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Abstract

A Fredholm symbolic calculus is constructed for poly-Toeplitz
operators with continuous symbol and | will explain how such
symbol requires the notion of j-essential boundary. The symbol
calculus is well known for Bergman-Toeplitz operators, in which
setting the removal boundary is a subset of the boundary having
zero transfinite diameter. Some surprising differences between the
analytical and the poly-analytical case will be presented.
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Poly-Bergman spaces

U C C open connected set ; dA(z) = dxdy Lebesgue area measure

L, 1(a 9N . 1(d .0
&z(c)eroy) dz-z<ax ’ay>

Definition (Poly-Bergman spaces)
f e A2(U)if f € L?(U,dA), f is smooth and

Oéf =0 and 9,7f =0, respectively if j € Z, and j € 7._ (1.1)

f is j-analytic function if is smooth and satisfies (1.1)
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Poly-Bergman spaces

Poly-Bergman spaces are reproducing kernel Hilbert spaces.

7] < 2l

fe AJ?(U), J €7y, d, :=dist(z;0U)

Definition (Poly-Bergman kernel and projection)

Ky j(z,w), j € Z4 is the j-Poly-Bergman reproducing kernel for U, i.e.
the unique function such that Ky j(z, w) := ky j .(w) and

f(z) = (f.kuz) ; FEAZ(U), z€ U.

By is the orthogonal projections from L? (U, d A) onto Af (V).

By j is an integral operator with kernel given by Ky j, i.e.
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Density of Polyanalytic functions on

@ Next, the results will focus on bounded domains without constrains
on the boundary
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@ Next, the results will focus on bounded domains without constrains
on the boundary

@ The bounded hypothesis is relevant is the majority of the proofs and
is relevant in some results
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Dzhuraev's operators
©0000

Density of Polyanalytic functions on

@ Next, the results will focus on bounded domains without constrains
on the boundary

@ The bounded hypothesis is relevant is the majority of the proofs and
is relevant in some results

@ Some results in smooth bounded finitely connected domains U are
important, e.g. to prove the local type property of poly-Bergman
projection. This is the aim of the following slides.
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Dzhuraev's Formulas

@ Beurling transform (unitary on L?(C)) and its compression to L?(U)

Sf(z) = . / (f(W)QdA(W) and Sy := xuSxu

7 Jo (w—2)
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Dzhuraev's Formulas

@ Beurling transform (unitary on L?(C)) and its compression to L?(U)

Sf(z) = . / (f(W)QdA(W) and Sy := xuSxu

7 Jo (w—2)
@ Dzhuraev's Operators (for j € Z..)
Dyj=1-(SuY(S;Y and Dy_j=1—(S;Y(Suy

Lemma (Vékua)

U C C a bounded finitely connected domain; OU smooth; f € L?(U)

o If f is a smooth function on U then Syf and S;;f are smooth and

8:Suf = 8,f , 0,S5f = O5f. (2.1)

o The space of smooth functions on U is invariant under Sy and Sj. | Guco
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Some Remarks on Dzhuraev's Operators

@ If U is bounded finitely connected, QU is smooth then

Byj—DujeK (j€Zy).
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Some Remarks on Dzhuraev's Operators

@ If U is bounded finitely connected, QU is smooth then

Byj—DujeK (j€Zy).

@ The exact Dzhuraev's formulas are valid for domains Mobius
equivalente to the a disk (D, 1 and Q) ([P-13])
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Dzhuraev's operators
[eJe] Yolo)

Some Remarks on Dzhuraev's Operators

@ If U is bounded finitely connected, QU is smooth then
Buj—Dy; e (j€Zy).
@ The exact Dzhuraev's formulas are valid for domains Mobius
equivalente to the a disk (D, 1 and Q) ([P-13])

@ The existence of Dzhuraev's formulas are strongly dependent
on the regularity of the boundary ([KP-08, P-Sub.])
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Density of Polyanalytic functions on

In this slide U is a smooth bounded finitely connected domain
2(T7) ~— 42 o (T  :
Ai(U) == AS(U)Nn C=(V) , j € 2.

® From Vekua derivation formulas Tm Dy ; C A?(U)

Theorem ([P2-Sub.])

