Poisson commute, i.e. {H,, F)\} = 0, and
the time-1 flow of H, ) is given by
(pHa,)\ = (¢F)\)71 © QHQ .
This means that
Op, ,(7/(0) = (Pr) " (@r, (7(0))) = (Pr) " (A-4/(0)) = A1 M/(0) = +/(0).

Hence, the Hamiltonian flow Q)’}{a N of H, ) has a periodic orbit which is a lift of v € P,. We

will denote by 4 this closed lift of .
To prove Theorem 2.19 we need to obtain an appropriate estimate for the Robbin-Salamon
index of 4, which is equal to the index of the path of linear symplectic matrices given by

d(® ) od(D ).
This path is homotopic with fixed end points to the juxtaposition d(tInga) * d(CIDZFA), ie.
d(dt. F)\) followed by d(@ﬁqa). An explicit homotopy, parametrized by s € [0,1], is given by
the following formula:
d(@p") o d(®l "), te[0.1/2]
d(@4 " o d(@ ) te [1/2,1]
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This means that the Robbin-Salamon index of 4 is given by

prs () = prs(d(@Yy, ) * d(P' 5,))
(8.1) v(7)

= poy (d(DG,) * d(®" 1)) + (dim K) + 1 + -

where the second equality follows from convexity of H, and

® [icy is defined and discussed in Section 3. It is the lower semicontinuous extension
of the Conley-Zehnder index and coincides with the index defined by Hofer-Wysocki-
Zehnder [28] and Long [38] (cf. (3.7)). Since H, is convex, it follows from (3.6) that
tigz (d(®% ) #d(®! 1)) is equal to the Robbin-Salamon index of this juxtaposed path
of linear symplectic matrices right before it reaches its endpoint.

e (dim K') + 1 = half the dimension of the 1-eigenspace due to K-equivariance and the
autonomous Hamiltonian vector field.

e () = dimension of the 1-eigenspace due to possible degeneracy of ~.

To obtain the appropriate index estimate, we will compare the above juxtaposed path with
the following one, given by quadratic Hamiltonians. Write A € K < T% as A = (A1,...,\q),
with 0 < \; <27, i =1,...,d, and consider the conver quadratic Hamiltonian Hy : C* — R
given by

d
1
Hy(z1,...,24) = 2;)\i|zi|2-
Denote its time-1 Hamiltonian flow by @, : C? — C?. We have that ®p, (z) = -z, ¥V z € C%.

The Hamiltonian flow of H) obviously commutes with the action of K and induces a flow on
the contact manifold M, which is the Reeb flow of the toric Reeb vector field

d
R)\ = Z )\ﬂ/i .
=1

Note that, since A € K, it follows from (7.3) that R)/27 is an integral toric Reeb vector, i.e.
Ry/2m € Z™!. We can now consider the quadratic Hamiltonian

Qx:=Hy—F).
Its flow QD&A = 0} o @' ;. is alift to C? of the Reeb flow of Ry and satisfies
1
(I)IQ)\(Z) = (I)ll‘h (q)l_FA(z)) =\ YA

The associated path d(®% R)© d(qf}h) of linear symplectic matrices is also homotopic with
fixed end points to the juxtaposition d(CIquA) * d(PL r,) and its Robbin-Salamon index, which
is also the Robbin-Salamon index of any 1-periodic orbit 4y of (I)EQA’ is given by

(8.2) e () = H (d(®ly,) + (DL p ) + (dim K) + 1+
Lemma 8.1.

#Ez(d(q)gﬁh) * d(q)t—FA)) = Naz(d(q)ng) * d(q)t—FA)) ; forany 0 <6 <1.
Proof. The fact that

@%A(z) = d((I)ﬁqA)(z) — (MM e with 0 < A < 2, i =1, d,
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implies that the path
d(@F ) 0 d(DL ) = (17N el )

has no crossing, i.e. no eigenvalue 1, when 1/2 < ¢t < 1. This, together with the convexity
of Hy (which implies that all crossings at ¢ = 1 are positive) and the lower semicontinuity
property of p.,, implies the result. O

Proposition 8.2. We have that

oY) = mrs(n) — 1,

where ¥y denotes any 1-periodic orbit of the linear flow @ZA on C? generated by the quadratic
Hamiltonian Q\ = H) — F).

Proof. Suppose initially that « is non-degenerate. We have from (8.1) that
(1) = 1es (1) = 1 (3) = g (@) d(@L 1)) + (dim K) + 1.
Convexity of H, implies that there exists a sufficiently small § > 0 such that
di(Ha) > d?)(éH)\) , for any p € 5.
It then follows from (3.6) that

pez(d( @) * d(DL g, ) = pie (d(Psp,) * d(PL 1))
The result now follows from Lemma 8.1 and (8.2).

Finally, let us consider the case that «y is degenerate. Given a symplectic path I' € P(2n) one
can always make a small C®-perturbation of I' such that the new path I is non-degenerate
and satisfies prg(I") = pey(T); see [38]. Therefore, one can make a small perturbation of the
path d(®%; ) to a path I (commuting with the action of K) such that prg(T * d(‘bt_FA)) =
tig, (v) and v(T'(1) o d((DEFA)) = dim K + 1 (which means that the reduced symplectic path
in R?" is non-degenerate). Then it follows from (8.1) and the previous argument that

1oz () = prs(L # d(®Lp,)) = py (T = d(®Lp)) + (dim K) + 1
and
poz (L * d(@Lp)) = 1oy (d(Py,) * d(PL ).
This, together with Lemma 8.1 and (8.2), proves the result in the degenerate case. U

To complete the proof of Theorem 2.19, we can now apply the Robbin-Salamon index
estimate given in Proposition 7.6 to the periodic flow induced on (M, ) by the reduction of
ol .

Qx
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