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Abstract. We establish sharp dynamical implications of convexity on symmetric spheres
that do not follow from dynamical convexity. It allows us to show the existence of elliptic and
non-hyperbolic periodic orbits and to furnish new examples of dynamically convex contact
forms, in any dimension, that are not equivalent to convex ones via contactomorphisms
that preserve the symmetry. Moreover, these examples are C1-stable in the sense that
they are actually not equivalent to convex ones via contactomorphisms that are C1-close to
those preserving the symmetry. We also show the multiplicity of symmetric non-hyperbolic
and symmetric (not necessarily non-hyperbolic) closed Reeb orbits under suitable pinching
conditions.
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1. Introduction and main results

1.1. Introduction. In this work we focus on the dynamics of Reeb flows on convex hyper-
surfaces with symmetry in the standard symplectic vector space. In this setting, we explore
dynamical implications of convexity, the existence of elliptic and non-hyperbolic closed or-
bits, the relation between convexity and dynamical convexity and the multiplicity problem
for symmetric non-hyperbolic and symmetric (not necessarily non-hyperbolic) closed Reeb
orbits.

To elaborate, consider Reeb flows on the standard contact sphere pS2n`1, ξstdq. Two of
the most fundamental problems in Hamiltonian dynamics are the multiplicity question for
simple (i.e., non-iterated) closed Reeb orbits and the existence of elliptic closed Reeb orbits.
Two long standing conjectures establish that there are at least n` 1 simple closed orbits and
at least one elliptic closed orbit for any contact form β on pS2n`1, ξstdq. (These conjectures
appeared originally in the literature for convex contact forms (see the definition below),
see, for instance, [15] and [29]. However, we think that the conjectures should be stated
for any contact form; c.f. [20]). The first conjecture was proved for n “ 1 by Cristofaro-
Gardiner and Hutchings [11] (in the more general setting of Reeb flows in dimension three)
and independently by Ginzburg, Hein, Hryniewicz and Macarini [17]; see also [25] where an
alternate proof was given using a result from [17]. In higher dimensions, the question is widely
open without additional assumptions on β, such as convexity or certain index requirements
or non-degeneracy of closed Reeb orbits. The second conjecture is completely open in any
dimension (bigger than one) without further hypotheses.

In order to explain the convexity assumption, note that there is a natural bijection between
contact forms β on pS2n`1, ξstdq and starshaped hypersurfaces Σβ in R2n`2 in the following
way. Consider the restriction of the Liouville form λ to the unit sphere S2n`1 Ă R2n`2. A
contact form β supporting the (cooriented) standard contact structure ξstd is a 1-form given
by fλ|S2n`1 , where f : S2n`1 Ñ R is a positive function. The bijection is given by

β “ fλ|S2n`1 ÐÑ Σβ “ t
a

fpxqx; x P S2n`1u

and it satisfies the property that if Σβ is the energy level of a homogeneous of degree two
Hamiltonian Hβ : R2n`2 Ñ R then the Hamiltonian flow of Hβ on Σβ is equivalent to the
Reeb flow of β. We say that β is convex (resp. strictly convex ) if Σβ bounds a convex (resp.
strictly convex) domain.

Let us denote by P (resp. Pe) the set of simple (resp. simple elliptic) closed Reeb orbits
for β. When β is strictly convex, a remarkable result due to Long and Zhu [30] asserts that
#P ě tpn ` 1q{2u ` 1. This result was improved when n is even by Wang [34], furnishing
the lower bound #P ě rpn ` 1q{2s ` 1. No lower bound for #Pe is known under only the
hypothesis that β is strictly convex.
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Under the assumption that β is strictly convex and invariant by the antipodal map, Liu,
Long and Zhu [26] showed that #P ě n ` 1 and Dell’Antonio, D’Onofrio and Ekeland [13]
proved that #Pe ě 1. Thus, the aforementioned conjectures are true for this important class
of contact forms.

The convexity requirement is used in several ways in these results. However, it is not
natural from the point of view of contact topology since it is not a condition invariant under
contactomorphisms. An alternative notion, introduced by Hofer, Wysocki and Zehnder [21],
is dynamical convexity. A contact form β on S2n`1 is called dynamically convex if every
closed Reeb orbit γ of β has Conley-Zehnder index µpγq greater than or equal to n ` 2.
Clearly dynamical convexity is invariant under contactomorphisms and it is not hard to see
that convexity implies dynamical convexity. When β is dynamically convex, Ginzburg and
Gürel [19] and, independently, Duan and Liu [14], proved that #P ě rpn` 1q{2s` 1, showing
that the lower bound established by Long, Zhu and Wang in [30, 34] in the convex case holds
for dynamically convex hypersurfaces.

When β is dynamically convex and invariant by the antipodal map, Abreu and Macarini
proved in [2] that Pe ě 1, extending the aforementioned result of Dell’Antonio, D’Onofrio
and Ekeland [13] to dynamically convex contact forms. The extension of the results of Liu,
Long and Zhu [26] to the dynamically convex scenario is more subtle and carried out in the
following way. In [20], Ginzburg and Macarini introduced the notion of strong dynamical
convexity : a symmetric contact form β on S2n`1 is strongly dynamically convex if it is dy-
namically convex and its degenerate symmetric periodic orbits satisfy a technical additional
assumption involving the normal forms of the eigenvalue one; see [20] for details. They proved
that if β is strongly dynamically convex then #P ě n`1. Moreover, they showed that if β is
convex and invariant by the antipodal map then it is strongly dynamically convex. Using this,
they were able to construct the first examples of antipodally symmetric dynamically convex
contact forms (in dimension at least five) that are not equivalent to convex ones via contac-
tomorphisms that commute with the antipodal map. The main point in the construction of
these examples was to realize that, under the presence of symmetries, convexity implies more
than dynamical convexity.

In this paper, continuing the study in [20], we explore further implications of convexity for
symmetric contact forms on the sphere. More precisely, we consider contact forms α on lens
spaces L2n`1

p p`0, . . . , `nq endowed with the induced contact structure ξ. Given a homotopy

class a P π1pL
2n`1
p p`0, . . . , `nqq we will associate to it three rational numbers ka, ha and h̃a

related to the positive equivariant symplectic homology of L2n`1
p p`0, . . . , `nq and that can be

easily computed from the weights `0, . . . , `n. (Note here that since, in general, c1pξq ‰ 0, the
grading of the positive equivariant symplectic homology is fractional.) We say that α is convex
(resp. strictly convex) if so is its lift β “ π˚α, where π : S2n`1 Ñ L2n`1

p p`0, . . . , `nq is the

quotient projection. Given a convex (resp. strictly convex) contact form on L2n`1
p p`0, . . . , `nq

and a closed orbit γ with non-trivial homotopy class a, we show in Theorem 1.4 that its
index satisfies µpγq ě ka and the following holds: γ must be non-hyperbolic if µpγq ă ha
(resp. µpγq ă h̃a) and γ has to be elliptic if µpγq “ ka and a satisfies a suitable positivity
assumption.

In Theorem 1.6 we show that this result is sharp: we must have a closed orbit γ with
homotopy class a such that µpγq “ ka, there are examples of strictly convex contact forms

carrying a hyperbolic closed orbit γ with homotopy class a such that µpγq “ ha “ h̃a and
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examples of strictly convex contact forms with a non-elliptic closed orbit γ with positive ho-
motopy class a such that µpγq “ ka`1. Using these results, Corollaries 1.8, 1.9 and 1.10 show
that convex contact forms on L2n`1

p p`0, . . . , `nq must carry elliptic and non-hyperbolic closed
orbits in certain homotopy classes and furnish sufficient conditions to ensure the existence of
such homotopy classes.

We say that α is dynamically convex if so is its lift β to S2n`1; in other words, α is
dynamically convex if every contractible closed orbit γ of α satisfies µpγq ě n ` 2. We
show in Theorem 1.14 that the dynamical implications of Theorem 1.4 do not follow from
dynamical convexity at all. It allows us to furnish new examples of symmetric dynamically
convex contact forms on S2n`1 (in any dimension) that are not equivalent to convex contact
forms via contactomorphisms that preserve the symmetry. Actually, these examples are not
equivalent to convex contact forms via contactomorphisms C1-close to those that preserve
the symmetry (Theorem 1.18).

Finally, let us briefly describe our results on the multiplicity of closed orbits. Given a
symmetric contact form on the sphere, a refinement of the multiplicity question on periodic
orbits is to give a lower bound for the number of simple symmetric closed Reeb orbits. It
is equivalent to the multiplicity question of closed orbits of contact forms on lens spaces
whose homotopy classes are generators of the fundamental group. Using Theorem 1.4 and
Floer homology techniques, we obtain results on the multiplicity of symmetric non-hyperbolic
closed Reeb orbits for suitable contact forms. More precisely, we show in Theorem 1.20 the
existence of tpn`1q{2u simple symmetric non-hyperbolic closed Reeb orbits for contact forms
on certain lens spaces satisfying suitable pinching conditions. At last, using a lower bound for
the period of closed orbits of convex contact forms due to Croke and Weinstein [12] (which
is also used in the proof of Theorem 1.20) and our Floer homology tools, we establish in
Theorem 1.21 the existence of n` 1 symmetric (not necessarily non-hyperbolic) closed orbits
for convex contact forms satisfying weaker pinching conditions, generalizing a result due to
Ekeland and Lasry [16].

1.2. Main results. Given an integer p ą 0, consider the Zp-action on S2n`1, regarded as a
subset of Cn`1zt0u, generated by the map

ψpz0, . . . , znq “

ˆ

e
2π
?
´1`0
p z0, e

2π
?
´1`1
p z1, . . . , e

2π
?
´1`n
p zn

˙

, (1.1)

where `0, . . . , `n are integers called the weights of the action. Such an action is free when the
weights are coprime with p and in that case we have a lens space obtained as the quotient of
S2n`1 by the action of Zp. We denote such a lens space by L2n`1

p p`0, `1, . . . , `nq.
Note that different sequences of weights might produce diffeomorphic lens spaces, for in-

stance by permuting the weights, adding a multiple of p to some weights, multiplying every
weight by some k coprime with p and changing the sign of some weights. Moreover these
are the only possibilities leading to diffeomorphic lens spaces. Clearly ψ preserves ξstd and
therefore L2n`1

p p`0, . . . , `nq carries the induced contact structure ξ. Permuting the weights,
adding a multiple of p to some weights, multiplying every weight by some k coprime with p
and changing the sign of all the weights lead to contactomorphic lens spaces. (As showed
in [3], changing the sign of some weights can lead to lens spaces that are diffeomorphic but
not contactomorphic.) Throughout this work, we will choose the weights `0, . . . , `n such that
`0 “ 1 and ´p{2 ă `i ď p{2 for every i. These conditions determine the weights uniquely up
to permutation in the last n weights.
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Given a homotopy class a P π1pL
2n`1
p p`0, . . . , `nqq, we will associate to it three key rational

numbers in this work. Firstly, we have the lowest degree with non-trivial positive equivariant
symplectic homology associated to a, that is,

ka :“ mintk P Q; HCa
kpL

2n`1
p p`0, . . . , `nqq ‰ 0u,

see Section 2 for the definition of equivariant symplectic homology and, in particular, its
(fractional) grading. This number can be computed in terms of the weights in the following
way. Let ja P t1, . . . , pu be such that the deck transformation corresponding to a is ψja . Let
`a0, `

a
1, . . . , `

a
n be the corresponding homotopy weights, that is the unique integers satisfying

´p{2 ă `ai ď p{2 for every i and

ψjapz0, . . . , znq “

ˆ

e
2π
?
´1`a0
p z0, e

2π
?
´1`a1
p z1, . . . , e

2π
?
´1`an
p zn

˙

.

Consider the number of positive/negative homotopy weights counted with multiplicity:

wa` “ #ti; `ai ą 0u and wa´ “ #ti; `ai ă 0u.

Then one can show that

ka “ wa´ ´ w
a
` `

2
ř

i `
a
i

p
` 1, (1.2)

see Proposition 2.6.

Example 1.1. Consider the following illustrative examples:

(1) Let a be a non-trivial homotopy class of L2n`1
p p1, . . . , 1q. If ja ď p{2 then `ai “ ja ą 0

for every i and therefore

ka “ ´pn` 1q `
2japn` 1q

p
` 1 “

2japn` 1q

p
´ n.

If ja ą p{2 then `ai “ ja ´ p ă 0 for every i and therefore

ka “ n` 1`
2pja ´ pqpn` 1q

p
` 1 “

2japn` 1q

p
´ n.

In particular, we have that ka ‰ kb whenever a ‰ b.
(2) Let a be a non-trivial homotopy class of L2n`1

p p1,´1, . . . , 1,´1q with p ą 2 and n

odd. (Note that L2n`1
p p1,´1, . . . , 1,´1q “ L2n`1

p p1, . . . , 1q when p “ 2.) If a2 ‰ 0 we

have that wa´ “ wa` “ pn ` 1q{2 and
ř

i `
a
i “ 0 and therefore ka “ 1. If a2 “ 0 then

wa` “ n` 1, wa´ “ 0 and
2
ř

i `
a
i

p “ n` 1 implying that ka “ 1 as well. Hence, ka “ 1

for every a.

Now, we will consider two rational numbers related to ka and the multiplicity of the weights.
More precisely, let ¯̀a

1, . . . ,
¯̀a
k be the absolute values of the homotopy weights `a0, . . . , `

a
n. Order

¯̀a
i such that ¯̀a

1 ă
¯̀a
2 ă ¨ ¨ ¨ ă

¯̀a
k. Given i P t1, . . . , ku we define

µai “ #tj; `aj “
¯̀a
i and `aj ‰ p{2u

and

νai “ #tj; `aj “ ´
¯̀a
i or we have that ¯̀a

i “ p{2 and `aj “
¯̀a
i “ p{2u.

(Note that if ¯̀a
i “ p{2 then i “ k.) We also define

µ̃ai “ #tj; `aj “
¯̀a
i u and ν̃ai “ #tj; `aj “ ´

¯̀a
i u.
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Set µa0 “ νa0 “ ν̃a0 “ 0. Then one considers the numbers

ha “ max

"

ka ´ 1`

j
ÿ

i“0

µai ´

j
ÿ

i“0

νai ; j P t0, . . . , ku

*

and

h̃a “ max

"

ka ´ 1`

j
ÿ

i“1

µ̃ai ´

j´1
ÿ

i“0

ν̃ai ; j P t1, . . . , ku

*

.

Note that ha ď h̃a since µai ď µ̃ai and νai ě ν̃ai for every i. Moreover, ha “ h̃a whenever p is
odd.

Example 1.2. Let us compute these numbers in the previously considered examples:

(1) Let a be a non-trivial homotopy class of L2n`1
p p1, . . . , 1q. If ja ă p{2 then `ai “ ja ą 0

for every i and therefore

ha “ h̃a “ ka ´ 1` n` 1 “
2japn` 1q

p
.

If ja “ p{2 then `ai “ p{2 for every i and consequently

ha “ ka ´ 1 “ 0 and h̃a “ ka ` n “ n` 1.

If ja ą p{2 then `ai “ ja ´ p ă 0 for every i and therefore

ha “ h̃a “ ka ´ 1 “
2japn` 1q

p
´ pn` 1q.

(2) Let a be a non-trivial homotopy class of L2n`1
p p1,´1, . . . , 1,´1q with p ą 2 and n

odd. As we saw in Example 1.1, ka “ 1 for every a. Note that we have only one
absolute value ¯̀a

1, i.e., k “ 1. Consider first the case that a2 ‰ 0. Then we have that
ha “ ka ´ 1 “ 0 because µa1 “ νa1 “ pn ` 1q{2. Since k “ 1 and µ̃a1 “ pn ` 1q{2, we

have that h̃a “ pn ` 1q{2. Now, consider the case where a2 “ 0. Then µa1 “ 0 and
νa1 “ n` 1 and therefore ha “ ka ´ 1 “ 0. On the other hand, µ̃a1 “ n` 1 and ν̃a1 “ 0

and consequently h̃a “ n` 1.

Remark 1.3. Note that the identity h̃a “ ka ` n (resp ha “ ka ` n) actually holds for every
non-trivial homotopy class a in L2n`1

p p`0, . . . , `nq such that `ai ą 0 (resp. `ai ą 0 and `ai ‰ p{2)
for every i.

Recall that a periodic orbit is called hyperbolic if every eigenvalue of its linearized Poincaré
map has modulus different from one. On the other hand, it is called elliptic if every eigenvalue
of its linearized Poincaré map has modulus one. Our first result establishes new dynamical
implications of the (not necessarily strict) convexity of contact forms on the standard contact
sphere under the presence of symmetries.

Theorem 1.4. Let α be a convex (resp. strictly convex) contact form on a lens space
L2n`1
p p`0, . . . , `nq and γ a closed Reeb orbit of α with non-trivial homotopy class a. Then

the following assertions hold:

(1) µpγq ě ka;

(2) if µpγq ă ha (resp. µpγq ă h̃a) then γ is non-hyperbolic;
(3) if `ai ą 0 and `ai ‰ p{2 (resp. `ai ą 0) for every i and µpγq “ ka then γ is elliptic.
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Remark 1.5. We have that k0 “ n`2. Therefore, when a “ 0 the inequality µpγq ě ka means
precisely dynamical convexity. Thus, the first assertion is a generalization of dynamical
convexity for periodic orbits with non-trivial homotopy class. In fact, a notion of dynamical
convexity for general contact manifolds was introduced in [2] and the first assertion states
that α is a-dynamically convex in the terminology of [2]. (Note that to achieve the inequality
µpγq ě k0 for contractible orbits we need strict convexity while the lower bound µpγq ě ka
for non-contractible orbits holds without assuming strict convexity.) The second and third
assertions have no counterparts for contractible orbits.

