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Abstract. A long-standing conjecture in Hamiltonian Dynamics states that the Reeb flow
of any convex hypersurface in R2n carries an elliptic closed orbit. Two important contribu-
tions toward its proof were given by Ekeland in 1986 and Dell’Antonio-D’Onofrio-Ekeland
in 1995 proving this for convex hypersurfaces satisfying suitable pinching conditions and for
antipodal invariant convex hypersurfaces respectively. In this work we present a general-
ization of these results using contact homology and a notion of dynamical convexity first
introduced by Hofer-Wysocki-Zehnder for tight contact forms on S3. Applications include
geodesic flows under pinching conditions, magnetic flows and toric contact manifolds.

1. Introduction

Let pM2n`1, ξq be a closed (i.e. compact without boundary) co-oriented contact manifold.
Let α be a contact form supporting ξ and denote by Rα the corresponding Reeb vector field
uniquely characterized by the equations ιRαdα “ 0 and αpRαq “ 1. We say that a periodic
orbit γ of Rα is elliptic1 if every eigenvalue of its linearized Poincaré map has modulus one.

The existence of elliptic orbits has important consequences for the Reeb flow. As a matter
of fact, fundamental contributions due to Arnold, Birkhoff, Kolmogorov, Moser, Newhouse,
Smale and Zehnder establish that, under generic conditions, the presence of elliptic orbits
implies a rich dynamics: it forces the existence of a subset of positive measure filled by
invariant tori (this implies, in particular, that the flow is not ergodic with respect to the volume
measure), existence of transversal homoclinic connections and positivity of the topological
entropy; see [2] and references therein.

The search for elliptic closed orbits goes back to Poincaré [44] and a long-standing con-
jecture in Hamiltonian Dynamics states that the Reeb flow of every convex hypersurface in
R2n carries an elliptic periodic orbit [22, 38]. By the dynamical consequences of the exis-
tence of elliptic orbits mentioned before, this conjecture leads to deep implications: if it holds
then Boltzmann’s ergodic hypothesis would fail for a large class of important and natural
Hamiltonian systems.

Unfortunately this is still an open question, but there are some important partial results.
The first one, proved by Ekeland [21], asserts the existence of an elliptic closed orbit on a
regular energy level of a convex Hamiltonian in R2n satisfying suitable pinching conditions on
the Hessian. The second one, due to Dell’Antonio-D’Onofrio-Ekeland [19], establishes that
if an hypersurface in R2n is convex and invariant by the antipodal map then its Reeb flow
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1Some authors rather call this an elliptic-parabolic periodic orbit .
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carries an elliptic closed orbit. The proofs are based on classical variational methods and use
in a strong way the hypothesis of convexity.

The goal of this work is to generalize these results for contact manifolds using contact
homology and a neck-stretching argument. In order to do this, we introduce a generalization
of the notion of dynamical convexity originally defined by Hofer, Wysocki and Zender [28] for
tight contact forms on S3. Several applications are given, like the existence of elliptic closed
geodesics for pinched Finsler metrics and the existence of elliptic closed orbits on sufficiently
small energy levels of magnetic flows given by a non-degenerate magnetic field on a closed
orientable surface of genus different from one.

Finally, it should be mentioned that, although the general machinery of contact homology
is yet to be fully put on a rigorous basis [29, 30, 32], the results in this paper are rigorously
established, with no transversality issues. Indeed, due to special properties of the periodic
orbits involved, we have to deal only with somewhere injective holomorphic curves; see Remark
2.6.
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Hryniewicz for useful conversations regarding this paper. We are also grateful to the anony-
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opportunity to participate in such wonderful events.

2. Statement of the results

2.1. Dynamical convexity. In order to understand the results of this paper, it is important
to define a notion of dynamical convexity for general contact manifolds in terms of the under-
lying contact homology. We will use contact homology in the definition although this is yet
to be fully put on a rigorous basis [29, 30, 32]. However, our results do not have transversal-
ity issues and in many situations can be stated in terms of other invariants, like equivariant
symplectic homology. (As proven in [15], equivariant symplectic homology is isomorphic to
linearized contact homology whenever the late is well defined.)

Let us recall the basic definitions. Cylindrical contact homology HC˚pM,αq is an invariant
of the contact structure ξ :“ kerα, whose chain complex is generated by good periodic orbits
of Rα. This is defined whenever the periodic orbits of Rα satisfy suitable assumptions; see
Section 4 for details. Throughout this paper, we will assume that the first Chern class c1pξq
vanishes on H2pM,Zq, take the grading given by the Conley-Zehnder index and use rational
coefficients.

The Conley-Zehnder index is defined for non-degenerate periodic orbits and there are differ-
ent extensions for degenerate closed orbits in the literature; see, for instance, [28, 38, 47]. We
will consider here the Robbin-Salamon index and lower and upper semicontinuous extensions
of the Conley-Zehnder index. We will denote them by µRS, µ´CZ and µ`CZ respectively (see
Section 3 for precise definitions; the lower semicontinuous index coincides with those defined
in [28, 36, 37, 38, 39]).
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In their celebrated paper [28], Hofer, Wysocki and Zehnder introduced the notion of dy-
namical convexity for tight contact forms on the three-sphere: a contact form on S3 is called
dynamically convex if every periodic orbit γ satisfies µ´CZpγq ě 3. They proved that a convex
hypersurface in R4 (that is, a smooth hypersurface bounding a compact convex set with non-
empty interior) with the induced contact form is dynamically convex. Notice that, in contrast
to convexity, dynamical convexity is invariant by contactomorphisms. Their main result es-
tablishes that the Reeb flow of a dynamically convex contact form has global sections given by
pages of an open book decomposition. The existence of such sections has several dynamical
consequences like, for instance, the dichotomy between two or infinitely many periodic orbits.

In this work, we propose a generalization of the notion of dynamical convexity for general
contact manifolds and show how it can be used to obtain the existence of elliptic closed orbits.
To motivate our definition, let us consider initially the case of higher dimensional spheres. As
observed in [28], the proof that a convex hypersurface in R4 is dynamically convex works in
any dimension and shows that a periodic orbit γ on a convex hypersurface in R2n`2 satisfies
µ´CZpγq ě n ` 2 (see Section 3.4 for a proof). It turns out that the term n ` 2 has an
important meaning: it corresponds to the lowest degree with non-trivial contact homology for
the standard contact structure ξst on S2n`1. Indeed, an easy computation shows that

HC˚pS
2n`1, ξstq –

#

Q if ˚ “ n` 2` 2k and k P t0, 1, 2, 3, . . . u

0 otherwise.

In Theorem 2.19 we show that this is a particular instance of a much more general phenomenon
for toric contact manifolds. Based on this variational property, we introduce the following
definition of dynamical convexity. In order to deal with contact manifolds that are not simply
connected, we will make use of the fact that cylindrical contact homology has a filtration
given by the free homotopy class of the periodic orbits: HC˚pM, ξq “ ‘aPrS1,MsHC

a
˚pM, ξq.

Definition. Let k´ “ inftk P Z;HCkpξq ‰ 0u and k` “ suptk P Z;HCkpξq ‰ 0u. A contact
form α is positively (resp. negatively) dynamically convex if k´ is an integer and µ´CZpγq ě k´
(resp. k` is an integer and µ`CZpγq ď k`) for every periodic orbit γ of Rα. Similarly, let a be
a free homotopy class in M , ka´ “ inftk P Z;HCak pξq ‰ 0u and ka` “ suptk P Z;HCak pξq ‰ 0u.
A contact form α is positively (resp. negatively) a-dynamically convex if ka´ is an integer and

µ´CZpγq ě ka´ (resp. ka` is an integer and µ`CZpγq ď ka`) for every periodic orbit γ of Rα with
free homotopy class a.

Remark 2.1. The motivation to consider negative dynamical convexity comes from applica-
tions to magnetic flows; see Section 2.3.

2.2. Statement of the main results. Our first main result establishes that, under some
hypotheses, dynamically convex contact forms have elliptic orbits with extremal Conley-
Zehnder indexes. In order to state it, we need some preliminary definitions. We say that
a Morse function is even if every critical point has even Morse index. A contact manifold
pM, ξq is called Boothby-Wang if it supports a contact form β whose Reeb flow generates a
free circle action. If M is Boothby-Wang then the quotient N :“ M{S1 is endowed with a
symplectic form ω given by the curvature of β and we say that M is a prequantization of
pN,ωq. Given a finite subgroup G Ă S1 and a contact form α supported by a Boothby-Wang
contact structure ξ, we say that α is G-invariant if pφt0β q

˚α “ α, where φtβ is the flow of Rβ
and t0 P S

1 is the generator of G. A periodic orbit γ of a G-invariant contact form α is called
G-symmetric if φt0β pγpRqq “ γpRq.
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Theorem A. Let pM2n`1, ξq be a Boothby-Wang contact manifold over a closed symplectic
manifold pN,ωq such that c1pTNq “ λω for some constant λ P R. Let ϕ be a simple orbit
of Rβ and denote by a the free homotopy class of ϕ. Assume that one of the following two
conditions holds:

(H1) N admits an even Morse function, a “ 0 and λ ą 1.
(H2) ω|π2pNq “ 0 and π1pNq is torsion free.

Let G be a finite subgroup of S1 and α a G-invariant contact form supporting ξ. Then α carries
a G-symmetric closed orbit γ̃ with free homotopy class a. Moreover, if G is non-trivial and
every periodic orbit γ of α with free homotopy class a satisfies µ´CZpγq ě µRSpϕq ´ n in case

(H1) or µ`CZpγq ď µRSpϕq ` n in case (H2) then γ̃ is elliptic and its Conley-Zehnder index

satisfies µ´CZpγ̃q “ µRSpϕq ´ n in case (H1) or µ`CZpγ̃q “ µRSpϕq ` n in case (H2).

The statement above can be nicely rephrased using dynamical convexity in the following
way. Under the assumptions of Theorem A, one can construct a non-degenerate contact form
β1 (given by a perturbation of β) supporting ξ for which cylindrical contact homology is well
defined (that is, its differential B is well defined and satisfies B2 “ 0) and ka´ “ µRSpϕq ´ n in
case (H1) and ka` “ µRSpϕq`n in case (H2) (see Section 5.2.1). Thus, if G is non-trivial and
α is positively a-dynamically convex in case (H1) or negatively a-dynamically convex in case
(H2) then α carries an elliptic G-symmetric closed orbit. We did not state Theorem A in this
way because, as was already noticed, contact homology is yet to be fully put on a rigorous
basis.

Remark 2.2. It can be shown that γ̃ is actually strictly elliptic, that is, γ̃ is elliptic and every
eigenvalue of its linearized Poincaré map different from one is Krein-definite; see Remark 5.11.

Remark 2.3. The hypothesis that c1pTNq “ λω for some constant λ P R is equivalent to the
condition that c1pξq|H2pM,Zq “ 0; see Section 5. The hypothesis that π1pNq is torsion free is
used only to ensure that, under the hypothesis (H2), the free homotopy class of the fiber is
primitive; see Section 5.2. If πrpNq “ 0 for every r ě 2 then (H2) is automatically satisfied;
see [25].

Remark 2.4. As usual, the indexes of γ and ϕ are computed using a trivialization of ξ over a
closed curve representing the free homotopy class a (see Section 3). It is easy to see that the
assumptions on α do not depend on the choice of this trivialization: the difference between
µRSpϕq and µ˘CZpγ̃q does not depend on this, see (3.10).

Remark 2.5. Theorem A implies, in particular, that the Weinstein conjecture holds for con-
tact manifolds satisfying the hypotheses (H1) or (H2) using techniques of contact homology
without transversality issues. Notice that M does not need to admit an aspherical symplectic
filling. In fact, in the proof we do not need a filling of M at all. This is important because in
the proof we consider the contact homology of the quotient M{G which, in general, does not
admit an aspherical symplectic filling.

Remark 2.6. In (H1), the hypotheses on λ can be replaced by the weaker assumption that
λ ą 0 if we assume that the relevant moduli spaces of pseudo-holomorphic curves used to
define and prove the invariance of the contact homology can be cut out transversally. (This
condition is used only to assure that in case (H1) a positively a-dynamically convex contact
form has the property that every contractible periodic orbit has non-negative reduced Conley-
Zehnder index; see Remark 5.10.) Moreover, the argument is easier in this case, as will be
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explained along the proof; see Remarks 5.6 and 5.10. However, with the hypotheses of the
main theorem the proof is rigorously established, with no transversality issues. A crucial
ingredient for this is the fact that the orbit used in the neck-stretching argument developed
in Section 5.2.2 has minimal index and action in case (H1) and maximal index and action
in case (H2). This ensures that we have to deal only with somewhere injective holomorphic
curves.

Now, notice that S2n`1 with the standard contact structure is Boothby-Wang and its first
Chern class vanishes. Moreover, the quotient is CPn which clearly admits an even Morse
function (as any toric symplectic manifold) and the Robbin-Salamon index of the (simple)
orbits of the circle action is equal to 2n` 2 (for a trivialization given by a capping disk). The
action of Z2 Ă S1 is generated by the antipodal map. Consequently we obtain the following
generalization of the result proved by Dell’Antonio, D’Onofrio and Ekeland [19] mentioned in
the introduction.

Corollary 2.7. If a contact form on S2n`1 is dynamically convex (that is, every periodic
orbit γ satisfies µ´CZpγq ě n`2) and invariant by the antipodal map then its Reeb flow carries

an elliptic Z2-symmetric closed orbit γ. Moreover, µ´CZpγq “ n` 2.

Remark 2.8. Clearly the Z2-invariance of the contact form in the previous corollary can be
generalized to Zm-invariance for any m ě 2. This means that if a starshaped hypersurface
S in R2n`2 is dynamically convex and invariant by the map z ÞÑ e2πi{mz then it carries an
elliptic Zm-symmetric closed characteristic. If S is convex then this result follows from a
generalization of [19] due to Arnaud [4]. Moreover, Long and Zhu [39] proved the existence of
an elliptic closed characteristic on a convex hypersurface S in R2n`2, without any hypothesis
of invariance, under the restrictive assumption that its Reeb flow carries only finitely many
simple periodic orbits. Under more restrictive assumptions, several results have been obtained
concerning the multiplicity of the elliptic periodic orbits; see, for instance, [37, 38, 49, 50] and
references therein.

Remark 2.9. It can be shown that if S is a convex hypersurface in R2n`2 then the elliptic
periodic orbit given by the previous corollary is simple.

Our second main result shows that the hypothesis of non-triviality of G used to ensure
that the periodic orbit given by Theorem A is elliptic can be relaxed once we impose certain
bounds on the Conley-Zehnder indexes of some high iterate of the periodic orbits.

Theorem B. Let pM2n`1, ξq be a contact manifold satisfying the hypotheses of Theorem A
and α a contact form supporting ξ. Suppose that there exists an integer k ą 1 such that
every periodic orbit γ of α with free homotopy class a satisfies µ´CZpγq ě µRSpϕq ´ n and

µ´CZpγ
kq ě kµRSpϕq ´ n in case (H1) or µ`CZpγq ď µRSpϕq ` n and µ`CZpγ

kq ď kµRSpϕq ` n

in case (H2). Then α carries a elliptic periodic orbit γ̃. Moreover, µ´CZpγ̃q “ µRSpϕq ´ n in

case (H1) and µ`CZpγ̃q “ µRSpϕq ` n in case (H2).

Remark 2.10. As in Remark 2.2, we actually have that γ̃ is strictly elliptic.

The hypothesis in Theorem B has the following subtle homological meaning. In dynamical
convexity, the inequalities µCZpγq ě k´ and µCZpγq ď k` are obvious necessary conditions for
a non-degenerate closed orbit γ being homologically essential: clearly γ cannot contribute to
the contact homology if one of these inequalities is violated due to the very definition of k´
and k`. On the other hand, as explained in Section 5.2.1, under the assumptions of Theorem
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A, the contact homology of a prequantization M of a closed symplectic manifold pN,ωq is
given by copies of the singular homology of N with a shift in the degree. More precisely, we
have the isomorphism

HC˚pMq – ‘kPNH˚`n´kµRSpϕqpNq,

see (5.4). Thus, the inequalities µCZpγ
kq ě kµRSpϕq ´ n and µCZpγ

kq ď kµRSpϕq ` n are
obvious necessary conditions for γk being homologically essential in the k-th copy of H˚pNq
in the contact homology.

Now, let M be an hypersurface in R2n`2 such that M “ H´1p1{2q, where H : R2n`2 Ñ R
is a convex Hamiltonian homogeneous of degree two. As defined in [22, 21], we say that M is
pr,Rq-pinched, with 0 ă r ď R, if

}v}2R´2 ď xd2Hpxqv, vy ď }v}2r´2

for every x PM and v P R2n`2, where d2Hpxq is the Hessian of H at x. Using results due to
Croke and Weinstein [18] and lower estimates for the Conley-Zehnder index, we can show that

if M is pr,Rq-pinched with R
r ă

b

k
k´1 for some real number k ą 1 then every periodic orbit

γ of M satisfies µ´CZpγ
tkuq ě tkup2n` 2q ´n, where tku “ maxtj P Z | j ď ku (note that when

k Ñ 1 we conclude that every convex hypersurface is dynamically convex); see Section 3.4.
Thus, we derive the following result mentioned in the introduction due to Ekeland [21, 22].

Corollary 2.11. Let M be a pr,Rq-pinched convex hypersurface in R2n`2 with R{r ă
?

2.
Then M carries an elliptic closed Reeb orbit γ such that µ´CZpγq “ n` 2.

Remark 2.12. It can be shown that the elliptic orbit given by the previous corollary is simple.

2.3. Applications. The hypothesis of non-triviality of G in Theorem A is probably just
technical, but it is crucial in our argument. However, in many applications this condition
is automatically achieved due to topological reasons. Let us start illustrating this with an
application to geodesic flows on S2. Let F be a Finsler metric on S2 with reversibility
r :“ maxtF p´vq | v P TM, F pvq “ 1u. It is well known that the geodesic flow of any
Finsler metric on S2 lifts to a Hamiltonian flow on a suitable star-shaped hypersurface in
R4 via a double cover, see [17] (the sphere bundle SS2 is contactomorphic to RP 3 with the
contact structure induced by S3 tight). It is proved in [26] that, if the flag curvature K of
F satisfies the pinching condition pr{pr ` 1qq2 ă K ď 1, then the lift of the geodesic flow
to S3 is dynamically convex. We refer to [45] for the precise definitions; we just want to
mention here that if F is a Riemannian metric then r “ 1, K is the Gaussian curvature and
the pinching condition reads as the classical assumption 1{4 ă K ď 1. Thus, we have the
following theorem. It was proved before by Rademacher [46] using different methods and
assuming that the pinching condition is strict.

