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I describe research done in collaboration with J. Sorce showing that one cannot over-
charge and/or over-spin an initially slightly nonextremal Kerr–Newman black hole via
the type of gedanken experiments proposed by Hubeny and others, assuming that the
nonelectromagnetic stress-energy tensor of the matter entering the black hole satisfies the
null energy condition. Analysis of such gedanken experiments requires that we calculate
all effects on the final mass of the black hole that are second-order in the charge and the
angular momentum carried into the black hole. We do so using Lagrangian methods, and

our formula for the second-order correction to mass, δ2M , is obtained by generalizing
the canonical energy analysis of Hollands and Wald to the Einstein–Maxwell case. Our
formula for δ2M automatically includes all self-force and finite size effects.

Keywords: Black holes; cosmic censorship.

PACS Number(s): 04.20.−q, 04.70.−s

1. Introduction

The Kerr–Newman family of metrics are the unique stationary, asymptotically flat
black hole solutions of the Einstein–Maxwell equations in four spacetime dimen-
sions. The Kerr–Newman metrics comprise a three-parameter family of solutions
parameterized by mass M , charge Q, and angular momentum J = Ma. However,
these solutions describe black holes only for a limited region of this parameter space,
characterized by the inequality

M2 ≥
(
J

M

)2

+Q2. (1)

When this inequality is not satisfied, the spacetime contains a naked singularity,
i.e. the singularity is visible from infinity.

The above facts give rise to a possible means of testing the weak cosmic censor-
ship conjecture, which states that all singularities arising from gravitational collapse
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must be hidden within black holes, so that no physical process can give rise to a
naked singularity. Suppose that we start with a Kerr–Newman black hole satisfy-
ing (1). Now throw/drop matter into the black hole carrying energy E, angular
momentum �, and charge q, so that the final state will have mass M + E, angular
momentum J+�, and chargeQ+q. Then, if � and/or q can be made sufficiently large
compared with E, the inequality (1) would be violated, resulting in a contradiction
with the final state being a black hole.

The most obvious case to consider for an attempt to destroy a black hole in this
manner would be to start with an extremal black hole, satisfying M2 = (J/M)2 +
Q2, and to throw in particle matter. I analyzed this case in 19741 and I showed
that no violations of (1) can occur by throwing particle matter into an extremal
Kerr–Newman black hole. The nature of this result is well illustrated by considering
the special case of attempting to “over-charge” an extremal Reissner–Nordstrom
(Q = M) black hole. Let ξa denote the horizon Killing field, which, for a Reissner–
Nordstrom black hole, coincides with the static Killing field (∂/∂t)a. A test particle
with mass m and charge q in this spacetime has energy given by

E = −paξ
a = −(mua + qAa)ξa. (2)

Since ξa is null on the horizon, the first term −muaξ
a is nonnegative on the horizon,

although it can be made arbitrarily small. Thus, the energy of a particle that crosses
the horizon is bounded below by the electromagnetic potential energy term

E ≥ qΦH , (3)

where ΦH = (−Aaξ
a)|H is the electromagnetic potential evaluated on the horizon.

However, ΦH = 1 for an extremal Reissner–Nordstrom black hole, so any particle
that enters the black hole must satisfy

E ≥ q. (4)

Consequently, we haveM+E ≥ Q+q, so (1) holds. In other words, any particle with
sufficiently large charge q as compared with E to produce a violation of (1) for the
final state would be repelled by the electric field of the black hole and cannot enter
it. As shown in Ref. 1, similar results hold for attempting to over-charge and/or
over-spin a general extremal Kerr–Newman black hole using particle matter.

Nevertheless, in 1999 Hubeny2 proposed that violations of (1) might still occur if
one suitably added matter to a slightly nonextremal black hole. To see this, consider
a slightly nonextremal Reissner–Nordstrom black hole. It is useful to introduce the
dimensionless parameter

ε =

√
M2 −Q2

M
, (5)

so that ε→ 0 in the extremal limit. For ε� 1, we have

ΦH =
Q

r+
≈ 1 − ε, (6)
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where r+ = M +
√
M2 −Q2 is the horizon radius. In place of (4), we now obtain

E ≥ q(1 − ε). (7)

Consequently, we have

(M + E) − (Q+ q) ≈ −εq +
Mε2

2
. (8)

Thus, it might appear that we can obtain a violation of (1) by taking q > εM/2
(but still keeping q � Q).

The main difficulty with Hubeny’s argument is that for q ∼ εM , the violation
of (1) given by (8) is of order εq ∼ q2/M . Consequently, to determine if one truly
can obtain a violation of (1), the quantities appearing in (8) must all be calculated
consistently to the appropriate order. Specifically, the energy, E, of the matter must
be calculated to order q2. However, formula (2) applies only to “test matter” and
is valid only to linear order in q; it does not take into account the contributions
of electromagnetic self-energy (which require consideration of bodies of finite size)
or the energy contributed by self-force effects, both of which enter at order q2. In
particular, it is possible that self-force effects could contribute to a repulsion of the
body from the black hole, requiring that the body be given additional energy at
order q2 in order to enter the black hole.