Theorem 1.6. Theorem 1.4 is sharp. More precisely, we have the following:

(1) Given any convex contact form α on L2n`1
p p`1, . . . , `nq and a homotopy class a we

must have at least one periodic orbit γ with homotopy class a such that µpγq “ ka.
(2) Given any integers n ě 1 and p ě 2 there exists a strictly convex contact form α on

L2n`1
p p1, . . . , 1q and a hyperbolic closed Reeb orbit γ of α with non-trivial homotopy

class a satisfying µpγq “ ha “ h̃a.
(3) There exists a strictly convex contact form α on L3

4p1, 1q and a hyperbolic closed Reeb
orbit γ of α with non-trivial homotopy class a such that µpγq “ ka ` 1 and a satisfies
`ai ą 0 and `ai ‰ p{2 for every i.

Remark 1.7. By Proposition 2.2, the contact structure ξ on L3
4p1, 1q satisfies the following.

The smallest positive integer N such that Nc1pξq “ 0 is equal to 2. Therefore, by (2.7) we
have that the indexes of the periodic orbits are integers. Hence, µpγq ą ka if and only if
µpγq ě ka ` 1.

Theorems 1.4 and 1.6 have the following straightforward consequences on the existence of
symmetric elliptic and non-hyperbolic closed orbits of contact forms on pS2n`1, ξstdq which
improves previous results due to Arnaud [5] and Liu, Wang and Zhang [27]. Let β be a
contact form on S2n`1 invariant under the Zp-action generated by (1.1). A closed orbit γ of
β is called symmetric if ψpγpRqq “ γpRq. Note that, the simple symmetric periodic orbits of
β are in bijection with the simple periodic orbits of α whose homotopy classes are generators
of π1pL

2n`1
p p`0, . . . , `nqq, where α is the contact form on L2n`1

p p`0, . . . , `nq whose lift to S2n`1

is β.

Corollary 1.8. Let α be a convex (resp. strictly convex) contact form on L2n`1
p p`0, . . . , `nq

with p ě 2. Assume that `i ą 0 and `i ‰ p{2 (resp. `i ą 0) for every i. Then α carries at
least one elliptic closed orbit whose homotopy class is a generator of π1pL

2n`1
p p`0, . . . , `nqq.

Corollary 1.9. Let α be a convex (resp. strictly convex) contact form on L2n`1
p p`0, . . . , `nq

with p ě 2. Assume that #ti; `i ą 0 and `i ‰ p{2u ´ #ti; `i ă 0 or `i “ p{2u ě 2 (resp.
#ti; `i ą 0u´#ti; `i ă 0u ě 2) for every i. Then α carries at least one non-hyperbolic closed
orbit whose homotopy class is a generator of π1pL

2n`1
p p`0, . . . , `nqq.

Indeed, consider the generator a of π1pL
2n`1
p p`0, . . . , `nqq whose homotopy weights are equal

to `0, . . . , `n. We have from the first assertion of Theorem 1.6 that α must carry a closed orbit
γ with homotopy class a such that µpγq “ ka. Then, under the hypotheses of Corollary 1.8,
by the third assertion of Theorem 1.4, we conclude that γ has to be elliptic. On the other
hand, under the hypotheses of Corollary 1.9, we have that ha ě ka ` 1 (resp. h̃a ě ka ` 1)
and therefore, by the second assertion of Theorem 1.4, we conclude that γ has to be non-
hyperbolic.
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Heuristically, we can look at Theorem 1.4 using the following analogy with Floer homology.
Given a closed symplectic aspherical manifold M2n we have that HF˚pMq – H˚`npMq.
Consider a C2-small non-degenerate autonomous Hamiltonian H : M Ñ R. Then the 1-
periodic orbits of H correspond to the critical points of H. Given a critical point p, let γp be
the corresponding 1-periodic orbit of H and note that µpγpq “ µMorseppq´n, where µMorseppq
is the Morse index of p. It is easy to see that if µpγpq “ ´n then it is elliptic and if µpγpq ă 0
then it must be non-hyperbolic (actually, it must be non-hyperbolic whenever µpγpq ‰ 0).
Thus, if the index of γp is the lowest one then γp must be elliptic and if the index of γp is
lower than the “middle degree” then it has to be non-hyperbolic.

We say that a homotopy class a P π1pL
2n`1
p p`0, . . . , `nqq is positive (resp. strictly positive)

if the corresponding homotopy weights satisfy `ai ą 0 for every i (resp. `ai ą 0 and `ai ‰ p{2
for every i). (Equivalently, a is positive (resp. strictly positive) if the imaginary part of

e2π
?
´1`ai {p is non-negative (resp. strictly positive) for every i.) Note that if a is positive

(resp. strictly positive) then h̃a “ ka ` n (resp. ha “ ka ` n) so that the previous heuristic
analogy is more enlightening for these homotopy classes. A natural question is the existence
of positive or strictly positive homotopy classes. Theorems 1.4 and 1.6 yield the following
corollary, proved in Section 4, which addresses this question.

Corollary 1.10. Let α be a convex (resp. strictly convex) contact form on a lens space and
a be a strictly positive (resp. positive) homotopy class. Then α carries an elliptic periodic
orbit with homotopy class a. In particular, the following assertions hold:

(1) For a 3-dimensional lens space Lpp, qq “ L3
pp1, qq, if q ‰ ´1 then Lpq, pq carries a

positive homotopy class a. Therefore, every strictly convex contact form on such lens
space has an elliptic closed orbit with homotopy class a.

(2) For Lpp, qq, if q “ ´1 then Lpq, pq carries a positive homotopy class a if p is even
and it does not carry a positive homotopy class if p is odd. Therefore, every strictly
convex contact form on such lens space has an elliptic closed orbit with homotopy class
a whenever p is even.

(3) For a higher dimensional lens space L2n`1
p p`0, . . . , `nq, if the weights assume only

two values `0 “ 1 and `1 “ q with q ‰ ´1 then L2n`1
p p`0, . . . , `nq carries a positive

homotopy class a. If q “ ´1 and p is even then L2n`1
p p`0, . . . , `nq carries a positive

homotopy class a as well. Therefore, every strictly convex contact form on such lens
space has an elliptic closed orbit with homotopy class a.

Furthermore, if γ is a closed orbit of α with strictly positive (resp. positive) homotopy class
a such that µpγq ă ka ` n then γ must be non-hyperbolic.

Remark 1.11. The same reasoning shows the following. Let α be a convex (resp. strictly
convex) contact form on a lens space and a be a homotopy class such that

#ti; `ai ą 0 and `ai ‰ p{2u´#ti; `ai ă 0 or `ai “ p{2u ě 2 presp. #ti; `ai ą 0u´#ti; `ai ă 0u ě 2q.

Then α carries a non-hyperbolic closed orbit with homotopy class a. Note that, when n “ 1,
this condition is equivalent to a being strictly positive (resp. positive) (which is consistent with
the fact that in dimension three a periodic orbit is elliptic if and only if it is non-hyperbolic).

Remark 1.12. The existence of an elliptic closed orbit when p is even in the corollary above
also follows from the results in [2, 13] since in this case the lift of the contact form to S2n`1

is invariant by the antipodal map.

Another consequence of Theorem 1.4 is the following immediate corollary.
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Corollary 1.13. Let α be a strictly convex contact form on RP 2n`1. Then every closed Reeb
orbit γ of α satisfying µpγq ă n` 1 is non-hyperbolic.

If n “ 1 this result readily follows from the dynamical convexity of α and the multiplicative
property of the index for hyperbolic periodic orbits: if γ is hyperbolic then µpγkq “ kµpγq for
every k; hence, if µpγq ď 1 then µpγ2q ď 2, contradicting the dynamical convexity (note that
the contact structure on RP 3 has vanishing first Chern class and therefore the index is an
integer so that µpγq ă 2 if and only if µpγq ď 1). However, there is no reason why this is true
in higher dimensions. Indeed, the next result shows that the assumption that α is convex in
Theorem 1.4 cannot be relaxed to the condition that α is dynamically convex at all.

Theorem 1.14. The following assertions hold:

(1) Consider integers n ě 1 and p ě 3. If n “ 1 (resp. n “ 2), assume furthermore
that p ě 5 (resp. p ě 4). Then there exists a dynamically convex contact form α on
L2n`1
p p1, . . . , 1q carrying a closed Reeb orbit with non-trivial homotopy class a such

that µpγq ă ka.
(2) There exists a dynamically convex contact form α on L5

11p1, 1, 1q and a hyperbolic
closed Reeb orbit γ of α with non-trivial homotopy class a such that `ai ą 0 for every
i and µpγq “ ka ă ha.

Remark 1.15. Note that the second assertion shows that both the second and third assertions
of Theorem 1.4 do not hold assuming that α is dynamically convex. The first Chern class of
the contact structure on L5

11p1, 1, 1q does not vanish. However, we can construct examples
with vanishing first Chern class for which the second assertion of Theorem 1.4 does not hold;
see Remarks 5.10, 5.14, 5.19, 5.20 and 5.21.

Remark 1.16. The closed orbit γ in the first assertion is non-degenerate. Therefore, every
contact form α̃ C2-close to α carries a closed Reeb orbit γ̃ with non-trivial homotopy class
a such that µpγ̃q ă ka. Clearly, a similar stability statement also holds for the contact form
in the second assertion: every contact form α̃ C2-close to α carries a hyperbolic closed Reeb
orbit γ̃ with non-trivial homotopy class a such that `ai ą 0 for every i and µpγq “ ka ă ha. It
shows a contrast between these examples and those obtained in [20] where the degeneracy of
the periodic orbits plays a crucial role.

Remark 1.17. The contact form α in both assertions can be chosen arbitrarily C1-close to a
convex contact form; see Remarks 5.3 and 5.11.

Note that, by the invariance of equivariant symplectic homology, if φ : L2n`1
p p`0, . . . , `nq Ðâ

is a contactomorphism then ka “ kφ˚a. In particular, if ka ‰ kb whenever a ‰ b then φ acts
trivially on π1pL

2n`1
p p`0, . . . , `nqq. Hence, in this case, all the assertions in Theorem 1.4 are

invariant by φ. Therefore, since this property holds for L2n`1
p p1, . . . , 1q (see Example 1.1),

Theorem 1.14 furnish new examples of dynamically convex contact forms β on spheres that
are not contactomorphic to convex contact forms via contactormophisms that commute with
the corresponding symmetry.

The fact that we do not assume strict convexity implies more than this: let S Ă ContpS2n`1q

be the subset of contactomorphisms that commute with the corresponding Zp-action. Then
there exists a C2-neighborhood U of S such that β is not equivalent to a convex contact form

via any contactomorphism ϕ P U . Indeed, if there exists a sequence ϕi
C2

ÝÝÑ ϕ̄ P S such that
ϕ˚i β is convex then so is ϕ̄˚β, furnishing a contradiction. However, we actually have this
property for a C1-neighborhood of S as the following theorem shows.
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Theorem 1.18. Let α be one of the contact forms furnished by Theorem 1.14 and consider
its lift β to S2n`1. Let S Ă ContpS2n`1q be the subset of contactomorphisms that commute
with the corresponding Zp-action. Then there exists a C1-neighborhood U of S such that β is
not equivalent to a convex contact form via any contactomorphism ϕ P U .

Remark 1.19. Very recently, Chaidez and Edtmair [10] showed examples of dynamically con-
vex contact forms on S3 that are not equivalent to a convex contact form via any contacto-
morphism. However, their methods work only in dimension three.

Another application of Theorem 1.4, obtained using Floer homology techniques, is the
following result on the multiplicity of symmetric non-hyperbolic periodic orbits on convex
spheres. Before we state it, we need to introduce some definitions. Let α be a contact form
on L2n`1

p p`0, . . . , `nq and β its lift to S2n`1. Let Hβ : R2n`2 Ñ R be the unique homogeneous

of degree two Hamiltonian such that Σβ “ H´1
β p1q. Note that β is convex if and only if so is

Hβ (that is, the Hessian of Hβ is positive semi-definite at every point). Given real numbers
0 ă r ď R we say that α is pr,Rq-pinched if R´2}x}2 ď Hβpxq ď r´2}x}2 for every x P Σβ.
We say that α is pr,Rq-H-pinched if R´2}v}2 ď HessHβpxqpv, vq ď r´2}v}2 for every x P Σβ

and v P R2n`2. (Here “H” stands for the Hessian.) Using the homogeneity of Hβ, it is easy

to see that if β is pr,Rq-H-pinched then it is p
?

2r,
?

2Rq-pinched.

Theorem 1.20. Let n ě 1 and p ě 2 be integers and 0 ă r ď R be real numbers such that
R
r ă

?
p` 1. Let α be an pr,Rq-H-pinched contact form on L2n`1

p p1, . . . , 1q. Denote by a the

generator of π1pL
2n`1
p p1, . . . , 1qq such that `ai “ 1 for every i. Suppose that the periodic orbits

of α with homotopy class a are isolated. Then α carries at least tn`1
2 u geometrically distinct

non-hyperbolic closed Reeb orbits with homotopy class a.

Finally, we prove the following result on the multiplicity of symmetric (not necessarily non-
hyperbolic) closed orbits for contact forms satisfying a weaker pinching condition. It improves
results from [4, 23] and does not use Theorem 1.4; the convexity of the contact form is used
to obtain a lower bound for the period of closed orbits of convex contact forms due to Croke
and Weinstein [12] (which is also used in the proof of Theorem 1.20).

Theorem 1.21. Let n ě 1 and p ě 1 be integers and 0 ă r ď R be real numbers such that
R
r ă

?
p` 1. Let α be a convex pr,Rq-pinched contact form on L2n`1

p p1, . . . , 1q. Denote by

a the generator of π1pL
2n`1
p p1, . . . , 1qq such that `ai “ 1 for every i. Then α carries at least

n` 1 geometrically distinct closed Reeb orbits with homotopy class a.

Note that we allow p “ 1 in the previous theorem. This case corresponds to a classical
result due to Ekeland and Lasry [16].

1.3. Organization of the paper. The rest of the paper is organized as follows. The back-
ground on equivariant symplectic homology and Lusternik-Schnirelmann theory in Floer ho-
mology necessary for this work is presented in Sections 2.1 and 2.2 respectively. Its (fractional)
grading is discussed in Section 2.3. Section 2.4 contains index computations relevant for this
work and shows how to deal with the non-vanishing of the first Chern class in lens spaces.
The tools from index theory are introduced in Section 2.5. Theorem 1.4 is proved in Section
3 and its Corollary 1.10 is proved in Section 4. Theorem 1.6, that establishes the sharpness
of Theorem 1.4, is proved in Section 6. Its proof appears after the proof of Theorem 1.14,
presented in Section 5, since it uses several ingredients from that. Finally, Sections 8 and 9 are
devoted to the proof of our multiplicity results, namely, Theorems 1.20 and 1.21 respectively.
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1.4. Conventions. Throughout this work, we will use the convention that the natural num-
bers are given by the positive integers. Given a symplectic manifold pM,ωq and a Hamiltonian
Ht : M Ñ R, we take Hamilton’s equation to be iXHtω “ ´dHt. A compatible almost complex

structure J is defined by the condition that ωp¨, J ¨q is a Riemannian metric. Throughout this
work, the Conley-Zehnder index µ is normalized so that when Q is a small positive definite
quadratic form the path Γ : r0, 1s Ñ Spp2nq generated by Q and given by Γptq “ expptJQq
has µpΓq “ n. We also take the canonical symplectic form on R2n to be

ř

dqi ^ dpi. For de-
generate paths, the Conley–Zehnder index µ is defined as the lower semi-continuous extension
of the Conley–Zehnder index from the paths with non-degenerate endpoint. More precisely,

µpΓq “ lim inf
Γ̃ÑΓ

µpΓ̃q,

where Γ̃ is a small perturbation of Γ with non-degenerate endpoint. These conventions are
consistent with the ones used in [20].

1.5. Acknowledgements. We are grateful to Viktor Ginzburg and Umberto Hryniewicz for
useful comments on a preliminary version of this paper.

2. Equivariant symplectic homology and index theory

2.1. Equivariant symplectic homology. Let pM2n`1, ξq be a contact manifold endowed
with a strong symplectic filling given by a Liouville domain W such that c1pTW q|H2pW,Rq “ 0.

The positive equivariant symplectic homology SHS1,`
˚ pW q is a symplectic invariant introduced

by Viterbo [33] and developed by Bourgeois and Oancea [6, 7, 8, 9].
It turns out that the positive equivariant symplectic homology can be obtained as the

homology of a chain complex CC˚pαq with rational coefficients generated by the good closed
Reeb orbits of a non-degenerate contact form α on M . This complex is filtered by the
action and graded by the Conley-Zehnder index; see [19, Proposition 3.3] and Section 2.3
for a discussion concerning the grading and good orbits. The differential in the complex
CC˚pαq, but not its homology, depends on several auxiliary choices, and the nature of the
differential is not essential for our purposes. The complex CC˚pαq is functorial in α in the
sense that a symplectic cobordism equipped with a suitable extra structure gives rise to
a map of complexes. For the sake of brevity and to emphasize the obvious analogy with

contact homology, we denote the homology of CC˚pαq by HC˚pMq rather than SHS1,`
˚ pW q.

