FRAMED HOLOMORPHIC BUNDLES ON RATIONAL
SURFACES

JOAO PAULO SANTOS

ABSTRACT. We study the moduli space of framed holomorphic bundles of any
rank, over the blow-up of CP? at ¢ points. For ca = 1,2 we introduce an open
cover of the moduli space and describe its nerve. In the limit when r — co we
use this result to obtain the homotopy type of the moduli spaces. In particular,
we compute the cohomology of the moduli spaces.

1. INTRODUCTION

Fix a line Lo C CP? and let X, denote the blow-up of CP? at ¢ points
Z1,...,2q ¢ L. In this paper we will study the moduli space 9}, (X,) of equiva-
lence classes of pairs (£, ¢), where £ is a holomorphic rank 7 bundle over X, with
¢1 = 0 and ¢y = k, holomorphically trivial at Lo, and ¢ : €| — Ozx is a holo-
morphic trivialization. This moduli space is a special case of the moduli of framed
sheaves introduced in [15], [11]. See also [16]. The interest on these spaces was
motivated by the study of moduli spaces of instantons: in [5], [17] it was shown
that 97 (X,) is isomorphic as a real analytic space to the moduli space of based
charge k SU(r) instantons over a connected sum of ¢ copies of CP?. Monad de-
scriptions for these spaces were introduced in [1], [7], for X, = CP?, [4], [12] for X,
and [14], [6], for the general case. In this paper we study the moduli spaces using
results about bundles on the blow-up of a complex surface (see [19]): analyzing the
effect of blowing up on the topology of the moduli space we reduce the study of the
moduli spaces over X, to the moduli spaces over Xy, X;. Our first result is

Theorem 1.1. Let I C {1,...,q} and write |I| = #I. Then, for each I with
|I| < k there is an open set Ay C M} (X,) such that

(1) {Ar}11=k is an open cover of M (Xq);

(2) AINAy = Arny;

(3) There are homeomorphisms Ay = My (Xq).

For k = 1 this describes 97 (X,) in terms of the moduli spaces over X, and
X1, which are well understood. Hence we can get a cell structure for 97 (X,). For
k = 2 we will prove:

Theorem 1.2. There are open sets A;, N;; C My(X,) such that
(1) {Ai}i U{N;j}ic; is an open cover of My(Xy);
(2) There is an open set Ay C M5(X,) such that A; N Aj; = Ay fori#j.
(3) For k ¢ {i,j}, Nij N Ay = Ny N Ay. For different sets {i,5} # {k,l},
Nij N Nkl - @
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(4) There are homotopy equivalences

Nij n Az >~ mq(Xl) X W{(Xo) Nij N AQ) ~ mg(Xo) X W;(Xo)

We then apply these results to the study of the rank stable moduli space, which
is defined as follows: when ry > 1, there is a map 9! (X,) — M;*(X,) induced
by taking direct sum with a trivial rank ro — r; bundle. We define the rank sta-

ble moduli space as the direct limit 9M°(X,) def lim 901y (X,). Using the monad

T

descriptions, it was shown in [13], [18] and [2] that
1) M (Xo) ~ BU(k) , MP(Xy) ~ BU(k) x BU(k)
We will prove as a corollary of theorem 1.1 that

Theorem 1.3. There is a homotopy equivalence
q

M (X,) ~ BU(1) x (\/ BU(1)>
i=1

Together with the results of [5] and [17], this shows that for a large class of
metrics conjecture 1.1 in [2] is false.
Using theorem 1.2 we will compute the cohomology of M3 (X,):

Theorem 1.4. Let K¢ C L[z, %2, 23, 24] = H* (BU(1)**) be the ideal generated
by the product x1xo and let Ky C Zlay, ki,a9,ke] ~ H* (BU(Q)XQ) be the ideal
generated by ky,ks. Then, as graded modules over Z, we have an isomorphism

a(g—1)
H* (M (X,)) = Zlar, 0] & K37 @ K&

The plan of this paper is as follows: In section 2 we prove theorem 1.1 and in
section 3 we use it to prove theorem 1.3. In section 4 we prove theorem 1.2 and
in the next two sections we apply it to prove theorem 1.4: in section 5 we study
the open cover from theorem 1.2 in the limit when r — oo; in section 6 we use
the spectral sequence associated with this open cover (see [21]) to prove theorem
1.4. In the appendix we gather some results about the monad constructions of the
moduli spaces for ¢ =0, 1.

This paper is based on results in the author’s thesis [20].

2. AN OPEN COVER OF I (X,)

Fix a subset I C {1,...,q} and let 77 : Xq — X7 (|I| = #I) be the blow up at
points x;, j ¢ I. 7; induces a map

(2) mp MG (Xr) — MG (X)
Let ¢ > k. The objective of this section is to prove

Theorem 2.1. {7} (X ) }‘”:k is an open cover of My (X,). Furthermore

T M (X 1)) N7 (X 7)) = 710 (X 1n))
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and we have isomorphisms
i
M (X 1) = 7 M(X1))
T
From this open cover we can build a spectral sequence converging to H* (9}, (X,)).
The case k = 2 will be treated in section 7. For the general case see [20], section 4.3.
We turn now to the proof of theorem 2.1. We begin by proving the last statement:
Proposition 2.2. We have isomorphisms
7
MG (X 1) =7 w9 (X))

-
TI*

where T} and T, are inverses of each other. We also have
T (X)) = {€ € M(Xy) | €|, is trivial fori & I}

Proof. From theorem 3.2 in [9] it follows that, if a bundle is trivial on the exceptional
divisor then it is also trivial on a neighborhood of the exceptional divisor. Hence,

a bundle £ — X on a blow up 7 : X — X is trivial on the exceptional divisor if
and only if £ = 7*m,.£. The statement of the proposition follows. O

Proof of theorem 2.1. From proposition 2.2 it follows that

TG (X 1) N7y (X ) = 77a M (X 1001)
To show that M (Xy) C U=y, 77D, (Xk) we only need to show that a bundle
E € M (X,) is trivial in at least ¢ — k exceptional lines (¢ > k). We prove this
result by induction in g. Assume £ is not trivial in Ly. Let p : X; — X,—1 be the
blow up at z; and let & = (7,£)"". Then ¢3(£') < k so we can apply induction.
The proof is completed by noting that we cannot have bundles with negative cs by

Bogomolov inequality for framed bundles (see [15]).
Finally we have to show that 779 (X|7|) is open. Let H be an ample divisor.

Choose N such that H*(E(NH)) = 0 for all £ € My (X). Then choose M such that

m.E(NH + ML) is locally free. Consider the function h' : 9 (X) — Z defined by

h' = dim HY(£(NH + ML)). Then, from the exact sequence
0—-&NH)—-ENH+ML)—-T —0

(T has support contained in L) we get H>(E(NH + ML)) = H?(T) = 0. Now
notice that

HY(&(NH + ML)) = H*(n,£(NH + ML))
and, since by assumption m.E(NH + ML) is locally free and 7. H is ample, for N
large enough we get

H'(m.E(NH + ML)) =0 fori>0
Hence, we get that
h' = x(m.&(NH + ML)) — x(E(NH + ML))
From Riemann-Roch theorem it follows that
ht = c3(€) = co(m€"Y) + f(N, M, 1 (X))

where f does not depend on £. The result then follows from the upper-semicontinuity
of h! (see [10], chapter III, theorem 12.8). O
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3. THE CHARGE ONE MODULI SPACE

The objective of this section is to prove theorem 1.3:

Theorem 3.1. There is a homotopy equivalence

q
M (X,) ~ BU(1) x (\/ BU(1)>
i=1
From theorem 2.1 we know that

q
M (Xy) = [ wr M (X1) o w9 (X)) Ny M (X)) = w3 D0 (Xo) (i # )
=1

We begin by studying the maps ;97 (Xo) — w907 (Xy).
Lemma 3.2. Let 11 : CP" — CP" x CP" be the inclusion into the first factor:
t1([u)) = ([u], %), where * denotes the base point. Then there are homotopy equiv-

alences hg : CP* — MP(Xy) and hy : CP™ x CP* — M (X;) such that the
following diagram

T h
TN (Xo) <— M©(Xo) <——— CP™

o

T

I (X)) <= M°(X) < CP* x CP™

is homotopy commutative.

