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Euler Top

e An Euler top is a rigid body with a fixed point moving freely
in an inertial frame.

e Motion given by S : R — SO(3), whence S(t) = S(t)A(t)
whith A(t) € s0(3).

e Angular velocity: w(t) = S(t)Q(t), where A(t)E = Q(t) x &.



Angular momentum: p = S(t)P(t), where P(t) = IQ(t).
I is the symmetric, positive definite inertia tensor.
Euler equation: p=0<« P +QxP=0.

Conserved quantities: ||P|| = ||p|| =p and K = 3(P, Q).
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A picture of the motion

{e,f,n} right-handed orthonormal basis fixed in the inertial
frame, with n = p/p.

N(t) = S~1(t) n = P(¢) /p unit normal to the sphere |P|| = p.
E(t) = S~ 1(t)e and F(t) = S~ 1(¥) f tangent.
E+QxE=0=>E"=-2'F.

In other words, E(t) rotates with constant angular velocity
—2K /p with respect to a parallel-transported frame.



Montgomery’s formula

e After one period of P(t), the fixed vector p as seen in the by
the rotating Euler top has returned to the initial position.

e T hus the Euler top has rotated by some angle A# around p.

2KT A
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period and A is the area of the region bounded by the orbit.

e Montgomery's formula: |Af8 = where T is the




_ 2KT . . . ,
e Dynamical phase: —— is minus the rotation of the fixed

p
frame about N(2).

A
e Geometric phase: —— IS the holonomy of the parallel trans-
p
port on the sphere.



Interpretation of the geometric phase

e \We can give an approximate interpretation of the geometric
phase for orbits starting close to the unstable equilibria.

e Heteroclinics are contained in great circles.

e With respect to an auxiliary frame rotating about p with an-
gular speed 2K /p, the motion of the Euler top during one
period consists of two 180° rotations about certain axes per-
pendicular to p.