Similar potential violations of (1) have been found in other cases.3–8 However,
just as in Hubeny’s argument, in order to determine whether these potential vio-
lations actually occur, one needs to calculate all contributions to energy that are
quadratic order in the relevant parameters of the particle. This would appear to
require a complete analysis of self-force effects as well as finite size effects and any
other effects that might enter at this order. Unfortunately, the analytic computation
of electromagnetic and gravitational self-force effects on the motion of bodies near a
Kerr–Newman black hole is well beyond present capabilities. Thus, the main results
that have been obtained prior to our work9 came from numerical calculations,10–12

which gave indications that violations do not occur.
In this paper, I will describe results that Sorce and I recently obtained9 showing

that no over-charging or over-spinning can occur in gedanken experiments of the
Hubeny type. The first step was to obtain a general expression — first derived
in13 — expressing δM in terms of the flux of charge and angular momentum carried
into the black hole together with the nonelectromagnetic energy flux. Assuming
only that the nonelectromagnetic contribution to the stress energy tensor satisfies
the null energy condition, this formula enables one to prove9,14 that for arbitrary
processes involving matter falling into an exactly extremal Kerr–Newman black
hole, no violation of (1) can occur at linear order in the perturbation.

We then considered the possible Hubeny-type violations that might occur for
slightly nonextremal black holes. As discussed above, this requires a complete anal-
ysis — valid to second-order — of the contributions to the mass of a black hole for
arbitrary matter that enters a black hole. We performed this analysis by expressing
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the second-order change in mass, δ2M , of the black hole in terms of the canoni-
cal energy of the first-order perturbation. To proceed further, it was necessary for
us to make the additional assumption that the nonextremal black hole is stable
under linear perturbations, so that the first-order perturbation decays to a station-
ary final state. We were then able to evaluate the canonical energy in terms of a
positive flux contribution through the horizon and a contribution from the final
stationary perturbation. The resulting formula gives rise to an inequality on δ2M ,
which is precisely what is needed to show no violations of the Hubeny type can ever
occur. Remarkably, we were able to derive this inequality — which automatically
takes account of all self-force and finite size effects — without having to explicitly
calculate these effects themselves.

Our analysis differed from most previous analyses in the following three key
respects: (1) We considered completely general matter rather than particle matter.
Of course, “particle matter” makes sense in general relativity only when considered
to be a limiting case of general matter as described in Refs. 15 and 16, so the
general results derived in this paper also automatically hold for physically realizable
particle matter. (2) Rather than analyzing the motion of bodies to determine what
trajectories will or will not enter the black hole, we simply restrict consideration
to the case where all matter that is initially present enters the black hole, and we
compute the second-order variation of the mass for this case. This allows us to
derive the desired inequality without having to calculate the motion of bodies. (3)
Most importantly, we obtain an exact expression for the full second-order effects on
the mass of a black hole. This allows us to obtain the above-mentioned inequality
on δ2M .

In Sec. 2, we review general variational formulas arising from the Lagrangian
formulation that we will need for our analysis. We analyze gedanken experiments to
destroy an extremal black hole in Sec. 3. The Hubeny-type gedanken experiments
to destroy a slightly nonextremal black hole are analyzed in Sec. 4.

2. Variational Formulas

The Lagrangian for a diffeomorphism-covariant theory on an n-dimensional space-
time is given by an n-form L on spacetime, which is a local function of the metric,
gab, its curvature, and symmetrized covariant derivatives of the curvature, and
which may also depend on other tensor fields, ψ, and their symmetrized covari-
ant derivatives. We refer to the full field configuration as φ = (gab, ψ). We vary the
Lagrangian by considering a one-parameter family of field configurations, φ(λ), and
taking derivatives of L with respect to λ. The first-order variation of the Lagrangian
can be written as

dL
dλ

= E(φ) · dφ
dλ

+ dθ

(
φ,
dφ

dλ

)
, (9)

where E is locally constructed from the fields φ and their derivatives, while θ

is locally constructed from φ, dφ/dλ, and their derivatives; θ corresponds to the
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“boundary term” one would obtain by putting the variation of L under an integral
sign and integrating by parts to remove all spacetime derivatives from dφ/dλ. The
Euler–Lagrange equations of motion of the theory are simply

E(φ) = 0. (10)

The symplectic current (n− 1)-form ω is defined in terms of a second variation
of θ. For a two-parameter family of field configurations φ(λ1, λ2), we define

ω

(
φ;

∂φ

∂λ1
,
∂φ

∂λ2

)
=

∂

∂λ1
θ

(
φ,

∂φ

∂λ2

)
− ∂

∂λ2
θ

(
φ,

∂φ

∂λ1

)
. (11)