Theorem 2.13. Let F be a Finsler metric on S2 with reversibility r and flag curvature K
satisfying pr{pr ` 1qq2 ď K ď 1. Then F carries an elliptic closed geodesic γ whose Morse
index satisfies µMorsepγq ď 1. Moreover, if pr{pr ` 1qq2 ă K ď 1 then γ is prime and
µMorsepγq “ 1.

The case where the inequality pr{pr ` 1qq2 ď K is not strict can be dealt with using a
perturbation argument; see Section 6 for details.

Applications to geodesic flows in higher dimensions are given by the next two results.
Consider a Finsler metric F on Sn`1 with n ě 1, reversibility r and flag curvature K.
An easy computation of the contact homology of the unit sphere bundle SSn`1 shows that
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k´ “ µRSpϕq ´ n “ n, where ϕ is a prime closed geodesic of the round metric and µRSpϕq is
computed using a suitable trivialization. Results due to Rademacher [45] establish that if F
satisfies the pinching condition pr{pr`1qq2 ă K ď 1 then every closed geodesic γ of F satisfies
µ´CZpγq ě n. In other words, this pinching condition implies that the contact form defining the
geodesic flow is positively dynamically convex. Moreover, SSn`1 is a prequantization of the
Grassmannian of oriented two-planes G`2 pRn`2q which admits an even Morse function and is
monotone with constant of monotonicity λ ą 1; see Section 6 for details. Therefore, we get the
following result which generalizes [6, Theorem A(ii)]. It was also proved by Rademacher [46]
using different methods and assuming that the pinching condition is strict. In the statement,
K´ and K` are continuous functions defined on the unit sphere bundle of RPn`1 defined as
K´px, vq “ minσĂTxRPn`1 Kpσ, vq and K`px, vq “ maxσĂTxRPn`1 Kpσ, vq, where σ runs over
all the planes in TxRPn`1 and Kpσ, vq is the flag curvature; see Section 6.2 for details. Notice
that K´ “ K` if n “ 1.

Theorem 2.14. Let F be a Finsler metric on RPn`1 with n ě 1, reversibility r and flag
curvature K satisfying pr{pr ` 1qq2 ď K ď 1. If K is not strictly bigger than pr{pr ` 1qq2,
suppose that K´px, vq{K`px, vq ą pr{pr ` 1qq2 for every px, vq in the unit sphere bundle of
RPn`1. Then F carries an elliptic closed geodesic γ. Moreover, γ is prime and µMorsepγq “ 0.

Remark 2.15. The hypothesis that K´px, vq{K`px, vq ą pr{pr`1qq2 allows us to make a C8-
perturbation of F such that the flag curvature K 1 of the new metric F 1 satisfies pr{pr`1qq2 ă
K 1 ď 1; see Proposition 6.1. This, together with a uniform bound for the period of the closed
orbit given by Theorem A, enables us to deal with the case that the pinching condition is not
strict. An analogous assumption appears in the next theorem by the same reason.

Under the stronger pinching condition 9
4pr{pr ` 1qq2 ă K ď 1, Rademacher [45] proved

that every closed geodesic γ of F satisfies µ´CZpγ
2q ě 3n “ 2µRSpϕq ´ n. Hence, we have

the following generalization of [6, Theorem A(i)] proved before by Rademacher [46] using
different methods and assuming that the pinching condition is strict. Similarly to the previous
theorem, in the statement K´ and K` are defined as K´px, vq “ minσĂTxSn`1 Kpσ, vq and
K`px, vq “ maxσĂTxSn`1 Kpσ, vq, where σ runs over all the planes in TxS

n`1.

Theorem 2.16. Let F be a Finsler metric on Sn`1 with n ě 1, reversibility r and flag
curvature K satisfying 9

4pr{pr ` 1qq2 ď K ď 1. If K is not strictly bigger than 9
4pr{pr ` 1qq2,

suppose that K´px, vq{K`px, vq ą
9
4pr{pr ` 1qq2 for every px, vq in the unit sphere bundle of

Sn`1. Then F carries an elliptic closed geodesic γ such that µMorsepγq ď n. Moreover, if
9
4pr{pr ` 1qq2 ă K ď 1 then γ is prime and µMorsepγq “ n.

Our next result applies to magnetic flows and motivates our definition of negative dynamical
convexity. Let N be a Riemannian manifold and Ω a closed 2-form on N . Consider on T ˚N
the twisted symplectic form ω “ ω0 ` π˚Ω, where ω0 is the canonical symplectic form and
π : T ˚N Ñ N is the projection. Let H : T ˚N Ñ R be the Hamiltonian given by the kinetic
energy. The Hamiltonian flow of H with respect to ω is called the magnetic flow generated
by the Riemannian metric and the magnetic field Ω.

It is well known that if N is a closed orientable surface with genus g ‰ 1 and Ω is a
symplectic form then there exists ε ą 0 such that H´1pkq is of contact type for every k ă ε,
see [7, 25] (an easy argument using the Gysin sequence shows that it cannot be of contact
type if N “ T 2). Benedetti proved in [7] that if N “ S2 then every periodic orbit γ of the
lifted Reeb flow on S3 satisfies µ´CZpγq ě 3 if ε is chosen sufficiently small.
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Moreover, it follows from his estimates that, for surfaces of genus g ą 1, a homologically
trivial periodic orbit γ on H´1pkq satisfies µ`CZpγq ď 2χpNq ` 1, where χpNq stands for the
Euler characteristic of N and the index is computed using a suitable global trivialization of
the contact structure; see Section 6.5 for details. Now, fix k ă ε and consider S :“ H´1pkq
with the contact form α. One can prove that S is Boothby-Wang and there is a |χpNq|-

covering τ : rS Ñ S such that rβ :“ τ˚β (where β is the contact form whose Reeb flow is
periodic) generates a free circle action and the deck transformations are given by the induced

action of Z|χpNq| Ă S1. Moreover, the orbits of this circle action in rS are homologous to

zero. Let rϕ be a (simple) orbit of the Reeb flow of rβ. An easy computation shows that

µRSprϕq “ 2χpNq. Consequently, the lift of α to rS furnishes a Z|χpNq|-invariant contact form
satisfying the hypothesis (H2) in Theorem A.

In other words, the magnetic flow on a sufficiently small energy level has a lift to a |χpNq|-
covering that is positively dynamically convex if g “ 0 and a-negatively dynamically convex
if g ą 1, where a is the free homotopy class of rϕ. Therefore, we obtain the following result.

Theorem 2.17. Let pN, gq be a closed orientable Riemannian surface of genus g ‰ 1 and
Ω a symplectic magnetic field on N . There exists ε ą 0 such that the magnetic flow has an
elliptic closed orbit γ on H´1pkq for every k ă ε. Moreover, γ is prime, freely homotopic to
a fiber of SN and satisfies µ´CZpγq “ 1 if g “ 0 and µ`CZpγq “ ´1 if g ą 1, where the indexes
are computed using a suitable global trivialization of ξ over H´1pkq.

Remark 2.18. There are in [7] explicit lower bounds for ε in terms of the Riemannian metric
and the magnetic field.

2.4. Toric contact manifolds. As pointed out previously, it is proved in [28] that a convex
hypersurface in R2n is dynamically convex. Our next result shows that this is a particular case
of a more general phenomenon for toric contact manifolds. Details are given in Sections 7 and
8. Toric contact manifolds can be defined as contact manifolds of dimension 2n` 1 equipped
with an effective Hamiltonian action of a torus of dimension n ` 1. A good toric contact
manifold has the property that its symplectization can be obtained by symplectic reduction
of Cdzt0u, where d is the number of facets of the corresponding momentum cone, by the action
of a subtorus K Ă Td, with the action of Td given by the standard linear one. The sphere
S2n`1 is an example of a good toric contact manifold and its symplectization is obtained from
Cn`1 with K being trivial (that is, there is no reduction at all; the symplectization of S2n`1

can be identified with Cn`1zt0u).
Consequently, given a contact form α on a good toric contact manifold M we can always

find a Hamiltonian Hα : Cd Ñ R invariant by K such that the reduced Hamiltonian flow of
H is the Reeb flow of α. Notice that Hα is not unique. We say that a contact form α on M
is convex if such Hα can be chosen convex on Z :“ F´1p0q, where F is the momentum map
associated to the action of the subtorus K. By a technical reason, we will also suppose that the
linearized Hamiltonian flow of Hα along every periodic orbit in Z satisfies dΦt

Hα
p∇Fκq “ ∇Fκ

for all t P R and every component Fκ of the momentum map, where the gradient is taken
with respect to the Euclidean metric; see Section 8. Clearly, a contact form on the standard
contact sphere S2n`1 is convex in this sense if and only if the corresponding hypersurface in
Cn`1 is convex. Moreover, every toric contact form on any good toric contact manifold is
convex; see Section 7.

It is shown in [3] that good toric contact manifolds admit suitable non-degenerate contact
forms whose cylindrical contact homology is well defined (in fact, its differential vanishes
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identically). Moreover, it can be computed in a purely combinatorial way in terms of the
associated momentum cone. Using this computation in our definition of dynamical convexity,
we achieve the following result.

Theorem 2.19. A convex contact form α on a good toric simply connected contact mani-
fold pM, ξq is positively dynamically convex. More precisely, for every periodic orbit γ of α
there exists a non-degenerate contact form α̃ on pM, ξq with a well defined cylindrical contact
homology such that µ´CZpγq ě inftk P Z | HCkpα̃q ‰ 0u.

Remark 2.20. It is proved in Proposition 7.5 that pM, ξq always supports a non-degenerate
contact form α̃ with a well defined cylindrical contact homology such that k´ :“ inftk P Z |
HCkpα̃q ‰ 0u is an integer. Recall that well defined cylindrical contact homology means that
its differential B is well defined and satisfies B2 “ 0.

Notice that dynamical convexity for general toric contact manifolds is a property sensitive
to the choice of the contact structure. For instance, it is shown in [3] a family of inequivalent
toric contact structures ξk on S2 ˆ S3, k P t0, 1, 2, . . .u, for which k´ “ 2 for ξ0 and k´ “ 0
for ξk with k ą 0.

Now, let M be a prequantization of a closed toric symplectic manifold pN,ωq such that
rωs P H2pN,Zq. It is easy to see that M is a good toric contact manifold. Moreover, N admits
an even Morse function. We have then the following generalization of the aforementioned
result from [19].

Corollary 2.21. Let M be a simply connected prequantization of a closed toric symplectic
manifold pN,ωq such that rωs P H2pN,Zq and G a non-trivial finite subgroup of S1. Suppose
that N is monotone with constant of monotonicity λ bigger than one. Then every G-invariant
convex contact form on M has an elliptic G-symmetric closed orbit.

Remark 2.22. As mentioned in Remark 2.6, the hypotheses on N can be relaxed if we assume
suitable transversality assumptions for the relevant moduli spaces of pseudo-holomorphic
curves.

Organization of the paper. In Section 3 we introduce the basic material and give some
estimates for the indexes of periodic orbits used throughout this work. In Section 4 we review
the background concerning almost complex structures and holomorphic curves necessary for
the proofs of Theorems A and B, established in Section 5. The applications are proved in
Section 6. Finally, Sections 7 and 8 are devoted to introduce the basic material about toric
contact manifolds and prove Theorem 2.19 respectively.

3. The Conley-Zehnder index

3.1. The Conley-Zehnder index for paths of symplectic matrices. Let Pp2nq be the
set of paths of symplectic matrices Γ : r0, 1s Ñ Spp2nq such that Γp0q “ Id, endowed with the
C1-topology. Consider the subset P˚p2nq Ă Pp2nq given by the non-degenerate paths, that is,
paths Γ P Pp2nq satisfying the additional property that Γp1q does not have 1 as an eigenvalue.
Following [48], one can associate to Γ P P˚p2nq its Conley-Zehnder index µCZpΓq P Z uniquely
characterized by the following properties:

‚ Homotopy: If Γs is a homotopy of arcs in P˚p2nq then µCZpΓsq is constant.
‚ Loop: If φ : R{ZÑ Spp2nq is a loop at the identity and Γ P P˚p2nq then µCZpφΓq “
µCZpΓq ` 2µMaslovpφq, where µMaslovpφq is the Maslov index of φ.
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‚ Signature: If A P R2nˆ2n is a symmetric non-degenerate matrix with all eigenvalues
of absolute value less than 2π and Γptq “ exppJ0Atq, where J0 is the canonical complex
structure in R2n, then µCZpΓq “

1
2SignpAq.

There are different extensions of µCZ : P˚p2nq Ñ Z to degenerate paths in the literature.
In this work we will use the Robbin-Salamon index µRS : Pp2nq Ñ 1

2Z defined in [47] and

lower and upper semicontinuous extensions denoted by µ´CZ and µ`CZ respectively. The later
are defined in the following way: given Γ P Pp2nq we set

(3.1) µ´CZpΓq “ sup
U

inftµCZpΓ
1q | Γ1 P U X P˚p2nqu

and

(3.2) µ`CZpΓq “ inf
U

suptµCZpΓ
1q | Γ1 P U X P˚p2nqu,

where U runs over the set of neighborhoods of Γ. The index µ´CZ coincides with [38, Definition
6.1.10]. We have the relation

(3.3) µ´CZpΓ
´1q “ ´µ`CZpΓq.

for every Γ P Pp2nq. This follows immediately from the fact that if Γ P P˚p2nq then
µCZpΓ

´1q “ ´µCZpΓq.

3.2. An analytical definition of µ´CZ. Following [28], we will give an alternative analytical

definition of µ´CZ which will be useful for us later. Denote by S the set of continuous paths
of symmetric matrices Aptq in R2nˆ2n, 0 ď t ď 1, equipped with the metric dpA,Bq “
ş1
0 }Aptq ´Bptq} dt. Associated to a path A P S we have the symplectic path Γ P Pp2nq given

by the solution of the initial value problem

(3.4) 9Γptq “ J0AptqΓptq, Γp0q “ Id, 0 ď t ď 1.

Conversely, every symplectic path Γ P Pp2nq is associated to a unique path of symmet-
ric matrices A satisfying the previous equation. Consider the self-adjoint operator LA :
H1pS1,R2nq Ñ L2pr0, 1s,R2nq given by

LApvq “ ´J0 9v ´Aptqv.

This operator is a compact perturbation of the self-adjoint operator ´J0 9v whose spectrum
is 2πZ. Thus, the spectrum of LA, denoted by σpAq, is given by real eigenvalues having
multiplicities at most 2n and is unbounded from above and below. The spectrum bundle
B Ñ S is defined as

B “
ď

APS
ptAu ˆ σpAqq.

The spectrum bundle has a unique bi-infinite sequence pλkqkPZ of continuous sections char-
acterized by the following properties:

‚ A ÞÑ λkpAq is continuous.
‚ λkpAq ď λk`1pAq for all k P Z, A P S, and σpAq “ pλkpAqqkPZ.
‚ For τ P σpAq the number of k’s satisfying λkpAq “ τ is the multiplicity of τ .
‚ The sequence is normalized at A “ 0 when λjp0q “ 0 for all j such that ´n ď j ď n.

The maps λk have the following important monotonicity property. If B P S satisfies Bptq ě 0
then

(3.5) λkpA`Bq ď λkpAq
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and if additionally we have Bpt0q ě εId for some t0 P r0, 1s and ε ą 0 then

(3.6) λkpA`Bq ă λkpAq

for every A P S and k P Z. Consider the map µHWZ : Pp2nq Ñ Z defined as

µHWZpΓq “ maxtk P Z | λkpAq ă 0u.

It was proved in [28] that if Γ is non-degenerate then µHWZpΓq “ µCZpΓq. We claim that for
any Γ P Pp2nq we have the identity

(3.7) µHWZpΓq “ µ´CZpΓq.

Indeed, given a non-degenerate perturbation Γ1 of Γ, it follows from the continuity of the map
A ÞÑ λkpAq that µCZpΓ

1q “ µHWZpΓ
1q ě µHWZpΓq which implies that µHWZpΓq ď µ´CZpΓq. On

the other hand, let A be the path of symmetric matrices associated to Γ via (3.4) and take
ε ą 0 arbitrarily small such that the path Γ1 generated by A1 :“ A ´ εId is non-degenerate.
By (3.5) and the properties of λk we have that

µCZpΓ
1q “ µHWZpΓ

1q “ µHWZpΓq,

which implies that µHWZpΓq ě µ´CZpΓq.

3.3. The Conley-Zehnder index of periodic Reeb orbits. Let a be a free homotopy
class of a contact manifold M2n`1. Fix a closed curve ϕ representing the free homotopy class
a and let Φt : ξpϕptqq Ñ R2n be a symplectic trivialization of ξ over ϕ. Given a periodic
orbit γ of Rα with free homotopy class a, consider a homotopy between ϕ and γ. The
trivialization Φ can be extended over the whole homotopy, defining a trivialization of ξ over
γ. The homotopy class of this trivialization does not depend on the extension of Φ. Moreover,
if c1pξq|H2pM,Zq “ 0 then this homotopy class does not depend on the choice of the homotopy
as well. Therefore, the index of the path

(3.8) Γptq “ Φpγptqq ˝ dφtαpγp0qq|ξ ˝ Φ´1pγp0qq

is well defined, where φα is the Reeb flow of α. In this way, we have the indexes µRSpγ; Φq,
µ´CZpγ; Φq and µ`CZpγ; Φq which coincide with µCZpγ; Φq if γ is non-degenerate, that is, if its
linearized Poincaré map does not have one as eigenvalue. The mean index of γ is defined as

∆pγ; Φq “ lim
kÑ8

1

k
µ´CZpγ

k; Φkq.

It turns out that this limit exists. Moreover, the mean index is continuous with respect
to the C2-topology in the following sense: if αj is a sequence of contact forms converging
to α in the C2-topology and γj is a sequence of periodic orbits of αj converging to γ then

∆pγjq
jÑ8
ÝÝÝÑ ∆pγq [48]. It is well known that the mean index satisfies the inequality

|µCZpγ̃; Φq ´∆pγ; Φq| ď n

for every closed orbit γ and non-degenerate perturbation γ̃ of γ. By the definition of µ˘CZ this
implies that

(3.9) |µ˘CZpγ; Φq ´∆pγ; Φq| ď n

for every periodic orbit γ.
The trivialization can be omitted in the notation if it is clear in the context. If γ is

contractible, we say that a trivialization of ξ over γ is induced by a capping disk if ϕ is the
constant path and Φt : ξpϕptqq Ñ R2n does not depend on t.
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If we choose another trivialization Ψt : ξpϕptqq Ñ R2n over ϕ then we have the relations

(3.10) µ˘CZ,RSpγ; Ψq “ µ˘CZ,RSpγ; Φq ` 2µMaslovpΨt ˝ Φ´1
t q.

