HOLOMORPHIC BUNDLES ON THE BLOWN-UP PLANE AND
THE BAR CONSTRUCTION

JOAO PAULO SANTOS

ABSTRACT. Let My = [[BU(k), P = [[(BU(k) x BU(k)). We construct a
map from Bar (97?0, mg, EIT({L) to the rank-stable moduli space of holomorphic
bundles on the blowup of P2 at n points, framed on a rational curve. We show
that this map is a homotopy equivalence in the degree 1 and 2 components
and in the limit when k — oo.

1. INTRODUCTION

In this paper we will study the moduli space of holomorphic bundles over a
rational surface with vanishing first Chern class, trivialized on a rational curve, in
the limit when the rank of the bundles goes to infinity. This space is isomorphic
to the moduli space of based instantons over a positive definite simply connected
closed four-manifold (see [2], [9]), and has been studied in [7], [1], [12].

Write P2 = C? UP! and, given a finite subset I C C2, let P2 be the blowup
of P2 along I. Let M7 be the moduli space of rank r holomorphic bundles on
P? with first Chern class ¢;(E) = 0, trivialized at P!. Direct sum with a trivial
rank 7" — 7 bundle induces a map 9} — zm;’. Let 9%° be the direct limit when
r — oco. In [7], [11], [1] it was shown that 9013° ~ ][ BU(k) and, for each = € C2,
M> ~ [[ BU(k) x BU(k). Then, Whitney sum induces a map

(IG°)" x MG° — M

For J C I, pullback of bundles induces a map 7* : MF — M. Combining with
Whitney sum we get maps 95° x MM — M. Let

(1) BI:Bar<9ﬁg°,H£m§°7H9ﬁ§°>

zel xel
Pullback and Whitney sum give maps
mee — my [ - mpe
xzel

which induce a map
(2) hi: By — M¥

The second Chern class of the bundles gives a grading of the spaces 93°, By and
we write 9%, Br i, hy,i for the degree k components and map. Our first result is

Theorem 1. If, for every J C I with #J < k, hyi is a homotopy equivalence,
then hy i is a homotopy equivalence.

Using Theorem 1 and results from [12] we then show that
1
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Theorem 2. For k =1,2, hr is a homotopy equivalence.

In [14], Taubes described, for k" > k, gluing maps MM}, — M} ,,. He showed

that, in the limit when k — oo, we get M3, ~ BU x [[,; BU. We will show that

Theorem 3. The map
h[,oo : Bl,oc - m?ooo
is a homotopy equivalence.

Conjecture. The map hy is a homotopy equivalence.

Let .Z denote the linear isometries operad and let € denote the category whose
objects are the finite subsets of C? and whose morphisms are the inclusions. The
paper is organized as follows: In §2 we describe the moduli space M; as an Z-
space. In §3 we describe the bar construction, the space By and the map hy. 9
and B; are functors from € to Top, the morphisms being induced by the pullback
of holomorphic bundles. In §4 we prove theorem 1. This theorem is a consequence
of the following fact (see [12]): s 4 is the colimit Hm 9Ny taken over the subsets

J C I with #J < k. In §5 we use theorem 1 and results from [12] to prove theorem
2. In §6 we prove theorem 3. We make use of some classifying maps 9 .. — BU
described in [13]. In the appendix we gather some results needed in section §5. The
proofs use the monad descriptions of holomorphic bundles introduced in [4], [6].

2. %-SPACES

The objective of this section is to define a functor from the category € of finite
subsets of C2 to the category of .#-spaces. Following [10], we first define a functor
from € to the category of L.-functors. We briefly review the notion of £, functor.
Let £ be the category whose objects are the complex hermitian vector spaces with
finite or countably infinite dimension, topologized as the limits of their finite di-
mensional subspaces, and the space of morphisms from V' to W is the space linear
isometries, with the compact open topology. Let L,, be the full subcategory whose
objects have dimension n and let £, be the graded subcategory given by the union.
An L, functor is a pair (9, w) where M : L, — (Top) is a continuous functor
and w : M x M — N o P is a commutative, associative and continuous natural
transformation satisfying

(1) Let 0 be the 0-dimensional vector space and let * € 910 be the basepoint.
Then w(z, *) = .

(2) Suppose V = V'@ V". Let x € MV" be the basepoint. Then the map
MV’ — MV given by z — w(x, *) is a closed embedding.

A morphism of £, functors is a continuous natural transformation that commutes
with w.

Now let H = C*°. Let .£ denote the linear isometries operad defined by .Z(j) =
L(H® H). & is an E4, operad. There is a functor from the category of £L.-functors
to the category of Z-spaces: given an L, functor (I, w), we let MH = h_n)li)ﬁV
where V' runs over the finite dimensional hermitian subspaces of H. Then 9TH
in an Z-space. We proceed to define, for each rational surface X, an L,-functor
(E)ﬁx,w).
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2.1. Objects. Let X be a rational surface. We want to associate to each complex
hermitian vector space V' a topological space M x (V). Fix a rational curve Lo, C X
with positive self-intersection. Let £ — X be a complex smooth vector bundle with
first Chern class ¢1(E) = 0 and rank rk(E) = dim(V). A holomorphic structure on
E is a semi-connection dg : Q°(E) — Q%!(E) satisfying the integrability condition
0% = 0. Let C(X,E,V) be the space of pairs (0, $) where Jg is a holomorphic
structure on E holomorphically trivial on Lo and ¢ : E| — V@O =V X Ly
is an isomorphism of holomorphic bundles. Given an isomorphism of smooth vector
bundles ¢ : Ey — E3 we define the map v, : C(X, E1,V) — C(X, E2, V) by
Vi(,0) = (Wodoy™ oy

For Ey = E5 = E we get an action of the group Aut(FE) of smooth bundle automor-
phisms of E on C(X,E,V). Now, applying theorem 1.1 and lemma 2.6 from [§],
since, for k > 0, H(End (V ® Or__ (—k)) = 0, the action of Aut(E) on C(X,E,V)
is free and the quotient has the structure of a finite dimensional Hausdorff complex
analytic space. We define MM (X, E, V) as the quotient C(X, E, V) /Aut(E).