Let U C C be a bounded finitely connected domain with smooth
boundary. For every j € 7., one has that A?(U) is dense in A7 (U).
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In this slide U is a smooth bounded finitely connected domain
2(T7) ~— 42 o (T  :
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@ from previous Lemma we can prove AJ?(U) is dense in Im Dy j
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Density of Polyanalytic functions on

In this slide U is a smooth bounded finitely connected domain
2(T7) ~— 42 o (T  :
Ai(U) == AS(U)Nn C=(V) , j € 2.

® From Vekua derivation formulas Tm Dy ; C A?(U)

@ from previous Lemma we can prove AJ?(U) is dense in Im Dy j

@ we can also prove that ker Dy ; 1 A?(U) C A7(U).

Theorem ([P2-Sub.])

Let U C C be a bounded finitely connected domain with smooth

boundary. For every j € 7., one has that A?(U) is dense in A7 (U). o
~1ISBOA
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Density of Polyanalytic functions on

Rat(X) the set of rational functions with poles out of X C C compact.

Proposition ([P2-Sub.])

U c C a bounded finitely connected; OU smooth; j € 7. Then

{Z_:Ekrk(z) :re € Rat(U)} and {X_:zkh(z) . r € Rat(U) }
k=0 k=0

is dense in the poly-Bergman space AJZ(U) and .A2_J-(U), respectively.

@ Bergman case: classical results of Farrell, Markusevic, Mergeljan
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Density of Polyanalytic functions on

Rat(X) the set of rational functions with poles out of X C C compact.

Proposition ([P2-Sub.])

U c C a bounded finitely connected; OU smooth; j € 7. Then

{Z_:Ekrk(z) :re € Rat(U)} and {X_:zkh(z) . r € Rat(U) }
k=0 k=0

is dense in the poly-Bergman space AJZ(U) and .A2_J-(U), respectively.

@ Bergman case: classical results of Farrell, Markusevic, Mergeljan

@ operator theory in the next slide

TECNICO
LISBOA

Luis V. Pessoa The Essential Boundary on Polyanalytic Functions



Local Type Projection

0000000000

Berger-Shaw Theorem

OJ A2( ) [“’42 (U)} ) Hoj(g) = (I - BUJ)(Og)
[Bujs ¢11 = H5 (I = Buj) — HsjBuj and  Hi;Hzj = [T;;, Toy]

7o) Af( )= AF(U)  Ts (8) = Buj(eg).

Proposition

U C C a bounded domain; j € Z4.. Then, By j is an operator of local
type if and only if the self~commutator of T, is compact.

T € B(H) is j-multicyclic if H = clspan {r(T)vx : r € Rat(c(T)); k=1,---,j}
T € B(H) is hyponormal if [T*, T] > 0
Theorem (Berger-Shaw)

If T € B(#) is hyponormal and j-multicyclic, then Tr[T*, T| < £|U(T)|.

If U is a smooth bounded finitely connected domain, then it follows th
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Variation of the domain

For an arbitrary bounded domain we consider the
variation of the domain technique.

Definition (Inner exhaustive sequence [P-Sub.])

Let U C C be a domain. {U,}.en is a Inner exhaustive sequence for U if
Un C Un+1 cuU D UnEN Un =U.

Theorem (Inner variation of the domain [P-Sub.])

If {U,}nen is a Inner exhaustive sequence for U then

By j = s-lim xy By, jxu-

Proposition ([P2-Sub.])

Let U C C be a bounded domain and let j be a non-zero integer. The
self-commutator [T, T. ;| is a trace class operator and

Tr(T;; Tz < LillUIl/m.
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The Allan-Douglas local principle
Corollary ([P2-Sub.])

Let U C C be a bounded domain and let j be a non-zero integer. The
poly-Bergman projection By j is an operator of local type.

o sl :=alg{By,,al : a€ C(U)} C B(L*(V))

Proposition ([P2-Sub.])

Let U C C be a bounded domain and let j be a non-zero integer. The
C*-algebra $1; is irreducible. Furthermore, i1; contains K(L*(U)).