The reduced Conley-Zehnder index of a non-degenerate periodic orbit γ is defined as

µ̃CZpγq “ µCZpγq ` n´ 2.

If γ is contractible we always take a trivialization over γ induced by a capping disk in the
definition of the reduced Conley-Zehnder index. The reason for this is that the reduced
Conley-Zehnder index is used in the computation of the Fredholm index of holomorphic
curves with finite energy in symplectic cobordisms, see Section 4.

3.4. Some estimates for the Conley-Zehnder index. In this section we will provide
some estimates for the Conley-Zehnder index used in the proof of Corollary 2.11. Consider
a Hamiltonian H : R2n`2 Ñ R homogeneous of degree two. In what follows, we will use the
convention that the Hamiltonian vector field XH is given by ωpXH , ¨q “ dH. Suppose that
M :“ H´1p1{2q is pr,Rq-pinched, that is,

(3.11) }v}2R´2 ď xd2Hpxqv, vy ď }v}2r´2

for every x P M and v P R2n`2. Let ξ be the contact structure on M and ξω its symplectic
orthogonal with respect to the canonical symplectic form ω. Clearly both ξ and ξω are
invariant by the linearized Hamiltonian flow ofH. Let γ be a periodic orbit inM with period T
and consider a capping disk σ : D2 ÑM such that σ|BD2 “ γ. Denote by Φξ : σ˚ξ Ñ D2ˆR2n

and Φξω : σ˚ξω Ñ D2 ˆ R2 the unique (up to homotopy) trivializations of the pullbacks of
ξ and ξω by σ. Fix a symplectic basis te, fu of R2. Note that Φξω can be chosen such
that ΦξωpXHq “ e and ΦξωpY q “ f , where Y pxq “ x (note that tXHpσpxqq, Y pσpxqqu is a
symplectic basis of σ˚ξωpxq for every x P D2). Indeed, let A : D2 Ñ Spp2q be the map
that associates to x P D2 the unique symplectic map that sends ΦξωpXHpσpxqqq to e and
ΦξωpY pσpxqqq to f . Then Ā˝Φξω gives the desired trivialization, where Ā : D2ˆR2 Ñ D2ˆR2

is given by Āpx, vq “ px,Apxqvq.
We have that Φ :“ Φξ‘Φξω gives a trivialization of σ˚TR2n`2. Let Γ : r0, T s Ñ Spp2n`2q

be the symplectic path given by the linearized Hamiltonian flow of H along γ using Φ. By
construction, we can write Γ “ Γξ ‘ Γξ

ω
, where Γξ and Γξ

ω
are given by the linearized

Hamiltonian flow of H restricted to ξ and ξω respectively. By the construction of Φξω , the
last one is given by the identity (H is homogenous of degree two and therefore its linearized
Hamiltonian flow preserves both XH and Y ) and consequently µ´CZpΓ

ξωq “ ´1. Thus,

(3.12) µ´CZpΓq “ µ´CZpΓ
ξq ` µ´CZpΓ

ξωq “ µ´CZpΓ
ξq ´ 1,

where the first equality follows from the additivity property of the Conley-Zehnder index.
Now, note that Φ is homotopic to the usual (global) trivialization Ψ of R2n`2 because both

are defined over the whole capping disk. Thus, we will keep denoting by Γ, without fear of
ambiguity, the symplectic path given by the linearized Hamiltonian flow of H along γ using
Ψ. Let Hr : R2n`2 Ñ R and HR : R2n`2 Ñ R be the Hamiltonians given by

Hrpxq “
1

2r2
}x}2 and HRpxq “

1

2R2
}x}2.

Given a (not necessarily closed) trajectory γR : r0, Ss Ñ R2n`2 of HR the index of the
symplectic path ΓR : r0, Ss Ñ Spp2n ` 2q induced by the corresponding linearized flow in
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R2n`2 (using the global trivialization Ψ) is given by

(3.13) µ´CZpΓRq “

#

p2n` 2q S
2πR2 ´ n´ 1 if S

2πR2 P Z
p2n` 2qt S

2πR2 u` n` 1 otherwise.

Using the monotonicity property (3.5) and the first inequality in (3.11) we conclude that if
S “ T then

(3.14) µ´CZpΓq ě µ´CZpΓRq.

On the other hand, the second inequality in (3.11) applied to v “ x furnishes

Hpxq ď Hrpxq.

(Indeed, note that, by homogeneity, Hpxq “ 1
2xd

2Hpxqx, xy.) A theorem due to Croke and

Weinstein [18, Theorem A] establishes that if H : R2n`2 Ñ R is a convex Hamiltonian
homogeneous of degree two such that Hpxq ď Hrpxq then every non-constant periodic solution
of H has period at least 2πr2.

Now suppose that R{r ă
b

k
k´1 for some real number k ą 1. Then we have that tku T

2πR2 ě

tku r
2

R2 ą tku´ 1. Using this inequality, (3.13) and (3.14) we arrive at

µ´CZpΓ
tkuq ě p2n` 2qptku´ 1q ` n` 1

“ p2n` 2qtku´ n´ 1.

Consequently, by (3.12) we infer that

(3.15) µ´CZpγ
tku; Φξq “ µ´CZppΓ

ξqtkuq ě p2n` 2qtku´ n.

(Recall here that Γξ is given by the restriction of Γ to the contact structure ξ; clearly, pΓξqtku

denotes the tku-th iterate of Γξ and, by (3.12), µ´CZppΓ
ξqtkuq “ µ´CZpΓ

tkuq ` 1.) In particular,
as mentioned in Section 2.2, taking k Ñ 1 we conclude that every convex hypersurface in R2n

is dynamically convex.

4. Holomorphic curves and cylindrical contact homology

4.1. Cylindrical almost complex structures in symplectizations. In what follows we
will provide a geometric description of almost complex structures on topologically trivial
cobordisms. Although we will follow a more coordinate free approach, this is equivalent
to the standard coordinate dependent perspective usually found in the literature (see, for
instance, [11]). Let ξKz0 be the annihilator of ξ in T ˚M minus the zero section. It is naturally
endowed with the symplectic form ωξ :“ dλ, where λ is the Liouville 1-form on T ˚M . The

co-orientation of ξ orients the line bundle TM{ξ ÑM and consequently also pTM{ξq˚ » ξK.
The symplectization W of pM, ξq is the connected component of ξKz0 given by the positive
covectors with respect to this orientation.

A choice of a contact form α representing ξ induces the symplectomorphism

Ψα : pW,ωξq Ñ pRˆM,dperαqq

θ ÞÑ pln θ{α, τpθqq,
(4.1)

where r denotes the R-coordinate, τ : T ˚M Ñ M is the projection and θ{α is the unique
function on M such that θ “ pθ{αqα. The free additive R-action c ¨ pr, xq ÞÑ pr ` c, xq on the
right side corresponds to c ¨ θ ÞÑ ecθ on the left side. An almost complex structure J on W is
called cylindrical if J is invariant with respect to this R-action. It is called ωξ-compatible if
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ωξpJ ¨, ¨q defines a Riemannian metric. We say that J is compatible with α if it is cylindrical,

ωξ-compatible and J̃ :“ pΨαq˚J satisfies J̃Br “ Rα and J̃pξq “ ξ. Denote the set of almost
complex structures compatible with α by J pαq. It is well known that J pαq is non-empty and
contractible.

4.2. Almost complex structures with cylindrical ends. The fibers of τ : W Ñ M can
be ordered in the following way: given θ0, θ1 P τ

´1pxq we write θ0 ă θ1 (resp. θ0 ď θ1) when
θ1{θ0 ą 1 (resp. θ1{θ0 ě 1). Given two contact forms α´, α` for ξ, we define α´ ă α` if
α´|x ă α`|x pointwise and, in this case, we set

W pα´, α`q “
 

θ PW | α´|τpθq ď θ ď α`|τpθq
(

which is an exact symplectic cobordism between pM,α´q and pM,α`q. Recall that this means
that the oriented boundary of W pα´, α`q equals M`YM´, where M˘ are the sections given
by α˘ and M´ stands for M´ with the reversed orientation, there is a Liouville vector field
Y for ωξ (given by the radial one) transverse to the boundary and pointing outwards along
M` and inwards along M´ and the 1-form iY ωξ restricted to M˘ equals α˘. Define

W´pα´q “
 

θ PW | θ ď α´|τpθq
(

,

W`pα`q “
 

θ PW | α`|τpθq ď θ
(

.

It follows that

W “W´pα´q
ď

B`W´pα´q“

B´W pα´,α`q

W pα´, α`q
ď

B`W pα´,α`q
“B´W`pα`q

W`pα`q.

An almost-complex structure J on W satisfying

‚ J coincides with J` P J pα`q on a neighborhood of W`pα`q,
‚ J coincides with J´ P J pα´q on a neighborhood of W´pα´q,
‚ J is ωξ-compatible

is an almost-complex structure with cylindrical ends. The set of such almost-complex struc-
tures will be denoted by J pJ´, J`q. It is well known that this is a non-empty contractible
set.

4.3. Splitting almost complex structures. Suppose we are given contact forms α´ ă α ă
α` supporting ξ. Let J´ P J pα´q, J P J pαq and J` P J pα`q and consider almost complex
structures J1 P J pJ´, Jq, J2 P J pJ, J`q. Let us denote by gcpθq “ ecθ the R-action on W .
Given R ě 0, define the almost complex structure

(4.2) J1 ˝R J2 “

#

pg´Rq
˚J2 on W`pαq

pgRq
˚J1 on W´pαq

which is smooth since J is R-invariant. We call J1 ˝R J2 a splitting almost complex structure.
Note that if ε0 ą 0 is small enough then J1 ˝R J2 P J pJ´, J`q for all 0 ă R ď ε0.

We will show that J1˝RJ2 is biholomorphic to a complex structure in J pJ´, J`q for every R
sufficiently large. For this, given R ą 0 take a function ϕR : RÑ R satisfying ϕRprq “ r`R
if r ď ´R ´ ε0, ϕRprq “ r ´ R if r ě R ` ε0 and ϕ1R ą 0 everywhere. This function can be
chosen so that supR,r |ϕ

1
Rprq| ď 1 and

inf
Rą0

inftϕ1Rprq | r P p´8,´Rs Y rR,`8qu ě
1

2
.
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In particular, ϕ´1
R has derivative bounded in the intervals p´8, ϕRp´Rqs and rϕRpRq,`8q

uniformly in R. Consider the diffeomorphisms ψR : R ˆM Ñ R ˆM given by ψRpr, xq “
pϕRprq, xq and define

ΦR “ Ψ´1
α ˝ ψR ˝Ψα : W ÑW,

where Ψα is defined in (4.1). It is straightforward to check that

(4.3) J 1R :“ pΦRq˚pJ1 ˝R J2q

belongs to J pJ´, J`q, for every R sufficiently large.

4.4. Finite energy curves in symplectizations. Let Σ “ S2zΓ be a punctured rational
curve, where S2 is endowed with a complex structure j and Γ “ tx, y1, ..., ysu is the set
of (ordered) punctures of Σ. Fix a non-degenerate contact form α for ξ and a cylindrical
almost complex structure J P J pαq. A holomorphic curve from Σ to W is a smooth map
u : pΣ, jq Ñ pW,Jq satisfying du ˝ j “ J ˝ du. Its Hofer energy is defined as

Epuq “ sup
φPΛ

ż

Σ
u˚dαφ,

where Λ “ tφ : R Ñ r0, 1s;φ1 ě 0u and αφ :“ Ψ˚αpφprqαq. Let r “ π1 ˝ Ψα ˝ u and
ũ “ π2 ˝ Ψα ˝ u, where π1 : R ˆM Ñ R and π2 : R ˆM Ñ M are the projections onto the
first and second factor respectively. Consider a holomorphic curve u with finite Hofer energy
such that rpzq Ñ 8 as z Ñ x and rpzq Ñ ´8 as z Ñ yi for i “ 1, . . . , s (we say that x is
the positive puncture and y1, . . . , ys are the negative punctures of u). Then it can be proved
that there are polar coordinates pρ, θq centered at each puncture p of Σ such that

(4.4) lim
ρÑ0

rupρ, θq “

#

γp´Tθ{2πq if p “ x

γipTiθ{2πq if p “ yi for some i “ 1, . . . , s.

where γ and γi are periodic orbits of Rα of periods T and Ti respectively. Denote the set

of such holomorphic curves by xMpγ, γ1, ..., γs; Jq and notice that j is not fixed. Define an

equivalence relation » on xMpγ, γ1, ..., γs; Jq by saying that u and u1 are equivalent if there is
a biholomorphism ϕ : pS2, jq Ñ pS2, j1q such that ϕppq “ p for every p P Γ and u “ u1 ˝ ϕ.

Define the moduli space Mpγ, γ1, ..., γs; Jq as xMpγ, γ1, ..., γs; Jq{ ».
A crucial ingredient in order to understand the moduli space Mpγ, γ1, ..., γs; Jq is the

linearized Cauchy-Riemann operator Dpu,jq associated to each holomorphic curve pu, jq P
xMpγ, γ1, ..., γs; Jq. IfDpu,jq is surjective for every pu, jq P xMpγ, γ1, ..., γs; Jq then Mpγ, γ1, ..., γs; Jq
is either empty or a smooth manifold with dimension given by

µ̃CZpγq ´
s
ÿ

i“1

µ̃CZpγiq.

Unfortunately, this surjectivity cannot be achieved in general and suitable multi-valued per-
turbations of the Cauchy-Riemann equations are needed in general to furnish a nice structure
for Mpγ, γ1, ..., γs; Jq [29, 30, 32]. However, these problems can be avoided if we restrict
ourselves to the space of somewhere injective holomorphic curves. More precisely, u is some-
where injective if there exists z P S2zΓ such that ru´1prupzqq “ tzu and π ˝ drupzq ‰ 0, where
π : T

rupzqM Ñ ξ
rupzq is the projection along the Reeb vector field Rα in rupzq. Consider the

moduli space Msipγ, γ1, ..., γs; Jq given by somewhere injective curves in xMpγ, γ1, ..., γs; Jq.
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Theorem 4.1 (Dragnev [20]). There exists a residual subset Jregpγ, γ1, ..., γsq Ă J pαq such
that the moduli space Msipγ, γ1, ..., γs; Jq is either empty or a smooth manifold with dimension
given by µ̃CZpγq ´

řs
i“1 µ̃CZpγiq for every J P Jregpγ, γ1, ..., γsq.

Now notice that, since α is non-degenerate, the set of closed orbits of Rα is countable (here
we are tacitly identifying a periodic orbit γptq with γpt ` cq where c is any real number). It
follows from the previous theorem that there exists a residual subset Jregpαq Ă J pαq such
that Msipγ, γ1, ..., γs; Jq is a smooth manifold for every periodic orbits γ, γ1, ..., γs and all
s P N.

The following proposition gives sufficient conditions to guarantee that every holomorphic

curve in xMpγ, γ1, ..., γs; Jq is somewhere injective. This will be crucial for us in the proof of
Theorems A and B.

Proposition 4.2. If γ is simple then every holomorphic curve in xMpγ, γ1, ..., γs; Jq is some-

where injective. If s “ 1 and γ1 is simple then every holomorphic cylinder in xMpγ, γ1; Jq is
somewhere injective.

Proof. Suppose that the first claim is not true and let u P xMpγ, γ1, ..., γs; Jq be a curve that
is not somewhere injective. Then there exist a holomorphic branched covering φ : S2 Ñ S2

with degree bigger than one and a somewhere injective holomorphic curve u1 : Σ1 Ñ W such
that u “ u1 ˝ φ, where Σ1 “ S2zΓ1 :“ S2zφpΓq, see [20, Theorem 1.3]. Let x1 “ φpxq, where
x is the positive puncture of u, and notice that x1 is a positive puncture of u1. Since u has
only one positive puncture, φ´1px1q “ txu. Thus, the branching index of x is equal to the
degree of φ which is bigger than one. But this implies that γ is not simple, contradicting our
hypothesis. The proof of the second claim is absolutely analogous. �

4.5. Finite energy curves in symplectic cobordisms. Consider non-degenerate contact
forms α´ ă α` for ξ, J˘ P J pα˘q and J P J pJ´, J`q. The energy of a holomorphic curve
u : pΣ, jq Ñ pW,Jq is defined as

Epuq “ E´pruq ` E`pruq ` E0pruq,

where

E´puq “ sup
φPΛ

ż

u´1pW´pα´qq
u˚dαφ´

E`puq “ sup
φPΛ

ż

u´1pW`pα`qq
u˚dαφ`

E0puq “

ż

u´1pW pα´,α`qq
u˚ωξ.

Holomorphic curves with finite energy in cobordisms are asymptotic to periodic orbits of α`
at the positive punctures and to periodic orbits of α´ at the negative punctures in the sense
described in (4.4). Similar results to those described in the previous section hold for complex
structures with cylindrical ends. In particular, given J˘ P Jregpα˘q we have a residual
subset Jregpγ, γ1, ..., γs; J´, J`q Ă J pJ´, J`q such that if J P Jregpγ, γ1, ..., γs; J´, J`q then
the moduli spaces Msipγ, γ1, ..., γs; Jq is either empty or a smooth manifold with dimension

µ̃CZpγq ´
s
ÿ

i“1

µ̃CZpγiq
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for every periodic orbit γ of α` and periodic orbits γ1, ..., γs of α´. Denote by JregpJ´, J`q
the residual subset of J pJ´, J`q given by the intersection of Jregpγ, γ1, ..., γs; J´, J`q running
over all the periodic orbits of α` and α´ and s P N.

4.6. Finite energy curves in splitting cobordisms. Consider non-degenerate contact
forms α´ ă α ă α` for ξ, J˘ P J pα˘q, J P J pαq and J1 P J pJ´, Jq, J2 P J pJ, J`q. Given
R ě 0 we have the splitting almost complex structure J1 ˝R J2 defined in Section 4.3. The
energy of a holomorphic curve u : pΣ, jq Ñ pW,J1 ˝R J2q is defined as

(4.5) Epuq “ Eα´puq ` Eα`puq ` Eαpuq ` Epα,α`qpuq ` Epα´,αqpuq

where

Eα`puq “ sup
φPΛ

ż

u´1pW`peRα`qq
u˚dαφ`, Eαpuq “ sup

φPΛ

ż

u´1pW pe´Rα,eRαqq
u˚dαφ,

Eα´puq “ sup
φPΛ

ż

u´1pW´pe´Rα´qq
u˚dαφ´, Epα,α`qpuq “

ż

u´1pW peRα,eRα`qq
u˚pe´Rωξq,

and Epα´,αqpuq “

ż

u´1pW pe´Rα´,e´Rαqq
u˚peRωξq.