The Noether current associated with an arbitrary vector field Xa is defined as

J X(φ) = θ(φ; LXφ) − ιXL(φ), (12)

where ιXL denotes contraction of Xa into the first index of the differential form L.
A simple calculation17 shows that the first variation of J X can be written as

dJ X

dλ
= −ιX

(
E(φ) · dφ

dλ

)
+ ω

(
φ;
dφ

dλ
,LXφ

)
+ d

[
ιXθ

(
φ,
dφ

dλ

)]
. (13)

On the other hand, it was shown in Ref. 18 that the Noether current can be written
in the form

J X = CX + dQX , (14)

where QX is called the Noether charge and CX ≡ XaCa are the constraints of the
theory, so that Ca = 0 when the equations of motion are satisfied. In particular,
dJ = 0 when the equations of motion are satisfied, as can be shown directly from
the definition (12) of J .

By differentiating equation (14) with respect to λ and comparing it to Eq. (13),
we obtain the fundamental identity

d

[
dQX

dλ
− ιXθ

(
φ,
dφ

dλ

)]
= ω

(
φ;
dφ

dλ
,LXφ

)
− ιX

(
E(φ) · dφ

dλ

)
− dCX

dλ
. (15)

Now, assume that φ(λ) is globally hyperbolic with Cauchy surface Σ. Evaluat-
ing (15) at λ = 0 and integrating the resulting equation over Σ, we obtain∫

∂Σ

[δQX − ιXθ(φ, δφ)] =
∫

Σ

ω(φ; δφ,LXφ) −
∫

Σ

ιX(E(φ) · δφ) −
∫

Σ

δCX . (16)

A Hamiltonian hX associated with a vector field Xa is a functional of φ such that
if and only if φ satisfies the equations of motion, then under all variations δφ, we
have

δhX =
∫

Σ

ω(φ; δφ,LXφ). (17)
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If the spacetime is asymptotically flat and there is no “interior boundary” to Σ,
then a Hamiltonian, hX , conjugate to Xa must satisfy

δhX =
∫
∞

[δQX − ιXθ(φ, δφ)] +
∫

Σ

δCX , (18)

where “
∫
∞” denotes the limit to spatial infinity of integration over a suitable family

of spacelike (n − 2)-spheres. This motivates the following definitiona of the ADM
conserved quantityHX conjugate to an asymptotic symmetryXa for asymptotically
flat solutions: HX (if it exists) is the quantity such that, for all one-parameter
families of solutions, we have

δHX =
∫
∞

[δQX − ιXθ(φ, δφ)]. (19)

Finally, let us restrict consideration to the case where (i) φ0 = φ(λ = 0) is a
globally hyperbolic, asymptotically flat solution of the equations of motion, E = 0,
and (ii) φ0 possesses a Killing field ξa that is also a symmetry of the matter fields
ψ, so that Lξφ0 = 0. Then (16) yields∫

∂Σ

[δQξ − ιξθ(φ, δφ)] = −
∫

Σ

δCξ. (20)

The case of greatest interest for us is where φ0 represents the exterior of a stationary
black hole, and ξa is the horizon Killing field

ξa = ta + ΩHϕ
a, (21)

where ta is the timelike Killing field of φ0, ϕa is the axial Killing field of φ0, and ΩH

is the angular velocity of the horizon. The contribution to the boundary integral
from infinity is then just∫

∞
[δQξ − ιξθ(φ, δφ)] = δHξ = δM − ΩHδJ, (22)

where M is the ADM mass and J is the ADM angular momentum. If the spacetime
represents the exterior of a black hole, then there will be a contribution from the
“internal boundary” as well.

Let us now continue to restrict consideration to the case where φ0 = φ(λ = 0)
is a globally hyperbolic solution of the equations of motion that possesses a Killing
field ξa that is also a symmetry of the matter fields ψ, so that Lξφ0 = 0. Again,
we do not require that the perturbation δφ = (dφ/dλ)|λ=0 satisfy the linearized
equations of motion. Let Σ be a Cauchy surface. We define the canonical energy of

aWe assume here that the matter fields fall off at infinity rapidly enough so as not to contribute to
the surface integral on the right side of (19). Otherwise, these matter fields may make contributions
of the form “potential times varied charge” that would need to be subtracted to obtain the
conventional definition of ADM conserved quantities.

1843003-6

In
t. 

J.
 M

od
. P

hy
s.

 D
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 R

U
T

G
E

R
S 

U
N

IV
E

R
SI

T
Y

 o
n 

03
/2

1/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



2nd Reading

March 12, 2018 18:16 WSPC/S0218-2718 142-IJMPD 1843003

Kerr–Newman black holes cannot be over-charged or over-spun

the perturbation δφ on Σ by

EΣ(φ0; δφ) ≡
∫

Σ

ω(φ; δφ,Lξδφ). (23)

Following Ref. 19, we can obtain an extremely useful expression for canoni-
cal energy by differentiating (15) with respect to λ and evaluating the resulting
expression at λ = 0. We obtain

d[δ2Qξ − ιξδθ(φ, δφ)] = ω(φ; δφ,Lξδφ) − ιξ(δE · δφ) − δ2Cξ, (24)

Here, the meaning of the “δ’s” in the expression δθ(φ, δφ) is that both derivatives
in this term are to be evaluated simultaneously, i.e.

