Huygens’ Principle and
Hadamard’s Conjecture

In this article I shall try to report on a problem con-
nected with hyperbolic differential equations that was
posed by Jacques Hadamard in his 1923 Yale Lectures
([11], p. 236). In spite of its age, the problem is still far
from being completely solved.

The Wave Equation

Let us begin with a discussion of the wave equation
for one unknown function u# of m = n + 1 indepen-
dent variables. If f denotes a given real function and ¢
a positive number, then the operator [J,, and the
second-order differential equation (e,,) are defined as
follows:

16u u
O = 5o =22 o 228 ()
c? ot ox? 0%,
The variable ¢ represents the time and (x;, ..., x,)

determines a point x of R"; consequently, we can think
of ¢ as having the dimensions of a velocity (length/
time). We call each pair (¢,x) € R™ an event and inter-
pret the line segment between two events (t,x), (1,y)
with 7 > t as the straight, uniform movement of a par-
ticle; its velocity v is given by

v

v =yl = 1), rvy) = {Z (x, = y,)z}
1=1

The reader may think of a graphic time table with m =
2, say, for Phileas Fogg during his 80-day voyage ([20],
Chap. 7); see Figure 1. The open set D, (t,x) C R™ of
those events that can be reached from (¢,x) with a ve-
locity v < ¢ is called the future of (¢,x); on the other
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hand, the past D_(t,x) is the set of those events (7,y)
from which (,x) can be reached with a velocity v < ¢;
in other words, (7,y) € D,(t,x) if and only if (¢t,x) €
D_(7,y). The boundary of D (tx) (resp., D_(t,x)) is
called the forward (resp., backward) characteristic half cone
C.(t,x) (resp., C_(t,x)). Using the function

Litx vy = &t — 1) — Pxy) )

we have
D, (tx) U D_(t,x) = {ry)Ttx; 7y) > 0}, (2)
Co(tx) U C_(tx) = {mpTtxivy) = 01 (3)

The double cone C (¢,x) U C_(¢t,x) looks like an hour
glass—an old symbol of transitoriness; see Figure 2.
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In order to form an idea about what kind of physical
processes are described by equation (e,), we consider
sound waves in the air. Sound waves are small but
fast variations of pressure p and density p. They are
generated by certain sound sources, e.g., a musical in-
strument, and propagate into the still air. For the den-
sity we put p(t,x) = po(1 + €u(t,x)) with a small param-
eter € and a constant p,, which gives the density for
the state of rest. We assume that the pressure is a
unique function of the density, p = {(p). From Euler’s
equations and the equation of continuity one finds
that u satisfies (e,) with ¢ = (dW/dp)(p,). If at the event
(t,x) none of the sound sources acts, then we have
f(t,x) = 0; otherwise we have, generally, f(t,x) # 0. In
the sequel we assume (for the sake of simplicity) that f
is a given C*-function on R* having compact support,
which we abbreviate by writing f € C§ (RY); the support
of a real or complex function f defined on some mani-
fold M is the smallest closed subset K C M such that f
vanishes on M\ K. One writes K = supp f.

Equation (es) also occurs in the theory of electro-
magnetism. In a vacuum each coordinate of the elec-
tric and the magnetic fields satisfies equation (e,) with f
= 0 (the homogeneous equation). The number ¢ de-
pends on the dielectric constant and the magnetic per-
meability; it equals the velocity of light. If charges and
currents are present, then one obtains equation (e,)
with f # 0.

Some Solutions of (e,)

We give first a useful identity. For a fixed x = (x;,%,,%3)
€ R3 one defines the accelerated function {¢}* and the
retarded function {$}~ of a function ¢:R* — R by the
formulas

{bY=(ty1,y2y3): = Ot = r(x.y)c.Y.Y2Ys)-

If ¢ is differentiable and x # y, we put

1{a
Aldlty) = ;{5} ty) 5 r2 ( {6}~ (ty)

1 |od _
+ - {at} (t,y)) i=123.