Finite energy holomorphic curves for splitting almost complex structures share all the proper-
ties of finite energy curves for almost complex structures with cylindrical ends. These energies
are important for the SFT-compactness results used in the proofs of Theorems A and B as
explained in Section 5.

4.7. Cylindrical contact homology. Cylindrical contact homology is a powerful invariant
of contact structures introduced by Eliashberg, Givental and Hofer in their seminal work [23].
Let α be a non-degenerate contact form supporting ξ and denote by P the set of periodic
orbits of Rα. A periodic orbit of Rα is called bad if it is an even iterate of a prime periodic
orbit whose parities of the Conley-Zehnder indexes of odd and even iterates disagree. An
orbit that is not bad is called good. Denote the set of good periodic orbits by P0.

Consider the chain complex CC˚pαq given by the graded group with coefficients in Q
generated by good periodic orbits of Rα graded by their Conley-Zehnder indexes (throughout
this paper we are not using the standard convention where the grading of contact homology
is given by the reduced Conley-Zehnder index).

The boundary operator B is given by counting rigid holomorphic cylinders in the symplec-
tization W of M . More precisely, let J P J pαq and consider the moduli space Mpγ, γ̄; Jq
of holomorphic cylinders asymptotic to periodic orbits γ and γ̄ of α. Since J is cylindrical,
if γ ‰ γ̄ then Mpγ, γ̄; Jq carries a free R-action induced by the R-action c ¨ θ ÞÑ ecθ on W .
Define

Bγ “ mpγq
ÿ

γ̄PP0; µCZpγ̄q“µCZpγq´1

ÿ

FPMpγ,γ̄q{R

signpF q

mpF q
γ̄ ,

where mpγq is the multiplicity of γ, signpF q is the sign of F determined by a coherent orien-
tation of Mpγ, γ̄q [13] and mpF q is the cardinality of the group of automorphisms of F [11].
Suppose that HC˚pαq is well defined, that is, B is well defined and B2 “ 0 (in particular,
we are not addressing the question of invariance). Then clearly cylindrical contact homology
has natural filtrations in terms of the action and the free homotopy classes of the periodic
orbits. More precisely, let Aαpγq “

ş

γ α be the action of a periodic orbit γ P P and take a

real number T ą 0. Consider the chain complex CCa,T˚ pαq generated by good periodic orbits
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of Rα with free homotopy class a and action less than T . This is a subcomplex of CC˚pαq

and its corresponding homology is denoted by HCa,T˚ pαq.
Under suitable transversality assumptions, it can be proved that B is well defined and

B2 “ 0 if α does not have contractible periodic orbits with reduced Conley-Zehnder index 1.
Although in general these transversality issues still have to be fixed, contact homology can
be rigorously defined in some particular instances, see [14, 15, 31, 32]. Two such situations
are particularly relevant in this work. The first one is when the chain complex is lacunary
(that is, CCkpαq “ 0 whenever CCk´1pαq ‰ 0). Then the boundary vanishes identically
and consequently we obviously achieve the relation B2 “ 0. The second situation is when we
consider a free homotopy class with only simple periodic orbits and there is no contractible
periodic orbit (in the relevant action window). In this case, every holomorphic curve with
one positive puncture asymptotic to one of these orbits is somewhere injective and therefore
the contact homology is well defined by standard arguments.

5. Proof of Theorems A and B

Firstly, note that the hypothesis that c1pTNq “ λω for some constant λ P R is equivalent
to the condition that c1pξq|H2pM,Zq “ 0. In fact, c1pξq|H2pM,Zq “ 0 if and only if c1pξq vanishes

as an element of H2pM,Rq. But c1pξq “ π˚c1pTNq, where π : M Ñ N is the quotient
projection, and the kernel of π˚ : H2pN,Rq Ñ H2pM,Rq is generated by the cohomology
class of ω.

Consider the quotient ĎM “ M{G and let τ : M Ñ ĎM be the projection. Denote the
cardinality of G by m so that G » Zm. By the G-invariance of α, it induces a contact form
ᾱ on ĎM such that τ˚Rα “ Rᾱ. Analogously, β induces a contact form β̄ on ĎM whose Reeb
flow Rβ̄ generates a free S1-action (fix the period of the orbits of Rβ̄ equal to one). Let sa

be the free homotopy class of the (simple) orbits of Rβ̄. Note that τ˚a “ sam. Let ξ̄ be the

kernel of β̄. Clearly, if m “ 1 then ĎM “ M , ξ̄ “ ξ, ᾱ “ α, β̄ “ β and sa “ a. Since ĎM is the
prequantization of pN,mωq it follows from the monotonicity of N that c1pξ̄q|H2pĎM,Zq “ 0.

Now, choose a simple orbit ϕ̄ of Rβ̄ as a reference loop for the homotopy class sa. It

corresponds to a fiber of the circle bundle π̄ : ĎM Ñ N over some point q P N :“ M{S1.
Take the pullback of a (symplectic) frame in TqN to define a symplectic trivialization Ψt :
ξ̄pϕ̄ptqq Ñ R2n over ϕ̄. Given a periodic orbit γ in the free homotopy class sa, consider a
cylinder connecting γ and ϕ̄ and use this to define a trivialization Ψ of ξ̄ over γ; see Section
3.3. Since c1pξ̄q|H2pĎM,Zq “ 0, this trivialization is well defined up to homotopy. Moreover, the
Robbin-Salamon index of ϕ̄ clearly vanishes with respect to this trivialization.

Similarly, choose a simple orbit ϕ of Rβ as a reference loop for the free homotopy class
a. Since the conditions on α in Theorems A and B do not depend on the choice of the
trivialization of ξ over ϕ (see Remark 2.4), we can take the trivialization induced by Ψm so
that µRSpϕq “ 0 with respect to this trivialization. Theorems A and B then clearly follow
from the next two results.

Theorem 5.1. Under the assumptions of Theorem A, there is in case (H1) a periodic orbit
γmin of ᾱ with free homotopy class sa such that if every contractible periodic orbit γ of α
satisfies µ´CZpγ; Ψmq ě ´n then µ´CZpγmin; Ψq ď ´n. In case (H2), there is a periodic orbit

γmax of α with free homotopy class sa satisfying µ`CZpγmax; Ψq ě n.

Theorem 5.2. Let γ be a periodic orbit of ᾱ such that µ´CZpγ; Ψq ď ´n (resp. µ`CZpγ; Ψq ě n).

Suppose that there exists an integer j ą 1 such that µ´CZpγ
j ; Ψjq ě ´n (resp. µ`CZpγ

j ; Ψjq ď
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n). Then γ is elliptic and the equality holds in the previous inequalities, that is, µ´CZpγ; Ψq “

µ´CZpγ
j ; Ψjq “ ´n (resp. µ`CZpγ; Ψq “ µ`CZpγ

j ; Ψjq “ n).

The next sections are devoted to the proofs of these theorems. The proof of Theorem 5.1
is harder since it involves all the machinery of holomorphic curves. With the transversality
assumption (see Remark 2.6) the argument can be considerably simplified and some assump-
tions of Theorem A can be relaxed, as will be explained in the proof; see Remarks 2.6, 5.6
and 5.10. The proof of Theorem 5.2, in turn, does not rely on holomorphic curves at all and
is based on Bott’s formula for symplectic paths developed by Y. Long [38, 36].

5.1. Preliminaries for the proof of Theorem 5.1. We start with the following topological
fact.

Proposition 5.3. Let N
sa “ tk P N;sak “ sau. Then N

sa “ t1u if and only if ω|π2pNq “ 0.

Proof. Since the Euler class of the S1-principal bundle π̄ : ĎM Ñ N is given by mrωs P
H2pN ;Zq, the corresponding long exact homotopy sequence is

¨ ¨ ¨ Ñ π2pNq
B
Ñ π1pS

1q
i˚
Ñ π1pĎMq

π̄˚
Ñ π1pNq Ñ ¨ ¨ ¨

where BpSq “ mωpSqrS1s with rS1s being the generator of π1pS
1q and i˚ is the map induced

by the inclusion. It follows from this sequence that the map i˚ is injective if and only if
ω|π2pNq “ 0. The image of i˚ is a normal subgroup because it is the kernel of π̄˚. Since

i˚pπ1pS
1qq is cyclic and normal we infer that gfg´1 “ f˘1 for every g P π1pĎMq, where

f “ i˚rS
1s is the homotopy class of the fiber. So suppose that ω|π2pNq “ 0. Then f ‰ fk for

every k ą 1 and f is freely homotopic only to f˘1. Consequently N
sa “ t1u. On the other

hand, if ω|π2pNq ‰ 0 then there exists k ą 1 such that f “ fk and therefore N
sa ‰ t1u. �

Now, assume the hypothesis (H1) in Theorem A. Since a “ 0, ω|π2pNq ‰ 0. Take k P N
sa such

that k ‰ 1. Let Φt : ξ̄pϕ̄kptqq Ñ R2n be the trivialization induced by a constant frame in TqN

and let Ψt : ξ̄pϕ̄kptqq Ñ R2n be the trivialization over ϕ̄k induced by a constant trivialization
over ϕ̄ via a homotopy between ϕ̄ and ϕ̄k as explained above. We want to compare the Robbin-
Salamon indexes of ϕ̄k with respect to the trivializations Φ and Ψ. In order to do this, consider
a smooth homotopy F : r0, 1s ˆ S1 Ñ ĎM such that F p0, tq “ ϕ̄ptq and F p1, tq “ ϕ̄pktq. We
have that π ˝F passes to the quotient r0, 1sˆS1{ppt0uˆS1qY pt1uˆS1qq » S2 and therefore
it induces a continuous map f : S2 Ñ N such that f outside the poles is given by π ˝ F .
Clearly µRSpϕ̄

k; Φq “ 0 and we have that

µRSpϕ̄
k; Ψq “ µRSpϕ̄

k; Φq ` 2xc1pTNq, Sy,

where c1pTNq is the first Chern class of TN and S is the homology class of the 2-cycle fpS2q.
On the other hand, we have that

xrωs, Sy “

ż

r0,1sˆS1

pπ ˝ F q˚ω “
1

m

ż

r0,1sˆS1

F ˚pdβ̄q

“
1

m

ˆ
ż

ϕ̄k
β̄ ´

ż

ϕ̄
β̄

˙

“
1

m
pk ´ 1q ą 0.

(5.1)

(Recall here that the simple orbits of Rβ̄ have period one.) Thus, it follows from our assump-
tion on the constant of monotonicity λ that

(5.2) µRSpϕ̄
k; Ψq “ 2xc1pTNq, Sy ě 4.
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A similar argument shows the following. Consider a capping disk F : D2 Ñ ĎM such that
F |BD2 “ ϕ̄m (note that ϕ̄m is contractible since a “ 0) and let Υt : ξ̄pϕ̄mptqq Ñ R2n be the
trivialization induced by F . As before, π ˝ F induces a continuous map f : S2 Ñ N and

µRSpϕ̄
m; Υq “ 2xc1pTNq, Sy,

where S is the homology class of the 2-cycle fpS2q. Moreover,

xω, Sy “
1

m

ż

ϕ̄m
β̄ “ 1 ą 0.

Hence, xc1pTNq, Sy ą 0 by our hypotheses. Consequently, if the constant of monotonicity λ
of N is bigger than one we have that

(5.3) µRSpϕ̄
m; Υq “ 2xc1pTNq, Sy ě 4.

5.2. Proof of Theorem 5.1. For the sake of clarity, we will split the proof in two main
steps: computation of the filtered cylindrical contact homology of a suitable non-degenerate
perturbation β̄1 of β̄ and a neck-stretching argument for ᾱ.

5.2.1. Computation of HCa,T˚ pβ̄1q. We will show that the hypotheses of the theorem imply
that for a conveniently chosen constant T ą 1 the filtered cylindrical contact homology

HCsa,T
˚ pβ̄1q of a suitable non-degenerate perturbation of β̄1 of β̄ is well defined and can be

computed. Well defined here means that the moduli space of holomorphic cylinders with
virtual dimension zero is finite and that the square of the differential vanishes (in particular,
we are not addressing the issue of the invariance of the contact homology); see Section 4.

Fix a Morse function f : N Ñ R and let f̄ “ f ˝ π̄. The next lemma is extracted from [11,
Lemmas 12 and 13] and establishes that there exists a non-degenerate perturbation β̄1 of β̄
such that the periodic orbits of β̄1 with action less than T correspond to the critical points of
f .

Lemma 5.4. [11] Given T ą 1 we can choose ε ą 0 small enough such that the periodic
orbits of the contact form β̄1 :“ p1 ` εf̄qβ̄ with action less than T are non-degenerate and
given by the fibers over the critical points of f . Moreover, given a critical point p of f we
have µCZpγ

k
p q “ µRSpϕ̄

kq´n` indppq and Aβ̄1pγ
k
p q “ kp1` εfppqq for every k, where γp is the

corresponding (simple) periodic orbit and indppq is the Morse index of p.2

Now, we consider the two cases of Theorem A.
Case (H1). We can choose f̄ even so that every periodic orbit γ of β̄1 with action less
than T has the property that the parities of the Conley-Zehnder indexes of the orbits are the
same (observe that µRSpϕ̄

kq is always even). Consequently, the chain complex is lacunary.
Thus, the filtered cylindrical contact homology is well defined because its differential vanishes
identically. Moreover, we conclude that

(5.4) HCsa,T
˚ pβ̄1q – ‘kPNT

sa
H˚`n´µRSpϕ̄k;ΨqpNq,

where NT
sa “ tk P Nsa; k ă T u (recall that the period of the simple orbits of β̄ is fixed equal

to one).
Case (H2). By Proposition 5.3, the hypothesis that ω|π2pNq “ 0 implies that sak ‰ 0 for
every k P N and N

sa “ t1u. Moreover, the hypothesis that π1pNq is torsion free implies

2As usual, the indexes of γkp and ϕ̄k are computed with respect to a fixed homotopy class of trivializations

induced by a trivialization over a reference loop of the free homotopy class.
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that the free homotopy class sa is primitive, that is, every closed curve γ with free homotopy
class sa is simple; see [25, Lemmas 4.1 and 4.2]. As a matter of fact, suppose that γ “ ψk

for some k P N where ψ is a simple closed curve with homotopy class rψs. We claim that
k “ 1. In fact, the proof of Proposition 5.3 shows that rγs “ rϕ̄s˘1 which implies that
π˚rγs “ 0 ùñ π˚rψs

k “ 0 ùñ π˚rψs “ 0 since π1pNq is torsion free. Thus, rψs is in the
image of the map i˚ : π1pS

1q Ñ π1pĎMq induced by the inclusion of the fiber. But saj ‰ sa for
every j ‰ 1, implying that k “ 1, as claimed.

Consequently, every periodic orbit of β̄1 with free homotopy class sa is simple and β̄1 has
no contractible periodic orbit with action less than T . Thus, every holomorphic cylinder
connecting periodic orbits of β̄1 with homotopy class sa and action less than T is somewhere

injective (see Proposition 4.2) and the moduli spaces used to define HCsa,T
˚ pβ̄1q can be cut out

transversally by choosing a generic almost complex structure on the symplectization of ĎM ;

see Section 4.4. To compute HCsa,T
˚ pβ̄1q, we can employ the Morse-Bott techniques from [10]

and it turns out that

(5.5) HCsa,T
˚ pβ̄1q – H˚`npNq.

5.2.2. A neck-stretching argument for ᾱ. In this section, we will use a neck-stretching ar-
gument to obtain periodic orbits for ᾱ using cobordisms between suitable multiples of β̄.
This argument was nicely used by Hryniewicz-Momin-Salomão [31] in a similar context. It
remounts to a sandwich trick often used in Floer homology [9] but is more involved since the
cylindrical contact homology of ᾱ does not need to be well defined. Moreover, we have to take
care of possible holomorphic curves with negative index that can appear in the boundary of
the SFT-compactification of the space of holomorphic curves with fixed asymptotes.

More precisely, choose positive constants c´ ă c` such that c´β̄ ă ᾱ ă c`β̄ and define
β̄˘ “ c˘β̄ for notational convenience. Multiplying ᾱ by a constant if necessary, we can
assume that c` “ 1. In our argument, we do not need to assume that the cylindrical contact
homology of ᾱ is well defined. However, in order to merely illustrate the idea of the sandwich

trick, suppose that HCsa,T
˚ pᾱq is well defined and that all the relevant moduli spaces can be

cut out transversally (we stress the fact that we are not assuming this in this work). Then

one can show that there are maps ψ
β̄`
β̄´

, ψ
β̄`
ᾱ and ψᾱ

β̄´
that fit in the commutative diagram

(5.6) HCsa,T
˚ pβ̄`q

ψ
β̄`
β̄´ //

ψ
β̄`
ᾱ

&&

HCsa,T
˚ pβ̄´q

HCsa,T
˚ pᾱq

ψᾱ
β̄´

88

such that the map ψ
β̄`
β̄´

is injective. The argument to prove this is standard. The only issue

that is not completely standard is the fact that β̄1 is allowed to have a contractible periodic
orbit γ with action less than T such that the reduced Conley-Zehnder µ̃CZpγq vanishes. (This
can happen only if we relax the assumption on the constant of monotonicity λ in the hypothesis
(H1) of Theorem A; see Remark 5.6.) However, this difficulty is overcome using the fact
that, in this case, the symplectization of β̄1 admits no rigid non-trivial holomorphic curve
with one positive puncture; see [3, Proposition 4.2] for details. Using the computation of

HCsa,T
˚ pβ̄1q one can easily conclude Theorem 5.1 under the assumptions that HCsa,T

˚ pᾱq is
well defined and that all the relevant moduli spaces can be cut out transversally. In fact,
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since HCsa,T
´n pβ̄`q ‰ 0 and HCsa,T

n pβ̄`q ‰ 0 we conclude that any non-degenerate perturbation
ᾱ1 of ᾱ has periodic orbits γ1min and γ1max with action bounded by T , free homotopy class
sa and such that µCZpγ

1
minq “ ´n and µCZpγ

1
maxq “ n. Thus, these periodic orbits must

come from bifurcations of periodic orbits γmin and γmax of ᾱ such that µ´CZpγminq ď ´n and

µ`CZpγmaxq ě n.
The proof without these hypotheses is much more involved and is based on a neck-stretching

argument and a careful analysis of the holomorphic curves that can appear in the boundary
of the SFT-compactification of the relevant moduli spaces. In what follows, we refer to
Section 4 for the definitions. Let ĎW be the symplectization of ĎM and fix from now on a non-
degenerate perturbation ᾱ1 of ᾱ and almost complex structures J˘ P Jregpβ̄

1
˘q, J P Jregpᾱ

1q,

J̄1 P JregpJ´, Jq and J̄2 P JregpJ, J`q on ĎW . Recall that these complex structures are regular
only for somewhere injective curves.

