DYNAMICAL IMPLICATIONS OF CONVEXITY
BEYOND DYNAMICAL CONVEXITY
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ABSTRACT. We establish sharp dynamical implications of convexity on symmetric spheres
that do not follow from dynamical convexity. It allows us to show the existence of elliptic and
non-hyperbolic periodic orbits and to furnish new examples of dynamically convex contact
forms, in any dimension, that are not equivalent to convex ones via contactomorphisms
that preserve the symmetry. Moreover, these examples are Cl-stable in the sense that
they are actually not equivalent to convex ones via contactomorphisms that are C*-close to
those preserving the symmetry. We also show the multiplicity of symmetric non-hyperbolic
and symmetric (not necessarily non-hyperbolic) closed Reeb orbits under suitable pinching
conditions.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. In this work we focus on the dynamics of Reeb flows on convex hyper-
surfaces with symmetry in the standard symplectic vector space. In this setting, we explore
dynamical implications of convexity, the existence of elliptic and non-hyperbolic closed or-
bits, the relation between convexity and dynamical convexity and the multiplicity problem
for symmetric non-hyperbolic and symmetric (not necessarily non-hyperbolic) closed Reeb
orbits.

To elaborate, consider Reeb flows on the standard contact sphere (S%"*! ¢q). Two of
the most fundamental problems in Hamiltonian dynamics are the multiplicity question for
simple (i.e., non-iterated) closed Reeb orbits and the existence of elliptic closed Reeb orbits.
Two long standing conjectures establish that there are at least n + 1 simple closed orbits and
at least one elliptic closed orbit for any contact form 8 on (S?"*1 &4q). (These conjectures
appeared originally in the literature for convex contact forms (see the definition below),
see, for instance, [15] and [29]. However, we think that the conjectures should be stated
for any contact form; c.f. [20]). The first conjecture was proved for n = 1 by Cristofaro-
Gardiner and Hutchings [11] (in the more general setting of Reeb flows in dimension three)
and independently by Ginzburg, Hein, Hryniewicz and Macarini [17]; see also [25] where an
alternate proof was given using a result from [17]. In higher dimensions, the question is widely
open without additional assumptions on 3, such as convexity or certain index requirements
or non-degeneracy of closed Reeb orbits. The second conjecture is completely open in any
dimension (bigger than one) without further hypotheses.

In order to explain the convexity assumption, note that there is a natural bijection between
contact forms 3 on (S?"*1 £,:q) and starshaped hypersurfaces Y in R27+2 in the following
way. Consider the restriction of the Liouville form A to the unit sphere S?**1 < R?"*+2. A
contact form 3 supporting the (cooriented) standard contact structure &sq is a 1-form given
by fA|gent1, where f: S?"*! — R is a positive function. The bijection is given by

B = fAlseni1 «— g = {v/f(2)a; x € ST}
and it satisfies the property that if ¥z is the energy level of a homogeneous of degree two
Hamiltonian Hg : R?"*2 R then the Hamiltonian flow of H 5 on Yg is equivalent to the
Reeb flow of 5. We say that 3 is convex (resp. strictly convex) if ¥z bounds a convex (resp.
strictly convex) domain.

Let us denote by P (resp. P.) the set of simple (resp. simple elliptic) closed Reeb orbits
for 5. When {3 is strictly convex, a remarkable result due to Long and Zhu [30] asserts that
#P = |(n+ 1)/2] + 1. This result was improved when n is even by Wang [34], furnishing
the lower bound #P = [(n + 1)/2] + 1. No lower bound for #P, is known under only the
hypothesis that 3 is strictly convex.
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Under the assumption that  is strictly convex and invariant by the antipodal map, Liu,
Long and Zhu [26] showed that #P > n + 1 and Dell’Antonio, D’Onofrio and Ekeland [13]
proved that #P, > 1. Thus, the aforementioned conjectures are true for this important class
of contact forms.

The convexity requirement is used in several ways in these results. However, it is not
natural from the point of view of contact topology since it is not a condition invariant under
contactomorphisms. An alternative notion, introduced by Hofer, Wysocki and Zehnder [21],
is dynamical converity. A contact form B on S?"*! is called dynamically convex if every
closed Reeb orbit v of § has Conley-Zehnder index pu(7y) greater than or equal to n + 2.
Clearly dynamical convexity is invariant under contactomorphisms and it is not hard to see
that convexity implies dynamical convexity. When § is dynamically convex, Ginzburg and
Gdirel [19] and, independently, Duan and Liu [14], proved that #P = [(n+1)/2] + 1, showing
that the lower bound established by Long, Zhu and Wang in [30, 34] in the convex case holds
for dynamically convex hypersurfaces.

When $ is dynamically convex and invariant by the antipodal map, Abreu and Macarini
proved in [2] that P. > 1, extending the aforementioned result of Dell’Antonio, D’Onofrio
and Ekeland [13] to dynamically convex contact forms. The extension of the results of Liu,
Long and Zhu [26] to the dynamically convex scenario is more subtle and carried out in the
following way. In [20], Ginzburg and Macarini introduced the notion of strong dynamical
converity: a symmetric contact form 3 on S$?"*! is strongly dynamically convex if it is dy-
namically convex and its degenerate symmetric periodic orbits satisfy a technical additional
assumption involving the normal forms of the eigenvalue one; see [20] for details. They proved
that if g is strongly dynamically convex then #P > n+ 1. Moreover, they showed that if 3 is
convex and invariant by the antipodal map then it is strongly dynamically convex. Using this,
they were able to construct the first examples of antipodally symmetric dynamically convex
contact forms (in dimension at least five) that are not equivalent to convex ones via contac-
tomorphisms that commute with the antipodal map. The main point in the construction of
these examples was to realize that, under the presence of symmetries, convexity implies more
than dynamical convexity.

In this paper, continuing the study in [20], we explore further implications of convexity for
symmetric contact forms on the sphere. More precisely, we consider contact forms « on lens
spaces Lf,"“(fo, ..., tp) endowed with the induced contact structure £. Given a homotopy
class a € 7r1(L12)"+1(€0, ..., 0n)) we will associate to it three rational numbers k,, h, and hq
related to the positive equivariant symplectic homology of LIQ,”H(EO, ..., 0p) and that can be
easily computed from the weights £y, ..., ¢,. (Note here that since, in general, ¢;(§) # 0, the
grading of the positive equivariant symplectic homology is fractional.) We say that « is convex
(resp. strictly convex) if so is its lift 3 = 7*a, where 7 : §?nF! — Lg”*l(ﬁo, ..., 0y) is the
quotient projection. Given a convex (resp. strictly convex) contact form on L]%"H(Kg, cey )
and a closed orbit v with non-trivial homotopy class a, we show in Theorem 1.4 that its
index satisfies u(y) = ko and the following holds: ~ must be non-hyperbolic if u(y) < hq
(resp. p(y) < hg) and + has to be elliptic if u(y) = k, and a satisfies a suitable positivity
assumption.

In Theorem 1.6 we show that this result is sharp: we must have a closed orbit v with
homotopy class a such that p(y) = k4, there are examples of strictly convex contact forms
carrying a hyperbolic closed orbit « with homotopy class a such that u(vy) = h, = hq and
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examples of strictly convex contact forms with a non-elliptic closed orbit v with positive ho-
motopy class a such that p(y) = kg + 1. Using these results, Corollaries 1.8, 1.9 and 1.10 show
that convex contact forms on Lf,"“(ﬁo, ..., 0y) must carry elliptic and non-hyperbolic closed
orbits in certain homotopy classes and furnish sufficient conditions to ensure the existence of
such homotopy classes.

We say that « is dynamically convex if so is its lift 3 to S?"*!; in other words, «a is
dynamically convex if every contractible closed orbit v of a satisfies u(y) = n + 2. We
show in Theorem 1.14 that the dynamical implications of Theorem 1.4 do not follow from
dynamical convexity at all. It allows us to furnish new examples of symmetric dynamically
convex contact forms on $?"! (in any dimension) that are not equivalent to convex contact
forms via contactomorphisms that preserve the symmetry. Actually, these examples are not
equivalent to convex contact forms via contactomorphisms C'-close to those that preserve
the symmetry (Theorem 1.18).

Finally, let us briefly describe our results on the multiplicity of closed orbits. Given a
symmetric contact form on the sphere, a refinement of the multiplicity question on periodic
orbits is to give a lower bound for the number of simple symmetric closed Reeb orbits. It
is equivalent to the multiplicity question of closed orbits of contact forms on lens spaces
whose homotopy classes are generators of the fundamental group. Using Theorem 1.4 and
Floer homology techniques, we obtain results on the multiplicity of symmetric non-hyperbolic
closed Reeb orbits for suitable contact forms. More precisely, we show in Theorem 1.20 the
existence of |(n + 1)/2] simple symmetric non-hyperbolic closed Reeb orbits for contact forms
on certain lens spaces satisfying suitable pinching conditions. At last, using a lower bound for
the period of closed orbits of convex contact forms due to Croke and Weinstein [12] (which
is also used in the proof of Theorem 1.20) and our Floer homology tools, we establish in
Theorem 1.21 the existence of n + 1 symmetric (not necessarily non-hyperbolic) closed orbits
for convex contact forms satisfying weaker pinching conditions, generalizing a result due to
Ekeland and Lasry [16].

1.2. Main results. Given an integer p > 0, consider the Zj-action on 527+l regarded as a
subset of C"*1\{0}, generated by the map

QﬁleZO 217\/—7151 2my/—14n
V(z0y. o yzn)=|e P zo,e P z1,...,e P zp |, (1.1)
where {y, ..., £, are integers called the weights of the action. Such an action is free when the

weights are coprime with p and in that case we have a lens space obtained as the quotient of
S2n+1 by the action of Z,. We denote such a lens space by Lg”*l(ﬂo,ﬁl, co ).

Note that different sequences of weights might produce diffeomorphic lens spaces, for in-
stance by permuting the weights, adding a multiple of p to some weights, multiplying every
weight by some k coprime with p and changing the sign of some weights. Moreover these
are the only possibilities leading to diffeomorphic lens spaces. Clearly i preserves &gq and
therefore LIQ,”H(&), ..., 4y) carries the induced contact structure £. Permuting the weights,
adding a multiple of p to some weights, multiplying every weight by some k coprime with p
and changing the sign of all the weights lead to contactomorphic lens spaces. (As showed
in [3], changing the sign of some weights can lead to lens spaces that are diffeomorphic but
not contactomorphic.) Throughout this work, we will choose the weights ly, ..., ¢, such that
by =1 and —p/2 < ¥; < p/2 for every i. These conditions determine the weights uniquely up
to permutation in the last n weights.
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Given a homotopy class a € 771(L]2,”+1(€0, ..., ln)), we will associate to it three key rational
numbers in this work. Firstly, we have the lowest degree with non-trivial positive equivariant
symplectic homology associated to a, that is,

ko := min{k € Q; HCY(Ly" (b, ... £n)) # O},

see Section 2 for the definition of equivariant symplectic homology and, in particular, its
(fractional) grading. This number can be computed in terms of the weights in the following
way. Let j, € {1,...,p} be such that the deck transformation corresponding to a is ¥7. Let
0,44, ..., 0% be the corresponding homotopy weights, that is the unique integers satisfying

—p/2 < £¢ < p/2 for every i and

. 27r\/jlég QW\/T1Z‘11 ZW\/TIZ(;‘L
W (zoy ..oy 2n) = <e P z2p,e P 21,...,€ P zn>
Consider the number of positive/negative homotopy weights counted with multiplicity:
wf = #{i; 0 >0} and w?® = #{i; £f <0}
Then one can show that
a a 2 Zz K?
ka:wf—ug—i-T—i-l, (12)

see Proposition 2.6.

Ezxample 1.1. Consider the following illustrative examples:

~trivi gee ey . .a < ¢ = a
(1) Let a be a non-trivial homotopy class of L2"1(1 1). If jo < p/2 then ¢¢ = j, >0
for every ¢ and therefore

27 1 27 1
by = —(n+ 1) 4 2o tD g 2alnt D
p p
If j, > p/2 then ¢¢ = j, —p < 0 for every ¢ and therefore
2(Ja — 1 27, 1
b —ny 1y 2Ha=P)AD) ) Zaln D)

p p
In particular, we have that k, # k, whenever a # b.
(2) Let a be a non-trivial homotopy class of Lgn“(l, —1,...,1,—1) with p > 2 and n
odd. (Note that L2**!(1,—1,...,1,—1) = L2"*(1,...,1) when p = 2.) If a® # 0 we
have that w® = w® = (n +1)/2 and Y, ¢¢ = 0 and therefore k, = 1. If a> = 0 then

4258 _

wi =n+1, w* =0 an pz n + 1 implying that k, = 1 as well. Hence, k, = 1

for every a.

Now, we will consider two rational numbers related to k, and the multiplicity of the weights.
More precisely, let £1, ..., £} be the absolute values of the homotopy weights £§, ..., £;. Order
¢ such that (¢ <5 <--- < ({. Given i€ {1,...,k} we define

pi = #{j; 4§ = €7 and £] # p/2}
and
v =#{j; 1] = —02 or we have that ¢¢ = p/2 and 0 = (¢ =p/2}.
(Note that if £¢ = p/2 then i = k.) We also define

il = #{j; 09 =0 and  BY = #{j; €2 = —02).
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Set pg = v§ = v = 0. Then one considers the numbers

J J
ha=max{k:a—1+2,u?—21/f;je{O,...,k;}}
i=0 i=0
and
) j -1
hazmax{ka—l—l—Z[L?—Zﬁf;je{l,...,k;}}.
i=1 i=0
Note that h, < he since p¢ < i and v

@ > v for every i. Moreover, h, = h, whenever p is
odd.

Ezample 1.2. Let us compute these numbers in the previously considered examples:
1) Let a be a non-trivial homotopy class of L2"*1(1,...,1). If j, < p/2 then £¢ = j, > 0
p %
for every 7 and therefore

hy—dr k14 1= Hent D)
D

If jo = p/2 then ¢ = p/2 for every i and consequently
ha=ke—1=0 and hy =k, +n=n+ 1.
If jo > p/2 then (¢ = j, —p < 0 for every i and therefore
2ja(n +1)
= B

(2) Let a be a non-trivial homotopy class of Lg”“(l, —1,...,1,—1) with p > 2 and n
odd. As we saw in Example 1.1, k, = 1 for every a. Note that we have only one
absolute value E‘l‘, i.e., k = 1. Consider first the case that a® # 0. Then we have that
he = ko —1 = 0 because uf = v§ = (n +1)/2. Since k = 1 and ff = (n + 1)/2, we
have that hq = (n + 1)/2. Now, consider the case where a®> = 0. Then pu¢ = 0 and
v{ = n+ 1 and therefore h, = k, —1 = 0. On the other hand, 4{ =n+1and v{ =0
and consequently he =n+ 1.

hg = hg = ko — 1 —(n+1).

Remark 1.3. Note that the identity hq = kq + n (resp hq = ko + n) actually holds for every
non-trivial homotopy class a in Lg”*l(ﬂo, ..., ¥y) such that £¢ > 0 (resp. £¢ > 0 and ¢ # p/2)
for every i.

Recall that a periodic orbit is called hyperbolic if every eigenvalue of its linearized Poincaré
map has modulus different from one. On the other hand, it is called elliptic if every eigenvalue
of its linearized Poincaré map has modulus one. Our first result establishes new dynamical
implications of the (not necessarily strict) convexity of contact forms on the standard contact
sphere under the presence of symmetries.

Theorem 1.4. Let o be a convex (resp. strictly convex) contact form on a lens space
L?D"H(Zo, ...y ly) and 7y a closed Reeb orbit of o with non-trivial homotopy class a. Then
the following assertions hold:

(1) p(v) = ka; i
(2) if u(y) < hqg (resp. u(y) < hq) then «y is non-hyperbolic;
(3) if £ >0 and £ # p/2 (resp. £ > 0) for every i and u(y) = kq then v is elliptic.
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Remark 1.5. We have that ky = n+ 2. Therefore, when a = 0 the inequality p(y) > k, means
precisely dynamical convexity. Thus, the first assertion is a generalization of dynamical
convexity for periodic orbits with non-trivial homotopy class. In fact, a notion of dynamical
convexity for general contact manifolds was introduced in [2] and the first assertion states
that a is a-dynamically convex in the terminology of [2]. (Note that to achieve the inequality
w(y) = ko for contractible orbits we need strict convexity while the lower bound u(y) = k,
for non-contractible orbits holds without assuming strict convexity.) The second and third
assertions have no counterparts for contractible orbits.