Confirmation of the following identity is a simple ex-
ercise (see also [1]):

‘[¢]

1
> {0y} (ty) = —2 ——(Ly) V6 € C}(RY). (4

We integrate for fixed (¢,x) over y € R¥\ K(e,x), where
K(e,x) is the ball around x with radius €. Applying the
divergence theorem and passing to the limit € = 0, we
obtain for every ¢ € Cj(R%):

Time
1872
-+ 16.00
5. Oct.
4. Oct.
+ 635
3. Oct.
+7.20
~ 12045
2. Oct.
} t t +
London Paris Torino Brindist
Figure 1. Graphic timetable for Mr. Fogg.
Future of (¢, x)
C.(t, x) Ci(t, x)
(t, x)
C_(t,x) C_{(t, x)
Past of (¢, x)

Figure 2. Structure of space-time.

1
4m Ls r(x,y ){D“‘b} ty)aydydys = oEx).  (5)

If we equip C.(t,x) with the measure element
dy,dy,dy;, then we can rewrite (5) as
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1 1
= Doty = een, @
4n C_(t,x) r
and this equality is the integrated form of the identity
(4). Of course, the same formula holds with C, (¢,x)
instead of C_(¢,x).

A function ¢ defined in R™ is called a forward func-
tion (resp., backward function) if supp & N D_(t,x)
(resp., supp ¢ N D, (t,x)) is compact for every event
(t,%). (Example: If &(t,x) = O for all events (¢,x) with t <
a, then ¢ is a forward function.) We can now easily see
that the identity (6) is valid not only for functions ¢
with compact support, but also for forward functions
¢ € CH(RY). We therefore obtain for a forward solution
u, of (¢,) the representation

1 1
u(tx) = — — fdy,dy,dys, 7

T JC_(t,%)

where f € C3(R*). The analogous formula with C, (¢,x)
instead of C_(t,x) holds for a backward solution u_ of
(¢4). On the other hand, if for a given f € C3(R%) the
function u, is defined by (7), then u, is a solution of
(e4). The proof of this assertion can be established
again by means of (6), this time applied to f. Conse-
quently, there exists exactly one forward (backward)
solution of (eg). The solution u, gives the sound wave
that arises from a source described by f.

An event (t,x) belongs to the support of u, only if
C_(t,x) N supp f # . This can be reformulated as

supp u, C U{C,(ry)l(ry) € supp fl.  (8)

Let us give another interpretation of the formulas (6)
and (7). For any fixed event (t,x) we associate to every
function ¢ € C3(R?) the real number

1 1
G, (t0)[d]: = — - bdy,dy,dys,. 9
4

T JIC ()

A linear mapping of a vector space ¥ into R is usually
called a linear functional on %; equation (9) defines
just such a functional G, (¢,x) on C3(R%). Analogously
one defines a functional G_(t,x) by (9) with C_(¢,x) re-
placing C, (t,x). Formula (7) can now be rewritten as

ua(t) = Ga(t 2. (10)
One calls the functional G, (t,x) (resp., G_(t,x)) the
forward (resp., backward) fundamental solution of (e,) be-
longing to (¢,x). A reader who is familiar with distribu-
tions realizes at once from (9) and (6) that G (¢,x) are
those distributions that satisfy

OG.(tx) = 8(t,x), (11)
where 3(¢,x) is the Dirac measure concentrated at the
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event (f,x); one can say that G (t,x) describes an ideal
sound wave, whose source works only at the event
(t,x). We disregard these more technical details and
say only a few words about the supports of the func-
tionals G.(t,x). The relevant definition is as follows.
Let M be a manifold and ®: C5(M) — R be a func-
tional. A point £ € M belongs to M\ supp @ if there
exists a neighbourhood U(§) such that ®[¢] = 0 for
every ¢ € C5(M) with supp ¢ C U(§). This definition,
when applied to G..(t,x), leads to the statement

supp G, (t,x) = C, (), (12)
which is, so to speak, the limiting case of (8) if supp f
reduces to the single event (¢,x).