Proof. We will use the monad description of 9} (X7), M7 (Xy) (see appendix A).
We define the following maps:

po : M) (Xy) — CP” Do : a1, a2,b,c] — [b]

_t
p1: M(Xy) — CP" x CP" p1: a1, az,d,b,c] — <[b]v {2”2]>
A:CP" — CP" x CP" A u] — ([u], [u])

f: CP* x CP* — CP*> x CP*™ fo(z,y) = (z,2y™h)

where to define f we observe that CP> = BU(1) is homotopic to the free abelian
group on U(1). Now observe that the diagram

Po

T (Xo) <o IM5°(Xo) CP>

Lk N

TG (X1) <o I (X;) 2> CP™ x CP™ —L> CP* x CP*

is homotopy commutative and the maps po, p1, f, 75, 7; are homotopy equivalences.
The statement of the lemma then follows by writing hg = pal and hy = pflffl,
where p, L pfl, f~1 are the homotopy inverses. (I

We are ready to prove theorem 3.1.
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Proof of theorem 3.1. Let C be the cone on ¢ points v1,...,v,. Let

(HBU ) x BU( )x{ui}>H(BU(1)><O)
([ul, vi) ~ (ua([u]), vi)

We first show that M is homotopically equivalent to 99°(X,).
Denote the points in C by

M =

[0, 1] x TT{wi}

[tvi] € €= (0,v;) ~ (0,v;) ~ *

Define a map
(HBU x BU(1) x {vi}> [1(BUQ) x C) — me(X,)

as follows: denote the points in C by [t,v;] € C = % Then define ¢ by

BU(1) x BU(1) x {v;} 3 ([u1], [uz], v;) — 7} ha([u1], [uz2])
BU(1) x C 3 ([u], [t,i]) — w3ho([u]) for ¢ < %
BU(1) x C > ([u], [t,v4]) — 7 hie1([u]) for ¢ > ;

For % <t < % use the homotopy between wgho and pfhie; from lemma 3.2. ¢

descends to the quotient to give a map ¢ : M — IM°(X,). We want to apply
Whitehead theorem to show ( is a homotopy equivalence. The van Kampen theorem
implies both M and 99°(X,) are simply connected hence we only have to show ¢
is an isomorphism in homology groups. We prove it by induction in ¢’ = 1,...,q.
We apply the five lemma to the Meyer-Vietoris long exact sequence corresponding
to open neighborhoods of the sets

Ty I (X0), 71, g ?O(X 1) C M (X)

.....

BU(1) x BU(1) x {v;}, UBU ) x BU(1) x {v;} ¢ M
1=1
using the fact that the restrictions
¢:BU(1) x BU(1) x {v;} — 7/ MF(X7)
¢:BU(1) x C — 7y (Xo)
are homotopy equivalences. It follows that ¢ induces isomorphisms in all homology
groups.

To conclude the proof we only have to show that M is homotopically equivalent
to

HBU x BU(1) x {v;}
(\/BU ) (x,%,v;) ~ (z,%,0;)

where * € BU(1) is the base point. Define an open cover of BU(1) x (\/, BU(1))
by U; = BU(1) x BU(1) x {v;}. Then the claim is a special case of proposition 4.1
in [21]. O
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4. AN OPEN COVER OF 95 (X3)

The objective of this section is to prove theorem 1.2. We begin by studying the
case ¢ = 2. We will adopt, in this section and the next, the following notation:
Denote the blow up points by z,zr € Xo. Let 7 : Xo — X be the blow up map
at xp,xr. By abuse of notation we will denote by m; the maps Xo — X; and
X7 — Xy corresponding to the blow up at xy, and in the same way 7w will denote
the blow up at zr. We have the diagram

L
Xo — X1ir

ma| EZ

L
X —Xo

of blow up maps where X1 & X1g = X;. Denote by L; and Ly the exceptional
divisors above x; and xg respectively. Again, by abuse of notation we identify
Ly C X5 with Ly, C Xy, and the same for Lr. Write 1, = [z11, %21, 1], 2 =
[z1R, 2r, 1], 21,25 € Xo = CP? Since z; # rr we may assume without loss
of generality that z1;, # x1g. /Let Zi = Tijr — TiL. 21,722 determine a point
([21, 22, 1], [21, 22]) € X1\ Lo = CP? \ Loo C CP? x CP'. We are ready to state the
first theorem of this section:

Theorem 4.1. Let

Ap =My (Xar) = {€ e MH(Xa) : €Ly is trivial}
Ap = WZME(XIR) = {(‘: S MS(XQ) : 5|LL 18 trivial}

and let C = M5(X2) \ (AL UAR). Let N, C IM5(X 1) be the set of non-degenerate
configurations m = (a1, as2,d,b,c) such that the eigenvalues of day (equal to the
eigenvalues of a1d) are in a § neighborhood of 0,z1. In a similar way define N C
M5 (X1r). Let Ny = mp N Ui NrpUC. Then {Ar, Ar, Nao} is an open cover of
IML(X2). There are homotopy equivalences

(1) AL >~ AR =~ WT(Xl)

(2) C ~ E)JTT(Xl) X DT(l(Xl)

(3) AL NAgp ~ M5(Xo)

(4) A NNy~ Np, ~ Ar N Ny ~ NR’XSUG(Xl) XmE(X())

(5) AL n AR N Ny ~ M7 (Xo) x MY (Xo)

(6) N:

From this open cover we get, in a standard way (see [21]), a spectral sequence:

Corollary 4.2. There is a spectral sequence converging to the cohomology of M5 (X52)
with B term

EY™ = H"(AL) & H"(Ag) & H"(Na)
Ey™ = H"(AL N Ag) © H" (AL, N Np) @ H"(Ag N Ny)
E>™ = H"(A, N Ar N Ny)

In the next section we will study the d; differential of this spectral sequence.
We turn now to the proof of theorem 4.1. We will delay the proof that Nj is
open and begin by proving the homotopy equivalences (1), (2) and (3):



BUNDLES ON RATIONAL SURFACES 7

Proposition 4.3. Ay, Ag are open sets,

C={€, ¢ €M(X2) : co((mn€)"Y)=1,i=L,R}
and the following maps are isomorphisms (where 7Y (€) ) (T &)YV ):
7T7:€ : mg(le) — AL C mg(XQ)
71 My (X1r) — Ar C M5(X2)
W]\é}: X ’/TXV :C — SODJTI(XM) X Som;(XlR)

*

T m;(Xo) — A NAR C DJTQ(XQ)
where SoIMT (X1) C M (X1) is the subspace of bundles € verifying (m.£)VY = O, .

