
First Section
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Tutor: André Gama Oliveira

Universidade do Porto

13th December 2025
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First Section

Grassmannians

• V n-dimensional C-vector space

• Gr(k ,V ) = {W ≤ V | dimC(W ) = k} (Grassmannian)

• St(k,V ) = {(v1, . . . , vk) ∈ V k | {vi}i=1,...,k l.i.} (Stiefel Manifold)

• St(k,V ) ⊂ Ckn

• Gr(k ,V ) = St(k ,V )/GLk(C); dimC(Gr(k ,V )) = nk − k2

• Gr(k ,V ) is a (compact) topological space.
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Construction of a chart

• W ∈ Gr(k ,V ), W ′ ≤ V s.t V = W
⊕

W ′

• For each linear map A : W → W ′

Γ(A) = {(x ,Ax) : x ∈ W } ≤ V

Γ(A) ∩W ′ = 0 and dimC(Γ(A)) = k

• Conversely, let P ∈ Gr(k ,V ) with P ∩W ′ = 0. Consider
B : W → W ′ defined by B ◦ π1(p) = π2(p); p ∈ P

• P = Γ(B)
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• Let UW = {Q ∈ Gr(k ,V ) | Q ∩W ′ = 0} ⊂
open

Gr(k ,V )

ψ : L(W ,W ′) → UW

A 7→ Γ(A)

• φW = ψ−1 : UW → L(W ,W ′) ∼= M(n−k)×k(C) ∼= Ck(n−k)

• (UW , φW ) is a chart containing W

• Gr(k ,V ) is a complex manifold.

The Plücker Map



First Section

• Let UW = {Q ∈ Gr(k ,V ) | Q ∩W ′ = 0} ⊂
open

Gr(k ,V )

ψ : L(W ,W ′) → UW

A 7→ Γ(A)

• φW = ψ−1 : UW → L(W ,W ′) ∼= M(n−k)×k(C) ∼= Ck(n−k)

• (UW , φW ) is a chart containing W

• Gr(k ,V ) is a complex manifold.
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The Plücker Map



First Section

Projective Algebraic Varieties

• CPn = (Cn+1 − {0})/C∗ ( = Gr(1,Cn+1))

• P(V ) = (V − {0})/C∗ = {U ≤ V | dimC(U) = 1}
• P(V ) ∼= CPdimC(V )−1.

• A projective algebraic variety M ⊆ CPn is defined as

M = {ξ ∈ CPn | F1(ξ) = · · · = Fk(ξ) = 0}

where Fi ∈ C[x0, . . . , xn]; i = 1, . . . , k

Fi (λξ) = λdiFi (ξ), for some di ∈ N

i.e. Fi is a homogeneous polynomial of degree di

• Is Gr(k,V ) a projective variety?
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Λk(V )

• {ei}i=1,...,n basis of V

• Consider the quotient of T k(V ) = V ⊗ · · · ⊗ V︸ ︷︷ ︸
k times

by

I k(V ) = spanC{ei1 ⊗ · · · ⊗ eik | ij = il for some j ̸= l}

• Λk(V ) = T k(V )/I k(V )

• v1 ∧ · · · ∧ vk := [v1 ⊗ · · · ⊗ vk ]T k (V )/I k (V )

Examples:
v2 ∧ v1 = −(v1 ∧ v2) v2 ∧ v3 ∧ v1 = v1 ∧ v2 ∧ v3
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The Plücker Map



First Section

Λk(V )

• {ei}i=1,...,n basis of V

• Consider the quotient of T k(V ) = V ⊗ · · · ⊗ V︸ ︷︷ ︸
k times

by

I k(V ) = spanC{ei1 ⊗ · · · ⊗ eik | ij = il for some j ̸= l}

• Λk(V ) = T k(V )/I k(V )

• v1 ∧ · · · ∧ vk := [v1 ⊗ · · · ⊗ vk ]T k (V )/I k (V )

Examples:
v2 ∧ v1 = −(v1 ∧ v2) v2 ∧ v3 ∧ v1 = v1 ∧ v2 ∧ v3
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Λk(V )

• {ei1 ∧ · · · ∧ eik | i1 < · · · < ik} basis of Λk(V );

• vi =
∑n

j=1 aijej ; i = 1, . . . , k, A = (aij) ∈ Mk×n(C)

• v1 ∧ · · · ∧ vk =
∑

i1<i2<···<ik

detAi1...ik (ei1 ∧ · · · ∧ eik )

• W ∈ Gr(k ,V )

• W = spanC{v1, . . . , vk} = spanC{w1, . . . ,wk}

• v1 ∧ · · · ∧ vk = det(G )(w1 ∧ · · · ∧ wk) for some G ∈ GLk(C).
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Plücker Map

Plücker map (Julius Plücker, XIXth century)

Pℓ : Gr(k,V ) → P(Λk(V ))

spanC{v1, . . . , vk} 7→ [v1 ∧ · · · ∧ vk ]

• Pℓ is well-defined by the previous computations

• Pℓ is injective: If [v1 ∧ · · · ∧ vk ] = [w1 ∧ · · · ∧ wk ], then

vi ∧ (w1 ∧ · · · ∧ wk) = 0; ∀i = 1, . . . , k

spanC{v1, . . . , vk} = spanC{w1, . . . ,wk}
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Primary Goal

Goal: Pℓ(Gr(k,V )) is projective variety; give explicitly the family
of corresponding homogeneous polynomials, the so-called Plücker
relations.
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Case where dimC(V ) = 4; k = 2 :

Pℓ : Gr(2,V ) → P(Λ2(V ))(
a11 a12 a13 a14
a21 a22 a23 a24

)
7→ [

∑
1≤i<j≤4

pij(ei ∧ ej) ]

pij = det

(
a1i a1j
a2i a2j

)
= a1ia2j − a1ja2i

p12p34 − p13p24 + p14p23 = 0 (Plücker/Klein quadric)
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