Hadamard’s “Minor Premise”’

The general notion “Huygens’ Principle” comprises
several ideas, which are related to wave propagation
(diffraction and interference problems included). J.
Hadamard formulated some of them in a famous syl-
logism; in the present paper we are concerned with its
“minor premise”’:

“If at the instant ¢t = t,, or more precisely, in the
short interval t, — € < t <, + ¢, we produce a
sound disturbance localized at the immediate
neighbourhood of a point x,, the effect at the
subsequent instant t = t' is localized in a very
thin spherical shell with center x, and radius
c(t' — ty), where c is the velocity of sound” ([11],

B)+

p. 54).

—] y-diagram

t

¢
/ (t, y)-diagram

to+ €

top— €
Xg y

Figure 3. Hadamard's minor premise. The cross-hatched
area represents supp u.
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Figure 4. Music.

As a consequence of (B), we state: if we produce at
some locus several sound impulses, interrupted by
proper intervals of silence, then (because of the
missing aftereffects) a listener at another locus also
receives separated sound impulses and not a con-
fusing mixture. Clearly, (B). is fundamental for a suit-
able acoustic signal transmission and its artistic shape,
which we call music. (See Figures 3 and 4.)

Let us again consider the forward solution u, of (ey)
with an f whose support is a neighbourhood of the
event (fy,xg). According to (8) supp u, is contained in
a neighbourhood of C,(fy,%p). For a fixed t' > ¢, the
support of u (', -), considered as a function in R3, is
thus contained in a neighbourhood of the sphere
S(c[t' — tl, xp) around x, with radius c[t' — tg]. If supp
f shrinks to (t,, xp), then supp u,(t', -) shrinks to
S(c[t’ — ty], xp). These considerations show not only
the validity of (B), for the forward solutions u, but
also prove that the number ¢ occurring in equation (e,)
equals the velocity of sound.

Of course, we can give a formulation (B)_ of the
minor premise, which is then fulfilled by the back-
ward solutions u_ of (eg). The validity of (B). is the
reason why we call [Jy a Huygens operator.

The Equation (e,)

Let us consider equation (e;). We shall point out that
the minor premise (B).. is not satisfied for its forward
and backward solutions; therefore [, is not a Huygens
operator. We start from the somewhat modified for-
mula (7) with a function f that does not depend on the
third spatial variable and write

1 1
UL (txy,x) = . f ;f(t = ple,xy + 24,%y + 25)dzdz,d25,
R3

p=1{z}+ 23+ 23~

Clearly, u ., (t,x) also does not depend on x; and, con-
sequently, solves equation (e;). The integrand is an
even function of z3; for z; > 0 we make the substitu-
tion

hi=xtzuh=x+2z17=1t-p
and arrive at

fr.y1y2)
u (tx)y =— ————— dy,dy.dnr,
+(t,x) o b n /————I‘(t,x; =7 Y18Y47

Lt,x7y) = At — 12 — (% — y)? — (- y)*

(13)

For every f € C5(R% formula (13) gives the only for-
ward solution u, of (es); replacing D_(¢t,x) by D, (¢,%),
one obtains the backward counterpart. The forward
(backward) fundamental solution G, (¢x) (resp.,
G_(t,x)) is defined for fixed (t,x) as the functional

Ci(R%) 3> & — G.(tx)[d]:

1 &(7,91,Y2)

= — —_— 14
2w Jp, ¢ VX 1Y) 4 (14)

dyzd"r.

We can again write

u,(tx) = G_(t,x[fl.

Contrary to formula (9) the domain of integration in
(14) is an open set, which suggests that the function
Go(t,x) defined by

D, (tx) UD_(tx) 5 (7,y) = Golt,x)(7,y)
— 1 r . -¥
= Zr' (trxr T/y)

also solves equation (e;) with respect to (7,y). An easy
calculation confirms this.

Now let us choose a function f € Cj(R? which is
positive in a neighbourhood U(¢x) of an event (¢,x)
and zero elsewhere; taking

Utx) = {(ty) € D,(t — )|t € (t — &t + €)}
we find from (13) that

suppu, = D, (t — ex) UC,.(t — €x).
The support of u (', ) for any #' > t is now given by
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supp u.(t',*) = K(c[t' — ¢t + €], x) CR2

In the limit € — O this set shrinks to the ball K(c[t' — ], %)
and not to its boundary as demanded in (B) .. We also
have

supp G, (t,x) = D (t,x) U C,(t,x).