Proof. The isomorphisms for Ay, Ar, Ar, N Ar follows from theorem 2.1. That
theorem also implies Ay, Ar are open. It remains to look at the map 7y x
nlY : C — SoMi(X11) x SoM;(X1k). The continuity of this map was proved in
proposition 3.1 in [19]. We will construct an inverse for m),Y x 7). Let (€, ¢1) €
SoMT(X1L), (Er,Pr) € ST (X1r). Hartogs’ theorem implies there are unique

extensions of ¢, ¢r to maps

oL ELlxo\zry = O%o\far} » PR * ERIx\(zr} = OXo\{un)

These maps induce an isomorphism £, 2 Eg over Xy \ {2, 2r} which we use to
glue €1, R and obtain a bundle £ — X5. The continuity of this map was proved
in proposition 3.3 in [19]. This concludes the proof. O

Before we continue we need a lemma. Let 9t5(X;) be the Donaldson-Uhlenbeck
completion of the moduli space 95(X;) (see the appendix). A blow-up 7 : Xy —

X; induces a map m, : M5(X2) — ME(X7) given by € — (m.E)VV, (&)Y /7E))

Lemma 4.4. Let &, € ML(X1) and let m = (a1, a2,d,b,c) be the configuration
associated to E,,. The following are equivalent:

(1) & is in the image of TRy : C — ML(X1);
(2) edb =0 and the eigenvalues of da; (equal to the ones of a;d) are 0 and z;
(3) After a change of basis we can write

a; 0 ay, L 0 0 b
a; = |:O1 Zl:| , A2 = [b//c/ ;2‘| ) d= |:O 1:| ) b= |:bl/ , C= [CI Cl/]

21

with ¢"bv" = 0.

Proof. We will show that 1 = 2,2=3 and 3= 1.

e 1 = 2: Suppose &, = mr.€ for some & € C. Then, by proposition 4.3,
EYV € SoMy(X1r) and &, is not locally free at the blow up point zg.
So, from proposition A.7, £V corresponds to a configuration of the form
[a},ab,0,b',c']. Since m is degenerate, by proposition A.5 after a change of
basis it can be written in one of two forms, corresponding to the two types
of special pairs. If m is b-special then

a; x d  x b
a5 = |:O a(l:| ) d= |:O d/l:| ’ b= |:0:| y €= [C/ CN}

(3
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in which case the configuration is equivalent to the completely reducible
configuration (see proposition A.5)

! !/ U / / " 1 1 1
(alﬂa2adabac)®(alaa27d aOaC )

corresponding to an ideal bundle with singularity at (a}d”, ajd") and charge
one bundle given by (a},a),d’, b, ). So we should have d’ = 0 and a}d"” =
z;- Hence the eigenvalues of da; are 0, z; and c¢db = 0. A similar argument
applies if m is c-special.

e 2 = 3: Now assume the configuration (a1, as,d,b,c) satisfies 2. Fix a
basis of eigenvectors vg,v; € V of a1d and wg, w; € W of day with vy, wq
corresponding to the eigenvalue 0. Normalize v, w; so that dvy = w;.

Then
bIC//
a’ 0 Cl/2 T_dal
3 ap = 1 :| , Qg = 7 ! a1
( ) 1 [O alll 2 lm a,2, ]
i /
(4) d = |:Cé (1)] , b= Li)”] ,c= [Cl C”]

From cdb = 0 we get (0'c”)(b’¢’) = 0. If '’ = 0 then ag is lower triangular.
If b”"¢’ = 0 then ay is upper triangular. In both cases the diagonal entries of
asd are its eigenvalues. Hence, the condition about the eigenvalues of aid
and azd yields the equations a}d’ = abd' = 0, af = z; and af = z5. Since
a1 (W) 4+ a2(W) + b(C") = V we must have d’ = 0.

e 3= 1: Let m = [a1,a2,d,b, c] be a configuration satisfying 3. ¢’ = 0 im-
plies either ¢/ = 0 or b” = 0. It follows that the pair (Span{(0,1)}, Span{(0,1)})
is a special pair hence the configuration is degenerate. Now, from proposi-
tion A.5 it follows that m is equivalent to the completely reducible config-
uration

m' &@m” = (a},ah,0,b,¢") ® (21,22,0,0)

Notice that (af,ab,0,0,¢) € Se9M7(X1r). Then, from proposition 4.3,
there is m € C such that mr.m"Y = m’. Then, from the characterization
of points in the completion it follows that wr.m = m. O

Now we turn to the proof of homotopy equivalences (4) and (5) in theorem 4.1.
Definition 4.1. Let

Nz = {(G'IZ7a227bz;cz) S i):-n?]q()(O) ‘ |a1z - Z| < 6}
N’ ={(a},ay,d b, ) e M{(Xy)]||da}| <}
Let Ny C 95(Xo) be the subset of points (a1, asz,b,c) with the eigenvalues of ay

lying in § neighborhoods of x1, and zr. Then define the map By : Ny,, XNy, . — No
by [air,a2r,br,c] Bo [a1r, a2r,br,cr] = [a1, a2, b, c] with

bre
a 0 asr, P —— b
a1 = [ (l)L :| , Qo = [ brcy 1R IL] , b= |:b1L%:| , c= [CL CR]

alR ayp—air a2R
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and Hy, : N'x N,, — Np, by [a},ab,d )V, | B [af,dy, V", "] = a1, a2,d, b, ¢] with

, / b/c//
_lay O . Qg al—dal
(5) a]; = 0 , Ao = b

o Tty
/ /
a=lo 3 o=p] o=

(1) The maps By, By, are homeomorphisms;

2) The inclusions N, — M7 (Xg), N — M7 (X1) are homotopy equivalences;
( 1(Xo), 1 Py eq ;
(3) mrNL N7} Nr = 7y No.

Proposition 4.5.

Proof. Statement (2) is clear from the definition. To prove statement (3) we observe
that

WENL N WZNR = WF{NL n Wamé(XO) = NN nZE))TS(XO)
The result now follows easily from proposition A.8. We turn to the proof of state-
ment (1). It is an easy consequence of proposition A.5 that Hy and Hj, preserve
the nondegeneracy of the configurations so the maps are well defined.

Now we look at Hy. For § small enough the eigenvalues of a;d are distinct.
Hence we can choose, up to the action of (C*)**, eigenvector basis {vg,v1} C V
of a1d and {wg, w1} C W of day, where vg,wy correspond to the eigenvalues near
0. Normalize v1,w; so that dv; = wy. Then the action of (C*)** is reduced to an
action of (C*)*3. We can thus write (see also equation (3))

/ b/CII
(6) O o
1= " 2 = /et
0 ay ’ _be a'z/

Tl 77
d'a} —af

/ /
e[y o] et

The group (C*)*3 acts transitively on equivalence classes of such configurations
written in the above canonical form. This shows the existence of an inverse, hence
By, is a homeomorphism. The proof for Hy is similar. O

We will need the following identity:
Proposition 4.6. Let 7 : M} (Xo) — M (Xo) be defined by
T(ay,az,b,c) = (a1 — x1.1, a3 — 2211, b, ¢)
Let my,mo € M (Xo). Then wf (mq By ma) = n5mq Br 7(ma2).
Proof. 1t follows easily from proposition A.8. d

The maps Hy, B}, extend to the closure N’, N, of N’, N,. The following propo-
sition is a direct consequence of proposition A.5:

Proposition 4.7.

o Let mp, = [alL,agL,bL,cL] € Nl»lL, mp = [CLlR,CLQR,bR,CR} € NW1R' Then
the following are equivalent:
(1) my By mpg is degenerate;
(2) Fither my, or mp is degenerate.
(3) At least one of the 4 vectors br,,br, cr,cr is zero.
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o Let m' = [a},ay,d',b,c] € N', m" = [a],a},V",c"] € N,,. The following
are equivalent:
(1) m/ B m” is degenerate;
(2) Either m’ orm/ is degenerate;
(3) One of the 4 vectors b',b",c', " is zero.

