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ABSTRACT. We study a stratification of the moduli space of framed holomor-
phic bundles over the blowup X of a complex surface X, induced by the be-
havior of the bundles on a neighborhood of the exceptional divisor. We show
that each strata is a trivial fibration over a moduli space over X.

1. INTRODUCTION

Let X be a smooth algebraic surface and let C C X be a curve with positive
self-intersection. An important example is X = P2 and C C P? a rational curve.
Fix a point zp € X \ C and let 7 : X — X denote the blowup of X at z. We let
C = n~1(0). In this paper we will study the moduli space 9, (X) of pairs (€, ¢)
where £ is a rank r holomorphic bundle over X with Chern classes ¢; = 0 and
¢o = k, and ¢ is a trivialization of £ on C. We describe a stratification of this space
whose strata are trivial fiber bundles over the corresponding moduli space over X.
This approach is inspired by [2].

The motivation for this paper came from the study of the moduli space of based
instantons over a connected sum of ¢ copies of P?: in [1], [9], it was shown that
this space is isomorphic as a real analytic space to the moduli space of holomorphic
bundles over a blow up of P? at ¢ points, framed at a rational curve Co, C P2. This
space can be analyzed by understanding the effect of blowing up since the moduli
space over P2, which is isomorphic to the moduli space of based instantons in 5%,
has been studied extensively. In an upcoming paper we will use this approach to
investigate the homotopy type of the moduli space in the limit when r — co.

1.1. Results. Given a holomorphic bundle £ over X let £x = (m.£)YY be the
double-dual of the direct image sheaf 7,£. Since Ex is reflexive and X has complex
dimension 2, £x is locally free. Hence £x is a holomorphic bundle over X. We
define S;9; (X) C M7 (X) as the subspace of bundles & such that co(Ex) = i. We
define a map m; : S;9;(X) — 97 (X) as follows: given a holomorphic bundle &
over X trivialized on C by ¢ : € e — C x C", there is a canonical isomorphism of
holomorphic bundles f : 5|)~(\L — Ex|x\{z,} Which induces a trivialization ¢o f~!
of Ex on C. We set m;(E,¢) = (Ex,dpo f71).

Fix a rational curve Co C P2 and let P2 be the blowup of P? at a point Yo ¢ Coo.
Then we have subspaces S;90%; (P2) € 9, (P?). Our first result is

Theorem 1.1. 7; is a topologically trivial fiber bundle with fiber Sy 271(1@2)

We then provide a description of the fiber Soim”_i(I@Q) in terms of polynomial
equations involving finite dimensional matrices (a monad description). Let Wy, W1
1
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be rank k complex vector spaces and let R"¢9 be the space of 5-tuples (a1, as, d, b, ¢)
where a; € Hom(W7, W), d € Hom(Wy, W1), b € Hom(C", Wy), ¢ € Hom(Wy,C"),
obeying the integrability condition a;das —asda; +bc = 0, and some non-degeneracy
condition (see section 4.2). Then (see [7]) the quotient of the space of R™9 by the
action of GI(Wp) x GlL(Wr)

(90, 91) - (a1, a2,b,¢,d) = (95 " ar91, 95 ' a291, 95 b, cg1, 91 ' dgo)
is isomorphic to 9t (P?).

Theorem 1.2. S0, (P?) im’“(PQ) is the subspace of equivalence classes of -
tuples (a1, as,d, b, c) such that day, das are nilpotent and, for any sequence iy, ..., i, €
{1,2}, we have

ﬁ da;, | db=0
j=1

This last result appeared in the author’s thesis, [10]. Another description of this
space was provided in [3], using a different monad construction. In an upcoming
paper, we will show that, in the limit when r — oo, the inclusion 5’093?};(@2) —
sm;;(P?) is a homotopy equivalence.

The paper is organized as follows: In section §2 we fix some notation, gather
some lemmas derived from Hartog’s theorem and prove the continuity of the map
m;. In section §3 we prove theorem 1.1 using a gluing construction. In section §4
we prove theorem 1.2 by constructing, for each (€, ¢) € SoIN, the trivialization of
& outside of the exceptional divisor which extends ¢.