δθ(φ, δφ) ≡
[
d

dλ
θ

(
φ,
dφ

dλ

)]∣∣∣∣
λ=0

. (25)

Integrating (24) over Σ, we obtain

EΣ(φ; δφ) =
∫

∂Σ

[δ2Qξ − ιξδθ(φ, δφ)] +
∫

Σ

ιξ(δE · δφ) +
∫

Σ

δ2Cξ. (26)

The case we are most interested in here is one where φ0 corresponds to a sta-
tionary black hole, ξa is the horizon Killing field, and Σ is a Cauchy surface for the
exterior of the black hole. In that case, it follows from (19) that the contribution
to the boundary term in (26) from infinity is∫

∞
[δ2Qξ − ιξδθ(φ, δφ)] = δ2M − ΩHδ

2J. (27)

We will evaluate the interior boundary term at the end of the next subsection.
We now consider Einstein–Maxwell theory in four spacetime dimensions and

provide explicit expressions for many of the above quantities. The Einstein–Maxwell
Lagrangian is given by

L =
1

16π
(R − F abFab)ε, (28)

where ε is the volume element associated with the metric. For this Lagrangian, the
field configuration consists of the metric and the vector potential, φ = (gab, Aa).
We will treat Aa as a one-form on spacetime. The symplectic potential, Noether
charge, equations of motion, and constraints for this Lagrangian were computed in
Ref. 13. The symplectic potential can be written as

θabc

(
φ,
dφ

dλ

)
= θGR

abc + θEM
abc , (29)

where

θGR
abc

(
φ,
dφ

dλ

)
=

1
16π

εdabcg
degfg

(
∇g

dgef

dλ
−∇e

dgfg

dλ

)
, (30)

θEM
abc

(
φ,
dφ

dλ

)
= − 1

4π
εdabcF

de dAe

dλ
. (31)
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The Noether charge is given by

(QX)ab = (QGR
X )ab + (QEM

X )ab, (32)

where

(QGR
X )ab = − 1

16π
εabcd∇cXd, (33)

(QEM
X )ab = − 1

8π
εabcdF

cdAeX
e. (34)

The equations of motion and constraints are given by

E(φ) · dφ
dλ

= −ε

[
1
2
T abdgab

dλ
+ ja dAa

dλ

]
, (35)

Cbcda = εebcd[Ta
e +Aaj

e]. (36)

Here, we have written Tab ≡ Gab − 8πTEM
ab so that Tab corresponds to the non-

electromagnetic part of the stress-energy tensor, and ja = (1/4π)∇bF
ab so that

ja corresponds to the electromagnetic charge-current. Note that in the absence of
sources, when both Tab and ja are zero, the constraints (36) vanish and the Euler–
Lagrange equations of motion (35) are satisfied.

We now restrict attention to the case where φ0 = φ(λ = 0) is a stationary black
hole solution to the Einstein–Maxwell equations (i.e. T ab = ja = 0 at λ = 0) with
horizon Killing field ξa, and we let Σ be a Cauchy surface for the exterior region.
In fact, by the black hole uniqueness theorems,20 φ0 must be a Kerr–Newman
solution, but we need not make use of this fact here. We work in a gauge where
LξAa(λ = 0) = 0 and Aa(λ = 0) → 0 at infinity. In this gauge, Aa(λ = 0)
will, in general, be singular at the horizon, but this does not cause any difficulties.
Furthermore, the variations δAa and δ2Aa may be assumed to be smooth (as can
be justified by working in the principal bundle framework of Prabhu21).

By definition, for a nonextremal black hole the horizon will be of bifurcate type,
and Σ will terminate at the bifurcation surface B. For a nonextremal black hole,
we now evaluate the boundary contribution to (20) arising from B. Since ξa = 0
on B, we have ∫

B

[δQGR
ξ − ιξθ

GR(φ, δφ)] =
∫

B

δQGR
ξ =

κ

8π
δAB, (37)

where AB is the area of B and κ is the surface gravity of the event horizon. To
evaluate the electromagnetic contribution to the boundary termb at B, we note
that by (31), θEM is smooth at B (since δAa is smooth), so ιξθEM = 0. However,
by (34), we have

δQEM
ξ = − 1

8π
[ξeAeδ(εabcdF

cd) + ξe(δAe)εabcdF
cd)]. (38)

bWe assume that Aata and Aaϕa fall off as 1/r and Fab falls off as 1/r2 at infinity, so there is no
electromagnetic contribution to the boundary term at infinity.
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Again, the second term vanishes at B on account of the smoothness of δAa and the
vanishing of ξa. However, the quantity