We are ready to prove
Proposition 4.8. N, is an open neighborhood of C'.

Proof. From lemma 4.4 it follows immediately that 7,C C Ny.

Suppose there is a sequence y, € My(Xyy) such that y, — y € wr.C. Write
Yn = |@1n, @on,dn, by, cy]. Then, by property 2 in lemma 4.4 the eigenvalues of
dna;, converge to 0, z;. Hence, for n large enough vy, € N;. Hence Ny Umg,C is
an open neighborhood of 7g.C.

Suppose there is a sequence x,, — x € C such that z, ¢ N,. Hence z,, ¢ C
so, by passing to a subsequence we may assume without loss of generality that
Ty € TEIMG(X11). Let yp, = mrax,, € M5(X11) and write Y, = [a1n, G2n, dn, by, ¢
Then y,, — y = mr«x by continuity of mg., and y, ¢ Np. But by property 2 in
lemma 4.4 the eigenvalues of d,a;, converge to 0,z; which implies, for n large
enough, that y,, € Ng. ([l

Finaly we prove the homotopy equivalence (6):
Proposition 4.9. The inclusion C — N3 is a strong deformation retract.

Proof. We will construct a homotopy Hz : N2 x [0,1] — Na betwen the identity
and a retraction Ny — C. Let Hy, 4, : N, x [0,1] — N, be defined by
Hyzy(ar,a2,b,¢,t) = (Par + (1 — t*)z1, tPag + (1 — %)z, th, tc)
and let Hy : N’ x [0,1] — N’ be defined by
Hy(a),ab,d' b, c t) = (a),ay, t?d" V', )
Then we defined Hy, : N x [0,1] — N by

Hy(m! By m” ) Hy(m/ t) By He, ., (m", 1)

We define Hs as the unique solution of the system of equations
(7) TreHa(z,t) = Hp (TRa,t)

WL*HQ(QJ, t) = HR(ﬂ'L*QZ, t)
We have to show existence and uniqueness of solution. Then we will show that
Hy defines a homotopy between the identity on Ny and a retraction No — C. We
define the auxiliary map Hy : Ny x [0,1] — Ny by

def
HO(mL o mR’t) = ku,sz (mlnt) Ho H$1R,12R(mR7t)

To prove existence and uniqueness of solution of the system (7) we consider two
cases:
(1) Assume that either t = 0 or € C. Then we claim that Hp(mr«z,t) €
Tr«C, Hr(mp.x,t) € mpC. If t = 0 this follows directly from lemma 4.4.
If x € C then, from lemma 4.4 we can write

!/ 1 /! /! / / " " /1 /!
mret =2 B 2" = (ay,a5,0,b", ) B (a7, a3,b", ")
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with ¢’b” = 0. Tt then follows from the definition of Hy, that Hy (mg«x,t) =
e for all t. In the same way we see that Hg (7.2, t) = wp.x. This proves
the claim. Then, existence and uniqueness follows from proposition 4.3.

(2) Assume t # 1 and = ¢ C. Then we may assume mg.z € Ni. Then, since
Hp(mgax,t) € Np, we get from (7)

’/TR*HQ(I, t) = HL(T(R*LI}, t) = HQ(SC, t) = WEHL(T('R*ZE, t)
This proves uniqueness. To prove existence we need to show that
TrHa (2, t) = mpanp Hp (Tre, t) = Hr(mp.x,t)

It is enough to show this for the case where x = w;7nRry for some y €
Ny since the set of points of this form is dense and Hy, Hr, Tr«, T, TR«
are continuous. It is an easy computation to show that Hp(mjy,t) =
7w Ho(y,t), Hr(mhy,t) = mpHo(y, t). It follows that

WL*WEHL(WR*.’E,t) = WL*W}WZHo(y,t) = WEHo(y,t) = HR(’ITL*.’E,t)

Now we need to show that Hs is the desired homotopy. Direct inspection shows
Hy(x,1) = x. We saw in (1) above that, for x € C, Hy(x,t) = « and Ha(x,0) € C.
The continuity of Hy follows from the continuity of 7wp., mr«, Hr, Hg: let (x,,t,) —
(z,t) € Ny. Then, after passing to a subsequence, we get Ha(zy, ,tn,) — (%,1) €
N,. Then equations 7 imply that (Z,#) € N and unicity of solution implies (Z,) =
Hy(z,t). Applying this reasoning to every sublimit of Hs(xy,,t,) we conclude that
Hy(zp,tn) — Ha(x,t). Hence Hs is continuous. ]

We now prove the general case (theorem 1.2). What remains to be proven is:

Theorem 4.10. Let A;, Ag be as in theorem 2.1 and let N;; = m;;No. Then

(1) {A;} U{N;;} is an open cover of My5(X,);
(2) There are homotopy equivalences

Nij N Az ~ m;(Xl) X m{(Xo) Nij n A@ ~ mI(X()) X E)JT{(XO)

(3) For k ¢ {273}, Nij N Ak = Nij N AQ),'
(4) For different sets {i,j} # {k,1}, Nij 0N Nz = 0.

Proof. Statement (1) follows from theorems 2.1 and 4.1. Statement (2) follows from
proposition 2.2. To prove statement (3) observe that N;; N Ay = N;; N Ai; N Ag.
So we turn to statement (4). First we look at N;; N Nj,. Let zq,...,24 C CP?
be the blow-up points and write z; = [21;, Z2;,1]. We may assume without loss of
generality that the balls Bs(z1;) are disjoint. Now observe that

Let z; = 1; — x1; and let 2z = x1x —21;. Then, theorem 4.1 states that N;; N A; is
the set of non-degenerate configurations (a1, as, d, b, ¢) such that the eigenvalues of
da, are in a § neighborhood of 0 and z;. Hence N;; N A; and Ny, N A; are disjoint.
This shows N;; N Nj, = 0. The case N;j N Ny for {i,5} N {k,1} = 0 is treated
similarly. (I
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5. THE DIFFERENTIAL d;

The objective of this section is to obtain, in the limit when r — oo, the homotopy
type of the inclusion maps (see theorem 4.1)

AL'GA()‘)AR
b

NL'GN()‘)NR

N
Ny

where Ag = Ap N Ar = m;M5(Xo). Since these spaces are classifying spaces it is

enough to study the pullback under these maps of the tautological bundles. This

will allow us to compute the d; differential in the spectral sequence introduced in

corolary 4.2, from where we will compute the homology of 93 (X5).