Theorem 1.6. Theorem 1.4 is sharp. More precisely, we have the following:

(1) Given any convex contact form o on Lgnﬂ(él, ..., 4n) and a homotopy class a we
must have at least one periodic orbit v with homotopy class a such that p(y) = kq.

(2) Given any integers n = 1 and p = 2 there exists a strictly convex contact form a on
Lg”“(l, ..., 1) and a hyperbolic closed Reeb orbit v of a with non-trivial homotopy
class a satisfying () = ha = ha.

(8) There exists a strictly convex contact form o on L3(1,1) and a hyperbolic closed Reeb
orbit v of o with non-trivial homotopy class a such that pu(y) = ke + 1 and a satisfies
02 >0 and £ # p/2 for every i.

Remark 1.7. By Proposition 2.2, the contact structure ¢ on L3(1,1) satisfies the following.
The smallest positive integer N such that Ne¢j(€) = 0 is equal to 2. Therefore, by (2.7) we
have that the indexes of the periodic orbits are integers. Hence, pu(y) > k, if and only if
w(y) = kq + 1.

Theorems 1.4 and 1.6 have the following straightforward consequences on the existence of
symmetric elliptic and non-hyperbolic closed orbits of contact forms on (S?"*! &q) which
improves previous results due to Arnaud [5] and Liu, Wang and Zhang [27]. Let S be a
contact form on S?"*! invariant under the Zp-action generated by (1.1). A closed orbit v of
B is called symmetric if ¥(v(R)) = v(R). Note that, the simple symmetric periodic orbits of
5 are in bijection with the simple periodic orbits of o whose homotopy classes are generators

of mi (L2 ({o, ..., £y)), where a is the contact form on L2"*! (o, ..., £,) whose lift to S
is 5.

Corollary 1.8. Let o be a convex (resp. strictly convex) contact form on L?D”H(Zg, cey )
with p = 2. Assume that £; > 0 and ¢; # p/2 (resp. {; > 0) for every i. Then a carries at
least one elliptic closed orbit whose homotopy class is a generator of 771(LI2)"+1(€0, ey ly)).
Corollary 1.9. Let « be a convex (resp. strictly convex) contact form on LIQD"H(&], cey )

with p = 2. Assume that #{i;¢; > 0 and ¢; # p/2} — #{i;4; < 0 or {; = p/2} = 2 (resp.
#{i;0; > 0} —#{1;¢; <0} = 2) for every i. Then « carries at least one non-hyperbolic closed
orbit whose homotopy class is a generator of mp (LIQ,"H(KO, o ln).

Indeed, consider the generator a of 7 (LIQ)"H(EO, ..., ¥n)) whose homotopy weights are equal
to £y, ..., L,. We have from the first assertion of Theorem 1.6 that o must carry a closed orbit
~ with homotopy class a such that p(vy) = k,. Then, under the hypotheses of Corollary 1.8,
by the third assertion of Theorem 1.4, we conclude that v has to be elliptic. On the other
hand, under the hypotheses of Corollary 1.9, we have that h, = k, + 1 (resp. ha = ko + 1)
and therefore, by the second assertion of Theorem 1.4, we conclude that v has to be non-
hyperbolic.
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Heuristically, we can look at Theorem 1.4 using the following analogy with Floer homology.
Given a closed symplectic aspherical manifold M?" we have that HF,(M) = Hui,(M).
Consider a C?-small non-degenerate autonomous Hamiltonian H : M — R. Then the 1-
periodic orbits of H correspond to the critical points of H. Given a critical point p, let v, be
the corresponding 1-periodic orbit of H and note that p(vy,) = fMorse(P) — 1, where finorse (D)
is the Morse index of p. It is easy to see that if p(y,) = —n then it is elliptic and if p(v,) <0
then it must be non-hyperbolic (actually, it must be non-hyperbolic whenever p(y,) # 0).
Thus, if the index of v, is the lowest one then 7, must be elliptic and if the index of v, is
lower than the “middle degree” then it has to be non-hyperbolic.

We say that a homotopy class a € i (L2" (£, ..., £,)) is positive (resp. strictly positive)
if the corresponding homotopy weights satisfy ¢¢ > 0 for every i (resp. (¢ > 0 and ¢} # p/2
for every i). (Equivalently, a is positive (resp. strictly positive) if the imaginary part of
2™/ =1/p i non-negative (resp. strictly positive) for every i.) Note that if a is positive
(resp. strictly positive) then he = kg +n (resp. hg = ko + n) so that the previous heuristic
analogy is more enlightening for these homotopy classes. A natural question is the existence
of positive or strictly positive homotopy classes. Theorems 1.4 and 1.6 yield the following
corollary, proved in Section 4, which addresses this question.

Corollary 1.10. Let « be a convex (resp. strictly convex) contact form on a lens space and
a be a strictly positive (resp. positive) homotopy class. Then « carries an elliptic periodic
orbit with homotopy class a. In particular, the following assertions hold:

(1) For a 3-dimensional lens space L(p,q) = Lg(l,q), if ¢ # —1 then L(q,p) carries a
positive homotopy class a. Therefore, every strictly conver contact form on such lens
space has an elliptic closed orbit with homotopy class a.

(2) For L(p,q), if ¢ = —1 then L(q,p) carries a positive homotopy class a if p is even
and it does not carry a positive homotopy class if p is odd. Therefore, every strictly
convex contact form on such lens space has an elliptic closed orbit with homotopy class
a whenever p is even.

(8) For a higher dimensional lens space Lg”*l(ﬁo,...,én), if the weights assume only
two values by = 1 and {1 = q with ¢ # —1 then Lg"“(ﬂg, ..., lp) carries a positive
homotopy class a. If ¢ = —1 and p is even then Lg"“(ﬁo, ..., 4n) carries a positive

homotopy class a as well. Therefore, every strictly convex contact form on such lens
space has an elliptic closed orbit with homotopy class a.
Furthermore, if v is a closed orbit of a with strictly positive (resp. positive) homotopy class
a such that pu(y) < kq +n then v must be non-hyperbolic.

Remark 1.11. The same reasoning shows the following. Let a be a convex (resp. strictly
convex) contact form on a lens space and a be a homotopy class such that

#{i; 08 > 0and £ # p/2}—#{i; 07 < 0or b = p/2} = 2 (vesp. #{i; 0] > 0}—F#{i; £ <0} = 2).

Then « carries a non-hyperbolic closed orbit with homotopy class a. Note that, when n = 1,
this condition is equivalent to a being strictly positive (resp. positive) (which is consistent with
the fact that in dimension three a periodic orbit is elliptic if and only if it is non-hyperbolic).

Remark 1.12. The existence of an elliptic closed orbit when p is even in the corollary above
also follows from the results in [2, 13] since in this case the lift of the contact form to S?7+!
is invariant by the antipodal map.

Another consequence of Theorem 1.4 is the following immediate corollary.
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Corollary 1.13. Let a be a strictly convex contact form on RP?"*1. Then every closed Reeb
orbit v of a satisfying pu(y) < n + 1 is non-hyperbolic.

If n = 1 this result readily follows from the dynamical convexity of o and the multiplicative
property of the index for hyperbolic periodic orbits: if  is hyperbolic then u(7*) = ku(y) for
every k; hence, if () < 1 then u(y?) < 2, contradicting the dynamical convexity (note that
the contact structure on RP? has vanishing first Chern class and therefore the index is an
integer so that p(vy) < 2 if and only if u(vy) < 1). However, there is no reason why this is true
in higher dimensions. Indeed, the next result shows that the assumption that « is convex in
Theorem 1.4 cannot be relaxed to the condition that « is dynamically convex at all.

Theorem 1.14. The following assertions hold:

(1) Consider integers n = 1 and p = 3. If n = 1 (resp. n = 2), assume furthermore
that p = 5 (resp. p = 4). Then there exists a dynamically convexr contact form « on
LZ”H(I, ..., 1) carrying a closed Reeb orbit with non-trivial homotopy class a such
that p(y) < kq.-

(2) There exists a dynamically convex contact form « on L3,(1,1,1) and a hyperbolic
closed Reeb orbit v of o with non-trivial homotopy class a such that ¢} > 0 for every
i and pu(y) = kg < hg.

Remark 1.15. Note that the second assertion shows that both the second and third assertions
of Theorem 1.4 do not hold assuming that « is dynamically convex. The first Chern class of
the contact structure on L‘rl’l(l, 1,1) does not vanish. However, we can construct examples
with vanishing first Chern class for which the second assertion of Theorem 1.4 does not hold;
see Remarks 5.10, 5.14, 5.19, 5.20 and 5.21.

Remark 1.16. The closed orbit « in the first assertion is non-degenerate. Therefore, every
contact form & C?-close to « carries a closed Reeb orbit 4 with non-trivial homotopy class
a such that u(%) < kq. Clearly, a similar stability statement also holds for the contact form
in the second assertion: every contact form & C?-close to « carries a hyperbolic closed Reeb
orbit 4 with non-trivial homotopy class a such that ¢¢ > 0 for every i and p(y) = kq < hq. It
shows a contrast between these examples and those obtained in [20] where the degeneracy of
the periodic orbits plays a crucial role.

Remark 1.17. The contact form « in both assertions can be chosen arbitrarily C'-close to a
convex contact form; see Remarks 5.3 and 5.11.

Note that, by the invariance of equivariant symplectic homology, if ¢ : Lg"“(ﬁo, coyly) <
is a contactomorphism then k, = k4, . In particular, if k, # k; whenever a # b then ¢ acts
trivially on 1 (L2"*1 (4o, ..., ¢,)). Hence, in this case, all the assertions in Theorem 1.4 are
invariant by ¢. Therefore, since this property holds for LIZ)”H(l, ..., 1) (see Example 1.1),
Theorem 1.14 furnish new examples of dynamically convex contact forms 8 on spheres that
are not contactomorphic to convex contact forms via contactormophisms that commute with
the corresponding symmetry.

The fact that we do not assume strict convexity implies more than this: let S = Cont(S?"*1)
be the subset of contactomorphisms that commute with the corresponding Z,-action. Then

there exists a C?-neighborhood U of S such that 3 is not equivalent to a convex contact form
2

via any contactomorphism ¢ € U. Indeed, if there exists a sequence g; <, @ € S such that
©F B is convex then so is ¢*[3, furnishing a contradiction. However, we actually have this
property for a C'-neighborhood of S as the following theorem shows.
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Theorem 1.18. Let a be one of the contact forms furnished by Theorem 1.14 and consider
its lift 8 to S?"*1. Let S < Cont(S***1) be the subset of contactomorphisms that commute
with the corresponding Zy-action. Then there exists a Cl-neighborhood U of S such that B is
not equivalent to a convexr contact form via any contactomorphism p € U.

Remark 1.19. Very recently, Chaidez and Edtmair [10] showed examples of dynamically con-
vex contact forms on S that are not equivalent to a convex contact form via any contacto-
morphism. However, their methods work only in dimension three.

Another application of Theorem 1.4, obtained using Floer homology techniques, is the
following result on the multiplicity of symmetric non-hyperbolic periodic orbits on convex
spheres. Before we state it, we need to introduce some definitions. Let o be a contact form
on LI%”“(EO, .oy ly) and B its lift to S?" 1. Let Hp : R*"*2 — R be the unique homogeneous
of degree two Hamiltonian such that X = Hy 1(1). Note that f is convex if and only if so is
Hp (that is, the Hessian of Hg is positive semi-definite at every point). Given real numbers
0 < r < R we say that « is (r, R)-pinched if R7?|z|? < Hg(x) < r~2||z|? for every z € ¥.
We say that « is (r, R)-H-pinched if R=2|v|?> < Hess Hg(z)(v,v) < r~2|v|? for every = € X
and v € R?"*2, (Here “H” stands for the Hessian.) Using the homogeneity of H, 3, it is easy
to see that if 3 is (r, R)-H-pinched then it is (v/2r, v/2R)-pinched.

Theorem 1.20. Letn = 1 and p = 2 be integers and 0 < r < R be real numbers such that
% <+/p+ 1. Let « be an (r, R)-H-pinched contact form on L]%"H(l, ..., 1). Denote by a the
generator of ﬂl(LZ”H(l, ..., 1)) such that £} =1 for everyi. Suppose that the periodic orbits
of a with homotopy class a are isolated. Then « carries at least ["THJ geometrically distinct

non-hyperbolic closed Reeb orbits with homotopy class a.

Finally, we prove the following result on the multiplicity of symmetric (not necessarily non-
hyperbolic) closed orbits for contact forms satisfying a weaker pinching condition. It improves
results from [4, 23] and does not use Theorem 1.4; the convexity of the contact form is used
to obtain a lower bound for the period of closed orbits of convex contact forms due to Croke
and Weinstein [12] (which is also used in the proof of Theorem 1.20).

Theorem 1.21. Letn = 1 and p = 1 be integers and 0 < r < R be real numbers such that
B — \/p+1. Let o be a convex (r, R)-pinched contact form on Lf,”“(l, ..., 1). Denote by

T
a the generator of ﬂl(Lf)”“(l, ..., 1)) such that ¢ =1 for every i. Then « carries at least

n + 1 geometrically distinct closed Reeb orbits with homotopy class a.

Note that we allow p = 1 in the previous theorem. This case corresponds to a classical
result due to Ekeland and Lasry [16].

1.3. Organization of the paper. The rest of the paper is organized as follows. The back-
ground on equivariant symplectic homology and Lusternik-Schnirelmann theory in Floer ho-
mology necessary for this work is presented in Sections 2.1 and 2.2 respectively. Its (fractional)
grading is discussed in Section 2.3. Section 2.4 contains index computations relevant for this
work and shows how to deal with the non-vanishing of the first Chern class in lens spaces.
The tools from index theory are introduced in Section 2.5. Theorem 1.4 is proved in Section
3 and its Corollary 1.10 is proved in Section 4. Theorem 1.6, that establishes the sharpness
of Theorem 1.4, is proved in Section 6. Its proof appears after the proof of Theorem 1.14,
presented in Section 5, since it uses several ingredients from that. Finally, Sections 8 and 9 are
devoted to the proof of our multiplicity results, namely, Theorems 1.20 and 1.21 respectively.
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1.4. Conventions. Throughout this work, we will use the convention that the natural num-
bers are given by the positive integers. Given a symplectic manifold (M, w) and a Hamiltonian
Hy : M — R, we take Hamilton’s equation to be ix,, w = —dH;. A compatible almost complex
structure J is defined by the condition that w(-, J-) is a Riemannian metric. Throughout this
work, the Conley-Zehnder index p is normalized so that when @ is a small positive definite
quadratic form the path I" : [0,1] — Sp(2n) generated by @ and given by I'(t) = exp(tJQ)
has p(I') = n. We also take the canonical symplectic form on R*" to be Y dg; A dp;. For de-
generate paths, the Conley—Zehnder index p is defined as the lower semi-continuous extension
of the Conley—Zehnder index from the paths with non-degenerate endpoint. More precisely,
p(I) = lim inf (),
I'-TI

where T is a small perturbation of T’ with non-degenerate endpoint. These conventions are
consistent with the ones used in [20].

1.5. Acknowledgements. We are grateful to Viktor Ginzburg and Umberto Hryniewicz for
useful comments on a preliminary version of this paper.

2. EQUIVARIANT SYMPLECTIC HOMOLOGY AND INDEX THEORY

2.1. Equivariant symplectic homology. Let (M?"*! ¢) be a contact manifold endowed
with a strong symplectic filling given by a Liouville domain W such that ¢, (TW)] Hy(WR) = 0.

The positive equivariant symplectic homology SHfl’+(W) is a symplectic invariant introduced
by Viterbo [33] and developed by Bourgeois and Oancea [6, 7, 8, 9].