ΦH ≡ −[ξeAe(λ)]|H (39)

is, in general, nonvanishing at B. Since ΦH must be constant on the horizon at
λ = 0 (see theorem 1 of Ref. 21 for a general proof for Yang–Mills fields), we find
that the electromagnetic contribution to the boundary term at B is∫

B

[δQEM
ξ − ιξθ

EM (φ, δφ)] =
1
8π

ΦH

∫
B

δ(εabcdF
cd) = ΦHδQB, (40)

where QB is the electric charge flux integral over B.
The ingredients are now in place to write out (20) explicitly for a nonextremal

black hole. We previously evaluated the boundary term from infinity in (22), and, in
the previous paragraph, we have evaluated the boundary term from B. Using (36)
and the fact that Tab = ja = 0 in the background spacetime (since φ0 is a solution),
we see that the remaining term δCξ takes the form

δCbcdaξ
a = εebcd[δTa

e +Aaδj
e]ξa. (41)

Thus, we see that (20) takes the explicit form

δM − ΩHδJ − κ

8π
δAB − ΦHδQB = −

∫
Σ

εebcd[δTa
e +Aaδj

e]ξa. (42)

For source free perturbations, δTab = δja = 0, this yields the usual first law of black
hole mechanics of Einstein–Maxwell theory.

It should be emphasized that (42) holds only for nonextremal black holes. In
this paper, we will be concerned with both nonextremal and extremal black holes.
However, it is clear from the derivation that (42) (with δAB = δQB = 0) also holds
for extremal black holes in the special case where Σ is not a Cauchy surface but
rather an asymptotically flat hypersurface with one boundary at spatial infinity
and the other boundary on the horizon at an early time such that the perturbation
vanishes in a neighborhood of this internal boundary. In this case, there clearly will
be no boundary contribution from the internal boundary of Σ. We will use (42) in
this form for extremal black holes in Sec. 3.

The canonical energy may also be split into gravitational and electromagnetic
contributions

EΣ(φ; δφ) = EGR
Σ + EEM

Σ . (43)

Explicit formulas for these parts can be obtained from the definition (23), but
these formulas are quite complicated and will not be written out explicitly here.
Fortunately, we will need to evaluate the canonical energy integral only over (a
portion of) the horizon (where its form simplifies considerably) and for stationary
perturbations (where it can be evaluated straightforwardly).

We may now explicitly evaluate the other terms appearing in (26) for Einstein–
Maxwell theory, in exact parallel with our above evaluation of the terms appearing
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in (20). For a nonextremal black hole, we obtainc

δ2M − ΩHδ
2J − ΦHδ

2QB − κ

8π
δ2AB = EΣ(φ; δφ) −

∫
Σ

ιξ(δE(φ) · δφ) −
∫

Σ

δ2Cξ.

(44)

Again, this equation (with δ2AB = δ2QB = 0) will hold for an extremal black
hole if we restrict consideration to the case where both the first- and second-order
perturbations vanish in a neighborhood of the horizon at the internal boundary of
Σ. In Sec. 4, we will evaluate the right side of (44) in the context relevant to our
calculations.

3. Gedanken Experiments to Destroy an Extremal Black Hole

Consider an extremal Kerr–Newman black hole,

M2 =
(
J

M

)2

+Q2. (45)

We wish to see if we can cause the inequality (1) to be violated into the black
hole. By a simple calculation, it can be seen that (1) will be violated — and a
contradiction with cosmic censorship obtained — if we can perturb the black hole
by throwing/dropping charged and/or rotating matter so that

δM <
a

M2 + a2
δJ +

QM

M2 + a2
δQ, (46)

where a = J/M .
To analyze whether it is possible to produce such a perturbation, let Σ0 be an

asymptotically flat hypersurface that terminates on the future horizon and extends
to spatial infinity.

We consider a perturbation δφ whose initial data on Σ0 for the fields δgab and
δAa vanishes in a neighborhood of Σ0 ∩H, as shown in Fig. 1. We assume that the
matter sources δTab and δja are nonvanishing only in a compact region of Σ0, as
shown. Physically, this corresponds to considering a perturbation that is induced
by bringing matter in from infinity in such a way that the disturbance to the black
hole at very early advanced times is negligibly small. If we evolve the perturbation,
in general, some of the matter will go into the black hole and some will go out to
infinity or remain in orbit around the black hole. The matter that does not fall
into the black hole is of no interest to us. Therefore, we can greatly simplify our
analysis by restricting to the case where all of the matter goes into the black hole.
Note that this also saves us the trouble of analyzing the motion of bodies outside
of the black hole; we do not care about the details of how the matter managed to
get into the black hole as long as it does get in.

cIt should be noted that since we take ξa to be fixed, the quantities ΩH and κ do not vary. This
means that if we perturb toward another stationary black with different values of ΩH or κ, then ξa

cannot be the horizon Killing field of the perturbed black hole. See Ref. 19 for further discussion.
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Σ1

Σ0

H

δφ = 0

Fig. 1. Charged matter, occupying the shaded region, falls entirely through the event horizon
of an extremal black hole. The perturbed initial data on Σ0 vanishes in a neighborhood of the
horizon.