Definition 5.1. Let

{(u,v) € Hom(C*,C") x Hom(C*,C") | u,v are injective}

(u,v) ~ (u(g*)~,vg), g € Gl(k,C)

{(u,v) € Hom(C*,C") x Hom(C*,C") | u,v are injective}

(u,v) ( (gu) ! Ugv)a Gus Gv € Gl(k C)

and define Fy(k,r) C Fy(k,r) and Fy(k,7) C Fy(k,r) by

Fo(k, T) =

Fl(k,r) =

Fo(k,r) = {[Bt,c] € Fy(k,r), be = 0}
Fu(k,r) = {[l_)t,c] € Fy(k,r), be = o}

Lemma 5.1. Let jo : Fo(k,7) — MG (Xo), j1 : Fi(k,7) — M (X1) be the inclusion
maps given by [bﬂc} — [b,c]. Then we have the homotopy commutative diagram

Po
(8) My (Xo) <"— Fo(k,r) ——> Fy(k,r) ——> Gr(k,C")

Po

ST

My (X1) <— Fi(k, ) —> By (k,7)

where pg is the projection [b, c] — [c]. Moreover, in the rank stable limit, the maps
10,1, Po, Do, Jo, J1 are homotopy equivalences.

Proof. We divide the proof into three steps:

(1) po,po are fibrations with fibers M (k,r — k) and M (k,r) respectively where
M(k,r) = % is the space of injective maps from C* to C" which is con-
tractible in the stable range. That proves pg, pg are homotopy equivalences.
It imediatelly follows that 2 is a homotopy equivalence.

(2) Now we look at ¢;. Consider the projection py : Fy (k,r) — Gr(k,C") given
by [b,c] — [c]. When r — oo, the spectral sequence associated with the
fibration p; : Fy(k,7) — Gr(k,C") (whose fiber is Gr(k,C"~*)) collapses
since all homology is in even dimensions. It easilly follows that :; is an
isomorphism in all homology groups, hence an homotopy equivalence.
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(3) Finally we need to prove the statements about jo,j1. First we look at jg.
Let R be the space of configurations (a1, as,b,c) and let R C R be the
subspace configurations of the form (0,0,b,¢). Then we have the fibration
map

RE —= Fy(k,r)
| o
R —= M (Xo)
In the rank stable limit the spaces RY and R are contractible (see [18], [2])

so, by the five lemma jy is an isomorphism in homotopy groups hence an
homotopy equivalence. A similar proof works for j;. ([l

Now we turn to the main theorem of this section.

Definition 5.2. Let E, L be the tautological bundles over Gr(2, 00) and Gr(1,00)
respectivelly. Consider the compositions

-1

(9) Ag 25 M5 (X)) 2> Fy(2, 00) —2> Gr(2,C%)
B,* L Pojy

(10) NO — NﬂhL X NﬂmR NﬂflL W%O(XO) - G’I"(l, (Coo>
i PR pody !

(11) NO — leL X NﬂclR NwlR SD’t(lm()(o) - GT(L(COO)

i ) o pojo "

(12) Ny ——= N'x N,, ——= N,, ——= MP(Xy) —= Gr(1,C>)
Then we define the following bundles:

Ey — Ap is the pullback of E under the composition 9.

Lor,0 — Np is the pullback of L under 10

Lor,0 — Ny is the pullback of L under 11

Lor,r — Np is the pullback of L under 12

Now let E,, E, — F1(2, r) be the tautological bundles corresponding to u, v and let
Ly, L, be the tautological line bundles over Fj(1,00). Consider the compositions

-1

(13)  Ap > M5 (Xip) ——> Fi(2,00) —> [ (2, 00)

-1 , o1

H 2177 ~
(14) Ny —= N'x N, —> N' —= (X)) —> Fy (1, 00)

Y .1
Ty 1174 ~

(15) Ny —==> O —> SeIN° (X1 1) M (X1) —— Fi(1,00)

A% —1
(16) Ny —=> ¢ 55 SoM (X ) M (X1 ) —2> B (1, 00)
We define the bundles

e Eyp,E.;, — Ap are the pullback of E’u, Ev under 13.

® Lyr1,Lcr, 1, — Np, are the pullback of Ly, L, under 14

® Ly 2,Ler,2 — No are the pullback of Eu, L, under 15

® Lyr2,Ler2 — No are the pullback of L., L, under 16

Theorem 5.2. We have the following bundle isomorphisms:



14 JOAO PAULO SANTOS

(1) Evrla, = Eo, Ecrla, = Eo

(2) Lir,nIng = Loro s Len.nlng = Lono s Lor,nlng = Lor,o
(3) Eyrln, = Lor ® Lor , Ecr|n, = Ler @ Lor

(4) Eo|n, = Lor,o ® Lor,o-

(5) Lirz2ln, = Leraln, = Lor,L

(6) Liralv, 2 Lon.r s Lenoln, & Lerr

Similar statements hold for the spaces Ag, Nr and the maps Ng — Agr, Ng — Na
and Ng — Ng.

Proof.

(1) First we show that Epr|a, = Eer|a, = Eo. Consider diagram (8). We will
start by defining a homotopy inverse ¢ : Gr(k,C") — Fy(k,) to the map
po: Foy — Gr(k,C>) as follows: choose a map ¢ : C¥ — C” representing an
element [c] € Gr(k,C"). Choose h € Gi(k,C) such that ch is orthogonal.
Then define ¢([c]) = [ch,ch]. This map is well defined and independent
of the choice of h. Also pog = 1 hence pg = ¢~'. Now observe that the
composition

progq:Gr(k,C") — Fy(k,r) = Gr(k,C") x Gr(k,C")

is the diagonal map. It follows that, if F is the tautological bundle over
Gr(k,C>), then
¢prrE, = ¢ prE, = E
To show that Epr|a, = Eerla, = Ep it suffices to show that pr*z*{E’u &~
prif B, = piE. We have
prv; By = 15pr* By = pig*pr By = piE

and a similar statement is true for E,. This concludes the proof.
(2) We want to ShOW that LbL,L|N0 = LOL,07 LcL,L|N0 = LOL,O and LOR,L|N0 =
Logr,0. We have the commutative diagram (see proposition 4.6)

No <2 N,,, X Ny 225 N, M (Xg) < Fp —22> Gy
lﬁ* i,,w lT J/T l l
NL<EB—LN’><NZ o N, EWTO(XO)&FOA)GT
from which it follows that Log,1.|n, = Lor,0- We also have the commutative
diagram
Po
No <2 Nuyy, % Niypy 2 Ny, ——> I (Xo) <2 Fy —> Fy ——> Gir

o Po

J1 11

Np<———N'xN, N’ MP (X)) <—F —F,

from which it follows, as in step (1), that Lyr, 1.|ny = Ler,z|ny = Lor,o-
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(3) We want to show that EbL|NL = LbL,L@LOR,L and ECL|NL = LcL,L@LOR,L~
Consider the following diagram:
(17)

AL J1 P 21 F1

~

o

®
N %N/ X Nz, ?m(fo(Xl) x M (Xo) =— X0 Fy x Fy 4>F1 x Fy

1

Since p"r*iy >~ 5L, = pyL, the proof will be complete if we show there is
amap @ : Fy(1,00) x Fp(1,C>®) — Fy(2, 00) making the diagram homotopy
commutative, such that
(18) W*E, = L, ® pr*L, , *E, = L, ® pr*L,
We begin by building @. Define maps sp, sR Gr( ,C>®) — Gr(1,C*®) as
follows: let v : C — C> and write v = (v!,v?,...). Then
def def
sp([v]) = [(01,0,0%,0,..)] , sr([]) = [(0,0",0,0%...)]
We observe that s, sg are homotopic to the identity. It follows that, if we
define
w: ([bL,cL]; [brscr]) — [sL(br) © sr(br),sr(cL) ® sr(cr))]

then

(0)*Ey = Ly ® pr*Ly, , (0)*Ey = L, @ pr*L,
It remain to show diagram 17 is commutative. Let j. : Fy(1,00) — N, be

defined by j, : [b,c] — [2,0,b,c]. Then the diagram

J1XJzg

]\[/X]\/vz1 F1><F()