@ Apply local principles to the commutative C*-algebra [T := il;/K
over some of its *-subalgebra
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The Allan-Douglas local principle
Corollary ([P2-Sub.])

Let U C C be a bounded domain and let j be a non-zero integer. The
poly-Bergman projection By j is an operator of local type.

o sl :=alg{By,,al : a€ C(U)} C B(L*(V))

Proposition ([P2-Sub.])

Let U C C be a bounded domain and let j be a non-zero integer. The
C*-algebra $1; is irreducible. Furthermore, i1; contains K(L*(U)).

@ Apply local principles to the commutative C*-algebra [T := il;/K
over some of its *-subalgebra

@ T is a commutative C*-algebra
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The Allan-Douglas local principle

A a C*-algebra with identity e; Z C A a central *-subalgebra; e € Z;
M(Z) the maximal ideal space; I, the closed two-sided ideal of A
generated by x € M(Z2); A, = A/ly; 7+ A — A,.

Theorem (Allan-Douglas)

(i) a is invertible in A iff a, = 7.(a) is invertible in Ay, for x € M(Z).
(i) M(Z) 3 x — |la]l € R is USC and ||a|| = maxyer(z) [|ax]|-

AT = A+ K; the local algebra U7, := 4T /1], for z € U;
Ll = Ur,; AT = m, (A7), for A € il

J,Z!

Proposmon
If U C C is a bounded domain then (By )z =0, forz € U and j € Z.

Since Ky j(z, w) € C>(U x U) then the previous Proposition is evidew TECNICO
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The Bergman removal boundary

Definition (S. Axler, J. B. Conway, G. MacDonald)
@ wed, Uifwe dU and every function in A?(U), for some § > 0,
can be extended to an analytic function on U U D(w, )

@ The essential boundary
Or_eU:=0Uc 0, U

Theorem (S. Axler, J. B. Conway, G. MacDonald)

Let U C C be a bounded domain and let w € OU. Then w € 0, U iff
there exists § > 0 such that OU N D(w,d) as zero transfinite diameter.
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Definition of -removal boundary

@ K compact set has zero logarithmic capacity iff A?(C\K) = {0}
(L. Carleson, Selected Problems on Exceptional Sets, 67)

@ Different proof in David R. Adams, Lars Inge Hedberg 96 (Potencial
Theory); see also Conway, Functions of one Complex Variabel Il;
Kouchekian 03

@ K C C compact set as zero logarithmic capacity iff as zero
transfinite diameter

n(n—1)

lim  max H |zj — zk

zj# 2z

@ Definition also possible by means of Chebichev polynomials (K
infinite) lim maxy | Tk, (z)[*/"
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The points at which is locally equivalent to zero

Theorem (S. Axler, J. B. Conway, G. MacDonald)

Let U C C be a bounded domain. If f € C(U) then T is compact if and
only if f(0>_.U) = {0}.

By localization is follows straightforwardly a criterion for the Bergman
projection to be locally equivalent to zero at some point w € JU.

Theorem ([P2-Sub.])

Let U C C be a bounded domain and let w € OU. Then w € 0»_,U if
and only if (By)T =0, i.e. (By)T =0, w € U iff there exists § > 0
such that OU N D(w,d) as zero transfinite diameter.
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Definition of -removal boundary
Definition ( -Removal boundary [P2-Sub.])

@ wedUifwedU and (By,)T =0;
@ the j-essential boundary is defined by
dFU-=oUcdU.

Proposition ([P2-Sub.])

PU=0lU and FUcCIU=0,_,U.

Proposition ([P2-Sub.])

The set LU is closed, U U &U is open and connected and U C &% U.

V:=UudU.
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Local algebras

Let U C C be a bounded domain and let j € Z.. If z € UL, then
Ur, = C. For every a € C(U), the «-isomorphism ® . is given by

(Buj)z =0 and (al)] — a(z).

Let U C C be a bounded domain and let j € Z.... If z € OUé, then
Ur, = C?. For every a € C(U), the *-isomorphism &, , is given by

(Buj)z — (1,0) and (al)l — (a(z),a(2)).
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The = -algebra

Theorem ([P2-Sub.])
Let U C C be a bounded domain and let j € Z... Then

W= C(U)® C(BLU) by (al +bByj)™ =% ad (a+ b) gy

Let j € Z.. The poly-Toeplitz C*-algebra T;(U) is defined as follows

Tj(U) :=alg {Tr;: f e C(U)}.