2. THE MODULI SPACE AND THE MAP 7;

We will define the moduli space of holomorphic bundles on X as the space of
holomorphic structures on a fixed smooth vector bundle (see [8]). Let E — X bea
smooth bundle with ¢; (E) = 0. A holomorphic structure on E is a semi-connection
of type (0,1) 8 : Q°(E) — Q%1(E) which is integrable, i.e. 2 = 0. Let C(X, E) be
the space of pairs (9, ¢) where 0 is a holomorphic structure on E holomorphically
trivial on C, and ¢ : Elg — C x C" is a holomorphic trivialization. Then (X, E)
is the quotient of C(X, E) by the action of the group Aut(E) of smooth bundle
automorphisms of E given by g - (9,¢) = (godog ' ¢og™t). By theorem 1.1
and lemma 2.6 in [8], this action is free and M(X, E) has the structure of a finite
dimensional Hausdorff complex analytic space. In a similar way we can define
the moduli space 9(X, Fx) of holomorphic structures on Ex trivialized on C.
M(X,E),M(X, Ex) depend only on the rank r and second Chern class k of E, Ex
so we will write 21}, (X), M (X) when the specific smooth bundle is not important.
We will often write an element in 91}, (X ) as a pair (€, ¢) where & is a holomorphic
bundle over X and ¢ is a tivialization of £ on C.

We now prove the continuity of the map ;. First we need some lemmas which
will also be used in section 3.

Lemma 2.1. Let B C C? be a 4 dimensional ball centered at 0. Then any holo-
morphic map g : B\ {0} — Gl(r,C) can be extended to a map §: B — Gl(r,C).
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Proof. Gl(r,C) C C"* so, by Hartog’s theorem g extends to a map §: B — C" .
Composing with the determinant we get a map det o g : B — C which can only
vanish at 0 € B, hence it never vanishes. So the image of § lies in GI(r, C). (]

Lemma 2.2. Let £, & be holomorphic vector bundles over X. Let ¢ : E1]x\ {20} —
E2]x\ {20} be a bundle isomorphism. Then ¢ extends to an isomorphism ¢~) & — &Es.

Proof. Let U be a neighborhood of zy. Fix trivializations of £1, &5 on a neighbor-
hood U of xy. The restriction of ¢ to U is equivalent to a map ¢ : U \ {zo} —
Gl(r,C). By lemma 2.1, g can be extended to U so ¢ can be extended to X. O

Lemma 2.3. Let F — TxX be a holomorphic bundle. Then there is a holomorphic
bundle Fx over T x X such that

(1) There is an isomorphism of holomorphic bundles
F o Flpg o) = FxITx(x\z0)

(2) If Fi, Fxt are the restrictions of F,Fx to t x X and t x X respectively,
then Fxi =2 (mJFp)VV.

Proof. Let p : T x X — X be the projection. For each N € Z define the sheaf
aNF — T x X by

NF=0Qxm).(Fop ONL))

We then have a natural isomorphism of holomorphic bundles
F: Flrgizy = T Flox(x\ao)

Now fix t € T and let 1; denote the inclusions t x X —>TxXandtx X —TxX.
Then

(MY F)e = qynl F = may (F@p*O(NL) ) = m. (F(NL))

This sheaf is locally free for N > 2k (see [2]). Since (7lNF); and (m.J;)VV are
naturally isomorphic on X \ zg, lemma 2.2 implies that (7l¥F); = (m.F)VY on
the whole of X. It follows that 7N F is flat over T since the Hilbert polynomial of
(7N F); is constant with ¢ € T' (see [6], proposition 2.1.2). So we just have to take
.7:)( = 7Tiv.7:. ([l

A family of framed holomorphic bundles on X parameterized by T is a holomor-
phic bundle 7 — T x X together with a holomorphic trivialization ® o F| . .

Such a family induces a continuous map 7' — M} (X).

Proposition 2.4. The map m; is continuous.

