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A mathematical history of relativity

• 1862: Maxwell’s equations in vacuum are essentially wave

equations with propagation speed c = 1√
ε0µ0

= 1:

∆u− ∂2u

∂t2
= 0



• Problem: The wave equation is invariant under the Lorentz

group







t′ = γ(t− vx)

x′ = γ(x− vt)
, γ =

(

1− v2
)−1

2

whereas Newtonian mechanics is invariant under the Galileo

group







t′ = t

x′ = x− vt



• 1905: Einstein’s solution: make mechanics invariant under

the Lorentz group. Consequences: time dilation, length

contraction, relativity of simultaneity, E = mc2 and all that.



• 1907: Minkowski observes that the Lorentz group preserves

the quadratic form

∆s2 = −∆t2 +∆x2



• Meaning: ∆τ =
√

−∆s2 =
√

∆t2 −∆x2 = proper time.

• No faster than light motions: ∆t2 ≥ ∆x2 ⇔
(

∆x

∆t

)2

≤ 1.

• Light rays correspond to ∆s2 = 0.

• Physics becomes geometry.
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x

x = vt

T
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• Doppler effect: T ′ = T

√

1+ v

1− v



• Twin paradox:



t

xO

P

Q

Earth Planet X

• Travelling twin: ∆τ = 2
√

(T/2)2 − (vT/2)2 = T
√

1− v2 < T .

Straight lines maximize proper time (geodesics).



• Gravitational redshift: light should lose energy = frequency

as it goes up.



• Problem: this is incompatible with Minkowski’s geometry.

t

z

∆z

T

T ′ = T



• 1915: Einstein’s solution: curve Minkowski’s spacetime.



• A chart of a curved surface distorts distances. Geodesics

look curved, just like z = z0 − 1
2gt

2.



Lorentzian manifolds

• A Lorentzian manifold is a pair (M, g), where M is a smooth

manifold and g is a nondegenerate symmetric 2-tensor with

signature (−+ . . .+).

• Example: the analogue of Euclidean space is the Minkowski

spacetime:

M = R
n+1, g = −dx0 ⊗ dx0 + dx1 ⊗ dx1 + . . .+ dxn ⊗ dxn

• Many things are the same as for Riemannian manifolds: for

instance, there exists a unique Levi-Civita connection ∇.



• Many things are different:

• Vectors v come in 3 types:

1. Timelike: g(v, v) < 0

2. Lightlike: g(v, v) = 0

3. Spacelike: g(v, v) > 0

(v is causal if it is not spacelike).

• A curve c : I ⊂ R → M is timelike, spacelike, lightlike or

causal if ċ is. (If c is a geodesic then g(ċ, ċ) is constant).
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• (M, g) is said to be time orientable if there exists a nonva-

nishing timelike vector field v. If M is time orientable then

there are two possible choices of time orientation.

• The causal future of a set S ⊂ M is

J+(S) = {p ∈ M | ∃ future-directed causal curve c : [0,1] → M

with c(0) ∈ S and c(1) = p}

• The future domain of dependence of a set S ⊂ M is

D+(S) = {p ∈ M | every past-directed inextendible

causal curve intersects S}



(Minkowski spacetime)
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Einstein’s equations

• Vacuum Einstein equations (Einstein, 1915): Ricci(g) = 0



• If matter fields are present then they produce an energy-

momentum tensor Energy, and Einstein’s equations become

Ricci(g)− 1

2
trRicci(g)g +Λg =

8πG

c4
Energy

(Λ = cosmological constant).

• Additionally, matter fields satisfy their own (hyperbolic) field

equations.



Initial value formulation

Σ0

Σt

∂
∂t



• Take spacelike hypersurface Σ0 ⊂ M and move it a distance

t along normal geodesics; the hypersurface Σt ⊂ M thus

obtained is still spacelike, and the restriction γt of g to Σt is

a Riemannian metric.

• Knowing γt is equivalent to knowing g = −dt⊗ dt+ γt.

• Kt =
1

2

∂γt

∂t
is called the second fundamental form.



• Using the Gauss-Codazzi relations one can write the vac-

uum Einstein’s equations Ricci(g) = 0 as

trRicci(γt) + (trKt)
2 − trKt

2 = 0

divKt − d (trKt) = 0

(constraint equations, elliptic) plus

∂Kt

∂t
= −Ricci(γt) + 2Kt

2 − (trKt)Kt

(evolution equations, hyperbolic).

• Ricci flow: Kt = −Ricci(γt) (parabolic).



• Theorem (Choquet-Bruhat, 1952; C.-B. & Geroch, 1969):

Given (Σ0, γ0,K0) satisfying the constraint equations, there

exists a unique Lorentzian 4-manifold (M, g), called the max-

imal Cauchy development, such that:

1. (M, g) satisfies Einstein’s equations;

2. Σ0 is (diffeomorphic to) a spacelike hypersurface of M

and M = D+(S) ∪D−(S);

3. γ0 and K0 are the induced metric and second fundamental

form of Σ0;

4. Every other solution of the above is (isometric to) a subset

of (M, g).



Moreover, if two sets of data agree on an open set S then

their maximal Cauchy developments agree on D+(S)∪D−(S).
Finally, one has continuous dependence of initial data for

appropriate topologies.



Penrose diagrams

• The Penrose diagram of a spherically symmetric Lorentzian

manifold (M, g) is the quotient M/SO(3) conformally mapped

to a bounded domain of R
2. Each point represents a sphere

of radius r, and radial light rays have slope ±1.
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Strong cosmic censorship

• When a charged black hole forms the solution is extendible

in a nonunique way across the Cauchy horizon r = r−.

• This is a breakdown of determinism.

• 1965: Penrose’s solution: blueshift renders generic solu-

tions inextendible.
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• No gravitational waves in spherical symmetry (Birkhoff’s

theorem). Simplest hyperbolic matter model: a scalar field

satisfying the wave equation.

• Einstein-Maxwell-scalar field equations:

Rµν − 1

2
Rgµν +Λgµν = 2Tµν

Tµν = ∂µφ∂νφ− 1

2
∂αφ∂αφ gµν + FµαF

α
ν − 1

4
FαβF

αβgµν

�φ = 0

dF = d ⋆ F = 0



• Spherical symmetry, double null coordinates:

(u, v) ∼ (t− r, t+ r)

ds2 = −Ω2(u, v)du dv + r2(u, v)
(

dθ2 + sin2 θ dϕ2
)

φ = φ(u, v)

F = −eΩ2(u, v)

2r2(u, v)
du ∧ dv



• Equations become:

∂u∂vφ = − ∂ur ∂vφ+ ∂vr ∂uφ

r

∂u∂vr = −Ω2

4r
− ∂ur ∂vr

r
+

Ω2e2

4r3
+

Ω2Λr

4

∂u

(

∂ur

Ω2

)

= −r
(∂uφ)2

Ω2

∂v

(

∂vr

Ω2

)

= −r
(∂vφ)2

Ω2

∂v∂u lnΩ = −∂uφ∂vφ− Ω2e2

2r4
+

Ω2

4r2
+

∂ur ∂vr

r2



• Theorem (Dafermos, 2005): Assuming the expected decay

along the event horizon (Price law) for Λ = 0, strong cosmic

censorship holds in the spherically symmetric setting.∗

∗
Terms and conditions apply.
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• Theorem (Costa, Girão, Natário and Silva, 2018): Assum-

ing the expected Price law for Λ > 0, strong cosmic censor-

ship fails in the spherically symmetric setting.∗

∗
Terms and conditions apply.


