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1. Consider the following Fredhom integral equation of second kind

1 uls
/\u(t)—/o 1+(S;t2ds—f(t), 0<t<1, (1)

where A € R\ {0} and f € C]0,1]. Show that, if |A| is chosen sufficiently large, then there exists a
unique solution u € C0, 1] to (8). For those values of A, bound ||u|s in terms of || f|co-

2. Letf € C[0,1] and consider the boundary value problem

—u"(t) = f(t) 0<t<1,

a) Show that the unique solution w of problem (2) is given by

1
u(t) :/0 k(t,s) f(s)ds, (3)

where
s(l1—1t), 0<s<t,
k(t> 5) =
t(l—s), t<s<l1
b) Consider the boundary value problem
—u"(t) +a(t)u(t) = f(t), 0<t<1,
(4)
u(0) =u(1) =0,

where a, f € C[0,1]. Show that (4) can be written as a Fredholm integral equation of the second
kind.

c) Assume that maxyc( 1) |a(t)| < ap. Show that if ag > 0 is sufficiently small then problem (4) has
a unique solution u € C2[0, 1].

3. Show that the Fredholm integral equation
1
ww) = [ stz u = 1), 0ses<l,
0

has a unique solution u € C[0, 1] for any given f € C[0,1]. As an approximation of the solution w,
use the formula

un(x) = fz)+ Y _ L f(z)
j=1

to compute us.



4. Assume that the conditions of the geometric series theorem are satisfied. Then for any f € V the
equation (I — L)u = f has a unique solution u € V. Show that this solution can be approximated
by a sequence {u,} defined by

up €V, Up=f+Lup—1, n=12...

by deriving an error bound for ||u — uy||v.

5. Let V and W be Banach spaces and assume that T € £(V, W) has a bounded inverse 7! :
W — V. Show that if S € £(V, W) satisfies |T — S|| < 1/||T ||, then S~ € L(W, V) exists and

I
[T =5

ST <
l ||_1_

6. Consider the nonlinear Volterra integral equation

t
u(t) = / k(t,s,u(s))ds+ f(t) a<t<b, (5)

where f € Cla,b] and k(-, -, ) is a continuous function for a < s <t < b, u € R. Assume that there
exists a constant M > 0 such that fora < s <t <b

|k(t,3,u1)—k(t,s,u2)| SM|U1—U2‘ Vup,ug € R.

Let V = Cla, b] and define a nonlinear operator 7': V' — V by
t
70 = [ Mesuls)ds+ @), a<t<h

a) Show that

||Tm(u)_Tm(v)||VgT||u—v||v Vu,oeV, m=0,1,....

b) Prove that the operator 7' admits a unique fixed point in V, that is, show that the integral
equation (5) admits a unique solution u € V.

c) Show that the mapping [Jv|| := max,co e ?*[v(t)], B € R is anorm in C[0,b], equivalent to the
uniform norm || - || -

d) Let a = 0. Show that 7" : C[0,b] — C]0,b] has a unique fixed point in (C[0,b], || - ||). Assume
that 6 > M.

7. Let V = (0, 1] and consider the following nonlinear Volterra integral equation

u(t):;/o su(s)ds+ f(t), 0<t<l, (6)

where f € V is such that | f|ly < 3.



a) Define T': V' — V through

1

T(u)(t)—2/0 sul(s)ds+ f(t), 0<t<l

and let K = {v € V|||v|lcc < C}. Choose C' > 0 in such a way that the operator T has a unique
fixed point u € K and the iteration

1

wir®) =5 [ s ds 10, n>0 .

uo(t) =1
converges to u.

b) Let f(t) =t¢/2 and C' = 4/3. Compute the first two iterates from (7). Derive an upper bound
for the error ||u — ual|y.

8. Consider the nonlinear Urysohn integral equation

b
u(t) = ,u/ k(t,s,u(s))ds+ f(t), a<t<b, (8)

where 4 € R, k € C([a,b] X [a,b] x R) and f € Cl[a,b]. Assume that there exists a constant L > 0
such that
|k(t,s,u1) — k(t,s,u2)| < Llup —wuz|, VYuj,uz €R, a<t s<hbh.

a) Show that, if |u| L (b — a) < 1, then equation (8) admits a unique solution u € Cfa,b] and the
iteration

b
wnalt) = [ Kt.sun()ds+ 10),  a<t<h, m=ol...

converges to u, for any choice of ug € C|a, b)].

b) Let
[a,b] =[0,1],  f(t)= Ty, k(t, s, u(s)) = 1+tu82(8)

8
Prove that, if |u| < 1, then equation (8) admits a unique solution u € C]0,1]. Approximate u by
computing the first two iterates by the fixed point iteration. Consider p = 1/2 and ug(t) = 1.
Derive an upper bound for the error of the approximation us.