Proof. let T be a small neighborhood of (£,¢) € S;97(X) We just have to show
that the restriction of 7; to T is continuous. Let F — T x X be the universal bundle
over T, with a holomorphic trivialization ® on T X C. We use the isomorphism
F from lemma 2.3 to define a trivialization ®x of Fx on T x C. Then the pair

(Fx,®x) defines a continuous map 7' — 97 (X) which equals the restriction of m;
to T'. g
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3. GLUING HOLOMORPHIC BUNDLES

The objective of this section is to prove theorem 1.1. This proof is based on a
gluing construction: Given spaces A, B, bundles E4 — A, Eg — B and a bundle
isomorphism ¢ : Es|lanp — Eplanp we can get a bundle E4 Uw Ep over AUB by
gluing E4, Ep along AN B. We will apply this construction to the following pairs
(A, B):

(1) We let A = U be a neighborhood of zy € X biholomorphic to a ball in
C?, with U N C # () and with the property that any holomorphic map on
U N C can be extended to U. Let B = X \ zp. Then AU B = X and
ANB=U \ xo-

(2) Let U =7 (U) C X and let L denote the exceptional divisor over zo € X.
Let A=U and B = X\ L. Then X = AUB with intersection ANB = U\ L.
Observe that we have canonical isomorphisms 7 : X \ L — X \ {z¢} and
m:U\L— U\ {z0}.

(3) An important special case of the construction above is when X = P?, with
a rational curve C, C P2. We let P2 be the blowup of P? at a point
yo € P2\ Cwo. Then we fix a neighborhood V' of yq like U in (1) and we let
V =7 1(V) ¢ P2. We fix once and for all a biholomorphic correspondence
between U and V taking z( to yg and restricting to a biholomorphic map
UNC — VN Cy, using it to identify U with V, and U with V.

To perform the gluing we need to have the bundle isomorphisms on the intersec-
tions. So we introduce enlarged moduli spaces:

Definition 3.1. Let Y be a surface, C' C Y a curve with positive self-intersection
and A C Y an open set. Given a smooth vector bundle E over Y, let C4(X, Ex)
be the space of triples (9, ¢, 1) where 0 is a (0, 1) connection on E and ¢, are C™
trivializations of E on C' and A respectively. An element (dy, ¢o, o) € CA(Y, E),
induces an isomorphism

(1) CAMY,E) 2 Q%(Y,E) x C=(C,Gl(r,C)) x C*®(A,Gl(r,C))

which we use to topologize CA(Y, E). We let CA(Y, E) € CA(Y, E) be the subspace
of triples (9, ¢,%) such that (9, ¢) € C(Y, E), the holomorphic structure 0 is holo-
morphically trivial on A and 1 is a holomorphic trivialization of E on A that agrees
with ¢ on AN C. Then we define 94 (Y, E) as the quotient of CA(Y, E) by the
group Aut(E).

We fix smooth complex vector bundles E — X, Ex — X and Ep — P2, with
c2(E) = k, CQN(EX) = i, ~CQ(EINJ) =k —iand 1(E) = Cl(EXl = ¢ (Ep) = 0.
Let S;MYNE(X, Eg) € MYUM (X, E) be the subspace of triples [(9, ¢,)] such that
[(,¢)] € S;M(X, E) and similarly for So9F \E(P2, Ep). We have projection maps

prg : SMOVL(X E) — SM(X, E)
prx : MY(X, Ex) — M(X, Ex)
prp: SOW@Q\L(]TDQ,EP) — SoIM(P?, Ep)

Proposition 3.1. prp is a homeomorphism and pr,prx are principal bundle
maps with contractible fiber.
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Proof. First we observe that these maps are surjective. Given any (€, ¢) € M(X, Ex),
Elu is trivial, so pry is surjective. By definition of the stratification, given any
(&,9) € SOSJTDZZ\L(I@Z), (m &)V is trivial so Elparg, = (&)Y [p2\y, is trivial. Hence
prp is surjective. Finally the same argument shows that prg is surjective: given
(€,0) € M(X, E), (m.£)VV]|y is trivial so Elgng = (7€) VY| U\ap is trivial. Now let

G = {n € Hol(T \ L, Gi(r,C)) : ylgne = 1}
= {n € Hol(U \ 2o, Gl(r,C)) : njunc = 1}
Gx ={n € Hol(U,Gl(r,C)) : njanc =1}

Gp = {n € Hol(P*\ L, GI(r,C)) : | = 1}
=~ {5 € Hol(P?\ yo,GI(r,C)) : n]c.. =1}

Then G acts freely on S“MV\E(X, E) by 5[, ¢, = [€,$,mp] and its orbits are
the fibers of prg. Similarly, Gx,Gp act freely on MY (X, Ex), SeME\L(P2, Ep)
with orbits the fibers of prx, prp respectively. Gx is clearly contractible and by
lemma 2.1, G = Gx and Gp = {1}. So we only need to show the existence of local
sections.