Take T ą 1 and choose a Morse function f on N with only one local minimum and only
one local maximum and such that f is even in case (H1). The existence of such function in
case (H2) follows from an argument using cancellation of critical points and it is a classical
result due to Morse [43]: every closed manifold admits a polar function, that is, a Morse
function with only one local minimum and one local maximum. Notice that in case (H1), an
even Morse function is obviously perfect and therefore has only one local minimum and one
local maximum.

Let β̄1 be the non-degenerate perturbation of β̄ given by Lemma 5.4 and define β̄1˘ “ c˘β̄
1.

By our choice of f we have that:

Case (H1). There is only one orbit γ˘min of β̄1˘ that generates HCsa,T
´n pβ̄

1
˘q. In fact, by

(5.2) and (5.4), we have that HCsa,T
´n pβ̄

1
˘q » Q. Thus there is only one orbit γ˘min of β̄1˘ that

generates HCsa,T
´n pβ̄

1
˘q since the differential vanishes.

Case (H2). Since NT
sa “ t1u and f has only one local maximum, there is only one orbit γ˘max

that generates HCsa,T
n pβ̄1˘q.

Given a sequence of real numbers Rn Ñ8 consider the splitting almost complex structures
JRn “ J̄1˝Rn J̄2 defined in (4.2). As explained in Section 4.3, taking a subsequence if necessary,
we have that JRn is biholomorphic to an almost complex structure J 1Rn P J pJ´, J`q for every
n.

Proposition 5.5.
Case (H1). There exists a JRn-holomorphic cylinder un : RˆR{ZÑ ĎW positively asymptotic
to γ`min and negatively asymptotic to γ´min for every n.
Case (H2). There exists a JRn-holomorphic cylinder vn : RˆR{ZÑ ĎW positively asymptotic
to γ`max and negatively asymptotic to γ´max for every n.

Remark 5.6. If we assume that all the relevant moduli spaces can be cut out transversally then
the proof of the previous proposition is easier and does not need the hypothesis on the constant
of monotonicity λ in case (H1) of Theorem A. In fact, without this hypothesis we may have

possibly several periodic orbits γ˘,imin (i “ 1, . . . , l˘) of β̄1˘ that generate HCsa,T
´n pβ̄˘q. Given

a periodic orbit γ`,imin there is, for every n, a JRn-holomorphic cylinder un : R ˆ R{Z Ñ ĎW

such that un is positively asymptotic to γ`,imin and negatively asymptotic to γ´,jmin for some

j P t1, . . . , l´u. Indeed, if un does not exist we would conclude that the injective maps ψ
β̄`
β̄´

from the commutative triangle (5.6) satisfy ψ
β̄`
β̄´
prγ`,iminsq “ 0, a contradiction. The argument

for the existence of vn is analogous.
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Proposition 5.5 is a consequence of the next three lemmas.

Lemma 5.7.
Case (H1). Given J P JregpJ´, J`q, the moduli space Mpγ`min, γ

´
min; Jq is finite.

Case (H2). Given J P JregpJ´, J`q, the moduli space Mpγ`max, γ
´
max; Jq is finite.

Proof. Since γ`min (resp. γ`max) is simple, every holomorphic cylinder in xMpγ`min, γ
´
min; Jq

(resp. xMpγ`max, γ
´
max; Jq) is somewhere injective and consequently Mpγ`min, γ

´
min; Jq (resp.

Mpγ`max, γ
´
max; Jq) is a smooth manifold of dimension zero. Consider a sequence un in

Mpγ`min, γ
´
min; Jq (resp. Mpγ`max, γ

´
max; Jq). We will show that un has a subsequence converg-

ing to an element u8 in Mpγ`min, γ
´
min; Jq (resp. Mpγ`max, γ

´
max; Jq) and therefore Mpγ`min, γ

´
min; Jq

(resp. Mpγ`max, γ
´
max; Jq) is a finite set.

Since the curves un have fixed asymptotes, there exists C ą 0 such that

Epunq ă C

for every n. Therefore, we can employ the SFT-compactness results from [12] to study the
limit of un in the compactification of the space of holomorphic curves. It follows from this
that there are integer numbers 1 ď l ď m and a subsequence un converging in a suitable sense
to a holomorphic building given by

‚ (possibly several) J`-holomorphic curves u1, . . . , ul´1;
‚ one J-holomorphic curve ul;
‚ (possibly several) J´-holomorphic curves ul`1, . . . , um.

Moreover, these holomorphic curves satisfy the following properties:

(a) Each connected component of ui has only one positive puncture. Moreover, ui has at
least one connected component not given by a trivial vertical cylinder over a periodic
orbit.

(b) u1 is connected and positively asymptotic to γ`min (resp. γ`max).

(c) um has only one negative puncture and it is asymptotic to γ´min (resp. γ´max).
(d) The boundary data of the curve ui at the negative end match the boundary data of

ui`1 on the positive end.
(e) The sum of the indexes of ui equals the index of un and therefore vanishes.

Now we split the argument in cases (H1) and (H2).
Case (H1). Since γ`min has minimal action (that is, every periodic orbit of β̄1` has action

bigger than or equal to the action of γ`min) the J`-holomorphic curves u1, . . . , ul´1 can be

only vertical cylinders over γ`min. But, by property (a), at least one connected component
of each level of the building is not given by a trivial cylinder and therefore l “ 1; see [12].
Thus, ul “ u1 is positively asymptotic to γ`min and consequently is somewhere injective. Let

γ´1 , . . . , γ
´
l be the negative asymptotes of ul. We have that

indexpulq “ µ̃CZpγ
`
minq ´

l
ÿ

i“1

µ̃CZpγ
´
i q ě 0,

where µ̃CZ is the reduced Conley-Zehnder index. It follows from the properties above that
only one of the periodic orbits γ´1 , . . . , γ

´
l has free homotopy class sa and all the remaining

orbits are contractible. But in case (H1) every contractible periodic orbit γ of β̄1´ with action
less than T has positive reduced Conley-Zehnder index with respect to the trivialization given
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by a capping disk. Indeed, these orbits must come from bifurcations of contractible periodic
orbits of β̄ given by ϕ̄km for some k P N. But this implies that

µ̃CZpγq “ µCZpγq ` n´ 2 ě µRSpϕ̄
kmq ´ n` n´ 2 ě 2,

where the last inequality follows from our hypothesis that λ ą 1 ùñ µRSpϕ̄
mq “ µRSpϕq ą

2 ùñ µRSpϕ̄
mq ě 4, where the index is computed using a capping disk (note that

µRSpϕ̄
kmq “ kµRSpϕ̄

mq because Rβ̄ defines a circle action). Moreover, every periodic or-

bit of β̄1´ with free homotopy class sa and action less than T has Conley-Zehnder index bigger

than or equal to µCZpγ
`
minq. We conclude then that ul has to be a cylinder negatively as-

ymptotic to γ´min because γ´min is the only periodic orbit of β̄1´ with index equal to µCZpγ
`
minq

and action less than T . Since γ´min has minimal action we conclude that the J´-holomorphic

curves ul`1, . . . , um can be only vertical cylinders over γ´min. Therefore, the only non-trivial

component of the holomorphic building is the cylinder u8 :“ ul “ u1.
Case (H2). Since every periodic orbit of β̄1˘ with free homotopy class sa is simple and β̄1˘ do
not have contractible periodic orbits with action less than T , then every holomorphic curve in
this building must be a somewhere injective cylinder. Consequently, every non-trivial cylinder
u1, . . . , ul´1, ul`1, . . . , um has positive index. But

m
ÿ

i“1

indexpuiq “ 0.

Consequently we get only one non-trivial holomorphic cylinder u8 :“ ul “ u1 PMpγ`max, γ
´
max; Jq,

as desired. �

Based on the previous lemma, we can define the maps Nmin : Jregpγ
`
min, γ

´
min; J´, J`q Ñ Z2

and Nmax : Jregpγ
`
max, γ

´
max; J´, J`q Ñ Z2 given by

NminpJq “ #Mpγ`min, γ
´
min; Jq(mod 2) and NmaxpJq “ #Mpγ`max, γ

´
max; Jq(mod 2),

in cases (H1) and (H2) respectively.

Lemma 5.8.
Case (H1). There exist J˘ P Jregpβ̄

1
˘q and J P JregpJ´, J`q such that NminpJq “ 1.

Case (H2). There exist J˘ P Jregpβ̄
1
˘q and J P JregpJ´, J`q such that NmaxpJq “ 1.

Proof. We will follow an argument from [31]. Let J` P Jregpβ̄
1
`q (we know that this set is not

empty). Identify the symplectization ĎW of ĎM with Rˆ ĎM through the diffeomorphism Ψβ̄1`

defined in (4.1). Consider the diffeomorphism F : ĎW Ñ ĎW given by F pr, xq “ pr{c´, xq and
define J´ :“ F ˚J` P J pβ̄1´q (recall that c` “ 1). Since every J´-holomorphic curve is of the
form F´1 ˝ u for some J`-holomorphic curve u, we infer that J´ P Jregpβ̄

1
´q.

Let f : RÑ R be a smooth non-increasing function such that f ” 1{c´ near p´8, lnpc´qs
and f ” 1 near r0,8q. Consider the almost complex structure J defined by

JpBrq “ fRβ̄1` , JpRβ̄1`q “ ´
1

f
Br and J |ξ “ J`|ξ “ J´|ξ.

By construction, J P J pJ´, J`q. We claim that there exists a diffeomorphism G : ĎW Ñ ĎW
such that G˚J “ J`. Indeed, consider the function g : R Ñ R given by the unique solution
of the initial value problem

g1prq “ 1{fpgprqq, gp0q “ 0
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and define Gpr, xq “ pgprq, xq. We have that

G˚J |pr,xqBr “ dG´1|pgprq,xqJ |pgprq,xqg
1prqBr

“ dG´1|pgprq,xqfpgprqqg
1prqRβ̄1`

“ dG´1|pgprq,xqRβ̄1` “ Rβ̄1` ,

proving the claim. Therefore, since J` P Jregpβ̄
1
`q we conclude that J P JregpJ´, J`q. It

is easy to see that the biholomorphism G induces a bijective correspondence between the
moduli spaces Mpγ`min, γ

´
min; Jq and Mpγ`min, γ

`
min; J`q. But Mpγ`min, γ

`
min; J`q contains only

the vertical cylinder over γ`min. In particular, NminpJq “ 1. The argument for Nmax is
analogous and left to the reader. �

Lemma 5.9. Nmin and Nmax are constant functions.

Proof. Let J0 and J1 in Jregpγ
`
min, γ

´
min; J´, J`q (resp. Jregpγ

`
max, γ

´
max; J´, J`q). It is well

known that we can find a family of almost complex structures Jt P J pγ`min, γ
´
min; J´, J`q

(resp. Jt P J pγ`max, γ
´
max; J´, J`q) joining J0 and J1 such that Jt is regular for every 0 ď t ď 1

except at finitely many values 0 ă s1 ă ¨ ¨ ¨ ă sk ă 1 (recall that regularity here means that
the linearized Cauchy-Riemann operator is surjective only for somewhere injective curves).
For these values, the somewhere injective Jsj -holomorphic curves have index bigger than or
equal to ´1.
Case (H1). Define the set

Mmin :“ tpt, uq | t P r0, 1s and u PMpγ`min, γ
´
min; Jtqu.

This is a smooth 1-dimensional manifold admitting a suitable SFT-compactification. (Notice
that every u P Mpγ`min, γ

´
min; Jtq is somewhere injective.) Given a sequence pti, uiq P Mmin

such that ti Ñ sj for some 1 ď j ď k, it follows from SFT-compactness (notice here that Epuiq
is uniformly bounded because the asymptotes are fixed) that ui converges to a holomorphic
building given by

‚ (possibly several) J`-holomorphic curves u1, . . . , ul´1;
‚ one Jsj -holomorphic curve ul;

‚ (possibly several) J´-holomorphic curves ul`1, . . . , um.

Since γ`min has minimal action, the J`-holomorphic curves are only trivial vertical cylinders.

Thus, ul “ u1 is positively asymptotic to γ`min and consequently is somewhere injective. Let

γ´1 , . . . , γ
´
l be the negative asymptotes of ul. We have that ul cannot have index ´1 because

indexpulq “ µ̃CZpγ
`
minq ´

l
ÿ

i“1

µ̃CZpγ
´
i q,

and the reduced Conley-Zehnder index of every periodic orbit of β̄1´ with action less than T

is even. Consequently, arguing exactly as in the proof of Lemma 5.7, we conclude that ul is a
cylinder negatively asymptotic to γ´min (because indexpulq ě 0 and every contractible periodic

orbit of β̄1´ with action less than T has positive reduced Conley-Zehnder index). But γ´min has
minimal action, and therefore the J´-holomorphic curves are only trivial vertical cylinders.
Consequently, Mmin is a compact 1-dimensional manifold such that

BMmin “Mpγ`min, γ
´
min; J0q YMpγ`min, γ

´
min; J1q.

It follows from this that NminpJ0q “ NminpJ1q.
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Case (H2). Define the set

Mmax :“ tpt, uq | t P r0, 1s and u PMpγ`max, γ
´
max; Jtqu

As before, consider a sequence pti, uiq P Mmax such that ti Ñ sj for some 1 ď j ď k. From
SFT-compactness, ui converges to a holomorphic building given by

‚ (possibly several) J`-holomorphic curves u1, . . . , ul´1;
‚ one Jsj -holomorphic curve ul;

‚ (possibly several) J´-holomorphic curves ul`1, . . . , um.

Since every periodic orbit of β̄1˘ with free homotopy class sa and action less than T is simple and
there is no contractible periodic orbit with action less than T , every holomorphic curve in this
building is a somewhere injective cylinder. Hence, every J˘-holomorphic curve u1, . . . , ul´1,
ul`1, . . . , um has positive index and the index of ul is bigger than or equal to ´1. We conclude
then that if this building has more than one non-trivial cylinder then we have either

‚ exactly one J`-holomorphic cylinder (positively asymptotic to γ`max) with index 1 and
one Jsj -holomorphic cylinder (negatively asymptotic to γ´max) with index ´1;

‚ or exactly one Jsj -holomorphic cylinder (positively asymptotic to γ`max) with index

´1 and one J´-holomorphic cylinder (negatively asymptotic to γ´max) with index 1.

The last case is impossible because every periodic orbit of β̄1´ with free homotopy class sa and
action less than T has Conley-Zehnder index less than or equal to µCZpγ

`
maxq. Thus, by a

gluing argument we conclude that

BMmax “Mpγ`max, γ
´
max; J0q YMpγ`max, γ

´
max; J1q Y

`

k
ď

j“1

Mbrokenpγ
`
max, γ

´
max; J`, Jsj q

˘

where Mbrokenpγ
`
max, γ

´
max; J`, Jsj q is the moduli space of the broken cylinders given by one

J`-holomorphic cylinder with index 1 positively asymptotic to γ`max and one Jsj -holomorphic

cylinder with index ´1 negatively asymptotic to γ´max. But by (5.5) we have that

HCsa,T
n pβ̄1`q » Q.

Since γ`max is the unique periodic orbit β̄1` with free homotopy class sa, action less than T and

Conley-Zehnder index equal to n, it is necessarily a generator of HCsa,T
n pβ̄1`q and consequently

the cardinality of the moduli space of J`-holomorphic cylinders positively asymptotic to
γ`max and negatively asymptotic to a periodic orbit with index µCZpγ

`
maxq ´ 1 must be even.

(Observe here that every periodic orbit of β̄1` with free homotopy class sa and action less than
T is simple.) Thus, the cardinality of Mbrokenpγ

`
max, γ

´
max; Jsj , J`q is even and we conclude

that
#Mpγ`max, γ

´
max; J0q “ #Mpγ`max, γ

´
max; J1q (mod 2),

as desired. �

Proof of Proposition 5.5. If un does not exist, we would conclude that J 1Rn P Jregpγ
`
min, γ

´
min;

J´, J`q and NminpJ
1
Rn
q “ 0, contradicting Lemmas 5.8 and 5.9. The same argument implies

the existence of vn. �

We will now finish the proof of Theorem 5.1.
Case (H1). Take a sequence Rn Ñ 8 and a sequence of JRn-holomorphic cylinders un :
RˆR{ZÑ ĎW positively asymptotic to γ`min and negatively asymptotic to γ´min. The existence
of such cylinders is ensured by Proposition 5.5. Since the asymptotes are fixed, the energy of
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un is uniformly bounded. Therefore, by SFT-compactness there are integer numbers 1 ď l ă
l1 ď m and a subsequence un converging in a suitable sense to a holomorphic building given
by

‚ (possibly several) J`-holomorphic curves u1, . . . , ul´1;
‚ one J̄2-holomorphic curve ul;
‚ (possibly several) J-holomorphic curves ul`1, . . . , ul

1´1;

‚ one J̄1-holomorphic curve ul
1

;
‚ (possibly several) J´-holomorphic curves ul

1`1, . . . , um.

Moreover, these holomorphic curves satisfy the properties (a)-(e) mentioned in the proof of
Lemma 5.7. Since γ`min has minimal action, every J`-holomorphic curve u1, . . . , ul´1 must

contain only trivial vertical cylinders. Consequently, ul “ u1 is positively asymptotic to γ`min

which implies that it is somewhere injective. Let γ´1 , . . . , γ
´
k be the negative asymptotes of

ul. Reordering these orbits if necessary, we have that γ1min :“ γ´1 has free homotopy class sa
and γ´2 , . . . , γ

´
k are contractible. Thus, ᾱ1 carries a periodic orbit γ1min with free homotopy

class sa; see Figure 1.

Figure 1. SFT compactness applied to the sequence un.

Now, suppose that every contractible periodic orbit γ̃ of α satisfies µ´CZpγ̃q ě µRSpϕq ´ n.

Then µ̃CZpγ
´
i q ě 0 for every i ě 2, where the index is computed using a trivialization Υ given

by a capping disk. Indeed, by our assumption µCZpγ
´
i ,Υq ě µRSpϕ,Υq ´ n. Thus we arrive

at
µ̃CZpγ

´
i q “ µCZpγ

´
i ,Υq ` n´ 2 ě µRSpϕ,Υq ´ 2 ě 2,

where the last inequality follows from the assumption that λ ą 1 ùñ µRSpϕ,Υq ą 2 which
implies that µRSpϕ,Υq ě 4 because Rβ defines a circle action and therefore µRSpϕ,Υq is an
even integer. Hence,

µCZpγ
`
minq ´ µCZpγ

1
minq ě indexpulq ě 0.

This implies that µCZpγ
1
minq ď ´n.
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Remark 5.10. Notice that to achieve the relation µ̃CZpγiq ě 0 we only need the weaker
condition that λ ą 0. Thus, this is the only hypothesis we need in case (H1) of Theorem A if
we assume that the relevant moduli space of holomorphic curves can be cut out transversally.