Proposition 2.1. Let Eq, Es be two isomorphic complex vector bundles. Then
there is a canonical isomorphism IM(X, E1, V) = IM(X, Es, V).
Proof. Let ¥, : By — F5 be bundle automorphisms and let ¢ € Aut(E7). Then
ogoyp Ll oy~ € Aut(Fy) and

Y0 gu = (wogoi/jil)* 0 P

Y= (Yo w_l)* 0y
The first equation tells us that ¢, descends to the quotient to give a map . :

M(X, Eq1,V) — M(X, E2, V). The second equation tells us that ¥, = ¢, hence the
map is independent of the choice of isomorphism ). (]

The smooth isomorphism class of F is completely determined by its rank and its
second Chern class ca(E) = k. Hence we will write M x (V) instead of M (X, E, V).
We define

My (V) = [[ Mx iV
k=0
2.2. Morphisms. We now show how to associate to a linear isometry o : V — W
a continuous map Mxa : Mx (V) — Mx(W). For each k pick a smooth complex
vector bundle E with ¢;(E) = 0, co(E) = k and rk(E) = dim(V). Let V,, = o(V)*.
Then « extends canonically to as isomorphism & : V @&V, — W. Let ¢, be the
trivial bundle over X with fiber V. We will define a map
Cea:C(X,E)V) = C(X,E®e,, W)

Given a trivialization ¢ : E|p_ — Lo X V we define ¢, : E @ ey, — W X L as the
composition

(E@ el 2% (Ve Vo) % Loo X5 W x Lo

Let O be the canonical holomorphic structure on €,. Then, given (0p,¢) € C(X,E,V)
we define Cpa(dg, ¢) = (O ® 0, da)-

Lemma 2.2. Cga descends to the quotient to give a map Mx pa @ Mx )V —
Mx ,W.
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Proof. An automorphism ¢ € Aut(F) induces an automorphism ¢, = ¢ &1 €
Aut(E @ ¢,) and it’s a direct verification that Cpa o 1), = (1o)« 0 Cgar. The result
follows. O

Mxa: MxV — Mx W is the map whose degree k components are Mx .
Proposition 2.3. Mx : L, — (Top) is a functor.

Proof. Given isometries @« : U — V and 0 : V — W, we want to show that
MxBoWxa = Mx(Boa). Let E be a bundle with rank equal to dimU and
c2(E)=k. Let e, = a(U)t x X, e5 = B(V)L x X, €30 = (Boa)(U)+ x X. Then
the map @1 : a(U)*+ @ B(V)+ — (Boa)(U)* is an isomorphism of hermitian
vector spaces inducing an isomorphism of bundles 9 : E @ e, ® g — F @ €go and
we have the commutative diagram

Cpa

C(X,E,U) C(X,E®eq,V)

lCE(,Boa) lCEﬁ

CX,E® ega, W) <2 C(X,E® €0 ® e5, W)
These maps descend to the quotient and we get Mx G o Mxa = Mx (8o ). a

Proposition 2.4. The assignement 3 — Mx B induces a continuous map betwen
the space of isometries LIV, W) and the space of maps Map(IMxV, MxW).

Proof. When dimV = dim W, an isometry o : V — W induces a map o x 1 :
VX Lo = WxLe andCg : C(X,E, V) — C(X, E,W) is just the map Cg(9g, ¢) =
(0p, (a x 1) 0 ¢). The assignement a — Cga is clearly continuous, and hence the
assignement o — My« is continuous. Consider now the general case. Let r, R be
the dimensions of V, W respectivelly, and let V5 = C*~". Consider the restriction
map p : L(V & Vo, W) — L(V,W). pis a principal U(R — r) bundle. We fix a
section 6 of p. Given an isometry a : V — W, let V, = a(V)*, g = Vy x X and
€ = Vo x X. Then, restricting 6(a) to Vp we get an isomorphism 6(a)|y, : Vo — V,
which induces an isomorphism of holomorphic bundles ¢ : E @ ey — FE P €,. Let
1:V — V @&V be the canonical inclusion. We have the commutative diagram

Cgi

C(XanV) C(XvE@607V@‘/0)

icEa icE@ege(a)

CX,E®eq,W) ~—2 C(X,E®eo, W)

o

This shows that the following diagram is commutative

LV, W) — X Map(MxV, MxW)

l@ (Qﬁxi)*T

LV & Vo, W) 2 Map(x (V& V), My W)

where (Mxi)* is the adjoint of the map Mxi : MV — M(V @ V). The bottom
map is continuous since dim(V @& Vp) = dim W. We conclude that My : L(V, W) —
Map(MxV,MxW) is continuous. O
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2.3. The natural transformation. We now define a natural transformation w :
Mx x My — Mx o®. We must define, for each pair Vi, Vo, maps wy, v, : Mx Vi x
Mx Vo — Mx (V1 @ V2). Given smooth vector bundles Eq, Fs with ranks equal to
the dimensions of V7 and V5 respectively, Whitney sum induces a map

C(X, El, Vl) X C(X, EQ, VQ) — C(X, E1 D EQ, V1 D VQ)
This map descends to the quotient giving a map

w: EY)TX(V;L) X gﬁx(Xz) — gﬁx(vl &) ‘/2)

We can easily check that
Proposition 2.5. Let o : V. — W be an isometry, and let U = «(V) C W. Let
*x € Mx0 be the base-point. Then we have the commutative diagram

MV Mo M W

i 7

MxV x Mx0 —2% MU x My (UL)

Proposition 2.6. w is a commutative and associative natural transformation. Fur-
thermore
(a) Let x € MxV, and let * € Mx0 be the base point. Then w(x,x) = x.
(b) The map MxV — Mx (Ve W) given by x — w(x, *) is a homeomorphism
onto a closed subset.

Proof. Property (a) is clear. We show property (b). Using for example the monad
description of MxV in [3] we see that the map MxV — Mx(V & W) embeds
MxV as a close submanifold. Property (b) follows. Now we check commutativity.
Fix bundles E;, F5 with the right ranks and let ¢ : £y & F3 — FEs @& E; and
a:Vy @& Vy — Vo @ Vp be the canonical isomorphisms. Let 7 be the canonical map
A X B« B x A. We claim that the diagram

C(Xa Ela‘/l) X C(Xa E?v‘/2) éc(xa E25 ‘/2) X C(Xa E17‘/1)

lw‘/ly‘é

C(XaEl @EQaVI @‘/2) Wvy, vy

|

C(X, By ® By, Vi @ V) — 22

C(X7E2 @E]J‘/Q @‘/1)

is commutative. This follows because, given ¢; : E;|r.. — Lo X Vi we have
ao (¢ @ ¢o) o™ = ¢ @ ¢;. Commutativity of w then follows. Associativity
follows from a similar argument.