In section 4 we will show that prp is a homeomorphism. We turn our attention
to prx. Pick a small open set T C (X, Ex) such that the restriction of the
universal bundle F — T x X to T x U is trivial. Let ® : Flrxc — T x C x C" be
the trivialization inducing the trivializations of the bundles F; on t x C. We can
find a trivialization W of F|rxy which extends the trivialization ® |7, (rn¢c). Then
¥ induces a continuous choice of trivializations of the bundles on U, which is the
same as a section of prx.

Now let 7' C 9(X, E) and let F be the universal bundle over T trivialized on
TxC by ®. Using lemma 2.3 we get a bundle Fx over T'x X and an isomorphism
I f‘Tx(X’\L) — Fx|Tx(x\x) Which, together with ®, induces a trivialization ®x
of Fx on T x C. Pick a trivialization ¥ x of Fx on T x U which agrees with ® x
on T x (UNC). Then F,¥x induce a trivialization ¥ of F on T x (U \ L) which
agrees with ® on UnC. From ¥ we get the desired section of pr . (I

We are now going to show that Siimﬁ\L (X, E) is homeomorphic to the product
MY(X, Ex) x SOE)JTPZ\L (]f”Q, Ep). The proof is based on a gluing construction. We
will define three maps

g: MY (X, Ex) x SeM" (B2, Bp) — MU\ (X, B)
gx : SMUNL(X, E) — mY (X, Ex)
gp : SIMUNL(X | B) — SemP*\E (B2, Bp)
First we define g. Let (Ox, dx,¥x) € CU(X, Ex), (Op, ¢p,p) € SoCF\E (P2, Ep).
Let
Exp = Ex|x\{zo} U Eplg
¥p'x

Then 02(_EX p) = k hence Exp is isomorphic to E as smooth vector bundles.
Ox and Jp induce a holomorphic structure dxp on Exp, and ¢, 1|y, induce
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holomorphic trivializations of Exp on C and U \ L respectively. Hence we have
[5Xp,¢x71/}X|U\mo] € E)J?U\L(X,EXP). Choose an isomorphism f : Exp — E.
Then f induces an isomorphism fy : MUN(X, Exp) — MUN(X, E). We define

9([0x,dx,¥x],[0p, dp, ¥p]) = f#([gXP7¢X7¢X|U\L])

This map doe§ not depend on the choice of isomorphism f since given another
isomorphism f, fo f~1 € Aut(E). i

In a similar way we define the maps gx,gp: given [d,$,v] € S;MV\I(X, E).
define the bundles

Ex =Elg  (JUxcC Ep=E|z| J®*\ L) xC"
P P

Then 0 induces holomorphic structures dx on EX and Op on E’p. Also, EX, Ep
have canonical trivializations ©x and ¥p on U and P? \ L respectively. Proceeding
as above we choose isomorphisms fx : Ex — Ex and fp : Ep — Ep. We define

9x([0,0,9]) = (fx)#([0x, b, 9x])
gp([0,6,9]) = (fp)#([0p, ¥rlc.., ¥p])

As above, gx, gp are independent of the choice of isomorphisms fx, fp.
Proposition 3.2. prx ogx =moprg

Proof. Tt is enough to observe that the bundles prx(gx (&, ¢)) and m; o pr¢ (€, ¢)
are isomorphic on X \ zg and apply lemma 2.2. ([l

Proposition 3.3. The map g : MV (X, Ex) x SoME (B2 Ep) — MU\EL(X | E)
is a homeomorphism with inverse (gx,gp).