Furthermore, once we fix a free homotopy class of loops in W , the part of CC˚pαq generated
by closed Reeb orbits in that class is a subcomplex. As a consequence, the entire complex
CC˚pαq breaks down into a direct sum of such subcomplexes indexed by free homotopy classes
of loops in W .

A remarkable observation by Bourgeois and Oancea in [9, Section 4.1.2] is that under
suitable additional assumptions on the indices of closed Reeb orbits the positive equivariant
symplectic homology is defined even when M does not have a symplectic filling and therefore
is a contact invariant. To be more precise, we assume that c1pξq|H2pM,Rq “ 0 and that M ad-
mits a non-degenerate contact form α such that all of its closed contractible Reeb orbits have
Conley–Zehnder index strictly greater than 3´ n. Furthermore, under this assumption once
again the positive equivariant symplectic homology ofM can be described as the homology of a
complex CC˚pαq generated by good closed Reeb orbits of α, graded by the Conley-Zehnder in-
dex and filtered by the action. The complex breaks down into the direct sum of subcomplexes
indexed by free homotopy classes of loops in M . We will use the notation HCa

˚pMq to denote
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the homology of the complex generated by the orbits with free homotopy class a. Given a

non-degenerate contact form α and numbers 0 ă T1 ă T2 ď 8 we denote by HC
a,pT1,T2q
˚ pαq the

equivariant symplectic homology of α with free homotopy class a and action window pT1, T2q.
When α is degenerate and both T1 and T2 are not in the action spectrum of α we define

HC
a,pT1,T2q
˚ pαq as HC

a,pT1,T2q
˚ pᾱq for some small non-degenerate perturbation ᾱ of α. (Recall

that the action spectrum of α is given by Apαq “ t
ş

γ α; γ is a closed Reeb orbit of αu.) Given

T P p0,8s we denote by HCa,T
˚ pαq the filtered equivariant symplectic homology HC

a,pε,T q
˚ pαq

for some ε ą 0 sufficiently small such that ε ă mintT ; T P Apαqu.
The functoriality of CC˚pαq respects the action and homotopy filtrations and therefore the

following holds. Given contact forms α0, α1 and α2, we say that α0 ă α1 ă α2 if α1 “ f1α0

and α2 “ f2α0 for functions fi : M Ñ R (i “ 1, 2) such that f1pxq ą 1 and f1pxq ă f2pxq
for every x P M . Then, given 0 ă T1 ă T2 not in the action spectrum of αi (i “ 0, 1, 2), we

have continuation maps φαi,αj : HC
a,pT1,T2q
˚ pαiq Ñ HC

a,pT1,T2q
˚ pαjq (with i, j P t0, 1, 2u such

that i ą j) that fit into the commutative diagram

HC
a,pT1,T2q
˚ pα2q

φα2,α0 //

φα2,α1 ((

HC
a,pT1,T2q
˚ pα0q.

HC
a,pT1,T2q
˚ pα1q

φα1,α0

66
(2.1)

These continuation maps have the following property that will be useful in this work. Let
αt, t P r0, 1s, be a smooth family of contact forms such that αt ă αt1 whenever t ă t1. Suppose
that there exists T P R such that T R YtPr0,1sAapαtq, where

Aapαtq “

"
ż

γ
αt; γ is a closed Reeb orbit of αt with homotopy class a

*

.

Then

φα1,α0 : HCa,T
˚ pα1q Ñ HCa,T

˚ pα0q

is an isomorphism. Hence, by the diagram (2.1), we conclude that if a contact form α satisfies
α0 ă α ă α1 and T R Aapαq then the corresponding continuation map

φα1,α : HCa,T
˚ pα1q Ñ HCa,T

˚ pαq

is injective.
Now, suppose that pM, ξq is given by a lens space L2n`1

p p`0, . . . , `nq with the contact struc-

ture ξ induced by pS2n`1, ξstdq. Then c1pξq|H2pM,Rq “ 0, because H2pM,Zq is torsion, and

every contractible closed orbit of a dynamically convex contact form α on L2n`1
p p`0, . . . , `nq has

Conley-Zehnder index strictly greater than 3´n (recall that a contact form on L2n`1
p p`0, . . . , `nq

is dynamically convex if every contractible closed orbit has index bigger than or equal to
n ` 2). The existence of dynamically convex contact forms follows from the fact that ev-
ery convex contact form is dynamically convex. Thus, HCa

˚pL
2n`1
p p`0, . . . , `nqq is a contact

invariant that can be obtained as the homology of a chain complex CCa
˚pαq with rational

coefficients generated by the good closed Reeb orbits of α with homotopy class a (note that
π1pL

2n`1
p p`0, . . . , `nqq is abelian). Moreover, HCa

˚pL
2n`1
p p`0, . . . , `nqq have continuation maps

that satisfy the diagram (2.1).
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Finally, let us briefly recall the definition of equivariant local symplectic homology. Given
an isolated (possibly degenerate) closed orbit γ of α we have its equivariant local symplectic
homology HC˚pγq [19, 22]. It is supported in rµpγq, µpγq ` νpγqs (i.e. HCkpγq “ 0 for every
k R rµpγq, µpγq ` νpγqs), where νpγq is the nullity of γ, i.e., the geometric multiplicity of
the eigenvalue 1 of the linearized Poincaré map. If α carries finitely many simple closed
orbits with free homotopy class a then if HCa

kpMq ‰ 0 there exists a closed orbit γ with free
homotopy class a such that HCkpγq ‰ 0.

2.2. Lusternik-Schnirelmann theory. In what follows, we will explain briefly the results
from Lusternik-Schnirelmann theory in Floer homology necessary for this work. We refer to
[19] for details.

Let M “ L2n`1
p p`0, . . . , `nq and a P π1pMq. Let α be a contact form on M such that

every closed orbit with homotopy class a is isolated and T P p0,8szApαq. Given a non-trivial

element w P HCa,T
k pαq we have a spectral invariant given by

cwpαq “ inftT 1 P p0, T qzApαq; w P Impia,T
1

qu

where ia,T
1

: HCa,T 1

˚ pαq Ñ HCa,T
˚ pαq is the map induced in the homology by the inclusion of

the complexes. It turns out that there exists a periodic orbit γ with action cwpαq and free
homotopy class a such that HCkpγq ‰ 0; c.f. [19, Corollary 3.9].

There is a shift operator D : HCa
˚pαq Ñ HCa

˚´2pαq introduced in [8] which respects the
action filtration and satisfies the property

cwpαq ą cDpwqpαq (2.2)

see [19, Theorem 1.1]. The shift operator and the spectral invariants are functorial with
respect to the continuation maps in the sense that given contact forms α0 ă α1 we have that

D commutes with φα1,α0 : HCa,T
˚ pα1q Ñ HCa,T

˚ pα0q and cφα1,α0 pwqpα0q ď cwpα1q for every

w P HCa,T
˚ pα1q, see [19, Proposition 3.1].

Suppose now that M admits a contact form α0 whose Reeb flow generates a free circle
action such that a is the homotopy class of the simple orbits of α0. Let T P p0,8szApα0q. Let
B “M{S1 and assume further that H˚pB;Qq vanishes in odd degrees. Then the shift operator
D can be (partially) computed in the following way. Let ∆ : H˚pB;Qq Ñ H˚´2pB;Qq be the
shift operator given by the Gysin exact sequence associated to the S1-bundle S1 ÑM Ñ B

¨ ¨ ¨ Ñ H˚pM ;Qq Ñ H˚pB;Qq ∆
ÝÑ H˚´2pB;Qq Ñ H˚´1pM ;Qq Ñ ¨ ¨ ¨ .

Suppose that there exist non-zero elements vi P H2ipB;Qq, i “ 0, . . . , n, such that ∆pvi`1q “ vi
for every i P t0, . . . , n´ 1u.

Remark 2.1. In this work, we will use the techniques presented in this section in the particular
case where M “ L2n`1

p p1, . . . , 1q is endowed with the contact form α0 that generates the
obvious free circle action (induced by the Hopf fibration) whose orbit space B is CPn. In this
case, clearly H˚pB;Qq vanishes in odd degrees, H2ipB;Qq – Q for every i P t0, . . . , nu and
∆ : H2i`2pB;Qq Ñ H2ipB;Qq is an isomorphism for every i P t0, . . . , n´ 1u.

Let γ be a simple periodic orbit of α0 and denote by Apγq the action of γ. A standard
Morse-Bott computation shows that there exists ε ą 0 such that

HC
a,pApγpk´1qp`1q´ε,Apγpk´1qp`1q`εq
˚ pα0q – H˚´µpγpk´1qp`1qpB;Qq.
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for every k P N. It turns out that this isomorphism is equivariant with respect to D and
ppk ´ 1qp ` 1q∆; see [19, Proposition 2.22]. (Note that ppk ´ 1qp ` 1q∆ is the map in the
Gysin exact sequence of the S1-bundle induced by the ppk ´ 1qp ` 1q-th iterate of the Reeb
flow of α0.) From this (using our assumption that H˚pB;Qq vanishes in odd degrees) we can
conclude that

HCa,T
˚ pα0q – ‘kPtjPN;Apγpj´1qp`1qăT uH˚´µpγpk´1qp`1qpB;Qq (2.3)

and that (using our hypothesis on ∆) if T ą Apγq then there exist non-zero elements wi P

HCa,T
µpγq`2ipα0q, i “ 0, . . . , n, such that Dwi`1 “ wi for every i P t0, . . . , n ´ 1u. (Note here

that D respects the action filtration and therefore given non-zero elements wi in the first

summand HC
a,pApγq´ε,Apγq`εq
˚ pα0q – HC

a,p0,Apγq`εq
˚ pα0q such that DApγq`εwi`1 “ wi, where

DApγq`ε : HC
a,p0,Apγq`εq
˚ pα0q Ñ HC

a,p0,Apγq`εq
˚ pα0q is the shift operator in the corresponding

action window, then the corresponding elements wi in HCa,T
˚ pα0q also satisfy Dwi`1 “ wi.)

Taking T “ 8 (so that HCa,T
˚ pα0q “ HCa

˚pMq does not depend on the contact form) we
conclude in particular that

HCa
˚pMq – ‘kPNH˚´µpγpk´1qp`1qpB;Qq (2.4)

and that there exist non-zero elements wi P HCa
µpγq`2ipMq, i “ 0, . . . , n, such that Dwi`1 “

wi. From this and (2.2) we infer that there exists an injective map

ψ : t0, . . . , nu Ñ Papαq, (2.5)

called carrier map, where Papαq is the set of closed orbits of α with homotopy class a (note the
difference between α and α0), such that if γi “ ψpiq then Apγiq “ cwipαq and HCµpγq`2ipγiq ‰
0; see [19].

Using the functoriality of D, we can refine this carrier map in the following way. Consider
contact forms α ă α1 and let T P p0,8szpApαq Y Apα1qq. Suppose that there exist non-zero

elements wi P HCa,T
ki
pα1q, i “ 0, . . . , n, such that Dwi`1 “ wi for every i P t0, . . . , n´ 1u (for

some ki such that ki “ ki`1´2) and that the continuation map φα1,α : HCa,T
˚ pα1q Ñ HCa,T

˚ pαq
is injective. Then there exists an action filtered injective carrier map

ψT : t0, . . . , nu Ñ Pa,T pαq, (2.6)

where Pa,T pαq is the set of closed orbits of α with homotopy class a and period less than T ,
such that if γi “ ψpiq then Apγiq “ cφα1,αpwiqpαq and HCkipγiq ‰ 0.

2.3. Grading. The grading of the positive equivariant symplectic homology is defined in [9]
as follows. In what follows, let M “ L2n`1

p p`0, . . . , `nq be endowed with the contact structure

ξ induced from pS2n`1, ξstdq. Given a homotopy class a P π1pMq, choose a reference loop ψa

in M and a symplectic trivialization of pψaq˚ξ. When a “ 0 we ask that both ψa and the
trivialization are constant. Given a closed orbit γ : S1 Ñ M with homotopy class a and a
homotopy between γ and ψa we have an induced trivialization of γ˚ξ. The assumption that
c1pξq|H2pM,Rq “ 0 implies that the homotopy class of this trivialization does not depend on the
choice of the homotopy. Then the index of γ is the Conley-Zehnder index of the symplectic
path given by the linearized Reeb flow along γ (restricted to the contact structure) with
respect to the trivialization of γ˚ξ. Note that, for non-trivial homotopy classes, this grading
depends on the choice of the reference loops ψa and of the trivializations of pψaq˚ξ. In general,
this grading has the following issue: this trivialization might be not closed under iterations,
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that is, the trivialization induced on γj might be not homotopic with the j-th iterate of the
trivialization over γ. This is a problem when we try to use index theory.

In order to fix this issue, we will define a fractional grading using sections of the determinant
line bundle in the following way [31, 32]. Note that c1pξq is torsion and let N be the smallest
positive integer such that Nc1pξq “ 0 (N can be easily computed from the weights `0, . . . , `n;
see Proposition 2.2). Then pΛnCξq

bN is a trivial line bundle. Choose a trivialization τ :

pΛnCξq
bN Ñ M ˆ C which corresponds to a choice of a non-vanishing section s of pΛnCξq

bN .

The choice of this trivialization furnishes a unique way to symplectically trivialize ‘N1 ξ along
periodic orbits of α up to homotopy. As a matter of fact, given a periodic orbit γ, let
Φ : γ˚ ‘N1 ξ Ñ S1ˆCnN be a trivialization of ‘N1 ξ over γ as a Hermitian vector bundle such
that its highest complex exterior power coincides with τ . This condition fixes the homotopy
class of Φ: given any other such trivialization Ψ we have, for every t P S1, that Φt ˝ Ψ´1

t :
CnN Ñ CnN has complex determinant equal to one and therefore the Maslov index of the
symplectic path t ÞÑ Φt ˝Ψ´1

t vanishes, where Φt :“ π2 ˝Φ|γ˚‘N1 ξptq
and Ψt :“ π2 ˝Ψ|γ˚‘N1 ξptq

with π2 : S1 ˆ CnN Ñ CnN being the projection onto the second factor; cf. [31]. Notice that
this trivialization is closed under iterations, that is, the trivialization induced on γj coincides,
up to homotopy, with the j-th iterate of the trivialization over γ.

Now, one can define the Conley-Zehnder index µpγ; sq of a closed orbit γ in the following
way. By the previous discussion, s induces a unique up to homotopy symplectic trivialization
Φ : γ˚ ‘N1 ξ Ñ S1 ˆ R2nN . Using this trivialization, the linearized Reeb flow gives the
symplectic path

Γptq “ Φt ˝ ‘
N
1 dφ

t
αpγp0qq|ξ ˝ Φ´1

0 ,

where φtα is the Reeb flow of α. Then the Conley-Zehnder index is defined as

µpγ; sq “
µpΓq

N

where the Conley-Zehnder index of Γ is defined as the lowersemicontinuous extension of the
usual Conley-Zehnder index for non-degenerate paths. It turns out that, since H1pM ;Qq “ 0,
this index does not depend on the choice of s since every two such sections are homotopic;
see [31, Lemma 4.3].

Note that this grading is fractional in general. Even though the idea of a fractional grading
may seem unnatural at first, it can be thought of as a way of keeping track of some information
about the homotopy classes of the orbits. Indeed, given two homotopic orbits we have that
their index difference is an integer. As a matter of fact, fixed a homotopy class a, the gradings
obtained using sections of pΛnCξq

bN and reference loops coincide up to a constant. To see this,
choose a reference loop ψa and a trivialization of pψaq˚ξ. It induces an obvious (product)
trivialization Ψa of pψaq˚ ‘N1 ξ. Given a closed orbit γ with homotopy class a, we have the
induced trivialization of γ˚ ‘N1 ξ. Let µpγ; Ψaq be the index of γ using this trivialization. Let
Φa be a trivialization pψaq˚ ‘N1 ξ induced by a non-vanishing section s of pΛnCξq

bN . Then we
have that

µpγ; sq ´ µpγ; Ψaq “ ca :“
2µMaslovpΦ

a
t ˝ pΨ

a
t q
´1q

N
. (2.7)

Let γ̄ be the underlying simple orbit of γ, that is, γ̄ is a simple orbit and γ “ γ̄j for some
j P N. Denote by ā the homotopy class of γ̄ (so that a “ āj). We say that γ is good if

µpγ; Ψaq ´ µpγ̄; Ψāq P 2Z.
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Otherwise, it is called bad. From the previous discussion we have that γ is good if and only
if

µpγ; sq ´ µpγ̄; sq P ca ´ cā ` 2Z.

2.4. Index computations and non-vanishing of the first Chern class in lens spaces.
This section contains index computations relevant for this work and shows how to deal with
the non-vanishing of the first Chern class in lens spaces. First, we have the following result
regarding the computation of N in terms of the weights that define the lens space.

Proposition 2.2. There is an isomorphism H2pL2n`1
p p`0, `1, . . . , `nq;Zq – Zp such that the

first Chern class c1pξq is given by

c1pξq “
n
ÿ

i“0

`i pmod pq.

Hence,

m ¨ c1pξq “ 0 ô m ¨
n
ÿ

i“0

`i “ 0 pmod pq.

In particular, we have that N “ mintm P N; m
ř

i `i “ 0 pmod pqu.

Proof. This is a particular case of Proposition 2.16 in [1] and its proof. The main points are
the following:

(i) The quotient map from S2n`1 to L2n`1
p p`0, `1, . . . , `nq is a principal Zp-bundle and

its classifying map f : L2n`1
p p`0, `1, . . . , `nq Ñ BZp induces an isomorphism f˚ :

H2pBZp;Zq Ñ H2pL2n`1
p p`0, `1, . . . , `nq;Zq.