Thus, we wish to consider a one-parameter family where δTab and δja are non-
vanishing only in a region like the shaded region of Fig. 1. Let Σ be a hypersurface

Σ = H ∪ Σ1 (47)

labeled in red in Fig. 1. We now use (42) (with δAB = δQB = 0) for this choice
of Σ. The integrand on the right side of (42) is nonvanishing only on H. Thus, we
obtain,

δM − ΩHδJ = −
∫
H
εebcdξaδT

ae −
∫
H
ξaA

aδ(εebcdj
e). (48)

Since ΦH = −ξaAa is constant on H, we may pull it out of the integral. The integral∫
H δ(εebcdj

e) is just the total flux of electromagnetic charge through the horizon,
δQflux. Since all of the charge added to the spacetime falls through the horizon,
this flux is just equal to the total perturbed charge of the black hole, δQflux = δQ.
Combining these observations yields the following formula relating the perturbed
parameters of the black hole spacetime:

δM − ΩHδJ − ΦHδQ = −
∫
H
εebcdξaδT

ae. (49)

This result was first derived in Ref. 13. On the horizon, we may write

εebcd = −4k[eε̃bcd], (50)

where ka is the future-directed normal to the horizon and ε̃bcd is the corresponding
volume element on the horizon. The right side of (49) can be written as

−
∫
H
εebcdξaδT

ae =
∫
H
ε̃bcdδT

aeξake. (51)

Since ξa ∝ ka, the right side is nonnegative provided only that the nonelectro-
magnetic stress energy tensor δTab satisfies the null energy condition, so that
δTabk

akb ≥ 0. Thus, (49) yields the inequality

δM − ΩHδJ − ΦHδQ ≥ 0, (52)
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which holds for all perturbations of an extremal Kerr–Newman black hole resulting
from charged-matter entering the black hole.

For a general (not necessarily extremal) Kerr–Newman black hole, we have

ΩH =
a

r2+ + a2
(53)

and

ΦH =
Qr+

r2+ + a2
, (54)

where r+ is the horizon radius

r+ = M +

√
M2 −

(
J

M

)2

−Q2. (55)

For an extremal black hole, we have r+ = M , so (52) yields

δM ≥ a

M2 + a2
δJ +

QM

M2 + a2
δQ. (56)

Thus, (46) cannot be satisfied, and an extremal black hole cannot be destroyed by
dropping/throwing matter into it. This generalizes the results of Ref. 1 to arbitrary
matter, provided only that the nonelectromagnetic contribution to the stress-energy
tensor satisfies the null energy condition. This argument that (49) implies that one
cannot over-charge or over-spin an extremal black hole was previously given in
Ref. 14.

4. Gedanken Experiments to Destroy a Slightly
Nonextremal Black Hole

In the spirit of Hubeny,2 let us now repeat the gedanken experiment of the previous
section starting with a slightly nonextremal Kerr–Newman black hole. The relevant
spacetime diagram for this case is shown the same as Fig. 1, except that Σ0 and Σ
are now taken to terminate at the bifurcation surface, B, of the bifurcate Killing
horizon. This does not affect the analysis of the first-order perturbation given in
the previous section, since the perturbation is assumed to vanish on the horizon
at sufficiently early advanced times. Since we will need to calculate second-order
effects in this section, we further assume that the second-order perturbation also
vanishes in a neighborhood of B, and all of the matter sources go into the black
hole at second-order, so that δ2Tab = δ2ja = 0 on Σ1.

An exact repetition of the analysis of the previous section yields

δM = ΩHδJ + ΦHδQ−
∫
H
εebcdξaδT

ae

≥ ΩHδJ + ΦHδQ

=
a

r2+ + a2
δJ +

Qr+
r2+ + a2

δQ. (57)
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As already noted in the Introduction for the special case of a nearly extremal
Reissner–Nordstrom black hole, this equation admits the possibility of violating (1).
However, as discussed in the Introduction, in order to determine whether violations
of (1) really occur, it is necessary to calculate the second-order corrections, δ2M ,
to the mass of the black hole.

In order to proceed further with our analysis of the second-order corrections to
mass, we will make the following additional assumption:

Additional Assumption: The (slightly) nonextremal, unperturbed Kerr–
Newman black hole we are considering is linearly stable to perturbations, i.e. any
source-free solution to the linearized Einstein–Maxwell equations approaches a per-
turbation towards another Kerr–Newman black hole at sufficiently late times.