Proof. Tt is straightforward to check that g and (gx,gp) are inverses. We need
to show the continuity of g,gx,gp. We start with g. Fix (Jox, dox,%ox) €
CY(X,Ex), (9op,dop,top) € C[PQ\L(]?’Q,EP). Then, these elements induce iso-
morphisms

CY(X,Ex) = Q"Y(X, Ex) x C*(C,Gl(r,C)) x C=(U,Gl(r,C))
CP\L(P2, Bp) = Q0L (B2, Ep) x C°°(Loo, Gl(r,C)) x C(P2\ L, Gl(r,C))

(see definition 3.1). Fix balls B,(z9) C Br(zo) C Br(zo) C U and let K =
Br(zo) \ Br(zo). Choose € > 0 such that W = B.(1) C Gl(r,C). K,W define an
open neighborhood S(K, W) C C*(U,Gl(r,C)) of 1 in the compact-open topology.
Identifying U \ {z¢} with U \ L, we can also think of S(K, W) as an open set in
C> (P2 \ L,Gl(r,C)). We will build a continuous map

G : QU Ex)xC®(C, G xS(K,W)xQ" (Ep)xC>®(P',Gl)x S(K,W) — C(X,E)
whose restriction to CY (X, Ex) x CP\L (P2, Ep) has image inside CU\L(X, E4)and

projects down to g. The continuity of g will follow. Let g = (Agél ,9x,hx, A(I)D’l, gp,hp)
with

(A% gx, hy) € QO (Ex) x C*(C,GI) x S(K, W)
(A%, gp, hp) € QOL(Ep) x C(C, Gl) x S(K, W)
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For each such ¢ let
E,=EBExlxvwy UJ  Erly
Yophp hxvox
Fix a bundle isomorphism f : E,, — E. To complete the proof all we need is a
continuous family of bundle isomorphisms f; : E;, — E,, since then we can define
g by i -
9(q) = (f o fo)#(OxP, 9x dox, hxtox | 1)

Let U, = n= (B, (x0)). We will build f, by giving three maps

Ix Exlx mrmey — Ex v\ Enge
fu : (U\{zo}) x C" — (U \ {z0}) x C"
fr:Eplg — Eplg,

such that the following diagrams commute:

f ~ fi ~
EX‘U\BR(JCO) —>X EX|U\BR(:E0) (UT \ L) x C" *>U (UT \ L) x C"
lhxwox lwox ThP%ﬁOP T’l’op
—_— —_— f
(U \ Ba(zo)) x C" —2> (U \ Ba(zo)) x C Eplg\, ——— Eplg.\1

Fix a monotonous C'* function 7 : [0, +oco[— [0,1] such that n(p) = 0 for p < r
and n(p) = 1 for p > R. n induces a map 7 : U — R given by 7(z) = n(||z|||) for
x € K and 71 = 1 otherwise. We define

fx=1 x € X\ Br(xo)

fo = ibxovx' + (1= n)dpotp! x €U\ {xo}

fp=1 z e U,
This completes the proof of continuity of g. The proof for gx,gp is completely
analogous. O

An immediate corollary is

Corollary 3.4. The spaces S; (X, E) and M(X, Ex) x SoM(P?, Ep) are homo-

topically equivalent.
We are ready to prove theorem 1.1:

Theorem 3.5. The spaces M;(X, Ex) X Soimk,i(ﬁ”g,Ep) and Siimk()N(,E) are
homeomorphic.

Proof. Fix a global section s : M(X, Ex) — MY(X, Ex) of prx. Define G, :
M(X, Ex) x SoM(P?, Ep) — S;M(X,E) by Gy = progo(sx1). It is easy to
check that G is a bijection. We need to show that its inverse is continuous. First
we describe the inverse. Let (€, ¢) € M(X, E) and let (Ex,dx,¥x) = som(E, ¢).
Then there is a unique isomorphism f : S‘X\L — Ex|x\z, that sends ¢ to ¢x.