(ii) The Zp-action on Cn`1 gives rise to an associated vector bundle S2n`1ˆZp Cn`1 over

L2n`1
p p`0, `1, . . . , `nq, and

c1pξq “ c1pS
2n`1 ˆZp Cn`1q “ f˚c1pEZp ˆZp Cn`1q.

(iii) H2pBZp;Zq – Zp – character group of Zp and c1pEZp ˆZp Cn`1q is the sum of the

characters that determine the Zp-action on Cn`1.

�

Given a P π1pL
2n`1
p p`0, . . . , `nqq, consider on Rp2n`2qN » Cpn`1qN the Hamiltonian

Gapz0, . . . , zn`pN´1qpn`1qq “
π

p

ˆN´1
ÿ

j“0

n
ÿ

i“0

`ai }zi`jpn`1q}
2 ´

ˆ

N
n
ÿ

i“0

`ai

˙

}zn`pN´1qpn`1q}
2

˙

(2.8)

so that its Hamiltonian flow given by

ϕGat pz0, . . . , zn`pN´1qpn`1qq “ pe
2π
?
´1`a0 t

p z0, . . . , e
2π
?
´1`ant

p zn, . . . , e
2π
?
´1`a0 t

p zpn`1qpN´1q, . . . ,

e
2π
?
´1`an´1t

p zn`pn`1qpN´1q´1, e
2π
?
´1p`an´N

ř

i `
a
i qt

p zn`pN´1qpn`1qq

(2.9)

generates a loop with Maslov index zero. We have that
n
ÿ

i“0

`ai “ ja

n
ÿ

i“0

`i pmod pq. (2.10)
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and so, by Proposition 2.2, N
řn
i“0 `

a
i “ 0 pmod pq. Therefore,

ϕGa1 pz0, . . . , zn`pN´1qpn`1qq “ pe
2π
?
´1`a0
p z0, . . . , e

2π
?
´1`an
p zn, . . . , e

2π
?
´1`a0
p zpn`1qpN´1q, . . . ,

e
2π
?
´1`an
p zn`pN´1qpn`1qq

“ pψjapz0, . . . , znq, . . . , ψ
japzpn`1qpN´1q, . . . , zn`pN´1qpn`1qqq.

Remark 2.3. Note that the key reason why we take N copies of Cn`1 is to generate a loop
with zero Maslov index whose time one map is pψja , . . . , ψjaq.

Let α be a contact form on L2n`1
p p`0, . . . , `nq and γ a closed Reeb orbit with non-trivial

homotopy class a. Multiplying α by a constant if necessary, we can assume that the period
of γ is 1. Let β be the lift of α to S2n`1 and γ̂ a segment of Reeb orbit of β that lifts γ. Let
Hβ : R2n`2 Ñ R be a homogeneous of degree two Hamiltonian such that H´1

β p1q “ Σβ and

consider γ̂ as a segment of Hamiltonian orbit of Hβ on Σβ.
Denote by Γβ : r0, 1s Ñ Sppp2n ` 2qNq the symplectic path given by N copies of the lin-

earized Hamiltonian flow of Hβ along γ̂ with respect to the constant symplectic trivialization

of TRp2n`2qN , that is,

Γβptq “ ‘
N
1 Dϕ

Hβ
t pγ̂p0qq (2.11)

with t P r0, 1s. The next result shows how to compute the index of γ in terms of Γβ. Its proof
follows [3, Proposition 3.1].

Proposition 2.4. We have that

µpγq “
µpϕGa´t ˝ Γβq

N
` 1.

Proof. Consider the symplectization W “ L2n`1
p p`0, . . . , `nqˆR of L2n`1

p p`0, . . . , `nq endowed
with the symplectic form ω “ dperαq, where r is the coordinate in the R-component. Let
H : W Ñ R be the Hamiltonian given by Hpx, rq “ er so that its Hamiltonian vector field is
given by XHpx, rq “ pRαpxq, 0q, where Rα is the Reeb vector field. Let γH be the Hamiltonian
closed orbit of H at H´1p1q corresponding to γ.

Choose a section s of ΛnCξ
bN and consider a trivialization Φξ of γ˚H ‘

N
1 ξ as a Hermitian

vector bundle such that its highest complex exterior power coincides with s; see Section 2.3.
We have that ‘N1 TW “ ‘N1 pξ ‘ ξωq, where ξω is the symplectic orthogonal to ξ which
admits a global (symplectic) frame given by Rα and the vertical vector field Br. Let Φξω

be the symplectic trivialization of γ˚H ‘
N
1 ξω that sends the frame tRα, Bru

‘N to a fixed

symplectic basis. Consider the symplectic trivialization of γ˚H‘
N
1 TW given by Φ :“ Φξ‘Φξω

and let ΓH “ ΓξH ‘ Γξ
ω

H be the symplectic path given by Φt ˝ ‘
N
1 Dϕ

H
t ˝ Φ´1

0 , where ΓξH “

Φξ
t ˝ ‘

N
1 Dϕ

H
t |ξ ˝ pΦ

ξ
0q
´1 and Γξ

ω

H “ Φξω

t ˝ ‘N1 Dϕ
H
t |ξω ˝ pΦ

ξω

0 q
´1.

We have that
µpγHq “ µpΓHq{N “ pµpΓξHq ` µpΓ

ξω

H qq{N.

By our choice of H, we clearly have that µpγq “ µpΓξHq{N and, since Rα and Br are both

invariant under the linearized flow of H, Γξ
ω

H is the path constant equal the identity and
therefore

µpΓξ
ω

H q “ ´N.

Consequently, we arrive at
µpγHq “ µpγq ´ 1.
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Hence, in order to prove the proposition, we need to show that

µpγHq “
µpϕGa´t ˝ Γβq

N
. (2.12)

Let pu1, . . . , up2n`2qN q be a symplectic frame of γ˚H ‘
N
1 TW obtained via the trivialization

Φ. Let π : R2n`2zt0u Ñ TW be the quotient projection with respect to the Zp-action in

R2n`2zt0u. Let vi “ pdπq
´1puiq be the frame of γ̂˚TRp2n`2qN given by the lift of puiq. Denote

by Ψ the trivialization of γ̂˚TRp2n`2qN induced by pviq. Clearly,

µpγHq “ µpγ̂; Ψq

where the index on the left hand side is computed using the frame puiq.

Now, consider the symplectic frame pwiq of γ̂˚TRp2n`2qN given by wiptq “ DϕGat pγ̂p0qqpvip0qq

and let Θ be the trivialization of γ̂˚TRp2n`2qN induced by pwiq. (Although ϕGat is a linear
flow, we take its derivative because the proof does not use this linearity; see Remark 2.5.) It
is easy to see that

µpγ̂; Θq “
µpDϕGat pγ̂p0qq

´1 ˝ Γβq

N
,

where the index on the right hand side is computed using the constant trivialization of
TRp2n`2qN . Therefore, in order to prove (2.12), it is enough to show that

µpγ̂; Ψq “ µpγ̂; Θq. (2.13)

To accomplish this equality, let m be the smallest positive integer such that γm is contractible
and consider the lift γ̄ of γm to R2n`2 which is a closed orbit of Hβ. Let g :“ ψja and consider

the extensions of the frames pviq and pwiq to γ̄˚TRp2n`2qN given by

v1ipt` jq “ ‘
N
1 Dg

jpγ̂ptqqpviptqq and w1ipt` jq “ ‘
N
1 Dg

jpγ̂ptqqpwiptqq

for every t P r0, 1s and j P t0, . . . ,m´ 1u. Since gj ˝ π “ π we have that pv1iq is the lift of the
obvious extension pu1iq of the frame puiq to pγmH q

˚ ‘N1 TW . It follows from this that

µpγ̄; Ψ1q “ µpγmH q, (2.14)

where Ψ1 is the trivialization of γ̄˚TRp2n`2qN induced by pv1iq and the index on the right hand
side is computed using the frame pu1iq. We also conclude from gj ˝ π “ π that

w1iptq “ DϕGat pvip0qq.

Since ϕGat generates a loop with vanishing Maslov index,

µpγ̄; Θ1q “ µpγ̄q (2.15)

where Θ1 is the trivialization of γ̂˚TRp2n`2qN induced by pw1iq and the index on the right hand

side is computed using the constant trivialization of TRp2n`2qN . It is easy to see that the
right hand sides of (2.14) and (2.15) are equal. (Indeed, since γm is contractible, the index

of its lift γ̄ (computed using the constant trivialization of TRp2n`2qN ) is equal to the index
of γmH using a trivialization defined over a capping disk (c.f. [1, Lemma 3.4]) which coincides
with the index of γmH using the frame pu1iq.) Hence, we arrive at

µpγ̄; Ψ1q “ µpγ̄; Θ1q. (2.16)
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Consider the map A1 : r0,ms Ñ Sppp2n ` 2qNq uniquely defined by the property that
A1tv

1
iptq “ w1iptq for every i and t. Using the fact that gj ˝ π “ π we conclude that

v1ipjq “ w1ipjq for every i ùñ A1j “ id

for every j P t0, . . . ,mu. We have that

µpγ̄; Ψ1q “ µpγ̄; Θ1q `
2µMaslovpA

1q

N
(2.17)

which implies, by (2.16), that µMaslovpA
1q “ 0. Similarly,

µpγ̂; Ψq “ µpγ̂; Θq `
2µMaslovpAq

N
(2.18)

where A “ A1|r0,1s. We claim that

µMaslovpA
1q “ mµMaslovpAq. (2.19)

which would imply (2.13), finishing the proof. To prove the claim, note that

‘N1 Dg
jpγ̂ptqqAtv

1
iptq “ ‘

N
1 Dg

jpγ̂ptqqw1iptq

“ w1ipt` jq

“ A1t`jv
1
ipt` jq

“ A1t`j ‘
N
1 Dgjpγ̂ptqqv1iptq

for every i and consequently

A1t`j “ ‘
N
1 Dg

jpγ̂ptqqAt ‘
N
1 Dgjpγ̂ptqq´1 (2.20)

for every t P r0, 1s and j P t0, . . . ,m ´ 1u. Now, let gs be a homotopy between g0 “ g and
g1 “ Id (the existence of this homotopy follows from the fact that ψja is the time one map
of a flow). Note that the curve ‘N1 Dg

jpγ̂ptqqAt ‘
N
1 Dgjpγ̂ptqq´1 is homotopic to the curve

At via the homotopy ‘N1 Dg
j
spγ̂ptqqAt ‘

N
1 Dgjspγ̂ptqq´1. Thus, all the loops t P r0, 1s ÞÑ A1t`j ,

j P t0, . . . ,m ´ 1u, are homotopic to the loop t P r0, 1s ÞÑ At. Since A1 is a concatenation of
these loops, we conclude the equality (2.19). �

Remark 2.5. The previous proof does not use the linearity of the flow ϕGat : it uses only that
it generates a loop with zero Maslov index. Therefore, if pψja , . . . , ψjaq is the time one map

of a Hamiltonian flow ϕGat that generates a loop with vanishing Maslov index then

µpγq “
µpDϕGat pγ̂p0qq

´1 ˝ Γβq

N
` 1.

The next proposition shows how to compute ka easily from the weights that determine the
lens space.

Proposition 2.6. We have that

ka “ wa´ ´ w
a
` `

2
ř

i `
a
i

p
` 1,
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Proof. Consider the Hamiltonian H : R2n`2 Ñ R given by

Hpz0, . . . , znq “
jaπ

p
}z0}

2 `

n
ÿ

i“1

πεi}zi}
2

where the coefficients ja{p, ε1, . . . , εn are rationally independent and the εi’s are positive and
very small. Consider the ellipsoid E “ H´1p1q and let β be the contact form on S2n`1 such
that Σβ “ E. Let α be the induced contact form on L2n`1

p p`0, . . . , `nq (note that E is invariant
under the Zp-action).

Let γ be the closed orbit of H given by γptq “ pe2π
?
´1tja{p, 0, . . . , 0q. Since `a0 “ ja pmod pq

(by our normalization of the homotopy weights), given a P π1pL
2n`1
p p`0, . . . , `nqq, we have

that the closed orbit γa of α given by the projection of γ|r0,1s (we are tacitly identifying E
with the unit sphere) has homotopy class a.

Choosing ε1, . . . , εn sufficiently small, it is easy to see that γa is the closed orbit with
smallest index among the closed orbits of α with homotopy class a. Thus, it is enough to
show that

µpγaq “ wa´ ´ w
a
` `

2
ř

i `
a
i

p
` 1.

Let Γβ : r0, 1s Ñ Sppp2n`2qNq be the path given by Γβptq “ ‘
N
1 Dϕ

H
t pγp0qq. By Proposition

2.4, we have to prove that

µpϕGa´t ˝ Γβq

N
“ wa´ ´ w

a
` `

2
ř

i `
a
i

p
. (2.21)

But
Γβptq “ ‘

N
1 pe

2π
?
´1jat{p, e2π

?
´1ε1t, . . . , e2π

?
´1εntq.

From this and (2.9), we have that

ϕGa´t ˝ Γβ “ pe
´2π

?
´1p`a0´jaqt

p , e
´2π

?
´1`a1 t

p
`2π

?
´1ε1t, . . . , e

´2π
?
´1`ant

p
`2π

?
´1εnt, . . . ,

e
´2π

?
´1p`a0´jaqt

p , e
´2π

?
´1`a1 t

p
`2π

?
´1ε1t, . . . , e

´2π
?
´1`an´1t

p
`2π

?
´1εn´1t,

e
´2π

?
´1p`an´N

ř

i `
a
i qt

p
`2π

?
´1εntq.

Since the index of the path e
´2π

?
´1p`a0´jaqt

p , t P r0, 1s, is ´1 if `a0 ą 0 (i.e. `a0 “ ja) and 1 if
`a0 ă 0 (i.e. `a0 “ ja´ p), N

ř

i `
a
i “ 0 pmod pq (by Proposition 2.2 and (2.10)) and the εi’s are

very small, we can easily see that

µpϕGa´t ˝ Γβq “ Npwa´ ´ w
a
`q `

2N
ř

i `
a
i

p

concluding (2.21). �

2.5. Bott’s function. Let Γ : r0, T s Ñ Spp2nq be a symplectic path starting at the identity
and P :“ ΓpT q its endpoint. Following [28, 29], one can associate to Γ its Bott’s function
B : S1 Ñ Z which will be a crucial tool throughout this work. It has the following properties:

(a) (Bott’s formula) We have that µpΓkq “
ř

zk“1 Bpzq for every k P N. In particular, the

mean index pµpΓq :“ limkÑ8
µpΓkq
k satisfies

pµpΓq “

ż

S1

Bpzq dz,
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where the total measure of the circle is normalized to be equal to one.
(b) If Γ “ Γ1 ‘ Γ2 then B “ B1 ` B2 where Bi is the Bott’s function associated to Γi for

i “ 1, 2.
(c) If Γ1 and Γ2 are homotopic with fixed endpoints then B1 “ B2.
(d) The discontinuity points of B are contained in σpP qXS1, where σpP q is the spectrum

of P .
(e) Bpzq “ Bpz̄q for every z P S1.

(f) The splitting numbers S˘z pP q :“ limεÑ0` Bpe˘
?
´1εzq ´ Bpzq depend only on P and

satisfy, for every z P S1,

S˘z pP q “ S¯z̄ pP q, (2.22)

S˘z pP1 ‘ P2q “ S˘z pP1q ` S
˘
z pP2q, (2.23)

0 ď S˘z pP q ď νzpP q (2.24)

and

S`z pP q ` S
´
z pP q ď ηzpP q (2.25)

where νzpP q and ηzpP q are the geometric and algebraic multiplicities of z (viewing P
as a complex matrix) respectively if z P σpP q X S1 and zero otherwise. Moreover,

Bpe
?
´1θq “ Bp1q ` S`1 pP q `

ÿ

φPp0,θq

pS`
e
?
´1φ
pP q ´ S´

e
?
´1φ
pP qq ´ S´

e
?
´1θ
pP q (2.26)

for every θ P r0, 2πq. (Note that the sum above makes sense since S˘z pP q ‰ 0 only for
finitely many points z P S1.)

(g) BΓpzq is lower semicontinuous with respect to Γ in the C0-topology. More precisely,
let Ppr0, T s,Spp2nqq be the set of continuous paths in Spp2nq starting at the identity
endowed with the C0-topology. Then, for a fixed z P S1, the map

Ppr0, T s, Spp2nqq Ñ Z

that sends Γ to BΓpzq, where BΓ denotes the Bott’s function associated to Γ, is lower
semicontinuous, that is,

BΓpzq “ sup
U

inf
Γ1PU

BΓ1pzq,

where the supremum runs over all C0-neighborhoods U of Γ in Ppr0, T s,Spp2nqq.

We refer to [29] for a proof of these properties. In the proof of Theorem 1.4 the following
comparison result, proved in [20] using the spectral flow, will play a crucial role.

Theorem 2.7. ([20, Theorem 2.2]) Let Γi : r0, T s Ñ Spp2nq (i “ 1, 2) be two symplectic
paths starting at the identity and satisfying the differential equation

d

dt
Γiptq “ JAiptqΓiptq,

where Aiptq is a path of symmetric matrices. Suppose that A1ptq ě A2ptq for every t and let
Bi be the Bott’s function associated to Γi. Then

B1pzq ě B2pzq

for every z P S1.
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3. Proof of Theorem 1.4

3.1. Idea of the proof. Let β be the lift of α to S2n`1 and Hβ be the convex (resp. strictly

convex) homogeneous of degree two Hamiltonian such that H´1
β p1q “ Σβ. Let γ̂ be a segment

of Hamiltonian orbit of Hβ that projects onto γ. Let Γβ : r0, 1s Ñ Sppp2n ` 2qNq be the
linearized Hamiltonian flow along γ̂ (or, more precisely, N copies of it as defined in (2.11)).
It is not true, in general, that the index of γ equals the index of Γβ: as showed in Proposition

2.4, we need to “correct” the path Γβ taking Γ :“ ϕGa´t ˝Γβ so that the “correction term” ϕGa´t
plays a key role.