We turn to the proof that w is a natural transformation. Consider isomorphisms
a:V —Wand :V'— W' Fix bundles E, E' — X with convenient rank. Then
the result follows from the commutativity of the diagram

C(X,E,V)xC(X,E, V) —“ > C(X,E® E, V&V

\LCE(XXCE/Q lCEGBE/((X@B)

C(X,E,W) x C(X,E'\W') —“=C(X,E® E,\Wa& W)
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For general isometries ap : Vo — Wy and a1 : Vi — Wy let U; = «;(V;) and let
U, (Up @ Up)* be the orthogonal complements inside W;, Wy @ W respectivelly.
Then Us- ® Ui+ = (Up ® Up)*. The result then follows from the diagram

E)ﬁao XDJTal

o MVy x MVy MWy x MW, —

wXw wXw
Mag X *x X Ny X *

MV, x IO x MV; x MO MUy x MU x MU, x MU+

T T
Mag X May X* X *

w MVy x MV; x MO x MO MUy x MU, x MU x MU+ w

wXw wXw
M(aoPar) X *

M(Vo @ V1) x 90 MUy @ Uy) x MU~ © Ui)

M(coPorr)

N M(Vy @ V) MWy ® W) <

O

2.4. Pullback. We are now going to define a functor from € to the category of L.
functors. Let I € €. Recall that P2 is the blowup of P? = C?2 UP! along I. Then
we have a canonical rational curve Lo, = P! C P2. We associate to each I € €
the L, functor (Wt]p%,(.()), which we write simply as (9t;,w). Now let J C I. Fix a
bundle E — P% with rk E = dim V and c3(E) = k. We have a map w7 : P? — P?
corresponding to blowing up ]P% along I'\ J, inducing a map 7;; : 7%, F — E. We
define a pullback map 7%; : C(P%, E,V) — C(P%,7%,E,V) by

751(0,¢) = (759,40 Ty1)
This map descends to the quotient to give a map 775, : MV — M7 V.

Proposition 2.7. The assignments I — My and (J C I) — w%; define a functor
from € to the category of L.-functors. Furthermore, this functor preserves cartesian
squares and the maps 7%, are open embeddings.

Proof. We have to show that 77%; are morphisms in the category of L.-functors.
Let o : V. — W be an isometry. Let €n; = a(V)t x P2, ear = a(V)* x P2 be
the trivial bundles. Fix a bundle £ — P?, with the right rank. Then we have the
commutative diagram

w5 (V
@2, B, v) —Y

\LCE(X

T w
C(P%E®eqs, W) T %)

C(PF, 7y B, V)
lc"}IEa
C(P2, 7%, E® ear, W)

which shows that 7%, is a natural transformation. Now we show that it commutes
with w. Given vector spaces V, W, we pick bundles Ey, Ey — IP’QJ with the right
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rank. Then we have a canonical isomorphism ¢ : 7%, Ey @7%; Ew — 7% (Ev ®Ew)
and the commutative diagram

C(PZ, Ey,V) x C(P%, Ew, W) —> C(P2, 7%, Ev, V) x C(P2, 7}, Ew, W)

lw

@ C(P},mj Ev @y B,V & W)

|+

C(P%, %, (Ey & Ew),Va W)

«
TII

C(P% Ey ® Ew,V W)

which shows 7%; commutes with w. Finally we show that, given K C J C I we have
T4 oy = T Given a vector space V we fix a bundle F — P% with the right
rank. Then we have a canonical isomorphism of bundles ¢ : 7} F — 7475, E
and a commutative diagram

*

C(P%,E,V) —= > (P2, % ,E,V)

* *
TKI TII

* i * *
C(PY 7y, B, V) —— C(PL w57y B, V)
This completes the proof. For the last 2 statements see [12]. ]

We finish this section, we define a functor 9UH from € to the category of .Z-
spaces by setting MM;H = lim_, 9, V.

3. MODULES OF TOPOLOGICAL SPACES

We are now going to introduce the space By and the map h; : By — 9;/H
(see equations (1) and (2)). We follow [5]. A topological category € is a small
category with topologized morphism sets such that composition is continuous and
the inclusion 0b% C mor® is a closed cofibration. An equivalence of topological
categories is a continuous functor which is the identity on objects and a homotopy
equivalence on morphism spaces. Let R be the category whose objects are the
pairs (%, X) where % is a topological category and X is a continuous contravariant
functor from % to the category (T'op) of topological spaces, and a morphism from
(¢,X) to (2,Y) is a pair (a,b) where a : 9 — € is an equivalence of topological
categories and b: X oa — Y is a natural transformation.

€ L>T0p
T N
9 —~>Top

Given two morphisms (a1,b1) : (B,Y) — (¢,Z) and (az2,b2) : (&, X) — (A,Y),
composition is given by (a1,b1) o (ag,bs) = (az 0 ay, by o (afhe)). We now define a
”geometrical realization” functor from R to the homotopy category hTop. Given
(¢,X) € R, we define |[(¢,X)| as the homotopy colimit B(X,%,x). Given a
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morphism (a,b) : (61, X1) — (%2, X2) we have induced maps

B(X1, %, %) <~— B(X; 0 a,%s, *) —> B(Xy, s, %)

Let a~! denote the homotopy inverse of a. We define |(a,b)| = boa™?.

We will now define two functors ., .7 from € to R, and a natural transformation
9 ¥ — 7. The geometrical realization of .# will induce the functor B : € — hTop
from equation (1) and we will show that there is a weak equivalence |.7| ~ 9H.
Then $ induces the natural transformation h : B — |.77| ~ 9H from equation (2).
Given an object I € € we will define a category Aj, functors Sy, Ty : A — Top
and a natural transformation 7y : S — T, and set

S(I) = (A1, 51) T(I) = (Ar,Tr) H(I) = (1,nr)

Given a morphism i : J — I, we will define (1) = (a;, 8;), T (I) = (ai,t;) (see
the diagram bellow).

AJLTop AJL>Top
Siq t;

o] N o] N

A —>Top A —L>Top

3.1. Objects: the category Aj. Let A denote the topological category whose
objects are the sets [n] = {0,1,...,n} C Z and the morphisms are the order
preserving maps p : [m] — [n]. We now define the category A;. It has the same
objects as A. To define the morphisms we introduce some notation. Recall that
Z(j) = L(HI,H). Given I € € we let

@
H'* =Heo (@ ]HI) L(1+4I) = L(HT H)

zel

Given a topological space X we will write

X = (H X) K

zel

We proceed to defining the morphisms. Let [m], [n] € Ob(Af). Then we set

Ar(ml, )= J[  Aru(ml )

neA([m],[n])

where

Aru(lm], [n])
— (1 + p(0)]) x (H L(ula) -l - 1>>I> X Z(n - p(m) +1)!
a=1

Composition of morphisms is defined as follows: for each u € A([m], [n]) and each
v € A([n], [p]) we define a map

Ary([nl; [p]) x Aru([ml; [n]) = Arvou([ml; [p)
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by using the operad maps

w(0)
($<v<o>1+ 1) x [] 20(8) - v(5 - 1>>f) X ZL(u(0)I +1)

B=1

n(0)
.y, (H”(O)”l & @ O-r-11, H) = L(p(O)I +1)
B=1

p(a)
( I 2w - (B—D)) % Z(j(a) — pla — 1))

B=p(a—1)+1

n(a)
— ( P H”“)-”(ﬁ-”,H) — 2(v(p(0)) — vip(a — 1))

B=p(a—1)+1
(-i”(p —vm)+1)x ] L@@ -vE- 1))) x Z(n—p(m) +1)

— L (Hp_”(n)+1 D @ H”(ﬁ)_”(ﬁ_l),H) =Z(p—-v(u(m))+1)

B=p(m)+1

Associativity then follows from the properties of the operad. The connected compo-
nents Ay ,([m], [n]) of Ar([m], [n]) are contractible and in one to one correspondence
with the morphisms A([m], [n]). Hence the categories A, A are equivalent.