It turns out that the positive equivariant symplectic homology can be obtained as the
homology of a chain complex CC, (o) with rational coefficients generated by the good closed
Reeb orbits of a non-degenerate contact form « on M. This complex is filtered by the
action and graded by the Conley-Zehnder index; see [19, Proposition 3.3] and Section 2.3
for a discussion concerning the grading and good orbits. The differential in the complex
CCy(a), but not its homology, depends on several auxiliary choices, and the nature of the
differential is not essential for our purposes. The complex CC,(«) is functorial in « in the
sense that a symplectic cobordism equipped with a suitable extra structure gives rise to
a map of complexes. For the sake of brevity and to emphasize the obvious analogy with

contact homology, we denote the homology of CC,(a) by HC, (M) rather than SHfl’Jr(W).
Furthermore, once we fix a free homotopy class of loops in W, the part of CC,(«) generated
by closed Reeb orbits in that class is a subcomplex. As a consequence, the entire complex
CCy () breaks down into a direct sum of such subcomplexes indexed by free homotopy classes
of loops in W.

A remarkable observation by Bourgeois and Oancea in [9, Section 4.1.2] is that under
suitable additional assumptions on the indices of closed Reeb orbits the positive equivariant
symplectic homology is defined even when M does not have a symplectic filling and therefore
is a contact invariant. To be more precise, we assume that c1(£)| s, r) = 0 and that M ad-
mits a non-degenerate contact form « such that all of its closed contractible Reeb orbits have
Conley—Zehnder index strictly greater than 3 — n. Furthermore, under this assumption once
again the positive equivariant symplectic homology of M can be described as the homology of a
complex CCy () generated by good closed Reeb orbits of «, graded by the Conley-Zehnder in-
dex and filtered by the action. The complex breaks down into the direct sum of subcomplexes
indexed by free homotopy classes of loops in M. We will use the notation HC$ (M) to denote
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the homology of the complex generated by the orbits with free homotopy class a. Given a

non-degenerate contact form o and numbers 0 < 77 < T < o0 we denote by HCZ’(T1 T2) (a) the
equivariant symplectic homology of a with free homotopy class a and action window (77, 71%).
When « is degenerate and both 77 and 75 are not in the action spectrum of o we define
HCZ’(TI’TQ)(a) as HCZ’(TI’TQ)(@) for some small non-degenerate perturbation @ of . (Recall
that the action spectrum of « is given by A(a) = {SV a; 7y is a closed Reeb orbit of a}.) Given

T € (0,0] we denote by HCZ’T(a) the filtered equivariant symplectic homology HCZQ’(E’T)(a)

for some e > 0 sufficiently small such that e < min{T; T' € A(a)}.

The functoriality of CCy(«) respects the action and homotopy filtrations and therefore the
following holds. Given contact forms «g, a1 and as, we say that ag < a1 < ag if a1 = fiag
and ag = faap for functions f; : M — R (i = 1,2) such that fi(z) > 1 and fi(z) < fa(z)
for every € M. Then, given 0 < T} < T, not in the action spectrum of «; (i = 0,1,2), we
have continuation maps ¢, q; : HCZ’(Tl’B)(aZ-) — HCZ’(TI’TQ)(aj) (with 4,5 € {0,1,2} such
that ¢ > j) that fit into the commutative diagram

HCy ") () Poze HCy T2 (ag). (2.1)
HCZ’(Tl T2) (1)

These continuation maps have the following property that will be useful in this work. Let
ay, t € [0,1], be a smooth family of contact forms such that ay < oy whenever ¢t < ¢'. Suppose
that there exists 7' € R such that 7' ¢ Uyepo,1]A% (), where

A%(ay) = { f ay; v is a closed Reeb orbit of a; with homotopy class a}.
v

Then
bar a0 - HCPT (1) — HCYT ()

is an isomorphism. Hence, by the diagram (2.1), we conclude that if a contact form « satisfies
ap < a <oy and T ¢ A% «) then the corresponding continuation map

Pay.0 : HCOT () — HC2T (@)

is injective.

Now, suppose that (M, &) is given by a lens space Lg”“(fo, ..., 4y) with the contact struc-
ture ¢ induced by (52"t &:q). Then c1(§) | (vr) = 0, because H?(M,Z) is torsion, and
every contractible closed orbit of a dynamically convex contact form o on L;"H (Lo, ..., 0n) has
Conley-Zehnder index strictly greater than 3—n (recall that a contact form on Lg”“ (Lo, 0ln)
is dynamically convex if every contractible closed orbit has index bigger than or equal to
n + 2). The existence of dynamically convex contact forms follows from the fact that ev-
ery convex contact form is dynamically convex. Thus, HC{(L2"*!(l, ..., £,)) is a contact
invariant that can be obtained as the homology of a chain complex CC$(«) with rational
coefficients generated by the good closed Reeb orbits of o with homotopy class a (note that
m (L2 (Lo, . . ., €yn)) is abelian). Moreover, HCY(L2"*!(y, ..., £,)) have continuation maps
that satisfy the diagram (2.1).
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Finally, let us briefly recall the definition of equivariant local symplectic homology. Given
an isolated (possibly degenerate) closed orbit v of a we have its equivariant local symplectic
homology HC, () [19, 22]. It is supported in [u(7y), u(y) + v(7)] (i.e. HCk(y) = 0 for every
k¢ [pn(y),pu(y) + v(v)]), where v(y) is the nullity of v, i.e., the geometric multiplicity of
the eigenvalue 1 of the linearized Poincaré map. If o carries finitely many simple closed
orbits with free homotopy class a then if HC{(M) # 0 there exists a closed orbit v with free
homotopy class a such that HCy(v) # 0.

2.2. Lusternik-Schnirelmann theory. In what follows, we will explain briefly the results
from Lusternik-Schnirelmann theory in Floer homology necessary for this work. We refer to
[19] for details.

Let M = L2"*(fy,...,£,) and a € m(M). Let o be a contact form on M such that
every closed orbit with homotopy class a is isolated and T" € (0, 00]\\A(«). Given a non-trivial
element w e HCZ’T(a) we have a spectral invariant given by

col(e) = inf{T" € (0,T)\A(a); w e Im(i*T")}

where i7" : HC2T (o) — HC2T (a) is the map induced in the homology by the inclusion of
the complexes. It turns out that there exists a periodic orbit v with action ¢, («) and free
homotopy class a such that HCg(y) # 0; c.f. [19, Corollary 3.9].

There is a shift operator D : HCS(a) — HC§_5() introduced in [8] which respects the
action filtration and satisfies the property

cw(@) > cpw)(a) (2.2)

see [19, Theorem 1.1]. The shift operator and the spectral invariants are functorial with
respect to the continuation maps in the sense that given contact forms ag < a1 we have that
D commutes with ¢g, a0 : HCYT (1) — HCYT (o) and Chay g (w) (@0) < cw(ar) for every

w e HC2T (o), see [19, Proposition 3.1].

Suppose now that M admits a contact form «g whose Reeb flow generates a free circle
action such that a is the homotopy class of the simple orbits of . Let T € (0, 0]\ A(avg). Let
B = M/S! and assume further that H,(B; Q) vanishes in odd degrees. Then the shift operator
D can be (partially) computed in the following way. Let A : Hy(B; Q) — Hy_2(B;Q) be the
shift operator given by the Gysin exact sequence associated to the S'-bundle S' — M — B

s H*(M,Q) - H*(Bv@) A’ H*72(3§Q) - H*fl(Mﬂ@) — .

Suppose that there exist non-zero elements v; € Hy;(B;Q), i = 0, ..., n, such that A(vi41) = v;
for every i € {0,...,n — 1}.

Remark 2.1. In this work, we will use the techniques presented in this section in the particular
case where M = Lg”“(l, ..., 1) is endowed with the contact form «g that generates the
obvious free circle action (induced by the Hopf fibration) whose orbit space B is CP™. In this
case, clearly H,(B;Q) vanishes in odd degrees, Ho;(B;Q) =~ Q for every ¢ € {0,...,n} and
A : Hyjyo(B;Q) — Hai(B; Q) is an isomorphism for every i € {0,...,n — 1}.

Let « be a simple periodic orbit of ap and denote by A(7) the action of 7. A standard
Morse-Bott computation shows that there exists e > 0 such that

Ca,(A('y(k_l)p"'l)—EuA(V(k_l)pH)+€) (ao) ~H ( k 1)p+1)(B'Q)
= Top(yT T

HC,
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for every £ € N. It turns out that this isomorphism is equivariant with respect to D and
((k —1)p+ 1)A; see [19, Proposition 2.22]. (Note that ((k — 1)p + 1)A is the map in the
Gysin exact sequence of the S'-bundle induced by the ((k — 1)p + 1)-th iterate of the Reeb
flow of ag.) From this (using our assumption that H,(B;Q) vanishes in odd degrees) we can
conclude that

HCLT (a0) = @pegyen; a(y6-vr1)<ryHor y(y i) (B; Q) (2.3)

and that (using our hypothesis on A) if 7" > A(~) then there exist non-zero elements w; €
HCZ@H%(QO)’ i =0,...,n, such that Dw;y; = w; for every ¢ € {0,...,n — 1}. (Note here
that D respects the action filtration and therefore given non-zero elements w; in the first
summand HCZ’(A(V)_G’A(FYHE)((JO) o~ HCZ’(O’A(VHQ () such that DAM*ey,; 1 = w,;, where
DAM+e . g2 0AM+9 (ag) — HCZ’(O’A(’Y)H) (o) is the shift operator in the corresponding
action window, then the corresponding elements w; in HCZ’T(aO) also satisfy Dw;+1 = w;.)

Taking T = oo (so that HCY” (ap) = HC%(M) does not depend on the contact form) we
conclude in particular that

HCZ (M) = @keNH*_M('y(kfl)lﬁl)(B; @) (24)
and that there exist non-zero elements w; € HCZ(VH%(M), i =0,...,n, such that Dw;;1 =
w;. From this and (2.2) we infer that there exists an injective map

¥ :{0,...,n} > P a), (2.5)

called carrier map, where P%(«) is the set of closed orbits of a with homotopy class a (note the
difference between o and ), such that if v; = (i) then A(7y;) = cw, (o) and HC () 42:(7i) #
0; see [19].

Using the functoriality of D, we can refine this carrier map in the following way. Consider
contact forms o < o and let T € (0, 0]\(A(«) U A(¢')). Suppose that there exist non-zero
elements w; € HCZ;T(O/), i=0,...,n, such that Dw;;1 = w; for every i € {0,...,n — 1} (for
some k; such that k; = kiy1—2) and that the continuation map ¢u o : HCY' (/) - HCY' ()
is injective. Then there exists an action filtered injective carrier map

Y1 {0,...,n} - PT(a), (2.6)

where P%T' () is the set of closed orbits of a with homotopy class a and period less than T,
such that if 7; = (i) then A(v;) = ¢4, (w,)() and HCy, (7;) # 0.

ol o

2.3. Grading. The grading of the positive equivariant symplectic homology is defined in [9]
as follows. In what follows, let M = LIQ)”H(EO, ..., ¥pn) be endowed with the contact structure
¢ induced from (S?"*1 £4q). Given a homotopy class a € 71(M), choose a reference loop ¢
in M and a symplectic trivialization of ()%)*¢. When a = 0 we ask that both * and the
trivialization are constant. Given a closed orbit v : S — M with homotopy class a and a
homotopy between v and ¥® we have an induced trivialization of v*£. The assumption that
c1(§) |, (vr) = 0 implies that the homotopy class of this trivialization does not depend on the
choice of the homotopy. Then the index of 7 is the Conley-Zehnder index of the symplectic
path given by the linearized Reeb flow along v (restricted to the contact structure) with
respect to the trivialization of v*£. Note that, for non-trivial homotopy classes, this grading
depends on the choice of the reference loops 1* and of the trivializations of (¢)*)*¢. In general,
this grading has the following issue: this trivialization might be not closed under iterations,
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that is, the trivialization induced on 47 might be not homotopic with the j-th iterate of the
trivialization over «y. This is a problem when we try to use index theory.

In order to fix this issue, we will define a fractional grading using sections of the determinant
line bundle in the following way [31, 32]. Note that c¢;() is torsion and let N be the smallest
positive integer such that Ne¢j(§) = 0 (N can be easily computed from the weights £y, ..., ly;
see Proposition 2.2). Then (AZE)®N is a trivial line bundle. Choose a trivialization 7 :
(AZE Y®N . M x C which corresponds to a choice of a non-vanishing section s of (A%§)®N .
The choice of this trivialization furnishes a unique way to symplectically trivialize ®Y¢ along
periodic orbits of v up to homotopy. As a matter of fact, given a periodic orbit ~, let
P y* @Y ¢ — St x C™N be a trivialization of @€ over v as a Hermitian vector bundle such
that its highest complex exterior power coincides with 7. This condition fixes the homotopy
class of ®: given any other such trivialization ¥ we have, for every ¢t € S, that ®; o ¥, L.
C™™ — C™N has complex determinant equal to one and therefore the Maslov index of the
symplectic path ¢t — ®; o U, ! vanishes, where ®; := 7m0 @]7*@{%@) and ¥; := w0 \II|’Y*ED11V§(t)
with 7 : ST x C™V — C"V being the projection onto the second factor; cf. [31]. Notice that
this trivialization is closed under iterations, that is, the trivialization induced on 47 coincides,
up to homotopy, with the j-th iterate of the trivialization over ~.

Now, one can define the Conley-Zehnder index p(v;s) of a closed orbit v in the following
way. By the previous discussion, s induces a unique up to homotopy symplectic trivialization
®: y*@N¢ —» St x RN, Using this trivialization, the linearized Reeb flow gives the
symplectic path

(1) = @ 0 @] dy (7(0))]¢ 0 By
where ¢!, is the Reeb flow of a. Then the Conley-Zehnder index is defined as

p(v;s) = “](VF)

where the Conley-Zehnder index of I' is defined as the lowersemicontinuous extension of the
usual Conley-Zehnder index for non-degenerate paths. It turns out that, since H'(M;Q) = 0,
this index does not depend on the choice of s since every two such sections are homotopic;
see [31, Lemma 4.3].

Note that this grading is fractional in general. Even though the idea of a fractional grading
may seem unnatural at first, it can be thought of as a way of keeping track of some information
about the homotopy classes of the orbits. Indeed, given two homotopic orbits we have that
their index difference is an integer. As a matter of fact, fixed a homotopy class a, the gradings
obtained using sections of (A$€ Y®N and reference loops coincide up to a constant. To see this,
choose a reference loop 1% and a trivialization of (¢*)*¢. It induces an obvious (product)
trivialization U® of (¢*)* ®Y €. Given a closed orbit v with homotopy class a, we have the
induced trivialization of v* @Y &. Let u(y; ¥?) be the index of ~y using this trivialization. Let
@ be a trivialization (1)%)* @ ¢ induced by a non-vanishing section s of (ARE)®Y. Then we
have that
a .__ 2/~LMas10v((I)? o (\IJ?)_I)

: N .

Let 7 be the underlying simple orbit of ~, that is, 7 is a simple orbit and vy = 47 for some
j € N. Denote by a the homotopy class of 4 (so that a = a’). We say that ~ is good if

(s O — p(3; 9%) € 22.

(2.7)

p(y;8) — p(y; ¥°) = ¢
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Otherwise, it is called bad. From the previous discussion we have that v is good if and only
if
pu(7;8) — (1(7;8) € ¢ — ¢ + 2.

2.4. Index computations and non-vanishing of the first Chern class in lens spaces.
This section contains index computations relevant for this work and shows how to deal with
the non-vanishing of the first Chern class in lens spaces. First, we have the following result
regarding the computation of N in terms of the weights that define the lens space.

Proposition 2.2. There is an isomorphism HQ(LIQ,"H(EO,ZL ooy ln); ) = 7y, such that the
first Chern class ¢1(§) is given by

n

e1(6) = 3 4 (mod p).

i=0
Hence,

m-c1(§) =O®m-2€i = 0 (mod p).
i=0
In particular, we have that N = min{m € N; m ). £; = 0 (mod p)}.

Proof. This is a particular case of Proposition 2.16 in [1] and its proof. The main points are
the following:

(i) The quotient map from S?**! to Lg”“(ﬁo,ﬁl, ..., 4y) is a principal Z,-bundle and
its classifying map f : L%"*l(ﬁg,fl,...,ﬁn) — BZ, induces an isomorphism f* :
H?(BZy; Z) — H*(L2" (Lo, 1, . . . £n); 7).