T~

ml X1 xi)ﬁl XO

is homotopy commutative. We are left with the diagram

AL J1 £ 21 Fl

~ ~

T E ><2 T
NL<7N’><NZI<LFMFO$F1><FO

Now define the map w : F;(1,00) x Fy(1,00) — F1(2,00) by
w: ([br,cLl; [br, cr]) = [sL(br) ® sr(br), sL(cL) © sr(cr)]

Clearly we have the commutative diagram

Fy(2,00) - Fi(2,00)

| |

11 X0

Fi(1,00) x Fy(1,00) —————= Fy(1,00) x Fp(1,0)
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We are thus left with the diagram

Ji

AL ~ Fl
T B j1 Xz T
Np s N'x N, < Py x B

Next we introduce maps
Sp(lbsc]) = [sL(b),sL(c)] , Sr([b;c]) = [sr(b), sr(c)]

These maps are homotopic to the identity hence we only have to show the
diagram

J1

AL Fl

j1><.jzl SLXSgr

H
Ny <= N'xN, ~—— P xFp<—""2 _F xF,

is homotopy commutative. This is an easy direct verification.
(4) We want to show that Eo|n, = Loz ® Lor. Consider the diagram

Ny s Ag
iig ) \Lig
N 2> Ay
Then By = 13Ey1, so

Eo|n, = i1 Eo =113y, = 1503 Fyr, = Lor, ® Logr

(5) We want to show that Lyr|n, = Ler|n, = Log. The result will follow if
we show that the following diagram is homotopy commutative:

(19) Np < N’ x N, N., M (Xo) < Fo — Fy
\L lﬂ'* ip}
Ny < 0 — 5 §MP (X)) —= MP (X)) ~—— F — [
Let

SiLN2 ={(€,¢) € Na|co ((mp.E)YY) =1}
SINL ={(€,¢) € N |c2 ((mE)YY) =1}
SoN"={(&,9) € N'|ca ((m1+E)"Y) = 0}
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Then the commutativity of (19) follows from the commutativity of

H
(20) Ny Np L N’ x N,

P
TR

B
C 1L Ny =<—— SN <—"— SyN' x N,

R
Vv Vv
L% TLx
VvV
T .
™

e (Xir) = M (Xo) N,

We need to check the image of By : SyN’ x N,, — Np, is contained in
S1Npr. Then, analyzing the commutativity of diagram (20) boils down do
analyzing the diagram

a5
(21) SNy <—-— SyN’ x N,

S

M (Xo) =——Nx

Let m’ € SN’ C So9M3°(X1), m' = [a}, ab,0,b',c]. Let m” € N,. Then a
direct computation shows that (7p«(m’Brm’))YY = m’. This shows that
the image of SoN’ x N, under Hy, is contained in S; Ny, and that diagram
(21) is commutative.

(6) We want to show that LbL,2|NL = LbL,L7 LcL,2|NL = LcL,L' This will follow
from the commutativity of the diagram

(22) Ny <22 N'x N, N M (X,)
K
Ny<— 0 — "5 5 §eM®(X;) —== M (X,)

We showed in proposition 4.9 that the map Has(+,0) is the homotopy inverse
of the inclusion C — Ns. Let (m’,m”) € N’ x N,. Then, by definition of
H,,

TR« Ha (7 (m/ B m”),0) = Hp(m' By m”,0) = Hy(m/,0) B H,(m",0)

Hence the diagram

Ny, <Bi—L N’ x N, N’
l’f}} lHl(wO)
H(-,0) w5y
N, c—= S5 (X1)

is commutative. From here it follows easily that diagram (22) is commuta-
tive. ]

6. THE COHOMOLOGY OF IMP(X,)

The objective of this section is to prove theorem 1.4. We begin by proving it for
the special case ¢ = 2:
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Theorem 6.1. There is an exact sequence
0 — H"(MF(X2)) — H*(AL) ® H"(Ar) ® H(N2) —
— H*(Ap) ® H*(NL) ® H*(Nr) — H*(Ny) — 0
which splits to give an isomorphism

H* (M7 (Xz)) = Ker (H*(AL) ® H*(Ar) — H"(Ao)) ®
@ Ker (H*(Ny) — H*(Np) @ H*(NR))

Proof. Recall corolary 4.2. We will use this spectral sequence to compute H, (913°(X32)).

Clearly the map d; : By, — Eb3, is surjective hence ES’” = 0. Also we notice that

EP?" 1 — 0 for any p. Tt follows that the spectral sequence collapses at the term

E5. We get then
(23) H2M (MNP (X)) = E%2" = Ker (dl LD, E}?")

Ker (dl BN E%Q”)

(24) (D (X)) = B2 =
Im (d1 : E?’Q" — E%’Qn)

When performing calculations we will use the following sign conventions:

(25) AL <— Ay —> Ag

4ot

NL<;N()‘>NR

RS

We begin by defining the following generators of the cohomology of E? 2n,
ang = ci(Ber) — ¢i(Bor) apg = ¢i(Eer) — ci(Byr)
apy, = ci(Epr) ayr = ci(EByr)
car = c1(Ler) — e1(Lor) car = c1(Ler) — c1(Lor)
cor = c1(Lpr) cvr = c1(Lyr)

We do the same for E11’2":

nar = c1(Ler) — c1(Lpr) nar = c1(Ler) — c1(Lyr)
npr = c1(Lpr) npr = c1(Lor)

nor = c1(Lor) nor, = c1(Lor)

at = ¢i(Eop)

and for E>":
nor = c1(Lor) nor = c1(Lor)

Then, from theorem 5.2 it follows that the map d : EY*" — Ep*" may be rep-
resented by the following diagram, whose entries correspond to those in diagram
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(alAL’a;L’azALva%L) — (O,al,O,aQ) ~— (alARva'll;R’GQAR’agR)

! !

