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i. Interpolação de Lagrange

Fórmula interpoladora de Lagrange:

pn(x) =

n∑
j=0

fj lj(x) , lj(x) =

n∏
k=0,k 6=j

(
x− xk
xj − xk

)
, fj = f(xj) , j = 0, . . . , n

Fórmula interpoladora de Newton:

pn(x) = f [x0] +

n∑
j=1

f [x0, . . . , xj ](x− x0) · · · (x− xj−1)

Fórmula do erro:

en(x) = f(x)− pn(x) = f [x0, . . . , xn, x]

n∏
j=0

(x− xj) =
f (n+1)(ξ)

(n+ 1)!

n∏
j=0

(x− xj) , ξ ∈ int(x0, . . . , xn, x)

ii. Interpolação de Hermite

H2n+1(x) =

n∑
j=0

fjφj(x) +

n∑
j=0

f ′jψj(x),

φj(x) =
(
1− 2 l′j(xj)(x− xj)

)
l2j (x), ψj(x) = (x− xj) l2j (x) , fj = f(xj) , f ′j = f ′(xj) , j = 0, . . . , n

Pelas diferenças divididas de Newton:

H2n+1(x) = f [x0] + (x− x0) f [x0, x0] + (x− x0)2 f [x0, x0, x1] + (x− x0)2(x− x1) f [x0, x0, x1, x1] +

+ . . . +

n−1∏
j=0

(x− xj)2
 (x− xn) f [x0, x0, . . . , xn, xn]

Fórmula do erro:

e2n+1(x) = f(x)−H2n+1(x) = f [x0, x0, . . . , xn, xn, x]

 n∏
j=0

(x− xj)

2 =
f (2n+2)(ξ)

(2n+ 2)!

 n∏
j=0

(x− xj)

2 , ξ ∈ int(x0, . . . , xn, x)

iii. Interpolação por splines cúbicos (Mj = s′′j (xj))

sj(x) =Mj
(xj+1 − x)3

6hj
+Mj+1

(x− xj)3

6hj
+Aj(x− xj) +Bj , x ∈ [xj , xj+1], j = 0, . . . , n− 1,

Aj =
fj+1 − fj

hj
− (Mj+1 −Mj)

hj
6
, Bj = fj −Mj

h2j
6
, hj = xj+1 − xj , j = 0, . . . , n− 1
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µj =
hj−1

hj−1 + hj
, λj =

hj
hj−1 + hj

,

dj =
6

hj−1 + hj

(
fj+1 − fj

hj
− fj − fj−1

hj−1

)
,

j = 1, . . . , n− 1 .



Condição da primeira derivada nos extremos:

λ0 = µn = 1 , d0 =
6

h0

(
f1 − f0
h0

− f ′0
)
, dn =

6

hn−1

(
f ′n −

fn − fn−1
hn−1

)
.

Condição livre (natural) nos extremos:

λ0 = d0 = µn = dn = 0 =⇒ M0 =Mn = 0

Fórmula do erro (com a condição da derivada nos extremos):

max
x∈[x0,xn]

|f(x)− s(x)| ≤ 5M

384
max

0≤j≤n−1
h4j

em que
M = max

x∈[x0,xn]
|f (4)(x)|

iv. Diferenciação numérica

Diferenças centradas:

f ′(z) =
f(z + h)− f(z − h)

2h
− h2

6
f (3)(ξ) , ξ ∈ (z − h, z + h)

f ′(z) =
−f(z + 2h) + 8f(z + h)− 8f(z − h) + f(z − 2h)

12h
+O(h4)

f ′′(z) =
f(z + h)− 2f(z) + f(z − h)

h2
− h4

12
f (4)(ξ) , ξ ∈ (z − h, z + h)

Diferenças progreassivas/regressivas:

f ′(z) =
f(z + h)− f(z)

h
− h

2
f ′′(ξ) , ξ ∈ (z, z + h)

f ′(z) =
f(z)− f(z − h)

h
+
h

2
f ′′(ξ) , ξ ∈ (z − h, z)

f ′(z) =
−f(z + 2h) + 4f(z + h)− 3f(z)