(i) The Zy-action on C™*! gives rise to an associated vector bundle $?"*1 xz C"*! over
Lgn+1(€0,€1, e ,fn), and

Cl(&) = Cl(S2n+1 X7, Cn+1) = f*Cl(EZp Xz, (Cn-i-l)‘

(iii) H*(BZp;Z) = Z, = character group of Z, and ¢ (EZ, xz, C"*!) is the sum of the

characters that determine the Z,-action on crtl,

O
Given a € my (L2 (4, ..., £n)), consider on REZ+2N ~ C(r+DN the Hamiltonian
T N—-1 n n
Gulitr- - msiv-tins) = = 5 2 Elsinsonsnl = (¥ 2 ) lmscv-naen ) (28)
P\ jZ0 %o i=0
so that its Hamiltonian flow given by
a 27m/= TG ¢ 2m/—1e3 ¢ 27m/— 1L
2 a(207"'7zn+(N—1)(n+1)) = (6 P 20y,--+»€ P Rpye--5€ P Bn+1)(N=1)s-+ >
27r\/—71€‘77’171t 2m/—1(eE —N Y; Zg’)t
e P Znt+(n+1)(N—-1)—1,€ P Zn+(N—1)(n+1))
(2.9)

generates a loop with Maslov index zero. We have that

i 0 = ja i ¢; (mod p). (2.10)
i=0 i=0
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and so, by Proposition 2.2, N " ¢¢ = 0 (mod p). Therefore,

G 277\/5128 271'\/?15,?1 27r\/jllg
Spla(z()?'"7zn+(N71)(n+1)) = (6 P 20,---5€ P Zpyeesy € P Z(nJrl)(Nfl)ﬂ"'?
271'\/?1&,0‘1
e °r Zn+(N—1)(n+1))
= (W“ (207 R Zn)v s 7Qrbja (Z(n—i-l)(N—l)a s 7Zn+(N—1)(n+1)))'

Remark 2.3. Note that the key reason why we take N copies of C"*! is to generate a loop
with zero Maslov index whose time one map is (¢, ... 7).

Let a be a contact form on LIQ,"H(ZO, ..., tp) and ~ a closed Reeb orbit with non-trivial

homotopy class a. Multiplying « by a constant if necessary, we can assume that the period
of v is 1. Let 8 be the lift of a to S?"*! and 4 a segment of Reeb orbit of 3 that lifts ~. Let
Hpg : R?""2 — R be a homogeneous of degree two Hamiltonian such that Hﬁ_l(l) = Y3 and
consider 4 as a segment of Hamiltonian orbit of Hg on Xg.

Denote by I'g : [0,1] — Sp((2n + 2)N) the symplectic path given by N copies of the lin-
earized Hamiltonian flow of Hg along 4 with respect to the constant symplectic trivialization
of TR 2N that is,

Ds(t) = @) Dy (3(0)) (2.11)
with ¢ € [0, 1]. The next result shows how to compute the index of v in terms of I'g. Its proof
follows [3, Proposition 3.1].

Proposition 2.4. We have that

p(pC; o Tp)
pu(y) = ~ + 1.
Proof. Consider the symplectization W = L]%”“(EO, ooy ly) xR of LI%"H(KO, ..., ) endowed
with the symplectic form w = d(e"«), where r is the coordinate in the R-component. Let
H : W — R be the Hamiltonian given by H(z,r) = e" so that its Hamiltonian vector field is
given by Xg(z,r) = (Ra(x),0), where R, is the Reeb vector field. Let vy be the Hamiltonian
closed orbit of H at H~'(1) corresponding to 7.

Choose a section s of ALE®N and consider a trivialization ®¢ of v¥ @ ¢ as a Hermitian
vector bundle such that its highest complex exterior power coincides with s; see Section 2.3.
We have that @NTW = @Y (£ @ €¥), where ¢“ is the symplectic orthogonal to & which
admits a global (symplectic) frame given by R, and the vertical vector field d,. Let ®&”
be the symplectic trivialization of ~7; ®Y ¢v that sends the frame {R,,d,}®"V to a fixed
symplectic basis. Consider the symplectic trivialization of v, ®N TW given by @ := PE @ P
and let I'y = F% @ Ff; be the symplectic path given by &, o @{VDQO{{ o @gl, where F% =
0} 0 @' Dipfl|c o (B) " and Ty = @] 0 &Y D[ o (2F ) .

We have that .

plyar) = p(T)/N = (L) + (T )/N.

By our choice of H, we clearly have that p(y) = M(F%) /N and, since R, and 0, are both

invariant under the linearized flow of H, F?; is the path constant equal the identity and
therefore .
p(T5) = =N,
Consequently, we arrive at
p(ve) = p(y) — 1.
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Hence, in order to prove the proposition, we need to show that

Ga ¢
p(ye) = W. (2.12)

Let (u1,...,u@n+2)n) be a symplectic frame of v ®Y TW obtained via the trivialization
®. Let m : R™+2\{0} — TW be the quotient projection with respect to the Z,-action in

R2"*+2\{0}. Let v; = (dm)~'(u;) be the frame of *TRZ* 2N given by the lift of (u;). Denote
by W the trivialization of 4*TRZ"+2N induced by (v;). Clearly,

plye) = p(y; V)
where the index on the left hand side is computed using the frame (u;).
Now, consider the symplectic frame (w;) of ¥*TRE" 2N given by w;(t) = D& (5(0))(v:(0))
and let © be the trivialization of 4*TRZ"+2N induced by (w;). (Although ¢ is a linear

flow, we take its derivative because the proof does not use this linearity; see Remark 2.5.) It
is easy to see that

wi3:0) = DA GO) 0T

where the index on the right hand side is computed using the constant trivialization of
TR@ 2N - Therefore, in order to prove (2.12), it is enough to show that

n(y;¥) = pu(¥; O). (2.13)

To accomplish this equality, let m be the smallest positive integer such that ™ is contractible
and consider the lift 4 of ™ to R?"*2 which is a closed orbit of H, 3. Let g := 172 and consider

the extensions of the frames (v;) and (w;) to F*TRZ* 2N given by
Vit +§) = @1 D¢’ (3(t)) (vi(t)) and wi(t + j) = & Dg’ ((1)) (wi(1))

for every t € [0,1] and j € {0,...,m — 1}. Since ¢’ o7 = 7 we have that (v}) is the lift of the
obvious extension (u}) of the frame (u;) to (v/#)* @Y TW. It follows from this that

13 ') = p(vir), (2.14)

where U’ is the trivialization of 7*TRZ"+2N induced by (v}) and the index on the right hand
side is computed using the frame (u;). We also conclude from ¢’ o m = 7 that

wi(t) = Do (vi(0)).
Since cptG @ generates a loop with vanishing Maslov index,
w(7:0') = pu(v) (2.15)

where @ is the trivialization of 4*TR(" 2N induced by (w}) and the index on the right hand
side is computed using the constant trivialization of TRZ"+2N Tt is easy to see that the
right hand sides of (2.14) and (2.15) are equal. (Indeed, since ¥™ is contractible, the index
of its lift 7 (computed using the constant trivialization of TR(**+2)N) is equal to the index
of v} using a trivialization defined over a capping disk (c.f. [1, Lemma 3.4]) which coincides
with the index of v}} using the frame (u}).) Hence, we arrive at

3 V) = p(3:©). (2.16)
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Consider the map A’ : [0,m] — Sp((2n + 2)N) uniquely defined by the property that
Ajvl(t) = wi(t) for every i and t. Using the fact that g’ o m = 7 we conclude that

/

vi(j) = wi(j) for every i = A;. = id

for every j € {0,...,m}. We have that

_ _ 2,u aslov A
p(3 W) = p(7:0') + TR ) (2.17)
which implies, by (2.16), that ufasiov(A’) = 0. Similarly,
A A 2/’1/ aslov A
B3 0) = (55 0) + HMason(4) (2.18)

N
where A = A'ljg ;). We claim that

HMaslov (A/) = MiMaslov (A) . (2 19)

which would imply (2.13), finishing the proof. To prove the claim, note that

@1 Dy (4(t)) Awj(t) = @1 Dy’ (3(t))wj(t)
= wi(t + j)
= A;:+jvg(t +7)
= Ay @Y Dy (4(1))vj(t)

for every 4 and consequently
1+ = @1 D¢’ (A1) Ac @ D¢’ (3(1)) ™ (2.20)

for every ¢ € [0,1] and j € {0,...,m — 1}. Now, let gs be a homotopy between gy = g and
g1 = Id (the existence of this homotopy follows from the fact that )/« is the time one map
of a flow). Note that the curve ®Y Dg’ (5(t))A; ®Y Dg’(%(¢))~! is homotopic to the curve

A via the homotopy G—){VDgg () A @Y Dgl(5(t))~L. Thus, all the loops ¢ € [0,1] — Al
j €{0,...,m — 1}, are homotopic to the loop t € [0,1] — A;. Since A’ is a concatenation of

these loops, we conclude the equality (2.19). O

Remark 2.5. The previous proof does not use the linearity of the flow ¢;"*: it uses only that
it generates a loop with zero Maslov index. Therefore, if (¢¢,...,47*) is the time one map
of a Hamiltonian flow <ptG @ that generates a loop with vanishing Maslov index then

_ u(Dpf(5(0) 7t oTp)
p(y) = N

The next proposition shows how to compute k, easily from the weights that determine the
lens space.

+ 1.

Proposition 2.6. We have that

a a 22 ga

kazw_—w++7i L4,
p
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Proof. Consider the Hamiltonian H : R?"*2? — R given by

. n
T
H(z0,- -, 20) = 225 20| + ) meifz]?
p i=1
where the coefficients j,/p, €1, ..., €, are rationally independent and the ¢;’s are positive and

very small. Consider the ellipsoid £ = H~(1) and let 3 be the contact form on $?"*! such
that g = E. Let o be the induced contact form on L2"*!({y, ..., ¢,) (note that E is invariant
under the Zy-action).

Let 7 be the closed orbit of H given by ~(t) = (e27rﬁtja/p, 0,...,0). Since £§ = j, (mod p)
(by our normalization of the homotopy weights), given a € 7T1(L12Dn+1(£0, ..., lp)), we have
that the closed orbit 7, of a given by the projection of 7][0,1] (we are tacitly identifying F
with the unit sphere) has homotopy class a.

Choosing €1, ...,€, sufficiently small, it is easy to see that =, is the closed orbit with
smallest index among the closed orbits of a with homotopy class a. Thus, it is enough to
show that

9% ga
pra) =t —w + 25y

Let T'g : [0,1] — Sp((2n+2)N) be the path given by I's(t) = ®Y D (v(0)). By Proposition
2.4, we have to prove that

G
plpZi oT'g) 22,4
— N - w? —wl + 7; . (2.21)

But
I“B(t) _ (@{V(6271'\/—71]'@15/}77 SQW\/lelt, o 62w\/j16”t)_

From this and (2.9), we have that

—2m/=1(£f —ja)t —2m/—1e§t —27/—14% ¢
G +27/—1ert —— -4 9/ —lept
p g ol = (e P ,e P yere.,€ P AR
—2m/—1(L& —5 —2m/—10¢ —27y/— 1%t
. n p(o ja)t . I . 1t+27r\/—7161t 6%4_2” [Tep_1t
) R )
—27y/—1((E —N 3, £&
e il ( 7; Zi )t +27r\/7lent)

—2mV/ST(8—ja)t
Since the index of the path e P ,te0,1],is =1 if £§ > 0 (i.e. £ = jo) and 1 if

05 <0 (ie. €§ = jo—p), N, ¢} =0 (mod p) (by Proposition 2.2 and (2.10)) and the ¢;’s are
very small, we can easily see that
IN Y, b
p
concluding (2.21). O

2.5. Bott’s function. Let I': [0,7] — Sp(2n) be a symplectic path starting at the identity
and P := I'(T) its endpoint. Following [28, 29], one can associate to I' its Bott’s function
B : S' — Z which will be a crucial tool throughout this work. It has the following properties:

(a) (Bott’s formula) We have that u(I'*) = > _x_, B(z) for every k € N. In particular, the

mean index (T") := limg_o “(gk) satisfies

Sy oTp) = N(w —wl) +

A = | B,
Sl
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where the total measure of the circle is normalized to be equal to one.

(b) fI' =T @Iy then B = B; + By where B; is the Bott’s function associated to I'; for
i=1,2.

(c) If 'y and T'y are homotopic with fixed endpoints then By = Bs.

(d) The discontinuity points of B are contained in o(P) n S!, where o(P) is the spectrum
of P.

(e) B(z) = B(z) for every z € S.

(f) The splitting numbers ST (P) := lim,_,o+ B(etV~1¢z) — B(z) depend only on P and
satisfy, for every z e ST,

SZ(P) = S¥(P), (2.22)
SEHPL®P) = SE(P)) + SE(Py), (2.23)
0 < SH(P)<v.(P) (2.24)
and
ST(P)+ S, (P) <n.(P) (2.25)

where v, (P) and 7,(P) are the geometric and algebraic multiplicities of z (viewing P
as a complex matrix) respectively if z € o(P) n S and zero otherwise. Moreover,

B(eV™1) = B() + ST (P) + 3] (81=,(P) = S =, (P) = 5,

1 (P) (2.26)
6<(0.0)

for every 6 € [0,27). (Note that the sum above makes sense since ST (P) # 0 only for
finitely many points z € S*.)

(g) Br(z) is lower semicontinuous with respect to I' in the C%-topology. More precisely,
let P([0,T7],Sp(2n)) be the set of continuous paths in Sp(2n) starting at the identity
endowed with the C°-topology. Then, for a fixed z € S!, the map

P([0,T],Sp(2n)) — Z

that sends I' to Br(z), where Br denotes the Bott’s function associated to T', is lower
semicontinuous, that is,

Br(z) = Sgp ﬁ%@ Br/(z),

where the supremum runs over all C®-neighborhoods U of T" in P([0, T, Sp(2n)).
We refer to [29] for a proof of these properties. In the proof of Theorem 1.4 the following
comparison result, proved in [20] using the spectral flow, will play a crucial role.

Theorem 2.7. (|20, Theorem 2.2]) Let I'; : [0,T] — Sp(2n) (i = 1,2) be two symplectic
paths starting at the identity and satisfying the differential equation
4
dt
where A;(t) is a path of symmetric matrices. Suppose that Ai(t) = Aa(t) for every t and let
B; be the Bott’s function associated to I';. Then

Bl(z) = BQ(Z)

Li(t) = JAi(H)Ti(t),

for every z € S*.



22 MIGUEL ABREU AND LEONARDO MACARINI

3. PROOF OF THEOREM 1.4

3.1. Idea of the proof. Let 3 be the lift of o to $?"*! and Hpg be the convex (resp. strictly
convex) homogeneous of degree two Hamiltonian such that H 5 1) =x g. Let 4 be a segment
of Hamiltonian orbit of Hg that projects onto . Let I'g : [0,1] — Sp((2n + 2)N) be the
linearized Hamiltonian flow along 4 (or, more precisely, N copies of it as defined in (2.11)).
It is not true, in general, that the index of v equals the index of I'g: as showed in Proposition
2.4, we need to “correct” the path I'g taking I' := 4,0?? oI'g so that the “correction term” @E;g
plays a key role.

The convexity (resp. strict convexity) of a implies, by our comparison result given by
Theorem 2.7, that

Br(2) = Ba, (2) (resp. Br(2) = Beg (2))
where G¢ is a small “negative” perturbation of G, given by (3.1) and Br, Bg, and Bge are
the Bott’s functions associated to I, go(_;g and gpii“ respectively.

Then, a careful analysis of Bg, and Bge allows us to show that the Bott’s function B,
associated to the linearized Reeb flow along ~ satisfies

(A) By(1) = kq.

(B) There exists z € SN\{1} such that B,(2) = hq (resp. B, (2) = ha).

(C) Under the assumptions of Assertion 3, there exists z € S1\{1} such that B, (z) = k,+n

(indeed, under these assumptions h, = k, + n (resp. he = ko + n)).

Assertion A implies, by Bott’s formula, that p(y) > k4, proving Assertion 1. If v is
hyperbolic then B, must be constant (because all the splitting numbers vanish). Hence,
by Assertion B, if By(1) = u(y) < hq (resp. u(y) < hq) then ~ is non-hyperbolic, proving
Assertion 2. Finally, we can show that if B,(1) = u(y) = k, and B,(z) = k,+n for some z € S1
(so that there is a big enough jump of Bott’s function) then v must be elliptic (Proposition
3.2). Thus, Assertion 3 follows from Assertion C. It was pointed out to us by a referee that
some similar ideas appear in [27].