3.2. Objects: The functors S; and T7. To each [m] € Ob(A) we associate the
Z-spaces

Sr([m]) = MH x (MH)™" x ][ M, H

xzel
Tr([m]) = My (H) x M (H)™ x 9, (H)!

Now let 1 € A([m], [n]) and observe that

Si([n) = (2t x 257 (HW“‘“”‘“) (Hfm " )

xzel
T]([TL]) _ (ml « mtl;(o)l) « (Hm(lﬂ(a)—ﬂ(@—l))1> « (m&”—ﬂ(m)ﬂ « mlf)

(where we dropped the H to shorten the notation). Given f € Ay ,([m],[n]) we
write f = <f0, (fax)we_ll , (fx)xg) with

=1,...,

Joe Z(p(0)I +1)
(faz)eer € L(u(a@) —pla—1))1 (a=1,...,m)
(fz)zel € f(n - ILL(TTL) + 1)1
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Using the action of the operad £ on 9MMH we get maps
MyH x (MpH)HOT — 9tyH

fo: ML H x (9, H)HO) _ 9, H
(D H) (r(e)=pla=D)T (90, H)!
f : a)—p(a— azl,...,m
};[I oF (9 H) @) —mla=IDT (90t H)! ( )
H fa O7T67w : H(WQH)H—#(m) x N, H — H(gﬁwH)n—u(m)—&-l _ H m,H
xzel xzel xel zel
H fo t (UE) RO (o0t )T — (902,
zel

These maps define the desired morphisms S;(f) : Si([n]) — Sr([m]) and T;(f) :
Ti([n]) — Tr([m])-

3.3. Morphisms. Now consider a morphism ¢ : J — I in €. We will define two
morphisms

S (i) = (ai,si) : (As,S5) — (A, Sr)
y(l) = (ai,ti) : (AJ,TJ) — (A],T[)

where the functor a; : A; — Aj. is the identity on objects and on morphisms is
induced by the maps

L) +1) = L(u(0)] + 1)
ZL(p(@) = pla =1)" = L(p(@) = pla - 1))’
L(n+1 - p(m) — Ln+1 - p(m))’
where the first map is the adjoint to the inclusion HH(OJ+1 — HHOI+L and the
second and third maps are the projections. The verification that this is indeed a
functor is straightforward.
It remains to define the natural transformations s; : Sy oa; — Sr and ¢; :

Tyoa; — Tr. Let 2 : (9MH)’ — (9MMH)! be the canonical inclusion. Then for each
[m] € Ay, we let s;(m),t;(m) be the maps

si(m) : Sy o ai(m) = My x MG x [ Ma = My x M x [[ Mz = S1(m)
zeJ zel
t4(m) : Ty o ag(m) = My x MW x M7 4 90, ! )
My x M xm! = Ty (m)
We now check that s;,t; are natural transformations. Let u € A([m],[n]), f €
following diagrams

si(n) ti(n)

Sjoa;(n) —> Sr(n) Tjoa;(n) —>Tr(n)
lsJOU«i(f) Si(f) lSJoai(f) Si(f)
s;(m) ti(m)

Sjoai(m) —— Sr(m) Tjoa;(m) ——=Tr(m)
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splits into three diagrams. For s; we have the diagrams

mw % mg(O)J L m@ % m/@‘(o)l m’téﬂ(a)—#(a—l))J L mé}/i(a)—#(a—l))l

lai(fo) \Lfo \Lnfmv \Lnfmv

My ————=My o : my
Mmoo, ) e —Hm) oo,
IT (= ) = IL( )
J/Hfmoﬂé‘,w infma,w
112 . 1.
zeJ xzel
and for 7

’LT(,I

My x MO L g o)1 (@)=t 0L (@) (a1

J, I OT g 1

My om/ : m/

’LOTK'JI

9)1{(]" p(m)) m] >9ﬁ(” w(m))J « ml

lmx |

7,071']1

my : m;

It is straightforward to check that these diagrams are commutative.

3.4. The natural transformation. We now want to define a natural transforma-
tion H :.¥ — 7. Let I € €. Then we set

H(I) = L,nr) = (Ar,S1) — (A, Tr)

where the natural transformation n; : Sy — 77 is defined as follows: for each
[n] € ob(Ar) we let ny = Sp([n]) — Tr([n]) be the map

nr=my g X (wg’[)ml X Hw;’,:im@ x M x Hzmx — My x ML x M/
T T

Lemma 3.1. 7 is a natural transformation.
Proof. Let [m], [n] € A, p € A([m], [n]) and let f € A; ,([m], [n]). Write, as usual,
f = (f07 (fozz)wel ) (fac)mel > . Then the diagram

a=1,....m

nr

S1([n]) —— Ti([n])
J/Sl(f) lTI(f)

Si([m]) — Ty ([m)
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splits into the three diagrams

N I 0,1

My x mg(o)f 01 M, x gmAIL(O)I mé)u(a)—u(a—l) N Emgu(a)—u(a—l))l

lfo lf‘) lnmfaz lnmfaz

My K 0 m/ i m/
IT, 05" x om,, L TP atn=sm T g
il’[m fao(mp X 1) J{Hm fo
I, e m/
These diagrams commute since 776@, 776, ; and 7 ; are morphisms of Z-spaces with
W;J ) Wax = 7r671. O

Proposition 3.2. ) is a natural transformation between . and 7 .
Proof. Given a morphism ¢ : J — I in €, we need to check that the diagram

(L,ns)
(Ag,8y) —5 (Ay,Ty)
(ai,s:) (ai,tq)
(1,m1)
(Ar, S1) — (A1, Ty)
commutes. That is, we need to check the equality of the natural transformations
t;oainy and Ny os;

SJO(J,,;

/’/’/’M'_‘\
AI tioa;n ll U nIos; (Top)
\____,.//

Tr
This boils down to checking, for each [n] € A, the commutativity of the diagram

nJs

Sy([n]) ——Ts([n])

Sr([n]) —"= Tr([n])

which commutes due to the functoriality of 7*. O
$ induces a natural transformation betwen the geometrical realizations:

Conjecture. The natural transformation h : B = || — |7 induced by $ is a
weak equivalence.