(—nAL, =ML — NOR, —MALNOR, —MbLN0R)  (—MAR, —MbR — NoL, —MARNOL, —MbRTOL)
(nar,mr,0,10R) (0, —nor, —MAR, —TR)

L (caLsCbL,CAR, CbR) ’—j

Also the map d, : E}”®" — E>?" is given by
(al,a2) — (nor + MoRr>MOLMOR)
(narL,mer,nor) — (0,m0L,n0R)
(nor,nar,r) — (nor,0,m0R)
Now let
Kar =Ker(H*(AL) — H*(Ap)) Kar = Ker(H*(Agr) — H*(Ap))
KNL == Ker(H*(NL) — H*(N0>) KNR = Ker(H*(NR) — H*(No))
Then

1

H*(Ap) 2 Z[a",a®’) & Kar, , H*(AR) 2 Z[a',d*] & Kag

H*(C) = Znr,nr] © Kn. ©® Knr © Ko

H*(Np) =2 Z[ng,nr] ® Knr , H'(Ng) = Z[ng,nr] ® Kng
Notice that K¢ € H*(C) is the ideal generated by carcar. The restriction of
the map H*(AL) — H*(Ny) to Ky induces a map sy, : Kar, — Kyyp. Similarly
we have a map sg : Kar — Kyg. Let also s : Z[a',a%] — Z[nr,ng|] be the
map induced by the direct sum map BU(1) x BU(1) — BU(2). Then the map

0,2n 1,2n . .

dy : E)°" — Ep°" is given by

di(ar +kar,ar +kar, 2+ knp + knr + ko) =
= (—s(ar) — sp(kar) + =+ knr,—s(ar) — sr(kar) — * — knr,ar + ar)
and the map d; : E}"*" — E>?" is given by
di (xp + knp,zr + kng,a) = (xr, + zr + s(a))
Now we can finish the proof:

(1) We prove first that H?"t1(9M3°(X3)) = 0. We need to show Ker (d; :
E11,2n — E%’Qn) C Im (d1 : E(l),2n — E11,2n). Let (:L‘L + kN, TR + kNR7(l) S
Kerdy. Then zp, + zr + s(a) = 0. It follows that

dl(a,,O, —xr+ kp — k‘R) = (xL + kr,zr + k‘R,a)

(2) Now we will show that H?" = Z[a', a®| ® K a1 ® K 4z ® K¢ which conpletes
the proof. We first define a map Z[a', a2 & Kap ® Kag & Ko — EV?" by

(ayk'ALykAR,kC) — (a + kar,—a+ k‘AR,s(a) + SL(kAL) — SR(]CAR) + kc)
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We want to show this map is injective onto the kernel of d;. Injectivity is
clear and a direct verification shows the image is contained in the kernel of
dy. To show surjectivity let

(aL +kar,ar + kar,x + knp + kng + kc) € Kerd;.

Then aj = —ap, kNL = SL(kAL)7 kNR = *SR('I’CAR) and x = S((IL) =
—s(ag). The result follows. O

We are ready to prove the general case:

Theorem 6.2. With notations as in theorem 2.1 let

K; = Ker (H*(m;MP(X1)) — H* (mjMF(Xo)))

Kij = Ker ( H* (m;M5°(X2)) — H*(m;M3°(X1)) ® H* (m; M (X1)))
Then, as modules over 7Z, we have an isomorphism
(26) H* (M°(X,)) = H* (M (Xo)) & P K o P Ky

i i<j

Proof. We divide the proof into two steps:

(1) We will use theorem 2.1 to build a spectral sequence converging to the
cohomology of H*(9M3°(X,). Let A be the ¢ — 1 simplex. Label its vertices
by v;, ¢ = 1,...,q, and the e;; be the middle point of the edge joining v;
and v;. We define a filtration Ag C A; C A of A where Ay = Ui<j e;; and
A; is the 1-skeleton of A. Write Ay = |J; A1; where Ay; is the closure of
the connected component of Ay \ Ag containing v;. Then we define

Uy (esg x mmi3° (X)) U, (Ars x iy (X3)) U (A x my93°(Xo))

~

where ~ is induced by the inclusions e;; C Ay; C A and 7;MM3°(Xo) C
Ty INSO(X1) C 795 (X2). Then, the arguments in [21] can be applied to
show that M is homotopically equivalent to 95°(X,). The filtration of A
by Ag, A1 induces a filtration Fy C Fy; C Fo = M of M which leads to a
spectral sequence with

B} = H™(Fy) = P (H (e;) ® H (m;M5°(X3)))

i<j
By = H(Fy, Fy) = @ (H'(A1i, A1) @ H™ (7 9M5°(X1)))
EY" = H"(Fy, Fy) = H'(Fy) @ H™(M5°(Xo))

(2) The d; differential is induced by the inclusions m;9M5°(Xo) — 77 M (X1) —
;M5 (X2). We will use the sign conventions (i < j):

(27) H* (753 (X3) ) —> H* (719M5°(X1))

- N

H* (miM5 (X)) —> H* (w3 (Xo))
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Let
K; = Ker (H*(m; M3 (X1)) — H* (m;M5° (Xo)) )
Kij = Ker (H*(m;M5° (X2)) — H* (7] (X1)) & H* (m;M5°(X1)) )
Then, from theorem 6.1 we have
H* (7950 (X)) = H (mpM3° (Xo)) & K;
H* (957 (X2)) = H (mpM3° (Xo)) & K & K; & K

Then the sequence of maps E}"" 4 E" 4 E?"™ splits into three sequences

(28)
D H(ei) @ Kij 0 0
D, H(ei) @ (K; © Kj) —— @, H (Ay, 0A1) ® K 0
HO(Ag) @ K™ HY(A1,A)) @ K™ HY(A)) @ K™

where K™ stands for H" (MM5°(Xy)). The bottom maps are easily analyzed
using the exact sequence

0— H°(Ay) — H°(Ao) — HY (A1, A¢) — HY(A) — 0
It follows that the map d; : E;™ — EP™ is surjective. Since E]" = 0 for
r > 2 and n even, this implies the spectral sequence collapses and
_ Ker(dy : By — EP™)
Im(d; : EY™ — E™)
H (M5 (X,)) = Ker(dy : BV — EI™)
Lets look more closely at the map
(29) P H (eij)(Ki @ K;) - @D H' (A1;,001) @ K;
i<j i
Observe that
P HE () @ (K o K;) = @ H(0A1,) @ K;

1<j

H™(M3°(X,))

It follows that the map (29) can be easily analysed using the exact sequence
0 — H(Ay) — HY(0A1;) — H' (A1;,0A1;) — 0

We gather together our conclusions:
(a) The top sequence in (28) contributes a term

@ Ho(eij) ® Kij
i<j
to H2" (M (X,)).
(b) The bottom sequence in (28) does not contribute to H2"*1(9M°(X,))

since it is exact in the middle.
(¢) The bottom sequence in (28) contributes a term

HO(A) © H* (5 (X))
to H2 (MM (X,)).
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(d) The map (29) is surjective hence it does not contribute to H*"1(9MM3°(X,)).
(e) The map (29) contributes a term

P E(An) @ K;

to H2 (5 (X,)).
From (b) and (d) it follows that H?"*1(9M3°(X,)) = 0 and from (a), (c)
and (e) equation (26) follows. O

APPENDIX A. MONADS

In this appendix we will sketch the monad description of the spaces 1, ((CIP’Q)
and E)ﬁ;(@[”%. We follow [12]. See also [3].

Let Lo, C CP? be a rational curve and let L C @P’Q be the exceptional divisor.
Choose sections 71, 22, r3 spanning H(O(Lw,)) and y1, y2 spanning HY(O(Lw, — L))
so that x3 vanishes on Lo, and z1y; 4+ x2y2 spans the kernel of

HY(O(Loo)) © H(O (Lo — L)) — H'(O(2Ln, — L)
A.1. The moduli space over CP?. Let W be a k-dimensional vector space. Let
R be the space of 4-tuples m = (a1, as2,b,¢) with a; € End(W), b € Hom(C", W),
¢ € Hom(W,C"), obeying the integrability condition [a1,as] + bc = 0. For each
m = (a1,a2,b,¢) € R we define maps A,,, B;,

W(—Loo) 225 W2 @ C1 —2> W (Loo)

by
L1 —aixs
Am = T2 — A273 s B,, = [ —x9+asxrs x —ajrs bxs ]
CI3

Then B, A,, = 0. The assignement m +— &,, = Ker B,,/ITm A,, induces a map
f:R — sm;(ccnﬂ). m is called non degenerate if A,,, B,, have maximal rank at
every point in CP?2.