The convexity (resp. strict convexity) of α implies, by our comparison result given by
Theorem 2.7, that

BΓpzq ě BGapzq presp.BΓpzq ě BGεapzqq
where Gεa is a small “negative” perturbation of Ga given by (3.1) and BΓ, BGa and BGεa are

the Bott’s functions associated to Γ, ϕGa´t and ϕ
Gεa
´t respectively.

Then, a careful analysis of BGa and BGεa allows us to show that the Bott’s function Bγ
associated to the linearized Reeb flow along γ satisfies

(A) Bγp1q ě ka.

(B) There exists z P S1zt1u such that Bγpzq ě ha (resp. Bγpzq ě h̃a).
(C) Under the assumptions of Assertion 3, there exists z P S1zt1u such that Bγpzq ě ka`n

(indeed, under these assumptions ha “ ka ` n (resp. h̃a “ ka ` n)).

Assertion A implies, by Bott’s formula, that µpγq ě ka, proving Assertion 1. If γ is
hyperbolic then Bγ must be constant (because all the splitting numbers vanish). Hence,

by Assertion B, if Bγp1q “ µpγq ă ha (resp. µpγq ă h̃a) then γ is non-hyperbolic, proving
Assertion 2. Finally, we can show that if Bγp1q “ µpγq “ ka and Bγpzq ě ka`n for some z P S1

(so that there is a big enough jump of Bott’s function) then γ must be elliptic (Proposition
3.2). Thus, Assertion 3 follows from Assertion C. It was pointed out to us by a referee that
some similar ideas appear in [27].

3.2. Proof of the theorem. Assume, without loss of generality, that γ has period 1. As
in the previous section, let β be the lift of α to S2n`1 and Hβ be the convex (resp. strictly

convex) homogeneous of degree two Hamiltonian such that H´1
β p1q “ Σβ. Let γ̂ be a segment

of Hamiltonian orbit of Hβ that projects onto γ (here, as before, we are tacitly identifying

S2n`1 and Σβ). Let Γβ : r0, 1s Ñ Sppp2n`2qNq be the path given by (2.11) and Γ “ ϕGa´t ˝Γβ.
The sympletic path Γ satisfies the differential equation

d

dt
Γptq “ JAptqΓptq

where J is the canonical complex structure in Rp2n`2qN and Aptq is a path of symmetric
matrices. It follows from [20, Lemma 7.5] that

Aptq “ ´HessGa ` pϕ
Ga
t q

˚
`

‘N1 HessHβpγ̂ptqq
˘

ϕGat

where pϕGat q
˚ denotes the transpose of ϕGat and ‘N1 HessHβpγ̂ptqq is the quadratic form on

Rp2n`2qN given by N copies of HessHβpγ̂ptqq.

Remark 3.1. If ϕGat is not linear and Γ :“ DϕGat pγ̂p0qq
´1 ˝ Γβ (see Remark 2.5) then Aptq “

´HessGa `Dϕ
Ga
t pγ̂p0qq

˚
`

‘N1 HessHβpγ̂ptqq
˘

DϕGat pγ̂p0qq.
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Given ε ą 0, define the Hamiltonian

Gεapz0, . . . , zn`pN´1qpn`1qq “
π

p

ˆN´1
ÿ

j“0

n
ÿ

i“0

p`ai ´ pεq}zi`jpn`1q}
2 ´

ˆ

N
n
ÿ

i“0

`ai

˙

}zn`pN´1qpn`1q}
2

˙

(3.1)
whose flow is clearly linear. Since Hβ is convex (resp. strictly convex),

xpϕGat q
˚
`

‘N1 HessHβpγ̂ptqq
˘

ϕGat v, vy “ x
`

‘N1 HessHβpγ̂ptqq
˘

ϕGat v, ϕGat vy ě 0 presp. ą 0q

for every t and v P Rp2n`2qN . Hence, Aptq ě ´HessGa (resp. Aptq ě ´HessGεa “ 2εId ´
HessGa for some ε ą 0 sufficiently small). In what follows, we will take ε sufficiently small

such that ϕ
Gεa
´1 has no eigenvalue ´1.

Thus, Theorem 2.7 yields the inequality

BΓpzq ě BGapzq presp.BΓpzq ě BGεapzqq (3.2)

for every z P S1, where BΓ and BGa (resp. BGεa) are the Bott’s functions associated to Γ and

ϕGa´t (resp. ϕ
Gεa
´t ) respectively. Using the arguments in the proofs of Proposition 2.4 and [20,

Proposition 4.1] we easily conclude that

Bγpzq “

#

BΓp1q{N ` 1 if z “ 1

BΓpzq{N otherwise,
(3.3)

for every z P S1.
Let us study BGa . First, we easily derive from (2.9) that

BGap1q “ Npwa´ ´ w
a
`q `

2N
ř

i `
a
i

p
“ Npka ´ 1q, (3.4)

where the last equality follows from Proposition 2.6. Thus,

µpγq “ BΓp1q{N ` 1 ě BGap1q{N ` 1 “ ka,

proving the first assertion of the theorem.
The proof of the remaining assertions relies on an analysis of BGapzq and BGεapzq for z ‰ 1.

Once we know the Bott’s function at 1, it is completely determined by its splitting numbers;
see (2.26). The eigenvalues of ϕGa´1 are the following:

‚ Those with negative imaginary part, given by e´2π
?
´1`ai {p with `ai ą 0 and `ai ‰ p{2,

having multiplicity µai , and their complex conjugates.

‚ Those with non-negative imaginary part, given by e´2π
?
´1`ai {p with `ai ă 0 or `ai “ p{2,

having multiplicity νai , and their complex conjugates.

Since the splitting numbers satisfy (2.22), it is enough to determine them in the eigenvalues

with non-negative imaginary part given by e2π
?
´1¯̀a

i {p for i P t1, . . . , ku. (Recall that ¯̀a
1 ă

¨ ¨ ¨ ă ¯̀a
k are the absolute values of the homotopy weights.) From the multiplicity of the

eigenvalues discussed above, the additivity of the splitting numbers (2.23) and [29, List 9.1.12,
page 198], we conclude the following:

‚ S`pe2π
?
´1¯̀a

i {pq “ µai and S´pe2π
?
´1¯̀a

i {pq “ νai if `ai ‰ p{2;

‚ S`pe2π
?
´1¯̀a

i {pq “ S´pe2π
?
´1¯̀a

i {pq “ νai if `ai “ p{2 (in this case i “ k).
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From this and (3.4) we can conclude that BGa is given by the following. Since BGapzq “ BGapz̄q
for every z P S1, it is enough to establish the values of BGa in the upper (closed) half-circle.
We have that if ¯̀a

k ‰ p{2 (resp. ¯̀a
k “ p{2) then

BGape
?
´1θq

N
“

$

’

’

’

&

’

’

’

%

ka ´ 1 if θ P r0, 2π ¯̀a
1{pq

ka ´ 1`
řj´1
i“1 µ

a
i ´

řj
i“1 ν

a
i if θ “ 2π ¯̀a

j {p, j “ 1, . . . , k presp. j “ 1, . . . , k ´ 1q

ka ´ 1`
řj
i“1 µ

a
i ´

řj
i“1 ν

a
i if θ P p2π ¯̀a

j {p, 2π
¯̀a
j`1{pq, j “ 1, . . . , k ´ 1

ka ´ 1`
řk
i“1 µ

a
i ´

řk
i“1 ν

a
i if θ P p2π ¯̀a

k{p, πs presp. θ “ 2π ¯̀a
k{p “ πq,

(3.5)
for every θ P r0, πs; see Figures 1 and 2. Note that the function is lower semicontinuous since
the splitting numbers are non-negative.

k
a-1

2𝜋ℓ̄a1
p

2𝜋ℓ̄a2
p

2𝜋ℓ̄a3
p

2𝜋ℓ̄ak
p

𝜋

µa1

𝜈a2

𝜈a1

µa2=0

Figure 1. The function BGa{N with the jumps µai and νai when ¯̀a
k ‰ p{2. The

first jump goes down and the second goes up (when we move counterclockwise
in the circle or, equivalently, move to the right in the figure).

k
a-1

2𝜋ℓ̄a1
p

2𝜋ℓ̄a2
p

2𝜋ℓ̄a3
p

2𝜋ℓ̄ak
p

k

𝜋

µa
1

𝜈a
2

𝜈a
1

𝜈a

 -1

µa
2=0

Figure 2. The function BGa{N with the jumps µai and νai when ¯̀a
k “ p{2.

The jump at π “ 2π ¯̀a
k{p goes down.

From this, we conclude that

max
zPS1

BGa “ max
zPS1zt1u

BGa “ Nha.
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Using this, (3.2) and (3.3) we infer that there exists z P S1zt1u such that Bγpzq ě ha. Hence,
if µpγq ă ha then Bγp1q ă Bγpzq which implies that Bγ is not constant and therefore γ is
not hyperbolic, proving the second assertion of the theorem when α is not necessarily strictly
convex.

When α is strictly convex, we have to study BGεa . Taking ε ą 0 sufficiently small, we

conclude that the eigenvalues of ϕ
Gεa
´1 are the following:

‚ Those with negative imaginary part, given by e´2π
?
´1p`ai {p´εq with `ai ą 0, having

multiplicity µ̃ai , and their complex conjugates.

‚ Those with positive imaginary part, given by e´2π
?
´1p`ai {p´εq with `ai ă 0, having

multiplicity ν̃ai , and their complex conjugates.

The possibly non-zero splitting numbers of BGεa in the upper-half circle are the following (see
[29, List 9.1.12, page 198]):

‚ S`pe2π
?
´1p¯̀ai {p´εqq “ µ̃ai and S´pe2π

?
´1p¯̀ai {p´εqq “ 0;

‚ S`pe2π
?
´1p¯̀ai {p`εqq “ 0 and S´pe2π

?
´1p¯̀ai {p`εqq “ ν̃ai if ¯̀a

i ‰ p{2.

(Recall here that, by our choice of ε, ϕ
Gεa
´1 has no eigenvalue ´1.) Now, note that an argument

analogous to the one to derive (3.4) shows that BΓaε “ Npka´1q. Using this and our knowledge

about the splitting numbers we can deduce that if ¯̀a
k ‰ p{2 (resp. ¯̀a

k “ p{2) then

BGεape
?
´1θq

N
“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ka ´ 1 if θ P r0, 2πp¯̀a1{p´ εqs

ka ´ 1`
řj
i“1 µ̃

a
i ´

řj´1
i“0 ν̃

a
i if θ P p2πp¯̀aj {p´ εq, 2πp

¯̀a
j {p` εqq

ka ´ 1`
řj
i“1 µ̃

a
i ´

řj
i“1 ν̃

a
i if θ P r2πp¯̀aj {p` εq, 2πp

¯̀a
j`1{p´ εqs

ka ´ 1`
řk
i“1 µ̃

a
i ´

řk´1
i“0 ν̃

a
i if θ P p2πp¯̀ak{p´ εq, 2πp

¯̀a
k{p` εqq presp. θ P pπp1´ 2εq, πsq

ka ´ 1`
řk
i“1 µ̃

a
i ´

řk
i“1 ν̃

a
i if θ P r2πp¯̀ak{p` εq, πs and ¯̀a

k ‰ p{2

(3.6)
for every θ P r0, πs and j P t1, . . . , k´ 1u; see Figures 3 and 4. Note that when ¯̀a

k “ p{2, BGεa
has a jump that goes up at θ “ πp1´ 2εq while BGa has a jump that goes down at θ “ π.

2𝜋(ℓ̄a1
p

k
a-1

3
𝜋

µ̃a1 𝜈a2

-ε)2𝜋(ℓ̄a1
p

+ε)

𝜈a1

2𝜋(ℓ̄a
p
+ε)2 2𝜋(ℓ̄a

p
+ε) k2𝜋(ℓ̄a

p
+ε)

Figure 3. The function BGεa{N with the jumps µ̃ai and ν̃ai when ¯̀a
k ‰ p{2.

The first jump goes up and happens when θ “ 2π
` ¯̀a

1
p ´ ε

˘

. The second one

goes down and happens when θ “ 2π
` ¯̀a

1
p ` ε

˘

.
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2𝜋(ℓ̄a1
p

𝜋

k
a-1

𝜋

µ̃a1 𝜈a2

(1-2ε)

𝜈a1

k-1

µ̃ak

-ε)2𝜋(ℓ̄a1
p
+ε)2𝜋(ℓ̄a

p
2+ε)2𝜋(ℓ̄a

p
3+ε) 2𝜋(ℓ̄a

p
+ε)

Figure 4. The function BGεa{N with the jumps µ̃ai and ν̃ai when ¯̀a
k “ p{2.

The jump at πp1´ 2εq “ 2π
` ¯̀a
k
p ´ ε

˘

goes up.

From this, we conclude that

max
zPS1

BGεa “ max
zPS1zt1u

BGεa “ Nh̃a.

Using this, (3.2) and (3.3) we conclude that there exists z P S1zt1u such that Bγpzq ě h̃a.

Thus, if µpγq ă h̃a then Bγ is not constant and therefore γ is not hyperbolic, proving the
second assertion of the theorem when α is strictly convex.

To prove the third assertion, note that from our assumptions that `ai ą 0 and `ai ‰ p{2

(resp. `ai ą 0) for every i we have that ha “ ka ` n (resp. h̃a “ ka ` n) and therefore
maxzPS1zt1u BGa “ Npka ` nq (resp. maxzPS1zt1u BGεa “ Npka ` nq). Using this, (3.2) and

(3.3) we conclude that there exists z P S1zt1u such that Bγpzq ě ka`n. Now, the result readily
follows from the following proposition. Recall that a symplectic path Γ : r0, T s Ñ Spp2nq is
elliptic if every eigenvalue of ΓpT q has modulus one.

Proposition 3.2. Let Γ : r0, T s Ñ Spp2nq be a symplectic path starting at the identity such
that BΓpzq ´ BΓp1q ě n for some z P S1. Then Γ is elliptic.

Proof. Let θ be the smallest positive number such that z “ e
?
´1θ. Let P “ ΓpT q and

te
?
´1θ1 , . . . , e

?
´1θlu the eigenvalues of P with modulus one and argument 0 ă θk ă θ, such

that θk ă θk`1 for every 1 ď k ď l ´ 1. By (2.26),

BΓpzq ´ BΓp1q “ pS
`
1 pP q ´ S

´
z pP qq `

l
ÿ

k“1

pS`
e
?
´1θk

pP q ´ S´
e
?
´1θk

pP qq.

Since the splitting numbers are non-negative (see (2.24)), it follows from our assumption that

S`1 pP q `
l
ÿ

k“1

S`
e
?
´1θk

pP q ě n.

By (2.22), this implies that

S´1 pP q `
l
ÿ

k“1

S´
e´
?
´1θk

pP q ě n.
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Putting these two inequalities together we arrive at

2n ě
ÿ

zPS1

ηzpP q ě
ÿ

zPS1

S`z pP q ` S
´
z pP q

ě S`1 pP q ` S
´
1 pP q `

l
ÿ

k“1

pS`
e
?
´1θk

pP q ` S´
e´
?
´1θk

pP qq ě 2n,

where the first inequality is trivial by a dimensional reason, the second inequality holds by
(2.25) and the third inequality follows again from the fact that the splitting numbers are
non-negative. This ensures that all of the above inequalities are in fact equalities. Hence, Γ
is elliptic. �

4. Proof of Corollary 1.10

We have only to prove the existence/non-existence of positive homotopy classes. In all the
assertions, we have that the weights assume only two values 1 and q. Let a be the homotopy
class such that ja “ 1. Firstly, note that when 1 ď q ď p{2 we have that a is obviously
positive.

Suppose now that ´p{2 ă q ď ´1. The integers mq, with m P N, form a negative
arithmetic sequence with first term bigger that ´p{2 and with distance less that p{2 between
consecutive terms. Hence, there exists a smallest positive k P N such that

´p ă kq ď ´p{2.

Moreover, since ´p{2 ă q ď ´1, we also have that

2 ď k ď rp{2s

and

k ą p{2 iff p is odd and q “ ´1.

Hence, when q “ ´1 and p is odd, the homotopy weights of aj are j and ´j for all 1 ď j ď p{2,
and there are no positive homotopy classes in the fundamental group of L2n`1

p p`0, . . . , `nq. On
the other hand, when ´p{2 ă q ă ´1 or when q “ ´1 and p is even, the homotopy weights of
ak are k ą 0, p`kq ą 0, and we have that the homotopy class ak is positive. Note that when
q “ ´1 and p is even we have that k “ p{2 and hence ap{2 is the unique positive homotopy
class.

5. Proof of Theorem 1.14

Let M “ L2n`1
p p1, . . . , 1q be the lens space endowed with the induced contact structure

ξ and N be the minimal positive integer such that Nc1pξq “ 0. In the proof we will take
advantage of the following useful fact. A contact form α on a lens space L2n`1

p p`0, . . . , `nq is

called toric if its lift β to S2n`1 satisfies the property that Σβ is a linear ellipsoid. (Although
this is not the standard definition, the standard definition is equivalent to this one [24].)