3.5. Geometrical realization. The objective of this section is to prove two re-
sults: hy : B(Sg, Ay, %) — B(Ty, Ay, %) is a homotopy equivalence and |7 |, H :
¢ — hTop are weakly equivalent, that is, for any I € €, B(Ty, Ay, *) ~ M.
Before we begin the proof we need some lemmas. Let A be the category whose
objects are the objects of A plus an extra object which we will denote by [—1], and

such that A([m], [n]) € A([m + 1], [n + 1]) as the morphisms which send m + 1 to
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n+ 1. Clearly restriction gives an isomorphism A([m], [n]) = A([m], [n + 1]) hence
we can see A as a subcategory of A. It’s easily seen that [—1] € A is an initial (and
final) object. Furthermore we have

Lemma 3.3. The inclusion functor F : A°P — AP is cofinal.

Proof. To prove this, it is enough to show that, for any [n] € A, the undercategory

[n] | F has a final element. This is the element [n] L [n+1] with I € A% ([n], [n+1])
the morphism that sends n + 2 to n + 1 and is the identity on the remaining

clements. Indeed, given an element [n] & [m] with @ € A°P([n],[m]), there is
a unique morphism p € A°P([n + 1],[m]), namely p corresponds to fi under the
isomorphism A([m], [n]) 2 A([m], [n + 1]). O

Now we define a category A; equivalent to A. Therefore the category A; has
the same objects as A. Given [m], [n] € ob(Ay), the morphisms are given by

Ar(ml,in) = T Ara(fm] )

HEA([m],[n])

= Z(1+p(0)I) x <H Z(p(a) — pla - 1))I> x Z(n —p(m) +1)"
a=1

Lemma 3.4. The inclusion functor iy : A¥ — A% is cofinal.

Proof. We have to show that B(z?AI, Ap, %) ~ *. Consider the functors

A —L>A

.
A=A
Let Fy.Ar = B(Ar, A7, A) denote Segal’s pushdown. Since I is an equivalence of
categories,
B(}Ar, Ar, %) ~ B(t* F* Fy.Deltay, Ap, %) = B(F*1* Fy, Deltar, Ay, %)

Since F is an equivalence of categories, ¢ is cofinal and Fj.A; ~ A, we get

B(F*1* Fy,.Deltar, A1, %) ~ B(Fp.Deltar, A, %) ~ B(A, A, %) ~ %

O

Lemma 3.5. The functor Tt : A; — Top can be extended to a functor Ty : A; —
Top.

Proof. We define Ty ([—1]) = 9/H. We now define the functor on morphisms. Let
w € A([m], [n]) and observe that

T[([n]) _ (‘)ﬁ[ « WI?(O)1> « <H mgu(a)u(al)ﬂ) « (Sm(lnfu(mHl)I)

[e3

Hence,given f € Az ,([m], [n]), the linear isometry operad action on 9t;H induces,
as before, a map T7(f) : Ty ([n]) — Tr([m]). O
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‘We can now prove
Proposition 3.6. The maps

2 . -1 -
|\ 7| = B(T1, A, ) —— B(T;,Ap, %) <—— Ti(—1)

M

are homotopy equivalences.

Proof. 11 : A — Ay is cofinal and T; = T o 7; hence the first map is a homotopy
equivalence. To prove that the second map is a homotopy equivalence we consider
the composition

B(TDAI?*) <27B(]'*]-h*jjhAIv*) i>B(Fh*T17A7 *)

T |

~

Tr(-1) = 1%1,,, Ty (—1) ——— Fy,, Ti(—1)

Since [—1] is a final object in A, the right vertical map is a homotopy equivalence.
Hence the left vertical map is a homotopy equivalence. ([

Theorem 4. h, : B(S;, Ay, *) — B(Ty, Ay, %) is a homotopy equivalence.

This shows that conjecture 3.4 holds for #1I = 1.

Proof. The proof follows the same lines. This time we define a category A with the
same objects as A but whose morphisms A([m], [n]) are the order preserving maps
w:{=1,...,m} = {=1,...,n} which fix —1. We define a category A, by setting

Ag(ml,n) = [ Acu(ml.[n)

n€A([m],[n])
with

Az u([m], [n])
=Z(1+ p(0)) x (H Z(pla) = pla - 1))) x ZL(n—p(m)+1)

Then A, — Am is cofinal, both S, and T, can be extend to functors S’x,j} :
A, — Top by setting S,([—1]) = Tx([~1]) = M, and the natural transformation
h. induces a natural transformation ﬁx : S’x — YA} Then we have the commutative
diagram

~

B(S2, Ag, %) — B(S,, Ay, %) <—— Sp(—1)
lhm \Lizx
Tx(_l)

B(TxaAma *) ; B(Txava *)

R

which shows that h, is a homotopy equivalence. (I
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4. GRADING

The objective of this section is to prove theorem 1. For any [n] € Ay, the
topological spaces Sy(n) and Tj(n) are naturally graded as products of graded
spaces and given f € Ar([m], [n]), the maps S7(f) and T7(f) preserve this grading.
Hence we can define functors Sy, Tk : A — Top such that Sy x(n),Tr x(n) are
the kth components of Sr(n),Tr(n). The natural transformation 7 also preserve
the grading so we get natural transformations 07 : St — 717 inducing maps
h[yk : B(Sl,k, A[,*) — m]?kH.

We now fix I € €. Let €; C € be the subcategory whose objects are the subsets
of I. Then . induces a functor . : €5 X A?p — Top defined as follows: On
objects Z1(J,[n]) = Sj(n). Given morphisms i : J — J" and f : [m] — [m/], we let
j:J —1Tand j' :J — I be the unique morphisms. Then we have the diagram

Sjoa;
S5 (m) (S50a;)(f)

lsl(m) \Lsi(m/)
(Syr0a;)(F)
Syi(m) ——L2 S5 (m/)

SJ(m’)

which commutes since s; is a natural transformation and a; = a; o a;. We define
1, f) = si(m/) o (Syoa;)(f) = (Syoaj)(f)osi(m). In a similar way, the
functor .7 : € — R induces a functor 77 : €; x A — Top and the natural
transformation $ induces a natural transformation 97 : .7 — 7. Consider the
functor B(1, A, *) : € — Top.

Proposition 4.1. The functors

B(Y1,A1,%
¢r Silliy Top hTop

¢r ¢ Z R I hTop

are weakly equivalent.