3.2. Proof of the theorem. Assume, without loss of generality, that v has period 1. As
in the previous section, let 3 be the lift of o to S*"™! and Hg be the convex (resp. strictly
convex) homogeneous of degree two Hamiltonian such that H 5 ) =x 3. Let 4 be a segment
of Hamiltonian orbit of Hg that projects onto 7 (here, as before, we are tacitly identifying
527+ and ). Let T : [0,1] — Sp((2n+2)N) be the path given by (2.11) and T' = ¢%¢ oT4.
The sympletic path I' satisfies the differential equation

d

dt
where J is the canonical complex structure in RZ"*2N and A(t) is a path of symmetric
matrices. It follows from [20, Lemma 7.5] that

A(t) = —Hess Gq + (p*)* (@1 Hess Hg(4(t))) ¢l

D(t) = JADT(t)

where (p%*)* denotes the transpose of ¢ and @Y Hess H 3(%(t)) is the quadratic form on
RE+2)N given by N copies of Hess Hg(5(t)).

Remark 3.1. If 7 is not linear and I' := Dy *(5(0)) "L o 'z (see Remark 2.5) then A(t) =
~Hess G + Dip* (3(0))* (@) Hess Hs(3(1))) Dol (3(0).
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Given € > 0, define the Hamiltonian

N—-1 n n
€ ™ a a
G (20, .. ~7Zn+(N71)(n+1)) = p( Z Z(@ —pG)HZHj(nH)HQ - (NZ&) ZnJr(Nl)(nJrl)‘Z)

7=0 =0 =0
(3.1)
whose flow is clearly linear. Since Hg is convex (resp. strictly convex),

{(@r)* (@1 Hess Hg(3(1))) v, v) = (@1 Hess Hp(3(1))) v, ¢*v) = 0 (resp. > 0)

for every t and v € RZ"*2N  Hence, A(t) > —Hess G, (resp. A(t) = —Hess GS = 2eld —
Hess G, for some € > 0 sufficiently small). In what follows, we will take e sufficiently small

such that gpf% has no eigenvalue —1.
Thus, Theorem 2.7 yields the inequality

Br(z) = Ba,(z) (resp. Br(z) = Bgg (2)) (3.2)

for every z € S, where Br and Bg, (resp. Bge ) are the Bott’s functions associated to I' and

gﬁg (resp. goi%) respectively. Using the arguments in the proofs of Proposition 2.4 and [20,
Proposition 4.1] we easily conclude that

_)Br(1)/N+1ifz=1
By(z) = {Bp(z)/N otherwise, (8:3)

for every z € S
Let us study Bg,. First, we easily derive from (2.9) that

N, £

Ba, (1) = N(w? —w%) + = N(k,— 1), (3.4)

where the last equality follows from Proposition 2.6. Thus,
u(y) = Br(1)/N + 1> Bg,(1)/N + 1 = kq,

proving the first assertion of the theorem.

The proof of the remaining assertions relies on an analysis of Bg, (2) and Bge (2) for z # 1.
Once we know the Bott’s function at 1, it is completely determined by its splitting numbers;
see (2.26). The eigenvalues of ¢¥¢ are the following:

e Those with negative imaginary part, given by e 2V=I/p with ¢ >0 and £} # p/2,
having multiplicity p, and their complex conjugates.

e Those with non-negative imaginary part, given by e~ 2V /P with ¢ <0ortf =p/2,
having multiplicity v{*, and their complex conjugates.

Since the splitting numbers satisfy (2.22), it is enough to determine them in the eigenvalues

with non-negative imaginary part given by e2™V=1/P for i € {1,...,k}. (Recall that /¢ <

- < Zz are the absolute values of the homotopy weights.) From the multiplicity of the

eigenvalues discussed above, the additivity of the splitting numbers (2.23) and [29, List 9.1.12,

page 198], we conclude the following;:

. S*(eQ“ﬁ‘?/}’) = p¢ and S*(_ewﬁzf/p) = vt if 0% +# p/2;
o SH(e2VTLE/PY — 5= (21 /PY — pa if g2 — p/2 (in this case i = k).
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From this and (3.4) we can conclude that B¢, is given by the following. Since Bg,, (=)

MIGUEL ABREU AND LEONARDO MACARINI

= Bg,(2)

for every z € Sl,iit is enough to establish the values of Bg, in the upper (closed) half-circle.
We have that if £f # p/2 (resp. ¢} = p/2) then

B

G (6\/?10) ka -1+ Zz 1 uz

kq —11f9€[0 27T€/p)

— zlz

N R Ty Ty Y 1f9€(27r€“/p,27rﬁj+1/p) =1,...,k—1
ko — 14+ X0, ¢ = X, v if 6 € (2n03 /p, 7] (vesp. 6 = 20y /p = 7),

1f9—27r€“/p,j—1 ..,k (resp.j =1,...

k—1)

(3.5)

for every 6 € [0, 7]; see Figures 1 and 2. Note that the function is lower semicontinuous since
the splitting numbers are non-negative.

-

\4

213 2xt3 2qt3  2nt3 ™
P P P P

FIGURE 1. The function Bg, /N with the jumps p¢ and v¢ when £¢ # p/2. The
first jump goes down and the second goes up (when we move counterclockwise
in the circle or, equivalently, move to the right in the figure).

2713 2”[_3 sz_g oL 2#tR, b4
p p p P

FIGURE 2. The function Bg,/N with the jumps p¢ and v¢ when ¢ = p/2.
The jump at m = 276% “/p goes down.
From this, we conclude that

Ba, Ba, = Nhg.
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Using this, (3.2) and (3.3) we infer that there exists z € S'\{1} such that B, (z) > h,. Hence,
if p(y) < he then B,(1) < B,(z) which implies that B, is not constant and therefore v is
not hyperbolic, proving the second assertion of the theorem when « is not necessarily strictly
convex.

When « is strictly convex, we have to study Bge. Taking ¢ > 0 sufficiently small, we

conclude that the eigenvalues of goff{ are the following;:
e Those with negative imaginary part, given by e~ 2mV=1(8/p=9) with ¢} > 0, having
multiplicity fif, and their complex conjugates.
e Those with positive imaginary part, given by e~ 2™V =1 /p=9) with ¢! < 0, having
multiplicity 7§, and their complex conjugates.

The possibly non-zero splitting numbers of Bge in the upper-half circle are the following (see
[29, List 9.1.12, page 198]):

. S+(627r\/j1(l7?/p75)) _ /1? and Sf(eQW\/jl(Zf‘/pfe)) =0;
o SH(e2VLE/PT)) — 0 and S (e2VLE /) = paif fo £ p/2.
(Recall here that, by our choice of e, gpf% has no eigenvalue —1.) Now, note that an argument

analogous to the one to derive (3.4) shows that Bre = N (k,—1). Using this and our knowledge
about the splitting numbers we can deduce that if £} # p/2 (resp. £} = p/2) then

(ko —1if 6 €[0,27(0%/p — €)]
B (VT0y | Ba =1 X0y B = X0 7 if 0 € (2m(Ef/p — ), 2 (E3/p + ©))
Bog (e ) ) 1 a3 % i 0 e [2n (00 om0, /p —
N a +Zz:1 lu’z Z'L:l Vz 1 E[ 7T( 2/p+€), ﬂ—( £+1/p 6)]
ko — 1+ Y0y if — S0 72 if 0 € (2m(68/p — €),2m(£3/p + €)) (vesp. 0 € (m(1 — 2e), 7])
[ Fa — 1+ X0y i — S0, 9 if 6 € [27(68/p + ), 7] and 3, # p/2

(2

B (3.6)
for every 6 € [0,7] and j € {1,...,k — 1}; see Figures 3 and 4. Note that when ¢}, = p/2, Bge
has a jump that goes up at 6 = w(1 — 2¢) while B¢, has a jump that goes down at § = 7.

A

A\ 4

20(8-€)27(8+€)27(B3+€) 2x(13+€) - 27(fpte) 7
3 p p p p

FIcURE 3. The function Bge /N with the jumps fif and 7¢ when € # p/2.
The first jump goes up and happens when 6 = 27‘((% — e). The second one

goes down and happens when 6 = 277(%1 + e).
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M
»

27(83-€)27(E3+€) 22 (134 £)2x (1) - - 27(8y+€) 7(1-29) 7
p P P P P

F1GURE 4. The function BG;/N with the jumps i and 7 when Zﬁ = p/2.
The jump at m(1 — 2¢) = 27?(%Z — €) goes up.

From this, we conclude that

max Bge = max Bge = Nh.
2€S1 “ 2eST\{1}

Using this, (3.2) and (3.3) we conclude that there exists z € S™\{1} such that B,(z) = ha.
Thus, if u(y) < he then B, is not constant and therefore v is not hyperbolic, proving the
second assertion of the theorem when « is strictly convex.

To prove the third assertion, note that from our assumptions that ¢¢ > 0 and ¢¢ # p/2
(resp. £¢ > 0) for every i we have that h, = k, +n (vesp. h, = ks + n) and therefore
max.egn (1} B, = N(ka +n) (resp. max.cgn gy Bes = N(kq +n)). Using this, (3.2) and
(3.3) we conclude that there exists z € S*\{1} such that B, (z) > k,+n. Now, the result readily
follows from the following proposition. Recall that a symplectic path I" : [0,7] — Sp(2n) is
elliptic if every eigenvalue of I'(7") has modulus one.

Proposition 3.2. Let ' : [0,T] — Sp(2n) be a symplectic path starting at the identity such
that Br(z) — Br(1) = n for some z € S'. Then T is elliptic.

Proof. Let 0 be the smallest positive number such that z = V=1, Let P = I'(T) and
{e*/jwl, e e\/?wl} the eigenvalues of P with modulus one and argument 0 < 6, < 6, such
that 0 < 011 for every 1 <k <1 —1. By (2.26),

l
Br(z) = Br(1) = (S (P) - Z o, (P) = 5 =5, (P))-

Since the splitting numbers are non—negatlve (see (2.24)) it follows from our assumption that

ZSF%

By (2.22), this implies that
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Putting these two inequalities together we arrive at

o0n > ZnZ(P)Z ZS;(P)‘FS;(P)

2€81 zeSt
l
> SF(P) Z N mr0, (P) + S gy, (P)) = 21,

where the first inequality is trivial by a dimensional reason, the second inequality holds by
(2.25) and the third inequality follows again from the fact that the splitting numbers are
non-negative. This ensures that all of the above inequalities are in fact equalities. Hence, I'
is elliptic. ]

4. PROOF OF COROLLARY 1.10

We have only to prove the existence/non-existence of positive homotopy classes. In all the
assertions, we have that the weights assume only two values 1 and q. Let a be the homotopy
class such that j, = 1. Firstly, note that when 1 < ¢ < p/2 we have that a is obviously
positive.

Suppose now that —p/2 < ¢ < —1. The integers mgq, with m € N, form a negative
arithmetic sequence with first term bigger that —p/2 and with distance less that p/2 between
consecutive terms. Hence, there exists a smallest positive k € N such that

—p < kq < —p/2.
Moreover, since —p/2 < ¢ < —1, we also have that

2 <k < [p/2]

and

k> p/2 iff pisoddand g =—1.
Hence, when ¢ = —1 and p is odd, the homotopy weights of a’/ are j and —j for all 1 < j < p/2,
and there are no positive homotopy classes in the fundamental group of Lg”“ (o, . .. ,K ). On

the other hand, when —p/2 < ¢ < —1 or when ¢ = —1 and p is even, the homotopy weights of
a* are k > 0, p+ kq > 0, and we have that the homotopy class a* is positive. Note that when
g = —1 and p is even we have that k = p/2 and hence aP/? is the unique positive homotopy
class.

5. PROOF OF THEOREM 1.14

Let M = L2"*!(1,...,1) be the lens space endowed with the induced contact structure
¢ and N be the minimal positive integer such that Ne¢j(§) = 0. In the proof we will take
advantage of the following useful fact. A contact form « on a lens space Lg”“(ﬁo, ceoyly) s
called toric if its lift 3 to S?"*! satisfies the property that Y3 is a linear ellipsoid. (Although
this is not the standard definition, the standard definition is equivalent to this one [24].)

Proposition 5.1. Let a € 771(L]2)”+1(€0, ..., ln)) and m be a positive integer such that j, and

m are coprime. Given i € {0,...,n} let i, = ¢ (mod p) such that 1 < l; <p—1. Then there
exists a toric contact form on L whose Reeb flow generates a circle action whose generic

(215)

(simple) orbit has homotopy class a and Conley-Zehnder index ===>j, + 2m — n.
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Proof. We will use the toric geometry description of Lg”“(ﬁo = 1,41,...,¢,) and its toric
Reeb vectors presented in [3, Section 2] (see in particular Subsection 2.3.3).
The moment cone C' = R**! of LZQ)”H(ZO = 1,01,...,£,) can be chosen to have primitive
integral exterior normals vy, ..., v, € Z"! given by
-, o
: €j , :
vy = 0, , V= forj=1,...,n—=1, v, = ||,
P (1) 0
L— 2?:1 ti | _1 |
where €1, ..., e,—1 € Z" ! are the canonical coordinate basis vectors of Z"~!. The fundamen-

tal group i (L2"* (6 = 1,41,...,4,)) is naturally isomorphic to Z"*!/N = Z,, where N is
the Z-span of {1y, ...,v,}. More precisely,

[(ag,.-.,an)] = ap—1 (mod p).

Any toric Reeb vector on LIQ,”H(EO = 1,01,...,¢,) can be written as a positive linear
combination of the normals vy, ..., v, € Z"1. Consider the following toric Reeb vector:
0
Ra = Z : aVi + mv, = 0
i—o P ;
Ja
_m_

Its generic (simple) orbit v has homotopy class a, corresponding to j,, and period 1. We will
now use the set-up of Section 2.4 to compute its Conley-Zehnder index.
The lift of v to R2(*1) = C"*1 corresponds to the linear symplectic path

Ft(z()azla"'?Zn) = 20y € P Zn—1,¢€

<627r\/—1205“t QW\/—lwt Qﬂ\/—l(MTjaﬁ-m)tz )
n | -

Hence, we have that

M( (®1Pt))—2N<Zn]g o — L8 n+1 Z”:Z)

(&) ene)

which implies that

as desired. 0
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5.1. Proof of Assertion 1. Let a € m (M) be such that j, = p — 1 so that k, = 2"%2(;0 -

1) = n. Let m = 1 and @ be the contact form given by Proposition 5.1 corresponding to a
and m. The Conley-Zehnder index of the generic orbit of & is given by
2n + 2 2n+2
n p—1)4+2—n=2n+4- o -n
p

We will need the following elementary lemma.

Lemma 5.2. Suppose that p = 3. If n =1 (resp. n = 2), assume further that p = 5 (resp.
p =4). Then there exists an even integer A such that

2 4 2 2 2 2
Uy N s S WO S e (5.1)
p p
Proof. Note that (5.1) is equivalent to
4 6
ny <A <2n+2.
p

Hence, we have to show that the interval [(4n+6)/p, 2n+2) contains at least one even integer.
Itisclearif n =1 and p > 5 or n = 2 and p > 4. To prove it for n > 3, note that, since
p = 3, it is enough to show that the interval [(4n + 6)/3,2n + 2) contains at least two integer
numbers. But it follows from the fact that the Lebesgue measure of [(4n + 6)/3,2n + 2) is
bigger than or equal to two whenever n > 3. (|

Now, let F' : R? — R be defined as F(q,p) = 7(¢*> + p?). Given € > 0 consider the
Hamiltonian G : R?® — R given by

n+4—A+e€

G(Qlaplw--»Qn»pn):_( 9

Flqi,p1) + Y. €F(gi,pi)).-
i=2
Let f : R — R be a smooth function such that
o f(0)=1, f(0)=1;
e f'(r)e (0,1) and f"(r) > 0 for every r € (—7r9,0) and some r¢ > 0;
e f(r) = C for every r < —rg, where C is a constant bigger than 1/2.

Define the Hamiltonian
H = f o G7

where the constants € and rg will be properly chosen.

Remark 5.3. Note that, choosing ¢ < 1, rg very small and C close enough to 1, we can make
H arbitrarily uniformly C'-close to the constant function equal to one.