Case (H2). Consider a sequence of JRn-holomorphic cylinders vn : RˆR{ZÑ ĎW positively
asymptotic to γ`max and negatively asymptotic to γ´max. There is a subsequence converging to
a holomorphic building as before. Since every periodic orbit of β̄1´ with free homotopy class

sa has action less than or equal to the action of γ´max, the J´-holomorphic curves vl
1`1, . . . , vm

are trivial vertical cylinders over γ´max. Thus, the first (non-trivial) level of this building vl
1

must contain a J1-holomorphic cylinder v negatively asymptotic to γ´max. Since γ´max is simple,
this cylinder is somewhere injective. Let γ1max be the positive asymptote of v. We have that

indexpvq “ µCZpγ
1
maxq ´ µCZpγ

´
maxq ě 0

so that µCZpγ
1
maxq ě n.

Finally, as explained before, ᾱ1 is arbitrarily closed to ᾱ and the periodic orbits γ1min
and γ1max have uniformly bounded action. Therefore, these periodic orbits must come from
bifurcations of periodic orbits γmin and γmax of ᾱ such that µ´CZpγminq ď ´n and µ`CZpγmaxq ě

n.

5.3. Proof of Theorem 5.2. Following [38, 36], one can associate to γ Bott’s index function
Γ : S1 Ñ Z which satisfies the following properties:

(a) µ´CZpγ
k; Ψkq “

ř

zPS1; zk“1 Γpzq for every k P N (Bott’s formula).

(b) The discontinuity points of Γ are contained in σpPγq X S
1, where Pγ is the linearized

Poincaré map of γ and σpPγq is its spectrum.
(c) Γpzq “ Γpz̄q for every z P S1.
(d) The splitting numbers S˘pzq :“ limεÑ0` Γpe˘iεzq ´ Γpzq satisfy

(d1) 0 ď S˘pzq ď νpzq for every z P σpPγq X S1, where νpzq is the geometric multi-
plicity of z;

(d2) S`pzq ` S´pzq ď mpzq for every z P σpPγq X S1, where mpzq is the algebraic
multiplicity of z;

(d3) S˘pzq “ S¯pz̄q for every z P S1.

For a definition of Γ and a proof of these properties we refer to [38, 36]. Now, suppose that
µ´CZpγ; Ψq ď ´n and µ´CZpγ

j ; Ψjq ě ´n for some j ą 1. By Bott’s formula,

µ´CZpγ
j ; Ψjq “

ÿ

zj“1

Γpzq “ Γp1q `
ÿ

zj“1;z‰1

Γpzq

“ µ´CZpγ; Ψq `
ÿ

zj“1;z‰1

Γpzq ě ´n.

But µ´CZpγ; Ψq ď ´n and consequently
ř

zj“1;z‰1 Γpzq ě 0. Together with property (c), this

implies that there exists z “ eiθ P S1, with 0 ă θ ď π such that

(5.7) Γpzq ´ Γp1q ě n.

Let teiθ1 , . . . , eiθlu be the eigenvalues of Pγ with modulus one and argument 0 ă θk ă θ,
such that θk ă θk`1 for every 1 ď k ď l ´ 1. The properties of Γ imply that

Γpzq ´ Γp1q “ pS`p1q ´ S´p1qq `
l
ÿ

k“1

pS`peiθkq ´ S´peiθkqq .
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Since the splitting numbers are non-negative (by property (d1)), it follows from (5.7) that

S`p1q `
l
ÿ

k“1

S`peiθkq ě n,

By property (d3), this implies that

S´p1q `
l
ÿ

k“1

S´pe´iθkq ě n.

Putting these two inequalities together we arrive at

2n ě
ÿ

zPS1

mpzq ě
ÿ

zPS1

S`pzq ` S´pzq

ě S`p1q ` S´p1q `
l
ÿ

k“1

pS`peiθkq ` S´pe´iθkqq ě 2n,

where the first inequality is trivial by a dimensional reason, the second inequality holds by
property (d2) and the third inequality follows again from the fact that the splitting numbers
are non-negative. This ensures that all of the above inequalities are in fact equalities. Hence,
γ is elliptic. Moreover,

ř

zj“1;z‰1 Γpzq must vanish and therefore µ´CZpγ; Ψq “ µ´CZpγ
j ; Ψjq “

´n.

Remark 5.11. The previous argument actually shows that γ is strictly elliptic. More precisely,
let J0 be the multiplication by i in R2n » Cn and ω0 the canonical symplectic form on R2n.
Consider their extensions J and ω to C2n “ R2nbC by complex linearity. The Krein form is
defined as βpv, wq “ ´iωpv, w̄q. It turns out that β is a non-degenerate Hermitian symmetric
form; see [22, 38]. Given z P σpPγq X S1 denote by Ez Ă C2n the generalized eigenspace
of z. The Krein type numbers pz and qz of z are defined as the number of positive and
negative eigenvalues of β|Ez respectively. We say that γ is strictly elliptic if β|Ez is definite
for every z P σpPγq X pS

1zt1uq. It is well known (c.f. [38, Theorem 9.1.7]) that pz ě S`pzq
and qz ě S´pzq for every z P σpPγq X S

1. Thus, the previous analysis shows that

2n ě
ÿ

zPS1

pz ` qz ě
ÿ

zPS1

S`pzq ` S´pzq ě S`p1q ` S´p1q `
l
ÿ

k“1

pS`peiθkq ` S´pe´iθkqq ě 2n.

Since all these numbers are non-negative, we conclude that pz “ S`pzq and qz “ S´pzq for
every z P σpPγq X S

1. Moreover, S`pzq “ 0 for every z R t1, eiθ1 , . . . , eiθlu and S´pzq “ 0 for

every z R t1, e´iθ1 , . . . , e´iθlu. Therefore, we conclude that γ must be strictly elliptic.

In the case that µ`CZpγ; Ψq ě n and µ`CZpγ
j ; Ψjq ď n, consider the inverted Reeb flow of α,

´γptq :“ γp´tq and the trivialization of pξ, dαq along ´γ given by Ψ´t. By (3.3),

µ´CZp´γ; Ψq “ ´µ`CZpγ; Ψq.

Then the previous argument applies mutatis mutandis and shows that ´γ is (strictly) el-
liptic, which is equivalent to saying that γ is (strictly) elliptic, and that µ´CZp´γ; Ψq “

µ´CZp´γ
j ; Ψjq “ ´n, which is equivalent to saying that µ`CZpγ; Ψq “ µ`CZpγ

j ; Ψjq “ n.
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6. Proofs of the applications

Before we present the proofs of the applications, let us discuss some useful facts about
trivializations of the contact structure along closed geodesics in Zoll manifolds that will be
important in the next subsections.

6.1. Trivializations of closed geodesics in Zoll manifolds. Let Nn`1 be a closed Zoll
manifold, that is, a closed Riemannian manifold all of whose geodesics are closed with the
same minimal period. (Equivalently, the geodesic flow generates a free circle action in the
unit sphere bundle SN .) Let π : TN Ñ N and τ : SN Ñ SN{S1 be the corresponding
projections. Let ḡ be the metric on N all of whose geodesics are closed and g any metric on
N . Given a closed geodesic γ of g freely homotopic to a fiber of S1 Ñ SN Ñ SN{S1 (given
by a simple closed geodesic of ḡ) we have two natural trivializations of the contact structure
ξ along γ. The first one is the trivialization Ψ induced by a trivialization on a fiber γ̄ over
p :“ τpγ̄q P SN{S1 given by a constant symplectic frame of TppSN{S

1q. It is easy to see that
µ´CZpγ̄; Ψq “ ´n.

To define the second trivialization, suppose initially that N is orientable. Consider the
trivialization Φ that sends the intersection of the vertical distribution of TTN with ξ to a
fixed Lagrangian subspace of R2n (note that, since N is orientable, the normal bundle of
x :“ π ˝ γ is trivial). This trivialization is unique up to homotopy, see [1, Lemma 1.2] (more
precisely, the argument in [1] is for a trivialization of γ˚TT ˚N but it can be readily adapted
to a trivialization of the contact structure ξ). It turns out that µ´CZpγ; Φq coincides with the

Morse index of γ, see [16, 38, 51]. Since µ´CZpγ̄; Ψq “ ´n, this implies that the difference of
the indexes with respect to the trivializations Φ and Ψ is given by

(6.1) µ´CZpγ; Φq ´ µ´CZpγ; Ψq “ µMorsepγ̄q ` n.

If N is not orientable, the normal bundle of x does not need to be trivial and, following [51],
we have to suitably modify the construction of Φ in order to produce a trivialization Φ1 of ξ
over γ so that

µ´CZpγ; Φ1q “ µMorsepγq ` 1,

see [51] for details. (The relation above was proved in [51] for non-degenerate closed geodesics
but it can be extended to degenerate closed geodesics, see [16].) Thus,

(6.2) µ´CZpγ; Φ1q ´ µ´CZpγ; Ψq “ µMorsepγ̄q ` n` 1.

6.2. Proof of Theorem 2.13. Recall that F is a Finsler metric on S2, with reversibility r
and flag curvature K satisfying pr{pr ` 1qq2 ď K ď 1. As explained in Section 2, if we have
pr{pr ` 1qq2 ă K ď 1, then the lift of the geodesic flow of F to S3 is dynamically convex
and Z2-invariant. Thus, we conclude from Theorems 5.1 and 5.2 that F carries an elliptic
closed geodesic γ such that γ is not contractible in SS2 and µ´CZpγ; Ψq “ ´1, where the
index is computed using the trivialization Ψ discussed in Section 6.1. Since a prime closed
geodesic of the round metric on S2 has Morse index equal to one, we conclude from (6.1) that
µMorsepγq “ µ´CZpγ; Φq “ 1.

Thus, it remains only to deal with the case where the inequality pr{pr ` 1qq2 ď K is not
strict. In order to do it, we will need the following general result. Let F be a Finsler metric on
a closed manifold N and denote by N0 the zero section in TN . Given a point px, vq P TNzN0

and a plane σ Ă TxM denote by Kpσ, vq the corresponding flag curvature. Let SN :“
F´1p1q be the unit sphere bundle and consider the continuous functions K´ : SN Ñ R and
K` : SN Ñ R defined as K´px, vq “ minσĂTxN Kpσ, vq and K`px, vq “ maxσĂTxN Kpσ, vq,



DYNAMICAL CONVEXITY AND ELLIPTIC PERIODIC ORBITS FOR REEB FLOWS 31

where σ runs over all the planes in TxN . Define Kmin “ minpx,vqPSN K´px, vq and Kmax “

maxpx,vqPSN K`px, vq.

Proposition 6.1. Suppose that Kmin ă Kmax and K´px, vq{K`px, vq ą Kmin{Kmax for every
px, vq P SN . Then F can be C8-perturbed to a Finsler metric F 1 whose flag curvature K 1

satisfies Kmin ă K 1pσ, vq ď Kmax for every px, vq P SN and σ Ă TxN . In particular, such
perturbation is always possible if N has dimension two.

Proof. Let f be a smooth function C0-arbitrarily close to K´ such that min f “ Kmin and
define S “ tpx, vq P SN ; K´px, vq “ Kminu. Fix ε ą 0 such that Kmin ` ε is a regular
value of f and Uε :“ tpx, vq P SN ; fpx, vq ă Kmin ` εu is a neighborhood of S satisfying
K´px, vq ą Kmin`2δ for every px, vq R U and some δ ą 0. Taking ε sufficiently small, we can
assume, by our hypothesis, that K`px, vq ă Kmax ´ δ1 for every px, vq P U and some δ1 ą 0.
Take c ă 1 such that Kmin ă p1{c

2qK´px, vq ď p1{c
2qK`px, vq ă Kmax for every px, vq P U .

Let ε1 ă ε such that f has no critical values in rKmin` ε
1,Kmin` εs and K´px, vq ą Kmin` δ

for every px, vq R Uε1 . Consider a bump function ρ : R Ñ R such that ρprq “ c for every
r ď Kmin`ε

1 and ρprq “ 1 for every r ě Kmin`ε. Notice that c can be taken arbitrarily close
to 1 independently of the choice of ε1. Consequently, ρ can be chosen C8-close to the constant
function equal to one. Now it is clear from the choices of the constants that F 1 :“ ρpfqF is
the desired metric. �

By this proposition, if our metric F on S2 does not satisfy the strict inequality pr{pr `
1qq2 ă K ď 1 then we can perturb this to a metric F 1 whose flag curvature K 1 satisfies
pr{pr ` 1qq2 ă K 1 ď 1. Now, it is clear from the proof of Theorem 5.1 that the period of the
elliptic closed geodesic γ1 of F 1 is uniformly bounded from above. Passing to the limit we get
an elliptic closed geodesic γ for F such that µ´CZpγ; Φq ď ´1.

Finally, we claim that if pr{pr ` 1qq2 ă K ď 1 then γ must be prime. As a matter of fact,
arguing indirectly, suppose that γ “ ψk for some prime closed geodesic ψ and k ě 2. Since
γ is not contractible, we have that k ě 3. Note that µMorsepψq ď µMorsepγq “ 1 (given a
closed geodesic c we have the relation µMorsepc

kq ě µMorsepcq for every k P N). By (3.9) we
conclude that k∆pψ; Φq “ ∆pγ; Φq ď 2 ùñ ∆pψ2; Φ2q ď 4{3 ùñ µMorsepψ

2q ă 3. But
ψ2 is contractible and therefore admits a lift to S3 with Conley-Zehnder index less than 3,
contradicting the dynamical convexity. (Note here that a trivialization given by a capping
disk coincides with Φ2 up to homotopy.)

6.3. Proof of Theorem 2.14. First of all, note that both SSn`1 and SRPn`1 are Boothby-
Wang contact manifolds with the circle action given by the geodesic flow of the Riemannian
metric with constant curvature. Moreover, the induced Z2-action on SSn`1 is generated by the
lift of the antipodal map ψ : Sn`1 Ñ Sn`1 to SSn`1 given by px, vq ÞÑ pψpxq, dψpxqvq. Con-
sequently, SSn`1{Z2 coincides with SRPn`1. It is easy to see that SSn`1{S1 “ SRPn`1{S1

is diffeomorphic to the Grassmannian of oriented two-planes G`2 pRn`2q (each oriented great
circle is identified with the oriented two-plane in Rn`2 that contains it; see [8]).

The Morse index of the simple closed geodesic of the metric with constant curvature in
RPn`1 vanishes. Thus, by the discussion in Section 6.1, it is enough to show that if pr{pr `
1qq2 ă K ď 1 then F has an elliptic closed geodesic γ such that µ´CZpγ; Ψq “ ´n. Indeed,
by our assumption and Proposition 6.1, we can argue as in the proof of Theorem 2.13 and
conclude that if pr{pr ` 1qq2 ď K ď 1 then F has an elliptic closed geodesic γ such that
µ´CZpγ; Ψq ď ´n. Clearly, γ can be chosen prime since µMorsepγq “ 0 and µMorsepc

kq ě

µMorsepcq for every closed geodesic c and k P N.
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To prove the existence of γ when pr{pr ` 1qq2 ă K ď 1, suppose firstly that n ą 1 and

consider the lift rF of F to Sn`1. By [45, Theorem 1] the pinching condition pr{pr ` 1qq2 ă

K ď 1 implies that the length of every closed geodesic c of rF satisfies Lpcq ě πp1 ` 1{rq.
Using this and [45, Lemma 3] we conclude that the Morse index of c is bigger than or equal
to n. By the discussion in Section 6.1, this means that µ´CZpc; Φq ě n. On the other hand, it
is easy to see that the (prime) geodesics of the round metric on Sn`1 have Robbin-Salamon
index equal to 2n using the trivialization Φ. Therefore, the pinching condition implies that

the geodesic flow of rF is dynamically convex (note here that, since n ą 1, SSn`1 is simply
connected). When n “ 1, consider the lift of the geodesic flow of F to a Z4-invariant Reeb flow
of a contact form α on S3. By the discussion in the proof of Theorem 2.13, α is dynamically
convex.

Thus, in order to apply Theorems 5.1 and 5.2 to obtain the desired closed geodesic γ of F ,
it remains only to show that G`2 pRn`2q satisfies the hypothesis (H1) in Theorem A, namely,
that G`2 pRn`2q admits an even Morse function and is monotone with constant of monotonicity
λ ą 1. This Grassmannian is diffeomorphic to the quadric

Qn “ trz0 : ¨ ¨ ¨ : zn`1s P CPn`1 |

n`1
ÿ

j“0

z2
j “ 0u.

The identification goes as follows: an oriented two-plane in Rn`2 can be described by an
orthonormal basis px, yq which can be mapped into CPn`1 via the map px, yq ÞÑ rx ` iys
defined on the Stiefel manifold V2pRn`2q, where r¨s denotes the classes in CPn`1 of non-zero

vectors in Cn`2. The equations }x}2 “ }y}2 and x ¨ y “ 0 read as
řn`1
j“0 pxj ` iyjq

2 “ 0.
One can check that this map descends to the quotient and defines a diffeomorphism between
G`2 pRn`2q and Qn. Moreover, the pullback ω of the canonical symplectic form on CPn`1

to Qn is a representative of the Euler class of the circle bundle S1 Ñ SSn`1 Ñ Qn. Thus,
SSn`1 is the prequantization of Qn with the symplectic form ω.

Let us show that Qn is monotone. Consider first the cases n “ 1 and n “ 2. We have
that Q1 » S2 and Q2 » S2 ˆ S2 which one can check that are monotone with constant of
monotonicity λ “ 2. Thus, suppose that n ě 3. A computation shows that H2pQn;Zq »
H2pQn;Zq » π2pQnq » Z. Moreover, rωs is a generator of H2pQn;Zq. The first Chern class
is given by

c1pTQnq “ nrωs,

see [35, Theorem 1.5], [5] and [42, pages 429-430]. Consequently, Qn is monotone with
constant of monotonicity bigger than one.

