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Grassmannians

e V n-dimensional C-vector space

e Gr(k,V)={W <V |dimc(W) =k} (Grassmannian)

St(k, V) = {(v1,...,v) € V¥ | {vi};=1,_« li.} (Stiefel Manifold)

e St(k, V) cC Ckn
Gr(k, V) = St(k, V)/GLk(C); dimc(Gr(k, V)) = nk — k2

Gr(k, V) is a (compact) topological space.
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Construction of a chart

e WeGHK V), W<VstV=WHW

e For each linear map A: W — W’
MNA)={(x,Ax) :xe W} <V

F(A) N W =0 and dim¢(M(A)) = k

e Conversely, let P € Gr(k, V) with PN W’ = 0. Consider
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First Section
Construction of a chart

e WeGHK V), W<VstV=WHW

e For each linear map A: W — W’
MNA)={(x,Ax) :xe W} <V
[(A)N W' =0 and dimge(T(A)) = k

e Conversely, let P € Gr(k, V) with PN W’ = 0. Consider
B: W — W' defined by Bomi(p) =m(p); p€ P

e P=T(B)
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o Let Uy ={Q e Gr(k, V)| QN W' =0} C Gr(k, V)
open

v LW, W) = Uy
A T(A)
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o Let Uy ={Q e Gr(k, V)| QN W' =0} C Gr(k, V)
open

v LW, W) = Uy
A T(A)

o pw =19t Uy — LW, W)~ Mn—kyxk(C) = Ck(n—k)

e (Uw,pw) is a chart containing W
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First Section

o Let Uy ={Q e Gr(k, V)| QN W' =0} C Gr(k, V)
open

v LW, W) = Uy
A T(A)

e ow=v¢ 1 Uy — L(W, W) Mn—kyxk(C) = Ck(n—k)
e (Uw,pw) is a chart containing W

e Gr(k, V) is a complex manifold.
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First Section

Projective Algebraic Varieties

o CP" = (C™1 — {0})/C* (= Gr(1,C"H))
o B(V) = (V= {0})/C" = {U < V| dime(U) = 1}
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First Section
Projective Algebraic Varieties

o CP" = (C™1 —{0})/C" (=Gr(1,C"))
o P(V)=(V—{0})/C" = {U < V[dimc(V) = 1}
o P(V) = Cpdime(V)—1,

o A projective algebraic variety M C CP" is defined as
M={£eCP" [ Fi(§) =--- = Fk(§) =0}
where F; € Clxg,...,xn|; i=1,...,k
Fi(A\E) = A% F;(€), for some d; € N
i.e. F; is a homogeneous polynomial of degree dj;
e Is Gr(k, V) a projective variety?
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First Section

o {e}i=1,. n basis of V
e Consider the quotient of Tk(\/) —V®---©V by
—_——

k times

IX(V) = spanc{e; @ - ® e, | i = i for some j # I}
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N(V)

o {e}i=1,. n basis of V
e Consider the quotient of Tk(\/) —V®---©V by
—_——

k times

IX(V) = spanc{e; @ - ® e, | i = i for some j # I}

o AK(V) = TH(V)/IK(V)
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First Section
N(V)

o {e}i=1,. n basis of V
e Consider the quotient of Tk(\/) —V®---©V by
—_——

k times

IX(V) = spanc{e; @ - ® e, | i = i for some j # I}

o A (V)= THKWV)/IK(V)
o vi A Ay = [V1 SRR Vk]Tk(V)//k(V)
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First Section

{ei}i-1,..,n basis of V
Consider the quotient of TK(V) =V ®---® V by
—_———

k times

IX(V) = spanc{e; @ - ® e, | i = i for some j # I}

N(V) = TH(V)/IK(V)
VA A= i@ @ vid vy k(v

Examples:
V2/\V1:—(V1/\V2) WwWAVZAVI=VviAWwAW
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o {eg N---Aej | ih <--- < ik} basis of AK(V);
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First Section

o {eg N---Aej | ih <--- < ik} basis of AK(V);

eV, = erzl aj; €, i=1,...,k, A= (aU) S kan((C)

)
e Vi AN ANy, = Z detA,-l..,,-k(e,-l/\---/\e,-k)
i <ip<--<ik
o W e Gr(k,V)
o W =spanc{vi,...,vk} = spanc{wi,..., wg}
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First Section

o {eg N---Aej | ih <--- < ik} basis of AK(V);

° V,':Zr-lzl ajjej; i=1,...,k, A:(a,-j) € kan((C)

)
e Vi AN ANy, = Z detA,-l..,,-k(e,-l/\---/\e,-k)
i <ip<--<ik
o W e Gr(k,V)
o W =spanc{vi,...,vk} = spanc{wi,..., wg}

o vi A+ Ave =det(G)(wy A~ A wg) for some G € GL,(C).
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Plicker Map

Pliicker map (Julius Pliicker, XIXth century)

Pl Gr(k, V) — P(A(V))
spanc{vi, ..., vk} — [vi Ao A v
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Pl Gr(k, V) — P(A(V))
spanc{vi, ..., vk} — [vi Ao A v

e Pl is well-defined by the previous computations
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First Section

Plicker Map

Pliicker map (Julius Pliicker, XIXth century)

Pl Gr(k, V) — P(A(V))
spanc{vi, ..., vk} — [vi Ao A v

e Pl is well-defined by the previous computations
e Plis injective: If [vi A--- Avg] = [wi A--- A wy], then

V,'/\(Wl/\'--/\Wk):O; Vi=1,...,k

spanc{vi,..., vk} = spanc{w, ..., wk}
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First Section

Primary Goal

Goal: PU(Gr(k, V)) is projective variety; give explicitly the family
of corresponding homogeneous polynomials, the so-called Pliicker
relations.
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Case where dimg(V) =4, k=2
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First Section

Case where dimg(V) =4, k=2
PL:Gr(2,V) — P(A3(V))
a1 a2 413 a4
— ilep N\ e
<821 a2z a3 324) [1</§<;<4 J( J

aii  aiy
pij = det = ajjapj — aja;
ayj ayj

P12P3a — P13P24 + p1ap3 =0 (Plijcker/KIein quadric)

The Pliicker Map



	First Section