Of course, analogous results are valid for the back-
ward solutions. Consequently, (B). is not satisfied by
the solutions of (e3). In a world with only two spatial
dimensions an annoying noise produced somewhere
and at any time never comes to an end. What luck that
we have three dimensions at hand!

The General Hyperbolic Equation

Let us consider a second-order differential equation
for one unknown function u:

Liu}: = 12 (Wg‘l 95) + urj—: + Cu =f (15)

\/'; ax,-

The independent variables are x = (xg,xy, . . ., %,), m
= n + 1, moreover, the sum convention for dis-
pensing with the summation symbol X is used. The
coefficients g7, A*, C and f are smooth functions of x.
We assume that L is a hyperbolic operator; i.e., the
quadratic form g¥(x)&£, has signature (+,—,—, ..., —)
for every x. Finally, the positive number vy equals the
absolute value of the determinant of the inverse matrix
(8y) = g of (g”). Just as in general relativity, (g,) deter-
mines a pseudo-Riemannian metric.

We restrict our considerations to certain open
subsets of the x-space that are called causal domains.
(For an exact definition, see [5], sec. 4.4.) In such a
domain a satisfactory integration theory of equation
(15) can be established. (See [5] or [9], Chap. IV.)

Let () be a fixed causal domain. We first procure a
function 1 X © 3 (x,y) = I'(x,y) € R that generalizes
our former I of formula (1). For that purpose we solve
(using the Hamilton-Jacobi theory) the first-order dif-
ferential equation

) o () - () = AT(xy)
Hx) — (x,y) — (x,y) = X,
8 ox, Y ox, y Y
with the initial conditions

ar T
F(y/y) =0, — (y'y) =0, —

) = 28,:(y).
o, axm, Wy = 28,4y)

For any fixed x € Q) the set {y € Q|I(x,y) > 0} decom-
poses naturally into two open subsets of 2; one of
them we call the future D (x) and the other one the
past D_(x) of x. The characteristic half conoids C.(x)
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are defined as the boundary sets of D, (x), respec-
tively.

The integration theory guarantees the existence of
exactly one forward solution u, and exactly one back-
ward solution u_ of equation (15) provided that f €
C5(2). Both solutions are smooth; for fixed x € Q we
write

u.(x) = G:(x)[f]

thus obtaining linear functionals G.(x) over C3({),
which we call the forward and backward fundamental
solutions of the differential operator L. For their sup-
ports we find

supp #, C U{D,(x) U C,(x)|x € supp f},
supp G,(x) € D,(x) U C,(x).

There seems to be no incisive difference between the
cases m even and m odd. Far from it!

Let us consider the case m even. Then each of the
fundamental solutions splits into the sum of two func-
tionals over Cj({2) according to

G.(x) = GP8(x) + GZ8(x),
where
supp G"8(x) = C.(x)

and

Gelfl: =| Tyfy)Vydyy---dy, (16)

D+ (x)

with a smooth kernel function T € C*({2 x ). One can
say, apart from the very harmless integral (16), the
fundamental solutions are concentrated on the charac-
teristic conoids. The function T is called a “tail term”
and corresponds with the “logarithmic term” in J.
Hadamard'’s original version of the integration theory
(see [11]). In the case m odd, such a decomposition
with a smooth tail term is impossible; for L = O; we
see this from (13), where the denominator of the inte-
grand vanishes on C (x).

Definition: Assume x € , f € C5(Q2), and denote by
u, the forward and backward solutions of L[u] = f;
the operator L is called a Huygens operator if u . (x) = 0
for every pair (x,f) with C_(x) N supp f = & and u_(x)
= 0 for every pair (x,f) with C,(x) N supp f
= .

If for a Huygens operator L the function f vanishes
outside a neighbourhood of x, € €, then u,(x) van-
ishes outside a neighbourhood of C, (x;) in accordance
with the minor premise (B), .

J. Hadamard ([11], p. 236) gave the following
famous criterion.



Hadamard’s criterion: The operator L is a Huygens
operator, if and only if for every x € {} we have

supp G.(x) = C.(»).

This is equivalent to m = 4, m even and T(x,y) = 0 for
x €8,y €D.(x).