Indeed, if f is another such isomorphism, f o f~1 is an automorphism of x| X\zo
which, by lemma 2.2, extends to an automorphism of £y which is the identity on
Ex|c. But then fo f~1 =1. f and ¢ x|y 4, induce a trivialization ¢ of £ on U\ L

and (€, ¢,1) € MUNL(X | E). Then
G;1(€a¢) = ( 71'1(5,(,25) , Prp OgP(gaQbaw) )
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To prove that this map is continuous all we need is to show that the isomorphism
f depends continuously on (£, ¢). We apply the construction from lemma 2.3. Let
T € M(X,E) and let F be the universal bundle over T x X trivialized on 7' x C
by ®. Then, we have a bundle Fx over T x X with trivialization ®x on T x C
such that 7;(Fy, ®;) = (Fxt, Px¢) and the isomorphism f; : ‘7:75|)~(\L — Fxtlx\ap 18
precisely the restriction of the isomorphism F from 2.3 to F;. Hence f; depends
continuously on t. (Il

4. THE FIBER So9, (P?)

The objective of this section is twofold: to give a characterization of points in
SoI;, (P2) in terms of a monad description, and to show that the projection map

prp SUIEQ\L(]F’Q) — M. (P?) is a homeomorphism. This will be done by giving
an explicit description of the inverse prp! : M(P2) — SeIMF\L(P2). We begin by
sketching the monad description of the spaces 97 (P?) and M7 (P?). We follow [7].

4.1. The moduli space over P2. Let L., C P? be a rational curve. Let W be a k
dimensional complex vector space. Choose sections x1, xo, x3 spanning H°(O(Ly)).
so that x3 vanishes on L.,. Let R be the space of 4-tuples m = (a1, a2,b,c)
with a; € End(W), b € Hom(C", W), ¢ € Hom(W,C"), obeying the integrability
condition [a1, as] + be = 0. For each m = (a1, as,b,¢) € R we define maps A,,, By,

W(—Lso) L wWe2 g Cn ﬂ) W (Lso)
by
T —a173
Am = o — Q273 s Bm = [ —X9 + 23 X1 — a1T3 b.l?g ]
CI3

Then B,,A,, = 0. A point m € R is called non-degenerate if A,, and B,, have
maximal rank at every point in P?. Then &, is locally free. The assignment
m — &, = Ker By, /Im A,,, induces a map f from the space R"®9 of non-degenerate
configurations to the moduli space 7 (P?). We have (see [5])

Theorem 4.1 (Donaldson). Let M (P?) denote the quotient of the space of non-
degenerate points in R by the action g - (a1,a2,b,¢) = (9 a1g,9 tazg, g b, cg)
of GUW). Then the map f induces an isomorphism of moduli spaces M} (P?) —
mr (P?).

Let M, (P?) be the algebraic quotient R/GI(W). This space is isomorphic to the
Donaldson-Uhlenbeck completion of the moduli space of instantons over S*.

For a proof see [5], [4]. We sketch here how the map from R/GI(W) to the
Donaldson-Uhlenbeck completion of the moduli space of instantons is constructed
(see [7] for details): Let m = (a1,a2,b,¢). A subspace V' C W is called b-special
with respect to m if

(2) a;(V)CcV (i=12)and ImbCV
A subspace V' C W is called c-special with respect to m if
(3) a;(V)CV (i=1,2) and V C Kerc

m is called completely reducible if for every V' C W which is b-special or c-special,
there is a complement V/ C W which is c-special or b-special respectively.
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Proposition 4.2. Let m = (a1, as2,b,c) € R.

(1) m is non degenerate if and only if the only b-special subspace is W and the
only c-special subspace is 0;

(2) For every m, the orbit of m under GI(W) contains in its closure a canon-
ical completely reducible orbit and completely reducible orbits have disjoint
closures;

(3) If m is completely reducible then, after acting with some g € GI(W) we can

write
d red
a;* 0 } b d
a; = | ° Al , b= ,c:[cre 0]
{ 0 aj 0
where (a7, abed, b7 cv¢d) is non-degenerate and the matrices a2, a5 can

be simultaneously diagonalized. Such a configuration is equivalent to the
following data:
e An irreducible integrable configuration (a}¢?, ase?, b4, ced) correspond-
ing to a bundle with co =1 < k;
o k —1 points in C*> = P2\ Lo, given by the eigenvalue pairs of a2, a5
This is precisely the Donaldson-Uhlenbeck completion.

