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FLRW models, conformal time and scri

M = [t0,∞)× R
n, a : [t0,∞) → R

+ nondecreasing

g = −dt2 + a2(t)

(
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dx1
)2

+ . . .+ (dxn)2
)
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�gφ = 0

φ(t0, x) = φ0(x)

∂tφ(t0, x) = φ1(x)



τ =
∫ t

t0

dt

a(t)
conformal time

g = a2(t)

(

−dτ2 +
(

dx1
)2

+ . . .+ (dxn)2
)

Spacelike scri if
∫ ∞

t0

dt

a(t)
<∞



In this case, φ approaches a function as t→ ∞

I +

Σ



Fourier modes

M = [t0,∞)×
R
n

2πZn
, φ(t, x) =

∑

k∈Zn
ck(t)e

i〈k,x〉

�gφ = 0 ⇔ c̈k +
nȧ

a
ċk +

k2

a2
ck = 0



a(t) = tp, p < 1 ⇒ |ck| . t−
n−1
2 p, |ċk| . t−

n+1
2 p

a(t) = tp, p > 1 ⇒ ck ∼ Ck +Dkt
−2p+2

a(t) = et ⇒ ck ∼ Ck +Dke
−2t



If scri is spacelike then dispersion does not matter:
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The operator trick (Klainerman and Sarnak)

�gφ = 0 ⇔ ∂2τ φ+ (n− 1)
a′

a
∂τφ = ∆φ

If Ô

(

∂2τ + (n− 1)
a′

a
∂τ

)

φ = ∂2τ Ôφ

and Ô∆ = ∆Ô then ∂2τ Ôφ = ∆Ôφ



n = 3 and a(t) = t2/3 (dust): Ôφ = τ2∂τφ+3τφ

τ3φ(τ, x)=
∫ τ

τ0

s

4π(s− τ0)2

∫

∂Bs−τ0(x)
ψ0(y)dV2(y)ds

+

∫ τ

τ0

s

4π(s− τ0)

∫

∂Bs−τ0(x)
∇ψ0(y) ·

y − x

|y − x|
dV2(y)ds

+

∫ τ

τ0

s

4π(s− τ0)

∫

∂Bs−τ0(x)
ψ1(y)dV2(y)ds+ τ0

3φ0(x)

For appropriately decaying initial data, |φ| . t−1



Closed form expressions also for:

a(t) = 1 (Minkowski)

a(t) = t1/2 (radiation)

a(t) = et (de Sitter)



In the first two cases, |φ| . t−1 for appropriately

decaying initial data

Expected from Fourier modes: |φ| . t−p

As p increases redshift helps decay but dispersion

becomes harder, and the two effects compensate exactly



Conjecture: If a(t) = tp with p ∈ [0,1] then |φ| . t−1

(

More generally |φ| . t−
n−1
2

)



ψ = a
n−1
2 φ ⇒ ∂2τ ψ −∆ψ =

µ

τ2
ψ

µ =
(n− 1)p(2p− 1)

2(1− p)2
+

(n− 1)(n− 3)p2

4(1− p)2

(

µ ≤ 0 for p ≤
2

n+1

)



Dispersive estimate (vector field method) ⇒ |φ| . τ−
n−1
2

Therefore |φ| . (τa(τ))−
n−1
2 ∼ t−

n−1
2

(

Böhme & Reissig (2012): ‖∇φ‖Lq . t
−n−1

2

(

1
p−

1
q

)

)