Proof. The assignement B(Sy, Ay, %) = B(Sy, Ay, %) (J € &) provides the nat-
ural transformation. O

We define functors .7 i, Tk : €1 x AP — Top by setting 77 ,(J,n) = Syi(n),
T1.6(J,n) =Ty r(n) and a natural transformation 975 = (1,71.%) : 1.k — Ti k-

Let J € €7 and let j : J — I be the unique morphism. Then we get a
map s; : S1(J,n) = Sy(n) — Si(n) and toghether these maps define a map
s : B(x,€1,.%7) — St of right Ar-modules. Let €;; be the subcategory of €;
whose objects are the subsets J C I with cardinality #J < k.

Proposition 4.2. The map s : B(x, €, S1.1) — Stk is a weak equivalence of Ag
modules.

Proof. The basic observation is that given a morphism i : J — J’, the maps
si(n) : Sy(n) — Sy (n) restricted to each component of Sy(n) are homeomorphisms
onto a component of Sy (n). Fix [n] € Ar and let Zy C Z x Z™ x Z! be the
subset of the tuples on non-negative integers whose sum is k. We write an element

ke Zy ) as k= <k0, (kaz)wer , (kx)QCeI). To each k € Zy ), we associate an
a=1

yeeesTU
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object Jp € € by setting
Jp=A{x € I|ky, #0or Ja: kap # 0}

We define a functor S;  : &€ — Top as follows: on objects
0 itJ. ¢ J
SE,n(‘]) = 9)%,60 X ( H E)Jtﬂkw) X (H mm’km) if ‘]E cJ
a=1 n

. zeJ
xzeJ

Then Si, (J) C Syx(n) and, given a morphism i : J — J' in €, we define S;. (i)
as the restriction of s;(n) : Sy(n) — Sy (n) to Sj, (J), which is a homeomorphism
onto Si (J') whenever J; C J. Then, for any J C I,
Z1k(J,n) =S5k(n) = H Sinld)

EGZ[JC

and, given morphisms i : J — J', 1 : [n] — [n],
Frx(i,1) = si(n) = [ Si,0)
EEZI,k

Hence,
B+, i, 1) (n) =[] B+ €, S;,,)

EEZI,k
Now consider the subcategory €, » of €7 whose objects are the sets J such that
Jy ©J C I and #J < k. Then B(x, €1, S;,) = B(x €, 1, S ). The maps
sj + Sy — Sr induce homeomorphisms B(*, &, 7, S, ) = B(%,&; 3,8, z(I)) and
since €, - has an initial object (J;), we have
B, € 1, Sy (1) = B+, € %) @4 Sy (1) = Sp (1)
This shows that the map s : B(*,&; x,S1,,) — Sr is a weak equivalence. O

As a corollary we can now prove theorem 1:

Theorem 1. Let I C C? and suppose that, for any J € €1, hyy is a homotopy
equivalence. Then hy . is a homotopy equivalence.

Proof. Let My : €, — Top denote the functor given by My ,(J) = D, H. The
pullback maps 7%, 90 ,H — M xH induce a map 7 : B(x, &y, My ) — My i H.
We have a commutative diagram

h s
B(S]’k, A[, *) i> DﬁLkH - B(>k7 Q:[’k, M[’k)

ST: hT
B(B(*7 el,kv y],k)) AI, *) ; B(*) CI,]C) B(yI,kH AIa *))
where h is induced by the maps h;, for J € €; ;. Hence h is a homotopy equivalence.
So we only need to show that 7 is a homotopy equivalence. It was shown in [12]

that Mj, and the maps 77%; provide the nerve of a cover of M by Zariski open
sets. The result follows. O

From theorem 4 we get as an immediate corollary theorem 2 for k = 1:
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Corollary 4.3. hy 1 is a homotopy equivalence.

5. THE CASE k =2

We now prove theorem 2 for £k = 2. By theorem 1, it is enough to consider
the case when #I = 2. So in this section we fix I = {z,y} € €. We will show
in appendix A that there is an open cover {A4;, Ay, No} of MoV, together with
spaces N_, N; C M; 1V and a homeomorphism B : N/ x NZ'/ — Ny such that, if we
let Ag = A, N Ay, and Ny = N, N N,, there are homeomorphisms

Azgmtmgv N; %9313371‘/ EEIN; XNé gAmeQ
A, =M,V Nl =,V B N x Nj 22 A, 1Ny
A@gm@gv NQ/) %EDT@JV EHNQ/) XNQ/) §A00N2

Hence we have maps
3) MgV x MV )i — My 1,V (MgV x M,V ) — My iV
(EDT@V X SﬁyV)k — E)ﬁy,kV (Esz X myV)k — DLRMV
where (---)g denotes the degree k component, k& = 0,1,2. We define the graded
simplicial spaces M, N : A°? — Top by setting

MV (n), = (M, V x (MpV)"™ x MyV )i

NV (n)g = (M V x (MyV)" x M,V )i, (k=0,1,2)
and defining morphisms in the usual way. Let V : A — Top be the functor which
assigns to [n] the affine n-simplex. Write |[MV| = MV @AV, [INV|=NV®aV for
the geometrical realizations. NV is just the nerve of the cover {A,, A,, Na}. Then

the natural maps |[MV| — M, 2V and [NV]| — DMy oV are homotopy equivalences.
Now consider the bi-simplicial space F'V : A x A° — Top given by

FV(n,m) = (M V x (MyV)" x MV x (MpV)™ x M,V )2
The morphisms are defined as follows: given morphisms i : ny — ng and j : my —
ma, FV(i,7) : FV(n1,m1) — FV(na,ms) is induced by the maps

MV(Z) (M, x (m@)"l X Wt@)k — (SUQ X (m@)w X m@)k

MV (5) = (Mg x (M)™" x My ) — (Mg x (My)™* x My )
The maps (3) induce a map hy : FV @axa VXV — My oV. Taking the direct
limit over all subspaces V' C H, we define functors MH, NH, FH and a map hy.

Proposition 5.1. hu is a homotopy equivalence.