4.2. The moduli space over P2. Let Lo C P2 be a rational curve and let L be the
exceptional divisor. Let Wy, W7 be k dimensional complex vector spaces. Choose
sections 1, o, 13 spanning H°(O(Ls)) and yi,y2 spanning HY(O(Ly — L)) so
that x3 vanishes on Lo, and x1y; + x2y2 spans the kernel of the map

HY(O(Ls)) ® H*(O(Loo — L)) — H°(O(2Lo — L))

Let R be the space of 5-tuples (ay,as,d,b,c) where a; € Hom(Wy,Wy), d €
Hom(Wy, W1), b € Hom(C", Wy), ¢ € Hom(W1,C"), such that we have aq (W;) +
az(W7) + b(C") = Wy, obeying the integrability condition ajdas — asday + be = 0.
For each m = (a1, az2,d,b,c) € R we define maps A;;,, By,

Wi(—Loo) @ Wo(L — Leo) 22 (Wo @ W1)®2 @ Cn 22
— W(](Loo) (o) Wl(Loo — L)

by
a1xr3 —Y2
xr1 — dCLl"ng 0
T asr3 —x1 —aixz bx
Ap = a2x3 Y1 , B = dy2 12/ 3 dyl yl 3 03
X9 — da2m3 0 1 1 2 2
cxs3 0

Then Bs; Az = 0. A point m €~7~€ is called non-degenerate if Az and B have
maximal rank at every point in P2. The assignment m — &z = Ker By, /Im Az,
induces a map f: R"™Y — M7 (P?).

Theorem 4.3 (King, [7]). Let Mj(P?) denote the quotient of the space of non
degenerate points in R by the action of GI(Wy) x GL(Wh):

(90, 91) - (a1, a2,b,¢,d) = (g5 " arg1, 9o 'azg1, 9 ‘b, cg1, g7 ' dgo)
Then the map f induces an isomorphism My (P%) — 9 (P2).
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4.3. The space Sy (P?). The objective of this section is to prove the theorem

Theorem 1.2. Let m = (a1, a2,d,b,¢) € M, (P?). Then Ez € SoIN,(P?) if and
only if day, das are nilpotent and, for any sequence i1, ..., i, € {1,2}, we have

c ﬁdaij db=0
j=1

In the special case k = 1,2 we will show that

Corollary 4.4. Let k = 1,2 and let m = (a1,a9,d,b,c) € 9372(1@’2) Then Ex €
So (P?) if and only if d = 0.

We will divide the proof of theorem 1.2 into several propositions:

Proposition 4.5. Define my : R — R by mu(ai,d,b,c) = (da;,db,c). Let m =
T, Then Ex| gy is isomorphic to Em|x\ (x,}-

Proof. Let m = mum. Fix an isomorphism W = W;. Let p be the projection
p: W Cr — (Wy @ W1)®2 @ C" with kernel W2, After restricting to X \ L
we can rescale the sections so that yo = —x1, y1 = x2. Then a direct verification
shows that, for any m, p induces maps Ker B;, — Ker B,,, and Im Az — Im A,,.

Hence we get a map £z — &y It is a direct computation to check that this map
is an isomorphism. O

It follows from this proposition and theorem 4.1 that, for m € R, & € SNy, (]?’2)
if and only if &, is a sheaf whose whole charge is concentrated at [0,0,1] € P2,
that is, ¢ (EX#Z& /&r#ﬁl) = k. We proceed to study this situation:

Lemma 4.6. Let m = (a1,a9,b,¢) be such that &, has its whose whole charge
concentrated at [0,0,1]. Then, after a change of basis we can write

a[g j],b[ﬂ,c[o ‘]

where J represents any nilpotent matriz in the Jordan canonical form.

Before we begin the proof we observe that this lemma implies one direction of
theorem 1.2.

Proof. We begin by proving by induction on the charge that, after acting with an
element g € GI(W), we can write.