Theorem ([P2-Sub.])

Let U C C be a bounded domain and let j € Z... Then

TT(U) = C(ALU) by (Tej)" v figiy
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Structure of the -removal boundary

U bounded domain; w € U; U, = U\{w}
Proposition ([P-13])

Let U C C be a bounded domain, let w € U and let j =2, . ... Then

(z

The Hilbert space A7(Ug) © A7(U) has finite dimension j(j —1)/2.

z-w)" ,
Af(UW)_span{u, (W))/ c) € AE(U); k=1,---,j—1; 1= 1,---k}

Corollary ([P2-Sub.])

Let j € 7. If w is an isolated point of OU then w € &/ U.
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Structure of the -removal boundary

Theorem ([P2-Sub.])

Let U be a bounded domain and let j € 7. Then &.U = o.(T,;) and
w € LU if and only if Im Ty, ; is not closed. Moreover,

Ind Ty, ;= —codim Ty, j=—j, wE€E .

Theorem ([P2-Sub.])

Let U C C be a bounded domain, let j € Z. and let w € OU. Then,
w € OU iff there exists § > 0 such that every function f € A7(U) can
be extended to a function in the poly-Bergman space over U U D, (w,0).
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Structure of the -removal boundary

w, € OU, n € N such that w,, # wy,, n # m and limw, = w

_nZ =Wy
flz)=> 2 —

n

Theorem ([P2-Sub.])

Let U C C be a bounded domain. If j # +1 then the removal boundary
&MU coincides with the set of all isolated points of OU.

Corollary ([P2-Sub.])

Let j k€ Zy. Ifj, k=41 orj, k # +1, then 3U = 0¥ U.
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Structure of the -removal boundary

@ if j=+1thenw e AU iff w € OU and there exists 0 > 0 such that
c(oU N D(w, ) = 0;

@ if j # +1 then w € & U iff w is isolated point of JU.
@ if j = +1 then w € & U can be uncountable;

@ if j # +1 then w € & U is countable;

@ It is easily seen that (U,), = U,;

@ The equality (U/). = U/ does not necessarily hold.
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Singularities in the poly-Bergman space
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Structure of the -removal boundary

Proposition ([P2-Sub.])
Let U be a bounded domain and let j € Z... Thus,

AX(U) = A (V) @ EF(U).

The space EJ-Z(U) is a separable Hilbert space, which is finite-dimensional
space if and only j = 1 or if the set /U is finite, in which case

dim E2(U) = # (31U) jl(lj] — 1)/2.

Corollary ([P2-Sub.])
Let U be a bounded domain and let j = +£2,£3,.... Then B[} ; = ngj
and By ; = By ; if and only if 9] U is finite and O[U = 0, respectively.
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Classical Cantor-Bendixson rank and

Consider the transfinite sequence of domains

Uy:=U ; Upy1:=UY ; U= U Uy, A is limit ordinal.
a<A

X := 0U and let X’ denote the set of cluster points of X.
The Cantor-Bendixson derivatives X are defined as follows

X0.=Xx ; Xxetl.=(x°) ; X*:= ﬂ X<, if X\ is limit ordinal.
a<A

X% = 0U,,. there exists a countable ordinal ag such that X® = X, for
a > ag The least such ordinal g is denoted by p(X) and is said to be the
Cantor-Bendixson rank of X. Now we define the domain U/_ := Upyxy-
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Classical Cantor-Bendixson rank and

Let U be a bounded domain and let j € 7. Thus,
A2 (U) = AZ(UL,) @ E2(V).

If j = £1, then sz(U) = {0}. If j # &1, then 51»2(U) is a finite
dimensional space if and only if 3/ U is finite, in which case
dim EJZ(U) = dim EJ-2(U). Furthermore, the j-removal boundary of the

domain UL is the empty set.

What can one say about the structure of the spaces EJ-2(U) and 51-2(U)?
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