Consider the lens space M as the prequantization circle bundle of an orbifold B given by
the quotient of M by the circle action generated by the Reeb flow of @. Let # : M — B
be the quotient projection. Take a point zg in the smooth part of B and a neighborhood U
of xy with Darboux coordinates (q1,p1,. .., qn, pn) identifying xy with the origin. Taking rg
sufficiently small and viewing H as an Hamiltonian on U, extend H to B setting H|py = C.
Define the contact form

a=a/H,
where H = H o 7. The Reeb vector field of « is given by
R, = HRy + Xy,



30 MIGUEL ABREU AND LEONARDO MACARINI

where Ry is the Reeb vector field of @ (assume that the generic orbit of & has minimal period

one) and Xy is the horizontal lift of the Hamiltonian vector field of H. By the construction
of H, clearly W := 7~1}(U) is invariant under the Reeb flow of a and outside W the Reeb
vector field of « is a constant multiple of Rg.

Lemma 5.4. The contact form « is dynamically conver.

Let o be the simple closed orbit of R, over xy. Recall that, by construction, the homotopy
class of g is a.

Lemma 5.5. We have that pu(yo) < kq.

The proof of first assertion of Theorem 1.14 follows immediately from Lemmas 5.4 and 5.5.
These two lemmas are proved in the next section.

5.2. Proof of Lemmas 5.4 and 5.5.

5.2.1. Proof of Lemma 5.4. Consider on W ~ U x S' the coordinates (z,6), where z =
(q1,P1,---,qn,Pn) and 0 is the coordinate along the fiber such that, with respect to these
coordinates, g is the origin and

alw = A+ db,

where A = %Z?zl(qidpi — pidg;) is the Liouville form. In what follows, for a shorter notation,
let TUN = @NTU and ¢V = ®Y¢. Let v be a contractible periodic orbit of a. Clearly, if 7
lies outside W then u(y) = n + 2 because & is toric (and therefore dynamically convex). So
suppose that the image of v is contained in W. The Darboux coordinates induce an obvious
(constant) trivialization D : TUY — U x R*N. From this we get a trivialization of ¢V |y
given by

D(vy,...,on) = ma(D(mxv1, ..., TUN)),

where m : U x RN — R2"N ig the projection onto the second factor. It is clear that

where p(y, ®) stands for the index of v with respect to the trivialization ® and vy = wo vy
is the corresponding orbit of H with the index computed using the trivialization D. Let f be
the generator of m (W) ~ Z given by the homotopy class of a simple orbit of R5 contained
in W. Let ¢ € Z be such that [y] = ¢f, where [7] is the homotopy class of v in W. It turns
out that ¢ is given by the Hamiltonian action of vg. Indeed,

T T
¢= f a6 = f G(Ra((1))) — MXpr (v (1)) dt = f Hva(8) — MXp (v (1) dt,  (5.3)
v 0 0

where T is the period of . Therefore, the action Ag(yy) is an integer number. Note that,
since 7y is contractible and a is a generator of m (M), ¢ is a positive multiple of p.

Consider a trivialization ¥ of 4*¢V induced by our choice of a section of (A"&)®N. The
relation between the trivializations ® and ¥ are given by the following lemma.

Lemma 5.6. We have that
2n + 2

(v, ) = p(y, ®) +q(2n +4 — )-
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Proof. Choose a simple orbit ¢(t) of Rs contained in W and let @ : [0,1] x St — W be
a homotopy between v and ¢?. We can extend the trivialization ¥ to Q*¢" inducing a
trivialization of (¢9)*¢V. We have that

(v, V) — p(y, @) = p(e?, V) — pu(e?, @).

But an easy computation shows that
2n+ 2
p(@?, W) — u(9?, @) = u(¢?, ¥) + n = q(2n +4 - ) )-

Indeed, since ¢ is a generic orbit, clearly u(¢?, ®) = —n for every ¢ (using (5.2) and the fact
that the corresponding linearized Hamiltonian flow of the projected orbit on U is constant
equal to the identity). On the other hand, as mentioned before (see the discussion in the
beginning of Section 5.1) we have that u(¢, V) = 2n+4 — 2”1.%2 —n. Since the Reeb flow of &

generates a circle action and ¢ is a generic orbit, it implies that u(¢?, ¥) = ¢(2n+4— %) -n

for every q. O

From now on, if the trivialization is not explicitly stated we use a trivialization given by
a section of (A"€)®N and the trivialization D for closed orbits of Hamiltonians on U. Note
that the index with respect to D coincides with the index using the constant trivialization of
TR?". Let Uy = {z € U; —G(x) < ro}. Clearly, Uy is invariant under the Hamiltonian flow of
H and if the image of vy is not contained in Uy then p(yg) = —n which implies, by Lemma
5.6, that u(y) = —n+q(2n+4) —q(2n +2)/p > n+ 2 since ¢ = p > 3.

Thus suppose that the image of yy lies in Up. If yx(t) = 0 for some ¢ then vy = (v%)P* for
some k € N, where 7% : [0,1] — Up is the constant solution 7% (¢) = 0. A direct computation
shows that in this case, due to our choice of f, the linearized Hamiltonian flows of H and G
along v coincide and therefore have the same index. But the Hamiltonian flow of G is given
by

SOtG(Zl, o Zn) _ (6_(2n+4_A+6)7r\/?1t2’1, €—2€W\/?1tz27 o 6_2”\/?”,2”), (5'4)

where we are identifying (q;, p;) with z; = ¢; + v/—1p;. Thus, it is clear that if ¥ = 1 then,
choosing € < 1/p, we have
p(ye) = —p@2n+4) +pA—-1—(n—1) = —p2n +4) + pA —n.

This implies, by Lemma 5.6, that u(vy) = pA — (2n + 2) —n = n + 2 (note that ¢ = pk = p),
where we used in the last inequality that pA — (2n 4+ 2) = 2n + 2 by (5.1). The case where
k > 1 follows from the fact that if a symplectic path T' in Sp(2n) starting at the identity
satisfies (') = n + 2 then u(T'*) = n + 2 for every k.

Now, let us consider the remaining case, where vy lies inside Uy and g (t) # 0 for every
t. Let vq(t) = yu(t/f (G(vu(0)))) be the corresponding orbit of G. The next three lemmas
are taken from [20]. For the sake of completeness, we will provide their proofs.

Lemma 5.7. We have that |u(vu) — p(ye)| < 1.

Proof. Firstly, notice that it is enough to find some symplectic trivialization ®? : T,yc(t)RQ” —
R?" such that

(ve, @) — plym, 7N < 1,
where e = G(yg(0)) and the indexes above are the indexes of the symplectic paths de-
fined using the corresponding trivializations. Let 7" and T = f'(G(ym(0)))T be the peri-
ods of vy and 7g respectively. We claim that there exists a symplectic plane P such that
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Xg(x) € P and dgogc ()P = P, where x = vg(0). Indeed, write x = (21,...,2,) and let
v;i = (0,...,0,2;,0,...,0), w; = (0,...,0,4/=12;,0,...,0) and P; = span{v;, Xg(z)}. Note
that if z; # 0 then P; is a symplectic plane because Xg(z) = —mv/—1(((2n +4) — A +
€)z1,2€z9,...,2€ez,) and w(v;, w;) # 0. Moreover, dcpgc (x)P; = P; for every i because clearly
d«p% (x)Xg(r) = Xg(z) and dgogc (x)v; = v; whenever v; # 0 by (5.4). Thus, take P = P;
for some 7 such that z; # 0.
Now, let S = G~1(e). Define
Di(t) = dgf’(x)P and  Dy(t) = def’ (x) P¥ = Di(t)*,

where P¥ is the symplectic orthogonal to P. Since Xg(vg(t)) € D1(t) we have that Da(t) <
Ty, )S for every t. By construction, Dy and D are both invariant under the linearized
Hamiltonian flow of G. But cptH ls = gp?,(e)t| s which implies that Dy is also invariant under
the linearized Hamiltonian flow of H and therefore the same holds for D; (since Dy = DY).
Moreover, Xg(va(t)) = f'(e)Xa(va(t)) € Di(t) for every t.

Take symplectic trivializations ®} : Dy(t) — R? and ® : Dy(t) — R**~2. We can choose
@ such that (X (ya(t))) = v for every ¢, where v is a fixed vector in R2. Let T'{(t) =
®f o dof () o (P71, TE(t) = @4 o dpf(z) o (29)~" and T9(t) = @' o dypf (x) o (€°)7"
be the corresponding symplectic paths, where ® = ®; ® ®5. Similarly, define T () =
@] Vodgf! (2)o(@9) 71, TH (1) = ] odpff (x)o(@9)~ and T (1) = &' ©odpff (x)o(27) .
Since the Hamiltonian flows of G and H restricted to S differ by a constant reparametrization,

u(T5) = u(T3).
By our choice of ®;, we have that the spectra of T{(t) and ' (t) are equal to {1} for every
t. This implies that
pF) €{0,~1} and p(Iy)e{0,~1}
and consequently |u(I'§") — pu(T'#)| < 1. Thus,
(M) = w(T) <1
as desired. n

Now, let £ : R — R be a smooth function such that &'(r) > 0 for every r > 0. Define

0:R—Zas
5(z) = 2z +1 ifmeZ,'
2[z] =1 otherwise,

where [z] = min{k € Z; k > x}. In what follows, recall that F : R> — R is the Hamiltonian
given by F(q,p) = m(¢* + p?).
Lemma 5.8. Let K = —k o F with k as above. Given a periodic orbit vix of K with period
Tk then

u(v) = =(K'(F(vk(0)))Tk).-

Proof. The flow of K is given by ¢ (2) = e_QWk,(F(Z))\/jltz, where, as before, we are identify-
ing (q, p) with 2 = ¢++/—1p. An easy computation shows that if yx (¢) = 0 then the linearized
Hamiltonian flow on yx is given by e~ 2™ (OvV=1t and consequently p(vx) = —8(K (0)Tk).
If vx is away from the origin, we proceed similarly as in the proof of the previous lemma.
Let v_p(t) = vx(t/K'(F(yx(0)))) be the corresponding periodic orbit of —F with period
T_rp = K(F(yx(0)))Tx. Take a symplectic trivialization &' : T, ,»R? — R? such that
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SN X_p(y-p(t))) = v and & (=VF(y_p(t)/|IVF(y-r(t))]) = w (here the gradient and the
norm are taken with respect to the Euclidean metric) where {v, w} is a fixed symplectic basis
in R2. Then clearly the linearized Hamiltonian flow of —F with respect to this trivialization
is constant equal to the identity and therefore

p(y-rp, ®) = —1.

Since Xk (vk(t)) = K (F(vk(0)))X_p(vk(t)) is preserved under the linearized Hamiltonian
flow of K, we see that the spectrum of the symplectic path

() = o FOxONt 5 4K () o (9°) 1
is constant and equal to {1}. Thus,

u(ye, ®) = p(l*) e {—1,0}.
In particular, we conclude that pu(yx,®) = p(y—p, ). But this implies that

p(vr) = p(y-r),

where the indexes above are computed using the canonical trivialization of R?. Finally, an
easy computation shows that

p(y-r) = =0(K'(F(vk (0)))Tk).

Therefore, it follows from (5.4) and Lemma 5.8 that

2n+4—A+e
2

Let ¢ be the integer number such that [y] = ¢f given by (5.3). It is clear from the previous
inequality and Lemmas 5.6 and 5.7 that

2n +2 n+4—-A+e
p(v) =z q(2n +4 - ) —o(
P 2
(Recall that p(y) is the index of  with respect to a trivialization given by a section of
(A")®N ) Thus, to prove that u(y) = n + 2 it is enough to show that
2 4—A 2 2
%Tg) b (n—1)5(eTg) + 1) <2n+4— 1772, (5.6)
p

In order to prove this inequality, we need the following result.

n(va) = —6( Tg) — (n —1)d(eT).

Te) — (n—1)(ele) — 1. (5.5)

¢ n+2+§(

Lemma 5.9. If vy is a non-constant periodic orbit of H then Ag(vm) > T, where T is
the period of the corresponding orbit of G.

Proof. Let T be the period of vg. We have that

T
Apr(ym) = f FGom(®) — F(Clum ()M Xa (i (1)) de
T

=Tf(G(vu(0))) - f/(G('YH(O)))J AN Xa(ya(t))) dt.

0
An easy computation shows that

)\(XG(qlapb s 7Qn7pn)> = G(QbPla R 7Qn7pn)-
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Thus,
Ap(ve) = T(f(G) - [(G)G),
where, to simplify the notation, we have omitted the dependence of G on ~vg(0).

Let T = T f'(G) be the period of the corresponding orbit of G. Since f'(G) > 0, we arrive
at

Ap(vr) = T(f(G) = f(G)G)
_ TGf(G) - (GG
f1(G)
— s()Tg, (5.7)

where s : (—rg,0] — R is given by

s(r) = f(r)/f'(r) —r.
We claim that s(G) > 1. As a matter of fact, since v is non-constant, G(vyg(0)) € (—ro,0).
But, by our choice of f, s(0) =1 and

"
s'(r) = ff/((??)é(?”) <0
for every r € (—r¢,0). Consequently,
Ag(ve) > Tg, (5.8)
as desired. g

Now notice that
0(cTg) < 2cTg] + 1
for every positive real number c¢. Hence,

2n+4—A+e€

g (n+2+ 5 Ta) + (n—1)0(eTg) + 1)
< 2nq+3 N 2[§G](2n+42—A+6 L (n—1)e).

In order to estimate the last expression, note that, by Lemma 5.9 and the fact that ¢ =
Ap(vg) is an integer,

@él.
q
Hence,
2 3 2|Tql, 2 4—A 2 3
n + " [G]( n + +€+(n—1)6)< n+ +2n+4_A+e+(2n—2)e
q q 2 q
2 3
=2n+4—(A- nx )+ (2n —1)e
2n 4+ 2

<2n+4— ,
p

choosing € such that (2n — 1)e < 2/p, where the last inequality follows from the facts that
A— % > A— 2"%3 because ¢ > p and A — 2"?%2 > 2"’%4 by (5.1). This proves (5.6) finishing
the proof the lemma.
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5.2.2. Proof of Lemma 5.5. As in the proof of Lemma 5.4, let 4% : [0, 1] — Uy be the constant
solution 'y%(t) = 0 of period one so that g is the corresponding closed Reeb orbit of a. As
explained in the previous section, it is clear from (5.4) that

p(YY) = —(2n +4) + A —n.

Hence, we conclude from Lemma 5.6 that

2n+ 2
py)=—-Cn+4)+A—-n+2n+4— p+
2n+2
=A-— i -n
p
2n + 2
<n+2-— ,
p

where the last inequality follows from (5.1). But note that

_ 2n+2(p—1)—n=n+2— 2n+2'
p

5.3. Proof of Assertion 2. As in Section 5.1, let M = L9,(1,1,1), with p odd, be the lens
space endowed with the induced contact structure £ and N = 11 be the minimal number such
that Nci(€) = 0. Let a € (M) be such that j, = 5 so that k, = 222, —n = 8/11. Let
m = n — 1 and & be the contact form given by Proposition 5.1 corresponding to a and m.
Although j,, n, N and p are fixed in what follows, in view of Remark 1.15, we will write them
as variables unless explicitly stated.

Remark 5.10. For Remark 1.15, let M = Lg”*l(l,...,l), with p odd, be the lens space
endowed with the induced contact structure £ and a € w1 (M) be such that j, = |p/2] so
that h, = %[p/QJ (see Example 1.2). Suppose that p > 5, j, and n — 1 are coprime, a is

kq

a generator of m (M) and n > p+ 2. Let m = n — 1 and & be the contact form given by
Proposition 5.1 correponding to a and m. Under these hypotheses, we have several examples
with vanishing first Chern class. For instance, L2%(1,...,1).