Proposition 5.1. Let a P π1pL
2n`1
p p`0, . . . , `nqq and m be a positive integer such that ja and

m are coprime. Given i P t0, . . . , nu let ˆ̀
i “ `i pmod pq such that 1 ď ˆ̀

i ď p´ 1. Then there
exists a toric contact form on L whose Reeb flow generates a circle action whose generic

(simple) orbit has homotopy class a and Conley-Zehnder index
2p
ř

i
ˆ̀
iq

p ja ` 2m´ n.
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Proof. We will use the toric geometry description of L2n`1
p p`0 “ 1, `1, . . . , `nq and its toric

Reeb vectors presented in [3, Section 2] (see in particular Subsection 2.3.3).
The moment cone C Ă Rn`1 of L2n`1

p p`0 “ 1, `1, . . . , `nq can be chosen to have primitive

integral exterior normals ν0, . . . , νn P Zn`1 given by

ν0 “

»

—

—

—

—

—

–

´ˆ̀
1

...

´ˆ̀
n´1

p

´
řn
i“1

ˆ̀
i

fi

ffi

ffi

ffi

ffi

ffi

fl

, νj “

»

—

—

—

—

–

ej

0
1

fi

ffi

ffi

ffi

ffi

fl

for j “ 1, . . . , n´ 1, νn “

»

—

—

—

—

—

–

0
...
0
0
1

fi

ffi

ffi

ffi

ffi

ffi

fl

,

where e1, . . . , en´1 P Zn´1 are the canonical coordinate basis vectors of Zn´1. The fundamen-
tal group π1pL

2n`1
p p`0 “ 1, `1, . . . , `nqq is naturally isomorphic to Zn`1{N – Zp, where N is

the Z-span of tν0, . . . , νnu. More precisely,

rpa0, . . . , anqs “ an´1 pmod pq.

Any toric Reeb vector on L2n`1
p p`0 “ 1, `1, . . . , `nq can be written as a positive linear

combination of the normals ν0, . . . , νn P Zn`1. Consider the following toric Reeb vector:

Ra “

˜

n
ÿ

i“0

ˆ̀
ija
p
νi

¸

`mνn “

»

—

—

—

—

—

–

0
...
0
ja
m

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Its generic (simple) orbit γ has homotopy class a, corresponding to ja, and period 1. We will
now use the set-up of Section 2.4 to compute its Conley-Zehnder index.

The lift of γ to R2pn`1q “ Cn`1 corresponds to the linear symplectic path

Γtpz0, z1, . . . , znq “

ˆ

e
2π
?
´1

ˆ̀
0ja
p
t
z0, . . . , e

2π
?
´1

ˆ̀
n´1ja
p

t
zn´1, e

2π
?
´1

´

ˆ̀nja
p
`m

¯

t
zn

˙

.

Hence, we have that

µ
´

ϕGa´t ˝ p‘
N
1 Γtq

¯

“ 2N

˜

n
ÿ

i“0

ˆ̀
ija ´ `

a
i

p
´
n` 1

2
`m`

n
ÿ

i“0

`ai
p

¸

“ 2N

˜˜

n
ÿ

i“0

ˆ̀
i

¸

ja
p
`m´

n` 1

2

¸

,

which implies that

µpγq “
µ
´

ϕGa´t ˝ p‘
N
1 Γtq

¯

N
` 1 “ 2

˜˜

n
ÿ

i“0

ˆ̀
i

¸

ja
p
`m´

n

2

¸

,

as desired. �
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5.1. Proof of Assertion 1. Let a P π1pMq be such that ja “ p ´ 1 so that ka “
2n`2
p pp ´

1q ´ n. Let m “ 1 and ᾱ be the contact form given by Proposition 5.1 corresponding to a
and m. The Conley-Zehnder index of the generic orbit of ᾱ is given by

2n` 2

p
pp´ 1q ` 2´ n “ 2n` 4´

2n` 2

p
´ n.

We will need the following elementary lemma.

Lemma 5.2. Suppose that p ě 3. If n “ 1 (resp. n “ 2), assume further that p ě 5 (resp.
p ě 4). Then there exists an even integer ∆ such that

2n` 4

p
ď ∆´

2n` 2

p
ă 2n` 2´

2n` 2

p
. (5.1)

Proof. Note that (5.1) is equivalent to

4n` 6

p
ď ∆ ă 2n` 2.

Hence, we have to show that the interval rp4n`6q{p, 2n`2q contains at least one even integer.
It is clear if n “ 1 and p ě 5 or n “ 2 and p ě 4. To prove it for n ě 3, note that, since
p ě 3, it is enough to show that the interval rp4n` 6q{3, 2n` 2q contains at least two integer
numbers. But it follows from the fact that the Lebesgue measure of rp4n ` 6q{3, 2n ` 2q is
bigger than or equal to two whenever n ě 3. �

Now, let F : R2 Ñ R be defined as F pq, pq “ πpq2 ` p2q. Given ε ą 0 consider the
Hamiltonian G : R2n Ñ R given by

Gpq1, p1, . . . , qn, pnq “ ´
`2n` 4´∆` ε

2
F pq1, p1q `

n
ÿ

i“2

εF pqi, piq
˘

.

Let f : RÑ R be a smooth function such that

‚ fp0q “ 1, f 1p0q “ 1;
‚ f 1prq P p0, 1q and f2prq ą 0 for every r P p´r0, 0q and some r0 ą 0;
‚ fprq “ C for every r ď ´r0, where C is a constant bigger than 1{2.

Define the Hamiltonian

H “ f ˝G,

where the constants ε and r0 will be properly chosen.

Remark 5.3. Note that, choosing ε ă 1, r0 very small and C close enough to 1, we can make
H arbitrarily uniformly C1-close to the constant function equal to one.

Consider the lens space M as the prequantization circle bundle of an orbifold B given by
the quotient of M by the circle action generated by the Reeb flow of ᾱ. Let π : M Ñ B
be the quotient projection. Take a point x0 in the smooth part of B and a neighborhood U
of x0 with Darboux coordinates pq1, p1, . . . , qn, pnq identifying x0 with the origin. Taking r0

sufficiently small and viewing H as an Hamiltonian on U , extend H to B setting H|BzU ” C.
Define the contact form

α “ ᾱ{Ĥ,

where Ĥ “ H ˝ π. The Reeb vector field of α is given by

Rα “ ĤRᾱ ` X̂H ,
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where Rᾱ is the Reeb vector field of ᾱ (assume that the generic orbit of ᾱ has minimal period

one) and X̂H is the horizontal lift of the Hamiltonian vector field of H. By the construction
of H, clearly W :“ π´1pUq is invariant under the Reeb flow of α and outside W the Reeb
vector field of α is a constant multiple of Rᾱ.

Lemma 5.4. The contact form α is dynamically convex.

Let γ0 be the simple closed orbit of Rα over x0. Recall that, by construction, the homotopy
class of γ0 is a.

Lemma 5.5. We have that µpγ0q ă ka.

The proof of first assertion of Theorem 1.14 follows immediately from Lemmas 5.4 and 5.5.
These two lemmas are proved in the next section.

5.2. Proof of Lemmas 5.4 and 5.5.

5.2.1. Proof of Lemma 5.4. Consider on W » U ˆ S1 the coordinates px, θq, where x “
pq1, p1, . . . , qn, pnq and θ is the coordinate along the fiber such that, with respect to these
coordinates, x0 is the origin and

ᾱ|W “ λ` dθ,

where λ “ 1
2

řn
i“1pqidpi´ pidqiq is the Liouville form. In what follows, for a shorter notation,

let TUN “ ‘N1 TU and ξN “ ‘N1 ξ. Let γ be a contractible periodic orbit of α. Clearly, if γ
lies outside W then µpγq ě n ` 2 because ᾱ is toric (and therefore dynamically convex). So
suppose that the image of γ is contained in W . The Darboux coordinates induce an obvious
(constant) trivialization D : TUN Ñ U ˆ R2nN . From this we get a trivialization of ξN |W
given by

Φpv1, . . . , vN q “ π2pDpπ˚v1, . . . , π˚vN qq,

where π2 : U ˆ R2nN Ñ R2nN is the projection onto the second factor. It is clear that

µpγ,Φq “ µpγHq, (5.2)

where µpγ,Φq stands for the index of γ with respect to the trivialization Φ and γH “ π ˝ γ
is the corresponding orbit of H with the index computed using the trivialization D. Let f be
the generator of π1pW q » Z given by the homotopy class of a simple orbit of Rᾱ contained
in W . Let q P Z be such that rγs “ qf, where rγs is the homotopy class of γ in W . It turns
out that q is given by the Hamiltonian action of γH . Indeed,

q “

ż

γ
dθ “

ż T

0
ᾱpRαpγptqqq ´ λpXHpγHptqqq dt “

ż T

0
HpγHptqq ´ λpXHpγHptqqq dt, (5.3)

where T is the period of γH . Therefore, the action AHpγHq is an integer number. Note that,
since γ is contractible and a is a generator of π1pMq, q is a positive multiple of p.

Consider a trivialization Ψ of γ˚ξN induced by our choice of a section of pΛnξqbN . The
relation between the trivializations Φ and Ψ are given by the following lemma.

Lemma 5.6. We have that

µpγ,Ψq “ µpγ,Φq ` qp2n` 4´
2n` 2

p
q.
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Proof. Choose a simple orbit φptq of Rᾱ contained in W and let Q : r0, 1s ˆ S1 Ñ W be
a homotopy between γ and φq. We can extend the trivialization Ψ to Q˚ξN inducing a
trivialization of pφqq˚ξN . We have that

µpγ,Ψq ´ µpγ,Φq “ µpφq,Ψq ´ µpφq,Φq.

But an easy computation shows that

µpφq,Ψq ´ µpφq,Φq “ µpφq,Ψq ` n “ qp2n` 4´
2n` 2

p
q.

Indeed, since φ is a generic orbit, clearly µpφq,Φq “ ´n for every q (using (5.2) and the fact
that the corresponding linearized Hamiltonian flow of the projected orbit on U is constant
equal to the identity). On the other hand, as mentioned before (see the discussion in the
beginning of Section 5.1) we have that µpφ,Ψq “ 2n` 4´ 2n`2

p ´n. Since the Reeb flow of ᾱ

generates a circle action and φ is a generic orbit, it implies that µpφq,Ψq “ qp2n`4´ 2n`2
p q´n

for every q. �

From now on, if the trivialization is not explicitly stated we use a trivialization given by
a section of pΛnξqbN and the trivialization D for closed orbits of Hamiltonians on U . Note
that the index with respect to D coincides with the index using the constant trivialization of
TR2n. Let U0 “ tx P U ;´Gpxq ă r0u. Clearly, U0 is invariant under the Hamiltonian flow of
H and if the image of γH is not contained in U0 then µpγHq “ ´n which implies, by Lemma
5.6, that µpγq “ ´n` qp2n` 4q ´ qp2n` 2q{p ě n` 2 since q ě p ě 3.

Thus suppose that the image of γH lies in U0. If γHptq “ 0 for some t then γH “ pγ
0
Hq

pk for
some k P N, where γ0

H : r0, 1s Ñ U0 is the constant solution γ0
Hptq ” 0. A direct computation

shows that in this case, due to our choice of f , the linearized Hamiltonian flows of H and G
along γH coincide and therefore have the same index. But the Hamiltonian flow of G is given
by

ϕGt pz1, . . . , znq “ pe
´p2n`4´∆`εqπ

?
´1tz1, e

´2επ
?
´1tz2, . . . , e

´2επ
?
´1tznq, (5.4)

where we are identifying pqi, piq with zi “ qi `
?
´1pi. Thus, it is clear that if k “ 1 then,

choosing ε ă 1{p, we have

µpγHq “ ´pp2n` 4q ` p∆´ 1´ pn´ 1q “ ´pp2n` 4q ` p∆´ n.

This implies, by Lemma 5.6, that µpγq “ p∆´ p2n` 2q ´ n ě n` 2 (note that q “ pk “ p),
where we used in the last inequality that p∆ ´ p2n ` 2q ě 2n ` 2 by (5.1). The case where
k ą 1 follows from the fact that if a symplectic path Γ in Spp2nq starting at the identity
satisfies µpΓq ě n` 2 then µpΓkq ě n` 2 for every k.

Now, let us consider the remaining case, where γH lies inside U0 and γHptq ‰ 0 for every
t. Let γGptq “ γHpt{f

1pGpγHp0qqqq be the corresponding orbit of G. The next three lemmas
are taken from [20]. For the sake of completeness, we will provide their proofs.

Lemma 5.7. We have that |µpγHq ´ µpγGq| ď 1.

Proof. Firstly, notice that it is enough to find some symplectic trivialization Φt : TγGptqR
2n Ñ

R2n such that

|µpγG,Φ
tq ´ µpγH ,Φ

f 1peqtq| ď 1,

where e “ GpγHp0qq and the indexes above are the indexes of the symplectic paths de-
fined using the corresponding trivializations. Let T and TG “ f 1pGpγHp0qqqT be the peri-
ods of γH and γG respectively. We claim that there exists a symplectic plane P such that
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XGpxq P P and dϕGTGpxqP “ P , where x “ γHp0q. Indeed, write x “ pz1, . . . , znq and let

vi “ p0, . . . , 0, zi, 0, . . . , 0q, wi “ p0, . . . , 0,
?
´1zi, 0, . . . , 0q and Pi “ spantvi, XGpxqu. Note

that if zi ‰ 0 then Pi is a symplectic plane because XGpxq “ ´π
?
´1ppp2n ` 4q ´ ∆ `

εqz1, 2εz2, . . . , 2εznq and ωpvi, wiq ‰ 0. Moreover, dϕGTGpxqPi “ Pi for every i because clearly

dϕGTGpxqXGpxq “ XGpxq and dϕGTGpxqvi “ vi whenever vi ‰ 0 by (5.4). Thus, take P “ Pi
for some i such that zi ‰ 0.

Now, let S “ G´1peq. Define

D1ptq “ dϕGt pxqP and D2ptq “ dϕGt pxqP
ω “ D1ptq

ω,

where Pω is the symplectic orthogonal to P . Since XGpγGptqq P D1ptq we have that D2ptq Ă
TγGptqS for every t. By construction, D1 and D2 are both invariant under the linearized

Hamiltonian flow of G. But ϕHt |S “ ϕGf 1peqt|S which implies that D2 is also invariant under

the linearized Hamiltonian flow of H and therefore the same holds for D1 (since D1 “ Dω
2 ).

Moreover, XHpγGptqq “ f 1peqXGpγGptqq P D1ptq for every t.
Take symplectic trivializations Φt

1 : D1ptq Ñ R2 and Φt
2 : D2ptq Ñ R2n´2. We can choose

Φ1 such that Φt
1pXGpγGptqqq “ v for every t, where v is a fixed vector in R2. Let ΓG1 ptq “

Φt
1 ˝ dϕ

G
t pxq ˝ pΦ

0
1q
´1, ΓG2 ptq “ Φt

2 ˝ dϕ
G
t pxq ˝ pΦ

0
2q
´1 and ΓGptq “ Φt ˝ dϕGt pxq ˝ pΦ

0q´1

be the corresponding symplectic paths, where Φ “ Φ1 ‘ Φ2. Similarly, define ΓH1 ptq “

Φ
f 1peqt
1 ˝dϕHt pxq˝pΦ

0
1q
´1, ΓH2 ptq “ Φ

f 1peqt
2 ˝dϕHt pxq˝pΦ

0
2q
´1 and ΓHptq “ Φf 1peqt˝dϕHt pxq˝pΦ

0q´1.
Since the Hamiltonian flows of G and H restricted to S differ by a constant reparametrization,

µpΓG2 q “ µpΓH2 q.

By our choice of Φ1, we have that the spectra of ΓG1 ptq and ΓH1 ptq are equal to t1u for every
t. This implies that

µpΓG1 q P t0,´1u and µpΓH1 q P t0,´1u

and consequently |µpΓG1 q ´ µpΓ
H
1 q| ď 1. Thus,

|µpΓGq ´ µpΓHq| ď 1

as desired. �

Now, let k : R Ñ R be a smooth function such that k1prq ą 0 for every r ą 0. Define
δ : RÑ Z as

δpxq “

#

2x` 1 if x P Z,
2rxs´ 1 otherwise,

where rxs “ mintk P Z; k ě xu. In what follows, recall that F : R2 Ñ R is the Hamiltonian
given by F pq, pq “ πpq2 ` p2q.

Lemma 5.8. Let K “ ´k ˝ F with k as above. Given a periodic orbit γK of K with period
TK then

µpγKq ě ´δpk
1pF pγKp0qqqTKq.

Proof. The flow of K is given by ϕKt pzq “ e´2πk1pF pzqq
?
´1tz, where, as before, we are identify-

ing pq, pq with z “ q`
?
´1p. An easy computation shows that if γKptq ” 0 then the linearized

Hamiltonian flow on γK is given by e´2πk1p0q
?
´1tz and consequently µpγKq “ ´δpk

1p0qTKq.
If γK is away from the origin, we proceed similarly as in the proof of the previous lemma.

Let γ´F ptq “ γKpt{k
1pF pγKp0qqqq be the corresponding periodic orbit of ´F with period

T´F “ k1pF pγKp0qqqTK . Take a symplectic trivialization Φt : Tγ´F ptqR
2 Ñ R2 such that
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ΦtpX´F pγ´F ptqqq “ v and Φtp´∇F pγ´F ptqq{}∇F pγ´F ptqq}q “ w (here the gradient and the
norm are taken with respect to the Euclidean metric) where tv, wu is a fixed symplectic basis
in R2. Then clearly the linearized Hamiltonian flow of ´F with respect to this trivialization
is constant equal to the identity and therefore

µpγ´F ,Φq “ ´1.