Hadamard’s Conjecture

When studying Huygens operators we must take into
consideration certain simple transformations, which
do not change the Huygensian character of an oper-
ator. Let L be a Huygens operator; L' is also a Huygens
operator if it arises from L by one of the following
transformations:

(a) Non-singular transformations of the independent
variables.

(b) L'[u] = N~L[Au] for some positive, smooth func-
tion M in  (gauge transformation).

(c) L'[u] = oL[u] for some positive, smooth function o
in Q (conformal transformation).

The wave operator [, m = 4 even, is a Huygens
operator (for m = 4 we have seen this above). A
Huygens operator that arises from 0,, by (a), (b), and
(c) is called a trivial Huygens operator.

Hadamard’s Conjecture:
trivial.

In their well-known book Methoden der Mathemati-
schen Physik, Vol. 2, Richard Courant and David Hil-
bert treated the validity of Huygens’ principle for (1,,
and formulated the above conjecture. It is doubtful
whether J. Hadamard himself explicitly stated the con-
jecture; nevertheless it served as a guideline for the
investigation of the topic. Nowadays non-trivial
Huygens operators are known; therefore it is better to
speak of

Every Huygens operator is

Hadamard’s problem: Find all Huygens operators.
What do their coefficients look like?

Hadamard’s criterion is indeed an elegant character-
ization of Huygens operators, but the functional rela-
tionship between the tail term and the coefficients of
an operator is mysterious. Hadamard himself writes
that his criterion gives “one answer but not the an-
swer” (see [11], p. 236). The following result is a little
step forward (see [9], Chap. VI, §5). By means of a
certain differentiation process and passing to the limit
y — x one can derive from the tail term T(x,y) an infi-
nite sequence of symmetric, trace-free tensors, which
we call the moments of order 0, 1,2, ..., k, ... of
the operator L:

I(x)' Ill(x)' Izlxz(x)f M4 11132. !k(x)i AR

These moments are invariant under the transforma-
tions (b) and (c), covariant under (a). More precisely,
the moments arise by means of the usual tensor oper-
ations from (i), the metric tensor g and its curvature
tensor; (ii) the tensor H,: = dA/éx; — dA/dx;, where A,
= g,:A; (iii) the so-called Cotton invariant

c- L2 - am s 222

e Va o ) AN T
(R being the scalar curvature of g); and (iv) the covar-
iant derivatives of (i), (ii), (iii). For a Huygens operator
the moments must vanish; if the coefficients of L are
analytic this condition is even sufficient. In principle
the moments can be calculated by use of suitable algo-
rithms, but in practice the matter is complicated. If
some moment [ . . . is known as a function of the
tensors (i)-(iv), then one can try to get information
about the coefficients of Huygens operators from the
equations I . . . = 0. This procedure is the “method of
moments.”’

Some Results Concerning Hadamard’s Problem

In 1938 E. Hoélder proved that for a Huygens operator
(15) with A* = 0, C = 0, and m = 4, the scalar curva-
ture R of the metric g vanishes. For the case under
consideration this is indeed equivalent to the van-
ishing of the zero-order moment [13].

In 1939 the Polish mathematician Myron Mathisson
calculated the moments of order at most 2 for an oper-
ator of the form

L *u 362u+2A', au+c
[u] pre P ) P (X)u
with m = 4 independent variables and a pseudo-eu-
clidean metric. These assumptions simplify the matter
considerably. On the other hand, one can say that
Mathisson created the method of moments. He
proved that a Huygens operator of the type under
consideration is trivial [15].

In 1952 the author expanded Mathisson’s calcula-
tions to the case of a general operator (15) withm = 4
and curved metric; he gave the complete expressions
of the moments of order at most 3 [6].

In 1955 Karl L. Stellmacher found the first examples
of non-trivial Huygens operators for even m = 6,
namely operators of the Euler-Poisson-Darboux type
in the domains x, # 0:

1- u%)
u

# 01— p2 LA
L[u]E<—;+ 2°>u—2(—2+ 2
0xp 4x§ ¢=1 \0X¢ 4x3

with odd integers p, = 1, such that

n
m<2p,,s2m—4,m=n+l.
1=0
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This result disproves Hadamard’s conjecture form = 6
[19].