It should be emphasized that this linear stability assumption is entirely compat-
ible with having an instability associated with over-charging or over-spinning the
black hole, i.e. we are not assuming what we wish to show. A finite perturbation
is required to over-charge or over-spin a nonextremal black hole, so one would not
expect an instability associated with a violation of (1) to show up at linear order.
Indeed, if a nonextremal black hole were linearly unstable, there would be no need
to attempt to over-charge or over-spin it in order to destroy it.

In view of this assumption, we may choose Σ so the horizon portion, H, extends
to sufficiently late times that it enters the late time stationary era of the pertur-
bation. We may then take Σ1 so that it extends far from the black hole while
remaining in the stationary region. The quantities δ2M and δ2J arising in the
boundary term (27) on Σ will then have the interpretation of being the second-
order corrections to the mass and angular momentum of the perturbed black hole.

We now consider our gedanken experiment to destroy the slightly nonextremal
black hole. We assume that our first-order perturbation has been done optimally
(see (57)), so that

δM = ΩHδJ + ΦHδQ =
a

r2+ + a2
δJ +

Qr+
r2+ + a2

δQ. (58)

As can be seen from (57), this requires vanishing nonelectromagnetic energy flux
through the horizon, i.e. δTabk

akb = 0, as should be (nearly) achievable if the
matter is lowered (nearly) to the horizon or is (nearly) at a turning point of its
orbit just before entering the black hole.

The second-order change in mass is given by (44) with δ2QB = δ2AB = 0 (since
the second-order perturbation has been assumed to vanish in a neighborhood of
B). We have

δ2M − ΩHδ
2J = EΣ(φ; δφ) −

∫
H
ιξ(δE(φ) · δφ) −

∫
H
δ2Cξ. (59)

Here, the integrals in the last two terms extend only over H rather than over all of
Σ = H ∪ Σ1 because δE and δ2Cξ vanish on Σ1 by the assumption that there are
no sources outside the black hole at late-times.
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We now evaluate the last two terms appearing on the right side of (59).
From (35), we have

(ιξ(δE(φ) · δφ))abc = −ξdεdabc

[
1
2
δT efδgef + δjeδAe

]
. (60)

Since ξa is tangent to the horizon, the pullback to H of this term vanishes, so it
does not contribute to (59). From (36), we have

(δ2Cξ)abc = δ2(εeabcTd
eξd) + δ2(εeabcAdj

eξd). (61)

We impose the gauge condition ξaδAa = 0 on H. We see that on H, the second
term is

δ2(εeabcAdj
eξd) = −ΦHδ

2(εeabcj
e) (62)

and therefore

δ2
[∫

H
ξaA

aεebcdj
e

]
= −ΦHδ

2Qflux = −ΦHδ
2Q, (63)

where δ2Q is the second-order change in charge of the black hole. On the other
hand, using our assumption that the first-order process was done optimally and
thus there was vanishing nonelectromagnetic stress-energy flux through the horizon
at first-order, we have

δ2(εeabcTd
eξd) = εeabcξ

dδ2Td
e. (64)

Putting this together, we obtain

δ2M − ΩHδ
2J − ΦHδ

2Q = EΣ(φ; δφ) −
∫
H
ξaεebcdδ

2Ta
e. (65)

The last term in this equation is positive provided that the nonelectromagnetic
stress-energy tensor satisfies the null energy condition.

What remains is to compute the canonical energy EΣ(φ; δφ). Since Σ = H∪Σ1,
we have

EΣ(φ; δφ) =
∫
H

ω(φ, δφ,Lξδφ) +
∫

Σ1

ω(φ, δφ,Lξδφ). (66)

Let us first calculate the horizon contribution. We have∫
H

ω =
∫
H

ωGR +
∫
H

ωEM , (67)

where ωGR and ωEM are the gravitational and electromagnetic contributions to the
symplectic current. The integral over H of the gravitational part of the canonical
energy density was computed in Ref. 19, and is given by∫

H
ωGR(g; δg,Lξδg) =

1
4π

∫
H

(ξa∇au)δσbcδσ
bcε +

1
16π

∫
S

(ξa∇au)δgbcδσbcε,

(68)

where δσab denotes the perturbed shear of the horizon generators, u is an affine
parameter along the future horizon, and S = H ∩ Σ1 is the 2-surface formed by the
intersection of H and Σ1. By our additional assumption above, the perturbation is
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physically stationary at S, so δσab = 0 on S. Thus, we obtain∫
H

ωGR(φ; δφ,Lξδφ) =
1
4π

∫
H

(ξa∇au)δσbcδσ
bcε ≥ 0. (69)

We may interpret this horizon flux contribution from ωGR as representing the total
flux of gravitational wave energy into the black hole.