Since XKpγKptqq “ k1pF pγKp0qqqX´F pγKptqq is preserved under the linearized Hamiltonian
flow of K, we see that the spectrum of the symplectic path

ΓKptq “ Φk1pF pγKp0qqqt ˝ dϕKt pxq ˝ pΦ
0q´1

is constant and equal to t1u. Thus,

µpγK ,Φq “ µpΓKq P t´1, 0u.

In particular, we conclude that µpγK ,Φq ě µpγ´F ,Φq. But this implies that

µpγKq ě µpγ´F q,

where the indexes above are computed using the canonical trivialization of R2. Finally, an
easy computation shows that

µpγ´F q “ ´δpk
1pF pγKp0qqqTKq.

�

Therefore, it follows from (5.4) and Lemma 5.8 that

µpγGq ě ´δp
2n` 4´∆` ε

2
TGq ´ pn´ 1qδpεTGq.

Let q be the integer number such that rγs “ qf given by (5.3). It is clear from the previous
inequality and Lemmas 5.6 and 5.7 that

µpγq ě qp2n` 4´
2n` 2

p
q ´ δp

2n` 4´∆` ε

2
TGq ´ pn´ 1qδpεTGq ´ 1. (5.5)

(Recall that µpγq is the index of γ with respect to a trivialization given by a section of
pΛnξqbN .) Thus, to prove that µpγq ě n` 2 it is enough to show that

q´1pn` 2` δp
2n` 4´∆` ε

2
TGq ` pn´ 1qδpεTGq ` 1q ď 2n` 4´

2n` 2

p
. (5.6)

In order to prove this inequality, we need the following result.

Lemma 5.9. If γH is a non-constant periodic orbit of H then AHpγHq ą TG, where TG is
the period of the corresponding orbit of G.

Proof. Let T be the period of γH . We have that

AHpγHq “

ż T

0
fpGpγHptqqq ´ f

1pGpγHptqqqλpXGpγHptqqq dt

“ TfpGpγHp0qqq ´ f
1pGpγHp0qqq

ż T

0
λpXGpγHptqqq dt.

An easy computation shows that

λpXGpq1, p1, . . . , qn, pnqq “ Gpq1, p1, . . . , qn, pnq.
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Thus,

AHpγHq “ T pfpGq ´ f 1pGqGq,

where, to simplify the notation, we have omitted the dependence of G on γHp0q.
Let TG “ Tf 1pGq be the period of the corresponding orbit of G. Since f 1pGq ą 0, we arrive

at

AHpγHq “ T pfpGq ´ f 1pGqGq

“ TG
fpGq ´ f 1pGqG

f 1pGq

“ spGqTG, (5.7)

where s : p´r0, 0s Ñ R is given by

sprq “ fprq{f 1prq ´ r.

We claim that spGq ą 1. As a matter of fact, since γH is non-constant, GpγHp0qq P p´r0, 0q.
But, by our choice of f , sp0q “ 1 and

s1prq “
´f2prqfprq

f 1prq2
ă 0

for every r P p´r0, 0q. Consequently,

AHpγHq ą TG, (5.8)

as desired. �

Now notice that

δpcTGq ď 2crTGs` 1

for every positive real number c. Hence,

q´1pn` 2` δp
2n` 4´∆` ε

2
TGq ` pn´ 1qδpεTGq ` 1q

ď
2n` 3

q
`

2rTGs

q
p
2n` 4´∆` ε

2
` pn´ 1qεq.

In order to estimate the last expression, note that, by Lemma 5.9 and the fact that q “
AHpγHq is an integer,

rTGs

q
ď 1.

Hence,

2n` 3

q
`

2rTGs

q
p
2n` 4´∆` ε

2
` pn´ 1qεq ď

2n` 3

q
` 2n` 4´∆` ε` p2n´ 2qε

“ 2n` 4´ p∆´
2n` 3

q
q ` p2n´ 1qε

ď 2n` 4´
2n` 2

p
,

choosing ε such that p2n ´ 1qε ă 2{p, where the last inequality follows from the facts that
∆´ 2n`3

q ą ∆´ 2n`3
p because q ě p and ∆´ 2n`2

p ě 2n`4
p by (5.1). This proves (5.6) finishing

the proof the lemma.
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5.2.2. Proof of Lemma 5.5. As in the proof of Lemma 5.4, let γ0
H : r0, 1s Ñ U0 be the constant

solution γ0
Hptq ” 0 of period one so that γ0 is the corresponding closed Reeb orbit of α. As

explained in the previous section, it is clear from (5.4) that

µpγ0
Hq “ ´p2n` 4q `∆´ n.

Hence, we conclude from Lemma 5.6 that

µpγq “ ´p2n` 4q `∆´ n` 2n` 4´
2n` 2

p

“ ∆´
2n` 2

p
´ n

ă n` 2´
2n` 2

p
,

where the last inequality follows from (5.1). But note that

ka “
2n` 2

p
pp´ 1q ´ n “ n` 2´

2n` 2

p
.

5.3. Proof of Assertion 2. As in Section 5.1, let M “ L5
11p1, 1, 1q, with p odd, be the lens

space endowed with the induced contact structure ξ and N “ 11 be the minimal number such
that Nc1pξq “ 0. Let a P π1pMq be such that ja “ 5 so that ka “

2n`2
11 ja ´ n “ 8{11. Let

m “ n ´ 1 and ᾱ be the contact form given by Proposition 5.1 corresponding to a and m.
Although ja, n, N and p are fixed in what follows, in view of Remark 1.15, we will write them
as variables unless explicitly stated.

Remark 5.10. For Remark 1.15, let M “ L2n`1
p p1, . . . , 1q, with p odd, be the lens space

endowed with the induced contact structure ξ and a P π1pMq be such that ja “ tp{2u so
that ha “

2n`2
p tp{2u (see Example 1.2). Suppose that p ě 5, ja and n ´ 1 are coprime, a is

a generator of π1pMq and n ě p ` 2. Let m “ n ´ 1 and ᾱ be the contact form given by
Proposition 5.1 correponding to a and m. Under these hypotheses, we have several examples
with vanishing first Chern class. For instance, L29

5 p1, . . . , 1q.

Let Fh : R2 Ñ R be the Hamiltonian whose graph and phase portrait are depicted in Figure
5. The Hamiltonian vector field has precisely one hyperbolic singularity p0 at the origin and
two elliptic ones p˘. The regular orbits are two homoclinic connections and periodic orbits.
We ask that

‚ Fh attains its global mininum at p˘ and Fhpp˘q “ 0;
‚ Fh is strictly convex near the elliptic singularities.

Note that Fh can be chosen arbitrarily C8-small.
As in the previous section, let F : R2 Ñ R be defined as F pq, pq “ πpq2 ` p2q. Consider

the Hamiltonians G : R2n Ñ R and Gh : R2n Ñ R given by

Gpq1, p1, . . . , qn, pnq “ f

ˆ n
ÿ

i“1

F pqi, piq

˙

and Ghpq1, p1, . . . , qn, pnq “ fh

ˆ n
ÿ

i“1

Fhpqi, piq

˙

where f : RÑ R and fh : RÑ R are smooth functions such that

‚ fhpxq “ x for every x ď δ{2 for some δ ą 0 small;
‚ f 1hpxq ą 0 for every x ă δ;
‚ fhpxq “ Ch for every x ě δ and some constant Ch;
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Figure 5. The graph and phase portrait of the Hamiltonian Fh.

‚ fprq “ ´r for every r ď r0, where r0 is such that G´1
h pr0, Chqq is contained in the

interior of the ball B0 :“ tpq1, p1, . . . , qn, pnq P R2n; π
ř

i q
2
i ` p

2
i ď r0u;

‚ fprq “ C for every r ě r1 and some constant C, where r1 ą r0;
‚ ´1 ă f 1prq ă 0 for every r P pr0, r1q.

We also ask that G´1
h pp0, Chqq contains the origin.

Define the time-dependent Hamiltonian

Htpxq “ pG#Ghqtpxq “ Gpxq `Ghpϕ
´t
G pxqq,

where ϕtG is the Hamiltonian flow of G. The flow of H is given by ϕtH “ ϕtG ˝ϕ
t
Gh

. Note that
on B0, the Hamiltonian flow of G generates a loop of period one. This, together with the fact
that Gh is constant outside the ball B0, implies that H is 1-periodic in time.

As in Section 5.1, consider the lens space M as the prequantization circle bundle of an
orbifold B given by the quotient of the sphere by the circle action generated by the Reeb flow
of ᾱ and let π : M Ñ B be the quotient projection. Take a point x0 in the smooth part of
B and consider the corresponding periodic orbit γ̄0 of ᾱ over x0. Consider a neighborhood
W » U ˆS1 of γ̄0 and coordinates pq1, p1, . . . , qn, pn, tq on V , where t is the coordinate along
the fiber such that, with respect to these coordinates, x0 is the origin and

ᾱ|W “ λ` dt,

where λ “ 1
2

řn
i“1pqidpi ´ pidqiq is the Liouville form. Take r1 above small enough such that

the ball B1 :“ tpq1, p1, . . . , qn, pnq P R2n; π
ř

i q
2
i ` p2

i ď r1u is contained in U . Using these
coordinates, define the contact form α on M such that

α|W “ λ`
Ht

C ` Ch
dt,

and extending α to the complement of W as ᾱ. By the construction of Ht, one can easily
check that α is smooth.

Remark 5.11. Note that Gh can be chosen C8-small. On the other hand, G can be chosen
C1-small but not C2-small. Hence, α can be chosen C1-close to the convex contact form ᾱ
but it is not C2-close.
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The next two lemmas will be proved in Section 5.4.

Lemma 5.12. The contact form α is dynamically convex.

Let γ0 be the simple closed orbit of Rα over x0. Recall that, by construction, the homotopy
class of γ0 is a.

Lemma 5.13. The periodic orbit γ0 is hyperbolic and satisfies µpγ0q “ ka ă ha.

Remark 5.14. Under the context of Remark 5.10, we have that the corresponding periodic
orbit γ0 is hyperbolic and satisfies µpγ0q ă ha.

5.4. Proof of Lemmas 5.12 and 5.13.

5.4.1. Proof of Lemma 5.12. We need first the following lemmata.

Lemma 5.15. All the periodic orbits of Fh have non-negative index. Moreover, the hyperbolic
singularity has index zero.

Proof. Let γ be a periodic orbit of Fh of period T and let Φ : r0, T s Ñ Spp2q be the cor-
responding symplectic path obtained via the canonical (constant) trivialization of TR2. Let
z P Czt0u and ρptq be a continuous argument of zptq “ Φptqz, that is, ρ : r0, T s Ñ R
is a continuous function such that e2π

?
´1ρptq “ zptq{|zptq|. Let ∆pzq :“ ρpT q ´ ρp0q and

IpΦq “ t∆pzq; z P Czt0uu. The set IpΦq is an interval of length less than 1{2 and therefore it
is between two integers or contains an integer. Define

µ̃pΦq “

#

2k ` 1 if IpΦq Ă pk ´ 1, kq,

2k if k P IpΦq.

It is well known that µpγq equals µ̃pΦq if Φ is non-degenerate and equals µ̃pΦq or µ̃pΦq ´ 1 in
general. It is easy to see that if γ is hyperbolic then µpγq “ µ̃pγq “ 0. If γ is one of the elliptic
singularities then we have that µpγq ě 2 by the convexity of H near these singularities.

Now, suppose that γ is regular. The Hamiltonian vector field XFh satisfies ΦptqXFhpγp0qq “
XFhpγptqq for every t and therefore one can easily see that µ̃pΦq ě 1. Hence, µpγq ě 0. �

Lemma 5.16. All the periodic orbits of Gh have index bounded from below by ´n.

Proof. Consider the Hamiltonian Ḡhpq1, p1, . . . , qn, pnq “
řn
i“1 Fhpqi, piq. It follows from

Lemma 5.15 that every periodic orbit of Ḡh is non-negative. In particular, every such periodic
orbits has non-negative mean index pµ. From this we can conclude that every periodic orbit of
Gh in G´1

h pr0, Chqq has index bounded from below by ´n. Indeed, let γ be a closed orbit of

Gh in G´1
h pr0, Chqq and denote by γ̄ the corresponding periodic orbit of Ḡh. It is well known

that pµpγ̄q “ pµpγq; see [18, Lemma 2.6]. Since pµpγ̄q ě 0 and |pµpγq ´ µpγq| ď n we conclude
that µpγq ě ´n.

Finally, if γ is a closed orbit lying outside G´1
h pr0, Chqq then, by construction of fh, we have

that the linearized Hamiltonian flow along γ is constant equal to the identity and therefore
µpγq “ ´n. �

Lemma 5.17. Let γ be a closed orbit of G with integral period T and whose image is contained
in B1. Then µpγq ě ´np2T ` 1q.

Proof. Consider the Hamiltonian Ḡpq1, p1, . . . , qn, pnq “ ´
řn
i“1 F pqi, piq and let γ̄ be the

corresponding closed orbit of Ḡ. The period of of γ̄ is T̄ “ Tf 1pḠpγqq. It is easy to see
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that the index of γ̄ is bounded from below by ´np2T̄ ` 1q. By our choice of f , T̄ ď T ùñ

´np2T̄`1q ě ´np2T`1q with the equality if and only γ lies in B0. On B0, clearly µpγ̄q “ µpγq
and therefore the result holds if γ lies in B0. If γ lies in B1zB0, we have the strict inequality
´np2T̄ ` 1q ą ´np2T ` 1q and one can easily check that |µpγ̄q ´ µpγq| ď 1. Therefore,
µpγq ě ´np2T ` 1q, where we are using the fact that T is an integer. �

Proof of Lemma 5.12. Let Wi “ π´1pBiq (i “ 0, 1), where π : W » U ˆ S1 Ñ U is the
projection. Since Ht is constant outside B1 and ᾱ is toric, we have only to check that every
contractible periodic orbit γ of α contained in W1 satisfies µpγq ě n ` 2. Note that the
projection γH of γ to B1 corresponds to a periodic orbit of Ht with period T given by a
positive multiple of p (since a is a generator of π1pMq).

As in Section 5.2.1, the Darboux coordinates induce an obvious (constant) trivialization
D : TUN Ñ U ˆ R2nN . From this we get a trivialization of ξN |W given by

Φpv1, . . . , vN q “ π2pDpπ˚v1, . . . , π˚vN qq,

where π2 : U ˆ R2nN Ñ R2nN is the projection onto the second factor. It is clear that

µpγ,Φq “ µpγHq, (5.9)

where µpγ,Φq stands for the index of γ with respect to the trivialization Φ and the index of
γH is computed using the trivialization D.

Consider a trivialization Ψ of γ˚ξN induced by our choice of a section of pΛnξqbN . The
relation between the trivializations Φ and Ψ is given by the following lemma whose proof is
analogous to the one of Lemma 5.6.

Lemma 5.18. We have that

µpγ,Ψq “ µpγ,Φq ` T p
2n` 2

p
ja ` 2pn´ 1qq.

From now on, if the trivialization is not explicitly stated we use a trivialization given by a
section of pΛnξqbN and the trivialization D for closed orbits of Hamiltonians on B1. Note
that the index with respect to D coincides with the index using the constant trivialization
of TR2n. Clearly, B0 and B1 are both invariant under the Hamiltonian flow of H and if
the image of γH is not contained in B1 then µpγHq “ ´n. Write T “ kp with k being a
positive integer (recall that T is a positive multiple of p). By Lemma 5.18, we have that
µpγq “ p2n` 2qkja ` 2kppn´ 1q ´ n ě n` 2.

Now suppose that the image of γ lies in W0. Since on B0 the Hamiltonian flow of G
generates a loop of period one and Conley-Zehnder index ´3n we have, by Lemmas 5.16 and
5.18,

µpγq ě T pp2n` 2qja{p` 2pn´ 1q ´ 2nq ´ n

“ kp2n` 2qja ´ 2kp´ n

“ 2kppn` 1qja ´ pq ´ n

ě 2p3 ¨ 5´ 11q ´ 2 “ 6 ą n` 2 “ 4 (5.10)

where in the second inequality and the last equality we used that ja “ 5, k ě 1, n “ 2 and
p “ 11. (Here we are using the fact that the index of a symplectic path Γ in Spp2nq composed
with a loop with Conley-Zehnder index ´3n is equal to the index of Γ minus 2n.)
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Remark 5.19. Regarding Remark 5.10, we have the relation

µpγq ě T p
2n` 2

p
ja ` 2pn´ 1q ´ 2nq ´ n

“ 2kppn` 1qja ´ pq ´ n

ě 2ppn` 1qtp{2u´ pq ´ n

“ 2ppn` 1qpp{2´ 1{2q ´ pq ´ n

“ npp´ 2q ´ p´ 1 ě 2n´ p ě n` 2 (5.11)

where in the second equality we used the fact that p is odd, the third inequality follows
from the assumption that p ě 5 (and the fact that n ě 1) and the last one holds because
n ě p` 2 ùñ 2n´ p ě n` p` 2´ p “ n` 2.