Let F}, : R? — R be the Hamiltonian whose graph and phase portrait are depicted in Figure
5. The Hamiltonian vector field has precisely one hyperbolic singularity pg at the origin and
two elliptic ones p4. The regular orbits are two homoclinic connections and periodic orbits.
We ask that
e [}, attains its global mininum at py and Fjp(ps+) = 0;
e F} is strictly convex near the elliptic singularities.
Note that F} can be chosen arbitrarily C*™-small.
As in the previous section, let F': R? — R be defined as F(q,p) = 7(q*> + p?). Consider
the Hamiltonians G : R?® — R and G}, : R?*" — R given by

n n
G(q1:p15 -, Gn, Pp) = f(Z F(Qiapi)) and  Gn(q1,p1,- -+ GnsPn) = fh(Z Fh(qz',pi)>
i=1 i=1
where f: R — R and f; : R — R are smooth functions such that
e fr(x) =z for every x < §/2 for some 6 > 0 small;
e f7(z) > 0 for every = < §;
e frn(x) = C}, for every x > ¢ and some constant Cp;
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FIGURE 5. The graph and phase portrait of the Hamiltonian Fj,.

o f(r) = —r for every r < 1, where ¢ is such that G;'([0,C},)) is contained in the
interior of the ball By := {(q1,P1,---,qn,pn) € R?"; w1 ¢ + p? < 1o};
e f(r) = C for every r = r; and some constant C, where r1 > r0;
e —1 < f(r) <0 for every r € (r9,71).
We also ask that G} *((0,C},)) contains the origin.
Define the time-dependent Hamiltonian

Hy(z) = (G#Gp)i(x) = G(z) + Grlpg' (2)),
where ¢, is the Hamiltonian flow of G. The flow of H is given by ¢}, = ¢l o ‘PtGh' Note that
on By, the Hamiltonian flow of G generates a loop of period one. This, together with the fact
that G, is constant outside the ball By, implies that H is 1-periodic in time.

As in Section 5.1, consider the lens space M as the prequantization circle bundle of an
orbifold B given by the quotient of the sphere by the circle action generated by the Reeb flow
of @ and let m : M — B be the quotient projection. Take a point xg in the smooth part of
B and consider the corresponding periodic orbit 4 of @ over xy. Consider a neighborhood
W ~ U x S' of 49 and coordinates (q1,p1, .- -, Gn,Pn,t) on V, where ¢ is the coordinate along
the fiber such that, with respect to these coordinates, xg is the origin and

alw = A\ + dt,

where \ = %Z?:l(qidpi — pidg;) is the Liouville form. Take 71 above small enough such that
the ball By := {(¢1,P1,---,qn,Pn) € R*; 7w Y. ¢? + p? < r1} is contained in U. Using these
coordinates, define the contact form o on M such that

H,
C+Cy
and extending « to the complement of W as a. By the construction of Hy, one can easily
check that « is smooth.

alw = A+ dt,

Remark 5.11. Note that G}, can be chosen C®-small. On the other hand, G can be chosen
C'-small but not C?-small. Hence, o can be chosen C'-close to the convex contact form &
but it is not C?-close.
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The next two lemmas will be proved in Section 5.4.
Lemma 5.12. The contact form « is dynamically convex.

Let vy be the simple closed orbit of R, over xy. Recall that, by construction, the homotopy
class of 7y is a.

Lemma 5.13. The periodic orbit g is hyperbolic and satisfies pu(yo) = ko < hq.

Remark 5.14. Under the context of Remark 5.10, we have that the corresponding periodic
orbit 7y is hyperbolic and satisfies p(vy) < hq.

5.4. Proof of Lemmas 5.12 and 5.13.
5.4.1. Proof of Lemma 5.12. We need first the following lemmata.

Lemma 5.15. All the periodic orbits of Fy, have non-negative index. Moreover, the hyperbolic
singularity has index zero.

Proof. Let v be a periodic orbit of F}, of period T and let ® : [0,7] — Sp(2) be the cor-
responding symplectic path obtained via the canonical (constant) trivialization of TR?. Let
z € C\{0} and p(t) be a continuous argument of z(t) = ®(¢)z, that is, p : [0,T] — R
is a continuous function such that e2™V=10(1) — 2(#)/|2(t)|. Let A(z) := p(T) — p(0) and

I(®) = {A(z); z € C\{0}}. The set I(®) is an interval of length less than 1/2 and therefore it
is between two integers or contains an integer. Define

2kl A I(®) < (k—1,k),
P) = {Qk; if ke I(®).

It is well known that pu(y) equals fi(®) if ® is non-degenerate and equals fi(®) or i(®) —1 in
general. It is easy to see that if v is hyperbolic then p(vy) = () = 0. If 7 is one of the elliptic
singularities then we have that p(y) = 2 by the convexity of H near these singularities.
Now, suppose that 7 is regular. The Hamiltonian vector field X, satisfies ®(¢) X, (7(0)) =
Xp, (7(t)) for every t and therefore one can easily see that fi(®) > 1. Hence, pu(y) = 0. O

Lemma 5.16. All the periodic orbits of Gy, have index bounded from below by —n.

Proof. Consider the Hamiltonian Gp(q1,p1,-- -, qn,Pn) = Doy Fn(gi,pi). It follows from
Lemma 5.15 that every periodic orbit of G}, is non-negative. In particular, every such periodic
orbits has non-negative mean index ji. From this we can conclude that every periodic orbit of
Gy, in G, ([0, Cy)) has index bounded from below by —n. Indeed, let ~ be a closed orbit of
Gy, in G;([0,Cy)) and denote by 7 the corresponding periodic orbit of Gy,. It is well known
that fi(¥) = fi(y); see [18, Lemma 2.6]. Since (%) = 0 and |a(y) — u(y)] < n we conclude
that pu(y) = —n.

Finally, if 7 is a closed orbit lying outside G, ([0, Cy,)) then, by construction of f;, we have
that the linearized Hamiltonian flow along « is constant equal to the identity and therefore

pw(y) = —n. 0

Lemma 5.17. Let v be a closed orbit of G with integral periodT' and whose image is contained
in By. Then u(y) = —n(2T + 1).

Proof. Consider the Hamiltonian G(q1,p1,- - -, Gn,Pn) = Z F(qi,p;) and let 5 be the

corresponding closed orbit of G. The period of of 7 is T = f (G(7)). It is easy to see
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that the index of 7 is bounded from below by —n(27T + 1). By our choice of f, T < T =—
—n(2T+1) = —n(2T+1) with the equality if and only « lies in By. On By, clearly u(y) = u(7)
and therefore the result holds if v lies in By. If v lies in B1\By, we have the strict inequality
—n(2T + 1) > —n(2T + 1) and one can easily check that [u(7) — u(y)| < 1. Therefore,
p(y) = —n(2T + 1), where we are using the fact that 7" is an integer. O

Proof of Lemma 5.12. Let W; = 7= %(B;) (i = 0,1), where 7 : W ~ U x S! — U is the
projection. Since H; is constant outside Bj and & is toric, we have only to check that every
contractible periodic orbit v of « contained in W satisfies pu(y) = n + 2. Note that the
projection g of v to B; corresponds to a periodic orbit of H; with period T given by a
positive multiple of p (since a is a generator of w1 (M)).

As in Section 5.2.1, the Darboux coordinates induce an obvious (constant) trivialization
D :TUYN — U x R?N, From this we get a trivialization of ¢V|y given by

D(vy,...,on) = ma(D(mxv1, ..., TUN)),

where 75 : U x R2"N — R2"N is the projection onto the second factor. It is clear that

1y, @) = plym), (5.9)

where p(y, ) stands for the index of v with respect to the trivialization ® and the index of
vy is computed using the trivialization D.

Consider a trivialization ¥ of 4*¢V induced by our choice of a section of (A"&)®N. The
relation between the trivializations ® and W is given by the following lemma whose proof is
analogous to the one of Lemma 5.6.

Lemma 5.18. We have that

w7, 0) = u(y, ®) + T2

Ja +2(n—1)).

From now on, if the trivialization is not explicitly stated we use a trivialization given by a
section of (A"€)®N and the trivialization D for closed orbits of Hamiltonians on By. Note
that the index with respect to D coincides with the index using the constant trivialization
of TR?". Clearly, By and Bj are both invariant under the Hamiltonian flow of H and if
the image of vy is not contained in B; then u(vg) = —n. Write T' = kp with k being a
positive integer (recall that 7" is a positive multiple of p). By Lemma 5.18, we have that
p(y) = (2n + 2)kj, + 2kp(n — 1) —n >n+ 2.

Now suppose that the image of v lies in Wj. Since on By the Hamiltonian flow of G
generates a loop of period one and Conley-Zehnder index —3n we have, by Lemmas 5.16 and
5.18,

n(v) = T((2n+ 2)ja/p +2(n —1) = 2n) —n
=k(2n +2)j, —2kp —n
=2k((n +1)ja —p) —n
>23-5-11)—-2=6>n+2=4 (5.10)
where in the second inequality and the last equality we used that j, =5, k > 1, n = 2 and

p = 11. (Here we are using the fact that the index of a symplectic path I" in Sp(2n) composed
with a loop with Conley-Zehnder index —3n is equal to the index of T' minus 2n.)
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Remark 5.19. Regarding Remark 5.10, we have the relation
2n+2 .
u(y) = T(

Ja+2(n—1)—2n)—n
=2k((n +1)ja —p) —n

=2((n+1)|p/2| = p) —n
=2((n+1)(p/2-1/2) =p) —n
=n(p—2)—-p—1=22n—p=n+2 (5.11)

where in the second equality we used the fact that p is odd, the third inequality follows
from the assumption that p > 5 (and the fact that n > 1) and the last one holds because
nzp+2 = 2n—p=2n+p+2—-p=n+2.

Finally, suppose that the image of 7 lies in W1\Wy. Since G}, restricted to Bi\By is
constant, vy must be a closed orbit of G with integral period. By Lemmas 5.17 and 5.18 we
have, as in (5.10),

wy) =T((2n+2)jo/p+2(n—1)—2n) —n>n+2
using the fact that j, =5, k> 1,n =2 and p = 11.

Remark 5.20. Concerning Remark 5.10, inequality (5.11) also holds under the assumptions
that p > 5 and n > p + 2 as explained in Remark 5.19.

O

5.4.2. Proof of Lemma 5.13. Since the hyperbolic periodic orbit of G} has index zero and on
By the flow of G generates a loop of period one and Conley-Zehnder index —3n, we have from
Lemma 5.18 that

oM + 2
i~ 2= ke (5.12)

2 + 2
= 2 —1) — 20 =

()

where we are using the fact that n = 2. (Here, as before, we are using the fact that the index
of a symplectic path I' in Sp(2n) composed with a loop with Conley-Zehnder index —3n is
equal to the index of I' minus 2n.)

Remark 5.21. Under the assumptions of Remark 5.10, note that by equality (5.12) we have

that 5 5
B =2 = hy—2

Jat+2(n—1)—2n=

2n + 2
p(y) =

where we are using the fact that j, < p/2 (because p is odd).

6. PROOF OF THEOREM 1.6

6.1. Proof of Assertion 1. First, note that if « is non-degenerate, then, as mentioned
before, HC (L2 (£o, ..., £y)) can be obtained as the homology of a chain complex generated
by the good periodic orbits of o with homotopy class a. Therefore, if every closed orbit v of «
with homotopy class a satisfies p(vy) > k, we would conclude that HC%G(LZ”H(EO, oy ln)) =
0, a contradiction. Hence, we must have a periodic orbit v with homotopy class a such that
wu(y) < kg which implies, by the first assertion of Theorem 1.4, that u(y) = kq.

If « is degenerate, we proceed as follows. Suppose that every closed orbit of a with homo-
topy class a satisfies 11(y) > kq. Since HC (L2 (£, ..., £,)) # 0 we have that HCZ;T(a) #0
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for some T > 0 sufficiently large. Let & be a non-degenerate perturbation of o such that every
periodic orbit of & with action less than T is close to some periodic orbit of a. Choosing
T away from the action spectrum of «, we have that HCZ;T(@) ~ HCZ;T(a) # 0. Since the
index is lower semicontinuous, we have that every periodic orbit 4 of & with action less than
T satisfies u(%y) > k, which implies that HCZ;T(&) = 0, a contradiction. This implies that
« has a periodic orbit v with homotopy class a such that u(y) < k, which implies, by the
convexity of a as before, that u(y) = kq.

6.2. Proof of Assertion 2. The proof of this assertion follows the argument of the proof
the second assertion of Theorem 1.14 but it is actually much simpler. We consider the contact
form & on M = Lg”“(l, ..., 1) whose Reeb flow generates a free circle action (& is induced
from a constant multiple of the Liouville form restricted to the unit sphere in R?"*2). In
this way, we consider the lens space M as the prequantization circle bundle of the complex
projective space CP™ given by the quotient of the sphere by the circle action generated by
the Reeb flow of a. Let m: M — CP" be the quotient projection.

Take a point xy in CP™ and a neighborhood U of zy with Darboux coordinates (g1, p1, - - -, ¢n, Pn)
identifying zg with the origin. Consider the Hamiltonian G}, defined in Section 5.3 as an
Hamiltonian on U (taking d sufficiently small) and extend it to CP" setting Gp,|cpmy = Ch.
Define the contact form

a=a/(l+Gy),
where G}, = G}, o . The Reeb vector field of « is given by
R, = (1 + éh)R@ + Xgh,

where R is the Reeb vector field of & (assume that the simple orbits of @ have minimal
period one) and Xgh is the horizontal lift of the Hamiltonian vector field of Gj,. By Remark
5.11, a can be chosen C*™-close to &. Therefore, it is strictly convex.

Let «g be the periodic orbit of a over xy. By construction, it is hyperbolic. Let us compute
its index. By Lemma 5.15 and the construction of Gy, we have from (5.2) and an inspection

of the proof of Lemma 5.6 that
2n + 2

1(v0) =

since the right hand side is the Conley-Zehnder index of the (simple) orbits of & plus n and
the hyperbolic orbit of G has index zero. Now, note that the homotopy class a of v satisfies
jo = 1 and therefore hy = hy = (2n + 2)/p. Consequently, o is hyperbolic and satisfies
11(Y0) = hq = hq, as desired.

6.3. Proof of Assertion 3. Consider the contact form « constructed in the previous section
with n = 1 and p = 4. It is a strictly convex contact form carrying a hyperbolic closed orbit
~o with homotopy class a satisfying p(yo) = he = ha (since j, = 1 < p/2 = 2). But we have
that ky = hg — 1 = hg — 1 = (o) = kq + 1.

7. PROOF OF THEOREM 1.18

Let a be one of the contact forms given by Theorem 1.14 and 73 its lift to S?"*!. Given a
contactomorphism @ : $?"*! < that commutes with 7, we have to show that there exists a C'-
neighborhood U of @ such that ¢* 3 cannot be convex for any ¢ € U. Let ¢ : Lg”“(l, 1) e
be the contactomorphism induced by @. As discussed in the introduction, the action ¢4 on
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wl(Lgn“(l, ..., 1)) induced by ¢ is trivial (because k, # k; for distinct homotopy classes a
and b). We have that ¢* is invariant under the conjugated Z,-action generated by o L.
Let Lg”“(l, ..., 1;) be the quotient of S?"*! by the action generated by ¢~!¢p. Denote

by ¢ : Lf,”“(l,...,l;go) — LZ”“(l,...,l) the contactomorphism induced by ¢. Since
¢ = ¢(¢p~1¢) and ¢, is the identity, we have that ¢y = (¢~ @).. Therefore, it is enough to
show that if ¢*« is convex (the definition of convex contact forms on Lg"“(l, 1) s
analogous to the one for contact forms on LI%"H(L ..., 1)) and ~ is a periodic orbit of ¢*«
with homotopy class (¢~ '¢);'a then

(1) u(v) = ka; i

(2) if pu(y) < hq (resp. u(y) < hq) then v is non-hyperbolic;

(3) if £ > 0 and €% # p/2 (resp. £¢ > 0) for every i and pu(7y) = k, then ~ is elliptic.

The proof of Theorem 1.4 carries out word by word to prove this except that, instead of G,
we have to take into account the Hamiltonian G := G40 (¢ 1¢p,..., ¢ 1) whose flow might
not be linear; see Remarks 2.5 and 3.1. Taking U sufficiently small, we have that ¢! o ¢ is
C-close to identity and therefore the symplectic path D" @ (9(0))~1 is C%-close to the path

Ga _ Ga
et = Do,

By the lower semicontinuity of the Bott’s function with respect to the symplectic path
(in the C%-topology) we infer that Bge(2) = Bg,(z) for every z € St where Bge is the
Bott’s function of the symplectic path DgotGg (4(0))~!. Since the proof of Theorem 1.4 follows
from a lower bound of Bg, (Bg,(1) = N(k, — 1) for the first assertion, Bg,(2) = Nh, and
Bg, (2) = Nh, for some z € S'\{1} for the second assertion and Bg, (z) = N (ko +n) for some
z € SN\{1} for the third assertion) we have the same bound for Bge, concluding the desired
result.