In 1957 the author considered “static’”” operators of
the form

_ Pu
Llu] = Bx—ﬁ — Ly[u],

where L, is a linear elliptic operator on a 3-dimensional
manifold M;. He confirmed Hadamard'’s conjecture for
this operator class under additional assumptions (e.g.,
compactness of M;, or constant scalar curvature of the
metric associated to L,) [7].

In a world with only two spatial dimensions
an annoying noise produced somewhere and
at any time never comes to an end. What luck
that we have three dimensions at hand!

In 1965 the author gave examples of non-trivial
Huygens operators for every even m = n + 1 = 4,
thus ultimately disproving Hadamard’s conjecture.
Let (@°P), a, B = 2, . . ., n, be a positive-definite ma-
trix, whose elements are smooth functions of the sole
variable xg; further, let (a,g) be its inverse matrix and a
= Det(a,g). Then

L] = 2 u . 1 oVa ou i - o%u a”)
u] = ——— - a
axpdx; Va dx, ox ap=2 0X,0Xg

is always a Huygens operator, which is trivial only for
certain special matrices (a°f). The associated pseudo-
Riemannian metric reads as follows

ds? = 2dxgdx; — D a,9(xXo)dx,dxg;

o,f=2

(18)

metrics of this kind are known as plane-wave metrics
[8].

In 1969 R. G. McLenaghan studied the general oper-
ator (15) with m = 4 under the assumption that the
Ricci tensor R, of the associated metric vanishes. (In
general relativity such a metric defines an empty
space-time.) He proved by use of the moments of
order at most 4 that a Huygens operator of this kind is
equivalent under (a) and (b) to an operator of the form
(17) [16].

In 1981 Sigurdur Helgason discovered a new class of
non-trivial Huygens operators with m = 6 indepen-
dent variables

L] u (A R)
Ul =— - - —)u
ax3 6
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Here A denotes the Laplace-Beltrami operator of cer-
tain symmetric Riemannian manifolds (M,g) of odd di-
mension n =5, m = n + 1, with scalar curvature R.
For instance, M = G is a compact simple Lie group
and g the bi-invariant metric arising from the negative
of the associated Killing form. Taking G = SO(R,3),
one obtains a trivial Huygens operator, but G =
SO(R,6), n = 15, leads to a non-trivial one [12].

In 1986/88 J. Carminati and R. G. McLenaghan
treated again Hadamard’s problem for the operator
(15) with A* = 0 and m = 4. Their starting point was
the Petrov classification for the Weyl curvature tensor
of the associated metric g. They settled the problem in
the cases of Petrov type N, D and (partially) III; in
these investigations they found no other Huygens op-
erators than the above-mentioned ones. The same re-
sult was proved by R. G. McLenaghan and T. F.
Walton even in the case A' # 0 for a Petrov type N
metric [3], [17].

Concluding Remarks

Several other papers contain further contributions to
Hadamard’s problem. We mention those of V.
Wiinsch, R. Schimming, R. G. McLenaghan, N. X.
Ibragimov, and R. Illge. Their papers also deal with
operators that act on sections of vector bundles in-
stead of scalar functions u; they are quoted in the bibli-
ography of [9].

In general relativity the propagation of electromag-
netic waves is described by Maxwell’s equations taken
for a 4-dimensional pseudo-Riemannian metric of sig-
nature (+,—,—,—). The following result in some
sense solves Hadamard’s problem within the frame-
work of Einstein’s theory.

Let (M,g) be an empty space-time. Then Maxwell’s
equations obey Huygens’ principle if and only if g is a
plane-wave metric (18). For the “if” part see H. P.
Kiinzle [14], R. Schimming [18]; for the “only if” part
see P. Giinther and V. Wiinsch [10].

On the other hand, the non-validity of Huygens’
principle leads to an aftereffect; it is an effect of
second order at least for an empty space-time, and
therefore not so remarkable as the classical ones (de-
viation of light rays, red shift).

Mathematics is not the art of computation but the
art of minimal computation.

Anon.
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