Proof. Let FH,, be the simplicial space obtained from FH by fixing m. Then
FH®AxA VXV X (FH,, @A V)®a V

The simplicial space FH,, ®a V is isomorphic to the simplicial space
[m] — (MH®Aa V) x (DH)™ x M, H

We have then a weak equivalence 77 : FH,,®AV — NH. 7 induces a map betwen the
spectral sequences associated with these simplicial spaces. These spectral sequences
collapse at the Fy term (see [12]) and it easily follows that the induced map on
geometrical realizations |7j| : |FH,, ® AV| — |NH] is an isomorphism in homology.
Since the spaces are simply-connected, |7]| is a homotopy equivalence. Since hy is
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the composition |FH,, @ AV| — | NH]| — 907 oH we conclude that hy is a homotopy
equivalence. [

Now let d : A — A x A be the diagonal inclusion. Then
(FVod)@aVEFV @axa VXV

We can represent the main morphisms of F'V od with the diagram

M2 L Moy o — Moy o — My o ~ My 2
B B B B
My1 X My r My, x My 1 . a My X My 1 L M1 X My 1
= =] =
Mg 1 x My 1 My 1 x My 1

*

T My 1 x Mgy — My 1 x Mgy -— My x My 1

* * *
s s ™

me X 93?@)1 — gﬁwJ X mt(z)’l I mr,l X m%l z 9)?@’1 X m%l = ?J)I@’l X Sﬁy,l

Direct inspection of the open cover {A;, A,, N2} shows that the spaces |F'V o d|
and B(FV od, A, x) are homotopically equivalent (or we can show that we have an
isomorphism in homology in the limit over V' C H). Hence, theorem 2 will follow
from

Proposition 5.2. There is a homotopy equivalence
B(S7.00, A1, %) — B(FHod, A, *)
such that the diagram

hr 2 ~ _ _
(4) B(Sr.2, A1, ) — 2> B(Tr.2, Ap, %) —==> B(T; 5, A7, %)
\L: [I]T
B(FHod, A, %) i Mo

is homotopy commutative.

Proof. The functors Sy o and FH o d are equal on objects. Given f € Z(1), we
define B, : (M, H x 90t H), — 9, ,H by

mBrm’ =Mf(m) BMSf(m') =Mf(mBm')

Let Ay denote the category with same objects as A and whose morphisms are
Ag(m,n) = A(m,n) x £(1). Let FHy : Ay — Top be the functor which
coincides with FH o d and S; 2 on objects, and on morphisms is induced by Hy.
Notice that, since the maximum degree is 2, morphisms involve at most one non-
trivial product H;. The canonical inclusion A — A & is an equivalence of categories
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so it induces a homotopy equivalence B(FH o d,A,x) — B(FHg,Ag,*). Now
consider the isometry a; € L(H,H @ H) defined by

at(v) = (sint v, costv)
Fix f € .Z(2) and consider the composition

oo Xt

MH x IMH 2% M(H & H) x DM(H & H) — 2 D(H & H) — > 90

For ¢t = 0 this map equals Hyoq,, and for ¢t = 1 it equals the operad action of f
on MH (see appendix A). So we have a homotopy equivalence B(St 2, Ar,*) =~
B(FHy,Ag,*). It is then straightforward to check that diagram (4) is homotopy
commutative. O

6. THE LIMIT WHEN k — 00

Let n = #I and let r = dim V. In [2], [9] it was shown that 90%; 1V is isomorphic
to the moduli space of charge k SU(V) instantons over a connected sum X,, of
n copies of P?, based at a point o € X,. We represent this moduli space by
M} (X,,). In [14] Taubes described, for k' > k gluing maps M} (X,,) — M, (X,,)
and showed that in the direct limit when k£ — oo, we have a homotopy equivalence

Mo (X,) = Mapo(X,, BSU(V))
Let K be the homotopy fiber of the map (M V)’ N My V.

Theorem 5. There is a commutative diagram

K=K

@y V) e [] PV o (2BsU(V))
xel

w wor™*

My ooV ——> My oV (Q2BSU(V))!

where the horizontal and vertical lines are fiber sequences.

Proof. X,, is a connected sum of n copies of X; = P? so we have a cofibration
V,_1S* — X, with quotient \/ X;. On the other hand the inclusion of the 2-
skeleton gives a cofiber sequence \/ S? — X,, — S*. We have the diagram

Vs ==V s

L

V S? X, G4

L

VS ——= VX —\5*

Applying the functor Map(-, BSU(V)) we get the desired diagram of fiber se-
quences. [
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Taking the direct limit over all subspaces V' C H, and applying Bott periodicity,
we get My ooH = limM; oV ~ BU x BU".

Theorem 3. The map hro @ B(S100, A1, %) — B(T7 00, Ar, %) is a homotopy
equivalence.

Proof. In [13], homotopy equivalences f; : Moo (P2, V) — BU x BU! were described
with the following property: if we let d : BU — BU' be the diagonal inclusion,
then the following diagrams

My H—" By M, o H—T" ~ BU x BU®

iwaf J{(l,d) J/ﬂ';l l(lyl-,d)
My ol —> BU x BUT My o H "> BU x BU* x BU\®
are commutative. Let &5 : BU x BU! — BU x BU! be the map defined by
§r(a, (az)oer) = (a, (a2 — a)oer)
and let x € Q2BSU be the basepoint. Then we have the commutative diagrams

My oo H 2 By M, o — =" By« BU=

iﬂéz J/(l’*) lwgl l(l,l,*)

My H 2Ly« BUt M o H L By« BUe x BUT\

Given an Z-space X we define the functor T7(X) : A; — Top by assigning to each
[n] the space X x X™ x XT and defining morphisms just as for 77. Then there
are weak equivalences

St =~ Tr(BU) x BU! Ty, ~T;(BU)x T;(BU")od
where d : A; — Ap x Ay is the diagonal. h o induces a natural transformation
(1,k) : T;(BU) x BU! — T1(BU) x T;(BU') o d
that assigns to each [n] € A; the map k(n) : BU! — Ty(BU)(n) given by

k(n) : (az)eer — (%, %, (bay)ayer) € BUT x BUMIXD 5 pyt=!

b ol T=y

Yolx z#y
Consider the category A; introduced in section 3. Tr(X) can be extended to
Ti(X): Ay — Top just as Ty. So we get functors

where

T1(BU) x BUY, T;(BU) x Ty(BU") od : A} — Top

For any f € Ar(n,—1), the composition

BUT —> BUT x BUMI*D) x BUI*T —'~ py!
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is the identity, so we can extend the natural transformation k by setting k(—1) =
1: BU! — BU!. We thus have a commutative diagram (compare with the proof
of theorem 4)

k
B(T;(BU),Ar,*) x BU! (k) B(T;(BU) x Tr(BUT), Ap, %)

Tk

B(Ty(BU), Ay, ) x BUT 2L B(T(BU) x Ty (BUT), Ay, %)

T(BU)(—1) x BUl =—==T;(BU)(-1) x T;(BU!)(-1)

which shows that (1,%) is a homotopy equivalence. It follows that hs o is a homo-
topy equivalence. O

APPENDIX A. MONADS

Fix I = {z,y} € €. In this appendix we describe the open cover {A4,, A,, N2} of
9M; 2V, the spaces Ny, N, , and the map 8 : N; x N; — Na. The maps 7 , T, are
open embeddings (see [12]) and we let A, = Im(n; ;), A, = Im(m; ;. To describe
the other spaces we need the monad description of the moduli spaces, introduced
in [4], [6], which we briefly review here.