Next, the horizon flux contribution from ωEM is given by

(ωEM )abc(φ; δφ,Lξφ) =
1
4π
εdabc[δAeLξδF

de − δF deLξδAe]

+
1
4π

[(Lξδεdabc)F deδAe − (δεdabc)F deLξδAe]. (70)

The last two terms on the right side of this equation involve the background elec-
tromagnetic field strength F ab. However, on H , F ab must take the form

F ab = v[akb] + wab, (71)

where wab is purely tangential to the horizon. By (71) together with our gauge
condition ξaδAa = 0 on H, it can be seen that the last two terms in (70) vanish.
The first term in (70) can be written as

εdabcδAeLξδF
de = Lξ[εdabcδAeδF

de] − εdabcδF
deLξδAe. (72)

When pulled back to H, εdabcδAeδF
de is a three-form η, on a 3-dimensional surface,

so when pulled back to H, we have

Lξη = ιξdη + d(ιξη) = d(ιξη), (73)

where the pullback of ιξdη vanishes since ξa is tangent to H. Thus, the integral
over H of the first term on the right side of (72) will merely contribute a boundary
term at S = H ∩ Σ1. However, since the perturbation is assumed to be stationary
at S, the electromagnetic energy flux must vanish there, so δFab must be of the
form (71). Using this fact together with our gauge condition ξaδAa = 0 on H, it can
be seen that this boundary term vanishes. Finally, the second term on the right side
of (72) combines with the second term of (70). This term can be further simplified
by noting that

LξδA = ιξdδA + d(ιξδA) = ιξδF , (74)

where we have again used our gauge condition ξaδAa = 0 on H. Putting everything
together, we find that∫

H
ωEM (φ; δφ,Lξδφ) = − 1

2π

∫
H
εdabcξ

eδF dfδFef . (75)

The right side of this equation is nonnegative and can be interpreted as the total
flux of electromagnetic energy into the black hole.

All that remains now is to calculate the contribution to canonical energy from Σ1

EΣ1(φ; δφ) =
∫

Σ1

ω(φ, δφ,Lξδφ). (76)
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Since we have assumed that the perturbation is stationary on Σ1, it might be
thought that Lξδφ = 0 on Σ1 and thus this contribution to the canonical energy
vanishes. However, this is not the case because our conditions δξa = 0 as well as
our gauge condition ξaδAa = 0 preclude our writing the perturbation in a gauge
where Lξδgab = 0 and LξδAa = 0; see Ref. 19 for further discussion. Nevertheless,
we can calculate EΣ1(φ; δφ) as follows. First, since, by assumption, δφ is equal to a
perturbation δφKN to another Kerr–Newman black hole on Σ1, we obviously may
replace δφ by δφKN (written in our gauge) on the right side of (76)

EΣ1(φ; δφ) = EΣ1(φ; δφKN ) =
∫

Σ1

ω(φ, δφKN ,Lξδφ
KN ). (77)

However, as can be seen from our analysis above, δφKN has no flux of canonical
energy through H, i.e. there is no flux of gravitational or electromagnetic energy
through the horizon for a Kerr–Newman perturbation. Thus, we may replace Σ1

by Σ in (77). Finally, we may evaluate EΣ(φ; δφKN ) using (44). Consider the one-
parameter family, φKN (α), where each field configuration in the family is a Kerr–
Newman black hole with parameters given by

MKN(α) = M + αδM, (78)

QKN(α) = Q+ αδQ, (79)

JKN(α) = J + αδJ, (80)

where δM, δQ, and δJ are chosen to agree with the corresponding values for our
first-order perturbation φ(λ). Then, for this family, we have δ2M = δ2J = δ2QB =
0, as well as δE = δ2Cξ = 0. Thus, we obtain

EΣ(φ; δφKN ) = − κ

8π
δ2AKN

B , (81)

where δ2AKN
B denotes the second-order change in the area of the horizon for the

one-parameter family (78)–(80).
We have now computed all of the terms appearing in (59). Using the positivity

of the gravitational, electromagnetic, and nonelectromagnetic stress-energy fluxes
through the horizon, we have thereby derived the following inequality involving the
second-order change of the mass of the black hole:

δ2M − ΩHδ
2J − ΦHδ

2Q ≥ − κ

8π
δ2AKN

B . (82)

A direct evaluation of the right side of (82) yields9

δ2M − ΩHδ
2J − ΦHδ

2Q

≥ M

(M4 + J2)2

× [M4(δJ)2 + (M6 + J2Q2 +M2J2)(δQ)2 − 2JM2QδJδQ] +O(ε), (83)
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where we have used δM = ΩHδJ + ΦHδQ (see (58)) to eliminate δM from the
expression, and where we have defined

ε =
r+
M

− 1 =

√
M2 −Q2 −

(
J

M

)2

M
(84)

so ε → 0 in the extremal limit. A direct calculation9 then shows that this is pre-
cisely what is needed to keep (1) satisfied to second-order, thereby establishing that
gedanken experiments of the Hubeny type can never succeed in over-charging or
over-spinning the black hole.
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