To prove that G`2 pRn`2q admits an even Morse function, we proceed by induction on n.
Suppose that G`2 pRk`2q admits an even Morse function for every k ď n. It is clearly true for
n “ 2 since G`2 pR3q » S2 and G`2 pR4q » S2 ˆ S2. So suppose that n ě 3. It is well known
that G`2 pRn`2q admits a Hamiltonian circle action whose momentum map f is a perfect
Morse-Bott function such that its critical set has three connected components given by

X “ Ppz, 0, . . . , 0q “ pt, Y “ G`2 p0ˆ Rnq, Z “ Ppz, 0, . . . , 0q “ pt,

where X and Z correspond to the two orientations on the real two-plane pz, 0, . . . , 0q, see
[35, Example 1.2]. The points X and Z correspond to the minimum and maximum of f
respectively. Moreover, since H1pG

`
2 pRn`2q;Zq “ 0, H2pG

`
2 pRn`2q;Zq ‰ 0 and f is perfect,

we have that the index of Y (given by the index of the Hessian of f restricted to the normal
fibers of Y ) is equal to two.
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By our induction hypothesis, Y admits an even Morse function g. Fix a Riemannian
metric on G`2 pRn`2q and consider a tubular neighborhood V “ exppNεY q of Y , where NεY
is the normal bundle of Y with radius ε. Let π : NεY Ñ Y be the bundle projection and
β : r0, εs Ñ R be a bump function such that βprq “ 1 if 0 ď r ď ε{3, βprq “ 0 if 2ε{3 ď r ď ε
and β1prq ď 0 for every r. Consider the function h : V Ñ R given by

hpxq “ βprpexp´1pxqqqgpπpexp´1pxqqq,

where rpexp´1pxqq is the radius of exp´1pxq. By construction, h extends to a smooth function

defined on G`2 pRn`2q which vanishes identically outside V . Define f̃ : G`2 pRn`2q Ñ R as

f̃pxq “ fpxq ` δhpxq,

where δ ą 0 is a constant. One can check that choosing δ sufficiently small then f̃ is Morse
and its critical points are given by X, Z and the critical points of g on Y . Moreover, the
indexes of these last points equal the indexes of the critical points of g plus the index of Y ,
which is equal to two. Consequently, f̃ is an even Morse function, as desired.

6.4. Proof of Theorem 2.16. By Theorem 2.13, we can suppose that n ą 1. The Morse
index of the simple closed geodesic of the round metric on Sn`1 is n. Therefore, by the
discussion in Section 6.1, we have to show that if 9

4pr{pr`1qq2 ă K ď 1 then F has an elliptic

closed geodesic γ such that µ´CZpγ; Ψq “ ´n. The case that the pinching condition is not
strict can be dealt with using a perturbation argument as in the previous sections.

By [45, Theorem 1 and Lemma 3], the condition 9
4pr{pr ` 1qq2 ă K ď 1 implies that

every closed geodesic c of F satisfies µ´CZpc; Φq ě n and µ´CZpc
2; Φq ě 3n, where Φ is the

trivialization discussed in Section 6.1. The Robbin-Salamon index of the (prime) geodesics
of the round metric on Sn`1 is equal to 2n with respect to this trivialization. Moreover, as
explained in the previous section, SSn`1 satisfies the hypothesis (H1) of Theorem A. Thus,
we can apply Theorems 5.1 and 5.2 and conclude that F carries an elliptic closed geodesic
γ satisfying µ´CZpγ; Ψq “ ´n. Moreover, γ can be chosen prime: if γ “ ψk for some prime

closed geodesic ψ then ψ is elliptic and µMorsepψq “ n. Indeed, since γ “ ψk we have that
µMorsepψq ď µMorsepγq “ n. On the other hand, µMorsepψq ě n by dynamical convexity.

6.5. Proof of Theorem 2.17. Consider pairs pg,Ωq given by a Riemannian metric g and
a non-degenerate magnetic field Ω on N . As explained in Section 2, the magnetic flow
generated by pg,Ωq is the Hamiltonian flow of Hgpx, pq :“ p1{2q}p}2 with respect to the
twisted symplectic form ω “ ω0 ` π˚Ω. One can check that if g has constant sectional
curvature and Ω is the corresponding area form (normalized to have total area equal to one)
then H´1

g pkq is of contact type and the magnetic flow restricted to H´1
g pkq generates a free

circle action such that H´1
g pkq{S1 is diffeomorphic to N for every 0 ă k ă 1{2 (see, for

instance, [40]). Denote by ξ0 the corresponding contact structure.
It is well known that given a pair pg,Ωq there exists ε ą 0 such that the energy level H´1

g pkq

is of contact type for every k ă ε [7, 25]. Fix S :“ H´1pkq and let ξ be the contact structure
on S. We claim that ξ is equivalent to ξ0. As a matter of fact, let pgs,Ωsq be a smooth
family of pairs given by Riemannian metrics and symplectic forms on N , with 0 ď s ď 1,
such that g0 has constant sectional curvature, Ω0 is the area form (corresponding to g0) and
pg1,Ω1q “ pg,Ωq. (The existence of this family follows from the fact that every Riemannian
metric on a connected surface is conformally equivalent to a metric with constant sectional
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curvature.) Define

εpsq “ suptk0 P R | H´1
gs pkq is of contact type for every k P p0, k0qu.

By the aforementioned result, εpsq ą 0 for every s P r0, 1s and one can check that ε0 :“
p1{2q infsPr0,1s εpsq is positive. Thus, it follows from Gray’s stability theorem that the contact

structure on H´1
g pε0q is equivalent to the contact structure on H´1

g0
pε0q. Applying Gray’s

theorem again we conclude that the contact structure on H´1
g pε0q is equivalent to the contact

structure on S. Therefore, S is Boothby-Wang and we will use this circle bundle structure in
what follows.

Let us split the proof in the cases that g “ 0 and g ą 1. In the first case, it was proved in
[7] that if k is sufficiently small then every periodic orbit γ of the lift of the magnetic flow to
S3 satisfies µ´CZpγq ě 3 (with a trivialization given by a capping disk). Moreover, the lifted
contact structure is tight. Thus, the lifted contact form is positively dynamically convex and
we can apply Theorems 5.1 and 5.2 to conclude that the magnetic flow carries an elliptic
closed orbit γ such that γ is not contractible in S and µ´CZpγ; Ψq “ ´1, where the index is
computed using a trivialization Ψ as in Section 6.1. The contact structure ξ on S admits a
global trivialization Φ (see [7, Lemma 6.7]) and an easy computation shows that

µ´CZpγ; Φq “ µ´CZpγ; Ψq ` 2 “ 1.

We claim that γ is prime. As a matter of fact, arguing by contradiction, suppose that γ “ ψk

for some k ě 2, where ψ is a prime periodic orbit. Since γ is not contractible, we have
that k ě 3. The fact that µ´CZpψ

2q ě 3 implies, by (3.9), that the mean index satisfies

∆pψ2q ě 2 ùñ ∆pψq ě 1 ùñ ∆pγq ě 3. But this contradicts the fact that µ´CZpγq “ 1.
Now, let us consider the case that g ą 1. Denote by β the contact form on S that generates

our free circle action and let ϕ be a simple orbit of β. As before, ξ admits a global trivialization
Φ and a simple computation shows that µRSpϕ; Φq “ ´2. One can check that rϕls ‰ 0 for

every l P N, pϕlq ‰ 0 for every 1 ď l ă |χpNq| and pϕ|χpNq|q “ 0, where rϕs P π1pSq and
pϕq P H1pS,Zq denote the homotopy and homology classes respectively. Moreover, there is

a |χpNq|-covering τ : rS Ñ S such that rβ “ τ˚β generates a free circle action and the deck
transformations are given by the induced action of Z|χpNq| Ă S1. Let rϕ be a (simple) orbit

of the Reeb flow of rβ and ra its free homotopy class. The contact structure rξ of rβ admits a

global trivialization rΦ (given by the pullback of Φ) and µRSprϕ; Φq “ 2χpNq.
Let α be the contact form on S whose Reeb flow is the magnetic flow. It follows from the

computations in [7] that

(6.3) µ`CZpγ; Φq ď 2χpNq ` 1

for every periodic orbit γ of α homologous to zero. Indeed, it is proved in [7, Equation (1) and
Remark 6.10] that every periodic orbit γ of the magnetic flow homologous to zero satisfies

(6.4) µ´CZpγ; Φq ď 2χpNq ` 1.

It turns out that if we take the inverted magnetic flow ´Rα then the same argument yields
the inequality µ´CZp´γ; Φq ě 2|χpNq| ´ 1. Indeed, inequality (6.4) is proved showing that the
winding interval Ipγq associated to the linearized flow along γ satisfies Ipγq Ă p´8, χpNq`1q;
see [7] for details. On the other hand, when we take the inverted magnetic flow (with the
same trivialization of the contact structure) the corresponding winding interval Ip´γq satisfies
Ip´γq “ ´Ipγq Ă p|χpNq| ´ 1,`8q implying that µ´CZp´γ; Φq ě 2|χpNq| ´ 1. Consequently,
inequality (6.3) follows from (3.3).
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Define rα “ τ˚α. By the previous discussion, every periodic orbit rγ of rα freely homotopic
to rϕ has a projection γ on S homologous to zero. Therefore, µ`CZprγq “ µ`CZpγq ď 2χpNq ` 1
and we conclude that rα is negatively ra-dynamically convex. Thus, we can apply Theorems
5.1 and 5.2 to conclude that α carries an elliptic closed geodesic γ with free homotopy class
a such that µ`CZpγ; Ψq “ 1, where the index is computed using the trivialization Ψ of the
contact structure ξ over γ induced by a trivialization on a fiber of S over p P N given by a
constant symplectic frame of TpN , as discussed in Section 6.1. Now, a computation gives the
relation

µ`CZpγ; Φq “ µ`CZpγ; Ψq ´ 2 “ ´1.

Finally, notice that γ must be prime because every closed curve with free homotopy class a
is simple (observe that π1pNq is torsion free).

7. Good toric contact manifolds

In this section we provide the necessary information on toric contact manifolds, briefly
introduced in Section 2 for the statement of Theorem 2.19. As in that theorem, we will
restrict ourselves to good toric contact manifolds, i.e. those that are determined by a strictly
convex moment cone. For further details we refer the interested reader to [33] and [3].

7.1. Toric symplectic cones. Via symplectization, there is a 1-1 correspondence between
co-oriented contact manifolds and symplectic cones, i.e. triples pW,ω,Xq where pW,ωq is a
connected symplectic manifold and X is a vector field, the Liouville vector field, generating
a proper R-action ρt : W Ñ W , t P R, such that ρ˚t pωq “ etω. A closed symplectic cone is a
symplectic cone pW,ω,Xq for which the corresponding contact manifold M “W {R is closed.

A toric contact manifold is a contact manifold of dimension 2n`1 equipped with an effective
Hamiltonian action of the standard torus of dimension n`1: Tn`1 “ Rn`1{2πZn`1. Also via
symplectization, toric contact manifolds are in 1-1 correspondence with toric symplectic cones,
i.e. symplectic cones pW,ω,Xq of dimension 2pn`1q equipped with an effective X-preserving
Hamiltonian Tn`1-action, with moment map µ : W Ñ Rn`1 such that µpρtpwqq “ etµpwq, for
all w PW and t P R. Its moment cone is defined to be C :“ µpW q Y t0u Ă Rn`1.

A toric contact manifold is good if its toric symplectic cone has a moment cone with the
following properties.

Definition 7.1. A cone C Ă Rn`1 is good if it is strictly convex and there exists a minimal
set of primitive vectors ν1, . . . , νd P Zn`1, with d ě n` 1, such that

(i) C “
Şd
j“1tx P Rn`1 | `jpxq :“ xx, νjy ě 0u.

(ii) Any codimension-k face of C, 1 ď k ď n, is the intersection of exactly k facets whose
set of normals can be completed to an integral base of Zn`1.

The analogue for good toric contact manifolds of Delzant’s classification theorem for closed
toric symplectic manifolds is the following (see [33])

Theorem 7.2. For each good cone C Ă Rn`1 there exists a unique closed toric symplectic
cone pWC , ωC , XC , µCq with moment cone C.

One source for examples of good toric contact manifolds is the Boothby-Wang (prequanti-
zation) construction over integral closed toric symplectic manifolds. The corresponding good
cones have the form

C :“ tzpx, 1q P Rn ˆ R | x P P , z ě 0u Ă Rn`1
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where P Ă Rn is a Delzant polytope with vertices in the integer lattice Zn Ă Rn.

7.2. Toric contact forms and Reeb vectors. Let pW,ω,Xq be a good toric symplectic
cone of dimension 2pn` 1q, with corresponding closed toric contact manifold pM, ξq. Denote
by XXpW,ωq the set of X-preserving symplectic vector fields on W and by X pM, ξq the
corresponding set of contact vector fields on M . The Tn`1-action associates to every vector
ν P Rn`1 a vector field Rν P XXpW,ωq – X pM, ξq. We will say that a contact form αν P
Ω1pM, ξq is toric if its Reeb vector field Rαν satisfies

Rαν “ Rν for some ν P Rn`1.

In this case we will say that ν P Rn`1 is a Reeb vector and that Rν is a toric Reeb vector field.
The following proposition characterizes which ν P Rn`1 are Reeb vectors of a toric contact
form on pM, ξq.

Proposition 7.3 ([41] or [3, Proposition 2.19]). Let ν1, . . . , νd P Rn`1 be the defining integral
normals of the moment cone C P Rn`1 associated with pW,ω,Xq and pM, ξq. The vector field
Rν P XXpW,ωq – X pM, ξq is the Reeb vector field of a toric contact form αν P Ω1pM, ξq if
and only if

ν “
d
ÿ

j“1

ajνj with aj P R` for all j “ 1, . . . , d.

7.3. Explicit models and fundamental group. The existence part of Theorem 7.2 is
given by an explicit symplectic reduction construction, which we now briefly describe (as we
did in [3]). For complete details the interested reader may look, for example, at [33].

Let C Ă pRn`1q˚ be a good cone defined by

(7.1) C “
d
č

j“1

tx P pRn`1q˚ | `jpxq :“ xx, νjy ě 0u

where d ě n ` 1 is the number of facets and each νj is a primitive element of the lattice
Zn`1 Ă Rn`1 (the inward-pointing normal to the j-th facet of C).

Let pe1, . . . , edq denote the standard basis of Rd, and define a linear map β : Rd Ñ Rn`1 by

(7.2) βpejq “ νj , j “ 1, . . . , d .

The conditions of Definition 7.1 imply that β is surjective. Denoting by k its kernel, we have
short exact sequences

0 Ñ k
ι
Ñ Rd β

Ñ Rn`1 Ñ 0 and its dual 0 Ñ pRn`1q˚
β˚
Ñ pRdq˚ ι˚

Ñ k˚ Ñ 0 .

Let K denote the kernel of the map from Td “ Rd{2πZd to Tn`1 “ Rn`1{2πZn`1 induced by
β. More precisely,

(7.3) K “

#

rys P Td |
d
ÿ

j“1

yjνj P 2πZn
+

.

It is a compact abelian subgroup of Td with Lie algebra k “ kerpβq.
Consider R2d with its standard symplectic form

ωst “ du^ dv “
d
ÿ

j“1

duj ^ dvj
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and identify R2d with Cd via zj “ uj ` ivj , j “ 1, . . . , d. The standard action of Td on

R2d – Cd is given by

y ¨ z “
`

eiy1z1, . . . , e
iydzd

˘

and has a moment map given by

φTdpz1, . . . , zdq “
d
ÿ

j“1

|zj |
2

2
e˚j P pRdq˚ .

Since K is a subgroup of Td, K acts on Cd with moment map

(7.4) φK “ ι˚ ˝ φTd “
d
ÿ

j“1

|zj |
2

2
ι˚pe˚j q P k

˚ .

The toric symplectic cone pWC , ωC , XCq associated to the good cone C is the symplectic
reduction of pR2dzt0u, ωst “ du^ dv,Xst “ u B{Bu` v B{Bvq with respect to the K-action, i.e.

WC “ Z{K where Z “ φ´1
K p0qzt0u ” zero level set of the moment map in R2dzt0u,

the symplectic form ωC comes from ωst via symplectic reduction, while the R-action of the
Liouville vector field XC and the action of Tn`1 – Td{K are induced by the actions of Xst

and Td on Z.
Lerman showed in [34] how to compute the fundamental group of a good toric symplectic

cone, which is canonically isomorphic to the fundamental group of the associated good toric
contact manifold.

Proposition 7.4. Let WC be the good toric symplectic cone determined by a good cone C Ă
Rn`1. Let N :“ N tν1, . . . , νdu denote the sublattice of Zn`1 generated by the primitive integral
normal vectors to the facets of C. The fundamental group of WC is the finite abelian group

Zn`1{N .

Hence, for simply connected good toric contact manifolds we have that the Z-span of the
set of integral normals tν1, . . . , νdu is the full integer lattice Zn`1 Ă Rn`1

7.4. Cylindrical contact homology of good toric contact manifolds. In this section
we provide the necessary information, taken from [3] and needed for the proof of Theorem
2.19, on how to compute the cylindrical contact homology of a good toric contact manifold
pM, ξq. We will also show that k´ is always finite and can be used to provide a lower bound
for the Robbin-Salamon index of the generic orbit of any periodic Reeb flow on pM, ξq that
comes from an S1-subaction of the toric Tn`1-action.

Let pW,ω,Xq be the good toric symplectic cone associated with pM, ξq and C Ă pRn`1q˚

its good moment cone defined by (7.1). Consider a toric Reeb vector field Rν P XXpW,ωq –
X pM, ξq determined by

ν “
d
ÿ

j“1

ajνj with aj P R` for all j “ 1, . . . , d,

as in Proposition 7.3. By a small abuse of notation, we will also write

Rν “
d
ÿ

j“1

ajνj .
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Moreover, we will assume that

the 1-parameter subgroup generated by Rν is dense in Tn`1,

which is equivalent to the corresponding toric contact form being non-degenerate. In fact,
the toric Reeb flow of Rν on pM, ξq has exactly m simple closed orbits γ1, . . . , γm, all non-
degenerate, corresponding to the m edges E1, . . . , Em of the cone C. For each ` “ 1, . . . ,m, we
can use the symplectic reduction construction of pW,ω,Xq to lift the X-invariant Hamiltonian
flow of Rν to a linear flow on Cd “ R2d that has a periodic orbit γ̃` as a lift of γ`. It then
follows from Lemma 3.4 in [3] that

µRSpγ
N
` q “ µRSpγ̃

N
` q , for all ` “ 1, . . . ,m, and all iterates N P N,

where µRS is the Robbin-Salamon extension of the Conley-Zehnder index.
To compute µRSpγ̃

N
` q one can use the global trivialization of TR2d and the fact that, since

the lifted flow is given by the standard action on R2d of a 1-parameter subgroup of Td, the
index can be directly computed from the corresponding Lie algebra vector R̃`ν P Rd, which
necessarily satisfies

βpR̃`νq “ Rν , where β : Zd Ñ Zn`1 is the linear surjection defined by (7.2).

In fact, denoting by F`1 , . . . , F`n , the n facets of C that meet at the edge E`, we have that

R̃`ν “
n
ÿ

j“1

b`je`j ` b
`η̃` , with η̃` P Zd and b`1, . . . , b

`
n, b

` P R.

Since we are assuming that Rν generates a dense 1-parameter subgroup of Tn`1, we have that
the n` 1 real numbers tb`1, . . . , b

`
n, b

`u are Q-independent, which implies that

µRSpγ̃
N
` q “ even ` n , @N P N .