Let Wy, W1 be rank k complex vector spaces. Let R be the space of 4-tuples
(a1, a2,b,c) where a; € End(W7), b € Hom(V,W;) and ¢ € Hom(W3,V), obey-
ing the integrability condition [a1,as] + bc = 0. Let R’ be the space of 5-tuples
(a},ah,d' b, ) where a} € Hom(Wy,Wy), d' € Hom(Wy, W1), ' € Hom(V, Wy)
and ¢ € Hom(W7y, V), such that ay (W1) + af,(W1) + (V) = Wy, obeying the inte-
grability condition ajdas — asda; + be = 0. GI(W7) and GI(Wy) x GI(W7) act by
composition on R and R’ respectivelly. A 4-tuple (a1, az,b,c) is called nondegen-
erate if, for any subspace U; C W1,

Imb C Uy and ai(Ul) c U (Z = 172) = U; =W
U; C Kerc and ai(Ul) cl; (Z = 1,2) = U; = 0
A 5-tuple (a},ab,d’ b, ') is called nondegenerate if, for any subspaces Uy C W)
and U; C Wi such that dim Uy = dim U; we have
Imb C Uy and dl(U()) Cc Uy and ai(Ul) c Uy (Z = 1,2) = U, =W, (Z = 1,2)
U, € Kercd' and d'(Up) C Uy and aj(U) C Uy (i=1,2) = U; =0 (1 =1,2)

Let Ryeg, R}, denote the subspaces of nondegenerate configurations.

Theorem (Donaldson [4], King [6]). The actions of GI(W1) and GL(Wy) x GL(W7)

on Riyeg, Ryey are free and we have isomorphisms

Rireg/GUWL) = My 1,V Rieg/ (GUWy) x GL(W1) ) =M, 1,V
The algebraic quotients R//GI(W1), R'//GI(Wy) x GI(W1) are isomorphic to the

Donaldson- Uhlenbeck completions My 1V, My 1V of My 1,V and M, V' respectiv-
elly.
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Given an isometry « € L(V1,V3), we get a dual map o : V5 2 Vo — Vi* 2 V.
The map Ma : MV, — MVs is induced by b — bo a*, ¢c — aoc. Whitney sum
w: My 1 VXM 1 V' — My (V@V') is induced by direct sum: let a; € End(W),
b € Hom(V,W1), ¢ € Hom(W1,V), and let a; € End(W{), b € Hom(V', W),
¢ € Hom(W{,V’). Then

w([ay, ag,b, ], [a},ab, b, c']) = [a1 ® al,a2 D ab,b® V', c® ]
Corresponding results hold for Whitney sum on 9, 9,. Now write z = (21,22) €
C? and fix an isomorphism d : Wy — W;. Then the map 71'8’1, My 1V — My iV is
given by

Th.([a1,a2,b,c]) = [d (a1 — 211),d  (ag — 201),d,d" b, (]
Fix § > 0 and let
N, ={la}, a5, d" V', € M1V« |d'ay| <6}
Ny(z) = {[a1,a2,b,c] € My 1V ; |ar — x1| <6
Proposition A.1. There are homeomorphisms Ny = My 1V, N, =M, V.

Proof. Let My be the space of orthogonal vectors u,v € V modulo the action of
C* given by g(u,v) = (gu,g~'v) and let M, be the space of orthogonal vectors
(u,v) € V modulo the action of C* x C* given by (go, g1)(u,v) = (gou, g; ‘v). Then
My 1V = C? x My and the projection M, 1 — M, given by [a}, ah,d’, v/, '] — [V, ]
is a fibre bundle with fiber C3. The result easily follows. O

Now consider the map By : Ny(x) x Ny(y) — Dy oV given by
[alza a2z, bz, Cz] 53@ [alya A2y, bya Cy]
byc
o A1z 0 G2z alyz_glm ba
= |:( 0 aly) y (Urliy_czly asy ) by a(Cz Cy)

and the map 8, : N x Nj(z) — M, 2V given by

[allv al27 dla b/, cl] B, [a1z7 a2z, b, Cz]

/ ’
o <a/1 0) Qg duab/{%d% (d/ 0) (b’) (c/ c”)
- " bl e " 9 u /! 9
0 af W aly 0 d b
h Yoaly,d" b, " =7} b N traightf d tations
where [af,al),d",b", "] = W@)y[aly,agy, s Cy]. Now, straightforward computations

show that

Proposition A.2.

(1) There is a commutative diagram

H
Nj x Nj —2> My »

lﬂ'awxl lwaw

H,
N; X NQ/) e Dﬁz’g
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(2) Let a € L(V,V'). Then we have a commutative diagram

MV x MV —2 > ;7

iSﬁaxDﬁa i{)ﬁa
H

MV x MV ——= MV’

(3) Letv: V=V aV' o/ : V' = V&V be the canonical inclusions. Then w
equals the composition

MV x MV 5 MV @ V') x MV @ V') —Es (Vv @ V)

The maps H,, B,,Hy are open embeddings (see [12], proposition 4.5). Let C' =
M2V \ (A U Ay). We define No = 7 Im(8,) U, [Im(8,)UC.

Proposition A.3. There is a homeomorphism B : N, x N; — Ny which extends
B, 8,.

Proof. The proof follows the same lines as the proof of proposition 4.9 in [12].
We sketch the proof here, refering to [12] for more details. Let m, ; : P2 — P2,
T,y : P2 — P? be the blowup at y, and let 7 : P; — P, 7y, : P2 — P? be the
blowup at x. Taking the direct image of the bundles we get maps

(Te1)s : My a2V — My 0V (T0.4) %t My 1V — My 1V
(g 1) : My 2V — My, oV (Tp.2)x : My 1V — My V.
where the bar denotes the Donaldson-Uhlenbeck completion of the moduli space.
Given m, € N., m, € Nl//’ we define m, Hm, as the only solution of the system
of equations
(72,1) (M Bmy) =mg B, (mp ) emy
(my, 1) (Mg Bmy) = (7 2 )sma By my

To check existance and uniqueness we let SoN; = Ny \mg Ny, SoNy = Ny \ 75 Ny
and observe that

Ny x Ny = (N x 75, Ny(y)) U (5, Ng(2) x Nyj) U (SoN; x SoN,)

Outside SoN; x SoN, we can solve the equations and get

*

* % * _
my By m =7y [(m, B, m) Ty mBmy, =7,

(m By my)

If (ma,my) € SoNJ, x SoN,, then (my 1)+ (mq Bmy) € M, 5V is the ideal instanton
determined by z € M, 1V and a delta at y, and (m, 1)«(m, Bm,) € M, o is the
ideal instanton determined by y € 9, ;V and a delta at . By proposition 4.3 in
[12], this completely determines m, B m,. Continuity is proved exactly as in [12],
proposition 4.9. (]

Finally we observe that the results of proposition A.2 extend to H by continuity
since Ny is dense in N;.
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