2h
+
h2

3
f (3)(ξ) , ξ ∈ (z, z + 2h)

v. Polinómios ortogonais com respeito ao produto interno (f, g)w =
∫ b

a
w(x)f(x)g(x) dx

[a, b] 3 t −→ x ∈ [−1, 1] : t =
a+ b+ (b− a)x

2

Polinómios de Legendre: (a, b) = (−1, 1), w(x) = 1 , (f, g)w = (f, g) =
∫ 1

−1 f(x)g(x) dx

Pn(x) =
1

2n n!

dn

dxn

[
(x2 − 1)n

]
, n = 0, 1, . . . (Pn, Pn) =

2

2n+ 1

P0(x) = 1, P1(x) = x, Pn+1(x) =
1

n+ 1

[
(2n+ 1)xPn(x)− nPn−1(x)

]
, n = 1, 2, . . .

Polinómios de Chebyshev: (a, b) = (−1, 1), w(x) = 1√
1−x2

, (f, g)w =
∫ 1

−1
f(x)g(x)√

1−x2
dx

Tn(x) = cos(n arccosx) , n = 0, 1, . . . (T0, T0)w = π , (Tn, Tn)w =
π

2
, n ≥ 1

T0(x) = 1, T1(x) = x, Tn+1(x) = 2xTn(x)− Tn−1(x), n = 1, 2, . . .

Tn+1(tj) = 0 , tj = cos
(2j + 1)π

2n+ 2
, j = 0, . . . , n , Tn+1(x) = 2n

n∏
j=0

(x− tj)



Polinómios de Laguerre: (a, b) = (0,∞), w(x) = e−x , (f, g)w =
∫∞
0
e−x f(x)g(x) dx

L0(x) = 1, L1(x) = 1− x, Ln+1(x) =
1

n+ 1

[
(2n+ 1− x)Ln(x)− nLn−1(x)

]
, n = 1, 2, . . .

Ln(x) =
ex

n!

dn

dxn

[
e−x xn

]
, n ≥ 0 , (Ln, Ln)w = 1 , ∀n ≥ 0

Polinómios de Hermite: (a, b) = (−∞,∞), w(x) = e−x
2

, (f, g)w =
∫∞
−∞ e−x

2

f(x)g(x) dx

H0(x) = 1, H1(x) = 2x, Hn+1(x) = 2xHn(x)− 2nHn−1(x), n = 1, 2, . . .

Hn(x) = (−1)nex
2 dn

dxn

[
e−x

2
]
, n ≥ 0 , (Hn, Hn)w =

√
π 2n n! , ∀n ≥ 0

vi. Melhor aproximação mínimos quadrados

φ∗(x) =

n∑
k=1

β∗k ϕk(x) ,

n∑
k=1

β∗k (ϕk, ϕj) = (f, ϕj) , j = 1, . . . , n

vii. Fórmulas de quadratura de Gauss Iw(f) =
∫ b

a
w(x)f(x) dx ≈ In,w(f) =

∑n
j=0Ajf(xj)

Quadraturas de Gauss–Legendre:

Iw(f) = I(f) =

∫ 1

−1
f(x) dx , In(f) =

n∑
j=0

Ajf(xj)

I(f)− In(f) =
22n+3[(n+ 1)!]4

(2n+ 3)[(2n+ 2)!]2
f (2n+2)(ξ)

(2n+ 2)!
, ξ ∈ ]− 1, 1 [

Quadraturas de Gauss–Chebyshev:

Iw(f) =

∫ 1

−1

f(x)√
1− x2

dx , In,w(f) =
π

n+ 1

n∑
j=0

f(xj)

Iw(f)− In,w(f) =
π

22n+1

f (2n+2)(ξ)

(2n+ 2)!
, ξ ∈ ]− 1, 1 [