Hence, the parity of the Robbin-Salamon index is the same for all periodic orbits of Rν .
We conclude that the cylindrical contact homology of every toric non-degenerate contact

form αν is well defined since its differential vanishes identically. Consequently, HC˚pανq is
isomorphic to the chain complex generated by the closed orbits of αν (note that every periodic
orbit of αν is good). In particular, all of its periodic orbits are homologically essential, i.e.
non-zero in HC˚pανq.

Proposition 7.5. If pM, ξq is a good toric contact manifold, then there exists a toric non-
degenerate contact form αν such that

k´ :“ inftk P Z | HCkpανq ‰ 0u

is finite.

Proof. It is enough to show that there exists a toric non-degenerate contact form αν such that
every periodic of its Reeb flow Rν has positive mean index (cf. Section 3.3 for the definition
and continuity property of the mean index).

Let us consider the (degenerate) toric Reeb vector field R1 given by

R1 “

d
ÿ

j“1

νj P Rn`1 .
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A possible lift to Rd is given by

R̃1 “

d
ÿ

j“1

ej ,

which generates the standard diagonal 2π-periodic S1-action on Cd. Its 2π-periodic orbits
have Robbin-Salamon index 2d, which implies that any 2π-periodic orbit of R1 has Robbin-
Salamon index 2d. Since R1 generates an S1-action on pM, ξq, we conclude that any such
2π-periodic orbit has mean index 2d. Moreover,

@ simple periodic orbit γ of R1 , D N P N such that γN is 2π-periodic.

The mean index of such γ is then equal to 2d{N . Hence, we conclude that all periodic orbits
of R1 have positive mean index.

By continuity of mean index, the same is true for any sufficiently small perturbation of R1,
which can then be chosen to give a non-degenerate Rν with the required property. �

In the proof of Theorem 2.19 we will need the following estimate.

Proposition 7.6. Let ν P Zn`1 be a primitive integral Reeb vector and Rν the corresponding
toric Reeb vector field. Denote by γν any 2π-periodic Reeb orbit of the 2π-periodic Reeb flow
on pM, ξq generated by Rν . Then there exists a toric non-degenerate contact form ανε, with
νε P Rn`1 arbitrarily close to ν, such that

µRSpγνq ´ n ě k´ ,

where k´ :“ inftk P Z | HCkpανεq ‰ 0u.

Proof. Since ν P Zn`1 we can express Rν as

Rν “
d
ÿ

j“1

bjνj with bj P Zn`1 ,

and a possible lift to Rd is given by

R̃ν “
d
ÿ

j“1

bjej .

Such R̃ν generates a 2π-periodic flow on Cd with

µRSpγ̃νq “
d
ÿ

j“1

2bj , where γ̃ν is any 2π-periodic orbit of R̃ν .

Choose any edge E of the good moment cone C of the symplectization pW,ω,Xq of pM, ξq.
As pointed out above, the edge E determines a simple closed orbit γEν of the toric Reeb vector
Rν on pM, ξq. Since the flow of Rν is 2π-periodic, by taking a multiple of γEν if necessary, we
can assume that γEν is a (possibly non-simple) 2π-periodic orbit of Rν . Denote by γ̃Eν its lift

as a 2π-periodic orbit of R̃ν on Cd. We then have that

µRSpγνq “ µRSpγ
E
ν q “ µRSpγ̃

E
ν q “

d
ÿ

j“1

2bj .
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Assume, without any loss of generality, that the normals to the n facets of C that meet at
E are ν1, . . . , νn P Zn`1. It then follows from the explicit form of the symplectic reduction
construction described above that

γ̃Eν Ă Z X tz P Cd | z1 “ ¨ ¨ ¨ “ zn “ 0u .

This implies that any small perturbation of R̃ν of the form

R̃νε “
n
ÿ

j“1

pbj ´ εjqej `
d
ÿ

j“n`1

bjej , ε “ pε1, . . . , εnq P pR`qn ,

has γ̃Eνε :“ γ̃Eν as one of its 2π-periodic orbits. For sufficiently small ε, the Robbin-Salamon

index of γ̃Eνε is given by

µRSpγ̃
E
νεq “

n
ÿ

j“1

p2tbj ´ εju` 1q `
d
ÿ

j“n`1

2bj “
n
ÿ

j“1

p2pbj ´ 1q ` 1q `
d
ÿ

j“n`1

2bj “ µRSpγ̃
E
ν q ´ n ,

where tbu :“ maxtm P Z | m ď bu. For sufficiently small and generic ε “ pε1, . . . , εnq P pR`qn,
where here generic means ε1, . . . , εn P R`zQ` are rationally independent, the vector

Rνε “
n
ÿ

j“1

pbj ´ εjqνj `
d
ÿ

j“n`1

bjνj

is still a toric Reeb vector, which is non-degenerate and has a 2π-periodic orbit γEνε with a lift

to Cd given by γ̃Eνε . We then have that

µRSpγ̃
E
ν q ´ n “ µRSpγ̃

E
νεq “ µRSpγ

E
νεq ě k´ ,

where the last inequality follows from the already pointed out fact that any closed orbit of a
non-degenerate toric Reeb vector, such as Rνε , is non-zero in HC˚pανεq. �

Note that k´ is an invariant of the contact structure once the foundational transversality
issues in contact homology are resolved. However, this is not essential here and under suit-
able conditions one can use, for instance, equivariant symplectic homology to bypass these
transversality issues.

7.5. Examples. The standard contact sphere pS2n`1, ξstq is the most basic example of a good

toric contact manifold. Its symplectization is pR2pn`1qzt0u, ωst, Xstq and its moment cone has
d “ n` 1 facets determined by the normals

νj “ ej , j “ 1, . . . , n , and νn`1 “ en`1 ´

n
ÿ

j“1

ej ,

where te1, . . . , en`1u is the standard basis of Rn`1. The corresponding symplectic reduction
construction is trivial, i.e. the map β defined by (7.2) is an isomorphism and K Ă Td is
trivial.

In [3] we discussed a family of good toric contact structures ξk on S2 ˆ S3, originally
considered in [24]. Their good moment cones Cpkq Ă R3, k P t0, 1, 2, . . .u, have four facets
determined by the normals

ν1 “ p1, 0, 1q , ν2 “ p0,´1, 1q , , ν3 “ p0, k, 1q and ν4 “ p´1, 2k ´ 1, 1q .
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The corresponding symplectic reduction is non-trivial, with K a circle subgroup of T4. Their
cylindrical contact homology can be explicitly computed, using the method described in the
previous section, with the following result:

rankHC˚pS
2 ˆ S3, ξkq “

$

’

’

’

&

’

’

’

%

k if ˚ “ 0;

2k ` 1 if ˚ “ 2;

2k ` 2 if ˚ ą 2 and even;

0 otherwise.

This shows that

k´pS
2 ˆ S3, ξ0q “ 2 while k´pS

2 ˆ S3, ξkq “ 0 , @ k ą 0 .

Note that pS2 ˆ S3, ξ0q can be identified with the standard contact structure on the unit
cosphere bundle of S3, which is also the Boothby-Wang contact manifold over the monotone
symplectic manifold pS2 ˆ S2, ω “ σ ˆ σq, where σpS2q “ 2π.

8. Proof of Theorem 2.19

As before, we let pM, ξq denote a good closed toric contact manifold and pW,ω,Xq its associ-
ated good toric symplectic cone, obtained via symplectic reduction of pCdzt0u – R2dzt0u, ωst, Xstq

by the linear action of a subtorus K Ă Td with moment map φK : Cdzt0u Ñ k˚. To simplify
notation, let us define F :“ φK . Then

W “ Z{K where Z :“ F´1p0q .

IfK “ t1u is the trivial subgroup of Td, we will take F ” 0 so that pW,ω,Xq “ pR2dzt0u, ωst, Xstq

and pM, ξq “ pS2d´1, ξstq.
Let α be an arbitrary, i.e. not necessarily toric, contact form on pM, ξq, and denote by Rα

its Reeb vector field. We can always find a K-invariant function Hα : Cdzt0u Ñ R such that
its reduced Hamiltonian flow is the flow of Rα. Notice that Hα is not unique, since it is only
determined on Z (up to a constant). In Theorem 2.19 we assume that M is simply connected
and that α is a convex contact form, i.e. Hα can be chosen to be convex on Z:

d2
ppHαq ą 0 , @ p P Z .

Our goal in this section is to prove that any such contact form α is positively dynamically
convex. Based on the discussion in the previous section, it suffices to prove that every periodic
orbit γ of α satisfies µ´CZpγq ě k´ :“ inftk P Z | HCkpανq ‰ 0u for some toric non-degenerate
contact form αν . We will do that according to the following main steps and using the following
notational convention: a subscript α indicates something not necessarily torus invariant, like
the contact form α itself, while a subscript λ indicates something torus invariant.

(1) Given a periodic orbit γ of α we change the convex Hamiltonian Hα by an appropriate
component Fλ of the moment map F for the linear K-action on Cd, so that γ has a
lift γ̃ in Z Ă Cd which is a periodic orbit of the Hamiltonian flow of

Hα,λ :“ Hα ´ Fλ.

Note that such an Fλ : Cd Ñ R is quadratic, being a component of the moment map
for the standard action on Cd of the subtorus K Ă Td. Moreover, it follows from
Lemma 3.4 in [3] that

µRSpγq “ µRSpγ̃q .



42 M. ABREU AND L. MACARINI

(Here we are using the assumption that the linearized Hamiltonian flow of Hα along
γ satisfies dΦt

Hα
p∇Fκq “ ∇Fκ for all t P R and every component Fκ of the moment

map: we need this hypothesis to apply [3, Lemma 3.4].)
(2) Find an appropriate convex quadratic Hamiltonian Hλ on Cd such that, for any simple

periodic orbit γ̃λ of the linear flow on Cd generated by the quadratic Hamiltonian

Qλ :“ Hλ ´ Fλ ,

we have

µRSpγ̃q ě µRSpγ̃λq ´ n

whenever γ is non-degenerate.
(3) Combining the previous two steps we have that (cf. Proposition 8.2 below)

µ´CZpγq ě µRSpγ̃λq ´ n

and Theorem 2.19 follows by applying Proposition 7.6 to the periodic flow induced on
pM, ξq by reduction of Qλ.

So fix from now on a periodic orbit γ of α. Suppose, without loss of generality, that the
period of γ is one. Denote by γ1 one of the possible lifts of γ to Z Ă Cdzt0u as an orbit of
the Hamiltonian flow of Hα. Such a lift γ1 is not necessarily a closed orbit but we know that
there exists λ P K such that

γ1p1q “ λ ¨ γ1p0q .

Moreover, for a suitably normalized ηλ P k, the Hamiltonian Fλ : Cd Ñ R defined by

Fλpzq “ xF pzq, ηλy ,

where x¨, ¨y denotes the natural pairing between k and k˚, has a time-1 Hamiltonian flow
ΦFλ : Cd Ñ Cd given by ΦFλpzq “ λ ¨ z , @ z P Cd. We can then consider the Hamiltonian

Hα,λ :“ Hα ´ Fλ .

Since Hα is K-invariant, we have that Hα and Fλ Poisson commute, i.e. tHα, Fλu “ 0, and
the time-1 flow of Hα,λ is given by

ΦHα,λ “ pΦFλq
´1
˝ ΦHα .

This means that

ΦHα,λpγ
1p0qq “ pΦFλq

´1
pΦHαpγ

1p0qqq “ pΦFλq
´1
pλ ¨ γ1p0qq “ λ´1 ¨ λγ1p0q “ γ1p0q .

Hence, the Hamiltonian flow Φt
Hα,λ

of Hα,λ has a periodic orbit which is a lift of γ P Pα. We

will denote by γ̃ this closed lift of γ.
To prove Theorem 2.19 we need to obtain an appropriate estimate for the Robbin-Salamon

index of γ̃, which is equal to the index of the path of linear symplectic matrices given by

dpΦt
´Fλ

q ˝ dpΦt
Hαq .

This path is homotopic with fixed end points to the juxtaposition dpΦt
Hα
q ˚ dpΦt

´Fλ
q, i.e.

dpΦt
´Fλ

q followed by dpΦt
Hα
q. An explicit homotopy, parametrized by s P r0, 1s, is given by

the following formula:
#

dpΦ
p1`sqt
´Fλ

q ˝ dpΦ
p1´sqt
Hα

q , t P r0, 1{2s

dpΦ
p1`sqt´s
Hα

q ˝ dpΦ
p1´sqt`s
´Fλ

q , t P r1{2, 1s .
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This means that the Robbin-Salamon index of γ̃ is given by

µRSpγ̃q “ µRSpdpΦ
t
Hαq ˚ dpΦ

t
´Fλ

qq

“ µ´CZpdpΦ
t
Hαq ˚ dpΦ

t
´Fλ

qq ` pdimKq ` 1`
νpγq

2

(8.1)

where the second equality follows from convexity of Hα and

‚ µ´CZ is defined and discussed in Section 3. It is the lower semicontinuous extension
of the Conley-Zehnder index and coincides with the index defined by Hofer-Wysocki-
Zehnder [28] and Long [38] (cf. (3.7)). Since Hα is convex, it follows from (3.6) that
µ´CZpdpΦ

t
Hα
q ˚dpΦt

´Fλ
qq is equal to the Robbin-Salamon index of this juxtaposed path

of linear symplectic matrices right before it reaches its endpoint.
‚ pdimKq ` 1 “ half the dimension of the 1-eigenspace due to K-equivariance and the

autonomous Hamiltonian vector field.
‚ νpγq “ dimension of the 1-eigenspace due to possible degeneracy of γ.

To obtain the appropriate index estimate, we will compare the above juxtaposed path with
the following one, given by quadratic Hamiltonians. Write λ P K Ă Td as λ “ pλ1, . . . , λdq,
with 0 ă λi ď 2π , i “ 1, . . . , d, and consider the convex quadratic Hamiltonian Hλ : Cd Ñ R
given by

Hλpz1, . . . , zdq “
1

2

d
ÿ

i“1

λi|zi|
2 .

Denote its time-1 Hamiltonian flow by ΦHλ : Cd Ñ Cd. We have that ΦHλpzq “ λ¨z , @ z P Cd.
The Hamiltonian flow of Hλ obviously commutes with the action of K and induces a flow on
the contact manifold M , which is the Reeb flow of the toric Reeb vector field

Rλ :“
d
ÿ

i“1

λiνi .

Note that, since λ P K, it follows from (7.3) that Rλ{2π is an integral toric Reeb vector, i.e.
Rλ{2π P Zn`1. We can now consider the quadratic Hamiltonian

Qλ :“ Hλ ´ Fλ .

Its flow Φt
Qλ
“ Φt

Hλ
˝ Φt

´Fλ
is a lift to Cd of the Reeb flow of Rλ and satisfies

Φ1
Qλ
pzq “ Φ1

Hλ

`

Φ1
´Fλ

pzq
˘

“ λ ¨
1

λ
¨ z “ z .

The associated path dpΦt
´Fλ

q ˝ dpΦt
Hλ
q of linear symplectic matrices is also homotopic with

fixed end points to the juxtaposition dpΦt
Hλ
q ˚ dpΦt

´Fλ
q and its Robbin-Salamon index, which

is also the Robbin-Salamon index of any 1-periodic orbit γ̃λ of Φt
Qλ

, is given by

(8.2) µRSpγ̃λq “ µ´CZpdpΦ
t
Hλ
q ˚ dpΦt

´Fλ
qq ` pdimKq ` 1` n .

Lemma 8.1.

µ´CZpdpΦ
t
Hλ
q ˚ dpΦt

´Fλ
qq “ µ´CZpdpΦ

t
δHλ
q ˚ dpΦt

´Fλ
qq , for any 0 ă δ ď 1.

Proof. The fact that

Φt
Hλ
pzq “ dpΦt

Hλ
qpzq “ peitλ1{2πz1, . . . , e

itλd{2πzdq , with 0 ă λi ď 2π, i “ 1, . . . , d,
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implies that the path

dpΦ2t´1
Hλ

q ˝ dpΦ1
´Fλ

q “ peipt´1qλ1{πz1, . . . , e
ipt´1qλd{πzdq

has no crossing, i.e. no eigenvalue 1, when 1{2 ă t ă 1. This, together with the convexity
of Hλ (which implies that all crossings at t “ 1 are positive) and the lower semicontinuity
property of µ´CZ , implies the result. �

Proposition 8.2. We have that

µ´CZpγq ě µRSpγ̃λq ´ n ,

where γ̃λ denotes any 1-periodic orbit of the linear flow Φt
Qλ

on Cd generated by the quadratic
Hamiltonian Qλ “ Hλ ´ Fλ.

Proof. Suppose initially that γ is non-degenerate. We have from (8.1) that

µ´CZpγq “ µRSpγq “ µRSpγ̃q “ µ´CZpdpΦ
t
Hαq ˚ dpΦ

t
´Fλ

qq ` pdimKq ` 1 .

Convexity of Hα implies that there exists a sufficiently small δ ą 0 such that

d2
ppHαq ą d2

ppδHλq , for any p P γ̃.

It then follows from (3.6) that

µ´CZpdpΦ
t
Hαq ˚ dpΦ

t
´Fλ

qq ě µ´CZpdpΦ
t
δHλ
q ˚ dpΦt

´Fλ
qq .

The result now follows from Lemma 8.1 and (8.2).
Finally, let us consider the case that γ is degenerate. Given a symplectic path Γ P Pp2nq one

can always make a small C8-perturbation of Γ such that the new path Γ1 is non-degenerate
and satisfies µRSpΓ

1q “ µ´CZpΓq; see [38]. Therefore, one can make a small perturbation of the

path dpΦt
Hα
q to a path Γ̃ (commuting with the action of K) such that µRSpΓ̃ ˚ dpΦ

t
´Fλ

qq “

µ´CZpγq and νpΓ̃p1q ˝ dpΦ1
´Fλ

qq “ dimK ` 1 (which means that the reduced symplectic path

in R2n is non-degenerate). Then it follows from (8.1) and the previous argument that

µ´CZpγq “ µRSpΓ̃ ˚ dpΦ
t
´Fλ

qq “ µ´CZpΓ̃ ˚ dpΦ
t
´Fλ

qq ` pdimKq ` 1

and

µ´CZpΓ̃ ˚ dpΦ
t
´Fλ

qq ě µ´CZpdpΦ
t
δHλ
q ˚ dpΦt

´Fλ
qq .

This, together with Lemma 8.1 and (8.2), proves the result in the degenerate case. �

To complete the proof of Theorem 2.19, we can now apply the Robbin-Salamon index
estimate given in Proposition 7.6 to the periodic flow induced on pM, ξq by the reduction of
Φt
Qλ

.
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