Aiq * k
“i:[ 0 aid]’b:{o}’cz[o * ]

Clearly the configuration (a1, as,b,c) cannot be non-degenerate hence there is a
subspace V' which is either b-special or c-special (proposition 4.2, 1). We consider
both cases:

(1) If m is b special, after a change of basis we can write

o[ 5] [2] et

So the point ([‘g J(c)} o]0 0]) is in the closure of the orbit of m. It

follows then from proposition 4.2 that m’ = (a},ab,b,¢') corresponds to
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an ideal bundle with charge concentrated at [0,0, 1]. Hence we can apply
the induction hypothesis to m’. We get

al, *  * *
a; = 0 a;, = |,b=1]0 ,c:[O**}
0 0 f 0

which is in the desired form.
(2) If m is c-special, after a change of basis we can write

ai:{{; :4],b:[;],c=[0 d |

Applying induction hypothesis to (a}, ab,b’, ') as in the previous case, we

can write
fi * *
a;=| 0 al, s b=1]x|,c=[0 0 ]
0 0 ada 0

This is in the desired form.
Now the condition [a1,as] + be = 0 implies [a1y,a2y] = [a14,a24) = 0. So, after a
change of basis we can put all these matrices in the Jordan canonical form. Since
all charge is concentrated at [0, 0, 1], proposition 4.2 implies the eigenvalues of these
matrices are all 0. O

The other direction of theorem 1.2 follows directly from the proposition

Proposition 4.7. Let m € R be such that ay,as are nilpotent and, for any ny,nsy
we have

(4) caytay?b =0
Then Emlp2\[0,0,1] 18 free.

Proof. We will build an explicit trivialization. First we need to introduce some
notation. Let P? = {[x1, 72, 23]} and define an open cover of P?\ [0,0,1] by U; =
{z1 # 0}, Uy = {z3 # 0}. Let ey,...,e, be the canonical basis of C". Choose
coordinates (ag,a3) — [1,a9,as3] in Uy and (B1,03) — [61,1,0s] in Us. Then
define functions s : U; — Ker B, by

S, = (07 70[3(1 - agal)flbei, 61')

1
57 = (Bs(1 = Bsaz)"bes, 0, ;)

(since a1, as are nilpotent, 1 — Aa; is invertible for any \). It is a direct verification
that indeed the image of s}, s? lie in Ker B,,. We want to show that s}, s? induce a

trivialization of &,,. We will have to show that Sil — sf €ImA,, in Uy NUs. Then

st,s? induce a section of &,,. We will show these sections are linearly independent.

(1) We begin by looking at the space Im A-+Ims}+...+Imsl. We can represent
the image of s! in terms of column vectors in matrix form. Then, joining
this matrix with A,, we have

1-— [e%:1¢5] 0
A = g — (3G9 —043(1 — agal)’lb
aszc 1
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This matrix clearly has maximum rank since 1 — asa; is non-singular.
Hence, for dimensional reasons its columns form a basis for Ker B. In
particular s} are linearly independent.
2 . . . .
(2) Now we repeat the argument for s7. In U, we have a similar matrix:

B — Bsar B3(1— Bsazx)'b
Ao = | 1—[Bza2 0
Bsc 1

which has also clearly maximum rank. Its columns form a basis for Ker B.
In particular s? are linearly independent.

(3) Now we will show s} — s? € Im A in U; N U,. We have, with 3; = a; ' and
Bs = aj'as,

043(042 — 043&2)_117

52(a517a51a3) = 0
1
Since s? is in the kernel of B, it must be in the image of the surjective
matrix ;. So we can solve
1—asa 0 € 013((12 — agag)_lb
Qg — (309 —043(1 — a3a1)_1b |: fl ] = 0
asce 1 2 1

We obtain immediately & = a3(1 — agza;) (e — agaz) ~1h. Now equation
4 implies c€1 = 0. From here it follows immediately that & = 1 hence
52 — sk = A&,

This completes the proof. [

Notice that this proof gives an explicit description of the map SeIM(P?) —
SOSJTPQ\L(]W). We now prove corollary 4.4:

Proof. £z € SiIM;, (P?) if and only if detd # 0. This proves the case k = 1. For

k = 2 assume rankd = 1. Then, after a change of basis we can write d = (}9).

Suppose Ex € SOSJT};(I@Q). Then, from lemma 4.6 we can write

000 (0) om0,

But this shows (a1, as,d, b, ¢) is degenerate. This completes the proof. O
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