8. PROOF OF THEOREM 1.20

Let M = LZ%”“ (1,...,1) and let a € w1 (M) be the homotopy class of a simple orbit ~y of the
obvious contact form ag on M whose Reeb flow generates a free circle action (induced from
the contact form on S2"*! given by the Liouville form restricted to the unit sphere). Clearly
M and « satisfy the hypotheses of Section 2.2 used to conclude (2.4). An easy computation
shows that

p(y*) = 2n+2)k/p—n
for every k € N. Therefore, we have from (2.4) that

HCL{(M) = @renHa— 2n+2)((k—1)p+1)/p+n(CP™; Q)

From Example 1.2, we have that h, = (2n + 2)/p. Thus, we have precisely |(n + 1)/2]
non-trivial elements in HC§ (M) with degrees less than hy,.

Now, let o be any contact form on M satisfying the hypothesis of the theorem (in particular,
a is convex). From the discussion in Section 2.2, we have an injective map

¥:{0,...,[(n—1)/2]} = P«)
such that if 7; = (i) then HC 2,19 jp—n+2i(7:) # 0. Since HC(7;) is supported in [1(7:), pt(7i)+
v(7i)], we conclude that u(vy;) < (2n+2)/p—n+2|(n—1)/2] < (2n+2)/p—1 < h,. Therefore,
by Theorem 1.4, we conclude the existence of |(n —1)/2] + 1 = |(n + 1)/2] non-hyperbolic

periodic orbits. Now, we will use our pinching condition to ensure that these closed orbits
are simple:
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Lemma 8.1. Under our pinching conditions the periodic orbits ~v; = (i) are simple in
the sense that they are not an iterate of another periodic orbit with homotopy class a. In
particular, the orbits v; are geometrically distinct.

Proof. Let v be a periodic orbit of o with homotopy class a and period T. The (second or
more) iterates of y with homotopy class a are given by v*P*1 with k € N. Since u(y;) < hq,
it is enough to show that u(y*?*1) = n + 2 because h, = (2n +2)/p < n + 2 since p > 2. Let
B be the lift of a to S?"*1 and Hp : R**2 — R the homogeneous of degree two Hamiltonian
such that Hﬂ_l(l) = Xg.

Let I'g : [0, (kp+1)T] — Sp((2n+2)N) be the N copies of the linearized Hamiltonian flow
of Hg along a lift 4 of ¥*P*1 as discussed in Section 2.4 and defined in (2.11). By Proposition
2.4 we have that ( G rs)
kpi1y PPt/ (kpr)yT O 1 B

) = i + 1. (8.1)

We claim that the symplectic path I'(t) = (cpf‘t’/(ka)T oI'g)(t) is positive. As explained in

p(y

Section 3, I satisfies the differential equation

d
(1) = JABI()
with Hoss C
essGg G S Ga
Al = G w1y * Pilpsnr) (O Hess Ho(0D) 2y

From our pinching condition, Hess Hg > Ié%” and therefore

Hess G, Idoy N
(kp+1)T R?

where in the last equation we used that gotG“ is unitary. The right hand side of the last
inequality is positive if and only if

At) = —

|w]? - (Hess Gow, w)
R? (kp+1)T
for every w € R®"*2N From (2.8) and the fact that ¢} =1 for every ¢ we conclude that the

eigenvalues of Hess G, are 27/p (with multiplicity 2N (n + 1) — 2) and —27N(n + 1) (with
multiplicity 2). Hence,

(8.2)

2
(Hess Gaw, w) < 27 |w|| . (8.3)
(kp+1)T (kp+1)Tp

Now, we claim that
T = 2rr2 /p. (8.4)
Indeed, let H, : R?"*2 — R be the Hamiltonian given by

1
H,(z) = ﬁHxHQ.
The inequality Hess Hg(x)(v,v) < r~2|v[? applied to v = x implies that
Hy(w) < H, (2).

(Indeed, note that, by homogeneity, Hg(z) = i(Hess H(z)z,z).) A theorem due to Croke
and Weinstein [12, Theorem A] establishes that if H : R?**? — R is a convex Hamiltonian
homogeneous of degree two such that H(z) < H,(x) then every non-constant periodic solution
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of H has period at least 2rr2. Thus, since the lift of ¥ (with period pT’) is a periodic orbit
of Hg (note that 4 is contractible), we conclude that pT > 2772, as desired.
Consequently, from (8.3) and (8.4) we arrive at
(Hess Gow, w) _ |wl?
(kp+ 1T~ r2(kp+ 1)

(8.5)

On the other hand,
(8.6)

because 2—22 > ﬁ — f—; < kp + 1 which is a consequence of the inequality % <+p+1
since k > 1. From (8.5) and (8.6) we conclude (8.2), showing that I" is positive.

From the positivity of I', we have that u(I') > (n + 1)N. Therefore, from (8.1),
p(y") = (T)/N +1 2 n+2
as desired. O

9. PROOF OF THEOREM 1.21

Let a;y be the contact form on Lg”*l(l, ..., 1) induced by the Liouville form X restricted to
the unit sphere S?"*! = R?"*2. Let ay = t?ay for t € [r, R]. Note that our pinching condition
means that o, < a < ag. Indeed, write & = fA|g2nt1 for a positive function f : §?7F1 — R,
and note that our pinching condition means that r < ||z < R for every = € ¥3. But x € ¥z
if and only if x = +/f(x/|z|)z/||z| and therefore our pinching condition is equivalent to the
inequality 2 < f(v) < R? for every v e §?"*1,

It is easy to see that the Reeb flow of a; generates a free circle action with period 7t2/p.
Let a be the homotopy class of the (simple) orbits of a; and note that

A%(ar) = {m((k — Dp + 1)£2/p; k € N},
Choose € > 0 sufficiently small such that 7R?/p + € ¢ A(ar) and, by (2.3),
a,T 2 € n
HCY™ P+ (ap) = Hy ;) (CP™Q), (9.1)

where 7 is a simple orbit of ar (an easy computation shows that u(vy) = (2n + 2)/p — n).
From the discussion in Section 2.2, we conclude that this isomorphism is equivariant with
respect to the shift operators D and A and therefore there exist non-zero elements w; €

,TR? .
HC?2Z+2/)’;;fn+2i(ao), i=0,...,n, such that Dw;y; = w; (A : Hy(CP™; Q) — H,_o(CP™; Q)
is an isomorphism).

We claim that e can be chosen such that 7R?/p + € ¢ A%(ay) for every t € [r,R]. As a

matter of fact, note that if £ > 2 then
7((k — 1)p + 1)t _ T+ 1)r? - TR?
P T p P

for every t € [r, R], where the last inequality holds because (p + 1)r? > R? <= f—; <p+1.
Thus, it is enough to take € > 0 such that

7((k—1)p + 1)t - T R?
p p

+ €

for every t € [r, R] and k > 2.
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Thus, the continuation map
2 2
¢aR,o¢r : HCi,ﬂR /p-‘re(aR) R HCi,ﬂ'R /p+e(ar)

is an isomorphism. Take € such that 7R?/p+ € ¢ A%(a). From the commutative diagram (see

(2.1))

T (z)Oé fledy iy €
HCL ™7 (ap) 2 HOL™ 7 (q,).
$ ¢/,ar/

2
HCZ,WR /p+e (a)

we infer that ¢qj o is injective. Hence from the discussion in Section 2.2 and the equivariant
isomorphism (9.1) we conclude that there exists an injective map (see (2.6))

W7 40, .. n} — PR ()

such that if 7; = ¢(i) then A(v) = ¢y, (w;) () and HC(an19)/p—nt2:(7i) # 0.

We claim that every ~; is simple in its homotopy class in the sense that it cannot be an
iterate of a periodic orbit with homotopy class a. Indeed, let 3 be the lift of o to S?"*!. From
the inequality Hg(z) < r~2|z|? and the convexity of Hg we conclude from [12, Theorem A]
that every periodic orbit a has period bigger than or equal to 772/p (c.f. the proof of Lemma
8.1). Arguing by contradiction, assume that v; = ¥ for some closed orbit v with homotopy
class @ and k > 2. Then k = jp + 1 for some j > 1. Since A(y) = 7r?/p, we arrive at

742
Alv) = Gp+ 1AM = (0 + 1)”7 > 7R2/p + ¢,

contradicting the fact that ~; € pamR? [pte (). Consequently, the periodic orbits v; are geo-
metrically distinct.

REFERENCES

[1] M. Abreu and L. Macarini, Contact homology of good toric contact manifolds. Compositio Mathematica
148 (2012), 304-334.

[2] M. Abreu, L. Macarini, Dynamical convezity and elliptic periodic orbits for Reeb flows. Math. Ann. 369
(2017), 331-386.

[3] M. Abreu, L. Macarini, M. Moreira, On contact invariants of non-simply connected Gorenstein toric
contact manifolds. Preprint arXiv:1812.10361, 2018.

[4] P. Albers, D. Hein, J. Gutt, Periodic Reeb orbits on prequantization bundles. J. Mod. Dyn. 12 (2018),
123-150.

[6] M. Arnaud, Ezistence d’orbites périodiques complétement elliptiques des Hamiltoniens convezes
présentant certaines symétries. C. R. Acad. Sci. Paris. 328 (1999), 1035-1038.

[6] F.Bourgeois, A. Oancea, Fredholm theory and transversality for the parametrized and for the S*-invariant
symplectic action. J. Eur. Math. Soc. (JEMS) 12 (2010), no. 5, 1181-1229.

[7] F. Bourgeois, A. Oancea, The index of Floer moduli problems for parametrized action functionals. Geom.
Dedicata 165 (2013), 5-24.

[8] F. Bourgeois, A. Oancea, The Gysin exact sequence for S*-equivariant symplectic homology. J. Topol.
Anal. 5 (2013), no. 4, 361-407.

[9] F.Bourgeois, A. Oancea, S'-equivariant symplectic homology and linearized contact homology. Int. Math.
Res. Not. IMRN 2017, no. 13, 3849-3937.

[10] J. Chaidez, O. Edtmair, 3d convex contact forms and the Ruelle invariant. Preprint arXiv:2012.12869,

2020.



DYNAMICAL IMPLICATIONS OF CONVEXITY BEYOND DYNAMICAL CONVEXITY 45

[11] D. Cristofaro-Gardiner, M. Hutchings, From one Reeb orbit to two. J. Differential Geom. 102 (2016),
no. 1, 25-36.

[12] C. Croke, A. Weinstein, Closed curves on convex hypersurfaces and periods of nonlinear oscillations.
Invent. Math. 64 (1981), no. 2, 199-202.

[13] G. Dell’Antonio, B. D’Onofrio, I. Ekeland, Periodic solutions of elliptic type for strongly nonlinear Hamil-
tonian systems. The Floer memorial volume, 327-333, Progr. Math., 133, Birkh&user, Basel, 1995.

[14] H. Duan, H. Liu, Multiplicity and ellipticity of closed characteristics on compact star-shaped hypersurfaces
in R?". Calc. Var. Partial Differential Equations 56 (2017), no. 3, Art. 65, 30 pp.

[15] I. Ekeland, Convexity methods in Hamiltonian mechanics. Ergebnisse der Mathematik und ihrer Gren-
zgebiete (3), 19. Springer-Verlag, Berlin, 1990.

[16] I. Ekeland, J. Lasry, On the number of periodic trajectories for a Hamiltonian flow on a conver energy
surface. Ann. of Math. 112 (1980), no. 2, 283-319.

[17] V. Ginzburg, D. Hein, U. Hryniewicz, L. Macarini, Closed Reeb orbits on the sphere and symplectically
degenerate mazima. Acta Math. Vietnam. 38 (2013), no. 1, 55-78.

[18] V. Ginzburg, B. Giirel, Periodic orbits of twisted geodesic flows and the Weinstein-Moser theorem.
Comment. Math. Helv. 84 (2009), 865-907.

[19] V. Ginzburg, B. Giirel, Lusternik—Schnirelmann theory and closed Reeb orbits. Math. Z. 295 (2020),
515-582.

[20] V. Ginzburg, L. Macarini, Dynamical convezity and closed orbits on symmetric spheres. Duke Math. J.
170 (2021), 1201-1250.

[21] H. Hofer, K. Wysocki and E. Zehnder. The dynamics of strictly convex energy surfaces in R*. Ann. of
Math. 148 (1998), 197-289.

[22] U. Hryniewicz, L. Macarini, Local contact homology and applications. J. Topol. Anal. 7 (2015), 167-238.

[23] E. Kerman, Rigid constellations of closed Reeb orbits. Compos. Math. 153 (2017), no. 11, 2394-2444.

[24] E. Lerman, Contact toric manifolds, J. Symplectic Geom. 1 (2003), 785-828.

[25] H. Liu, Y. Long, The existence of two closed characteristics on every compact star-shaped hypersurface
in R*. Acta Math. Sin. (Engl. Ser.) 32 (2016), no. 1, 40-53.

[26] C. Liu, Y. Long, C. Zhu, Multiplicity of closed characteristics on symmetric convex hypersurfaces in R*"
Math. Ann. 323 (2002), 201-215.

[27] H. Liu, C. Wang, D. Zhang, Elliptic and non-hyperbolic closed characteristics on compact convex P-cyclic
symmetric hypersurfaces in R*™. Calc. Var. Partial Differential Equations 59 (2020), no. 1, Paper No.
24, 20 pp.

[28] Y. Long. Bott formula of the Maslov-type index theory. Pacific J. Math. 187 (1999), 113-149.

[29] Y. Long, Index Theory for Symplectic Paths with Applications. Birkh&user, Basel, 2002.

[30] Y. Long, C. Zhu, Closed characteristics on compact convexr hypersurfaces in R®*™. Ann. of Math. 155
(2002), no. 2, 317-368.

[31] M. McLean, Reeb orbits and the minimal discrepancy of an isolated singularity. Invent. Math. 204 (2016),
no. 2, 505-594.

[32] P. Seidel, A biased view of symplectic cohomology. In Current developments in mathematics, 2006, 211—
253. Int. Press, Somerville, MA, 2008.

[33] C. Viterbo, Functors and computations in Floer homology with applications. I. Geom. Funct. Anal. 9
(1999), no. 5, 985-1033.

[34] W. Wang, Ezistence of closed characteristics on compact convex hypersurfaces in R?". Calc. Var. Partial
Differential Equations, 55 (2016), 1-25.

CENTER FOR MATHEMATICAL ANALYSIS, GEOMETRY AND DYNAMICAL SYSTEMS, INSTITUTO SUPERIOR
TEcNICO, UNIVERSIDADE DE LISBOA, Av. Rovisco Pais, 1049-001 LiSBOA, PORTUGAL
E-mail address: mabreu@math.tecnico.ulisboa.pt

CENTER FOR MATHEMATICAL ANALYSIS, GEOMETRY AND DYNAMICAL SYSTEMS, INSTITUTO SUPERIOR
TEcNIcO, UNIVERSIDADE DE LISBOA, Av. Rovisco Pais, 1049-001 LiSBOA, PORTUGAL
E-mail address: macarini@math.tecnico.ulisboa.pt



	1. Introduction and main results
	1.1. Introduction
	1.2. Main results
	1.3. Organization of the paper
	1.4. Conventions
	1.5. Acknowledgements

	2. Equivariant symplectic homology and index theory
	2.1. Equivariant symplectic homology
	2.2. Lusternik-Schnirelmann theory
	2.3. Grading
	2.4. Index computations and non-vanishing of the first Chern class in lens spaces
	2.5. Bott's function

	3. Proof of Theorem 1.4
	3.1. Idea of the proof
	3.2. Proof of the theorem

	4. Proof of Corollary 1.10
	5. Proof of Theorem 1.14
	5.1. Proof of Assertion 1
	5.2. Proof of Lemmas 5.4 and 5.5
	5.3. Proof of Assertion 2
	5.4. Proof of Lemmas 5.12 and 5.13

	6. Proof of Theorem 1.6
	6.1. Proof of Assertion 1
	6.2. Proof of Assertion 2
	6.3. Proof of Assertion 3

	7. Proof of Theorem 1.18
	8. Proof of Theorem 1.20
	9. Proof of Theorem 1.21
	References