Theorem A.1l. f induces an isomorphism betwen the quotient of the space of non
degenerate points in R by the action of GI(W):

1

g- (a'17a'27ba C) = (g_la’lg7g_ a‘2gag_1b? Cg)

and the moduli space M (CP?).
For a proof see [7], proposition 1.

Theorem A.2. The algebraic quotient R/GLW') is isomorphic to the Donaldson-
Uhlenbeck completion of the moduli space of instantons over S*.

For a proof see [8], sections 3.3, 3.4, 3.4.4.

We sketch here how the map from R/GI(W) to the Donaldson-Uhlenbeck com-
pletion of the moduli space of instantons is constructed (see [12] for details): Let
m = (a1, a2,b,¢) € R. A subspace W' C W is called b-special with respect to m if
(30) a; (WY cW' (i=1,2) and ImbC W'.

A subspace W/ C W is called c-special with respect to m if
(31) a;(W") c W' (i=1,2) and W' C Kere.



BUNDLES ON RATIONAL SURFACES 23

m is called completely reducible if for every W’ C W which is b-special or c-special,
there is a complement W’ C W which is c-special or b-special respectively.

Proposition A.3. Let m = (a1,a2,b,c) € R.

(1) m is non degenerate if and only if the only b-special subspace is W and the
only c-special subspace is 0;

(2) For every m, the orbit of m under G(W) contains in its closure a canon-
ical completely reducible orbit and completely reducible orbits have disjoint
closures;

(3) If m is completely reducible then, after acting with some g € GI(W') we can

write
azed 0 b'r'ed red
ai:[o a_A}7b=[0],c:[ce O]

?

where (a7¢%, aled bred cred) s pon-degenerate and the matrices a®,a can
1 Wy ) 1 %2

be simultaneously diagonalized. Such a configuration is equivalent to the
following data:
e An irreducible integrable configuration (a}?, ale?, b e, c"e?) correspond-
ing to a bundle with co =1 < k;
e k—1 points in C2 = CP? \ Lo given by the eigenvalue pairs of a2, a5
This is precisely the Donaldson-Uhlenbeck completion.

A.2. The moduli space over CP’. Let R be the space of 5-tuples m = (a1, as,d, b, ¢)
where a; € Hom(W,V), d € Hom(V, W), b € Hom(C",V), ¢ € Hom(W,C"), such
that ai(W) + az(W) + b(C") = V, obeying the integrability condition aidas —
asday + be = 0. For each m = (a1, aq,d,b,¢) € R we define maps A, B,

W(=Loo) ® V(L — Loo) 2% (Ve W) @ C" 22 V(L) @ W(La — L)

by

173 —Y2
T, — daixs 0
T asr3 —x1 —aixz bx
Ap = asTs3 Y1 , B = d2 23 dl 1 03
Xro — dazxg 0 Y1 b Y2 Y2
crs 0

Then Bj; Az = 0. The assignement m +— &z = Ker By, /Im A, induces a map
f:R— DJYZ(CIP’Q) A point 7@ € R is called non-degenerate if Ay and B, have

o2
maximal rank at every point in CP .

Theorem A.4. The map f induces an isomorphism betwen the quotient of the
space of non degenerate points in R by the action of GI(V) x GL(W):

(90, 91) - (a1, a,b,¢,d) = (g5 'arg1, 95 a291, 95 ‘b, cg1, g7 ' dgo)
, -2
and the moduli space MM, (CP").

See [12] for a proof. )
Consider the algebraic quotient R/GI(V) x GI(W). This space is a completion

of the moduli space M1, (([fIP’2). We proceed to give an interpretation of the points
in this completion in terms of the Donaldson-Uhlenbeck completion. See [12] for
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details. Let m = (a1, az2,d,b,¢). Let V! C V and W’ C W and assume dim V' =
dim W’. The pair (V', W) is called b-special with respect to m if

(32) a; (W) cV' (i=1,2), dV') c W and Imb C V'

The pair (V/,W’) is called ¢-special with respect to m if

(33) a;(W) cV' (i=1,2), d(V') c W and W' C Kerc

m is called completely reducible if for every pair (V’, W’) which is either b-special or

c-special, there are complements V", W" to V' and W' such that the pair (V", W")
is c-special or b-special respectively.

Proposition A.5. Let m = (a1, as,d,b,c) € R.

(1) m is non-degenerate if and only if the only b-special pair is (V, W) and the
only c-special pair is (0,0);

(2) For every m, the orbit of m under GI(V) x GI(W) contains in its closure
a canonical completely reducible orbit and completely reducible orbits have
disjoint closures;

(3) Ifm is completely reducible then, after acting with some (go,g1) € GL(V') x
GU(W), we can write

a);’ed 0 B dred 0 B bred _ rred
ai—[o af\‘]’d_[o dA:|b—|:O:|,C—[C 0]

where (ajed, ated dred, bred cred) is non-degenerate effective and integrable
and the matrices af,a%,d® can be simultancously diagonalized. Such a
configuration is equivalent to the following data:
e An irreducible configuration (a5, a%e?, d, b7?, c"*?) associated to a bun-
dle with co =1 < k; .
o k — I points in the blow up C2 of C? at the origin. This points
are determined as follows: af,a%,d® determine k — | unique points
(AT, AD), [uy, u5] € C2 corresponding to vectors vy, ...,v,—; such that
da;v" = ATv" (A1, A2 are the eigenvalue pairs of day,dag) and (pjar +
uhaz)v” = 0.

A.3. Direct image. In this section we gather some results concerning the direct
- 2
image map 7, induced by the blowup map = : CP~ — CP?.

Proposition A.6. Let my : R — R be given by my (a1, az,d, b, c) = (day, dag, db, c).
Let i € R, m = wyi. Then 5m|CP2\L is isomorphic to Em|cp2\[0,0,1]-

For the proof see [19], proposition 5.6.

Proposition A.7. Let So9(CP’) = {(£,6) € M{(CP?) : (m.&)VY = O}
Then

(1) m € SeM;(CP?) if and only if m is of the form (a1, as,0,b,c).

(2) The inclusion So9Ny — MY is a homotopy equivalence.

Proof. First we observe that 93?{(@?’2) = SOE)JTQ(CIE”Q) U ﬂai)ﬁ{((CIP’Q). Now m €
L 7(CP?) if and only if d is an isomorphism (see [12]). The first statement follows.
The second statement follows easily from the first: just consider the homotopy
(a1,a2,d,b,c) — (a1, az,td, b, c). O
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Proposition A.8. Let x = [x1,22,1] € CP? and let 7y, : (f]P’2 — CP? be the blow
up at . Then the map 7% : Iy (CP?) — SITI};(C]PQ) is given by

[alaa%b, C} = [al - xl:ﬂ-aa2 - xQ:I]-a :ﬂ-ab’ C]

Proof. For © = [0,0,1] see [3]. For the general case consider the translation
(w1, wa, ws] — (w1 — 1wz, we — Tows, ws]. This induces a map 7 : M} (Xy) —
M} (Xo) given by

[a1,a2,b’ C] = [a1 - I117a2 - xz]Lb, C]

The result follows. O
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