Finally, suppose that the image of γ lies in W1zW0. Since Gh restricted to B1zB0 is
constant, γH must be a closed orbit of G with integral period. By Lemmas 5.17 and 5.18 we
have, as in (5.10),

µpγq ě T pp2n` 2qja{p` 2pn´ 1q ´ 2nq ´ n ą n` 2

using the fact that ja “ 5, k ě 1, n “ 2 and p “ 11.

Remark 5.20. Concerning Remark 5.10, inequality (5.11) also holds under the assumptions
that p ě 5 and n ě p` 2 as explained in Remark 5.19.

�

5.4.2. Proof of Lemma 5.13. Since the hyperbolic periodic orbit of Gh has index zero and on
B0 the flow of G generates a loop of period one and Conley-Zehnder index ´3n, we have from
Lemma 5.18 that

µpγq “
2n` 2

p
ja ` 2pn´ 1q ´ 2n “

2n` 2

p
ja ´ 2 “ ka (5.12)

where we are using the fact that n “ 2. (Here, as before, we are using the fact that the index
of a symplectic path Γ in Spp2nq composed with a loop with Conley-Zehnder index ´3n is
equal to the index of Γ minus 2n.)

Remark 5.21. Under the assumptions of Remark 5.10, note that by equality (5.12) we have
that

µpγq “
2n` 2

p
ja ` 2pn´ 1q ´ 2n “

2n` 2

p
ja ´ 2 “ ha ´ 2

where we are using the fact that ja ă p{2 (because p is odd).

6. Proof of Theorem 1.6

6.1. Proof of Assertion 1. First, note that if α is non-degenerate, then, as mentioned
before, HCa

˚pL
2n`1
p p`0, . . . , `nqq can be obtained as the homology of a chain complex generated

by the good periodic orbits of α with homotopy class a. Therefore, if every closed orbit γ of α
with homotopy class a satisfies µpγq ą ka we would conclude that HCa

kapL
2n`1
p p`0, . . . , `nqq “

0, a contradiction. Hence, we must have a periodic orbit γ with homotopy class a such that
µpγq ď ka which implies, by the first assertion of Theorem 1.4, that µpγq “ ka.

If α is degenerate, we proceed as follows. Suppose that every closed orbit of α with homo-

topy class a satisfies µpγq ą ka. Since HCa
kapL

2n`1
p p`0, . . . , `nqq ‰ 0 we have that HCa,T

ka
pαq ‰ 0
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for some T ą 0 sufficiently large. Let ᾱ be a non-degenerate perturbation of α such that every
periodic orbit of ᾱ with action less than T is close to some periodic orbit of α. Choosing

T away from the action spectrum of α, we have that HCa,T
ka
pᾱq – HCa,T

ka
pαq ‰ 0. Since the

index is lower semicontinuous, we have that every periodic orbit γ̄ of ᾱ with action less than

T satisfies µpγ̄q ą ka which implies that HCa,T
ka
pᾱq “ 0, a contradiction. This implies that

α has a periodic orbit γ with homotopy class a such that µpγq ď ka which implies, by the
convexity of α as before, that µpγq “ ka.

6.2. Proof of Assertion 2. The proof of this assertion follows the argument of the proof
the second assertion of Theorem 1.14 but it is actually much simpler. We consider the contact
form ᾱ on M “ L2n`1

p p1, . . . , 1q whose Reeb flow generates a free circle action (ᾱ is induced

from a constant multiple of the Liouville form restricted to the unit sphere in R2n`2). In
this way, we consider the lens space M as the prequantization circle bundle of the complex
projective space CPn given by the quotient of the sphere by the circle action generated by
the Reeb flow of ᾱ. Let π : M Ñ CPn be the quotient projection.

Take a point x0 in CPn and a neighborhood U of x0 with Darboux coordinates pq1, p1, . . . , qn, pnq
identifying x0 with the origin. Consider the Hamiltonian Gh defined in Section 5.3 as an
Hamiltonian on U (taking δ sufficiently small) and extend it to CPn setting Gh|CPnzU ” Ch.
Define the contact form

α “ ᾱ{p1` Ĝhq,

where Ĝh “ Gh ˝ π. The Reeb vector field of α is given by

Rα “ p1` ĜhqRᾱ ` X̂Gh ,

where Rᾱ is the Reeb vector field of ᾱ (assume that the simple orbits of ᾱ have minimal

period one) and X̂Gh is the horizontal lift of the Hamiltonian vector field of Gh. By Remark
5.11, α can be chosen C8-close to ᾱ. Therefore, it is strictly convex.

Let γ0 be the periodic orbit of α over x0. By construction, it is hyperbolic. Let us compute
its index. By Lemma 5.15 and the construction of Gh, we have from (5.2) and an inspection
of the proof of Lemma 5.6 that

µpγ0q “
2n` 2

p

since the right hand side is the Conley-Zehnder index of the (simple) orbits of ᾱ plus n and
the hyperbolic orbit of Gh has index zero. Now, note that the homotopy class a of γ0 satisfies
ja “ 1 and therefore ha “ h̃a “ p2n ` 2q{p. Consequently, γ0 is hyperbolic and satisfies

µpγ0q “ ha “ h̃a, as desired.

6.3. Proof of Assertion 3. Consider the contact form α constructed in the previous section
with n “ 1 and p “ 4. It is a strictly convex contact form carrying a hyperbolic closed orbit
γ0 with homotopy class a satisfying µpγ0q “ ha “ h̃a (since ja “ 1 ă p{2 “ 2). But we have

that ka “ h̃a ´ n “ h̃a ´ 1 ùñ µpγ0q “ ka ` 1.

7. Proof of Theorem 1.18

Let α be one of the contact forms given by Theorem 1.14 and β its lift to S2n`1. Given a
contactomorphism ϕ̄ : S2n`1 Ðâ that commutes with ψ, we have to show that there exists a C1-
neighborhood U of ϕ̄ such that ϕ˚β cannot be convex for any ϕ P U . Let φ̄ : L2n`1

p p1, . . . , 1q Ðâ

be the contactomorphism induced by ϕ̄. As discussed in the introduction, the action φ̄˚ on
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π1pL
2n`1
p p1, . . . , 1qq induced by φ̄ is trivial (because ka ‰ kb for distinct homotopy classes a

and b). We have that ϕ˚β is invariant under the conjugated Zp-action generated by ϕ´1ψϕ.
Let L2n`1

p p1, . . . , 1;ϕq be the quotient of S2n`1 by the action generated by ϕ´1ψϕ. Denote

by φ : L2n`1
p p1, . . . , 1;ϕq Ñ L2n`1

p p1, . . . , 1q the contactomorphism induced by ϕ. Since

φ “ φ̄pφ̄´1φq and φ̄˚ is the identity, we have that φ˚ “ pφ̄
´1φq˚. Therefore, it is enough to

show that if φ˚α is convex (the definition of convex contact forms on L2n`1
p p1, . . . , 1;ϕq is

analogous to the one for contact forms on L2n`1
p p1, . . . , 1q) and γ is a periodic orbit of φ˚α

with homotopy class pφ̄´1φq´1
˚ a then

(1) µpγq ě ka;

(2) if µpγq ă ha (resp. µpγq ă h̃a) then γ is non-hyperbolic;
(3) if `ai ą 0 and `ai ‰ p{2 (resp. `ai ą 0) for every i and µpγq “ ka then γ is elliptic.

The proof of Theorem 1.4 carries out word by word to prove this except that, instead of Ga,
we have to take into account the Hamiltonian Gϕa :“ Ga ˝ pϕ̄

´1ϕ, . . . , ϕ̄´1ϕq whose flow might
not be linear; see Remarks 2.5 and 3.1. Taking U sufficiently small, we have that ϕ̄´1 ˝ ϕ is

C1-close to identity and therefore the symplectic path DϕG
ϕ
a

t pγ̂p0qq´1 is C0-close to the path

ϕGa´t “ DϕGa´t .
By the lower semicontinuity of the Bott’s function with respect to the symplectic path

(in the C0-topology) we infer that BGϕa pzq ě BGapzq for every z P S1, where BGϕa is the

Bott’s function of the symplectic path DϕG
ϕ
a

t pγ̂p0qq´1. Since the proof of Theorem 1.4 follows
from a lower bound of BGa (BGap1q ě Npka ´ 1q for the first assertion, BGapzq ě Nha and

BGapzq ě Nh̃a for some z P S1zt1u for the second assertion and BGapzq ě Npka`nq for some
z P S1zt1u for the third assertion) we have the same bound for BGϕa , concluding the desired
result.

8. Proof of Theorem 1.20

Let M “ L2n`1
p p1, . . . , 1q and let a P π1pMq be the homotopy class of a simple orbit γ of the

obvious contact form α0 on M whose Reeb flow generates a free circle action (induced from
the contact form on S2n`1 given by the Liouville form restricted to the unit sphere). Clearly
M and α0 satisfy the hypotheses of Section 2.2 used to conclude (2.4). An easy computation
shows that

µpγkq “ p2n` 2qk{p´ n

for every k P N. Therefore, we have from (2.4) that

HCa
˚pMq – ‘kPNH˚´p2n`2qppk´1qp`1q{p`npCPn;Qq

From Example 1.2, we have that ha “ p2n ` 2q{p. Thus, we have precisely tpn ` 1q{2u

non-trivial elements in HCa
˚pMq with degrees less than ha.

Now, let α be any contact form on M satisfying the hypothesis of the theorem (in particular,
α is convex). From the discussion in Section 2.2, we have an injective map

ψ : t0, . . . , tpn´ 1q{2uu Ñ Papαq

such that if γi “ ψpiq then HCp2n`2q{p´n`2ipγiq ‰ 0. Since HC˚pγiq is supported in rµpγiq, µpγiq`
νpγiqs, we conclude that µpγiq ď p2n`2q{p´n`2tpn´1q{2u ď p2n`2q{p´1 ă ha. Therefore,
by Theorem 1.4, we conclude the existence of tpn ´ 1q{2u ` 1 “ tpn ` 1q{2u non-hyperbolic
periodic orbits. Now, we will use our pinching condition to ensure that these closed orbits
are simple:
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Lemma 8.1. Under our pinching conditions the periodic orbits γi “ ψpiq are simple in
the sense that they are not an iterate of another periodic orbit with homotopy class a. In
particular, the orbits γi are geometrically distinct.

Proof. Let γ be a periodic orbit of α with homotopy class a and period T . The (second or
more) iterates of γ with homotopy class a are given by γkp`1 with k P N. Since µpγiq ă ha,
it is enough to show that µpγkp`1q ě n` 2 because ha “ p2n` 2q{p ă n` 2 since p ě 2. Let
β be the lift of α to S2n`1 and Hβ : R2n`2 Ñ R the homogeneous of degree two Hamiltonian

such that H´1
β p1q “ Σβ.

Let Γβ : r0, pkp`1qT s Ñ Sppp2n`2qNq be the N copies of the linearized Hamiltonian flow

of Hβ along a lift γ̂ of γkp`1 as discussed in Section 2.4 and defined in (2.11). By Proposition
2.4 we have that

µpγkp`1q “
µpϕGa

´t{pkp`1qT ˝ Γβq

N
` 1. (8.1)

We claim that the symplectic path Γptq “ pϕGa
´t{pkp`1qT ˝ Γβqptq is positive. As explained in

Section 3, Γ satisfies the differential equation

d

dt
Γptq “ JAptqΓptq

with

Aptq “ ´
HessGa
pkp` 1qT

` pϕGat{pkp`1qT q
˚
`

‘N1 HessHβpγ̂ptqq
˘

ϕGat{pkp`1qT .

From our pinching condition, HessHβ ě
Id2n
R2 and therefore

Aptq ě ´
HessGa
pkp` 1qT

`
Id2nN

R2
,

where in the last equation we used that ϕGat is unitary. The right hand side of the last
inequality is positive if and only if

}w}2

R2
ą
xHessGaw,wy

pkp` 1qT
(8.2)

for every w P Rp2n`2qN . From (2.8) and the fact that `ai “ 1 for every i we conclude that the
eigenvalues of HessGa are 2π{p (with multiplicity 2Npn ` 1q ´ 2) and ´2πNpn ` 1q (with
multiplicity 2). Hence,

xHessGaw,wy

pkp` 1qT
ď

2π}w}2

pkp` 1qTp
. (8.3)

Now, we claim that
T ě 2πr2{p. (8.4)

Indeed, let Hr : R2n`2 Ñ R be the Hamiltonian given by

Hrpxq “
1

2r2
}x}2.

The inequality HessHβpxqpv, vq ď r´2}v}2 applied to v “ x implies that

Hβpxq ď Hrpxq.

(Indeed, note that, by homogeneity, Hβpxq “
1
2xHessHpxqx, xy.) A theorem due to Croke

and Weinstein [12, Theorem A] establishes that if H : R2n`2 Ñ R is a convex Hamiltonian
homogeneous of degree two such that Hpxq ď Hrpxq then every non-constant periodic solution



DYNAMICAL IMPLICATIONS OF CONVEXITY BEYOND DYNAMICAL CONVEXITY 43

of H has period at least 2πr2. Thus, since the lift of γp (with period pT ) is a periodic orbit
of Hβ (note that γp is contractible), we conclude that pT ě 2πr2, as desired.

Consequently, from (8.3) and (8.4) we arrive at

xHessGaw,wy

pkp` 1qT
ď

}w}2

r2pkp` 1q
. (8.5)

On the other hand,
}w}2

R2
ą

}w}2

r2pkp` 1q
(8.6)

because r2

R2 ą
1

kp`1 ðñ R2

r2
ă kp ` 1 which is a consequence of the inequality R

r ă
?
p` 1

since k ě 1. From (8.5) and (8.6) we conclude (8.2), showing that Γ is positive.
From the positivity of Γ, we have that µpΓq ě pn` 1qN . Therefore, from (8.1),

µpγkp`1q “ µpΓq{N ` 1 ě n` 2

as desired. �

9. Proof of Theorem 1.21

Let α1 be the contact form on L2n`1
p p1, . . . , 1q induced by the Liouville form λ restricted to

the unit sphere S2n`1 Ă R2n`2. Let αt “ t2α1 for t P rr,Rs. Note that our pinching condition
means that αr ă α ă αR. Indeed, write α “ fλ|S2n`1 for a positive function f : S2n`1 Ñ R,
and note that our pinching condition means that r ď }x} ď R for every x P Σβ. But x P Σβ

if and only if x “
a

fpx{}x}qx{}x} and therefore our pinching condition is equivalent to the
inequality r2 ď fpvq ď R2 for every v P S2n`1.

It is easy to see that the Reeb flow of αt generates a free circle action with period πt2{p.
Let a be the homotopy class of the (simple) orbits of αt and note that

Aapαtq “ tπppk ´ 1qp` 1qt2{p; k P Nu.
Choose ε ą 0 sufficiently small such that πR2{p` ε R ApαRq and, by (2.3),

HC
a,πR2{p`ε
˚ pαRq – H˚´µpγqpCPn;Qq, (9.1)

where γ is a simple orbit of αR (an easy computation shows that µpγq “ p2n ` 2q{p ´ n).
From the discussion in Section 2.2, we conclude that this isomorphism is equivariant with
respect to the shift operators D and ∆ and therefore there exist non-zero elements wi P

HC
a,πR2{p`ε
p2n`2q{p´n`2ipα0q, i “ 0, . . . , n, such that Dwi`1 “ wi (∆ : H˚pCPn;Qq Ñ H˚´2pCPn;Qq

is an isomorphism).
We claim that ε can be chosen such that πR2{p ` ε R Aapαtq for every t P rr,Rs. As a

matter of fact, note that if k ě 2 then

πppk ´ 1qp` 1qt2

p
ě
πpp` 1qr2

p
ą
πR2

p

for every t P rr,Rs, where the last inequality holds because pp` 1qr2 ą R2 ðñ R2

r2
ă p` 1.

Thus, it is enough to take ε ą 0 such that

πppk ´ 1qp` 1qt2

p
ą
πR2

p
` ε

for every t P rr,Rs and k ě 2.
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Thus, the continuation map

φαR,αr : HC
a,πR2{p`ε
˚ pαRq Ñ HC

a,πR2{p`ε
˚ pαrq

is an isomorphism. Take ε such that πR2{p` ε R Aapαq. From the commutative diagram (see
(2.1))

HC
a,πR2{p`ε
˚ pαRq

φαR,αr //

φαR,α ((

HC
a,πR2{p`ε
˚ pαrq.

HC
a,πR2{p`ε
˚ pαq

φα,αr

66

we infer that φαR,α is injective. Hence from the discussion in Section 2.2 and the equivariant
isomorphism (9.1) we conclude that there exists an injective map (see (2.6))

ψT : t0, . . . , nu Ñ Pa,πR2{p`εpαq,

such that if γi “ ψpiq then Apγiq “ cφαR,αpwiqpαq and HCp2n`2q{p´n`2ipγiq ‰ 0.

We claim that every γi is simple in its homotopy class in the sense that it cannot be an
iterate of a periodic orbit with homotopy class a. Indeed, let β be the lift of α to S2n`1. From
the inequality Hβpxq ď r´2}x}2 and the convexity of Hβ we conclude from [12, Theorem A]
that every periodic orbit α has period bigger than or equal to πr2{p (c.f. the proof of Lemma
8.1). Arguing by contradiction, assume that γi “ γk for some closed orbit γ with homotopy
class a and k ě 2. Then k “ jp` 1 for some j ě 1. Since Apγq ě πr2{p, we arrive at

Apγiq “ pjp` 1qApγq ě pp` 1q
πr2

p
ą πR2{p` ε,

contradicting the fact that γi P Pa,πR2{p`εpαq. Consequently, the periodic orbits γi are geo-
metrically distinct.
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